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ABSTRACT. A simple model of an atom interacting with the quantized electromagnetic field
is studied. The atom has a finite mass m, finitely many excited states and an electric
dipole moment, dy = —)\od_; where ||d'|| = 1, i = 1,2,3, and \o is proportional to the
elementary electric charge. The interaction of the atom with the radiation field is described
with the help of the Ritz Hamiltonian, —do - E, where E is the electric field, cut off at large
frequencies. A mathematical study of the Lamb shift, the decay channels and the life times
of the excited states of the atom is presented. It is rigorously proven that these quantities are
analytic functions of the momentum p of the atom and of the coupling constant A\, provided
|p] < mc and |Sp] and |Ag| are sufficiently small. The proof relies on a somewhat novel
inductive construction involving a sequence of ‘smooth Feshbach-Schur maps’ applied to a
complex dilatation of the original Hamiltonian, which yields an algorithm for the calculation
of resonance energies that converges super-exponentially fast.

1. INTRODUCTION

This paper is devoted to a study of atomic resonances, in particular of the Lamb shift, the
decay channels and the life times of excited states of atoms, in quantum electrodynamics. Our
analysis is based on a variant of the so-called Pauli-Fierz model of quantum electrodynamics.
The atomic degrees of freedom are treated non-relativistically, but photons are massless, and
no infrared cutoff is imposed on the interactions between atoms and the quantized radiation
field. In order to avoid technical complications that might hide the basic simplicity and
elegance of this work, we focus on a somewhat mutilated model of an atom: The mass, m,
of an atom is positive and finite, its kinematics is non-relativistic, but it has only finitely
many excited states and cannot be ionized. The total electric charge of every atom vanishes
and its interaction with the quantized radiation field arises by coupling its electric dlpole
moment to the quantized electric field, (i.e., the interaction Hamiltonian is given by do
where d_é is the dipole moment operator of the atom and E is the quantized electric ﬁeld).
While the masslessness of photons makes a straightforward application of perturbation theory
impossible, this model does not exhibit a genuine “infrared catastrophe”.

Our main aim, in this paper, is to determine the radiative corrections to the ground-state
dispersion law of an atom and to calculate atomic resonance energies, decay channels and life
times of excited states. Among our new results are proofs of real analyticity of these quantities
as functions of the total momentum, p, of the dressed atom, for [p] < mc (where c is the speed
of light) and of analyticity in the elementary electric charge near the origin.

During the past twenty years, there has been very impressive progress in the mathematical
analysis of atomic ground-states and resonances in the realm of the Pauli-Fierz model, (and of
Rayleigh scattering, ionization of atoms, etc.); see [10], [8], [9], [11], [31], [43], [4], and references
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given there. However, the atomic nucleus has usually been treated as static (infinitely heavy).
Our goal, in this paper, is to remove this shortcoming.

The main mathematical tools we will employ to prove our main results are based on a
combination of dilatation analyticity with a novel method of “spectral renormalization” (in
the guise of an inductive construction based on a sequence of smooth iso-spectral Feshbach-
Schur maps). In the form needed in the analysis of quantum systems with infinitely many
degrees of freedom, these tools were first introduced in [I0] and systematically developed in
[8], [1T] and [6]. Important refinements of these methods have appeared in [29], [30], [33], [43],
[3], [22]; and references given there. Some alternative methods have been introduced in [I]
and [4].

In previous work, as quoted above, spectral renormalization is cast in the form of a renor-
malization group construction involving iteration of a renormalization map (constructed from
a Feshbach-Schur map that lowers an energy scale by a fixed factor p < 1), which maps a
suitably chosen Banach space of effective Hamiltonians on Fock space into itself. One then
attempts to determine the fixed points and the stable and unstable manifolds of the renormal-
ization map — in accordance with the general philosophy of the renormalization group. While
this approach is conceptually transparent and yields very detailed information on the spectral
problem under consideration, it leads to certain somewhat artificial technical complications,
and it is numerically quite inefficient. In this paper, we present an inductive construction
involving a sequence of smooth iso-spectral Feshbach-Schur maps indexed by a sequence of
energy scales that converges to 0 in a “super-exponential” fashion. One of our main aims in
this paper is to describe this method and to demonstrate its basic simplicity and efficiency on
an example that is of interest to physicists.

1.1. The Model. In this section we describe the physical model studied in this paper in
precise mathematical terms.

1.1.1. A Simple Model of an “Atom”. Our model of an atom is non-relativistic. For simplicity,
the atom is assumed to have only finitely many excited states. We describe its internal degrees
of freedom by an N-level system: The Hilbert space of state vectors of the internal degrees of
freedom is given by CV, their Hamiltonian by an N x N matrix

Exy - 0
His = I 0 )
0 --- E
with Exy > --- > FEj. The energy scale of transitions between internal states of the atom is
measured by the quantity
(50 = min‘Ei_EjL (1.1)
i#]

By # € R3 we denote the position of the (center of mass of the) atom in physical space.
The center of mass momentum corresponds to the operator —iV, the kinetic energy of the
free center of mass motion is given by —ﬁA. These operators act on the usual Hilbert
space L?(R3) of orbital wave functions. The total Hilbert space of state vectors of the atom
corresponds to the tensor product

Ha = L2 (R3) @ CV.
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The total Hamiltonian of the atom is given by the self-adjoint operator
1
Hy = —%A + His, (1.2)

with domain D(H,) = H?(R3) ® CV, where H?(R?) denotes the Sobolev space of wave
functions with square-integrable derivatives up to order 2. To simplify our notations, we
henceforth put the mass of the atom to 1, which merely amounts to choosing a suitable
system of units.

The electric dipole moment of an atom is represented by the vector operator

do = (db, dg, d5), (1.3)
where, for j = 1,2, 3, d=1® dg) is an N x N hermitian matrix.
1.1.2. The Quantized Electromagnetic Field. In the following k denotes the wave vector of a
photon and A its helicity. To simplify our formulae we define
R :=R® x {1,2} = {k:= (k,\) |k € R®, A € {1,2}}. (1.4)
We set R3 := (R*)*", and, for B C R?,

B:=Bx {12}, /Bd@(-) —

Z /Bdk’(.). (1.5)

A=1,2
The Hilbert space of states of photons is given by
My = F(L*(RY)), (1.6)

where F (L?(R?)) is the symmetric Fock space over the space L2(R?) of one-photon states.
The usual photon creation- and annihilation operators are denoted by

a* (k) = a3 (F), a(k) = ax(F), (1.7)

k= (E, A) € R3, which are operator-valued distributions acting on ¢- The Fock space Hy
contains a unit vector, €, called “vacuum (vector)” and unique up to a phase, with the property
that

a(k)2 =0,
for all k. (Readers not familiar with these objects may wish to consult, e.g., Section X.7 of
[41].)
The Hamiltonian of the free electromagnetic field is given by
Hy = /3 || a* (k)a(k)dk, (1.8)
R

which is a densely defined, positive operator on Hy.

1.1.3. The Physical System. Our goal is to study an atom interacting with the quantized
electromagnetic field. The Hilbert space of states of this system (atomVphotons) is the tensor
product space
H=HuQH f-

We choose the interaction of the atom with the quantized electromagnetic field to be given by
the Ritz Hamiltonian .

MoH; = —dy - E(2), (1.9)
where

dy = —Xod (1.10)
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is the atomic dipole moment, Ao > 0 is a coupling constant proportional to the elementary
electric charge, and ||d'|| = 1, i = 1, ..., 3. Furthermore, 7 is the position of the (center of mass
of the) atom and F denotes the quantized electric field, cut off at large photon frequencies. It
is given by the operator

E@) =i A(R) |k zé(k) (e’w @1ev @a(k) — e * ¥R 1en @ a*(@) dk, (1.11)

R

acting on H. In (I.11)), k — €(k) € R3 represents the polarization vector. It is a measurable
function with the properties

—

(k)| = 1, &k) -k =0, &rk,\) =&k, \), Vr >0, VE € R>.  (1.12)

The function A : R?® — R is an ultraviolet cut-off. To be concrete, we take it to be the
Gaussian .

A(K) = e~ IF?/203) (1.13)
for some cut-off constant oy > 1. (Obviously, one may consider a more general class of cut-off
functions.)

The total Hamiltonian of the system is the sum of the Hamiltonians of the atom and the
electromagnetic field, plus an interaction term. It is given by

H:= H, + Hy + MoHy, (1.14)

Using the Kato-Rellich theorem, one shows that the Hamiltonian H is defined and self-adjoint
on the dense domain D(Hy ® 1, + 13;,, ® Hy), where D(A) represents the domain of the
linear operator A.

1.1.4. The Fibre Hamiltonian. The photon momentum operator is the vector operator defined
by

Py = g k a*(k)a(k)dk. (1.15)

Let F denote Fourier transformation in the electron position variable # € R3. We define the
unitary operator
U= Fei®Pr (1.16)
on H. We conjugate the Hamiltonian H in by the unitary operator U introduced in
and subtract the trivial term %, to obtain the operator
21 D

H:= UHU*—% = (- ﬁf)2—%+His+Hf+A0H,, (1.17)
where
Hp:= 7,/ AR)IF|Z (k) - d® alk) — &k) - d® a*(k)) dk (1.18)
R

and p’ denotes the total momentum operator. The operator H introduced in Eq. (1.17)) is the
main object of study of this paper.
We remark that
L*R®*) @ CN @ Hy = LX(R%CN @ Hy). (1.19)
Using ([1.19) we see that, for an arbitrary ¢ € LQ(R%; CN @ Hy),

(H¢)(P) = H(p)o(D), (1.20)
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where the fibre Hamiltonian, H(p), is the operator acting on the fibre space
. N
Hy:=C" @ Hy
given by
12 .,
H(p) = 5Pj% — P Pp+ Hf + His + \oH]. (1.21)
Using the fact that Hj is relatively bounded with respect to H}/ % and applying the Kato-
Rellich theorem, one sees that, for all p’€ R3, H(p) is a self-adjoint operator on its domain
D(H(p)) = D(Hy) N D(P3). (1.22)

Eqgs (1.20)-(1.21]) can be reformulated in the formalism of direct integrals:

@ 53]
H= / Hodp, H= / H(p)dp. (1.23)
R3 R3
This paper is devoted to studying properties of the fibre Hamiltonians H (p), 5 € R3.

1.1.5. Complex Dilatations. For § € R, we define the (unitary) dilatation operator (@) by
setting

~(0)()(k, \) := e 32¢(e Pk, \), for ¢ € L*(R?). (1.24)

By I'(#) := I'(y(#)) we denote the operator on Fock space Hy obtained by “second quantiza-
tion” of y(0): For an operator w acting on the one-photon Hilbert space L?(R?), T'(w) denotes
the operator defined on H; whose restriction to the n-photon subspace is given by

L) 2 (gsyen = @"w. (1.25)

A straightforward computation shows that
. 1 o= 60— 3 _
Hy(p) := D(0O)H(P)T(0)" = ;e 2P; —e 5 Pr+ His+e "Hy + NoHpp, (1.26)

where

Hpg:=ie /R . A R)[E|? (k) - d @ alk) — k) - d© a*(k)) dk. (1.27)

The operator Hy(p) can be analytically extended to the complex domain
D(0,7/4) :={0 € C : |0] <7/4}. (1.28)

We will verify in Appendix [A] below, that, for all 7 € R3, the map 6 — Hy(p) is an analytic
family of type (A) on D(0,7/4), in the sense that Hy(p) is closed on D(Hy) N D(]SJ%), for
all @ € D(0,7/4), and the vector function § — Hp(p)u is analytic in § on D(0,7/4), for all
u € D(Hy)N D(P?) The study of resonances of the operator H(p) amounts to studying
non-real eigenvalues of Hy(p), for 6 belonging to a suitable open subset of D(0,7/4) \ R.
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1.1.6. Analyticity in the Total Momentum. We pick a vector p* in R? of length smaller than
1 and a complex number § = i) with 0 < ¥ < 7/4. We set
1 %
Pl (1.29)
2
and define an open set Up[p*] in complexified momentum space C? by

Uslp) == {p e €| 5= 5" < n} n{p'e C* | 3] < & tan(v) }. (1.30)

Our main interest is to analyze the p-dependence of the ground-state, the ground-state

energy and the resonance energies of the Hamiltonian Hy(p) defined in (1.26)), for p’ € Uy[p*],
and to verify that these quantities are analytic in p' € Ug[p*]. By Hpo(p) we denote the
operator given by

P? -
Hpo(p) == 6’29% —e 5 Py + His + e Hy (1.31)
corresponding to a vanishing coupling constant, Ao = 0. It is easy to verify that, for o > 0,

Ei,...,En are simple eigenvalues of Hyo(p). Moreover, it is easy to see that, for [p] < 1 and
€ R3, the spectrum of Hy o(p) is included in a region of the form depicted in Figure 1.

Fy FEs FEs En
* *« « *
‘49 N \ § D
w29 N [N N
\ N \ N \ h \ N
N N N N
\ N \ \ N \ N
\ N \ N \ N \ N
\ A \ A \ - \ A
\ N \ N 1 N \ N
\ N \ N \ A \ N
\ A \ A \ A \ A
FIGURE 1.

Shape of the spectrum of the unperturbed operator Hy o(p) for p’ € R3,

|pl < 1. Ei,...,En are eigenvalues of Hy o(p), the essential spectrum is located inside
the cuspidal grey regions.

1.2. Main Results. Theorem below, claims that, for |p] < 1, a ground-state and reso-
nances exist and that the ground-state, the ground-state energy and the resonance energies
are analytic in p € Up[p*] (and in Ao, for |Ag| small enough). If [p] > 1 one expects that the
operator H(p) does not have a stable ground-state, due to emission of Cherenkov radiation;
see [19]. Assuming that the so-called Fermi-Golden-Rule condition holds, the imaginary parts

of the resonance energies are strictly negative, i.e., the life times of the excited states of an
atom are strictly finite due to radiative decay; see Proposition [I.2]

Theorem 1.1. Let 0 < v < 1. There exists A\.(v) > 0 such that, for all 0 < Ao < A:(v) and
7€ R3, |p| < v, the following properties are satisfied:

a) E(p) :=info(H(p)) is a non-degenerate eigenvalue of H(p).
b) For every ip € {1,--- ,N} and 6 € C with 0 < 6 < w/4 large enough, Hg(p) has an
eigenvalue, zi(ooo) (p), such that zi(ooo) (p) = Ei,, as Ao — 0. Forig =1, zgoo) (p) = E(D).

Moreover, for |p] < v, |Xo| small enough and 0 < Y0 < ©/4 large enough, the ground state

energy, E(p), the resonance energies zi(ooo) (P), i0 > 2, and their respective eigenvectors (unique

up to a phase), are analytic in P, Ao and 0. In particular, E(p) and zz(so)(ﬁ), 10 > 2, are
independent of 0.
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Remarks.

e Ezistence and analyticity of a ground state, as well as analyticity of the map p'— E(p),
are proven in [22].

e For simplicity of exposition, we only prove, in the present paper, the (existence and)
(00)

analyticity of the resonance energies z;, (p) in P, foriy > 2. In the following, we fix ig

and write zl(go) (p) =: 2()(p); (dependence on iy suppressed). Our proof can be adapted
n a straightforward way to establish the statements concerning analyticity in Ao and
0. For different models similar to the model of non-relativistic QED studied in this
paper, analyticity in the coupling constant has been proven previously in |30 [34] [33].

e For Pauli-Fierz models with static nuclei, resonances have been studied in |8 143] 2] [4].

e The fact that z(oo)(ﬁ) 1s independent of 6 is a direct consequence of the analyticity of
2()(p) in 0, together with unitarity of the dilatation operator T'(9) for real 0’s and with
the existence of a normalizable and analytic eigenstate of Hy(p) associated to z(%)(p).

e Theorem 1.1 extends to more realistic models of atoms (with dynamical electrons) as
considered for instance in |3, 26, B7]. Such models are not treated in our paper in order
not to hide the basic simplicity of our methods.

Proposition 1.2. Letig > 1 and p€ R3, |p] < 1. Suppose that

— ) 2 - =, g - 7 E2
Z /R3 dk ‘(d)N—j—i-l,N—z’o—i-l : E(E)‘ |k7|\A(k)|25(Ej — Eig + |kl —p-k+ ?) >0,

1<ip "=
(Fermi-Golden-Rule condition) (1.32)

where (dl)m-, 1 =1,...,3, is the matriz element of the operator d' in the eigenbasis of H;s; see

Eq. (1.3) and (1.10). Then, under the conditions of Theorem and for Ag small enough,
the imaginary part of z(%)(p) is strictly negative.

The proof of Proposition does not rely on the inductive construction used to establish
Theorem A single application of a suitably chosen Feshbach-Schur map, i.e., a single
decimation step, is sufficient to prove this proposition, and our argumentation follows closely
the one presented in [11L 9]. To render this paper reasonably self-contained, the proof is given
in Section [6.21

1.3. Strategy of Proof and Sketch of Methods. Ultimately, our aim is to study spectral
properties of the operators Hp(p) introduced in (1.26[). This spectral problem is difficult,
because, among other things, it involves the study of eigenvalues imbedded in continuous
spectrum and located at thresholds of the continuous spectrum of Hp(p). Standard analytic
perturbation theory is therefore not applicable. The key tool we will use to prove our results
is the isospectral Feshbach-Schur map, which was originally developed to cope with problems
of this kind in [10]. In this paper we will use the smooth Feshbach-Schur map introduced in
[6] and further studied in [29] and [30], which has major technical advantages (and, alas, some
conceptual disadvantages), as compared to the original Feshbach-Schur map.

The Feshbach-Schur map is tailor-made for the analysis of small regions in the spectra of
closed operators on Hilbert space, in particular regions of their spectra near thresholds. It
enables one to construct “effective operators” that, on the part of the spectrum of interest,
have the same spectrum (with the same multiplicity) as the original operator, i.e., are iso-
spectral to the original operator. By iterating the Feshbach-Schur map one is able to zoom
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into tiny regions in the spectrum of an operator of interest and extract ever more accurate
information on such parts of the spectrum. In particular, by constructing an infinite sequence
of Feshbach-Schur maps, we will be able to determine the exact location of the ground-state-
and the resonance energies and the corresponding eigenstates of the deformed Hamiltonians,
Hy(p), 30 > 0, of atoms coupled to the radiation field. The Feshbach-Schur maps will be
adapted to the particular resonance that one wishes to analyze. It is a novel aspect of our
construction that it yields an algorithm that converges super-exponentially fast.

1.3.1. Mathematical Tools.

The Feshbach-Schur Map. The fundamental tool used to prove our main results is the
smooth Feshbach-Schur map; see [0, 29]. A key property of this map is its iso-spectrality,
which we now describe in more precise terms.

Definition 1.3 (Feshbach-Schur Pairs). Let P be a positive operator on a separable Hilbert
space H whose norm is bounded by 1, 0 < P < 1. Assume that P and P := /1 — P2 are both
non-zero. Let H and T be two closed operators on H with identical domains D(H) and D(T).
Assume that P and P commute with T. We set W := H — T and we define

Hp =T+ PWP HF::T+PWP.

The pair (H,T) is called a Feshbach-Schur pair associated with P iff

(i) Hp and T are bounded invertible on P[H]
(ii) H%lﬁWP can be extended to a bounded operator on 'H

For an arbitrary Feshbach-Schur pair (H,T') associated with P, we define the smooth Feshbach-
Schur map by

Fp(,T): H v Fp(H,T) =T + PWP — PWPHZ'PWP. (1.33)

Theorem 1.4. Let 0 < P < 1, and let (H,T) be a Feshbach-Schur pair associated with P
(i.e., satisfying properties (i) and (ii) in Definition [1.5). Let V be a closed subspace with
P[H] C V C H, and such that
T:D(T)NV =V, PT'PVcCV
Define
Qp(H,T) =P — PH;'PWP.

Then the following hold true:
(i) H is bounded invertible on H if and only if Fp(H,T) is bounded invertible on V.
(ii) H s not injective if and only if Fp(H,T) is not injective as an operator on V :

Hiyp =0, ¢ # 0= Fp(H,T)Pt) =0, Py # 0,
Fp(H,T)$ =0, ¢ # 0 —> HQp(H,T)$ = 0, Qp(H,T)¢ # 0.

Remarks.
e [tems (i) and (i) of Theorem describe what we call iso-spectrality. This notion does
not mean that the spectra of H and of Fp(H,T) are identical. Rather, iso-spectrality
18 a local property: One uses the Feshbach-Schur map to explore spectral properties of
an operator within specific, small regions in the complex plane.
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o As emphasized in [29], if T is bounded invertible in P[H], if T"*PW P and PWT~ 1P
are bounded operators with norm strictly less than one, and if T"'PW P is bounded,
then items (i) and (ii) of Definition[1.5 are satisfied. We will often use these criteria
to show that a pair (H,T) is a Feshbach-Schur pair associated with P.

Wick Monomials. We now describe the general class of operators to which the methods
developed in this paper, based on the smooth Feshbach-Schur map, can be applied.
Setting Ny := NU {0}, we denote by

w = {wm,n}m,nENo (134)
a sequence of bounded measurable functions,
Ym,n : wmn: R xR x R¥ x R s C, (1.35)

that are continuously differentiable in the variables, r € o(Hf) C R, e a(ﬁf) = IR3, respec-
tively, appearing in the first and the second argument, and symmetric in the m variables in
R3™ and the n variables in R*". We suppose furthermore that

wo,0(0,0) = 0. (1.36)

With a sequence, w, of functions, as specified above, and a positive number 1 > p > 0, we
associate operators

Wm,n(ﬂ) = ]]'Hfﬁp/ a*(kl) "'a*(km)wmyn(Hf7ﬁf7kl7' .. 7km7&1,, .. 7&71) (137)

BBmXBSn -
~1 ~n m L ~
ca(k )--a(k) []dk; ] dkjLa,<p-
i= j=1

It is easy to show that Wy, ,(w) is actually a bounded operator on H ;. The operators Wi, ,(w)
defined in (1.37)) are called (generalized) Wick-monomials (at the energy scale p). For every
sequence of functions w and every £ € C we define

= > Wha(w) +€, Wei(w) = Y Winn(w (1.38)
m+n>0 m+n>1

The complex number £ is the vacuum expectation value of H[w, £]:

(QH[w, £]Q) = &. (1.39)

1.3.2. The First Decimation Step of Spectral Renormalization. Recall that we wish to analyze
the fate of an excited state of an atom after it is coupled to the radiation field. Let us consider
the excited state indexed by ig € {2,--- , N}, with unperturbed internal energy E;,. We expect
that, after coupling the atom to the quantized radiation field, an excited state (corresponding
to an index ig > 1) is unstable, i.e., is turned into a resonance. Our goal is to determine its life
time and the real part of the resonance energy (Lamb shift). For this purpose, we introduce a
sequence of smooth Feshbach-Schur “decimation” maps that will be successively applied to the
deformed Hamiltonians Hy(p), with the goal of constructing a sequence of operators which —
when applied to the vacuum Q — will converge to 2(>) (p)Q, where 2(°)(p) is the i* resonance
energy; (as announced, we will omit reference to iy in our notation, since iy will be fixed). I
this subsection, we sketch the construction of the first decimation map.
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We define a decreasing function xy € C*°(R) satisfying

1, ifr<3/4,
_ = 1.40
x(r) {0 ifr>1, ( )
and strictly decreasing on (3/4,1). Furthermore, we choose a constant pg € (0,1) and define
Xpo (1) := x(r/p0), Xpo (1) := /1 = X3 (1)- (1.41)

Let 1);, denote the normalized eigenvector (unique up to a phase) of the operator H;s corre-
sponding to the eigenvalue E;,. The orthogonal projection onto 1;, is denoted by

Piy = [io) (i (1.42)
Next, we define an operator x;, by
0 Pio ® Xpo(Hf)- (1.43)

In Section 3| we will prove that, for |z — Ej,| < popsin(9), (Ho(p) — z,Hpo(p) — 2) is a
Feshbach-Schur pair associated to xi, and that, as a consequence, there is a sequence of
functions w® (7, 2) [see (1.34] (L.34)] and a complex number € ©)(p, 2) such that an application of

the Feshbach-Schur map, Fy, (-, Hp,o(P) — 2), to the operator Hy(p) — z1 yields an operator
of the form specified in Eq. 1_’ More precisely,
ino (He(m - Z’ H&O(@ - Z)|Pi0®]leSpo [’Hﬁ] = PiO ® H[M(O) (p; z)? 5(0) (ﬁ: Z)] (144)

We simplify our notation by writing [see ([1.38))]
HO(p, 2) := Hw " (5, 2), €0 (5, 2)] = WL (5. 2) + wiig (5, =, Hy, Py) + €°(5,2),  (1.45)

where

W>1 Z Winn (W™ (P, 2)).
m—+n>1

One expects that it is easier to analyze the operator H(®) (P, z), rather than the original
operator Hp(p) — z, because the former acts on a subspace, P, ® Luy,<p,[Hz] C Hy (with

all internal states corresponding to indices i # ig eliminated), and the operator WQ) (P, z) is
bounded in norm by some power of pg.

1.3.3. Inductive Construction of Effective Hamiltonians. The accuracy of the information on
the spectrum of the operator H() (P, z) near 0, and hence on the spectrum of the operator
Hy(p) near E;,, that can be achieved (after one application of the Feshbach-Schur map) is
limited by the circumstance that pg cannot be taken to be very small. Luckily, it turns out that
this limitation can be removed by successive applications of Feshbach-Schur maps that lower
the energy range of the states in the subspaces on which the Feshbach-Schur operators act
further and further towards 0 and, hence, determine the location of the spectrum of Hy(p) near
E;, ever more accurately. Successive applications of Feshbach-Schur maps yield Hamiltonians

HY(.2) = Hw (7,2),€V(5,2)],  j€No, (1.46)
as in Eq. (|1.38)), with the following properties:
Hy(p) — zis bounded invertible <= HY) (5, z) is bounded invertible. (1.47)

Hy(p) — zis not injective <= HY) (5, 2) is not injective. (1.48)
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These “iso-spectrality properties” permit us to trade the analysis of the spectrum of Hpy(p)
near the energy F;, of an excited state of the atom for the analysis of the spectrum of the
operators HU) (7, z) near the origin. This turns out to simplify matters considerably: The
study of the operators HU)(j, z) is much easier than the study of the original Hamiltonian,
because H ) (P, z) is the sum of a diagonal operator, whose spectrum is known explicitly, and a
perturbation term whose operator norm will turn out to decrease to zero super-exponentially,
as j — oo. Below, we describe in somewhat more detail how this idea, which was originally
developed in [10], [9], can be implemented, technically; (details will be presented in Section
).
Let p* € R?, with [p*| < 1, and let § € Up[p*]. We define two sequences of numbers (p;)jen,
(rj)jeno by

(2—2)]

in (7
Pi =P , with € € (0, 1), = psin(v)

; 1.4
39 Pj> ( 9)

where 0 < pp < 1 is a suitably chosen parameter; (see Section . The rate of convergence
of the sequence p; depends on the infrared behavior of the interacting Hamiltonian H;. In

general, if H; behaves like |IZ|O‘_1/2 in the infrared and a > 0, the sequence p; can be chosen

to be equal to p((]HE)j for any 0 < e < «. A filtration of Hilbert spaces (H(j ))jENO is given by

setting

HY) =1y, <, [Hy]. (1.50)
We construct inductively a sequence of complex numbers {20~ ()} en,, 20V(P) = Eiy,
and, for every z € D(zU=1(p), r;), a sequence of functions w) (P, z) and a complex number

EW(P, ) [see (1.34)-(1.39)| , with the following properties:
(a) Let

WD (B, 2) = Win (w9 (5, 2)),  HY(p,2) = HwY (5, 2), 9 (p, 2)], (1.51)

acting on HY), (with m,n € Ny); see (1.37) and (1.38). Then we have that

WD (5. 2) V|| = [w§) (5.2, Hy, P)U| > e| Hpvll, v e HO (1.52)

for some constant € > 0 depending on P, but independent of j. The pair of operators
(H(j)(ﬁ, z), éjo)(ﬁ, z) 4+ EU)(p, z)) is a Feshbach-Schur pair associated to x,,(Hy).
Thus

HOD(F,2) = By, ) [HO(5,2), Wil (5, 2) + D5, )]y <, (1.53)

T Xt
is well defined. Note that the vacuum vector €2 € H; is an eigenvector of WO%) (P, 2)
with associated eigenvalue 0, for all j € No.
(b) The complex number zU) () is defined as the only zero of the function

. 2 N N
(290G, 5r5) 32— 9(5,2) = (@ HO)(,2)0), (1.54)
and the following inequalities hold:

. - r: N . 2
0@ - @ < F, €90 < fopins for 2 € DED @), Srim ). (15)
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E;,
x

20,

D(z(l)v T2)

D(Z(O),Tl)

D(E;,,m0)

FIGURE 2. For fixed j € Up[p*], the sets D(2\9)(p),rj4+1) are shrinking super-
exponentially fast with j and, for every j € No, D(2)(p),r;51) € D(zU=V(p),r;).

By Eqgs. (L38) and (L.51),
HO(5,2) = WD (5, 2) + ED (5, 2) + W) (5, 2). (1.56)

As a function of Hy and .:Bf, the operator Wéfg (p,z) = wé{%(ﬁ, z, Hf,ﬁf) is defined by func-
tional calculus and satisfies ((1.52)). Given w((){()], the spectrum of

Wi (5.2) + EV(F, 2) (1.57)

can be determined explicitly. This operator is therefore considered to be the unperturbed
Hamiltonian (the operator T in Definition in the next application of the Feshbach-Schur
map. Eq. (1.56) shows that the operator HY)(j, z) is the sum of the unperturbed Hamiltonian,

T= Wéfg (7, 2) + EY) (P, z), and a perturbation given by W = ng) (P, z) whose norm tends to
zero, as j tends to oco. We will actually prove that, for every j € Ny,
W w.2)ll < O, (1.58)

for some constant C > 1. Recalling formula ((1.33)) for the Feshbach-Schur map, just above

Theorem we find that the bound (|1.58)), the lower bound in ((1.52)) and (1.55]) enable us to
construct Fy, . (m,) [HY) (P, 2), 0(]0) (7, 2) + EY)(p, 2)] with the help of a convergent Neumann
J )

expansion in powers of the perturbation ng) (P, z). Thanks to (1.58)), (1.52) and (1.55) and

using “iso-spectrality”, the sequence { H ) (7, z)} of effective Hamiltonians enables us to locate
the spectrum of the deformed Hamiltonian Hy(p), SO > 0, near the energy E;, with ever
higher precision as the resonance energy z(°(p) is approached. (We remark that z()(p) is
an eigenvalue of the operator Hy(p), SO > 0, as proven in the next subsection.)

It is a characteristic feature of multi-scale renormalization, as well as of KAM theory, that
a problem of singular perturbation theory involving an infinite range of scales is decomposed
nto a sequence of infinitely many reqular perturbation problems, one for every finite range
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of scales, solved iteratively, with the splitting of an effective Hamiltonian into an unperturbed
part and a perturbation chosen anew, in every step, j, of the iterative perturbative analysis.
These are key features enabling one to successfully cope with problems of singular perturbation
theory. They will become manifest in the analysis presented in this paper.

1.3.4. Construction of Eigenvalues and Analyticity in p, 0 and Ag. In this section we sketch
the main ideas of our construction of the ground-state-(igp = 1) and resonance-(ig > 1) energy

) (p) of Hy(p) (for some fixed 39 > 1) and of the proof that z(°)(p) is an eigenvalue of
Hy(p), for p' € Up[p*], I0 < 7§ large enough, and Ao > 0 small enough. (Note that, for the
ground-state, i.e., for ig = 1, we can choose 6 to vanish, and z(‘x’)(ﬁ) is shown to be a simple
eigenvalue of the self-adjoint operator H(p), for p € R3, with |p] < 1, and ¢ positive and
small enough. As a function of p this is the renormalized dispersion law of the atom.)

We start our considerations by observing that the sequence of approximate resonance en-
ergies (2U)(p))jen, is Cauchy, as follows from Eq. (L.55). It is not difficult to show (see
Section ' that it actually is a Cauchy sequence of analytic functions of the momentum p, for
P € Up[p*]. (Analyticity in 0, for I0 < 7 large enough, and in Mg, for [Ag| small enough, can
be shown by very similar arguments, which we skip here). We then define

2()(p) == hm 2@ = () D(VV@), ), (1.59)
j€No

which is analytic in p € Up[p*]. The complex number z(°)(p) is an eigenvalue of Hy(p);
it is the resonance energy that we are looking for. It is convenient to extend the operator
HU)(5,2(9)(5)), for j € Ny, to an operator defined on the entire Fock space H s by defining it
to vanish on the orthogonal complement of the subspace HY) = Ran(ly +<p;)- We continue
to use the same symbol, H) (5, 2(>)(p)), for this extension. Similarly, we extend the other
operators in (1.56]) to operators actlng on the entire Fock space.

We then show that

lim H) (5, 20)(p)) = 0 = H™) (5,20 (p)). (1.60)
Jj—0o0
(In the proof of (1.60)), we use (1.36).)
With some further effort, using iso-spectrality, one then shows that
) (p) is an eigenvalue of Hy(p), (1.61)

for 30 < 7 large enough. Analyticity of 2 (15') in # then implies that this quantity is actually
mdependent of 6.

Next, we sketch the proofs of (1.60) and of (1.61]). Using ([1.55)), (1.56) and ([1.58)), we see

that '
Jim IIH“)( 2 () — Weld (7, 1) (@))]| = 0. (1.62)
As explained in Section |1.3.3] m, see and ( m,
Wi (5,2 @’)) = W) (5.2 (7). Hy, Pr)L, <. (1.63)

The derivatives of wéj())(p 2(>)(7), 7, 1) in the variables r and [ are uniformly bounded, for

r € [0, pj, ] < r (and |w070(ﬁ, 2()(),r,1)| > € r, for some constant € > 0 independent of
j), for all j € Ny. These properties and the normalization condition ([1.36)) imply that

Jim Wi (5.2 (7)) = 0, (1.64)
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which, together with , implies .
By (L50),
N HY = {ca}.
J€No
Eq. then shows that the vacuum € is an eigenvector of H(*) (7, 2(°°) (p)) with eigenvalue
0. To prove we apply part (i) of Theorem iteratively, after each application of a
Feshbach map.

We define
Qx,, = Qx,, (HO (5,2 (5), WH (5,2 0) + €60 5,2 @), (1.65)
where the operator () has been defined in Theorem One can then prove that
v = Jlggo @xpy @xoy @, () (1.66)

exists. Using that H(*) (7, 2(>)(5))Q = 0, we are able to show that
HO (5,29 (7)) = 0.
Then, using Theorem |1.4{ once more, we conclude that [see (1.42])-(1.43)]
Qi (Ho(B) — 2% (5), Hoo () — 29 (5)) (0 @ s, (1.67)

is an eigenvector of Hy(p) with eigenvalue z(°)(p).

Acknowledgement. We are grateful to T.Chen and A.Pizzo for stimulating discussions on prob-
lems related to those studied in this paper. We are especially indebted to V. Bach and 1. M.
Sigal for numerous illuminating discussions and collaboration on problems closely related to
those analyzed and the mathematical methods used in the present paper. The research of J.
Fa. is supported by ANR grant ANR-12-JS01-0008-01; the stay of J. Fr. at the Institute for
Advanced Study, Princeton, has been supported by the ‘Fund for Math’ and ‘The Robert and
Luisa Fernholz Visiting Professorship Fund’.

2. PARAMETERS OF THE PROBLEM, NOTATIONS

In this section, we present a list of all the parameters appearing in the analysis of the
spectral problems solved in this paper. In Subsection [2.2] we introduce the main symbols and
notations used in subsequent sections.

2.1. System- and algorithmic parameters. The quantities g (coupling constant), dp
(spacing between energies of excited states of the atom), N (number of internal energy levels
of the atom), o (ultraviolet cut-off imposed on the quantized electric field), and p (bound
on the momentum of the atom) are parameters characteristic of the physical system under
investigation. They are henceforth called system parameters. All our estimates depend
on the choice of these parameters, and our main results only hold if suitable restrictions on
the values of these parameters are imposed. Other parameters appearing in our analysis are
related to the mathematical methods applied to establish our main results, in particular to the
algorithm (inductive construction) used to derive the main estimates needed in our proofs. We
call them algorithmic parameters. Among these parameters are the dilatation parameter,
9, appearing in the complex deformation of the basic Hamiltonian used to locate the resonance
energies, and the scale parameter pg, as well as the parameter ¢ appearing in the definition of
the Feshbach maps; see Eq. . These (auxiliary) parameters are chosen so as to ensure
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(and “optimize”) the convergence of the inductive construction outlined above. Constraints on
the choice of the parameters ¥ and pg are discussed in Sections [3] and [4] respectively. In the
rest of this text, we call problem parameter any system-or algorithmic parameter.

2.2. Notations relative to creation/annihilation operators and integrals. We intro-
duce the notations

E™ = (k... k) € R B = (ky,. .. k) € R,

K(m,n) — (E(m);k(n)% dK(m’n) = H dkz H dEj,

i=1  j=1
K= K] [EO, K] = TR 1R =TT 1,
i=1 j=1
a* (k™) =[] a3, (k:), a(k™) = ] ax, (k)
=1 Jj=1

For p € C, we set
pk™ = (pk1, M1, pkimy Am),  pK ™) = (pk™), pE™).

For m := (mq,...,mg), n:= (ny,...,np), we set

K(m7ﬂ) = (Egm”7 "'7E2mL)7k§nl)7 7é2nL)) € BB[Z’(mZJrnZ)]

For p € Ry, and m,n € N, we introduce

. 3
B,:={keR*| |F| < p},

By = {(ky, o k) € RO Y IR < ),
=1

BU™™ .= B x B,

2.3. Kernels and their domain of definition. Let p > 0. We set
B, = {(r,]) € [0, 5] x B®,|I] < r}. (2.1)

Let wp, , be a function
Wi+ By x B — C.

We introduce

w r,l_;K(m’")
fmally = sup essoup [ (DR 2.2)
2

(r)eB, K(mm p(m™ |E(m) ‘1/2 |E(n) |1/2

The choice of the norm ||-||1 is motivated by the infrared behavior of the interaction Hamilton-
2

ian H;, which behaves like k — |k|*/2 for small values of |k|. Lemma [3.1| below establishes the
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link between the norm of the operator W, ,, and the norm ||wy,,||1 of its associated kernel.
2
Finally, if wo : B, — C is essentially bounded, we set

Jtwnolloe = €55 sup w0 (r, 1) | (23)
(T:f)GBp

2.4. Notations relative to estimates. Many numerical constants appear in our estimates.
Keeping track of all these constants would be very cumbersome and is not necessary for
mathematical rigor. Let a,b > 0. We write

a=O(b) (2.4)

if there is a numerical constant C' > 0 independent of the system and algorithmic parameters
such that a < Cb.
The shorthand

“for all a < b,...” (2.5)

means that “there exists a (possibly very small, but) positive numerical constant C independent
of the system and algorithmic parameters such that, for all a < Cb, ...”

3. THE FIRST DECIMATION STEP

Here we present details of the results described in Section [I.3.I] We use the notations
introduced there.

In Subsection we state two standard lemmas that we use repeatedly in our analysis.
The proofs are postponed to Appendix [B] for the reader’s convenience.

In Subsection we prove under suitable assumptions that the pair (Hy(p) — 2, Hp 0 (p) —
z) is a Feshbach-Schur pair associated to the generalized projection x;, = P;, ®@Xp,(Hf) defined
in (L.43). This result holds for all (p,z) in the open set U,, [E;,], where

Upo[Eiy) == Up[p*] x D(Eiq,70); (3.1)

see (1.30) and (T.49). We remind the reader that the operator H(®) (7, z) is the partial trace
over the internal degrees of freedom of the restriction of the Feshbach operator Fy, (Hg(p) —

z, Hyo(P) —2) to L, <p, (Hy); see (L.44)-(1.45). In Subsectionm we show that H) (7, 2) can
be rewritten as a convergent series of Wick monomials and that it is analytic in (), z) on the

open set U,y [Ej,]. Details of the proofs are postponed to Appendix and In Lemma
we prove that there exists a unique element 29 (p) € D(E;,, 7o), for each p’ € Uy[p], such
that £0) (7, 20 (p)) = 0. The properties of the kernels w,(g,)n and the function £ established
in Lemmas [3.4] and [B.5] are the basis of the inductive construction described in Section [4

3.1. Feshbach-Schur Pair.

3.1.1. Two Lemmas. We begin with a lemma showing that the norm of the Wick monomials
is controlled by the norm of their associated kernels. The proof is standard and deferred to
Appendix [B]
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Lemma 3.1. Let p > 0. Let wp,, be a function wp, , : B, X Bgm’n) — C with ||wpm |1 < oo,
2

and let Wi be the Wick monomial on Lp,<,Hy, defined in the sense of quadratic forms by

W = ]1Hf§p </B(m7n> dK(m,n)a*(E(m))wm’n (Hf’ ],?f’K(m,n)) a(i{’:(n))> ]leSP'
Dy

Then

m-+n
Wl < (87) %27 00wy

i (3.2)

The next lemma will be used in the remainder of this section. Again, its proof is deferred to
Appendix [B] We remind the reader that oy is the ultraviolet cut-off parameter that appears
in the interacting Hamiltonian H; and that J§y denotes the minimal distance between two
distinct eigenvalues of H;s.

Lemma 3.2.
o Let 0 < p< 1. Forall @ =19 € D(0,7/4), we have that

/
|(Hy +p) "2 Hpg(Hy + p)7 || = © (Z;j) . (3.3)

o Let 0 < po < min(1,dg). For all 0 =i, 0 <9 < /4, and (p,z) € Uy, [Es,), the operator
[Hoo(p) — Z]Ran(EO) is bounded invertible and satisfies the estimates

_ 1
H[HG,O(ﬁ) - Z]Rin(yio)H =0 <,uposm(19)) , (3.4)
H [(He,o(ﬁ) — 2)"2(Hy + po) (Hao(5) — Z)_%}Ran(iio) H =0 (@) : (3.5)

3.1.2. (Hg(p) — 2, Hpo(P) — 2) is a Feshbach-Schur pair. We now show that the pair (Hp(p) —
z, Hp o(p) — z) is a Feshbach-Schur pair, provided that the coupling constant Ag is small enough
and that the scale parameter py satisfies pg > A3 (psin ) =2

Lemma 3.3. There exists Ac > 0 such that, for all0 < X\g < A, 0 = 10 satisfying0 < ¥ < /4
and UX3/2M sind > o, (7, 2) € Uy, [Eip], and po such that \§o3 (usind) ™2 < pp < min(1, &),
the pair (Hg(p) — z, Hg0(P) — z) is a Feshbach-Schur pair associated to X, .

Proof. Lemmashows that [Hy o (p) —Z]Ran(z_o) is bounded invertible for all (P, z) € Uy, [Es,].
We prove that

Hy, (.2) = Hoo() — =+ MXiy H16%, (3.6)
is bounded invertible on Ran(X(;,). The proof is standard and relies on Equation (3.3)) in
Lemma . By (3.3), the Neumann series for [HZ-O (P, Z)]P_i;n(iio) is estimated as

< S (0o oy )"
n=0

|15, 7 M,

[NIE
N

(Hy + po)(Hpo(p) — 2)~ (3.7)

| [(Hoo()— =)

} Ran(iio)
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for some numerical constant C' > 0. Using (3.5, we see that the Neumann series converges
uniformly in (P, z) € U,,[Es,] provided that A\g < JXS/ Qp(l)/ 2

_0 <M) . (3.8)

Since in addition Hygx;, and X;,Hrg extend to bounded operators on Hy, it follows that
(Ho(p) — 2, Hg0(p) — z) is a Feshbach-Schur pair associated to x;,. O

usind. Moreover,

[EERCRINE

3.2. Wick-ordering and analyticity of H©) (P, z). We assume that the parameters pg, Ao
and 6 satisfy the hypotheses of Lemmal[3.3] so that the smooth Feshbach-Schur map associated
to Xi, can be applied to the pair (Hy(f) — 2, Hpo(§) — 2) for all (p, 2) € Uy, [Ei,]. Let HO (5, 2)
be defined as in (|1.44]). More precisely, HO (P, z) is the bounded operator on HO) = Dp,<poHy
associated with the bounded quadratic form defined by

<w|H(O)(ﬁ7 Z)¢> = <wi0 ® w’FXiO (HG(ﬁ; Z)? ng(ﬁ, Z))wio @ ¢>7 (3'9)

for all ¥, ¢ € HO), where 14, is a normalized eigenvector associated to the eigenvalue E;,
of H;s. Here we omit the argument 6 to simplify notations. Lemma below shows that
H©O) (p,z) can be rewritten as a convergent series of Wick monomials on HO): see .
The convergence is uniform on the open set U, [E;,]. The main tool used in the proof is the
pull-though formula

a(k)g(Hy, Pr) = g(Hy + |k|, Py + k)a(k), (3.10)

which holds for any measurable function g : R* — C, and which enables us to normal order
the creation and annihilation operators that appear in H(©) (P, 2). Lemma also shows that
HO)(p, z) can be made arbitrary close (in norm) to the operator

(G*GHf — eigﬁ- ﬁf —+ Eio — Z) |'H(O) (311)

by an appropriate tuning of the coupling constant Ao, and that the map (p,z) — HO) (7, 2) €
L(H®) is analytic on Up, [Eiy]. The proof of Lemma is postponed to Appendix

Lemma 3.4. Let v > 0. There exists \.(y) > 0 such that, for all0 < Ao < A\e(7) and 0 and po

as in Lemma HO) can be rewritten as a uniformly convergent series of Wick monomials
on Z’lpo [Eio]:

HOF,2) = Hw " (5,2).£0F.2)] = > WiLG ) +E0F ). (312)
m+n>0
The associated kernels
wﬁ,?’)n :Upy [Eiy) X Bp, % ﬁgon’”) —C
and the function E© : Uy, [Eiy] = C satisfy the following properties:
° w(()?o)(ﬁ, z,-,+) is C! on By, and w(()?(%(ﬁ, z,0, 6) =0 for all (p,z) € Upy[Esy),

o Wn(F, 2, K™™) m 4 n > 1, are C' on By, for almost every K™™ € BY™™ and
every (ﬁ, Z) S Z/[po [Eio]f
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o For all (D, z) € Uy [E;y],

[l (7. 2)]1y < yusin@)p, =", (3.13)
10D (@25 < o5 =", (3.14)
for all m +n > 1, where 0y stands for O, or 9, and
(Eiy — 2) — EO(5, 2)| < ypposin(®), (3.15)
10, (7.2) — €7 loo + i 101, w§ 0 (7 2) + pge " [loo < + V3p0- (3.16)

q=1

Moreover, the bounded operator-valued function (p,z) — HO(p,z) € L(H®) is analytic on
uﬁo [Eio]'

Since (p,2) + HO(p,2) € L(H?) is analytic on the open set Uy, [E;,], the map (7, z) ~
EO(p, z) = (QHO) (5, 2)Q) € C is also analytic. Our next lemma establishes, for each j €
Up[p*], the existence of a unique element 2% (p) € D(E;,, o), such that £ (5, 200 (p)) = 0.
Here we recall that ro = pousin(d)/32.

Lemma 3.5. Let 0 < v < 1 and suppose that Ao, po, 0 = 19 are fized as in Lemma . Let
7 € Upp*]. The holomorphic function z — (P, z) € C possesses a unique zero 20 (p) €
D(E;,,r0). Furthermore, for any n > 0 such that ron + ypousin(¥) < ro, D(z(0(p),ron) C
D(E;,,r0), and

£ (5, 2)| < 2ypopsin(®) + ron, (3.17)
129(p) — Eiy| < vpopsin(v), (3.18)

for all z € D(z(o) (P), rom).

Proof. Since v < 1, we have that 19 > ypousin(d). We apply Rouché’s theorem to the
functions z — £©(p, 2) and z — E;, — 2z on D(E;,,r) with ypopusin(9) < r < ro. For any
z € OD(E;,, ), we have that |E;, — z| = r, and hence

£ (5. 2) = (Biy — 2)| < vpousin(d) < |Ej, — =],

for any r > ypousin(d). As r can be chosen arbitrarily close to rg, we deduce that z +—
EO)(F, z) possesses a unique zero, 2% (), in D(E;,, o). Let n > 0 such that 7on-+ypou sin(d) <
ro. The triangle inequality implies that

€D, 2)] < ypousin(@) + |z — 2O @) + 20 () - Eiy| < 2ypopsin(®) + ron,
for all z € D(2(0(p), ron) C D(E;,,70). O
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4. THE INDUCTIVE CONSTRUCTION

As described in Subsection we propose to inductively construct a sequence of effective
Hamiltonians, HY)(p,z), j = 0,1, ..., with the property that H@ (5, 2(>)(p)) is not injective
if and only if 2(°)(p) is an eigenvalue of Hy(5). We use the notations introduced in Section
and we now present the details of our inductive construction. In particular, one of our purposes
in this section is to prove bounds on the perturbation W(j)( z); see . We remind the
reader that our inductive construction can be summarized by describing the induction step,
from j to j + 1:

(i) In passing from j to j + 1, our starting point is the effective Hamiltonian HY)(f, z) con-
structed in the previous induction step, which is an operator defined on the space HU) =
Lp,<p;Hy, provided (p)z) is constrained to belong to a certain open subset U,, [20=1)] of
C3 x C. For each p € Uy[p*], the admissible values of z are then taken to lie inside a small
disk centered at the zero, z)(j), of the function

2 EV(F, 2) = (QHY (5, 2)).
This will define an open set U,, , [20)] ¢ Uy, [2G-D)].
(ii) We apply the Feshbach-Schur map to the Feshbach pair (HY) (7, 2), Wéi)) (7, 2) + EV (P, 2))
associated to x,,,,(Hy), for all (p,z) in U, [z 2())]. We then re-Wick order the resulting
operator (all creation operators moved to the left of all annihilation operators, using the pull-

through formula). This yields a new effective Hamiltonian, HU*1 (5, 2), at step j+ 1, which
will be shown to be well-defined on HU+D = Lpy,<p; 1 Hy, provided (p)2) € Uy, [z ( M.

4.1. Inductive properties of the kernels — from an energy scale p to the energy
scale p?>~¢. We first consider an effective Hamiltonian, given as a sum of Wick monomials, at
an energy scale p, with 0 < p < 1. By an application of the smooth Feshbach-Schur map, we
obtain a new effective Hamiltonian at an energy scale p, with

pi=p>F, 0<e<l, (4.1)
which has certain properties allowing us to iterate the construction. For a kernel wy, (P, 2)

defined on a subset S of B, x Egm’n), W, (P, 2)||1/2 s the norm of wp, » (P, 2) as defined in
(2.2)) with the supremum taken over the subset S.
For f: C?® — C a continuous function and p > 0, we define

Uplf]:={(p,2) € Upp"] x C [ 2 € D (f(D), )} (4.2)
where D (f(p),r,) is the complex open disk centered at f(p) and with radius
ppsin(¥)
rpi= T
For (p, z) € U,|f], we consider the operator
H(p,z) = Hw(p,2),E@.2)] = Y Wanp,2) +EF,2), (4.3)
m+n>0

on 1y,<,Hy, associated with a sequence of kernels
Wi : Up[f] x B, x B — C
and a function £ : U,[f] = C. We assume that there exists a constant D > 1 such that
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(a) woo(p,z,-,-) is Cl on B,, and wo,g(ﬁ,z,O,[_)') =0, for all (p, z) € U,[f];

(b) the kernels wp, (P, 2, -, -,K(m’")), m +mn > 1, are C! on B, for almost every Kmn) ¢
Egm’") and every (p, z) € U,[f]. Moreover, wp, (P, z, -, ., K(™™) is symmetric in ™ and

B,

(c) for all (p,z) € U,[f],

i (B, 2)|| s < D™~ (O sin(9), (4.4)

[NIES

10w (7, 2)l|y < D™=, (4.5)

for all m +n > 1, where dy stands for 9, or 0y,;

(d) the maps £ : U,[f] = C and (7, 2) — H(p, 2) € L(L1n,<,Hy) are analytic on U,[f];

(e) for all p’ € Uy[p*], the holomorphic function z — &(p,z) € C possesses a unique zero
f(®) € D(f(P),2r,/3), where f is analytic in € Up[p*]; with j defined by (@.1), we then
have that

Uslf) C Uy,
@) - 1) < 2, (4.6)
for all p'e Uy[p*], and
04
£6.2) < £E (4.7)

for all (7, z) € Us[f].

Lemma 4.1. Let D > 1 be as in [A.4) and ([£.5)) and such that p° < D71, Let f : C> — C be
a continuous function, and let H(p, z) be the operator given in (4.3)). For (p,z) € U,[f], this
operator is assumed to satisfy properties (a)—(e), above. In addition, we assume that

3
10rw0,0(F, 2) = € lloo + D 101,w0,0(F, 2) + Pge |00 < Z V(. z) € Uplf], (4.8)
q=1
and that ) 5

where D(f
"

), 2r,) denotes the closed disk with radius 2r,/3 centered at f(p).
Then, for p =

p>~¢, the effective Hamiltonian

H(p’z) = X,;(Hf)[ (paz)aWO,O(ﬁvz)+5(ﬁ:z)]]le§ﬁ['Hf},

(
F;

is well-defined for all (p, z) € Z/{ﬁ[f], and there exists a sequence of kernels
UNJm’n Uﬁ[fN] X Bﬁ X El(am,n) — (C,
and a function & Uﬁ[f] — C, such that

H(p,z) = H[w(p, 2),€ = 3 Wnnld2) + @, 2), (4.10)
m—+n>0

for all (p,z) € Uﬁ[f]. The maps Wy, and & have properties (a)—(e), above, with p replaced by
o, [ by f, D replaced by DC, for some constant C independent of the ’problem parameters’
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and D, and f replaced by f Here f(ﬁ) denotes the unique zero of the map z — g(ﬁ, z) € C
in D(f(p),2rp/3).
Moreover, we have that
[0,0(7, 2) + E(7, 2) = wo,0(B. 2) = E(F. 2) |00 < D*Cp**psin®(9), (4.11)
184 (t0,0(F, 2) — wo,0(7, 2))|oo < D*Cp™ sin(v), (4.12)

for all (P, z) € Us[f].

Remarks. In our inductive construction, the constant D in Lemma is replaced at step

§ by CJ, where C is the numerical constant appearing in (E.11]) and (4.12). Moreover, p is

replaced by p(()Q_E)j. The hypothesis pé2_e)j < C77 is fulfilled at any step j if po is sufficiently

small. Furthermore, Equations (4.11) and (4.12)) imply that (4.8) and (4.9) hold true at any

step j for sufficiently small values of po; see Paragraph [{.2

The proof of Lemma[4.1] occupies three subsections. In Subsection we show that the pair
(H(p,2), Wo,0(p, 2) + E(p, 2))

is a Feshbach-Schur pair associated to x;(H;), for all (5, 2) € Us[f]. In Subsection we
apply the Feshbach-Schur map to this Feshbach-Schur pair and re-Wick order the resulting
operator ]:I(ﬁ, z), so as to bring it into the “normal form” shown in Eq. . We then
verify that the sequence of kernels @ has properties (a), (b), (c) and satisfy the estimates in

(4.11)—(4.12). Finally, in Subsection we prove that properties (d) and (e) hold, too.

4.1.1. Proof of applicability of the Feshbach-Schur map. Let (P, z) € Us[f]. We have that

lwoo(F, 2,7, 1) + EF, 2)| > |woo(B, 21| — |EF, 2)]

for all (p,z) € U;[f] and r > 3p/4. Therefore, the restriction of Wy o(p,2) + £(p, 2) to
Ran(x;(Hy)) is bounded-invertible and

IWoo(7.2) + £ A1 X HDl = O (o)

Next, we prove that the restriction of Hy (g (P, 2) to Ran(x;(Hy)) is bounded-invertible.

It follows from and that
[Wosss @, 2) | < 020 (5, 2) 3 (87) 2 < g2 (8) 2 p= e+ pmny - (4.13)
Summing over m +n > 1, we find that
[W>1(5, 2)|| = O (Dp?p) , (4.14)

which yields
|| [WO,O(ﬁ7 Z) + g(ﬁ’ Z)]_IYﬁ(Hf)W21(ﬁv Z)H =0 (Dps) :
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Since p* < D71, we deduce that (H(p, z), Wo,0(P, 2) + £(P, 2)) is a Feshbach-Schur pair asso-
ciated to x;(Hy), for all (P, z) € U;[2(p)], and that H(p, z) is well-defined.

4.1.2. Re-Wick ordering and proof of the inductive properties (a), (b) and (c). We temporarily
omit the argument (7, z). To shorten our notation, we introduce the operators

Hy, = Woo+ &+ Xp(Hp)W>1x;(Hy) (4.15)

and )
X;(Hr)
Wojo(Hf, Pf) + &

R(Hj, Py) := (4.16)

We have that

= (Woo + EV,<+ Xa(Hp) Wo1x(Hy) + V, (4.17)
where . .
V= 7Xﬁ(Hf)W21X[)(Hf) [HXPLRan(X (H ) (Hf)W>lXP(Hf)

For any L € N and any M;,..., M € N, we define M = (My,...,Mr). The Neumann
expansion for V reads

V=- i(—l)L > Varw, (4.18)

L=2 M,N; M;+N;>1
where
~ L_l —
= xp(Hy) [T [Warn R(Hy, Pr)| War, v, xa(Hy). (4.19)
=1

To normal order VM, ~, we pick out m;/n; creation/annihilation operators from the M;/N;
creation/annihilation operators available in Wiy, N, ,..., mr/ny creation/annihilation opera-
tors from the My /Ny, creation/annihilation operators available in Wy, n,, and contract all
the remaining annihilation and creation operators. As the monomials Wy, n,’s are symmetric
in ky,....,kp,, and in El, ...,ENZ_, there are

L
M;\ [ N;
=110 (7)
RAAZYAY baie} m; n;

contraction schemes giving rise to the same contribution. We then pull through all the remain-
ing m1 +....+mp, uncontracted creation operators to the left, and the remaining ny +.... +np,
uncontracted annihilation operatorb to the right. This causes a shift in the arguments of
the operators war,, N, (Hy, Pf, K(M“N )) and R(Hy, ]3f) via the pull-through formula given in

. The contracted part is expressed as a vacuum expectation value. Vi ny can be rewritten
in the form

-

Vun = C’MN/dK(m” *( )<Q]VMN 1 K(mn))0)

m,n; m1<MZ,nZ<N

vt =P, Ak

where a* (™)) = 14, a*(kl(-mi)), see Paragraph Furthermore, if m; (or n;) is equal to
zero, a (k:(ml)) (or a(Eni))) is replaced by 1 in the above formula. A precise expression for
the operator V*’*(T,Z_;K (mn)y is given in [22]. The reader should notice that this precise
expression is not necessary to pursue our analysis. What matters is that VEM@M(T, Z_;K (m@))
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is a product of L — 1 operators R(Hy + r, ]3f + f) with shifted arguments, together with the

truncated kernels WM“N i(r I, k:(m’) l;( )) with shifted arguments, where

(SR ) r =1

WA B ) =y [N @)

)

(4.20)
wy, N, (Hp + 1, Py + l’Kgmi,ni)’lgMi_mi,Ni—ni)) a(il('Ni m)) ]]-Hf<p
and
n o7 (n)
VM (r, l, K (m, n)) — Xﬁ(r + 70) H [W%ﬁ;ﬁz(r + 7+ li’EEmi),&im )
i=1 (4.21)
R(Hj + 7+ 7, By + T4 B[ WAMENE (o T T S B )X+ 7).

The terms r;’s, 7;’s, l_;’s, I;’s are the shifts that come from the pull-through formula, see (C.12).
Therefore, we deduce that there exists a sequence of kernels Wy : U] f] X Bj x ﬁ%m’n —-C
and a function € : Us[f] — C such that

H(p,z) = Hlw(p,2),€@,2)] = > Wun (@, 2) + €/, 2), (4.22)
M+N>0

where we have introduced the arguments (7, z) again in (4.22)). The associated kernels are
given by

’U?M,N(ﬁ?zyral_:E(M)aE(N)) = Z(_I)L+1 Z Z C%’Lﬂ
L=1 mi+...+mp =M P1,---,PL
ny+..+np =N g1, -, 4L
m; +n;+pi+q >1
(Vi F 2, 1 EMN)) o, (4.23)

for M + N > 1, where m 4+ p = (m1 + p1,...,mr +pr), and fsym denotes the symmetrization

of f with respect to the variables kM) and E(N). Notice that we have set p; := M; — m;,

q; == N;—n;, i =1, ..., L. Also note that we started the sum in (4.23|) at L = 1, and not L = 2,
since we included the contribution of the term x;(Hy)W>1(p, 2)x5(Hy) in (4.17). Similarly,

Bo,0(F, 2,7, D+E(P, 2) = [wo (B, 2,7, 1) + E(F, 2)

+Y DY @ D) e (4:24)
=2 P1sons DL o
q1,---, 9L
pi+qi =1

We now bound ([#.23)) and ([4.24). Thanks to (3.2),
VA2, 1™ ™)) < ™12 (™12 g, v, |, (VBrp?) Mt Nimmini - (4.25)

mg,ng

The same bounds are satisfied by the partial derivatives with respect to r and I, with ||waz, ;|| 1
2

replaced by |[0gwp, N,| 1. Since
2

[woo(7, 2., 1) + E(F.2)| = 57
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there exists a numerical constant C > 0 such that

swp RG] < =, (4.26)
(r,f,rZ%ﬁ,ﬂTSr jg%
. = C

Sup laﬁR(Z% Z’ T? l)’ S ~2[Ll,2 . (427)

(r),r>25,ll1<r P

Suppressing the argument (p, z, r, l_: K (m’ﬂ)) on the left side to shorten our formulas, it follows

immediately from (4.25)) and (4.21) that

m+p,ntq cr L m;)1/2(7.(ni)1/2 2\pi+q;
|Viaa? ||SM“111[|1<: 212 i (5 2) |3 (VBP0

and,

m+p,n+q

L
|6 Vam | < L H[ B2 (1= 8 [0t (522

(up)-
+ &juarwm#pi,w (7 2)]11 ) (VBrp?)te]

CL - (mi)11/2,7.(n;)1/2 S
~)L H [’kz g | / |k1 g | / ||wmi+pi,ni+qi(p, Z)H%(\/gp )pz+Qz:|
=1

(1P
(mz‘ + pz‘) < gmiti
m

o0 4M+N0L

+(L+1)

Using the inequality

we deduce that

L
> I (lomspnira 3.2

5)L—1
m;+n;+p;+q;>1

1
(24 /87rp2)p"+qi <§>
—(mitni+pi+q)+lpymitni+pi+a psin(9)

Jansv(7. 2l <

mi+n;

Inequality (4.4]) for the norms of the kernels implies that
meﬂrm,niﬂh (ﬁa Z)”% <p

1 (mi+ni+pi+gi)+1 .
< (320 ) sz+m+pz+qzusm(19)7
where we have used that m; + n; + p; + ¢; > 1. It then follows that

128CD\M+N & (usin(9)p/32)F 64C\/87p* D\ p+a 1

) Ty (xf@)f‘/l) <Z< > > grn
L=1

< (128~CD>M+N

a5, 215 < (
p+g=0 P m+n>0

ppsin(d),

where we have used that p° < (128C+/87D)~!, in order to sum over p + g on the right-hand
side. A similar bound is satisfied by the partial derivatives with respect tor and l;, ¢ = 1, ..., 3,
with ppsin(9) replaced by 1. This shows that @y, v satisfies property (c), with D replaced
by CD provided that C is chosen large enough. It is important to remark that the constant

'
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C > 0 can be chosen to be independent of the 'problem parameters’ and of the constant D.
This property of C is needed to implement our inductive construction.
Likewise,

[d0,0(P, 2)+E (P, 2) — wo,0(B; 2) — E(B 2)||ow

L
< (C’Sln(i)_ﬂlﬂ)L < Z [2D\/877Tp]p+q>

= ) pHa>1

< CD?p* 5t psin?(9) = CD?p?+ usin?(09),

and a similar bound is satisfied for Oy (wo (P, z) — wo,0(P, 2)), which proves (4.11])(4.12)),
provided that C is chosen large enough.

4.1.3. Properties (d) and (e). We first observe that the map (7, z) — H(,z) is analytic on
U[f]. This follows from the facts that the smooth Feshbach-Schur map preserves analytic-

ity in (9, z) (because the Neumann series converges uniformly on U;[f]) and that the maps

(P, 2) = W>1(p,z) € L(Hy) and (P, z) — Woo(p, 2) + E(p, z) are analytic on U;[f] (because,
by assumption, (f,2) ~ H(p,z) is analytic on the open set U,[f] D Us[f]). We refer the
reader to [22] for more details. Therefore (7, z) — E(P, z) = (Q|H (7, 2)Q) is analytic in (7, z),
too.

We now prove property (e). Let § € Up[p*] and z = f(p) + Br; € D(f(p),r5), with
0 < |B| < 2/3. The triangle inequality, the inequality , and the hypothesis p* < 1 imply
that z € D(f(p),2r,/3). We consider the circular contour C centered at f(p) and with radius

re¢ = 3r3/4. We have that {p} x C C U;[f] C U,[f], and, by Cauchy’s formula,

. B 1 Ep,2) —Ep,7)
_ < — !
fazg(p, Z) 82’8(]97 Z)‘ = 271"/Cdz (Z—Z/)Z
_ 3 CD?psin?(9)p?te
= 4(3/4—18])2 "5 ’

where we have used (4.11)) and the fact that woo(p, 2,0, 6) =0 = wo,(p, 2,0, 6), see property
(a). It follows that

0.6(7.2) ~ 0.6(72)] < B cp2p (4.28)

(3/4—181)?
Since
|0.€(p, z) + 1] < 1/4,
for any z € D(f(p), 2r;), we deduce that

. 1
10:£(p, 2) + 1] < 5, (4.29)
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for any z € D(f(p), 2r5), where we use the hypothesis that p° < D~!. We estimate 1E(P, ) —
f(P) + z| on the circle dD(f (), 2r;). Let z € D(f(p), 2r;). We obtain from ([.29) that

82) — J@) + 2| < 1E(5,2) — £ 7)) + = — F3)| + E(5, )
< Sl = F @) + €6 F@) - £ 7))
< L1z = F] + OD?usin(9) 7+, (4.30)

where we have used the fact that (7, f(5)) = 0, along with (£.11). If p is sufficiently small
then

CD?sin?(9)p* e < %,
and hence 3 B B
E(D,2) — f(p) + 2| < |z = fF(P)], (4.31)

for any z € OD(f(p), %7‘,3). Rouché’s theorem then implies that z — & (7, z) has a unique zero,
f(P), inside the disk of radius 2r;/3.
To prove (4.6, we observe that (4.30)), with z = f (p), yields

1z -
5/ (7) = F()] < CD?pusin®(9)p*** = 320D sin(9) p** 15
The hypothesis that p° < D~! implies that
= - rs
11(2) = F ) < 5 (4.32)

Next, we verify that & satisfies ([L.7). Let p := p>~¢. The triangle inequality directly implies
that Uﬁ[f] C U;[f], and we have that

E(7,2)] < €5 2) + 2 — )| + |2 — ()]
o= F7)] < 2r5 < om,

for any z € D( ]? (p),r3) C D(f(p),2r5/3), where ([@29) has been used in the second inequality.

l\D\OO

(4.33)

To complete our proof, we show that the map p — f (p) is analytic on Upy[p*] and that
the set ~Z/{Pg[j?] is open. Let (o, f(70)) € Llﬁ[f] C Us[f]. Since |0,€(Fo, z) + 1| < 1/2, for all
z € D(f(po),2rs/3), the inverse function theorem implies that the map

5,2) > (7.€(7,2)) (4.34)
is biholomorphic in a small polydisk Dy C Up[ f] around (py, f(Po)). We denote its inverse by

h. The image of Dy, denoted D, contains the point (pp,0), because & (pp, f(ﬁo)) =0. As Dy
is open, it contains (p,0), for any p sufficiently close to py. Therefore, h(p,0) coincides with

(7, f(P)), for § near Py, and we deduce that 7 +— f(p) is holomorphic in a neighborhood of

Po. By letting po vary one sees that this implies that '+ f (p) is holomorphic on Uy[p*]. In
particular the set

Uslf) == {(5.) € Ul x | = € D(F(@).r7)} (4:35)
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is an open subset of C*,

4.2. Inductive construction of the operators H(j)(ﬁ, z). Let 0 < e < 1 and let pg be
such that 0 < po < min(1,dp)u. Let v < po, where v is the constant that appears in the
estimates ([3.13)—(3.16]). For A\g and 6 = i as in Lemma[3.4] we deduce from Section [3|that the

sequence of kernels wn?m and the function £© corresponding to the operator H(©) (P, z) satisty

properties (a)—(e) and {&.8)-(&.9), with D = 1, f() = Ej,, f(7) = 29 (), and p = pg. We
consider the sequences (p;);en, and (7;);en, introduced in ((1.49). By repeated application of

Lemma we construct a sequence of effective Hamiltonians HU )(ﬁ, z) at scale p; by setting

HOD (@ 2) = By i) [HO@2). Wi (0.2) + 9@ 2)ay, o ey (436)

In order to be able to apply Lemma |4.1]in each induction step, we only need to show that the
properties f hold in each step of the induction and that ijj < 1, for all j € Ny.
This is accomplished in the following lemma. Let pc. , be the largest positive constant such
that, for any 0 < p < pce p,

Z C2k—1p25(2—a)’“*1 +V3p < p. (4.37)
k=1

Lemma 4.2. Suppose that py < pceu, ¥ < po, and choose \g and 6 = i) as in Lemma
. For any j € Ny, there exists a function zU~1 : Up[p*] — C, a sequence of kernels
wrﬂb)n (U, [20-1)] x B, x BE)T’n) — C and a function EV) tUp, [2U~Y] — C such that (&.36))
holds, and

(a) w((){())(ﬁ, z,-,-) is Cl on B,,;, and wé{%(ﬁ,z,o,ﬁ) =0, for all (p, z) € U, [zG-D)].

(b) w%?n(ﬁ,z, . ',K(m’")), m+n>1, are C! on B,, for almost every Kmn) ¢ ﬁfff’”) and

every (p, z) € Uy, [20=D]. Moreover, wq(%?n(ﬁ, 2z, K™Y ds symmetric in k™ and E(n),

(c) For all (p,2) € Uy, [V,

Jwia 2[5 < €It pr I ysin ), (4.38)
04w (5, 2)|l, < €I prm ), (4.39)

for allm+n > 1, where 04 stands for 9, or 0, and C is the positive constant appearing

in Lemma [{.1}
(d) The maps € : Uy, [z9~V] — C and (p,2) — H[wY(p,z),E0)(p, 2)] € L(Ay,<pHy) are
analytic on U, [zU~V].

(e) For all i € Uy[p*], the holomorphic function z — EY)(P, z) € C has a unique zero z2U)(p) €

D(z(j_l)(ﬁ),Qrpj/3). The function 29 is analytic on Uy[p*]. Moreover, Z/{pj+1[z(j)] C
Uy, [20-1], and

€95, 2)] < HELE, (4.40)

120 () — 2U=D (@) < r;/2, (4.41)

for all (p,z) €U,

pjﬂ[z(j)] and p' € Uy[p*], respectively.
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Proof. The hypothesis that py < pc,, implies that CcJ p; < ¢, for a positive numerical
constant ¢, where ¢ is small enough such that Lemma [£.1] holds at any step j. As mentioned
at the beginning of this subsection, the properties (a)—(e) and the inequalities (4.8) and .
are valid are step j=0. Proceeding by induction, we assume that the propertleb ( )—(e) and
the inequalities (4.8]) and ( are valid at any step k < j € Ny. If we prove that

. ) . )
|9, 7 >—e9uoo+zuazqwoo Dol £ H VB2 €U 0], (142)

LED (5, 2 +1\<7 Vz € D=0V (), frj) (4.43)
then Lemma [4.1] show that
HOW (G, 2) = By, o [HO(5,2), W (5, 2) + €9 (5.2l o, )

is well-defined on U, 1[29)] and satisfies properties (a)-(e) at step j + 1, and hence the

induction step will be completed.

The bound is a direct consequence of estimate in Lemma Since properties
(a)-(e) are valid for any k < j, we conclude that U, [20-1] ¢ Uy, [20—2)] C C Upy[Ei -
Moreover, f are valid at any step k < j, with p replaced by pi_; and D?C by
C2t=1. Therefore,

10w (7, 2) — € loe <Z||a Wi (5, 2) = Dl (5, 2) oo + [0rwp (7. 2) — ¢l
k=1

J
< 3 R sin(0) +9 -+ Vi,

for any (p, z) € Uy, [20=1)]. Assuming that pp < pce, and v < po, this implies that the sum
on the right side is smaller than /4.

The bound is proven by a similar argument: For any p € Uy[p*] and any z €
D(2U=V(p), r;), we have that

LE0) (5 2) + 1) < Z\ag’@ 2) = .68V (5, 2)| +

(5,2) +1]

k=1

<C <Z C* 1o + 7) :

where C is a positive numerical constant independent of the 'problem parameters’. The last
inequality follows from in the proof of Lemma E Also note that we have used the
fact that D(zU~(p), r]) C D(Z(J 2(p), 2r;_1), which follows from Thus, the right
side is smaller than 1/ 4 if pg is sufficiently small. This completes the proof of the lemma. O

5. EXISTENCE AND ANALYTICITY OF THE RESONANCES

In Paragraph |5 . we prove that the sequence of functions p — zU (15) constructed in the
previous subsection converges uniformly on Up[p*]. Identifying 1oy ® QX with QX for any
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j > 1 (see (|1.65))), we show in Subsection [5.2f that the sequence of vector valued functions
w0 (p) = @i @y Qo (Vi ® Q) (5.1)

converges uniformly on Up[p*] to a non-vanishing function p +— ¥(*)(5). Here, 1y, is a unit
eigenvector of H;, associated with the eigenvalue E;, and the operators Q4 are defined as
in Theorem For all ' € Uy(p*), ¥(*)(p) is an eigenvector of Hy() associated with the
eigenvalue 2%/ (p).

5.1. Convergence of z(/) and analyticity of the limit.

Lemma 5.1. Suppose that the parameters €, 7, po, Ao and 8 are fized as in Section [4 The
sequence of holomorphic functions (Z(J)) converges uniformly to an holomorphic function (>

on Ug[p*].

Proof. The estimate

. . T ; sin 19 R —x
20 () — 20 ()] < L = B2 e (5.2

obtained in Lemma implies that (z1)) is uniformly Cauchy. Hence z(j)) converges uni-
formly on Uy(p*). Since (219)) is analytic on Uy(p*) for all j, by Lemma 4.2 the uniform limit
2(°) is also analytic. ([l

5.2. Existence and analyticity of the eigenvector ¥(®)(p).

Lemma 5.2. Suppose that the parameters €, v, po, Ao and 6 are fized as in Section[]} The
sequence (UU)) converges uniformly on Up[p*]. The limit, W(>) | satisfies W) (p) # 0 for all
P € Ug[p*]. Furthermore, (Hp(p) — 2% (§))p9) (P) converges to zero uniformly on Ug[p*] and

dim Ker(Hy(p) — 2> (p)) = 1.

Proof. We use the formula
HQ\(H,T)=xF\(H,T) (5.3)
for the Feshbach pair (H,T), see [0]. It implies that
[Hy(9) — 21 () Qxi, @y @,

G-1) -1 (-1) (54)
= XioXpr (Hyp) - Xp; (Hp) Py, () [HY ™, W 7 + €V,

where we omitted the argument (), 2(°) (7)) on the right-hand side of (5.4). Applying (5.4)
to 1;, ® 2, we deduce that

[Ho(5) — 2 N0 (B) = XioXpr (Hy)--Xp; (Hy) HD (5, 20 (5))[8hi, @ ). (5.5)
We have that

HO (5,229 () iy @ Q) = 3 Wi (8,2 (3) hio @ Q) + ED (5,2 () i, © Q). (5.6)
M>0
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The bound , the key estimate , and the inequality imply that the right-hand
side is bounded in norm by some numerical constant multiplied by p;, i.e. tends to zero super-
exponentially fast as j tends to infinity. We show that ¥() converges to a non-vanishing
vector-valued function. We remark that

DO (5) — 0 (5) = Qe Qrpy Qs Qs — X (1) iy © D)
= (sz'o — Xiop + Xzo)"'(Qij Xpj (Hf) + Xpj (Hf))(Qij_H — Xpjt+1 (Hf))‘wio ® Q)

Using that exp(x) > 1+ z for any « > 0, we deduce that

[+ ) — 90 ] < (et IR IOy Xl ) (57

Furthermore,

k— — — k—
|@xs, = X (I = 11X, (L)L )]len(f (1) X (HWE D, (H )|

ka

= 0(C* ) HY ) e, iy | = © (CF7in)

Pk

for any k > 1. The right-hand side converges super—exponentlally fast to zero and the sum over
j of ”prj — Xp, (Hy)l| is smaller than one if pg is small enough. We deduce that @G+ (p) —

W) ()| converges super-exponentially fast to zero. This implies that (¥)) is uniformly
Cauchy and hence converges uniformly. Since each UU) is analytic in 7, the limit ¥(*) is also
analytic on Up[p*]. Furthermore, a similar argument as above shows that

w9 (p) -l < 1
for all 5. Therefore, () () # 0 for all F, which implies that
dim Ker(Hy(p) — 2 (p)) > 1.
Using the “iso-spectrality” of the Feshbach-Schur map together with the fact that any vector
U € Hy satisfies the jli)rgoxpj(Hf)\I/ = (Q¥)Q, we verify that
dim Ker(Hy(p) — 2> (p)) < 1.

Our argumentation is similar to [35]. Let n € N. We assume that (%) (p) is degenerate. We
can find a non zero vector ¥ € H such that Po¥ = 0 and H™ (5, 2%°(p))x,, (Hf)¥ = 0. We
take n large enough such that x,,(Hy)x,, (Hy) = xp,(Hy) for all j > n. We use that

]]'Hf<pn > Xpn (Hf)
]1Hf<p” =Po+ Z ]]-*PJ+1<Hf<4P + H%Pn+1<Hf§pn’
Jj=n+1

to estimate the norm of x,, (Hf)W. We get:

HXPTL(Ij[f)\IJHZS Z || —p]+1<Hf<4pJXPn(Hf)\IIH +”]]'3pn+1<Hf<anPn(Hf)\IlH2
j=n+1

<5 2 p AR G0 + €0 PNy, s (DT
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To go from the first line to the second line, we have used the estimate

N . Lo m 3 _
i) 22+ £ N 2 g, vz o<
proven at the beginning of Paragraph and the equality

1 . .
Spir1<Hy<ip;Xen 3pyer<Hy<2p; Xo; (Hf)

Since 13, ., ja<H,<p; commutes with W(%) (7, 2°°(P)) + EY) (P, 2°(p)), and since
HY (5, 2% (5) xp; (Hp) ¥ = 0,
we deduce that
- 4 N Ve oo 2
o, (I < 25l (WIS o721 [WE 52 )]
j=n

We have shown in (4.14) that there exists a numerical constant C' independent of j and the
problem parameters, such that

W@, 2)| < CCp2u,

for all j € N. Since }~; C2jp4/p?Jr1 converges, ||x,, (H;)¥|| must be zero for large values of n.
This contradicts Theorem and, therefore, 2°°(p) cannot be degenerate.
O

6. IMAGINARY PART OF THE RESONANCES (2(*)(p))

In this section, assuming that Fermi’s Golden Rule holds, we prove that the imaginary
part of z(°) (p) is strictly negative for small enough values of the coupling constant Ag. More
precisely, using the isospectrality of the Feshbach-Schur map (see Definition and Theorem
, we verify that the operator Hy(p) — z is invertible for any z € C such that 3z > —coA3,
where cg is a positive constant.

6.1. Computing the leading part of the Feshbach-Schur Map. We recall from Lemma
that if the parameters Ao, pp and 6 = ¥ satisfy the conditions A3o3 (usind) ™2 < pg <
min(1,dp), then (Hy(p) — z, Hpo(p) — 2) is a Feshbach-Schur pair associated to x;, for any
(P, 2) € Upy[Es,]. The corresponding Feshbach-Schur operator is given by

Fy,, (Ho(p) — 2, Hpo(p) — 2) = Hpo(P) — 2 + XoXio Hr1,0Xio
— NXio Hr 0, [H, (. Z)]ﬁ;n(yio)EOHLexio- (6.1)
We recall from Theorem the iso-spectral property:

Hy(p) — z is bounded invertible
< Fy,,(Ho(p) — 2, Hyo(P) — z)|pi0®11HfSp0 (7 is bounded invertible. (6.2)

The estimation of the imaginary part of z(°)(p) relies on the analysis of Fy,, (Ho(p) —
z,Hgo(p) — z). We set

wg (k) = ie” A R) k" Pek) - d. wi g(k) = —uwf; (k). (6.3)
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and
. — .
Z°4(p) : /dk owh 1 (k) Piy (His — Eiy + e k| + ¢ 295 —e U5 k) Pl o(k) P, (6.4)

- k2 1
205) i= [ dkPyut (6P (e + €720 — 5 )l o (1) Py

where, recall, P;, is the orthogonal projection onto the one-dimensional eigenspace associated
to the eigenvalue E;, of H;s.

In the next lemma we identify the leading order term of Fy, (Ho(p) — 2, Hpo(p) — 2) in
terms of powers of Ag.

Lemma 6.1. Under the conditions of Lemma[3.3, there is a bounded operator Rem such that

—,

-0 —20 Pf 0> D
Py, (Ho(P) — 2, Hoo(§) — 2) =[Ei, — 2+ e "Hy + e - e o5 P] (6.5)
~ NZ(B) @ X5, (Hy) = NZ°U(D) @ X, (Hy) + Rem,
and
2 0?\/2 Ao /002
Rem|| < O\ B 6.6
[Reml} < 0<u2 sin(¥)? min(1, 63) <p01/2 * Ao ) * po), (6.6)

where C is a positive constant.

Proof. The proof follows the lines of Lemma 3.16 of [I1], where similar results are shown for
a different model (see also [9], where all details are included). O

Remarks. Lemma gives the leading order contribution of Fx, (He(p) — z,Hgo(p) — 2)
provided that we choose, for instance,

po = A7P. (6.7)

The condition N3o (usin¥) =2 < pg is then satisfied if we require that )\0/5 < O'X3(,U, sin9)2.

Equations (6.5) and (6.6) give

52
Fx., (Ho(B) — 2.Hyo(B) — 2) = [y — e 4L 05 Br] = N 2(p) ® x5 (H
Xio \L16(P 2, 9,0]?) Z) ic —*T€ fTe 9 € p-ry 0 (ﬁ) Xpo( f)
9/2
— N2 z0d 2 Ao Ia . 6.8
0 (m®Xp0( )+ <Sin(19)u Inln(l,ég)) (6:8)

The remainder term is small compared to N3 provided that
)\3/5 < 0A9/2(,usin19)2.

6. 2 The Imaginary Part of z( (ﬁ) In this section we estimate the imaginary part of
2(%) (), assuming here that p has real entries.
We study the leading order term of Fy, (He(p) — 2, Hpo(P) — Z)|P’LO®]1Hf<pO[ ), that we

denote by Hp(p) — z (see - ) below). It is a normal operator whose spectrum is explicitly
computable: As Z°4(p) and Z4(p) are rank-one operators, we can write Z°U(p) = z°4(p) P,
and Z4(p) = zd(ﬁ)Pm, for some complex numbers 2°¢(5) and z%(p). Then we can write Hy, (ﬁ)
as the sum of (E;, — A324(p) — A32°4(p)) P;, plus an operator that is a function of H; and Pf
The spectrum of the latter operator lies in the lower half plane, which can be easily shown
from geometrical considerations, using the spectral theorem. Using analyticity in § we show
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that z%(p) is real, which implies that the imaginary part of the spectrum of Hp(p) is below
—A332°4(p). Proving that —32°%(5) < 0 is, thus, essential to show that $2(°°)(p) < 0. This
is where the Fermi Golden Rule is used, see Subsection [6.2.1]

Once we have proven that the imaginary part of the spectrum of Hy (p) is below —\232°%(p),
which is negative, we conclude by a perturbative argument, using a Neumann series expansion,
that Hr,(p)—z+Rem is invertible if 3z is larger than a (strictly) negative number (for small \p).
This assertion and the iso-spectrality of the Feshbach-Schur map then imply that Hy(p) — 2 is
invertible for such z’s; from which we conclude in Subsection that 32z(%)(p) is (strictly)
smaller than zero.

6.2.1. Analysis of Z°(p).
Proposition 6.2. Let i€ Up[p*] NR3. We define (see (1.42)))

2B = (Wio| 24D )- (6.9)
The following holds true:

2
32%(p) = m Z /11{3 dﬁ’ > (dS)N—j-i-l,N—io—i-lEs(E)‘ (6.10)
J<io " s€{1,2,3}
- = . L k2
RIAR) (B — By + || =5k + 7).
Proof. We denote by
N 1 - . - N
k= mk, rk:= (rk,\), k:=(kN), Vke K?’, k#(0,)), ¥r > 0. (6.11)
Let
[ (z) =P/ (6.12)

P 22 N N
(Wig|é(k) - d Pig (His — Eiy + 2 + 5 T D k) Piyé(k) - dibig).

Using spherical coordinates we obtain that (see (6.3]) and (6.4))
2°4(p) = /dg/ drefeffd(efer), (6.13)
0
where [ dE denotes the surface integral over the 2 dimensional sphere in R3.
Let vp : [0,00) — C be the path defined by the formula
Yo(r) := e Or. (6.14)

We denote furthermore, for every R > 0, by vy r the restriction of vy to the interval [0, R]
and by 4y g the straight (oriented) line segment with starting point 7g(R) and ending point

Y5(R).
Eq. (6.13) implies that we can view the integral with respect to r as a complex integral
with respect to 7. It follows furthermore that

3204(5) — % / & /y gz /ﬁ £24(2)dz]. (6.15)

The function ffd is meromorphic in the region delimited by the curves 7y and vz containing

the positive part of the real axis. The poles of fé’d in this region are the positive real numbers
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r such that E;, —r — g + rj- k belongs o(Hy) \ {Ej,}. Since —r — % +rp-k is strictly
negative and strictly decreasing as a function of r for » > 0, there are only 79 — 1 poles and
they correspond to the positive real numbers r}-’d such that

(rod)2 ~
B, — 9% — JT + 195 k= Ej (6.16)

for some j < ip. In fact the explicit solutions of Eq. (6.16) are given by the formula

B - Ey+ D4 -p-B =2 - (-0 —ﬁ@ + ¢2<Ez-o ~B)+(1-p5-k?)] (6.17)

- (- 0-7 D - 2By - By + (- 5-7)]

Let R > 0 such that the poles are contained in the interior of the (Closed) curve Y9 rR+Y0,R—V3

(the curve g g followed by 95 r and this last one followed by —~; p, which is the curve 5
going in the contrary direction). It follows from the exponential decay of fg"d that

/ F24(2)dz _/ 2 (2). (6.18)
Y6,R+76,R~V5
From the residue theorem and —- we conclude that
od () —ﬂ/dk Res(f24,r5%). (6.19)
je{l, ip—1}
We obtain finally (6.10)) from (6.19) and from the fact that
od ,ody _ 7: _ p0dy rod
Res(fz ,T5 )—Zlirgd(z T )fk (2) (6.20)
J
ody\ 3 _—22/02
- e
22 .
<wlo|() dP( Eio+z+?_2p'k> PE() dwzo>
(eI
. 1 P
(Vi |€(k) - d P Pje(k) - d i),

J —
V2Eiy — )+ (1= 5 b)?
where we used (6.16])-(6.17)). O
6.2.2. Estimations of 32 (p).

Theorem 6.3. Suppose that the parameters 8, Ao, po satisfy the conditions of Lemma

and )\3/5 < UA9/2(,u sin)2. There exists a positive constant C independent of the problem
parameters such that, for all i € Up[p*] NR3 and z € C such that |z — E;y| < popsin(¥9)/32
and
09/ 3/5 d

)\2 C A A _ x,0 << ,

0[ sin(19)2u2 min(1, 63) ° . (ﬁ)} e
the operator Hy(p) — z is (bounded) invertible. In particular, if $2°4(p) > 0 (i.e. the Fermi
Golden Rule is satisfied), the imaginary part of 2% (p) is strictly negative.
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Proof. We define
2(5) == (Wig| Z4(P)bio)- (6.21)

Applying the procedures of Paragraph [6.2.1}, it is easy to prove that z%(p) does not depend on
6. z%(p) is therefore real, since for § = 0, 2¢(p) € R. Using (6.5) and we obtain that

Fy,, (Ho(p) — 2, Hp,0(P) — f<7)|Pi0<g)11Hf§p0 ) =(HL(p) — Z)|PZ-O<§§11HfSp0 % + Rem, (6.22)

where

HL(p) :==Ei, — [\R2°(5) + M2 ()] x, — iA5S2" (F)x5, (6.23)
P2 .
+[e P Hy + e — e Py
and
o2
Rem| < CA\2T3/° A 6.24
0

sin(9)2u? min(1,63)

As |p] < 1, it follows that for every r > 0 and every | € R?® with |I] < r |
r—p-1>0, (6.25)
which implies that
12
Sle~fr+ e — e ] <o. (6.26)

Eq.(6.26]) and the Spectral Theorem applied to the normal operator H (p) imply that Hy(p)—z
restricted to the range of x;, is invertible for Sz > —A232°¢(p) and that
1
~1
— < .
IHL®) = eyt <l <[5z T R25200)

A Neumann series expansion together with (6.24)) and (6.27)) imply that Fy, (Hg(p)—=2, Hp,o(P)—
2)\p, D11, <0 [H] is invertible, for 3z > —A332°¢(p), whenever

(6.27)

Ji/ 2 1

<
sin(9)2p2 min(1, 62) [Sz + A3S204(p)|
The conclusions of Theorem follow from this last assertion and the iso-spectrality of the
Feshbach-Schur map. (]

C )\g+3/5

1. (6.28)

APPENDIX A. ANALYTICITY OF TYPE (A)

We recall that a map 7 — A, from an open connected set V' C C" to the set of (unbounded)
operators in a Hilbert space H is called analytic of type (A) if there is a dense domain D C ‘H
such that, for all n € V', A, is closed on D, and for all ¢ € D, the map 7 — A1) is analytic
on V.

Lemma A.1. Let U := {p' € C3 | |R(D)|+|3(D)| < 1}. The map (0,5, \o) — Hy(p) is analytic
of type (A) on D(0,7/4) x U x C.



QUANTUM ELECTRODYNAMICS OF ATOMIC RESONANCES 37

Proof. Let 0 € D(0,7/4), j € C? with |Rp|+|Sp] < 1, and Ao € C. For ally € D(H;)ND(P?),
we have that

p‘z

H 6—267f_e—9ﬁ.P_}_|_€—49Hf 1/1H2

= e 2)|(y — 5 By + 3o B+ R(e e ((Hy — - Pyl Pru))

> e (1~ )P Hpg P + Ze—“‘wHP,%quH + e R ((Hy — - Py PRu)).
Using that | sin 30| < cos 3, a direct computation gives
R(e0((Hy — p Pr)| Piu)) = cos(S0){((Hy — Rp- Pr)v| Pu >+sm(sa) (3P~ Pry| Php)
> cos(30)(1 — Rpl — [S1) (Hyv| Piv) >0
and hence
52
Jie
2
This implies that 6*2915?/2 — e 0p. 15} + e 9H; is closed on D(Hy) N D(P?) Since Hypyg is
relatively H}/ 2—b0unded, it is infinitesimally small with respect to H, and therefore, since in
addition H;s is bounded, we easily deduce that Hg(p) is closed on D(Hy) N D(ﬁf)
Verifying that (0, g, \o) — Hp(p) is analytic on D(0,7/4) x U x C for all ¢ € D(Hf)ﬂD(P_’?)
is straightforward (Here we need in particular that the ultraviolet cutoff function A is real
analytic). O

e Py H | 2 0 - ) H g+ e P

APPENDIX B. PROOF OF LEMMAS [3.1] AND
B.1. Proof of Lemma Let ¢, € Ran(1pg,<,Hy). We have that

W) < 0l [,

< l[wmnll s V2V Do) 2 DY2(),

A (K Yk ™ gl 112112

(m,n)
p

where

Vi = [ dE™,

Bm
Du(e)i= [ dkIE] (k)
=p

A direct computation gives V,, < (m!)~1(87)"p?™ and an easy argument by induction shows

that D, (p) < ||1r17]7f/2<p||2 < p"||||?. Putting all the bounds together, we find that

NC
o

(| Winnp)| < p* ¥l (B.1)
which implies (3.2)).

B.2. Proof of Lemma [3.2]
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B.2.1. Proof of the estimate (3.3)). Let j € {1,...,3}. We introduce

fi(k) = =R (e k) k] 2¢; (k).

It is sufficient to bound a(f;)(Hy + p)~"/2. We set w(k) = |k|. Thanks to the pull-through
formula, we have that for any ¢ € Hy,

la(f;)(Hy + p) ") < / dk ||(Hy + p+ [K|) ™ a(k) f; (R) |
. 1/2
< |2 sy ([ By 9 0) 20 20y
< 2 A(e™™) | p2ra) ¥l

where the last line comes from the equality

1(H + p+ w(k) ™20 2a(k)y|? = (Hy + p)~20] w(k)a” (k)a(k)(H + p)~/29).
This proves (3.3]).
B.2.2. Proof of the estimate (3.4). Let (D, 2) € Uyy[Ey,]. We have that

N
[Ho,0(P) = ZlRran(x;,) = > P ®b;(p, 2, Hy, Py),

j=1
where

(B.2)

54‘6

- 12
bio (ﬁ: Z,T, l) - <€_26

—97" - e_eﬁ- l + Eio - Z> ]]‘T>3p0/47

(B.3)
5+ e lr—e 5 I+ Ej—z (j#io)

< 12
bj(p.z,m 1) = e 5

(B.4)
Any vector ¢ € Hy can be represented as a sequence (gp(”)) of completely symmetric functions
of momenta, o™ € L2(R3"). The operators b;(p, z, Hy, ]3f) are multiplication operators in

-

-

this representation. Therefore, we only need to show that |b;,(p,z,r,1)| and |b;(p, z,7,1)],
j # g, are bounded below by strictly positive constants.

This amounts to estimate the
distance between z and the range of b;,(p,0,-,) and b;(p,0,-,-), j # io; see Figure [3| below.

Ei,—1 - By Ei 11
w0 3 rf‘\ *
N X N
<2 - (I
VN RIRTTEEN
\ \\
\ N

FIGURE 3. The spectral parameter z is located inside the disk D(E;,,ro) of center
E;, and radius rg. |E;, — Ej| > dp for all j # iy. The grey shaded regions contain the
range of b, (p,0,-,-) and b;(p,0,-,-), j # io.
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Let r > % and |I| < r. Estimating |bi, (7, 2, T, I)| from below by the absolute value of its
real part, we obtain

- 12 -
|bio (7, 2,7, 1)| > cos(219)l + cos(¥) (r —R(p) - f) — (p) - Isin(I) + Eiy — R(z)

> rcos(d) (1 — [l — [S(5)] tan(8)) — |y, — 21,

as 0 = v, with 0 < ¥ < w/4. Since |p] < 1 — p, and |3Ip] < ptan(d)/2 < p/2, we finally find
that

biy (D, 2,7, )| > rcos(ﬂ)% — p?%u > %.

For j < ig, the difference E; — 2 can be cancelled by 6_26% +efr—efp. [if po is not small
enough, and we have to impose a constraint on pg that depends on the minimal separation
between the eigenvalues, dg. Let pg < dp. We assume that 0 < dg < 1. For §y > 1, it
suffices to replace dp by 1 in the next estimates. We split the interval [0, 00) into two disjoints
subintervals I; and I, with I; = [0,80/8] and Iz = (d0/8,00). We give a lower bound for b;
on both intervals. Let r € I;. We have that

— = . r
037,207, 11 > |y = Byl — |2 = Big| — rcos(d) — r (I cos() + 37| sin() +

do
-

5 (B.5)
> |E;, — Ej| — —0

Let r € Ir. We estimate |b;(p, 2, r, l)| from below by the absolute value of its imaginary part.
An easy calculation shows that

b, (5, 2,7, 5| > rsin(d) (1 — 7] — |3(5)] cot(9)) — PSR

32
Since we have chosen |(p)| < ptan(¥)/2, it follows that
R = dou sin(9
37, 27, ] 2 2] (B.)

We deduce that [Hg o (p) — z]\Ran(EO ) is bounded invertible and that its inverse satisfies (3.4).
The proof of (3.5) is similar.

APPENDIX C. PROOF OF LEMMA [3.1]

C.1. Proof of the estimates. To prove Lemmal[3.4] we re-Wick order the product of creation
and annihilation operators that appear in

P, @ HO(p, 2) = Fy,, (Ho(p) — 2, Hpo(p) — Z)lPi0®]le§,,0[H}- (C.1)
We recall that we want to find a sequence of kernels (w](\/l) ~N), M+ N > 0, with w](\/[) N :
Up, [Eiy] X Bpy % B(M N C, and a map £©) : U, [E;,] — C, such that

HOG2) = Y Wiv(@ ) + 9@, 2), (C.2)
M+N>0
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We remind the reader that the operators W&)’)N(ﬁ, z) are defined in the sense of quadratic
forms by

— * > 7.(N)
W]s/([),)N(pv Z) = ]]-HfSPO </B(M’N) dK(M’N)a (k( ))MEW)N (p7 z va PfaK(M’N)> CL(E )) ]]-HfSPOa
=)

forall M + N > 1.
For any bounded operator A on CN @ H £, we denote by (A);, the bounded operator on H
associated to the bounded quadratic form

(1, 9) = (i @ Y[A(hi, @ ¢)) € C. (C.3)

The bounded operator H (5, z) in (C.1)) identifies with the following operator (denoted by
the same symbol) on H:

—,

o P
H(O)(ﬁ; Z) == ( (Hf - ﬁ Pf) 6_0 —|‘ 7f€_20 + Eio - Z>]]-Hf§p() + )\0<X’L'0HI,9X1:0>7;0 (C 4)

2 - S \-1 -~
= A0 (Xio H1.6Xio [Hx,, (P ) Ran(x, ) Xio H1.0X0 )i
The operators on the first line are already Wick-ordered. The first operator contributes to

Wé?o) (7, 2) + EO(p, 2), and the second to W( )( z) and W( )( ,z). 'To normal order the

-t ) It is easy
0

operator on the second line, we use the Neumann expansion for [HXiO (P, z)]Ran(X

to show that

(Xio H1,0Xio [ Hx,, (P, %) an(x, Y XigH1.0%0)i Z =) VL (B, 2), (C.5)

20
where

_ 5 1 L-1

VL (p7 Z) = <X’Lo (HI,QYiO [HO,H (p7 Z)]l:_{an(iio)) HI,HXio)io

We first split Hy g into the sum of two operators (Hyg)"! and (Hyg)"?, where

(Hpg)™' =i / Ak R A (e R)ER) - d alk), (C.6)
R
(Hip)"0 = —i | dk|k|'Pe " A(e R)ék) - d a* (k). (C.7)
R
This yields
B L—-1
Vipz) = Y (o [ ((HI,G)pj’quzzo [Ho,0 (P, Z)]ﬁ;n(z,o» (Hro)P" " Xig)io-  (C.8)
1., PL =1
!
pi+q =1

Let j € {1,...,L}. The operator-valued distribution a(k;)/a*(k;) that appears in (Hjg)Pi%
can either be contracted with another creation/ annlhllatlon operator appearing in (Hyg)Pi" %",

j' # 7, or left uncontracted. In the latter case, we pull it to the right of if it is an
annihilation operator, or to the left of if it is a creation operator. This modifies the
operators Y?O [(Ho,0(D, Z)]ﬁin(iio) via the pull-though formula given in . We introduce the
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notations
(Hr)00 = ilk|'?e 20 x (e k)e(k) - d,
(Hr)05 = —ilk|"2e= 2 x (e Pk)e(k) - d,
(Hro)t0 = (Hro)"?, (Hrp)00 = (Hrp)™'

The contracted part is expressed as a vacuum expectation value, and

= Y [ @), @ VR, P K2 (5, © Q)™ d =
mn,pq
mgtni+pi+q;=1
(C.9)
where m = (my,...,mp),
g, 7 = i)
Vi (r, [ K0 = (r +70) T [(Ero)¥ih,
j=1 (C.10)
R(H; + 7+ 75, Py + [+ )| (Hro) 0k, Xoo (7 + 1),
and , o
~ P, ®x +Pi ®1
R(r, 1) == 0 O X (1) + P @ayy (C.11)
(gt e g, -
The shifts r;’s, 7;’s, l_; 'S, l;’s come from the Pull-through formula and are given by
il L . I e SRR L ‘
r= S Sk S ST 5= S8k - S SR,
j=1 j—i+1 j:l j—i+1
7 ._sz(’“) |+ Z S, 7= SSEM) 4 Z S[k) (C.12)
J=i+1 j=1 j=i+1

where k"] := Y1 [k, SE™M] = 7 k), SE™) = sy E, SR = > =1 kj. We

rewrite

— — — — 7-(0 —
= N a0 H1.0% [ He, (7 2, Ko HioXio)o = > Witn(#,2), (C.13)
(0)

where the kernels w;, y; are given by

@) (7,7, LEOD, BY) =

o Z (_)\O)L Z (thiy ® Q’Vﬁ%(ﬁ; 2Ty l_;K(MJV))wio ® Q>Sym’ (C.14)
m,n,p,q '
mi+..+mp =M
ny+...+ng N

for M + N > 1, and

o1 = =S ()" S0 Wiy @ QVE (2,7 iy © Q)
ot e (C.15)
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for M + N = 0. fsym denotes the symmetrization of f with respect to the variables M and
E(N). Using the estimate (3.3]),
_ _ —-1/2 _3/2
|CHy + po) ™ > Hyo(Hy + po)™?I| = Olpg 20/, (C.16)

we obtain the bound

L
Vi (8, 2, v, L, K| < po [T || (Hy + po) ™2 (Hp o), (Hy + po) =2
=1 (C.17)

- qL-1
sup H(Hf +/00)R(Hf +r+7,Pr+1+ lj)
J

Distinguishing the cases p; + ¢j = 1 and p; + ¢; = 0 and using Estimate (3.5) of Lemma
we deduce that there exists a positive constant C' such that

B — T m.mn O mj+n; m; n
”Véﬂﬂ(p,zmljg(f_))u <pp—— = H 3/2 1/2 pj+q]p (mj+n;) \k j |1/2]k( ])‘1/2

(psin(v
(C.18)
Since m; + n; + p; + q; = 1, it follows that
0o 3/2 1/257,
-(0) )\op —~L(M+N
||w](w p, z) % Z ,usm _1) Po > )po. (C.19)
Similarly,
(003/2)\ p 1/2)

L=2

and proceeding in the same way for the derivatives 8#&:5\2) ~» Where 0y stands for 9, or 9,
we conclude that

9 (72 =0 AWA C.21
M,N 2 . ( +N)
psin(9)p3
|04 (7 )y = O o) (C22)
2 sin? (9)pg
uniformly with respect to M + N > 1, and that
a7 2) oo = © (2224 (C.23)
0.0 psin(d) )’
Ao
80\ (5 0 =0 07/\ . C.24
H #wo,o(p7 Z)H ,u Sln2(19)p0 ( )

Since Ag > 0 is chosen such that Ay < usin(ﬁ)pé/ 203’\/ , this concludes the proof of the

estimates of the lemma.
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C.2. Proof of the analyticity of the map (7,z) — HO (7, 2) € L(H). We start from
the expression of H() (5, z) given in (C.4),

—,

2

B P
HOG 2y = ((Hf—p-P)e?+ Le® 4+ B —2)1 Xo{Xio H.0Xo )i
(7, 2) (( f—bp f) e+ 5 € + Eij Z) Hy<po T 0{Xio HT1,0Xi0)i0 (C.25)

— N (xio Hr 0, [Hy, (P, 2)]&;11(;2.0)710 Hr0Xio)io
The first term on the right-hand side of (C.25) is analytic on Uy, [E;,]. We have seen in the
proof of Lemma that the Neumann series for [Hy (p, )]Rin(z-o) is uniformly convergent
on Uy, [E;y]. It is therefore sufficient to check that the map

. Hy + po
) % = Tr /= _\
(p ) |:H970(p7 2)

is analytic on U, [E;,]. Since weak and strong analyticity are equivalent, we only need to show
that the maps

€ L(Ran(X;,))
Ran(iio)

Hy + po
Hy (P, 2)

are analytic for any ¢; ® ¢ € Ran(X,), where v, j = 1,..., N, are unit eigenvectors of Hjs

i ®¢p) €C (C.26)

(7,2) = (¥ @ o) {

Ran(iio )

associated to the eigenvalues F;. Using, for any ¢ in Fock space, the representation ¢ = (go("))
with (™ € L2(R3"), we find that

Hy + po

| ' B PO (0))2
_J 7 =(1-— 7 -
<w] ® SO‘ |:H9,0(ﬁ7 Z) Ran(il )w] ® SO> ( 50J)E] _ Z’SO ‘
20
kg + -+ kn| + po 2
+ / (n) — |80(n)(E177En)’ ’
> )72 SO, )

where b; is defined in (B.3)-(B.4), and we have set D[k™] = |ky| + - - + |k,| and S[k™] =
Ky +---+ky. The functions (P, 2) = (r+po)/b;(D, 2, r,l_j are analytic on U, [Ej,] for any fixed
(r,1) € Ry x R?® with |I] < r, and |(r + po)/b;i (D, 2,1, 1)] is uniformly bounded as follows from
the proof of Lemma Using Morera’s theorem for several complex variables (see [44]), we

deduce that
;7 po

Hy 0(pa )

is analytic, and hence, that H(%) (5, 2) is analytic in (9, 2) € Uy, [Es]-

¥ ®¢p) €C (C.27)
Ran(?io)

(7, 2) = ¢g®s0w
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