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ABSTRACT. In the framework of non-relativistic QED, we show that the renormalized mass of the
electron (after having taken into account radiative corrections) appears as the kinematic mass in
its response to an external potential force. Specifically, we study the dynamics of an electron in a
slowly varying external potential and with slowly varying initial conditions and prove that, for a
long time, it is accurately described by an associated effective dynamics of a Schrédinger electron in
the same external potential and for the same initial data, with a kinetic energy operator determined
by the renormalized dispersion law of the translation-invariant QED model.

1. INTRODUCTION

In this paper we show that the renormalized mass of the electron, taking into account radiative
corrections due to its interaction with the quantized electromagnetic field, and the kinematic mass
appearing in its response to a slowly varying external potential force are identical. Our analysis
is carried out within the standard framework of non-relativistic quantum electrodynamics (QED).
The renormalized electron mass, myen, is defined as the inverse curvature at zero momentum of the
energy (dispersion law), F(p), of a dressed electron as a function of its momentum p (no external
potentials are present), i.e., men = E”(0)7!, while the kinematic mass of the electron enters the
(effective) dynamical equations when it moves under the influence of an external potential force.

Our starting point is the dynamics generated by the Hamiltonian, H", describing a non-relativistic
electron interacting with the quantized electromagnetic field and moving under the influence of
a slowly varying potential, V;. We consider the time evolution of dressed one-electron states
parametrized by wave functions u§ € H(R?), with ||uf|/z2 = 1 and |[Vu§||z2 < €, and prove
that their evolution is accurately approximated, during a long interval of time, by an effective
Schrodinger dynamics generated by the one-particle Schrédinger operator

He = B(—iVy) + Vi(a), (1.1)

with kinetic energy given by the dispersion law E(p). This result is in line with the general idea
that any kind physical dynamics is an effective dynamics that can ultimately be derived from a
more fundamental theory. While results of similar nature have been proven for quantum-mechanical
particles interacting with massive bosons, [26], ours is the first result covering the physically more
interesting situation of electrons interacting with massless bosons (photons) and revealing effects
of radiative corrections to the electron mass. An interesting result on the effective dynamics of two
heavy particles interacting via exchange of massless bosons has previously been obtained in [27].

In the usual model of non-relativistic QED, the Hilbert space of states of a system consisting of
a single electron and arbitrarily many photons (described in the Coulomb gauge) is given by

H = L*(R®) ® F, (1.2)
1
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where L?(R3) is the Hilbert space of square-integrable wave functions describing the electron degrees
of freedom, (electron spin is neglected for notational convenience). The space § is the Fock space
of physical states of photons,

5=Psn

n>0

Here §, := Sym(L?(R® x {+,—}))®" denotes the physical Hilbert space of states of n photons.
The Hamiltonian acting on the space H is given by the expression

H =H+V.®1y, (1.3)
where H is the generator of the dynamics of a single, freely moving non-relativistic electron mini-
mally coupled to the quantized electromagnetic field, i.e.,

1

and where Vi (x) := V(ex) is a slowly varying potential, with € > 0 small; its precise properties are
formulated in Theorem 1.1 below. Furthermore,

Az) = %:/ufm e (k) @ aE) + he ) (1.5)

denotes the quantized electromagnetic vector potential in the Coulomb gauge with an ultraviolet
cutoff imposed, |k| < 1, and

Hy = 3 [ kK3 (k) ar(®) (1.6)
A

is the photon Hamiltonian. In Egs. (1.5) and (1.6), a3(k), ax(k) are the usual photon creation-
and annihilation operators, A = =+ indicates photon helicity, and €)(k) is a polarization vector
perpendicular to k£ corresponding to helicity A.

We observe that the Hamiltonian H is translation-invariant, in the sense that H commutes
with translations, Ty, : ¥(z) — e¥TrU¥(z +y), for y € R3, where P = 3", [dkka}(k)ar(k) is the
momentum operator of the quantized radiation field. Hence H commutes with the total momentum
operator

Pyt = _’va®1f =+ ]-el®Pf, (17)
of the electron and the photon field: [H, Piy] = 0. It follows that H can be decomposed as a direct
integral

UHU ! = /ﬂj H (p)dp, (1.8)

of fiber operators, H(p), over the spectrum of P, where H (p) is defined on the fiber space H, = §
in the direct integral decomposition, H = fﬂg dpH,, of H. The operator U : H — [ @ dpH, is a
generalized Fourier transform defined on smooth, rapidly decaying functions,

(UW)(p) := (Ferow)(p) = /R ) e =Py (2)d, (1.9)

where F' is the standard Fourier transform for Hilbert space-valued functions,

(FU)(p) = /R3 e~ P (z)d.
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For smooth, rapidly decaying vector-valued functions ®(p) € H, its inverse is given by

(UT1D)(z) := e re(F~1d) () = / e =PI (p)dp. (1.10)
RS
We note that
(UHY)(p) = Hp)(UY)(p) ., (UPab)(p) = p(U¥)(p)- (1.11)

Since U is the composition of two unitary operators, e’#* and the standard Fourier transform F,
it is unitary, too, and Eq. (1.10) defines its inverse.

We define creation- and annihilation operators, b} (k) and by(k), on the fiber spaces H, by
ba(k) == Ue™ay(k)U™' | bi(k) = Ue *a} (k) UL, (1.12)
ie.,
(Ue™ar(k)¥)(p) = bA(R)(UL)(p) , (Ue ™ aj(k)¥)(p) = b3(K)(UP)(p), (1.13)
for U € H. Obviously, the operator-valued distributions by (k) and b} (k) commute with P, Thus,

the operators bE\*) (f)=/ bE\*) (k) f(k‘)dk map the fiber spaces ‘H,, to themselves, for any test function
f. The fact that these operators satisfy the usual canonical commutation relations is obvious. The
Fock space constructed from the operators bg\*)(f), f e L?R3 x {+,-}), and the vacuum vector
Q is denoted by F°.

From abstract theory, the fiber operators H(p), p € R?, are nonnegative self-adjoint operators
acting on H, = F°. Their explicit form is determined in the next section. We define E(p) =
inf specH (p), for all p € R3, and

§:={pe®|pl<;} (1.14)

Making use of approximate ground states, ®”(p), p > 0, (dressed by a cloud of soft photons with
frequencies below p) of the operators H(p), which will be defined in (2.14), we introduce a family
of maps J§ : L?(R3) — H, from the space L?(R?) of square-integrable one-particle wave functions,
u, to a subspace of dressed one-electron states, u ®”, as

J§ (u)(z) = (U xs, 0 ®’)(z) = /dpﬂ(p) =) s, (p) 7 (p) (1.15)
where xs, is a smooth approximate characteristic function of the set S, := (1 — p)S C S C R3,
(0<p<1).

In this paper we study the time evolution of one-electron states, JJ'(u§), where uf is a slowly
varying one-particle wave function, dressed by an infrared cloud of photons with frequencies below
p . More precisely, we study solutions of the Schrodinger equation

iU (t) = H U(t), with ¥(0) = Jf(uf). (1.16)

The key idea is to relate the solution W(t) = e~itH" TS (uf) of this Schrodinger equation to the
solution of the Schrédinger equation

10wy = Hegugp, with  wj_g=uf , (1.17)

corresponding to the one-particle Schrédinger operator (1.1), where E(p) has been defined above.
We consider the comparison state

T0) € H, (1.18)
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where u§ := e~ ety is the solution of (1.17), and show that W(¢) remains close to Jg'(u), for a
long time. The choice of initial data satisfying

1
HUB”LQ(R3) =1 and HVU(E)HLQ(R3) <€ , 0< K< g, (119)

guarantees that u§ remains concentrated in S during the time scales relevant for this problem,
provided the support of % is contained in S.

Theorem 1.1. Let 0 < e< 1/3, 0 < k < 1/3 and assume that uf € LQ(R?’) obeys (1.19). Assume,
furthermore, that V € L (R R) is such that V € L*(R®) and that V is supported in the unit ball,

supp(V) € {keR*|[k|<1}. (1.20)

Let 0 < § < 2(3 — k), and choose p = pe := €59,

Then there exists ag > 0 such that, for all 0 < a < ag, the bound
e Y J0(ug) — TE (e ™emug) |y < Cs (€3 2M¢ 4 373 42) (1.21)
holds for all times t > 0. In particular, for all 0 < t < e 2/3, we have that
e e (u) — T (e et u) [y < CpenTHR L (1.22)
Remark 1.2. Theorem 1.1 implies that, for all 5’ > 0 such that &' < 3 — % + K
e T (uy) — Tg(e e ug) o < Cy e (1.23)
holds for all times t with 0 <t < 67(%7%+K)+6l.

Remark 1.3. The initial conditions in Theorem 1.1 are chosen such that the initial momentum
is O(€"). The conditions on the external potential imply that the expected force, and, thus, the
acceleration, is of order O(e). Hence, at time t, the momentum is of order O(e") + O(et), and
therefore the action, E(p)t — E(0)t = %t, is of order O(€2%t) + O(e%t3). Hence, zf% — K> %
and t < e 1% then this term is much larger than the error term in Eq. (1.21).

Remark 1.4. To make the previous remark more precise, we define the operator f[eff = E(0) +
V(ex), and consider the difference between e~ "Het and e~"Hett | We write e~#Het — e=itHert g5 the

integral of a derivative,
. t . -
e~ itHet _ omitHet — g / ds e~ "= Het (B(p) — B(0))e s e (1.24)
0

and use that E'(0) = 0 so that cp® < E(p) — E(0) = p*(1+0(1)) < Cp? (see Proposition 2.1,

2mren
below). Then, using
eiSHeﬂp2€7i3ﬁeﬁ = p? +2ep- (VV)(ex)s + AV (ex)s?, (1.25)
we find that
e_itHeff — e_itﬁeff = At —+ O(€t2p) + O(€2t3), (126)

where Ay = O(tp?). Adding the second and third term on the r.h.s. of (1.26) to the error estimated
by (1.22), we observe that

O(te3~5) + O(et?p) + O(X3) = O[t(e3 2% 4 €3 4 ¢3)] = O(tes—217),  (1.27)
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provided that 0 < t < e~2/3. Assuming that A; is not only bounded above by O(tp?), but is actually
of order

A ugll > Cte*, (1.28)

with C = C(ufj, Myen) > 0 depending on the initial data and on the renormalized mass Myen, we
can compare this contribution to (1.27) and observe that
—1 \4 € €
e T (ug) — T§ (Aruf) |In 13

< O(e3™27%) || Ay ugl|, 1.29

provided e 25 < t < ¢2/3. Thus our estimate allows us to separate the main contribution of the
dynamics from the error terms on a suitable time scale.

1.1. Outline of proof strategy. To prove Theorem 1.1, we introduce an infrared reqularized
version of the model defined by (1.3), (1.4), obtained by restricting the integration domain in the
quantized electromagnetic vector potential (1.5) to the region {o < |k| < 1}, for an arbitrary
infrared cutoff ¢ > 0. Thereby, we obtain infrared regularized Hamiltonians HY and H,, as well
as an infrared regularized family of maps J5 corresponding to Jj .

We note that, unlike H(p), the infrared cut-off fiber Hamiltonian H,(p) has a ground state
U,(p) € Hp = 3, for every p € S and for o > 0, but ¥,(p) does not possess a limit in H, = §,
as o \, 0. In particular, we expect that the number of photons in the state ¥,(p) diverges,
as 0 \, 0, (thus the lack of convergence of ¥,(p) in §). This is a well-known aspect of the
infrared problem in QED, [8, 9, 10, 11, 22]. It is remedied by applying a dressing transformation,

ngo(p)’ defined in (2.14), below, to ¥, (p), where E,(p) = infspecH,(p). The resulting vector,
OL(p) = W@ o (p)\IJU(p), describes an infraparticle (or dressed electron) state containing infrared

photons with frequencies in [0, p]. As o \, 0, the limit
@7 (p) = lim 92(p) (1.30)
o—

exists in §, see Proposition 2.2. This allows us to construct the map JJ as the limit of the maps
J¥, as 0 \, 0. Note that, while ¥, (p) does not converge in §, we have that lim,\ o E(p) = E(p).

We note that ®5(p) is the ground state eigenvector of the fiber Hamiltonian

K{(p) = Wop, o Ho(0) WoE )" (1.31)

which is obtained by applying to H,(p) the Bogoliubov transformation corresponding to the dressing

transformation W27 ..
WVEU (p)

In Theorem 2.3, below, we prove that an estimate similar to (1.21) is satisfied for the infrared
regularized model; namely,

le™ 5 T2(ug) — TE(e et u ) [y < O (1+1In(p™)) €570t + CaZ pa t (e +et), (1.32)

holds uniformly in the infrared cutoff ¢ and the cut-off p >0 . This result crucially uses the
regularity properties of the dressed electron states ®5(p), which allow us to take advantage of the
fact that V, is slowly varying. An additional key ingredient is the bound ||(H,(p)—KZ%(p))®5(p)|lz <

Cas p%]p\, for p € S, proven in Appendix A. In (1.32) we take p = p. := €579 and absorb In(p~1)
2

into €372,
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In Section 3, we control the limit o \, 0, thus concluding the proof of Theorem 1.1. This requires
control of the radiation emitted by the electron due to its acceleration in the external potential V,
in the limit o Y\, 0.

Acknowledgements. The authors are very grateful to Herbert Spohn and Stefan Teufel for point-
ing out a somewhat serious problem in an earlier version of this paper and for suggesting to us a
solution. J.Fa., .LM.S., and T.C. are grateful to J.Fr. for hospitality at ETH Ziirich. T.C. thanks
I.M.S. for hospitality at the University of Toronto. The research of I.M.S. has been supported by
NSERC under Grant NA 7901. T.C. has been supported by the NSF under grants DMS-0940145
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2. INFRARED CUT-OFF AND CONSTRUCTION OF ®”(p)

As noted in the introduction, we analyze the original dynamics by first imposing an infrared (IR)
cut-off, and controlling the dynamics generated by the resulting Hamiltonian. Thus, we define the
IR regularized Hamiltonian

HY = H, + Ve(z) ® 15, (2.1)

where
1
Hy = S(=iV.®1; + VaAy(x))? + 14 ® Hy (2.2)

is the generator of the dynamics of a single, freely moving non-relativistic electron minimally coupled
to the electromagnetic radiation field. In (2.2),

dk tkx
Ay(x) = d /a§|k|§1 W{e,\(k‘)ek ®@ax(k) + h.c.} (2.3)

denotes the quantized electromagnetic vector potential with an infrared and ultraviolet cutoff cor-
responding to o < |k| < 1. Since V € L*(R?) is a bounded operator, D(HY) = D(H,) =
D(—Aw ® 1f +1g® Hf).

The Hamiltonian H,, is also translation invariant and, similarly to H, can be represented as the
fiber integral

52}
UH,U™' = | H(p)dp, (2:4)
R3
over the spectrum of Py, defined on the fiber integral [ @ dpH,, with fibers 'H, = &b The
decomposition (2.4) is equivalent to
(UH,¥)(p) = Ho(p)(UY)(p). (2.5)

Again, by abstract theory, the fiber Hamiltonians H,(p), p € R3, are self-adjoint operators on
H, = &®. Written in terms of the creation- and annihilation operators on the fiber space, they are
given by

Ho(p) = 3 (0 — P} — VaAb)? + HY (2.6)
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where
H} = Z/dk:|k|bf\(k) ba(k) , P}:= Z/dkkb’;(k) by (k) (2.7)
A A
and
Ab = Z/ e “jf/z {ex(k)br(k) + h.c.}. (2.8)
\ Jo<[k|<

Henceforth, we will drop the superscripts ”b” from the notation.

While H(p) has a ground state only for p = 0, it is proven in [2, 6] that, for p € S := {p €
R3||p| < 1/3} and o > 0, H,(p) has a non-degenerate (fiber) ground state. This motivates the
introduction of the cut-off. Properties of the fiber ground state energy, E,(p) = infspecH,(p), are
given in the following proposition proven in [2, 6, 9, 10]:

Proposition 2.1. The infimum of the spectrum of the fiber Hamiltonian,
E,(p) = infspecH,(p), (2.9)
satisfies:

(1) For any o >0, E, € C*(S), and for allp € S = {p e R¥||p| < £}, Ey(p) is a simple
etgenvalue.

(2) There ezist ag > 0 and ¢ < 00
such that, for anyp € S,
0<a<ag, and o > 0, we have that

|\VpEs(p) —p| < calp|, and 1—-ca < GﬁﬂEa(p) <1. (2.10)

(3) The following limit exists in C?(S)
i B () = B(), (2.11)

We let ¥, (p) € §, with ||¥,(p)||z = 1, denote the normalized fiber ground state corresponding
to EO' (p)a

Hos(p)¥s(p) = Ex(p) ¥o(p), (2.12)
forpeS. For0<o<p<1andpeS, weintroduce the Weyl operators
E;(p) - ex(k)ba(k) — h.c.
WE ) i= exp |a} / dk Y l(’;) Ak)oa(k) — he (2.13)
v ~ Jo<imi<p  KIV2([K| =V Eq(p) - k)

with VE,(p) = V,E,(p), which are unitary on §, for o > 0. Moreover, we define dressed electron
states

®5(p) = Wk, ) Yolp). (2.14)
For p € S, we define the Bogoliubov-transformed fiber Hamiltonians
K2() = WEE, o) Hop) (WL )" (2.15)

It is convenient to define K5 (p) := H,(p), for p € R3\ S.
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The dressed electron states ®5(p), for p € S, are the ground states of the Bogoliubov-transformed
fiber Hamiltonians K72 (p), defined in (2.15), i.e.,
K7(p) ®5(p) = Es(p) 25(p)- (2.16)
The properties of these states are described in the following proposition
Proposition 2.2. For anyp € S, 0 < p < 1, and for sufficiently small values of the finestructure
constant 0 < a < 1, the ground state eigenvector ®5(p) satisfies:
(1) The strong limit
o (p) = lim P2 (p) (2.17)

exists in §.

(2) For < %, the vectors ®5(p) are O-Holder continuous in p,
(I)P _ (I)P
sup | 5 (p) GU(Q)
p.aeS lp—ql
uniformly in o and p, with 0 <o < p < 1.

I < ) < . (2.18)

The proof of §-Hélder continuity for 8 < % is given in Section 5; (see also [9, 10, 22] for earlier
results covering the range 6 < %, in the case where p = 1).

For arbitrary u € L?(R3) (with Fourier transform denoted by ), we define the linear map

72w [ dpa) ¢ s, () 24(0). (219)
where x is the electron position, xs, is assmooth approximate characteristic function of the set
S, = (1-p)ScScR? (2.20)
and 0 < p < 1. Note that JZ : L*(R3) — M C 'H, where
M= { [ dpal) 0 xs, () 94(0) | w € 2R |, (221)

the subspace of vectors in H supported on the one-particle shell of the operator |, ‘ga dp K8(p). We
also note that in (2.21) we do not require that supp(u) C Sy; instead, we cutoff u outside the region
S, by multiplying it by s,

Furthermore, we introduce the one-particle Schrodinger operator

Heff,o = eff,a(_ivz) + V6($)7 (2'22)
where (t,2) € R x R3. Here, the kinetic energy operator is defined by
Eett o (p) == Eo(p), (2.23)

for all p € R3. Note that the restriction of Eeg o, to S is twice continuously differentable, Eeg 5|s €
C?(S).
As a first step towards proving Theorem 1.1, we prove the following result.

Theorem 2.3. Under the conditions of Theorem 1.1, there exists ag > 0 such that, for all 0 <
a < ag, the bound (1.32) holds uniformly in the infrared cutoff o > 0 and the cutoff p > o.
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Proof. Our proof makes crucial use of the properties of the fiber ground state energy F,(p) and of
the corresponding dressed electron states ®5(p), for p € S, given in Propositions 2.1 and 2.2 above.
We define the operator K5 acting on H,

Kg = [ K (221)

and the perturbed operator KY := K% + V.. Note that the operator K% has the property that
ng(f = jcfEeff,a(*iv)' (2.25)

We write the difference on the LHS of (1.32) as the integral of a derivative, substitute HY —
HY — KY + K inside the integral and group terms suitably to obtain

e M e () — Te(e e ug) = —iemitMe /0 s (1Y T305) - T ()
= ¢l () + ¢*(1), (2.26)
where u¢ := e~ *Heffo 46 and
PH(t) = —i e itHS /Ot ds eisHs (Ho — K£) J2(uf), (2.27)
where we have used the cancelation of V in HY — KY = H, — K, and
Ot) = —ie MM /0 s Y (KY 78() - TE(Hor)).

The first term on the r.h.s. accounts for the radiation of infrared photons due to the motion of
the dressed electron in the external potential, while the second term accounts for the influence of
the external potential V; on the full QED dynamics W(t) = e "Hs 72(ug), as compared to the
effective Schrédinger evolution e~ #Heff.o .

Using the fiber integral decomposition, we obtain

1 t .
6 Ol < sup{ o (Hs = KOG s} [ 1708 s, (228)
peES ’p‘ 0
In Appendix A we prove the following key result:
1 11
sup { L (H, — K2) () 2405 } < Cat p? (2.29)
peS ‘p’

uniformly in o > 0. Furthermore, we have the estimate
t
/0 H VUZ HL2(R3) ds S C t (6"i + Et) N (230)

as shown below in (2.36)-(2.38), by using the condition [[Vu||z2gs)y < €* on uj, and the fact that
the potential V' satisfies (1.20). We obtain

[6' @l < Ct (" +et) a2 p2, (2.31)
which yields the second contribution to the r.h.s. of (1.32).
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For the second term on the r.h.s. of (2.26), using the fiber decomposition and the equation
K2 (p) ®5(p) = E,(p) ®5(p), we have that

t
P*(t) = —z‘eitHX/ ds €15 (V. JP(uS) — TP(Veus) ) . (2.32)
0
Let ||‘1)”09(5) i= SUDP), 4es W‘

In (2.39)-(2.46) below, we prove an estimate of the form
>l < tCIIVIVell ey (1 + 125 ]lcos)) - (2.33)

for 0 < % The key point here is that the #-Holder continuity of the fiber ground state @4 (p)
enables us to gain a @ derivative of the potential, yielding [||V|Ve||p1gsy < Cée. Using the 6-

Holder continuity of @45 (), which holds uniformly in o, with 0 < o < p, and that
VIOVl msy < v, where 7 := [[V(k)|[ < oo, (2.34)

(see (1.20)) and using [|®G|co(s) < Cs (1 + In(p~1)), which we prove in Proposition 5.4, we arrive
at

I* Ol < Cste (L+n(p™)), (2.35)
which yields the first term on the RHS of (1.32). O

Proof of (2.30). To verify (2.30), a simple calculation shows that

Vu§, = e o gys — /05 dv e Hetto GV, (1) e 50 Hetto 6 (2.36)
Using that [|Vu||;2 < €, and that
IVVelloe = [VVellpr < e, (2.37)
we conclude that
[Vug |l < C (" +es), (2.38)
and thus, (2.30). O

Proof of (2.33). In what follows we use the notation
(U)(p) =V(p) and  (U'@)(x) = V().

We define
s = VeIg(ug) =I5 (Veus). (2.39)
Using the definition of J¢ and computing the Fourier transform, we find that
) = [ daVilo—0)i.0) (xs,(0B500) = x5, D)) (2.0

By relations (2.32) and (2.39) and the unitarity of the generalized Fourier transform we have that

t t -
162l < /0 ds [46sll 205 = /0 ds [ sll 205 (2.41)
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It is important to note that, for any function f € L?(R3) with supp(f) C S,,
supp(V, * f) C S, (2.42)

~ o~

for € < /3, since we are assuming supp(V) C {k||k| < 1}, so that supp(Ve) C {k||k| < €}. Since
the term in the integrand given by (u5xs, ®5)(¢) is supported in g € Sy, so that, by (2.42), its
convolution with V, has support in S, we find

bs(p) = 1s(p) /W dq Ve(p — q)u(s,q) (xs, (q) ®4(q) — xs, (P)BL(D)) (2.43)

for € < j1/3, where 1g is the characteristic function of the set S. Inserting |p —q|’|p —¢|=% = 1 into
(2.43), using the definition of [V|? by its Fourier transform and using that, since xs, is a smooth
function,

sup. p = a1 (x5, (@®5(@) — xs,(2)5(0))llz < CL + [[P5]|cocs)) - (2.44)
pq

we obtain the bound HzﬂsHL%@,@ < O(1 + 195 cos))ll 11stg| #] [V[OVe| [| 12(s)- Next, using Young’s
inequality, |[f * gllLr < [Ifll2[lgllz-, we find that

[¥sllzes < C(1 + [[@5]lcos) IIVIOVel L1 (re) s 15| 2 (r)- (2.45)
se|0,

Finally, observing that
sl r2s) < l[uglr2ms) = lluglrzms) = llugllrzes) = 1, (2.46)

by unitarity of e~#Hef.oand using (2.41), we arrive at (2.33). O

3. THE LIMIT o \, 0

In this section we remove the infrared cut-off from the evolution.

Proposition 3.1. Under the conditions of Theorem 2.3, the strong limits

s = lim e 2 (uf) = T 7 () (3.1)
and
s = lim F2(e™ ot ) = (e ) (3.2)

exist, for arbitrary |t| < oco.

Proof. We write

e_itH;/jap(ug) _ e—itHVjOp(u(e)) _ (e_itH;’ . e—itHV)jOp(ug) n e—itHX(jé) _ jop)(ug)' (3.3)
Clearly,
|75 (72 = ) )| = 172 = T i) < e sup [[25(p) = 2(p)] -
Thus, M
lim [l (7¢ — ) )| = 0,

follows from Proposition 5.1.
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Next, we discuss the first term on the right side of (3.3). In order to prove that it converges to
0, as o \, 0, it suffices to show that H) converges to H" in the norm resolvent sense; (see [24,
Theorem VIIL.21]), i.e.,

;i{%H(H,,VH')—l —HY +9)7Y = o.

From the second resolvent equation and the fact that ||(H)Y 44)~!| < 1, it follows that

[(HY +i)7 ' = (HY + i)Y = |[(HY +i) 7 Qo (HY +i)7Y] (3.4)
where
Qo i=HY — HY = a3 Aco(2) vy + 5 (Aco(2))?,
and
Vg = —iVy, —}-oz%Aa(a:)
is the velocity operator. Here A, (x) is defined in (2.3), and
Aco(t) = Y /WU |];|lf/2{e>\(k) e @ ay (k) + hec. ). (3.5)

A

In order to estimate the norm of Q,(H" +i)~!, we use the following well-known lemma.

Lemma 3.2. Let f,g € L2(R3 x {4+, —}; B(Hea)) be operator-valued functions such that ||(1 +
|EI=H)Y2 £ 111+ k|7 Y2g]| < 0o, Then

o (f)(Hy +1)72 | < 11+ k|73 £ 2, (3.6)
la# (f)a# () (Hy + )M < (1 + K2 fllze 111+ [k~ 2 gl 2, (3.7)

where a¥ stands for a or a*.

In particular, using the Kato-Rellich theorem, one easily shows that, for o small enough, D(H V) =
D(-A, ® I +1® Hy) C D(Hy). Thus, we have that

[(Hy + D) (HY +0)7H| < C,
which when combined with Lemma 3.2 yields
|SUw@?@E” +9)7!| < Cao. (3.8)

Likewise one verifies that

[NIES

Ha%A@-(az) vg(HY + i)flu < Cazos, (3.9)
since 0 < v2 < HY + ||V||z is bounded relative to HY. Estimates (3.8) and (3.9) yield
Q- (HY +i)7!|| < Caz o3

By (3.4), we have shown that H, (Y converges to HY , as o \ 0, in the norm resolvent sense. ]
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4. PROOF OF THEOREM 1.1

In this section, we prove the bound in Theorem 1.1, which compares the full dynamics to the
effective dynamics for the system without infrared cutoff. We have that

e T () = TP (e ) I
< e Teus) = Tp(e e ug )
e 72 (us) — e TP (uf) Il
+ | TECem et ) — FF (e et ufy) |y, (4.1)
for any t and 0 < 0 < p < 1. It follows from Theorem 2.3 that the first term on the r.s. of the
inequality sign is bounded by Cs (1 + In(p~1)) e39t4+Caz p% t (¢" + et), uniformly in o > 0.

From Proposition 3.1, it follows that the second and third term on the r.s. converge to zero, as
o\, 0. By taking o to zero, we thus conclude that

le™ ™" 78 (uh) — FE(e ™ot ug) 3y < G5 (L+In(p™) e8Pt + Cazprt (e +et). (42)

Due to our choice p = e%_(s, this concludes the proof of Theorem 1.1. We note that in the inequality
(1.21), the logarithmic term In(p_ ') has been absorbed by an arbitrary small shift of &, which we
do not keep track of notationally. O

5. HOLDER CONTINUITY OF THE GROUND STATE

We recall that ®5(p) denotes a normalized ground state of the Bogoliubov transformed fiber

Hamiltonian K5 (p) = WéEg(p) H,(p) (WéEa(p))*, with infrared cutoff o > 0 (see (2.15)). Our aim

in this appendix is to prove that, for a suitable choice of the vectors ®5(p), the map p — ®5(p) is
6-Hoélder continuous, for 6 < 2/3.

For p =1, we set

©,(p) = 0,(p),  Ko(p) := K, (p). (5.1)
We remark that
E5(p) = Wep i) Ko Wy (0 50) = (Wep, ()" @o(p), (5.2)
where we recall that W@’éﬁ () 15 defined in (2.13).
Letting
3o = @ Sym(L*({k € B, k[ 2 o} x{ +,—}))*" (5.3)
n>0

denote the Fock space of photons of energies > o, and identifying §, with a subspace of §, we

observe that K,(p) leaves §, invariant. Let K,(p) denote the restriction of K,(p) to §,. An
important property, proven in [3, 10, 13], is that there is an energy gap of size no, where n > 0 is
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uniform in ¢ \, 0, in the spectrum of K, (p) above the ground state energy E,(p). Moreover, one
can choose

Q. (p) = (fi)o(p) ® Qo (5.4)
in the representation § ~ §, ® §<,, where
F<o = P Sym(L’({k e R |k| <o} x{ +,—}))®". (5.5)

n>0

Now, let €, denote the vacuum sector in §, and ﬁ(,(p) be the rank-one projection onto the

eigenspace associated with E,(p) = inf spec(K,(p)). By [10, 13],

~ 1
e (P) ]l = 3, (5.6)
for arbitrary o > 0 and |p| < 1/3 provided that o is chosen sufficiently small. Then ®,(p) can be

chosen in the following way:

~ I, ()
1T ()20 ||
Let N denote the number operator,
N = Z/dkbf\(k) ba(k). (5.8)
A

The following proposition has been proven in [8, 10, 13].

Proposition 5.1. For a < 1 and |p| < 1/3, there exists a normalized vector ®(p) in the Fock
space § such that ®,(p) — ®(p), strongly, as o — 0. The following bound holds,

IN2®,(p)|| < C < o0, (5.9)

uniformly in o > 0. Moreover, For all § > 0, there exists ag > 0 and Cs < oo such that, for all
0<a<a;,0<0' <o<1and|pl <1/3,

@6 (p) — Por(p)|| < Csat o™, (5.10)
VE+(p) — VE,(p)| < Csato'™. (5.11)

As a consequence, we show the following corollary.

Corollary 5.2. Let 0 < p < 1. For all § > 0, there exists ag > 0 such that, for all 0 < a < as
and |p| < 1/3, there exists a vector ®°(p) in the Fock space such that ®5(p) — ®P(p), strongly, as

o — 0. Moreover, there exists a constant Cs < oo such that, for all0 < a < as, 0< o' <o <1
and |p| < 1/3,

|9(p) — @4,(p)l| < Cpat o' (1+In(p™"). (5.12)

Proof. Using (5.2), we split

()~ 0 (0) = (Wi, )" — (W) ") Bal0) + (WL ()" (20(p) = 0 (0). (5.13)
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By Proposition 5.1 and unitarity of Wp o (p)? the second term is estimated as

*

Wp’
076,00

(P (p) — o (p)) H < Csaiol™l. (5.14)
The first term in the right side of (5.13) is estimated as

H( Cr.w) (Wé’égl(p))*)q’”(p)ﬂ = H( = Wm0 (Wen <p>)*)‘1>°'(p)H
< |[B(p)®s(p)]|, (5.15)

by unitarity of Wé’}; ) and the spectral theorem, where

i VE,(p) - ex(k)ba(k) = he.  VEpi(p) - ex(k) ba(k) — hc.
Bp)=aty [ e R~V RO D R B B O

A
To estimate || B(p)®,(p)||, we use the well known fact that, for any f € L2(R? x {+, —}),

la# ()N +1)72| < V2 [l (5.17)
Clearly,
VE,(p)-ex(k)  VEy(p) ek)
K[V2(|k] =V Es(p) - k) [K[72(Jk| =V Eo/(p) - k)
_ (VEo(p) = VEq(p)) - e(h) VEy(p)-ex(k)  (VE,(p) = VEy(p) -k

(K[1V2(|K] =V Eo(p) - k) " [K[V2(IK[ =V Eo(p) - k) (k[ =V Eor(p) - k) (5.18)

Hence, by (5.11) and the facts that [VE,(p)|,|VEy (p)| < 1/2 for a small enough (see Proposition
2.1 (2)), we obtain

VE, () a() VE,(p) - ex(k) 205t 019
( o - ( < . (5.19)
[KIV2(1k[ =V Eq(p) - k) [K[V2(|k] =V Eor(p) - ) k|2
Thus, (5.16) and (5.17) yield that
<ikj<1(|k]) 1
B2 < 20050t SRS v+ e
k
< 2CCy algl™d In(p~1). (5.20)
where we used (5.9) in the last inequality. Together with (5.13) — (5.15), this concludes the proof
of Corollary 5.2. U

The following result follows from [10, 13] (it is also a consequence of (2.10) in Proposition 2.1
(2))-

Proposition 5.3. There exist a. > 0 and C > 0 such that, for all 0 < a < a, and p,p’ satisfying
lpl <1/3, '] < 1/3,

[VE;(p) = VE; ()| < Clp—1'], (5.21)

uniformly in o > 0.

We now prove the following proposition.
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Proposition 5.4. Let 0 < p< 1. For all § > 0, there exist ag > 0 and Cs < oo such that, for all
0<a<as o>0andp, kR satisfying |p| <1/3, |p+ k| < 1/3,

|5 (p+ k) — BE@)I| < Cy (1+Im(p™")) [k]5 . (5.22)

Proof.
Step 1. We first prove that, forall 0 < o < p <1,

|25 (p + k) — @5 < Clklo™2 . (5.23)
We decompose
Ph(p+ k) = D6(0) = (Wep, i) Polp+h) = (W ()" 2o(v)
B ((WQ}E )~ (Wé}%( ))*> ®,(p)
+ (W, i) (Ba(p+ k) = 2o(p)) - (5.24)

To estimate the first term in the right side of (5.24), we proceed as in the proof of Corollary 5.2.
Namely, we have that

(09088 072800 = 0 988 g 092 )0
|C(p)®s(p)] » (5.25)

IN

by the spectral theorem, where

) - (VEs(p+k) - ex(k)ba(k) — h.c.  VEq(p) - ex(k) ba(k) — h.c.
Clp) = /p<|k|<1dk< B2k —V Eq(p+ k) - k) |E[\/2(|k] =V Eq(p) - k) )

A

Using Proposition 5.3, one verifies that

_YEprha® VB a® | Cll 526
[E[V2(1k] =V Eq(p+k) - k) [k[V2([k| =V E;(p) - k) k|2
Hence (5.17) implies that
1<k <1(l~€) 1
cweal < € [==E8=] v + niec ]
k
< Clk| In(p™"), (5.27)
where we used (5.9) in the last inequality. Equations (5.25) and (5.27) yield
) 5 * 1 s *
(W) = (765, 0) )20 = (1= W 01y (W) ") 200
< C k| In(p™h). (5.28)
It remains to estimate the second term in the right side of (5.24). By unitarity of Wé’éa (k) it

suffices to estimate



EFFECTIVE DYNAMICS IN NON-RELATIVISTIC QED
Using (5.6) and the relation

(s (p) — To (p + K))o||* = (g, (T

= (¢, (s (p

= (@, (Ty (p + F)s(p) + Ty ()T, (p + )
= (i, (W (p)TI3 (p + )Ty (p) + T (p) T, (
Iy (p + k) (p)el® + [TTs (p + B)IL; (p)e] %,

— IL,(p), we obtain that

)

’\1_

for any ¢ € §o, where ﬁf;(p) =
105 (p+ k) = o (p)]| = [|®o(p+ k) — Do (p)|

2 _ N
< oyt @~ Hele+ 0|

6Hﬁo(p) - ﬁo(p =+ k)”

IN

< 6(|[TI5 (b + Mo )| + 17 ()Tl (p + F)|])
< 6(IT (0 + W) Do(p)l| + 1115 (2)@o (0 + K-

+ k) + 1o (p) — o (p) Iy (p + k) — T (p + k)T
)e

P+ B)IL; (p))),

17

o(p))®)

(5.29)

Since there is an energy gap of size no above E,(p+k) in the spectrum of the operator K, (p+k),

we can estimate
— 1 .~
Iy(p+k) < g (Ealp+k) = Eo(p + k),

and hence
2

7+ B0 < o [(Fop+K) = Ealp + 1) 78 0)]

We have by (2.15), (5.1), the definition after (5.3) and (2.6)
Ko(p+k) = Ko(p) + k- Vo Kq(p) +k2/2.

Using this expansion and the Feynman-Hellman formula,

<(fa(p)7 vp[?o(p>é)a(p)> = VEo(p>7

(5.30)

(5.31)

(5.32)

together with the mean-value theorem and Proposition 5.3, we have that (see also [7, Lemma 3.6])

K,(p+k) — E,(p+ k)2, H

= <<I>a (p), (Kolp+k) - a(p+k‘)) o (p))

= (D6(p), (Ko (p) + k- (VpKo(p)) + k2/2 — Eo(p + k) @0 (p))
Ey(p) = Eo(p+ k) + k- (VpEq(p)) + K /2

N[

1

K + / k- [VpEs(p) — VpEo(p+7k)| dr
0

k2.

IN
Q

Hence,

[N

(Ko (p+ k) — Eo(p+ k) 285 (p)|| < CIKI.

(5.33)

(5.34)
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Combining (5.30) and (5.34), we obtain that

I (0 + )20 ()] < C k|02 (5.35)
Proceeding in the same way, it follows likewise that

1L () @a(p+ K| < Ok o2, (5.36)
and hence, by (5.29), (5.23) follows.

Step 2. We now prove that ||®5(p + k) — ®5(p)|| < Cs |k|[>/3~° (with C5 < oo for § > 0).
Suppose first that o > |k|?/3. Then by Step 1, we have that
|25+ k) = @5(p)l| < CIK|[k|"5 = Ckf5. (5.37)
Conversely, assume that o < |k|?/3. We write
125 (p + k) = 25| < 195(p + k) — 2°(p + B)|| + |97 (p + k) — @ s (p + F)
+1125(p) — 2Pl + 197(p) — D}y 25 (P
O (o B) = @0, ()] (5.39)
By Corollary 5.2, the first two lines are bounded by
125 (p + k) = 2 (p + k)| + 27 (p + k) — D[ 2/ (p + K|
+[125(p) = 2 (P)|| + 127(p) — @}, 1o/s (P)|
< Csad (1+1In(p™h) [k[30-9) (5.39)

whereas by Step 1, the last term is bounded by C'|k|*/3. Setting 6’ = 2§/3 and changing notations
concludes the proof of the proposition. ([

APPENDIX A. PROOF OF ESTIMATE (2.29)

In this Appendix, we prove (2.29). It asserts that
11
I(EZ(p) — Ho(p))®5(p)lls < Cazp2[p|, (A.1)
for all p € S, for a constant C' < oo independent of a, o, and p, where 0 < o < p < 1.
To begin with, let

VE,(p) - € (k)
K[V2([k] =V Eo(p) - k)

Vi (k) = a Locpp<p([k]) (A.2)

(scalar-valued) and

i
1 ex(k)
wh (k) 1= o Lo (k) o (A3)
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(vector-valued). We note that

1, k
(b)) < Catpp iz (D (A1)
||z
and
1, k
(k)] < Cab 2eti=t(FD (A.5)
Lk
where we have used that |VE;(p)| < C'|p|, uniformly in the infrared cutoff 0 < o < 1.
Using that
WEE o (k) (WZE ) = B(k) + o} (), (A.6)
a straightforward calculation yields
KZ(p) — Ho(p)
= Wé’gg(p) Hy(p) (Wg’go(p))* — Hy(p)
= 2V(p)- (VpHo(p)) + V(p) + Y(p), (A7)
where
VyHo(p) = p — Py — a4, (A.8)
with
Aa = Z (b)\(UJ)\) + bi{(w)\)) ) (Ag)
A
and
Vip) = Y [b,\(k:w) + 0 (kvy) + 2Re(wy, vy) + (m,km)} : (A.10)
A
(vector-valued operator) and
Y(p) = ) [bA((kQ + [kl)va) + b3 (B> + [kl)va) + (or, |k[vx) + 2Re(k - wmm)} (A.11)

A

(scalar-valued operator). Note that both V(p) and Y (p) are proportional to |VE,(p)| since all
terms are of first or higher order in vy (which is proportional to |[VE,(p)| < C|pl).

Indeed, using Lemma 3.2 and (A.4), we observe that

V() (Hy +1)7 2 < 2||(1k]+ [k12)20a]| o + | IFIZ0a] 32 + [Jwsva]| 12
< Ca'plp'?, (A.12)

and similarly

IV (p)?(Hy+ 1)~
1Y (p)(Hy + 1)1

Calpl’p, (A.13)
Ca?plp. (A.14)

VARVAN
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Next we note that for any normalized vector ® € D(H (p)), we have the estimate

|Go— P+ Hp+1)®|| < |(Holp) + 1) ®|| + *?|| A - VH,(p) ®|| + o A2 @]
< |[(Ho(p) + 1) || + Ca'?||(Hy + 1)V H,(p) @
+Ca}| Hy+1)0|. (A.15)
Since furthermore Py and Hy commute, we have that (Hf+1)? < (3(p— Py)?+ Hy +1)? and hence
|(Hy +1)@|| < 2||(Ho(p) +1) || + Ca?||(Hy + 1)V2VH,(p) @, (A.16)
provided « > 0 is sufficiently small. Now, we observe that
|[Hy, VH,(p)] (Hy +1)7Y3|| = o'?||[Hy, A (Hp + 173 < Ca'/?, (A7)

which implies that
|(Hy + D)2V H,(p) B = (VH,(p)®-, (Hy+1) VH,(p) @) (A.18)
= (VH,(p)*®, (Hy +1)®) — ([H, VHo(p)] &, VH,(p) @)
C||Hy(p) @] ||(Hy + 1) ®|| + C M?|(Hf + 1)V/*VH,(p) D] .
Hence, for sufficiently small o > 0, we have that

|(Hy + DPVH,(0) @ < C|[Ha(p) "2 |(H, + 1) @]/, (A.19)

IN

Inserting this estimate into (A.16), we obtain for all normalized ® that
IE + D@ < Cf|A,
and, additionally using (A.19), that
I(H; +1)Y?VH,(p)®| < C|(Hq(p)+1)@], (A.21)
provided a > 0 is sufficiently small.

(A.20)

We arrive at the assertion by applying Estimates (A.12), (A.13), (A.14), (A.20), and (A.21),
[(E5(p) = Ho(p)) @5(0)|| < 21V (p) - VpHo(p) P50)[| + |V (p)* 5(0) + [IY () 25 (p)|

< 2V(p)(Hy + 1) (Hy + 1)V, Ho (p) 25 (0)
+ IV (p)?(Hy + 1) [I(Hy +1) 25 (p) |
+ Y (p)(Hy + 1)_1/2” I(Hy + 1) 5 (p)
< Ca1/2|p\p1/2H p) +1) 25(p)]|
< Ol ipl ', (A.22)
which is Inequality (A.1) or (2.29), respectively. O
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