HYPERFINE SPLITTING OF THE DRESSED HYDROGEN ATOM
GROUND STATE IN NON-RELATIVISTIC QED

L. AMOUR AND J. FAUPIN

ABSTRACT. We consider a spin-% electron and a spin-% nucleus interacting with the quan-
tized electromagnetic field in the standard model of non-relativistic QED. For a fixed total
momentum sufficiently small, we study the multiplicity of the ground state of the reduced
Hamiltonian. We prove that the coupling between the spins of the charged particles and the
electromagnetic field splits the degeneracy of the ground state.

1. INTRODUCTION

This paper is concerned with the spectral analysis of the quantum Hamiltonian associated
with a free hydrogen atom, in the context of non-relativistic QED. Before describing our
result more precisely, we begin with recalling a few well-known facts about the spectrum of
Hydrogen in the case where the corrections due to quantum electrodynamics are not taken into
account. For more details, we refer the reader to classical textbooks on Quantum Mechanics
(see, e.g., [Me, CTDL]). See also [BS, 1Z, And].

We consider a neutral hydrogenoid system composed of one electron with spin % and one
nucleus with spin . The Pauli Hamiltonian in L?(R%; C*) associated with this system can be
written in the following way:
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Here the units are chosen such that i = ¢ = 1, where h = h/2m, h is the Planck constant,
and c is the velocity of light. The notations me, ze and pe = —iV,, (respectively my,
xy and p, = —iV,, ) stand for the mass, the position and the momentum of the electron

(respectively of the nucleus), and o = €? is the fine-structure constant (with e the charge of the
electron). Moreover, 0® = (0!, 05!, 0§') (respectively oy,) are the Pauli matrices accounting
for the spin of the electron (respectively of the nucleus), and A, (z) is the vector potential
of the electromagnetic field generated by the nucleus at the position of the electron, that is
Ap(zel) = Cal’2(0™ A (o] — x0))/ (M| Te — 20 |*) where C is a positive constant (and similarly
for Aei(wn)). Finally, By(we1) = ipel A An(ze1) and Bey(zn) = ipn A Acl(@n).

The Hamiltonian HF? can be derived from the Dirac equation in the non-relativistic regime.
It allows one to justify the so-called hyperfine structure of the ground state of the Hydrogen
atom. More precisely, let H'2(0) be the Hamiltonian obtained when the total momentum
vanishes. Then H"2(0) in L?(R3; C*) can be decomposed into a sum of four terms, H"?(0) =
Ho+ Hy + Hy+ Hs, where Hy = p2/(2p) — o/ |r| (here pu denotes the reduced mass of the atom
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and p, = —iV,), H; is the orbital interaction, Hs is the spin-orbit interaction, and Hj is the
spin-spin interaction (see e.g. [And, Chapter 4] and [AA] for details). It is seen that Hy has
a 4-fold degenerate ground state. The correction terms, Hi, Hs, and Hs, produce an energy
shift. Moreover, under the influence of the spin-spin interaction, the unperturbed ground
state eigenvalue splits into two parts: a simple eigenvalue associated with a unique ground
state, and a 3-fold degenerate eigenvalue. This phenomenon is referred to as the hyperfine
splitting of the hydrogen atom ground state. Let us mention that this splitting explains the
famous observed 21-cm Hydrogen line.

In this paper, we investigate the hyperfine structure of the hydrogen atom in the standard
model of non-relativistic QED. We aim at establishing that a hyperfine splitting does occur
in the framework of non-relativstic QED. The Hamiltonian is still given by the expression
(1.1), except that Ap(xe) and Ag(zy) are replaced by the vector potentials of the quantized
electromagnetic field in the Coulomb gauge (and likewise for By (ze) and Be(zy,), precise
definitions will be given in Subsection 2.1 below). Moreover the energy of the free photon field
is added. Since both the electron and the nucleus are treated as moving particles, the total
Hamiltonian, Hy, is translation invariant. Here g denotes a coupling parameter depending
on the fine-structure constant «. The translation invariance implies that H, admits a direct
integral decomposition, Hy ~ [ps Hg(P)dP, with respect to the total momentum P of the
system. We set E,(P) :=inf o(Hy(P)).

In [AGG], it is established that, for g and P sufficiently small, E,(P) is an eigenvalue of
Hy(P), that is Hy(P) has a ground state. We also mention [LMS1] where the existence of a
ground state for H,(P) is obtained for any value of g, under the assumption that E4(0) <
E,4(P). Using a method due to [Hi2], it is proven in [AGG] that the multiplicity of E,(P)
cannot exceed the multiplicity of Eo(P) := inf o(Hy(P)), where Hy(P) := Hy—o(P) denotes
the non-interacting Hamiltonian. In other words,

(0 <) dim Ker (Hy(P) — Ey(P)) < dim Ker (Ho(P) — Eo(P)). (1.2)

Our purpose is to determine whether the inequality in (1.2) is strict, or, on the contrary, is
an equality.

Of course, the multiplicity of E,(P) depends on the value of the spins of the charged
particles. If the spin of the electron is neglected and the spin of the nucleus is equal to 0,
then Fy(P) is simple, and hence, according to (1.2), E4(P) is also a simple eigenvalue. In
particular, (1.2) is an equality.

If the spin of the electron is taken into account, and the spin of the nucleus is equal to 0, then
Ey(P) is twice-degenerate. Using Kramer’s degeneracy theorem (see [LMS2]), one can prove
that the multiplicity of E,(P) is even. Therefore, by (1.2), E,(P) is also twice-degenerate,
and hence (1.2) is again an equality. We refer the reader to [HS, Sp, Sa, Hil, LMS2] for results
on the twice-degeneracy of the ground state of various QED models.

Consider now a hydrogen atom composed of a spin—% electron and a spin—% nucleus (e.g. a
proton). In this case, the multiplicity of Ey(P) is equal to 4. Our main result states that

dim Ker (Hy(P) — E4(P)) < dim Ker (Ho(P) — Eo(P)) =4, (1.3)

for g # 0 small enough. Equation (1.3) can be interpreted as a hyperfine splitting of the
ground state of Hy(P). In other words, the Hamiltonian of a freely moving hydrogen atom at
a fixed total momentum in non-relativistic QED contains hyperfine interaction terms which
split the degeneracy of the ground state, in the same way as for the Pauli Hamiltonian of
Quantum Mechanics mentioned above. Pursuing the analogy with the Pauli Hamiltonian
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(1.1), one can conjecture that E,(P) is simple. Proving this is however beyond the scope of
the present paper.

We also mention that non-relativistic QED provides a suitable framework to rigorously
justify radiative decay and Bohr’s frequency condition (see [BFS1, BFS2, AFFS, Sig] for
the case of atomic systems with an infinitely heavy nucleus). In particular, save for the
ground state, all stationary states are expected to turn into metastable states with a finite
lifetime. Hence in relation with the 21-cm hydrogen line mentioned above, one can expect
that a resonance appears near the ground state energy Ey(P), with a very small imaginary
part. Showing this would presumably require the use of complex dilatations together with
renormalization techniques as in [BFS1].

The case of a nucleus of spin > 1 is not considered here (for instance, the nucleus of
deuterium, composed of one proton and one neutron, can be treated as a spin-1 particle),
but we expect that a similar hyperfine splitting of the ground state occurs in this case also.
As for positively charged hydrogenoid ions, the question of the existence of a ground state is
more subtle than for the hydrogen atom. Indeed, it is proven in [HH] that the Hamiltonian
of a positive ion at a fixed total momentum in non-relativistic QED does not have a ground
state in Fock space. This result should be compared with the corresponding one for the model
of a freely moving, dressed non-relativistic electron in non-relativistic QED, which has been
studied recently by several authors (see, among other papers, [Ch, CF, BCFS2, HH, CFP,
LMS2, FPJ; see also [AFGG]).

Let us finally mention that the ground state degeneracy of the non-relativistic hydrogen
atom confined by its center of mass (see [AF, Fa]) could also be analyzed by the techniques
developed here, provided that both the electron and the nucleus have a spin equal to %

2. DEFINITION OF THE MODEL AND STATEMENT OF THE MAIN RESULT

2.1. Definition of the model. In the standard model of non-relativistic QED, the Hamil-
tonian associated with the system we consider acts on the Hilbert space H := Ha ® Hpn
where

Hay := L2(R3; C?) ® L%(R3; C?) ~ L%(R®; C*) (2.1)

is the Hilbert space for the charged particles (the electron and the nucleus), and
o
Hpn = C & P S [L2(R® x {1,2})®"] (2.2)
n=1

is the symmetric Fock space for the photons. Here S,, denotes the symmetrization operator.
The Hamiltonian of the system, HM is formally given by the expression

SM 1 1 2 1 ) 2
H ::2m 1 <pel — O[2A<xel)) + om (pn + OJQA(LL’H)> + V(xela 'an) + th
€ n
1 1
az g az
- B B 2.3
2me10 (war) + 2mn0 (n), (2.3)

where Zel, Tn, Pel, Pn and « are defined as in (1.1). For x € R3, A(z) is defined by

2

A(z) == 21%21:,2 /R ) X@T’f)@(k) [e’ik'xaj(k)—l—eik'xa)\(k) dk, (2.4)
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and B(z) is given by

Z / |3 o (k ? A e (k) [e*ik'xa;(k) - eik'ma,\(k)} dk, (2.5)
iy i

where the polarization vectors e!(k) and 2(k) are chosen in the following way:
(k2, —k1,0) k _ (haks, —koks, kT + k3)

2
, &%(k): ANe = .
e )= e = s

In (2.4) and (2.5), xa(k) denotes an ultraviolet cutoff function which, for the sake of con-
creteness, we choose as

et(k) :=

(2.6)

XA(k) = ]]"k‘SAOC2 (k) (27)
Here, A is supposed to be a given arbitrary (large and) positive parameter. As explained in
[BFS2, Sig], the model is physically relevant if we assume that 1 < A < a~2. The reason for
introducing a? into the definition (2.7) will appear below (see (2.18)).
As usual, for any h € L2(R? x {1,2}), we set

Z/ (k, Na (k Z/ (k, Nay(k)dk, (2.8)

A=1,2 A=1,2
and ®(h) := a*(h) + a(h), where the creation and annihilation operators, a} (k) and ay(k),
obey the canonical commutation relations
[ax(k), ax (K')] = [a3(k), a3 (K))] = 0, [ax(k), a} (k)] = dand(k — K). (2.9)

Hence, in particular, for j € {1,2,3}, we have A;(x) = @(hf(:n)) and Bj(z) = @(hf(x)), with

1 xa(k) ik

A — A ik-x
hi(x, k, A) = By \k:|% e;(k)e , (2.10)

. I _
hB (2 k, \) 1= —— k|2 xa(k) | — AeM(k)) e ke, 2.11
k) =~ ifiadh) (5 n2®) (211)
The Coulomb potential V' (ze], z,) is given by
a

Vize,xn) =V(xe —2p) i= ———, 2.12
(tu020) = V (0 =) = 2 .12

and Hpy, is the Hamiltonian of the free photon field, defined by

Hpp = Z/ |kla} (k)ax(k)dk (2.13)

A=1,2

The 3-uples 0¢! = (0§, 05, 0§) and 0" = (0}, 0%,0%) are the Pauli matrices associated with

the spins of the electron and the nucleus respectively. They can be written as 4 x 4 matrices
in the following way:

00 1 0 00 —i 0 10 0 0

a |00 01 a [0 0 0o =i a |01 0 o

=l 1000”27 io0o 0o olf ®*T]loo0o -1 o | (2.14)
01 0 0 0 i 0 0 00 0 -1
01 0 0 0 —i 0 0 1 0 0 0
1000 . | i 0 0 0 n |0 -1 0 o0

T=1 o000 1] %2710 0 0 -] %7 1o 0o 1 o0 (2.15)
00 1 0 0 0 i 0 0 0 0 -1
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In order to exhibit the perturbative behavior of the interaction between the charged par-
ticles and the photon field, we proceed to a change of units. More precisely, let U : H — 'H
be the unitary operator associated with the scaling

(Tels Tny K1, A1y v e hiny Ap) — (xel/a,wn/a,ochl, A, .o, @2k, An)- (2.16)
We have
1 ~ 2 1 - 2
—QUHSMU* = (pel - a%A(ozxel)) + <pn + O[%A(Oéxn)>
(6% mel an
3 3
1 a2 ~ oz ~

—m—i—th— QmIUel'B(OZ.’Ee])+ om Un'B(OéI'n), (217)

e n (63 n

where A and B are defined in the same way as A and B, except that the ultraviolet cutoff
function y (k) is replaced by

XA (k) == xa(@®k) = L<p (k). (2.18)
To simplify the notations, we redefine Yo = xa, A = A and B = B. Setting ¢ := a%, we are
thus led to study the Hamiltonian
g 2
(pel - gA(ngel)) +
1

a ’«Tel - xn|

1 9 2
M = ( Alg® )
9 2mel 2mn Po + 9A(g72n)

o B(ggxel) + o"- B(ggscn). (2.19)

g g
2Mme] 2my
Let the total mass, M, and the reduced mass, u, be defined respectively by

+th_

1 1 1
M :=mg+mn, —:= + —. (2.20)
14 Mel  Mnp
Let
MMe] My p Pel Pn
7= Zo — Tn, R:= Me-xel + ﬁxn, i = meel — min, Pr := pel + pn- (221)
For g = 0, the Hamiltonian HSM = Hj% is given by
p? Py 1
HM = “el 4 o + Hyp = Hg + H, + Hyy, (2.22)

T 2ma 2ma |Te — 2

where the Schrodinger operators Hi and H, on L2(R3) are defined by

P2 p? 1
Hp:=-L1 H .="T_-—. 2.23
R 2M7 T 2/,L |7"’ ( )
Let eg := —§ be the ground state eigenvalue of H, and e; be the first eigenvalue above eq.
Note that a normalized eigenstate associated with e is given by
do(r) == (x 1 yP)ze (2.24)

To conclude this subsection, we recall the definition of the photon number operator, Npp,
which will be used in the sequel:

Now =Y /R _ai(k)ax(k)dk. (2.25)

A=1,2
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2.2. Fiber decomposition. The Hamiltonian H, gSM is translation invariant in the sense that

H?M formally commutes with the total momentum operator Pt := Pr + By, where By
denotes the momentum operator of the photon field, given by the expression

Poni= ) /R ka3 (k)ax (k)dk. (2.26)

A=1,2

In the same way as in [AGG], it follows that H, gSM can be decomposed into a direct integral,
which is expressed in the following proposition.

Proposition 2.1 ([AGG]). There ezists g. > 0 such that for all |g| < g., the following holds:
the Hamiltonian H;S’M given by the formal expression (2.19) identifies with a self-adjoint

operator which is unitarily equivalent to the direct integral fﬂg H,(P)dP. Moreover, for all
P € R3, Hy(P) is a self-adjoint operator acting on the Hilbert space

H(P) := L*(R* CY) @ Hpn ~ C* @ L*(R?, dr) @ Hpn, (2.27)

with domain D(Hy(P)) = D(Ho(P)), and Hy(P) is given by the expression:

1 Me Ml 2 .\ 2
Hy(P) = ( L(P — By) + pr — gA( 1937"))

2me \ M M
1 Mp Mn 2 \2
Mp_p,)— A= )
2mn(M( o) = Pr+ gA(= 77 0°7)
1 g Mel 2 g My 2
Y Hy - el gl LI s TR 2.2
] + Hpp, 2me10 (—g3r)+ 2mn0 ( g3r) (2.28)

Let us mention that this direct integral decomposition remains true for an arbitrary value
of the coupling constant g (see [LMS1]). However, in this paper, we shall only be interested
in the small coupling regime.

For g = 0, the fiber Hamiltonian Ho(P) := Hy—o(P) reduces to the diagonal operator

1
Hy(P) = H, —
0( ) r+2M

(P - Pph)2 + th7 (2.29)
where H, is the Schrodinger operator defined in (2.23). Let €2 denote the photon vacuum in
Hpn. One can verify that

P2
Eyo(P) :=info(Ho(P)) = eo + YL (2.30)

and that e + P2/2M is an eigenvalue of multiplicity 4 of Ho(P). Moreover, the associated
normalized eigenstates can be written under the form y ® ¢g ® 2, where y is an arbitrary
normalized element in C*.
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The operator Hy(P) is treated as an unperturbed Hamiltonian, the perturbation Wy (P) :=
H,(P) — Ho(P) being given by

Wy(P) = = & (3P = Po) +:) - Ay 057)
o (G2 = Pow) = 1) - A= 79%r))
* 251261‘4(7461957")2 * 2ijn‘4(_7\l4ng§r)2
= %ﬂael - B(5 i) + Zinan - B(——2gir). (2.31)

Note that, due to the choice of the Coulomb gauge, the operators A(meg?/3r/M) and
A(=mpg®3r/M) commute both with p, and Pyy,.

2.3. Main result and organization of the paper. Our main result is stated in the fol-
lowing theorem.

Theorem 2.2. There exist g. > 0 and p. > 0 such that, for any 0 < |g| < g. and 0 < |P| < pe,
dim Ker (H,y(P) — E,(P)) < 4. (2.32)

Our proof of Theorem 2.2 is based on a contradiction argument and the use of the Feshbach-
Schur identity. The point is that the assumption dim Ker (Hy(P) — E4(P)) = 4 will allow us
to compute the second order expansion in g of the expression (Eq(P) — Eo(P))Hy, where Il
denotes the projection onto the eigenspace associated with the eigenvalue Ey(P) of Hy(P).
More precisely, applying in a suitable way the Feshbach-Schur map, we will find that (Eq(P)—
Eo(P))Ip =T + O(|g|**™) for some 7 > 0, where T is an explicitly given 4 x 4 matrix. The
previous identity implies in particular that all the coefficients of order ¢? in the matrix T
must be located on the diagonal, which will lead to a contradiction.

We decompose the proof of Theorem 2.2 into two main steps. In Section 3, we introduce
and study some properties of the Feshbach-Schur operator that we consider. Next, in Section
4, we assume that the multiplicity of E,4(P) is equal to 4, and we conclude the proof of
Theorem 2.2 by a contradiction argument. In Appendix A, we collect some fairly standard
estimates which are used in Sections 3 and 4.

Throughout the paper, C,C’,C” will denote positive constants that may differ from one
line to another.

3. THE FESHBACH-SCHUR OPERATOR

In this section, we introduced the Feshbach-Schur operator that we consider, and we study
some of its properties. They will be used below in Section 4 in order to prove Theorem 2.2.

It is convenient to work with the Hamiltonian H,(P) obtained from H,(P) by Wick or-
dering, that is H,(P) = : H,(P) : , with the usual notations. It is not difficult to check
that H,(P) = H,(P) — g°Cy, where Cy is a positive constant depending on the ultra-
violet cutoff parameter A. Hence it suffices to prove Theorem 2.2 with lEIg(P) replacing
H,(P) and E,(P) := inf o(Hy(P)) replacing E,(P). To simplify the notations, we redefine

H,(P) := H,(P) and E,(P) := E,(P). Moreover, in what follows, we drop the dependence
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on P everywhere unless a confusion may arise. In particular, we set

Hy = Hy(P), Hy = Ho(P), W, = Wy(P), E, = E,(P), Ey = Eo(P) = eo + 2]?\24. (3.1)

For any p > 0, we define the projections II, in the tensor product C* @ L?(R3) ® H,p, by
Hp =1® H¢o & ]]-th§p7 (3.2)

where 114, denotes the projection onto the eigenspace associated with the eigenvalue eg of H,.
In particular, as above, IIp = 1 ® Ily, ® Il is the projection onto the eigenspace associated
with the eigenvalue Fy of Hy (here Ilg is the projection onto the Fock vacuum) .

Lemma 3.1. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g, 0 < |P| < p,
e >0 and g> < p < 1, the operator II,H 11, — E, + ¢ : D(Hp) N Ran(Il,) — Ran(II,) is
inwvertible and satisfies

— — 1= 1= n

[T, H L, — By + 2] ', = [Ho = By +2] T, (=Wl [Ho — By +] 'T,) " (33)

n>0
Proof. Since 1:[,, (Hg - E,+ e)ﬁp = (Ho - E,+ E)ﬁp + l:Iprl:Ip, it suffices to prove that the
Neumann series in the right-hand-side of (3.3) is convergent. It follows from Lemmata A.2
and A.8 in Appendix A that, for allm € N, ¢ > 0 and p > 0,
| [Ho — By + €] 71, (< W01, [Ho — By +£]7'T1,) || < Co™! (Clglo™3)", (3.4)

Therefore, for 1> p > g%, (3.4) implies (3.3). O

Lemma 3.2. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g, 0 < |P| < pe,
e >0 and g> < p < 1, the Feshbach-Schur operator

F(¢) = (Ho — By + )T, + T1,W, T, — LW, [[,H,Tl, — B, +¢] 'TI,W,IT,  (3.5)
is a well-defined (bounded) operator on Ran(Il,). Moreover, F,(e) satisfies

F,(0) = lim Fj(¢), (3.6)
e—0t
in the norm topology, and
1E,(0)]| < Cp. (3.7)

Proof. By Lemma 3.1 and the fact that Ran(Il,) C D(Hy) C D(Wy), F,(e) is obviously
well-defined on Ran(Il,), for any € > 0. The boundedness of F,(¢) and Equation (3.6) are
straightforward verifications.
In order to prove (3.7), we proceed as follows: First, it follows from Lemma A.6 that
2

P P
|(Ho — E)T|| = [|(Eo = BT, + (=57 - Pon + 577 + Hon) L[l < Cg® + C'p < Cp, (3.8)

since, by assumption, p > ¢?. Next, by Lemma A.8, we have that
1
L, W, L, < Clglp? < C'p. (3.9)
Lemma 3.1 gives
1, W, [ﬁpHgﬁ — E,]'I,W,I1,
n

= I, W,[Hy — B,) Tl ,,Z( Eg]*lﬁp) W,IL,, (3.10)
n>0
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Using again Lemma A.8, we obtain that, for all n > 0,
1= _ 1 n 1
HHPWQ [HO - Eg] 1Hp (_WQHP [HO - Eg] 1Hp) WngH < Cg*(C'lglp~2)", (3.11)
which implies
_ _ 1=
|11, Wy [, HyI1, — By T,W,II,[| < Cg* < C'p. (3.12)
Equations (3.8), (3.9) and (3.12) give (3.7). O
We now turn to the Feshbach-Schur identity. We refer to [BFS1, BCFS1, GH] for def-
initions and properties of the (smooth) Feshbach-Schur map, and its use in the context of

non-relativistic QED. In our case, the operator H; — E, + ¢ is obviously invertible (for € > 0),
so that the following lemma simply follows from usual second order perturbation theory.

Lemma 3.3. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g., 0 < |P| < pe,
e > 0 and ¢> < p < 1, the operators Hy — E; + ¢ : D(Hp) — C* ® L3(R?) @ Hpn and
F,(e) : Ran(Il,) — Ran(Il,) are invertible and satisfy

I,[Hy — By +¢] 7', = F,(e) . (3.13)

Proof. Since H, — E, > 0, for any € > 0, the operator H, — E, + € from D(Hy) to C* @
L2(R3,dr) ® Hpy is obviously invertible. The identity (3.13) is then easily verified following
for instance [BCFS1, Theorem 2.1]. O

As a consequence of Lemmata 3.2 and 3.3, we obtain the following lemma.

Lemma 3.4. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g., 0 < |P| < p., and
P <pkl,

Fp(O)lel{Eg}(Hg)Hp =0. (3.14)
Proof. We obtain from (3.13) that
F,(e)lI,[H, — E, +¢] "', =11, (3.15)
for all € > 0. It follows from the functional calculus that
— 3 — -1 —
S EEI(I)L elHy — Eg + €] 1p,3(Hy), (3.16)

where s — lim stands for strong limit. Hence, using (3.6), we obtain (3.14) by multiplying
(3.15) by € and letting ¢ go to 0. O

The next lemma will be used in the proof of Theorem 2.2.
Lemma 3.5. There exist g. > 0 and p. > 0 such that, for all 0 < |g] < g. and 0 < |P| < p,,
T F,(0)Tlp = (Eo — E,)Tlg
—-2:/‘mmrkA[H—%(P B)? 4 k] — B,] w(r, k, \odk + O(g**7), (3.17)
A=1,2

where p = |g|*>~%", 7 > 0 is fized sufficiently small,

g me me 2
wir kA== (( 7 (P = Pon) + ;) - I Mlgsr,/@,x))
g My A
o ((M(P_Pph)_pr) -h (_7937. k A)
9 ol pB g By Mn 2
Tl (gn ke ) + 5 2oam hP (=g k), (3.18)
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and w(r, k, \) is given by the same expression as w(r, k, \) except that hA and h® are replaced
by hA and h® respectively.

Proof. We have that IIoII, = II,IIy = Iy and Hollp = Eplly. Introducing (3.3) into (3.5), we
thus obtain that

T F,(0)Ilg = (Eo — Ey)Tg + oW, Ty — TlgW, [Ho — E,] ™' T1,W,TI,
— " ToW, [Ho — Eg) ™ (= T, W,T1, [Ho — Eg) ™) T, W,Tl,. (3.19)
n>1

Observe that IIoW,IIy = 0 since W, is Wick ordered. Hence Estimate (3.11) for n > 1 yields
—1= _1

o F,(0) = (Ey — Ey)Iy — oW, [Hy — By 11I,W,I1o + O(|g|*p2). (3.20)

We conclude the proof by applying Lemma A.9 of Appendix A. O

4. PROOF OF THEOREM 2.2

From now on we assume that dim Ker (H, — E,) = 4, which will lead to a contradiction at
the end of this section.

Lemma 4.1. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g. and 0 < |P| < p,,
the following holds: If dimKer (Hy — Eg) = 4, then oL g y(Hy)g is invertible on Ran(Ilp)
and satisfies

a8, (7,0 < T (4.1)

Proof. In order to prove that ol y(H,)Ilp is invertible on Ran(Ilp), it suffices to show that
HHO — HO]I{EQ}(Hg)HOH < 1. Observe that Iy — HO]I{EQ}(Hg)HO is a finite rank and positive
operator. We have that
| o — Mol g,y (Hg)ol|| < tr(Ily — oL,y (Hy)To)
= tr(Ilo) — tr(IloL 5, (Hy))
= tr(Ily) — tr(lyp, ) (Hy)) + tr(Tolyg,y (Hy))

=4 — 4+ tr(Hol g,y (Hy)) = tr(llolyg 1 (Hy)). (4.2)
The projection IIy can be decomposed as
My =1®1, g+ 11 I. (4.3)
It follows from Lemma A.7 that
tr((1 ® g, ® o),y (H,y)) < Cg?, (4.4)
and from Lemma A.5 that
tr(1® 1 ® o) Py) < tr(NpnPy) < C'g?. (4.5)
Therefore, |[TTo — oLy, } (Hg)Io|| < C"g?. The invertibility of Iyl g,y (Hy)Iy and Equation
(4.1) directly follow from the latter estimate. O

As a consequence of Lemma 4.1, we obtain the following lemma.
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Lemma 4.2. Let I' denote the operator on Ran(Ily) defined by
1 _
r= )" / o (r, k, A) [Hy + =~ (P — k)? + k| — Ey] " w(r, k, \)Todk, (4.6)
A—1.2 R3 2M
with w(r,k,\) and w(r,k,\) as in (3.18). There exist g. > 0 and p. > 0 such that, for all
0 <lg| < gc and 0 < |P| < pe, the following holds: If dimKer (H, — E4) = 4, then
T = (Eo — Ey)To + O(|g[**7), (4.7)

where T > 0 is fized sufficiently small.

Proof. Fix p = |g|>~?" for some sufficiently small 7 > 0. Multiplying both sides of Equation
(3.14) by IIp, we get

Tlo Fp(0)T,L ¢ (H)TTp = 0. (4.8)
Introducing the decomposition 1 = Iy + Iy into (4.8) and using Lemma 4.1, this yields

Mo Fp(0) Ty = —ToFp(0)IT, Mol (5,3 (Hy) oMol (5,3 (Hy)Tlo] . (4.9)

By Equations (4.3), (4.4) and (4.5), we learn that
Mo, (Hy) | < tr(Tlol s,y (H,)) < Cg?, (4.10)

which, combined with (3.7) and (4.1), implies that
|[TTo F, (0)T1,To T 5,y (Hy )T [To T 5, 3 (H)TIo] || < Cg®p = Clg[* ™", (4.11)
We conclude the proof thanks to Lemma 3.5. O

Let us consider the canonical orthonormal basis of C* in which the Pauli matrices 057‘1,
o}, j € {1,2,3}, are given by (2.14)(2.15). Obviously, I' identifies with a 4 x 4 matrix in
this basis. In the next theorem, we determine a non-diagonal coefficient of I' of the form

—Cog? + o(g?) with Cq > 0.

Theorem 4.3. Let T' be given as in (4.6). There exist g. > 0 and p. > 0 such that, for all
0 <lg|] < gc and 0 < |P| < p., the coefficient of T located on the third line and second column,
I'so, satisfies

g
32 = —Cog” + O(|g[3), (4.12)
where Cg is a strictly positive constant independent of g.

Proof. We view w(r, k, \) as a linear combination (some coefficients being given by operators)
of the functions h;‘(- -+ ) and hf” (--+),7 € {1,2,3}. We introduce the corresponding expression
into (4.6) and consider each term separately.

Since the coefficients located on the third line and second column of the Pauli matrices
expressed in (2.14)—(2.15) vanish, the terms containing at least one factor h]A(- -+) do not
contribute to I'ss. The same holds for the terms containing at least one factor h¥(---), since
the third Pauli matrices, 0§ and o}, are diagonal.



12 L. AMOUR AND J. FAUPIN

Therefore, I'39 is equal to the coefficient located on the third line and second column of the
matrix IV given by

I — I (_ 9 jepp M 2 9 M 2 k;)\>
/\;2/]1%3 Oj;2 QmelU] ](Mg37“a ) )+2mnaj J( Mgsr’ , )

1 2
(Hy + 53 (P = k) + k| — E

Z( g aj.}hﬁ(@g%r,k,m+ia%h3(—%g%r,k,m)nodk. (4.13)

A  2mg M 2my, 77
7'=1,2
It follows from the definition (2.11) of hf that
3
[ (r, k. X) = 17 0.k, X)| < Clk|2xa(R)Ir], (4.14)

for any j € {1,2,3}, A € {1,2}, r € R? and k € R3. Moreover, the expression (2.24) of ¢qg
implies that

[Ir|go(r)]| < C. (4.15)
Hence, using in addition that, for | P| sufficiently small,
(P —k)? -1 _ C
H, + L " k—E} H<7, 41
H{ toar T S TR (4.16)

we obtain from (4.13) and (4.14)—(4.16) that
M= 3 [ 03 (= 5L hP0.k N + 5L othP 0k N)

2mel My

[0 + 577 (P = k) + k| - E,

9 . 9 a s
3 (— Wlaj}hﬁ(o, kX + 5o (0, A))Hodk L O(lgl5).  (417)
=12 ¢ n

Notice now that, for j,j" € {1,2}, the coefficient on the third line and second column of
the products aje-la;?} and ¢jo% vanishes. We thus obtain from (4.17) that

Pap =Ty = 1 + 72 + O(lgl?), (4.18)
where
2
9 7B 7B
= — BP0k, A) + 1RE(0, k, A
1 e 3 [, 00 PO + 0.5
1 -1 .
[0+ 577 (P = k) + [k = By | [ 0.k, A) = 15 (0, k, X)) o)k, (4.19)
and
2
g 7B .7 B
= 3 BP0k, A) — R (0, k, A
V2 4melmn)\:12/R3(¢0’[1(’ ) ) 12(7 ) )]

[0+ 5y (P =K 4 [k~ B,] AP0,k 3) + ihF (0, k. X)] o)k (4.20)
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We remark that the cross terms involving A (0, k, \) and h¥ (0, k, \) vanish. Thus, we obtain

T30 = >N / h2(0,k, A)
2me1mn. =1,2A=1,2
P —k)? -1
eot T b~ B, WP,k Ak Ogld). (a21)

The integral in the right-hand-side of (4.21) still depends on g through the ground state
energy E,. Nevertheless, one can readily check that

(P — k)Q -1 (P - k)2 —1‘
Heo—i— Wi +|k’ Eg} [60+72M +|k‘| E()}
C/ 2

|\kl2 < ToE

where, in the last inequality, we used Lemma A.6. Therefore, since, for any j € {1,2} and
A € {1,2}, the functions hB(O,k, A) satisfy ]hB(O, k,A)| < Clk[Y2xa(k), we get

< |Ey— (4.22)

T = — / h2(0,k, \)
MelMn 12,\ 1,2
P —k)? -1

[60+(2]\4)+’k| —Eo] hf(O,k,)\)dk+O(|g|%). (4.23)
Now, the integrals in the right-hand-side of (4.23) can be explicitly computed, which leads to

2 2

g |k[xa (k) ks 8

3o = — +1)dk+ O . 4.24
SR - /Rg W22l — k- p/ar 1k ez T D+ Oll) (424)
The integrand in (4.24) is strictly positive (for P sufficiently small), and hence the integral
does not vanish. This concludes the proof of the theorem. ]

We are now able to prove Theorem 2.2:

Proof of Theorem 2.2. By [AGG], we know that dim Ker(H, — FE;) < 4. Assume by contradic-
tion that dim Ker(H, — E,;) = 4. By Lemma 4.2, the matrix I" defined in (4.6) satisfies (4.7).
In particular, in any basis of C%, the non-vanishing terms of order g of I are necessarily
located on the diagonal. However, according to Theorem 4.3, in the canonical orthonormal
basis of C* in which the Pauli matrices are given by (2.14)—(2.15), the non-diagonal coefficient
'35 contains a non-vanishing term of order g2. Hence we get a contradiction and the theorem
is proven. ]

APPENDIX A

In this appendix, we collect some estimates which were used in Sections 3 and 4. Some of
them are standard (see for instance [BFS1, BFS2]). We begin with two lemmata concerning
the non-interacting Hamiltonian Hy defined in (2.29).

Lemma A.1. There ezists p. > 0 such that for all 0 < |P| < pe,

Hyn < 2(Ho — Eo). (A.1)
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Proof. For j € {1,2,3}, one can easily verify that |[(Ppn);| < . Hence, since Ey =
eo + P?/2M, we have that
| 1 1
Hy = H, —P - Py, H,, > E H A2
0=t T + oap o Hon = Bo+ 5 Hpn, (A4-2)
for P sufficiently small, which proves the lemma. O

Lemma A.2. There ezists p. > 0 such that, for all 0 < |P| < p. and p > 0,

_ _ P2 ) _
I1,Holl, > (m + min(eg + g, e1))1L,. (A.3)

Proof. Since I, = 1 ® Iy, ® Lpz, <, in the tensor product C* ® L*(R*) ® Hyp, we can write

I,=1-1I, = ]1®H¢0®]1H h<pT1®1@1Ly,, >, where Iy, = 1—1I1y,. Since H, 11y, > 1114,
we get that

p? _
HO(]I ® H¢0 QMg h<p) (61 + m)(]l ® H¢0 ® ]]'thSP)7 (A.4)
for P small enough. Moreover, by Lemma A.1,
P2
Hi(l@1® 1y, >,) > (eo+ omr T 2)(11 @11y, >p)- (A.5)
Hence (A.3) is proven. O

The proofs of the next two lemmata being standard, we omit them.
Lemma A.3. For any f € L2(R>x{1,2}), the operators a(f)[Nynlla] /% and [NpnIla) '/ 2a(f)
extend to bounded operators on Hpyy satisfying
la(HWenTlo) ™= | < I1£1l (A.6)
It thQ za(f)| < V2111 (A7)

Lemma A.4. Let f € L2(R? x {1,2}) be such that (k,\) — |k|~Y2f(k,\) € L2(R3 x {1,2}).
Then, for any p > 0, the operators a(f)[Hpn+p)~"/? and [Hpn+p]~/%a(f) extend to bounded
operators on Hpy satisfying

lalf)[Hon + o) 72 || < 1K "2 £, (A.8)
[ Hpn + o) 2a()|| < B2 F1 + 72 1. (A.9)

The following lemma is taken from [AGG]. Its proof is based on a “pull-through” formula
(see [AGG]).

Lemma A.5. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g, and 0 < |P| < p,,
the following holds:

V@, € Ker(Hy — E,), ||®4]| = 1, we have (@4, Nph®,) < Cg?, (A.10)
where C is a positive constant independent of g.

In the next lemma, we estimate the difference between the ground state energies £, =
info(Hy) and Ey = 1nfU(H0)
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Lemma A.6. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g, and 0 < |P| < pe,
E, < Ey < B, + Cg?, (A.11)

where C is a positive constant independent of g.

Proof. Note that, since the perturbation W, is Wick-ordered, we have that (1®1®Ilg)W,(1®
1®Ilg) = 0, where, recall, IIg denotes the orthogonal projection onto the vector space spanned
by the Fock vacuum (2. Hence, by the Rayleigh-Ritz principle,

Ey < ((y®@do®Q),Hy(y ® g @9Q)) = ((y @ do ® Q), Ho(y ® ¢ ® Q) = Ep,  (A.12)

where, as above, y denotes an arbitrary normalized element in C*.
In order to prove the second inequality in (A.11), we use Lemmata A.3 and A.5. More
precisely, let ®, € Ker(H, — Ey), || ®4|| =1 (®, exists by [AGG]). We have that

Ey — Ey < (®g, (Ho — Hyg)®g) = —(Py, WyPy). (A.13)

Recall that W, is given by the Wick-ordered expression obtained from (2.31). We express the
latter in terms of operators of creation and annihilation, and estimate each term separately.
Consider for instance the term

wil ((}\1;1 (P = Pon) +pr) - a(hA(%ggr))) : (A.14)

It is not difficult to check that
(P— Pp)? <aHo+b and p? <aHy+b, (A.15)

for some positive constants a and b depending on p and M. One easily deduces from (A.15)
that

H(T]r\L; (P — Ppn) JFPT)(I)QH <C. (A.16)

Moreover, by Lemmata A.3 and A.5, we have that

2

1
la(h (295, || < ClINEE, ]| < Cgl. (A.17)

Equations (A.16) and (A.17) imply that |(®g4, (A.14)®,)| < Cg?, and since the other terms
in W, are estimated similarly, this concludes the proof. ]

Lemma A.5 gives an estimation of the overlap of the ground state ®, of H, with the Fock
vacuum. We also need to estimate the overlap of ®, with the ground state ¢q of the electronic
Hamiltonian H, in the sense stated in the following lemma.

Lemma A.7. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g. and 0 < |P| < p.,
the following holds:

Vo, € Ker(H, — E,), || ®,]| = 1, we have (¥, (1 ® Iy, @ Ig)®,) < Cg?, (A.18)

where C is a positive constant independent of g.
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Proof. Let ®, be a normalized ground state of Hy, that is (H, — E,)®, =0, ||®,|| = 1. Since
Ey—E;=ep+ P2/2M — E; > 0 by Lemma A.6, we have that

0= [(@ (1.6 Ty, o) (I, — E,),)|
2

_ P
= [(®g, (L & Thy, @ Tlo) (Hy + 5o = By + W) 2|
> (e1 — €0)(Pg, (L ® Iy, @) Py) — |(Pg, (1 ® Iy, @ o) WyDy)|, (A.19)
and hence
_ 1 _
(Bg, (1 @Iy, @ o) ®y) < ﬂ\(cpg, (1 ® Iy, @ o) Wed,)|. (A.20)

We conclude the proof thanks to Lemmata A.3 and A.5, by arguing in the same way as in
the proof of Lemma A.6. O

We now give estimates relating the perturbation W, to Hy.

Lemma A.8. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < gc, 0 < |P| < pe,
0<p<<lande >0, the following estimates hold:

|[Ho — Eq + €]~ 211 WH[HO—E +e]” H<C|g|p 7 (A.21)
|, Wl [Hy — Eg + €]~ H < Clgl, (A.22)
[[Ho — Ey + )21, W,11,|| < Clg], (A.23)
I[TL, W, 11, || < Clg|p=. (A.24)

Proof. Let us begin with proving (A.21). As in the proof of Lemma A.6, we express W, in
terms of creation and annihilation operators from the Wick-ordered expression obtained from
(2.31), and we estimate each term separately. Let us consider again the term (A.14) as an
example. Using (A.15), Lemma A.2, and the fact that Ey > E;, we obtain

H [Hy — B, +¢] 211, (M (P = Ppn) +py) H <Cp 3. (A.25)
for j € {1,2,3}. Next, for j € {1,2,3}, Lemma A.4 gives
Ha hA M gSr))[th + ,0]_1/2H <C, (A.26)
and it follows from Lemmata A.1 and A.2 that
[[Hon + p)2 T, [Ho — Ey + ]2 < C. (A.27)
Using (A.25), (A.26) and (A.27), we obtain
[[Ho — Ey + ]2 11, (A.14)T1,[Hy — Ey + €] 2| < Clg|p~2. (A.28)

The other terms in W, are estimated similarly, using in particular Estimate (A.9) (in addition

o (A.8)) for the terms quadratic in the annihilation and creation operators. Hence (A.21) is
proven. In order to prove (A.22), (A.23) and (A.24), we proceed similarly, using the further
following estimates:

|G P = o) +00) 1| < [ [Hpn + o121 < (A.29)
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The first estimate in (A.29) follows from (A.15), while the second is an obvious consequence
of the Spectral Theorem. O

Lemma A.9. There exist g. > 0 and p. > 0 such that, for all 0 < |g| < g., 0 < |P| < pe,
0<p<kl, ande >0, we have

—1
oW, [Ho — E,] 1, W, —Azljz/ Mow(r, k, \) [H, +m(P k)? + |k| — Eg]
w(r, b, Modk + O(lg*) + O(g%p),  (A.30)
where w(r,k,\) and w(r, k,\) are defined in (3.18).
Proof. The perturbation W, appears twice in IIgW,[Hy — Eg]_ll:IPWgHO. We introduce the
expression (2.31) of Wy into the latter operator, and consider each term separately.
First, the terms containing a creation operator in the “first” W, vanish since Ily projects
onto the Fock vaccum. The same holds for the terms containing an annihilation operator in
the “second” W,. Next, the terms involving the parts of W, quadratic in the creation and

annihilation operators are (at least) of order O(|g|®), as follows again from Lemmata A.4 and
A.8. Therefore, one can compute

oW, [Ho — E,] ' T1,W, T

=Y / Mo (r, k, \)[H, +—(P k)? + k| — Ey] " w(r, k, \)odk
R3

A=1,2
1 _
_ / Mo, k, M) [eo + —— (P — k)2 + K| — E,] "
- 2M
=127 IkI<p
x (1@ Iy, @ L)w(r, k, \pdk + O(|g[*). (A.31)

The second term in the right-hand-side of (A.31) is estimated as follows:

- 1 -1
How(r, k,\) [eo + — (P — k)? + |k| — E
L Ttk N[0+ 53 (P R+ b= B

> / %dk < C'p. (A.32)
=1,2 |k|<p |k|

A=1,2
x (1 @ Iy @ L)w(r, k, )\)HodkH <

A=
Hence (A.30) is proven. O
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