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Abstract

We study the mathematical theory of quantum resonances for the standard model of non-
relativistic QED and Nelson’s model. In particular, we estimate the survival probability of
metastable states in such models. We also provide a general definition of quantum resonances
for systems coupled to massless fields and relate the resonances to poles of an analytic
continuation of matrix elements of a resolvent.

1 Introduction

In this paper, we study the mathematical theory of resonances in the standard model of non-
relativistic QED and in Nelson’s model of electrons interacting with phonons. We define the
(quantum) resonances as complex eigenvalues of a complex deformation of the quantum Hamil-
tonian of these models; (for a precise definition in our context see Section 2).

Resonances manifest themselves, physically, as long-lived metastable states and as “bumps”
in the scattering cross-section as a function of energy. The life-times of the metastable states are
given by the inverse of the “bumps widths”. It is believed - and is proved in some cases - that
resonances correspond to poles of a meromorphic continuation of matrix elements of the resolvent
of the physical Hamiltonian - on a certain dense set of vectors - across the essential spectrum
to the “second Riemann sheet”. Since, in Quantum Mechanics, resonance poles are isolated, the
metastability property can be established (if there is a small parameter in the problem) by using
Fourier transform, contour deformation and Cauchy’s theorem (see [1, 11]). The “bumpiness” of
the cross-section can be shown as well.

In non-relativistic QED and phonon models, the resonance poles are not isolated; more pre-
cisely, a piece of essential spectrum is attached to every resonance eigenvalue of the spectrally
deformed Hamiltonian. This is due to the fact that photons and phonons are massless. As a
result, establishing the property of metastability and establishing the meaning of the resonance
poles becomes a challenge. In this paper, we prove the metastability property of resonances and
characterize them in terms of poles of a meromorphic continuation of the matrix elements of the
resolvent on a dense set of vectors, for non-relativistic QED and Nelson’s model.

The Hamiltonian of the QED model is defined as

N
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where z = (21,...,2n), pj = iV; denotes the momentum of the j** particle, V is the potential

of the particle system, H is the photon (quantized electromagnetic field) Hamiltonian defined



below, and A(z) denotes the quantized vector potential
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Here a,a* are annihilation and creation operators acting on the symmetric photon Fock space
Fs over L2(R3 x Zy), x is an ultraviolet cut-off that vanishes sufficiently fast at infinity, and e(k)
are two transverse polarization vectors. The QED Hamiltonian H gSM acts on the Hilbert space
H, ® Fs, where H,, is the Hilbert space for N electrons. In (1.1), Zeeman terms coupling the
magnetic moments of the electrons to the magentic field are neglected.

To keep the analysis as simple as possible, we work out our results first for Nelson’s model
of non-relativistic particles without spin interacting with a scalar bosonic field. The interaction
is then linear in the creation and annihilation operators. In section 5, we modify our analysis to
cover the QED case.

The Hamiltonian of Nelson’s model acts on H, ® Fs, where H, = L?(R3Y), and F; is the
symmetric Fock space over L?(R?), and is given by

HY =H,@I+I1®Hjs+W,. (1.3)

Here, H, = Z;V=1 p? /2m; +V denotes an N-particle Schrédinger operator on H,. We assume
that its spectrum, o(H)), consists of a sequence of discrete eigenvalues Ao, A1,--- below some
number ¥ called the ionization threshold. Our analysis is based on the following assumptions,
(A) through (C):

(A) We assume that the potential V(z) is dilatation analytic, i.e. the vector-function 6 +—
V(e?x)(=A +1)~! has an analytic continuation to a small complex disc D(0,6p), for some
small 6y > 0.

An example of a dilatation-analytic potential V' is the Coulomb potential for N electrons and
one single fixed nucleus located at the origin. In this example § — H, ¢ is analytic of type (A)
on D(0,6y), for 8, sufficiently small. For a molecule in the Born-Oppenheimer approximation
the potential V() is not dilatation-analytic. In this case, one has to use a more general notion
of distortion analyticity (see [11]), which can be easily accomodated in our analysis.

For k in R3, we denote by a*(k) and a(k) the usual creation and annihilation operators on
Fs. They obey the canonical commutation relations

[a* (k) a”(K')] = [a(k),a(K)] =0 , [a"(k),a(k')] = 6(k — k). (1.4)
The operator associated with the energy of the free boson field, Hy, is defined by
Hy = / w(k)a* (k)a(k)dk, (1.5)
R3
where w(k) = |k|. The interaction Wy in (1.3) is supposed to be of the form
Wy = g6(Ga) (1.6)
where
al x(k) ik ik
¢(G£) = Zl /]RS W [677' 'mja*(k) —+ e’ zja(k)] dk. (17)
J:

As above, the function x(k) denotes an ultraviolet cut-off, and the parameter u is assumed to
be positive.



(B) We assume that y is dilatation analytic, i.e. 6 + y(e~?k) has an analytic continuation
from R to a disc D(0, ).

For instance, we can choose a function of the form x(k) = e=k*/ AQ, for some fixed, arbitrarily
large A > 0.

As stated at the beginning of the introduction, we would like to investigate the metastability of
states “close to” unperturbed eigenstates. More precisely, we consider an unperturbed eigenvalue
Ajof Hy := Hy® I+ 1® Hy, with \g < \; < X, where \g = inf(c(Hp)). To simplify our
presentation, we assume that \; is non-degenerate, and we denote by ¥; = v; ® {2 a normalized
unperturbed eigenstate associated with ;. By the renormalization group analysis in [3, 4],
we know that A; turns into a resonance A; g4, with ImA; , < 0, as the interaction between the

3,9
non-relativistic particles and the field is turned on.*

(C) In this paper, we assume that Fermi’s Golden Rule holds, which implies that Im\; , <
—cog?, for some positive constant co; see for example [3, 4].

The main result of this paper is the following theorem.

Theorem 1.1 Given Hy, U;, and \; , as above, and under the assumptions (A)-(C) formulated
above, there exists some go > 0 such that, for all 0 < g < go and times t > 0,
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(W), e tHa) = e=his 1 O(gmin(FHE D)) (L8)
where p > 0 appears in (1.7).

Remark 1.2 We expect that our approach extends to situations where Fermi’s Golden Rule
condition fails, as long as ImA; , < 0, and that we can improve the exponent of g in the error

term by using an initial state that is a better approximation of the “resonance state”; see section
3.

Remark 1.3 The analysis below, together with Theorem 3.3 in [15], gives an adiabatic theorem
for quantum resonances in non-relativistic QED.

The main difficulty in the proof comes from the fact that the unperturbed eigenvalue ); is
the threshold of a branch of continuous spectrum. To overcome this difficulty, we introduce an
infrared cut-off that opens a gap in the spectrum, and we control the error introduced by opening
the gap using resolvent estimates.

Remark 1.4 As we were completing this paper, there appeared an e-print [7] where lower and
upper bounds for the lifetime of the metastable states considered here are estimated by somewhat
different techniques.

2 Dilatation analyticity and IR cut-off Hamiltonians
For 6 € R, we denote by Uy the unitary operator associated with the dilatations

Q:jr—>e‘9xj, j=1,---,N, kw— e’ (2.1)
For H, defined in (1.3) and 6 € R, we define

Hgg :=UgHyUy ", (2.2)

1By resonances we here understand dilatation resonances; see Sect. 2.



By the above assumptions on V' and yx, the family H, ¢ can be analytically extended to all
belonging to a disc D(0, 6p) in the complex plane. The relation

;,9 = Hg,g
holds for real 6 and extends by analyticity to 6 € D(0,6y). A direct computation gives
Hgp=Hpo®1+e"T® Hp+ Wy,

where H, g = UgH U, " and W, g := Uy WU, '. Note that W, g = gp(G ), with

—0
— xle k —ik.x
Gx,@(k) =e (1+'u)6|k(|1/2_3€ k . (23)

We now introduce an infra-red cut-off Hamiltonian

Hlp=Hyo®I+e ' T@Hy + W], (2.4)
where W!f s = 9P(koGyyp). Here k., is an infrared cut-off function that we can choose, for

instance, as Ky = 1jj|>,. We also define

Wis = Weo — W25 = g6((1 — £0)Ga0)- (2.5)
We then have that
Hyp=Hys+ Wy (2.6)

Let us denote by FZ° and FS¢ the symmetric Fock spaces over L2({k € R? : |k| > o}) and
L2({k € R3 : |k| < o}), respectively. It is well-known that there exists a unitary operator V that
maps L2(R3Y; Fy) to L2(R3N; F29) ® FS9, so that

o y)— Zo — <o
VH V' =H g @I +e T He. (2.7)
Here, Hig acts on L2(R3N; F279) and is defined by
>0 _ —0 o | o
HZ = Hyg+ e "HZ” + W2, (2.8)

The operators H7° and H° denote the restrictions of H 7 to FZ9 and FS7 respectively. We
note the following estimate that will often be used in this paper:

Hw(fg [H + 1]‘1H < Qgol/2+0, (2.9)
where > 0, C is a positive constant, and 6 € D(0, 6).

We now consider an unperturbed isolated eigenvalue \; of Hy. To simplify our analysis, we
assume that \; is non-degenerate. Let

d; = dist(Aj; 0 (Hp)\{A})- (2.10)

It is shown in [3, 4, 6] that, as the perturbation W, is turned om, the eigenvalue X; turns
into a resonance \; 4 of Hy. In other words, for 8 € D(0,6y) with Im(#) > 0, there exists a non-
degenerate eigenvalue \; , of H, g not depending on 0, with ReX; ; = A\;+0(g?), Im\; ; = O(g?),
and, if Fermi’s Golden Rule condition holds, ImJ;, < —cog?, for some positive constant cg.



Similarly, the operator H;g has an eigenvalue )\j%;’ bifurcating from the eigenvalue A; of Hy

having the same properties as A; 4, with the important exception that /\j%; dependends on 6.

The reason for this is that H>J = +# Z/[(T‘)H;gU(*T), r € R. Furthermore, we have the crucial

g,0+r
property (see Proposition 4.1) that the eigenvalue A7 of Hig is isolated from the rest of the

>0
S J:9
spectrum of H7 . More precisely,

,

: > > >
dist ()\j;,a(Hg’g) \ {Ajvg}) > Co, (2.11)
for some positive constant C independent of o.

It is tempting to treat H, ¢ as a perturbation of Hq}g . However, we have to take care of

=0

Zg-In order to deal with this problem, we “renormalize” the

the difference between A; , and A
unperturbed part HY, by setting

HS, = HTy+ (Aj,g — A0 ) VUPZ @ V. (2.12)

Here Pg% o denotes the spectral projection onto the eigenspace associated with the eigenvalue /\j%;

of H;g. As in (2.7), we have the representation

70 y)— rr=0 — <o
VHg,HV ! :Hgﬂ RI+e 91®Hf R (213)
where we have set . y N N
Hy§ = Hf + (Mg = X77) P (2.14)

By (2.14), we see that \;, is a non-degenerate eigenvalue of fIig. In Proposition 4.3 we will

show that, for ¢? < o < g%m there exists a positive constant C such that

< Qg* 74, (2.15)

=0
)‘j,g - )‘j,g

and that the operator flg%g still has a gap of order O(¢) around A; 4. Then the decomposition
(2.4) is replaced by

Hyp=Hgy+ W55, (2.16)
where
Tr<o <o >0\ y)—1 p>o
WS =Wy - (Aj,g - )\M) VP @ IV. (2.17)

Let HY denote one of the operators Hy, Hg g, H 4

-1 ~ ~ -1
notation RY (2) = [Hf — z} . Similarly, we define Rfé(z) = [Hf — z} .

or H ig . We write its resolvent by using the

3 Proof of Theorem 1.1

We begin with some notation. We consider an interval I of size 6, containing A;, such that
0 < %dj. For concreteness, let

I= <>\j—g,/\j+g) . (3.1)



Define, in addition,
) 1)
I, = <)\j — Z,)\j + 4) . (3.2)

We consider a smooth function f € C3°(I), Ran(f) € [0,1], such that f =1 on Iy. It is known
that there exists an almost analytic extension f of f such that

f=1on {z€C| Re(z) €I;} , supp(f) C {z €C| Re(z) €1}, (3.3)
and ‘(agf)(z)’ = O(67YIm(z)/6|"), for any n € N. We shall use these properties of f in the
sequel.

We begin with the following proposition.

Proposition 3.1 Given Hgy, ¥;, ;4 and f as above, there exists go > 0 such that, for all
24+4p 1+42u
)
)

0<g<go, 6=Co, C>1,and o = g> ™n(Emn w2
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(W5, €70 f(H, )W) = 100 4 O(gm (5535 50)), (3.4)

for all times t > 0.

We subdivide the proof of Proposition 3.1 into several steps, deferring the proof of some
technical ingredients to the following section. We extend a method due to Hunziker to prove
Proposition 3.1, see [1] or [11]. Let N (6) be a punctured neighbourhood of \; such that N'() N
a(ffig) =\ g and I C N (0) U{\;}. Let I' C NV() be a contour that encloses I and A, 4. For z
inside I', we have that N

D=0 _ g,0 p=o
R4 (2) = Ny — 2 + R (2), (3.5)

where Pg% s denotes the spectral projection onto the eigenspace associated to the eigenvalue \; 4

of Fffg, that is

o 1 D=0
P2y = %iRig(z)dz, (3.6)

where C denotes a circle centered at \; 4 with radius chosen so that C C p(Hig) NN (6), and the

reqular part, Eig (2), is given by

D=0 1 f D=0 —1
= —_ = — d .
R4 (2) 5 I R7 5 (w)(w — 2)” dw, (3.7)
where z is inside I'. Note that
D=0 p=o >0 p=o
RooPre =Fgo e =0, (3.8)
and
>0 Zo
(P75)° =Prg. (3.9)

We will need the following easy lemma, which follows from dilatation analyticity and Stone’s
theorem.

Lemma 3.2 Assume that the infrared cut-off parameter o is chosen such that g?> < o < gﬁ <
1. Then
(Uy,e Mo f(Hy)W;) = A(t,0) — A(t,0) + B(t,0) — B(t,0), (3.10)



for 6 € D(0,6y), Im@ > 0, where

1 —itz Do
At 0) = 5 /R e 1(2) (W, 5. R o(2)W50) do, (3.11)
1 —itz Do 1177<0 po "
B(t,0) = 5 /R e~ f(2) \I/j@Rg,e(z)Z(—W;g g,(,(z)) U, | de (3.12)
n>1

Proof. By Stone’s theorem,

_ 1 ,
(W5~ (H,)W,) = lim / T f(2) (U, [Ry(= — ie) — Ry(= +i€)] W) dz. (3.13)

Since H, and ¥, are dilatation analytic, this implies

(U, e "Ho f(H,)T;) = F(t,0) — F(t,0), (3.14)
where )
F(t0) = o= /R = £(2) (\pj,g,Rg,e(z)\pjﬂ) dz, (3.15)

for 8 € D(0,6p). It follows from Lemma 4.4, below, that we can expand R, ¢(z) into a Neumann
series, which is convergent under our assumptions on g and o if Fermi’s Golden Rule holds. We
obtain

F(t,0) = A(t,0) + B(t,0), (3.16)

for 6 € D(0,0), Imf# >0, and hence the claim of the lemma is proven. [J 3
In what follows, we fix § € D(0,6p) with Im# > 0. We estimate A(t,0) — A(¢,6) and B(t,0) —
B(t,0) in the following two lemmata.

Lemma 3.3 For g> < o <6 < gﬁ < 1, we have
A(t,0) — A(L,0) = e~ + O(0g%/o™2) + O(g%0 ™),
for allt > 0.

Proof. It follows from the spectral theorem that

VR (V! = / F25(2 — e~) @ dE < (), (3.17)
B oHF?) 7 s

where F HE are the spectral projections of Hfgg; see for example [12]. Furthermore, V¥, =

;9 @027 @OS7, where Q27 (respectively (2S7) denotes the vacuum in FZ° (in F=<7). Inserting

this into (3.11) and using (3.17), we get

A(t, ) /Re_”zf(z) (z/;j)g ® 077, ﬁjg(z)wj,e ® Q>U) dz. (3.18)

" 2

From Proposition 4.1, we know that the spectrum of Hig is of the form pictured in figure
1. In particular, a gap of order o opens between the non-degenerate eigenvalue )\f; and the

essential spectrum of Hg%g . By Proposition 4.3, the same holds for ﬁig instead of Hg%g , with
>0

Tg | < Cg‘ifﬁ7 and we assumed that ¢ < o < gﬁ.

. . >0
Aj,g replacing A7 7, since [Aj 5 — A7



)”j—l }"j+1

0(o)

Figure 1: Spectrum of Hg%g around J;

Let us begin to estimate A(t,0) — A(t,6) by considering the contribution of the regular part,

ﬁig (2), in A(t,0). By applying Green’s theorem, we find that

1 —itz D=0
R(0) =5 [ e tf(2) (quyg,Rje(z)\pj,a) dz
1 itz T >0 PB>o >0
-t = 7(2) (027, RZ7(2) 0> )d
20 Jriy fo) (V75 B 2wy ) dz

1 —itz 2 >0 p=o >0 —
/ /D IGO0 (v22. 25 ()7 ) dad=,
Y1

2ir

+

(3.19)

where \I/?g = ;9 ® 227, and I'(y1) and D(v;) denote respectively the curve and the domain

pictured in figure 2, such that the interval I strictly contains I.
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|
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D(y)
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Figure 2: Deformation of the path of integration
By Proposition 4.1 and (3.7), the regular part E?g(z) in (3.5) is analytic in z

satisfies C
50l < oy
dist(z, U(Hg,g) \{Njg})

where C is a positive constant. We also have from (3.8) that

>0 p=o >0 >0 >0\ p=o >0 >0
P Rg,e(z)Po,e = (Po,e —Pry )Rg,a (Z)(PO,G — Pl ),
and from (3.9) that
>0 >0 D=0 p=o >0 >0 >0 >0 >0
Po,e = Po,a Pg,e Po,e - (P 0 Po,e )(P - 1)(Pg,9 - Po,e ),
and from Proposition (4.2), below, that

> > _
IP;§ — Pygll < Cgo'/2,

€ D(vy1) and

(3.20)

(3.21)

(3.22)

(3.23)

for some positive constant C. Thus, by (3.19) — (3.23), our assumptions on fand the fact that

|Io| = O(9), we get
IR(t,0)| = O(6g%c2~1") + O] /8]"),

(3.24)



where 0 < 71 < osin(Imf), and any n € N. Similarly, for the contribution of the regular part
Rf% in A(t,0), we have the following estimate

|R(t,0)] = O(6g°c2e"2) + O(|12/6[™), (3.25)

where 0 < 7o < sin(Imf)o, and any n € N.
Next, we estimate the singular part of A(t,0) — A(¢,0). It is given by

_ Cog 771 co (6 B
S(1,8) — S(1.6) = “/R e £(2) (2 — N) dz—g.()/R‘”zf()( M) L dz,

24 29w
(3.26)
where we use the notation
o >0/ >0 g0

Co(6) = (xp >7(0), P25 W j,o) . (3.27)

By Proposition 4.2, we know that

o o 2 _—1

C’g (0) =14 0(g°c™"). (3.28)

We deform the path of integration as we did above, adding a circle C, of radius p around A; 4.
This yields

_ e Co(o co(
S(t,0) — S(t,0) :% /r( )e—ltzf(z) l ()\) - _gf\j)g] dz

e [4 Cco(0
,ztz]c( ) l Q Z_g()\])q‘| dz

J,9 75!

tor / / [ P

for all p > 0 sufficiently small, where D, denotes the disc of radius p centered at A4, and
0 < v3 < sin(Im#)o. The first integral can be estimated by using arguments similar to those used
to estimate the regular part, (3.28), and the fact that

Im)\j,g = O(gQ).

s

2
2im (3 9)

HORCHO) ]dzdz

—Ajg AT Aj.g

We then obtain that

1 / —itz J
— e " f(z
20 Jr() )

for 0 < g2 < o < 1. Similarly, since (9zf) = 0 on {z| Re(z) € I;}, we see that the third integral
in the rhs of (3.29) is independent of p, for p sufficiently small, and that

itz AORERHON %
2im //Dw\D @:1)(x ik ] !

—Xjg - Ajg
for any n € N. It remains to estimate the second 1ntegra1 on the right hand side of (3. 29) Taking
the limit as p — 0 leads to the “residue” Cj (0)e et gf( j.g)- Since, by construction, f=1on
{z| Re(z) €1}, we get

— = 0(6g%0 2™ "), (3.30)
—Ajg AT Ajg

C;0) _ c50) ] ”

= O(|s/d]"), (3.31)

HUNIRHO

g

- /\j,g z = )\j,g

1 o~
lim -—Q e_ltzf(z)
Cp

p—0 207

dz = CJ(0)e ", (3.32)




The claim of the lemma follows from (3.24) — (3.32). O

Lemma 3.4 Assume that the infrared cutoff parameter o is chosen such that g < o < gﬁ <
1. Then, for all times t > 0, we have that

|B(t,0) = B(t,0)| = 0(0g~ (o> *# + g~ 77)), (3.33)
where B(t,0) is defined in (3.12).
Proof. Recall that
B(t,0) = > B"(t,0), (3.34)

n>1

where
B (t,0) = % /R e () (,0). B0 (2) (W By o)) Wy(0)) d=. (335)
It follows from (3.35) and Lemma 4.4 that?
[B"(1,0)] = O(3g (o * "+ + g~ =%)"), (3.36)
uniformly in ¢ > 0. Together with (3.34) and the assumption on ¢ and g, it follows that
[B(1.6)] = O(dg* (0 +g°~77)), (3.37)
uniformly in ¢. One can similarly show that
[B(1.6)] = O(dg~* (0 +g°~75)), (3.38)

and hence the claim of the lemma follows. O
Proof of Proposition 3.1 . It follows from Lemmata 3.2, 3.3 and 3.4 that

(W), 7t f(H,)T,) = e~ 1+ O(6g%02) + O(6g™20" /) + O(8g™ 7)) + O(g%0 ™), > 0.

(3.39)
Let 6 = Co, for some C' > 1. We optimize the estimate on the error term by choosing
o= 927min( gigﬂ’}ligi), (340)
and hence the claim of the proposition is proven. [
Proof of Theorem 1.1. Proposition 3.1 implies that, for t = 0,
2 min( 2+4u , 1+2u)
(Wy, (1= f(Hg))¥;) = [[\/1 = f(Hg)¥,[|” = O(g™™ 552 a527), (3.41)

which, together with the boundedness of the unitary operator e~#Hs and Proposition 3.1, for
arbitrary t > 0, yields

(Uj, e Ho0y) = (Uy, e "o (1~ f(Hy) + f(Hy))¥;)
= (Uj, e Mo f(Hy)W;) + O(lly/1 — f(Hy)¥5)

. s o244p 142
— e—zt)\j,g + O(gmm( 5+25,4+2ﬁ )

O

2We note that it follows from (2.17) that estimate (3.36) can be improved if one uses instead of ¥; a state
that is a better approximation to the resonance eigenstate.
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4 The Hamiltonian Hgﬂ

In this section, we study the operator H{ , used in the previous section as an approximation of
H, 9. We use the Feshbach map, [3, 4], defined for a projection P and a closed operator H whose
domain is contained in Ran(P), by

Fp(H) = PHP — PHP [PHP| ' PHP, (4.1)
where P =1 — P. Note that the domain of Fp consists of operators H such that
[PHP] |Ran(py, PHP [PHP] - | Ran(P)> [PHP] ' PHP (4.2)
extend to bounded operators. We begin with the following proposition.

Proposition 4.1 Suppose 0 < g?> < o < 1. Then, for 6 € D(0,0y) such that Imf # 0, the
spectrum of Hfg in the disc D(\;,0/2) consists of a single eigenvalue

o(HZ5) N D(\y,0/2) = (A7}, (43)
Furthermore, there exists € > 0 such that, for all z in D(\;,0/3) such that ‘z — )\ig > g2te,
- C
|Rz5¢)]| € ———— (4.4)

. So
dist(z, 0(H; )
for some positive constant C.
Proof. Let Py := P,y ® Pg. For z € D(\;,0/2), the operator ng — z is in the domain of Fp,.
Indeed, from go~'/2 < 1, we have that for any z in D()\;,0/2)

I(Hy +1)"(HS§ —2) Pyl < Co™", n=0,1, (4.5)

for some positive constant C. Hence the operator ?g(H;g — 2) Py is invertible on RanPg. More-
over, Wg%g is (Hy 4+ 1)—bounded.
Note that our choice of Py yields P@Wg%g Py = 0. Therefore

o _ —-1__
Fro(HZ§ —2) = (\j — 2) Py — PyW_§ Py | PyHZ§ Py — z} PyW2i Py (4.6)

The non-degeneracy of A; implies that Fp, (Hfd — z) can be written as [A\; — z + a(z)] Py, where
a(z) is an analytic functlon from D()A;,0/2) — C. Following [3, 5] (see also Proposition 4.3

below), we have
a(z) = ¢°Zj 9 + O(g*™) (4.7)

for some € > 0, where Z; 4 := Z5G + Z{, with

7 = /R Uy Py G (k)P s [Hy = Xy +w(k) = i0) " Py yGulk) Py ity 'dk,  (4.8)
- dk

Z5g = / Us Py, ;G (k) Py Gao (k) Py, iUy ! : (4.9)
R3 w(k)
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Using the Leibniz rule and the fact that

4
dz

= rr>o - >0 —2
[POH[;Q _ z} — [PGH&Q _ z] : (4.10)

one can prove, by differentiating (4.6) with respect to z, that z — b(z) := A\; — 2+ a(z) is an
analytic function on D()\;,0/2), and that |db(z)/dz — 1| < 1, provided that g?c~! is sufficiently
small. This implies that b is a bijection on D(\;,0/2).

The isospectrality of the Feshbach map (see [3, 4]) tells us that

z€o(H,]) <= 06 Fp,(H,§ —z) <= b(z) =0.

On the other hand, it follows from the usual perturbation theory, applied to the isolated non-
degenerate eigenvalue A; of Hig, that the spectrum of Hg%g is not empty in D(\;,0/2), for g

sufficiently small. Hence there exists a unique )\ig in D(\;,0/2) such that b()\f;) =0, that is
o(HZg)N DN, 5) = {\77}. (4.11)

Note that for go~'/? < (d; sin(Imf))? and any z in D(\;,0/2) the Neumann series

[Porizs =) S (-wis [Pottis =2 ) = [PartzzPa-2] )
n>0

is convergent.
To prove (4.4), we use the following identity (see [3]):

25— = [ [Po (35 =) P P
{fpe (HZ§ — z)} B |:P9 S At {?g (Hg%g - z) ?9} _1] (4.13)
+ [Py (525 -2)P] " Po.

which holds for z in p(H ZCYND();,0/2). The simple form of Fp, (Hig —z), (4.12) and the fact
that |a(z) — a(A77)] = ( 2+¢) by (4.7) lead to

1 2 . —1
<C ( 90 +a‘1> , (4.14)

|z — /\/U| — Cog?te

for some positive constants C1, Co. Hence the proposition is proven for z in D(\;, 0/3) such that
2= X770 > g?te. O

Recall that, for g > 0, P/‘7 denotes the projection onto the eigenspace associated with the
eigenvalue /\j/’; of Hg%g.

Proposition 4.2 Let g,0 as in Proposition 4.1 and choose 8 € D(0,0q) such that Im@ # 0.
Then, for g small enough,

< Cogo /2, (4.15)

=0 >0
Pg,@ - P0,9

where Cqy is a positive constant.
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Proof. Let C; denote a circle centered at \;, with radius o/3, so that C; C p(H;g). Since we

have assumed g* < o, for g sufficiently small, C; contains both )\ig and A;. Thus,

P25~ Pz = }i [R25(2) — B35 (2)] de. (4.16)

> . :
We expand R (z) into a Neumann series

R5(2) = R33() Y (Wi k33 (2)) (4.17)
n>0

and we claim that, for all n > 1,

HR?,Z(Z) (*Wié’Rig(Z))nH < % (0290*1/2>n. (4.18)

Here C; and Cy denote positive constants. The last estimate (4.18) could be proved by using
the method of [5, Lemma 3.14]. Inserting this in (4.16) and using the fact that the radius of C;
is equal to o/3, we obtain

>0 Zo
Hpg,é - PO,G

:Hy{ Rﬁg(z)z(—wjgzaig(z)) “dz|| < Coga™t?, (4.19)
J n>1

~1/2

provided that go is sufficiently small. Hence the proposition is proven. [

We now estimate the difference between the eigenvalues A; , and )\j%;’ of Hyp and Hy .
Proposition 4.3 Suppose 0 < g°> < 0 < g%ur. Then
Ng =g =0 ("7 ). (4.20)

Proof. For g and o small enough, we choose § € D(0,6), Im(#) # 0, such that 0 < go~/? <«
(d; sin(Im@))? < 1. For p such that gp~ /% < (d; sin(Imh))?, let Py := P, j o ® 1, <,. Following
[3, 5], A4 satisfies

5

Mg =N — 8 Zj0| < | Rem]], (4.21)
i=1

where Z; 9 1= Z;’_% + Zﬁg, with Z;?’% and Z;'i,e given by (4.8) — (4.9), and

Rem; = PyW 9Py, (4.22)
Remy = PyW, g Py [PoHoo — Njg]  PoWyoPs — 6*Qo (4.23)
Rems = g° [Qo — 225 — Z34] (4.24)
Remy = PyWy (Fg [PoHop — A 4] ‘IEWQ,G)Q Py, (4.25)
Rems = Py W0 3 (E [PoHoo — A, " Ewg,e)n Py (4.26)

n>3
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Here we have set

Qo = /]RS Pgm(k) |:H0’9 +129_(::)(f]2)) — )\j’g Gx79(k)P9dk (427)

where Py(w(k)) := 1 — Py(w(k)), and Pp(w(k)) := Py o ® 1y, 4w(k)<p- Using the expression (2.3)
of G, ¢ and estimates similar to [3, Lemmas IV.6-IV.12] or [5, Lemma 3.16], we claim that

[Rem | = O (go™#) . [Rems = O (¢%0"#). [Remsl| =0 (¢%p).  (4.28)

The first bound in (4.28) easily follows from
| PGt o0 (k)ldk = [ [1Gia(k) ® alk)Paldk < Gt (4.20)
R3 R3

The second one follows from normal-ordering (4.23) and using again (4.29). Finally, the last
bound in (4.28) follows from computing the difference in (4.24) and using the estimate

Py(w(k))

[t "
Hop + e Pw(k) — Aj g

~ (d; sinImb)w(k)’

(4.30)

for some positive constant C;. Now it is proved in [3, 5] that [|Remy + Rems|| = O (¢g°p~1/2).
Let us estimate these terms more precisely: we claim that

[Remy[| = O (6°p"),  [[Rems|| = O (g*p"). (4.31)

To prove the first bound in (4.31), we decompose W, ¢ into Wy 9 = g(a*(Gz0) + a(Gg,9)) and
estimate each term separately by normal ordering. For instance, let us compute

Py Py
P x ——a" x ~r A x P
9a(G ,9)H09 " (G ’Q)Hoe _)\}’ga(G 0)Fo
Py Py
=P Ggo(k1) Golk (ko) —-" 4.32
0/ o(k1) ® a(ky )Hoe Mg ’9(2>®a(2)H09—/\v ( )
G%g(kg) ® a(kg)Pgdk1dk2dk3.
It follows from a pull-through formula and the canonical commutation rules that the “worst”
term we have to estimate from the rhs of (4.32) is
Po(w(k1)) = Py
T(p,0) := P, Gro(k)®1 Grolk1) ® 1 ——F
(p,0) := Py /]R olk1) Hog+ e %w(ky) — A g (k1) Hog— Ajg (4.33)
Goo(ks) @ a(ks)Ppdkydks.
One can see that
Cy
4.34
H Hop—Xjg|l ~ (djsinImf)p’ (4.34)
for some positive constant C;. Inserting this together with (4.30) into (4.33), we get
C? Gro(k1)]?
100 < b [ E2 @t [ 1000 0 atia) Pl
(dj Sin IIHH) R3 (kl (4 35)

Cy
<2
~ (d, sinImH)Qp ’
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where Cs is a positive constant. Since the other terms could be estimated in the same way,
the first bound in (4.31) follows; the second bound in (4.31) can be obtained by using similar
computations (see also [5, Lemma 3.16]).

For p > o the eigenvalue )\j%;’ of Hg%g is given by the formulas (4.21)—(4.27), except that
W0 and G4 (k) are replaced respectively by Wg%g and k4 (k)Gy0(k). For the terms analogous
to Z;fé and Z}‘,e we have by a straightforward computations that

/ uoppﬁjGiz(k)?p,j [H), — Aj+w(k) - i0]71 Pp»jGﬂc(k)Pzan/{eildk =0, (4.36)

|k|<o

| PGP G 0P Uy T = 0 (o14), (487
|k|<o w(k)

where in (4.36) we used the fact that ¢ < d;. Hence, with the obvious notation, Z;¢ =
ng + O(o'*2#). Furthermore, Eqns (4.28)—(4.31) still hold for )\i‘; Hence remembering the
assumptions o < p, g2 < p we obtain

Nig = A0 =0 (gp"™) + 0 (6°0) + O (g*p7") . (4.38)

Optimizing with respect to p leads to the claim of the proposition. [

Lemma 4.4 Let 6 in D(0,00), Imf > 0 and let g,0 be such that 0 < g°> < o < gﬁ < 1. Then
forall z €1 and n > 1, we have the estimate:

n

Bz o) (Wi o))" | < Crg™2 (Calo/20 4 g7757)) (4.39)
where C1,Cq are positive constants.

Proof. Recall that

5 = 90" (G50) + 9a(GSg) + (N = AZF ). (4.40)

Let I'c = I'(1j3<,) be the second quantization of 1j;/<,. Note that VICH V™ =1® Hfg".
Hence, from the spectral representation (3.17) and the decomposition (3.5), we can write

~ . —1
00(2) = RS 4(2) + VI(PZJ @ 1)V [z — AT - e—er[,Hf} , (4.41)
where ﬁ;e(z) = - V‘l(Pg%g ® I)V)Eg,e(z). We have

VR;Q(,Z)V_I = /(Hg") Rig(z —e'2)® dEHfga (). (4.42)
oWy

It follows from Proposition 4.1 that ||I§ge(z)|| = O(c™1!) for all z in I. Besides,

=0(g7?), (4.43)

—1
Zo -0 Zo
2= 275 = Ty | H < [mzy)

provided that Fermi’s Golden Rule holds. Since T', commutes with a(Gi‘;) and a*(Gi‘;), one
can show by using a pull-through formula that

—1
a(GS5) [z — AP e*ergﬂf} H = O(g~tot/>Hm). (4.44)

15



Similarly (4.42) leads to
(G55 Bs o2 | = 0. (4.45)

The claim of the lemma then follows from (4.40) — (4.45), the assumption ¢ < o < gﬁ, and
Proposition 4.3. O

5 Extension to non-relativistic QED

Now we extend the analysis above to the standard Hamiltonian of non-relativistic QED intro-
duced in (1.1), Sect. 1. The results and proofs of Sections 3 - 4 go through without a change
except for the proof of Lemma 3.4. In the non-relativistic QED case, W, ¢ is given by

9 o g’ g’
Wyo = Ee* p-Ag(x) + %Ae(a:) - Ag(z) — %A,
where we used the notation p - Ag(x) := ZZ;V 1 Vj-Ag(z;), and similarly for Ag(x)- Ag(z). The
quantized vector potential Ag(z;) is given by (1. 2) and A := 2N [ x(k)?/|k|d3k. Here we set

2 2
<o g _p <o g <o >0 g <o <o g o
Woe = me P A% (z) + EAQ (z) - A7% () + 42mA9 (z) - Ag®(z) — 2mA<

where AS? := 2N Jikj<o X( (k)?/|k|d3k. Hence the QED Hamiltonian satisfies the condition (2.9)

with ¢ = 0. We show now how to overcome this difficulty (a technique alternative to the one
used here can be found in [2]).

In our sketch of the proof of Lemma 3.4 we begin with the most singular term B! of the
expansion (3.34), Section 3. Thus we have to bound the term R00W<”R"9 The part of ng
involving the difference of the eigenvalues is estimated in the same way as before and its norm
is of order O(og™ 3/ 2). The remaining part can be written as

<o o <o g <o <o <o
Wed = glHgga] - A5 (2) + 2 | A5 (2) - A5 () — A%

= glHZ g z] - AS7(0) + g[HZ g 2] - (A5 (z) — AS7(0)) + 2

gs 95 2m

I IT

)

(457 (@) 457(@) - %

<
We can now rewrite the operator R° GWg\g R” 0 as

- AS(0)RS y + gRZ g{—x - AS7(0) — e gz - [Hy, A7 (0)]} + RS4(1 + II)RZ,
N——
IIT
= —g[R 4,z A5 (0)] + RJ o(I + II)RS 4 + RS 4111
= gRy g[HT g, - AS7(0 0]RS g+ Ry o(I + IT)RG + RS G111

The factor ﬁ" eflﬁaa is bounded from above by O(o), see (2.9). In order to estimate the
factors gégﬁ[ oo T AS7(0 0)]R? o0 R" QIR o and R o111, we pull e~ ) from W; until it hits

- A5°(0), I or IT1, which, using estimate (2.9), gives a term whose norm is of order O(g~'o®/2).
Therefore, |B'| is of order O(og=3/?).
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For the terms B™ with n > 2, one does a symmetric version of the estimates in Lemma 3.4.
For example, for the term B(t, ), we have the bound

(W, 5 R g Wess By Wi g 0W50)| < Cg® | RE o(pa) A57(0) R 5 A77 (2)A57 (0) R |
——

O(g~2) O(U%g’Q)
< Co?2 g L
Moreover, the most singular term in B2(t,#) involving the difference of the eigenvalues is

91(¥;5. Ry o (N — Mg )V Py @ IV RS 5{po) A7 (0) R o Wj)| < Co/2g /2,

O(g'/?) O(o1/2g73)

which, together with the factor of o gained from integration, gives that |B2| is of order O(c3/2g—3/2).
Higher terms are evaluated similarly.
Instead of (3.39), Section 3, we have in the case of non-relativistic QED

(W, ™" f(H,y) W) = ™0 +O0(g°0 ") + O(og™/?), t>0.
Optimizing and removing the f dependence as in the proof of Theorem 1.1 gives

(U, e Moy) = e 1 0(g), ¢ 0.

6 Resonances and poles of the resolvent

We discuss the characterization of dilatation resonances in terms of poles of the resolvent, which
are ultimately connected to the poles that appear in scattering theory.
Consider the dilatations of electron positions and of photon momenta:

z; — e’r; and k — ek,

where 6 is a real parameter. Such dilatations are represented by unitary operators, Uy, on the
total Hilbert space H := H, ® F, of the system. There is a dense linear subspace D C H of
vectors with the property that, for every ¢ € D, the family {Upt}ger of vectors has an analytic
extension in # to the entire complex plane, with Uy € D, for any 8 € C. Vectors in D are called
dilatation-entire vectors.

Let Hy (= H 5M or H év ) be the Hamiltonian of the system. We consider matrix elements of
the resolvent

Fy(z) = (¢, (Hy — 2)7'9),

for z € C, Imz >0, and ¢ € D. We will show below that, thanks to Conditions (A) and (B), of
Sect. 1, on V and x respectively, for all vectors ¢ € D, F,,(z) has an analytic continuation in z
across the spectrum of H, to the “second Riemann sheet”. We are interested in the behaviour
of this analytic continuation.

For z, € C and 0 < 1 < @9 < 2w we define domains

1
Werez . ={zeC| |z— 2| < §|Imz*\, w1 <arg(z — z) < pa}.
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Definition 6.1 We say that z., with Imz, < 0, is a (quantum) resonance energy of H, iff there
is a dense set, D' C D, s.t. Vi € D', the function Fy(z) has an analytic continuation in z from
the upper half-plane into the domain W¥1%2, for some o1 < /2 and @3 > 7, such that

Folw) = 20 ), )
with
s )] < Ol — 21, ()

for some ae < 1. Here p(v) and r(w; ) are quadratic forms on the domain D' x D'.

One can show that within a certain range, the location of the poles is independent of the
choice of set D’. In the theorem below on existence of resonances the set D’ is chosen explicitly

as
D = {¢ € D| [|d0(w™?)(1 - Po)y|| < oo}

where P is the projection on the vacuum 2 in F;. Since Ung‘(w_l/Q) = 69/2df(w_1/2)U9, the
set D’ is dense in D. We have the following theorem.

Theorem 6.2 Consider the Hamiltonian H,. Let conditions (A) and (B) and (2.9) with > 1/2
be satisfied, and let \; be an eigenvalue of H, for which condition (C) in Section 1 holds. Then
there is g, s.t. for g < g. the Hamiltonian H, has a resonance, Aj 4, in the sense of Definition
6.1, above (see (i) and (ii)), with \j 4, = \; + O(g) and Im)\; , < —const. g¢*.

Proof. The RG analysis [3, 4, 6, 14] shows that given 6 > 0, there are g. > 0 and ¢, €
(0,¢0) s.t. for g < g, and Imb € (g, o), the spectrum of the operator Hy g in the half space
{Rez < ¥ + ¢} lies in the union of wedges

Sj=MNg+{z€C| |arg(z)+Imb| < ¢},

where \j ; = Aj + O(g), ImA; , < 0, ImA; , = O(g?) and ¢ is sufficiently small. Moreover, the
apices, \;j g, of these wedges are the eigenvalues of H,g. If in addition, condition (C) holds for
A;j then ImA; , < —const. 92.
We take z € W)il,fz with 1 = 7/2 — o and ps > 37/2 — p.. We want to estimate
(¢, (Hg9 — 2)~14). Using an infrared cut-off as in section 2, we decompose
Hyo=HZ,+ W5, (6.1)

see (2.16). The infrared cut-off Hamiltonian f[;e has an eigenvalue at \; ,. We use the second
resolvent equation

- 7o - 7o —1y7 <o -
(Hgﬁ - Z) t= ( g,0 — Z) ! + ( g,0 — Z) 1Wg,0 (Hg’e - Z) 1' (62)
Let E;’(z) = (ﬁg,e —2)7! and let Pé” is the projection onto the vacuum state of F<° and
P =1—P. Then -
_ P?? @ PS° PZ? @ Py’ .
Ry(z) = 2L 2 Ak — Y (6.3)

Ajg — # Njg+ e*er” —z

where, as above,
D Sordd o\ Do
R%(2) = (P, @ IS7)R%(2). (6.4)
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By our condition on z we can pick 6 so that
Re(e’ (N —2)) 2 0,
ie. |Im@+arg(A; 4 —2)| < m/2. Then

P @ Py’
Njg+e erga -z

(¢, D) < IHF) V2P )%, (6.5)

(More generally, the Lh.s. is bounded by |\;, — z\_“||(Hf")‘(l_“)/QﬁéngQ for 0 < a < 1))
Furthermore, an elementary analysis of the n—photon sectors shows that

|(HF7)" V2P | < [ldT (w2 Payl|. (6.6)
Hence, by the definition of D’ we have Vi) € D’ that

P2 Py’
)\j,g + 6_0Hf<0 -2z

(¥, Y| < C. (6.7)

Next, using Eqn (6.4) and applying to H fg a renormalization group analysis as in [3, 5, 6, 14],
one can show that for |z — ;4| < 0/2 ‘

(1 + Hp)R (2)] < C/o, (6.8)

for some constant C. Eqns (6.3), (6.7) and (6.8) imply that for ¢) € D’

_ P>7 @ PS°
(. (B (2) = =5——"—))|| < C/o. (6.9)
7,9

Finally we estimate the last term on the r.h.s. Eqn (6.2). Recall that
<o <o >0 — >0
W =Wes = (Ao = A70) VU (PTF @ 1)V, (6.10)

where

WS =Wao— W5 =gd((1— k) Gap)- (6.11)

Below we will choose 0 — 0 as |\j 4 — z| — 0. Hence we have to estimate A; ; — A]}Z for any
o > 0. We claim that
Nig = AZg1 =0 ((ga"/24m)2). (6.12)

This estimate is proven in the proposition at the end of this section. o
Iterating the last term on the r.h.s. Eqn (6.2) we see that the worst term is R"W;gR" We

use the decomposition (6.3). Since the operator W\e is in a normal form we see that the term
coming from sandwiching it by the first term on the r.h.s. of (6.3) vanishes. Thus it remains to
consider the terms

53 2 /

Ry (Ao = A79) (P25 @ )R, (6.13)

P/ ® P\ P/ ® P ~
0 + L fo + RO(2)]
)\],g z /\j,g + e—GHf\ — 2z

[
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—<o
PZ° @ Py .
9! —_ 2 | R(2)] (6.14)
>\j7g + B_GHf\ — 2z

<
X Wg,g [
and the term obtained by switching the right and left factors in the term above.

To estimate we note that, by the decomposition (6.3) and the definition of R?(z), Eqn (6.14)
can be written as

(Mo = A27) P e Pa”
9 9] (N —2)?

>0 o B
Plo ©@Pq

+ (g = 277) TR (6.15)
Using (6.12) we obtain the following estimate for (6.13);
(6.13) = O ((gal/2+#|xj,g - z|*1)2) . (6.16)
To estimate (6.14) we observe first that due to we have that for n = 0,1
ICHFT)" g + e PHFT = 2) 7| < Clgg — 2", (6.17)

Assume 0 > |z — Aj4|. Using estimates (2.9), (6.8) and (6.17), the fact that Pé”a*((l -
ko )Gg,0) = 0 and standard estimates on the creation and annihilation operators and remembering
the condition Re(e?(); 4 — 2)) > 0, we obtain

1/2 1

Dot <o Do 14 g
[Rg W9 Ryl < C|z — )\jg‘gaz o BN + ;). (6.18)
This together with (6.16) gives
—~ T4n 1/2 liy
5 oD go 2 1 g go2
|RIWSTRS|| < C——— (= + + : (6.19)
e 2= Njgl o [z = Al 2= Ayl

Since, as we mentioned, the higher order iterants of (6.2) are estimated similarly and lead to
improved estimates, we conclude, assuming |z — \; ,|'/3 > o > |2 — A, |, that

~ o3 th
|BgW5 Ry l| < C27——, (6.20)

2= Ajg

where Ry g(z) := (Hy9 — 2) 7"
It follows from (6.2), (6.9) and (6.20) that, for g small enough,
1 1 go®

Hyo—2)"" — P> @ PSOW)|| < C(= + =— 6.21
106 (Hyo = 27" = 5= P27 9 PO < O + 220, (6.21)
where r := |z —\; 4| and a := 1/2+p, for some constant C, provided |z —X; 4|12 > 0 > [z =), 4.

Pick o = €(Z)'/*, where € is independent of g and 7. By our assumption a := 1/2 4 x> 1 and
therefore o > r. Then for this o

_ 1
1, (Hgp — 2)7" =

Njg — %

Zo <o 1,9
Py © BTy < Ot ()Y

The last estimate together with the relation

(¥, (Hy —2)"'9) = (Y5, (Hg,o — 2) " '¥p), (6.22)
implies (i) and (ii) in Definition 6.1 with a = (1/2+p)~t. O
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Proposition 6.3 Under the conditions of Theorem 6.2, the estimate (6.12) holds for any o > 0.

Proof. To prove (6.12) we use the RG approach. Here we point out particularities of the present
problem and outline the general strategy, technical details can be found in [3, 4, 6, 14]. Since we
do not go into details, we use the Feshbach-Schur map, rather than the smooth Feshbach-Schur
map to underpin our construction. The former ([3, 4]) is simpler to formulate but the latter
([6, 14]) is easier to handle technically. Our strategy follows ([14]).

First we apply the Feshbach-Schur map F p,, With the projection P, := P/a ® X<0 where

A

74+0/2) and py = o, the operator Hy g — 2z is in the domain of

<o
XS = Xuse <, For z € D( 5 n
Fp,,- Indeed, an easy estimate shows that the operator P,, H7 ePp0 z is invertible on RanP,,
N — -1_
and [[[Hy + 1Py, |PpoHg g Poy — 2| Ppoll < Cfo. Since [Wg [Hy+ 17" || < Cgol/>+, we
see by the Neumann series argument that the operator P, H, ¢P,, — z is invertible on RanP,,

and [Py, [PpoHgoPp, — z}ilﬁpoH < C/o. Hence the operator Hy g — z is in the domain of
Fp,, as claimed. Now we have

‘FP;)O ( g,0 ) P/g ® HZ’
where the operator H, acts on Ranx<" C FS° and is given by

H. = x50 W2, (A0 — 2+ Hy  + Wy +U)eZ0xss (6.23)
where U := ~ W7 P,y [PoHyoPpy — 2] Poy WSy,

By the 1sospectrahty of the Feshbach- Schur map (see [3, 4, 5, 6, 14]), we have that z €
D()\fg,a/Q) is an eigenvalue of Hg g iff 0 is an eigenvalue of H,. To investigate the spectral
properties H, we apply to it the renormalization group.

As the first step we bring the operator H, to the generalized normal form. To this end we
expand the resolvent on the r.h.s. in the Neumann series in ng and normal order the creation
and annihilation operators not entering the expression for H ?U. This brings the operator H, to
the form (see [3, 4, 6, 14])

H. = x50 (B 4+ T: + W2)X57 (6.24)

where E, is a number (more precisely, a complex function of z and other parameters), T is a
differentiable function of Hfga and W, is an operator in the generalized normal form which is a
sum of terms with at least one creation or annihilation operator. A standard computation gives
E.:= )77 — z+ AE., with

=0

_ 1
AE, = — /(q,z;;g, GS5(k)P, g [Pg SHZSP g+ e lw - z} PGS (k)28 dk + ho.t.,

-1
<o >0 ~<o/1N\ D | D >0 - <o D
T, = Hf — /( gﬁaGgg,e(k)Ppo [Pﬁo(Hg,G te O(Hf +w))Ppy — Z}
PG (k) g)dk + hoo.t.,
a . -1
W. = (477 //Gga P, {Ppo (H;,g + e_e(Hf@ +w )P, z]

Poa(K)GS5 (K )dkdk )y 75) + h.odt..
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Clearly,
AE, =0 ((901/2+")2) and X<UWsz0 =0 (ga“'”) . (6.25)

We define the scaling transformation S, : B[FS] — B[ffo/p], by
Sy(1) 1= S,(a* () i= p~Y2a* (ph), (6.26)

where a* (k) is either a(k) or a*(k) and k € R?, and the dilation transform, by 4,(A) = p~1A.
Now we rescale the operator H, as 7Y = As(S,(H,)). The new operator acts on Ranxfl C
FSL. The last estimate in (6.25) and an estimate on the derivative of T}, as a function of Hfgo,
which we do not display here, show that the operator H () is in the domain of the Feshbach-Schur
map _7-' s and therefore in the domain the renormalization map R,, provided 1/2 > p > go#
and p >> |E.|/o (the latter inequality is also considered as a restriction on z).

If we neglect the term W, in H i ) (see (6.24)) then the remaining operator has the eigenvector
Q with the eigenvalue 0, provided z solves the equation E§°> = (Q,HZ(O)Q> = FE./o = 0. Once
can show ([14]) that this equation has a unique solution )\;2 = )\ig +0 ((901/2‘“‘)2). By the
isospectrality mentioned above, this is our first approximation to A; 4.

Now we introduce the decimation map F), := fxga. On the domain of the decimation map
P

F, we define the renormalization map R, as 3

R,:=A,08,0F,. (6.27)

By the above, the operator H éo) is in the domain of the decimation map F, and therefore in
the domain the renormalization map R, provided 1/2 > p > go* and p > |E.|/o. Iterating
this map as in [14] we obtain a sequence of the operators Hé”), n=0,1,2,..., (Hamiltonians on
scales 0,1,...) acting on the space Ranxfl C FS1. Again one argues that 0 is an approximate
eigenvalue of the operators g provided z satisfies the equations EM = (Q,H Z(”)Q> = 0.
Again the latter equations have unique solutions )\(") = )»26 +0 ((901/2+“)2) and, again, by
;9)’ to Aj 4. Finally one shows that
A Aj,g as n — oo which allows us to conclude that that the operator HYC

the isospectrality of R, this produces our approximations, A

g ) has a simple
eigenvalue 0 provided z = A; ;. Hence, by the isospectrality mentioned above, the operator Hy g
has a unique eigenvalue A; , in the disc D()\?)g, 0/2) and this eigenvalue satisfies (6.12). O
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