QUASI-CLASSICAL GROUND STATES. I. LINEARLY COUPLED
PAULI-FIERZ HAMILTONIANS

SEBASTIEN BRETEAUX, JEREMY FAUPIN, AND JIMMY PAYET

ABSTRACT. We consider a spinless, non-relativistic particle bound by an external potential
and linearly coupled to a quantized radiation field. The energy £(u, f) of product states of the
form u® V¥ ¢, where u is a normalized state for the particle and Wy is a coherent state in Fock
space for the field, gives the energy of a Klein-Gordon—Schrédinger system. We minimize
the functional £(u, f) on its natural energy space. We prove the existence and uniqueness of
a ground state under general conditions on the coupling function. In particular, neither an
ultraviolet cutoff nor an infrared cutoff is imposed. Our results establish the convergence in
the ultraviolet limit of both the ground state and ground state energy of the Klein—Gordon—
Schrédinger energy functional, and provide the second-order asymptotic expansion of the
ground state energy at small coupling.
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We consider in this paper a non-relativistic, spinless quantum particle — say, an electron —
in an external potential and coupled to a quantized, scalar radiation field. The Hilbert space
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for the total system is given by
H = Ha @ Hy,

where H = L?*(R?) is the Hilbert space for the electron and H; is the Hilbert space for the
field, given as the symmetric Fock space over the one-particle Hilbert space h = L?(R3). The
full Hamiltonian is a self-adjoint operator acting on H, of the form

H .= HV®If+Ie1®Hf+Hint, (11)

where Hy = —A + V is the Hamiltonian for the non-relativistic particle in the external
potential V', H is the Hamiltonian for the free field, I; stands for the identity on H; and Hiye
is the interaction Hamiltonian, acting on H. Such operators are usually called Pauli-Fierz
Hamiltonians [46] in the literature. Their spectral theory has been thoroughly studied since
the end of the nineties, including in particular ground state properties (see, among others,
[6-10, 20, 25, 30, 31, 34, 35, 39, 48, 49] and references therein).

We focus in this paper on the case of an electron linearly coupled to a scalar field. We
consider an abstract class of linearly coupled Pauli-Fierz Hamiltonian that includes the Nelson
model |[44] and the Frohlich polaron model 23].

We aim at studying the energy of product states

E(u, f) = ((u@Ty) Hu@Vp)), |ullu, =1, ¢l =1, (1.2)

assuming that the state of the quantized field, V¢, is a coherent state parametrized by f € b.
The functional £(u, f) is sometimes called quasi-classical energy. Assuming indeed that the
field degrees of freedom are ‘almost classical’, in the sense that the creation and annihilation
operator a*, a in H; are rescaled as af = \/za*, a. = y/za, see [4], one shows, under suitable
assumptions, that the ground state energy of the rescaled Pauli-Fierz Hamiltonian H. con-
verges, as ¢ — 0, to the ground state energy of the quasi-classical energy functional (1.2),
[15-17, 27]. In order for H. to identify to a semi-bounded self-adjoint operator on H, an
ultraviolet cutoff is usually imposed to the interaction Hamiltonian.

As we recall below, the quasi-classical energy (1.2) coincides with the energy of a coupled
Klein—Gordon—Schridinger system. The variational and dynamical aspects of Klein—Gordon—
Schrédinger systems have been studied in the recent mathematical literature (see [1-3, 15—
17, 22]), as quasi-classical limits of Pauli-Fierz models. Existence of a ground state and of a
dynamics associated to the non-linear energy functional (1.2) constitute essential ingredients
of the analysis.

In this paper, under general conditions, we prove the existence of a ground state for the
quasi-classical energy functional £(u, f) on its natural energy space. In particular, we consider
a wide class of external potentials and we do not need to impose neither an infrared nor an
ultraviolet cutoff into the interaction term of &(u, f).

For small coupling, we verify that the ground state of £(u, f) is unique. In general, the
field parameter f,s of the ground state (ugs, fos) does not necessarily belong to the orignal
one-particle Hilbert space h. For massless fields, we will see that fgs belongs to b if and only
if an infrared regularization is imposed. On the other hand, no ultraviolet cutoff is needed:
Denoting by A the ultraviolet parameter associated to the ultraviolet cutoff introduced into
the interaction Hamiltonian, our results show that both the ground states and ground state
energies associated to (1.2) converge as A — 0.
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We also study the difference between the ground state energy for the microscopic model
and its quasi-classical counterpart,
inf o (H) — inf E(u, f), (1.3)
(u.f)
where o(H) stands for the spectrum of the Pauli-Fierz Hamiltonian H. The expansion up to
second order in the coupling constant of this expression reveals that the ground state energy
inf o(H) can be divided into two terms: a ‘coherent term’, given by inf, 5 E(u, f), and a
second term due to the contribution from the excited states of the electronic Hamiltonian.

Our argument to prove the existence of a ground state relies on usual strategies from the
calculus of variations. The main novelty comes from the possible absence of infrared and
ultraviolet cutoffs in the interaction. This produces singular terms with a critical behavior in
the energy functional that we handle using, in particular, suitable estimates in Lorentz spaces.
The use of weak versions of Holder and Young’s inequalities in Lorentz spaces seems to be
new in the present context. It constitutes one of the main technical tools in our argument.

The ultraviolet convergence of the ground state and the asymptotic expansion of (1.3) at
small coupling also seem to be new. In order to establish them (as well as the uniqueness of
the ground state), we project a non-linear eigenvalue equation associated to the minimization
problem onto the vector space associated to the ground state of the electronic Hamiltonian
and its orthogonal complement.

In a companion paper [14], we will study the Pauli-Fierz Hamiltonian of a non-relativistic
particle with spin % coupled to the quantized radiation field in the standard model of non-
relativistic QED. In this case, the quasi-classical energy coincides with the energy of a coupled
Maxwell-Schrédinger system.

In the remainder of this section, we begin by introducing in Section 1.1 the abstract class
of Hamiltonians we consider and our main hypotheses. Next, in Section 1.2, we state our
main results.

Notations. We recall that for 1 < p < oo, the Lorentz spaces (or weak LP spaces) LP>(R?)
are defined as the set of (equivalence classes of) measurable functions f : R® — C such that

7l = sup ({171 > 1) (14)

is finite, where \ denotes Lebesgue’s measure.

The usual Fourier transform acting on tempered distribution is denoted by F with in-
verse (2 )*3.7:" (We use the normalization F( f = [es e (&) dE for f in L'(R?), and
hence F(f fRS @ f(€)dE. This normahzatlon is not the standard one but it is con-

venient in our context ) Throughout the paper, we use the following convention. Let f, g be
functions associated to tempered distributions. Assume that F(g) identifies with a function
such that fF(g) can be associated to a tempered distribution. We write

F(f)*g:=2m) " F(fF(9))- (1.5)

This convention extends the well-known equality which holds e.g. if f and ¢ are in L' or f
is in L? and g in L'.

In several places, we will use localization functions in C§°(R?) denoted by n and such
that 0 <7 <1, n(z) = 1if || < 1 and n(z) = 0 if |z| > 2. We define the non-negative
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function 1 by

and for all R > 0, we set
nr(x) :=n(x/R) and 7gr(x):=n(z/R). (1.6)

If Hq, Ho are two Hilbert spaces, L(H1, H2) stands for the set of bounded linear operators
from H; to Hs. Given a linear operator A on a Hilbert space H, we denote by D(A) its
domain and Q(A) its form domain.

1.1. Model and assumptions. Before defining the abstract class of linearly coupled Pauli-
Fierz Hamiltonians we consider, we introduce our conditions on the electronic Hamilton-
ian Hy .

1.1.1. The electronic Hamiltonian. We suppose that the non-relativistic particle is spinless
and bound by an external potential. The Hilbert space and Hamiltonian for the particle are
given by

Ha = L*(R?), Hy = —-A+V(x), (1.7)

where V : R® — R is a real potential. We display the dependence on V since one of our main
hypotheses (see Hypothesis 1) assumes the existence of a decomposition V' = V; + V5 such
that V4 > 0, V5 vanishes at co and there is a gap between the ground state energies of Hy
and H Vi-

The main examples we have in mind are confining potentials, V(x) — oo as |z| — oo,
and Coulomb-type potentials, V (z) = —c|z|~! with ¢ > 0. We introduce general hypotheses
on V that are fulfilled by a large class of potentials, including the two preceding examples.
As we will see below, some of our main results have interesting consequences in special cases,
especially when V' is confining.

We set

My = infO'(Hv),
and likewise if V is replaced by another potential. For U : R®> — R, we denote by
Ui == max(U,0), U- :=max(-U,0),

the positive and negative parts of U, respectively, so that U = U, — U_.
We make the following hypothesis.

Hypothesis 1 (Conditions on V). There exist 0 < a < 1 and b in R such that the negative
part of V' satisfies

Vo< —aA+D,
in the sense of quadratic forms on H*(R®). Moreover, V' decomposes as V = Vi + V, with
(i) Vi € Li(R%R),
(ii) Vo € LY2(R3;R) and Jim Va(z) =0,

loc
z| =00

(iii) prv < pvs -
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We have the following accompanying remarks (we refer to Section 2.1 for justifications).
Since Vi > 0, Hy, = —A+V, identifies with a non-negative self-adjoint operator on L*(R?)
with form domain

O(Hv.) = Q(-A) N Q(Vi) = {ue H'(®")| /R Vi(@)u(a)? dz < +oo}.

Moreover, it follows from our hypotheses that Hy identifies with a semi-bounded self-adjoint
operator with form domain

Qv := Q(Hy) = Q(Hv,) = Q(Hvw,),
and that Qy is a Hilbert space for the norm

12
lullg, = lullf + (Vi) 2l (1.8)

In particular, py and py, are well-defined. We will most of the time consider a state u in
U:={ue Qy||ul=1}. (1.9)

In order to obtain uniqueness of minimizers, we require that the Schréodinger Hamilton-
ian Hy has a unique ground state. By Perron-Froebenius arguments, it is well-known that,
under suitable conditions on V', if py is an eigenvalue of Hy then it is simple and there exists
a corresponding strictly positive eigenstate (see e.g. [47, Theorems XIII1.46 and XIII.48]). We
make the following related hypothesis.

Hypothesis 2 (Ground state of Hy). The ground state energy py of the particle Hamil-
tonian Hy is a simple isolated eigenvalue associated to a unique positive ground state wy
in L*(R3;R,), such that ||uy||2 = 1.

The orthogonal projection onto the vector space spanned by wuy is denoted by II,,. We
also set Iy := T — Tly,.

1.1.2. Linearly coupled Pauli-Fierz Hamiltonians. We suppose that the radiation field is a
scalar, bosonic field with Hilbert space given by the symmetric Fock space

He= F(LARY) = P\ L®). (1.10)

In the momentum representation, the free field Hamiltonian is the second quantization of the
multiplication operator by w(k),

Hy := dl'(w(k)), (1.11)
where w : R® — R, is a non-negative measurable function. See Appendix A for the precise
definition of second quantized operators. The coupling between the electron and the field is
linear in the creation and annihilation operators, given by

Hing := gV2(hy), (1.12)

where ¢ in R is a coupling constant, ®(h), for h in L*(R?), denotes the field operator (see
Appendix A for the definitions of the field, creation and annihilation operators), and

hy(k) := v(k)e ™, (1.13)

for all = in R?, where v : R — R is a coupling function.
This framework covers several models of interest:
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e The Nelson model [44], with the relativistic dispersion relation w(k) := Vk? +m?
corresponding to a field of mass m > 0, and the coupling function v(k) = w(k)’%x(k)
with v in L?(IR3). Here, in particular, y incorporates an ultraviolet cutoff. Moreover,
without infrared regularization, y = 1 near k = 0, while if an infrared regularization
is imposed, one assumes that y(0) = 0.

e The Frohlich polaron model [23], with w(k) = 1 and v(k) = |k|7".

e The phonon Hamiltonian of solid state physic (see e.g. [36]), with a bounded dispersion
relation w : R* — R such that w(k) ~ c|k| near k = 0 in the case of acoustic phonons,
or 0 < ¢; < w(k) < ¢y in the case of optical phonons. Here ¢, ¢y, co are positive
constants. Moreover, v(k) = |k|2x(k), with v in L2(R3) and y = 1 near k = 0.

Assuming that V satisfies Hypothesis 1 and that

,U2
/ — < 00, (1.14)
R3 W

it is not difficult to verify that, for all values of the coupling constant g, the total Hamiltonian

H=Hy @I + Iy @ Hy + gvV20(h,), (1.15)
is a semi-bounded self-adjoint operator with form domain
Q(H) = Q(Hfree)7 Hfree = HV X If + Iel ® Hf- (116)

See Appendix A for details. The domains of H and Hy. in fact also coincide in this case.
Note that the condition (1.14) is satisfied in the case of the Nelson model and the phonon
model, but not for the polaron model. In the latter case, one can still prove that H identifies
with a self-adjoint operator with form domain Q(H) = Q(Hy..), see [32].

1.1.3. Klein—Gordon—Schrédinger energy. For f in L*(R?), the coherent state of parameter
f is denoted by

U= eiq’(?f)Q € H;,
where €2 stands for the Fock vacuum. Let u in ¢/ and let f in L?(R®) be such that w!'/2f

belongs to L*(R?). A simple computation shows that the energy of the product state u ® ¥,
is given by

<(U®‘ij)7H(u®\Ilf>>H:5(uaf> (117>
(see Appendix A) where
S f)i= [ [Vu@Pdet [ V)P [ w®lsmP s
R3 R3 R3
+ 2g‘ﬁe/ e* o (k) f (k)|u(x)]* dz dk . (1.18)
R6
Hence we obtain the energy of a coupled Klein—-Gordon—Schrodinger system, the coupling
being given by the last term in (1.18).

We aim at proving the existence and uniqueness of a minimizer for the energy functional &£,
under suitable assumptions on w and v. The natural energy space for £(u, f) is U x Z,, where

Z, = {f:R*® - C measurable | w'/?f € L*(R% dk)} .
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We make the following hypothesis on v which, combined with Hypothesis 1, ensures that £
is well-defined on U x Z,, (see Proposition 3.1 and Lemma B.1 below). Recall also that v is
real-valued and w is supposed to be a non-negative measurable function.

Hypothesis 3 (Condition on v). The map W := g*wv? decomposes as W = Wy + Wy with
(i) Wi € LY(R),
(11) Wy € L>>(R?).

It should be noted that this hypothesis covers all the examples previously mentioned (the
Nelson, polaron and phonons Hamiltonians). Indeed, Hypothesis 3 is satisfied if one assumes
that w™v? belongs to L{ (R?) and that

loc
lwH (k)v* (k)] < Chlk| P <t + Colk|  Ligs1, >0,

for some positive constants Cy, Co. This follows from the facts that |k| =371 < is in L'(R?)
while |k| 1> is in L**°(R*). We emphasize in particular that, for the Nelson model, no
infrared regularization is required and the ultraviolet cutoff can be removed, taking v(k) =

|k|~Y2 and w(k) = VK2 +m?2, m > 0.

1.2. Main results. We are now ready to state our main results. For clarity we decompose
the presentation into a few subsections.

1.2.1. Infrared problem for Klein—Gordon—Schrodinger. We begin with a relatively simple
property, which we refer to as the ‘infrared problem’, keeping the usual terminology from
QED. Since, in general, Z, is not contained in L?(R?), the field component fu of a min-
imizer (ugs, fgs) of the Klein-Gordon-Schrédinger energy functional over U x Z, may not
belong to the original one-particle Hilbert space h = L*(R?). This formally corresponds to
the fact that the coherent state Wy does not belong to Fock space. On the other hand, if fg
belongs to L*(R?), then, using in addition that ug belongs to Qv and fg to Z,, one easily
verifies that ug ® Wy, belongs to Q(H), so that the Pauli-Fierz energy (1.17) in the state
Ugs ® Wy, is well-defined.

The next proposition provides both a necessary and a sufficient condition ensuring that f,
belongs to L*(R?).

Proposition 1.1. Suppose that V satisfies Hypothesis 1 and W satisfies Hypothesis 3.
If (ugs, fas) is a minimizer of the Klein—Gordon-Schridinger energy functional over U x Z,,,
then

v

|l

Considering the massless Nelson model where w(k) = |k| and v(k) = |k|~'/?x(k), the
previous conditions reduce to

ko K752 (k) Lpys1 € LA(R?) and k> k|~ (k)Ljp<1 € LX(R?).

Thus, in order to have that fus belongs to L*(R?), it is necessary to impose an infrared regu-
larization, but no ultraviolet regularization is needed. Note that the presence of an infrared
regularization is also necessary to have the existence of a ground state for the massless Nelson
Hamiltonian |21, 26, 43|, while it is well-known that the Nelson Hamiltonian is renormalizable
in the ultraviolet limit [44].

v v
Sk Ly € L2 (RY) = fo € L*(R’) = k<t € L*(R%).
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For the Frohlich polaron model, we have w = 1, hence Z, = L?(R3) and the previous
proposition is trivial.

1.2.2. Ezxistence of a ground state. One of our main results is the following theorem which
provides the existence of a ground state for the Klein—-Gordon—Schrédinger energy functional
under our general assumptions on V' and W.

Theorem 1.2 (Existence of a ground state). Suppose that V' satisfies Hypothesis 1 and W
satisfies Hypothesis 3. There exists Cy > 0 such that, if the decompositions V. = Vi + Vs
and W = W1 + Wy as in Hypotheses 1 and 3, respectively, can be chosen such that

Wil + Cv[[Wal zsee < 0(pvy — pv) (1.19)
and 1
C||Wal| g3 < 5(1 —a), (1.20)

for some universal constants C;6 > 0 and where a is given by Hypothesis 1, then the Klein—
Gordon—Schridinger energy functional (1.18) has a minimizer over U x Z,,.

We have the following accompanying remarks concerning the smallness conditions (1.19)
and (1.20).

Remark 1.3. The smallness condition (1.20) only concerns the term Wy in L>* of W, not
the term Wy in L'. Moreover, in the case of a confining potential, V(z) — oo as |x| — oo,
the condition (1.19) is automatically satisfied provided one suitably chooses the potential V7,
see Lemma 2.2. This implies that if V' is confining and Wy = 0, then a minimizer exists for
any g in R. In fact, for the special case of a confining potential, one can prove the existence
of a minimizer by simpler arguments than those we use in the proof of Theorem 1.2, since
in this case the relative compactness of minimizing sequences can easily be deduced from the
confining assumption.

Remark 1.4. Our assumptions cover the critical case F(W)(z) = ¢?|z|~2 of the Hartree
equation (1.21) (taking W (k) = cg®|k|™! in L>*°(R?)), which has been studied e.g. in [19, 33].
In particular, with F(W)(x) = ¢g*|z|~2, it has been proven in [19, 33] that the Hartree energy
has no minimizer for g larger than some critical value g*. Hence the smallness condition
(1.20) in Theorem 1.2 cannot be removed.

The proof of Theorem 1.2 follows from observing that (u, f) is a minimizer for the Klein—
Gordon—Schrédinger energy functional (1.18) if and only if it is of the form (u, f,) where the
field parameter satisfies f, = —gw v F (Ju|*) and where v minimizes the Hartree energy

J(u) = (u, Hyu) 2 — /R3 (.7:"(W) * \u’2)(;p)]u(x)|2dx, u€elU. (1.21)

Our strategy then rests on usual arguments from the calculus of variations [41, 42]. Existence
of minimizers for the Hartree energy has been studied by many authors in different contexts
(see e.g. 3, b, 19, 24, 29, 33, 38, 40-42| and references therein). We are not aware, however,
of a result giving the existence of a minimizer under our general conditions on V' and W.
The main difficulties come from the fact that we consider external potentials with possibly
both a confining and a negative part, the latter vanishing at infinity, and, more importantly,
that our assumptions on the convolution term in the Hartree energy (1.21) concerns the
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Fourier transform of the usual pair potential, with possibly a critical behavior corresponding
to the term W, in L*>*°. Such critical terms are due to the fact that we do not impose an
ultraviolet cutoff into the interaction. To handle them, we have to rely on suitable estimates
in Lorentz spaces whose use, to our knowledge, seems to be new in the context of minimizing
the Hartree energy functional. For completeness, we provide a complete proof of the existence
of a minimizer for (1.21) under our conditions in Appendix B.

We mention that the minimization problem for £(u, f) has been studied in the recent
paper [3], in the particular case of the massive Nelson model with V' confining, the dispersion
relation w(k) = VA2 +m? and v(k) = w(k)~"/?x(k) with x a smooth compactly supported
function. Our results cover this particular case.

1.2.3. Uniqueness of the ground state and expansion of the ground state energy at small
coupling. Our next concern is the question of the uniqueness of the ground state for the
Klein—-Gordon—-Schrodinger energy functional. To establish it, we need to strengthen our
assumptions, assuming that the electronic Hamiltonian Hy has a unique ground state as
stated in Hypothesis 2 and that the coupling is sufficiently small. Of course, uniqueness of a
minimizer for &€(u, f) only holds up to a phase, since &(u, f) = £(e?u, f) for any 6 in R.

Theorem 1.5 (Uniqueness of the ground state). Suppose that V' satisfies Hypotheses 1 and
2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

W L1 gs.e < ev,

then the Klein-Gordon-Schridinger energy functional (1.18) has a unique minimizer (Ugs, fgs)
inU x Z, such that (ugs, uy)r2 > 0.

Under the conditions of the previous theorem, recalling that W = ¢?w~'v% we can now

compute the asymptotic expansion of the ground state energy as the coupling constant g
goes to 0.

Proposition 1.6 (Expansion of the ground state energy at small coupling). Under the con-
ditions of Theorem 1.5, we have

(ngléglxzwg(U, fl=w —g° /RS (Fw™'?) = |uv|2)(x) luy (2))° dz 4+ O(g*), (1.22)

as g — 0.

To obtain uniqueness of the minimizer, as well as the expansion (1.22), we use that any
minimizer of (1.21) is a non-linear Hartree eigenstate and project the non-linear eigenvalue
equation to the vector space spanned by the electronic ground state uy and its orthogonal
complement.

As mentioned above, in the case where W, = 0, i.e. W = ¢g*w '? is in L'(R?), the
Hamiltonian H in (1.15) identifies with a semi-bounded self-adjoint operator. Hence we can
compare the ground state energy of H with its quasi-classical counterpart:
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Proposition 1.7 (Comparison with the ground state energy of H). Under the conditions of
Theorem 1.5, with W in L*(R?), we have

inf o (H) — & (ugs, fos)
- _92 /3 U(k)2<U’V7 elkIHJ\/_' (HV % =+ ’k‘)_lnj&eiikxu‘/>[l2dk + 0(92) )
IR¢ ¢
as g — 0.

The term of order g2 of the asymptotic expansion given by Proposition 1.7 can be rewritten
as

infO'(H) — g(“gsa fgS)
=—¢° <uv ® Q,a(he) (I © 1) (Hiee — pv) (I ® I)a* (he)uy © Q> +0(g°) .

It should be compared with the term of order g* in the asymptotic expansion (1.22) of the
quasi-classical ground state energy & (ugs, fgs), Which is given by

~ ¢ [ (F) )@ o () o
= —g <UV ® Q, a(hy)(My @ 1g) (Hiee — pv)  (y @ 11§)a* (he)Juy © Q> , (1.23)

where Il is the projection onto the Fock vacuum and II§ := I — IIo. Hence we see that,
at second order in the coupling constant, the ground state energy of H can be divided into
two terms: a ‘coherent’ term which is independent of the excited electronic eigenstates, and
a ‘non-coherent’ term which sums the contributions from these excited states. In particular,
defining dy := dist(uy, o(Hy) \ {pv }) the distance between py and the rest of the spectrum
of Hy, we deduce from the previous expressions that if dy is large, then the non-coherent
term is small and hence the coherent term becomes a good approximation to the ground
state energy of H.

1.2.4. Ultraviolet limit. We suppose here that the coupling function is cut-off in the ultravi-
olet, i.e. that it is of the form vy, = v1;<a for some ultraviolet parameter 0 < A < co. We
are interested in the ultraviolet limit A — oo. We write

Wy = gzoflv/\ = W]l|k|§A,

and note that if W satisfies Hypothesis 3, then for all A > 0, W, is in L' (this follows from
the weak Holder inequality, see (2.12) below). The fact that T, belongs to L' in turn ensures
that the Pauli-Fierz Hamiltonian

Hp = Hy @I + Ig @ Hy + g®(ha.),  haw(k) = va(k)e ™",

identifies to a self-adjoint operator (see Appendix A).

Let £y be the Klein—-Gordon—Schrodinger energy functional with an ultraviolet cutoff,
i.e. £y is given by (1.18) with v, instead of v. The next proposition establishes the convergence
of the ground state energies in the ultraviolet limit. Note that the assumptions are rather
weak. In particular they do not necessarily imply the existence of a ground state for £ and

En.
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Proposition 1.8 (Ultraviolet limit of the ground state energies). Suppose that V satisfies
Hypothesis 1 and that W satisfies Hypothesis 3. Then
inf  &Ex(u, f) — inf  E(u, f).
(u,f)eEUXZ, A( f> A—o0 (u,f)IEMXZw ( f)
Under conditions ensuring that £y and £ have unique minimizers, we can also establish
the convergence of the ground states of £y to the ground state of £, as A — 0.

Proposition 1.9 (Ultraviolet limit of the ground states). Suppose that V' satisfies Hypothe-
ses 1 and 2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

W pirse <ev,

then for all A > 0, Ex and € have unique minimizers (Up gs, fags) and (Ugs, fos) in U X Z,,,
respectively, such that (up gs, uy)r2 > 0 and (ugs, uy )2 > 0. They satisfy

H(UA,g57 fA,gS) - (ug57 fgs)HQVxZw Qo 0.

The proofs of Propositions 1.8 and 1.9 are not straightforward. The main difficulty comes
from the fact that, in general, W, does not converge to W in L' 4+ L**. To circumvent this
difficulty, we use a convergence property in a weaker sense, based on a suitable application
of Lebesgue’s dominated convergence theorem.

1.3. Organisation of the paper. Our paper is essentially self-contained. It is organized
as follows. Section 2 is a preliminary section containing several technical estimates that we
subsequently use in Section 3 to establish our main results. In Appendix A, we recall the
definitions of standard objects related to second quantization as well as the self-adjointness of
the Pauli-Fierz Hamiltonian H. Appendix B contains a proof of the existence of a minimizer
for the Hartree energy functional under our conditions.

Acknowledgements. The research of S.B. was partly done during a CNRS sabbatical
semester.

2. PRELIMINARIES

In this preliminary section, we gather several technical estimates that are useful for our
concern. The first subsection mainly concerns the electronic Hamiltonian Hy . In a second
subsection, we prove some functional estimates in Lorentz spaces that are used in Section 3
in a crucial way to control the interactions terms of the Klein—-Gordon—Schrodinger energy
functional.

2.1. Estimates on the electronic part. Recall that our assumptions on the external po-
tential V' of the electronic Hamiltonian Hy = —A + V' have been introduced in Section 1.1.
We begin with a few remarks showing that Hy is well-defined and that its form domain
satisfies Q(Hy) = Q(Hy, ) = Q(Hy,), with V; as in Hypothesis 1.

First, V_ is form bounded with respect to —A with a relative bound less than 1, by
Hypothesis 1. Thus V_ is also form bounded with respect to Hy, with a relative bound
less than 1, and hence the KLMN Theorem (see e.g. [47, Theorem X.17|) implies that Hy
identifies with a semi-bounded self-adjoint operator with form domain Q(Hy) = Q(Hy, ).
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Next, Hypothesis 1(ii) implies that V5 is relatively form bounded with respect to —A with
relative bound 0. Indeed, for R large enough, we have Vol >z € L°(R?) since Va(z) — 0

as |z| = oo, while Vall pj<p € L3/2%(Bg) with Bg := {z € R?||z| < R}, since V5 € LY*(R3).
Therefore V, € L3/2(R%) + L>(R?) and hence we can apply [47, Theorem X.19] to deduce
that V5 is infinitesimally form-bounded with respect to —A. In turn, since V, —V; = Vo+V_
is form bounded with respect to —A, it is not difficult to verify that Q(Hy, ) = Q(Hy,).

Recall the notation Qy = Q(Hy ). We begin with the following easy lemma.

Lemma 2.1. Suppose that V' satisfies Hypothesis 1. Then, for all u in Qy,

1
lullF < m(@ﬂvu) +bllull72). (2.1)

Proof. The positivity of V, and the bound on V_ from Hypothesis 1 yield, for v in Qy,
(u, Hyw) > [Jullfn = (u, Vo) > JJulln — afu, =Au) = bllullz: = (1 = a)lullF: = bllullZ.,
which proves the result. O

The next lemma shows that, for confining potentials V', the gap py, — py can be made as
large as we want, provided that the potential V; is suitably chosen.

Lemma 2.2. Suppose that V =V, — V_ is such that
(i) Vi € Lh (R?),

loc

. 3/2
(ii) V- € Liy; (BY),
(iii) V(z) — o0 as |x| — oo.
Then, for all C' > 0, there exist a decomposition V' = Vi o + Voo as in Hypothesis 1 such
that, moreover,

e — pv = C

Proof. Recall that the localizations functions ng, g have been defined in (1.6). Let C' > 0.
We set
Vie =Vi+2Cng, Vae=—-V_ =200

Observe that Vi o + Voo = Vo — Vo = V. Moreover, since V(z) — oo as |z] — oo,
we have that V_(z) = 0 for |z| large enough. Hence, since in addition n% is smooth and
compactly supported, one sees that the decomposition V' = V; ¢+ V; ¢ satisfies the conditions
of Hypothesis 1 for any R.

Now we verify that py, . — gy > C for suitably chosen R. Using the IMS localization
formula (see e.g. [18]), we write

e = inf ({(nf+ 7R), (=4 + Vi Ju) + 2C|ngull32)

= inf ((nau, (=2 + Vi )ngu) + (e, (—0 + Vi) + o(R%) + 2] naul2 ),

ueld
since |Vng|? + |Viig|? = o(R%), R — oco. Next, using that —A > 0 and that supp(iig) C
B(0, R)¢, we estimate

e 2 nf ( (v +20) npulfo + (_inf Vil@)) limullfs + o).
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Since V4 (x) — oo as || — oo, there exists Ry > 0 such that for R > Ry,

inf  V(z) > 2C.
einf . () = vy +

Therefore, for R > Ry, we obtain
e 2 inf (v, +20) (Innullts + liuls) +o(R)) = . +2C +o(R%). (2.2
On the other hand, since V_ > 0, we have that
v, 2 inf{u, (<A 4 Vi~ Vo)u) = . (2.3

Combining (2.2) and (2.3) gives
v e > v + 20 + o(R).
Fixing R large enough, we deduce that v, . — py > C, which proves the lemma. U

To conclude this section, we give a lemma which is useful to prove the existence of mini-
mizers for the energy functional studied in Section 3.

Lemma 2.3. Suppose that V' satisfies Hypothesis 1. Let (uj)jen be a bounded sequence
in H'(R?) which converges weakly to u., in H'(R?), and strongly in L*(R?®). Then

(toos (=2 + V)uoe) < lim inf(uy, (A + V)uy) .
J—00

Proof. We consider each term of
(u, —Au) + (u, Viu) + (u, Vou) (2.4)

separately.
The first one is handled using the lower semi-continuity of || - ||z2. Indeed, as u; — uoo
weakly in H'(R?), it follows that Vu; — Vu,, weakly in L?(R*) and hence

(Uno, —AUng) = ||V |72 < liminf [|[Vu;||72 = liminf(u;, —Auy). (2.5)
j—oo j—oo

For the second term of (2.4), we use Fatou’s Lemma, which gives, since V; > 0,

(U, Vi) < lijlgigf(uj,muj) (2.6)

As for the third term in (2.4), we claim that

<u007 ‘/2uoo> = jlir{;<uj7 ‘/2uj>7 (27)

for some suitable subsequence that we keep denoting by (u;);en. Indeed, let € > 0. We have
that ||1)z>r, V2|l < € for Ry large enough, since V5(x) — 0 as x| — oco. Therefore, for all j
in N,

(Uj, Ljgjsre Vo) < €, (Uoo, Lz re Valloo) < €. (2.8)
Next, we approximate 1, <g,V2 by a more regular function. More precisely, since 1,<g, V2
lies in L*2(R3), one can find Va. in C5°(R?) such that

H]]'|~’U|§R0‘/2 - %,EHLS/Q <e.
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Hoélder’s inequality together with Sobolev’s embedding H*(R3) C L°(R?) then yield

(s, Djaj<ro Vag) — (g, Loy ry Vo) | < | Miaj<reVa — Vae || oo 1l 76
Sellullzn Se, (2.9)

~Y

since we assumed that (u;);en is bounded in H'(R?). Likewise,
‘<uooa ]]-\m|§R0‘/2uoo> - <uooa ]]'|(E|SR0‘/2,EU’OO>‘ S €. (210)

Now, since Lj;j<pyttj — Ljg<p,Uso strongly in L?(R?), and since V5. is bounded, we deduce
that

(Uoo, ﬂ\xISRoVZs“w> = jhggoWj, ﬂ\x|§ROV2,sUj>- (2.11)
Combining (2.8), (2.9), (2.10) and (2.11), we obtain (2.7). O

2.2. Some functional inequalities in Lorentz spaces. In the proof of our main results,
we will use in a crucial way some functional inequalities in Lorentz spaces that we present in
this section. For 1 < p < oo, the Lorentz spaces LP*® = LP*°(R?) are defined as the set of
(equivalence classes of) measurable functions f : R? — C such that (1.4) holds.

More generally, for 1 < p < oo and 1 < ¢ < oo, the Lorentz spaces LP? = L[P4(R%) are
defined as the set of (equivalence classes of) measurable functions f : R? — C such that the
quasi-norm

1 fllzea = YA > )Y tl] (0,000,070
is finite.

For 1 <p<ooand 1 < ¢ < g9 < 00, the continuous embedding P9 C LP9 holds.
Moreover LPP identifies with LP. We will use the following generalizations of Hélder and
Young’s inequality in Lorentz spaces, see [12, 37, 45, 50| or |28, 1.4.19].

For 1 < pi,ps < o0, 1 < g1, q2 < 00, Hélder’s inequality states that

1 1 1 1 1 1
[fifellzea S I fillrra || follrzee,  —=—4+—, —=—+—, (2.12)
b P1 P2 q q1 q2

whenever the right hand side is finite.
Young’s inequality states that, for 1 < p,p1,p2 < 00, 1 < qp, ¢ < 00,

1 1 1 1 1 1
Ilf1* follzea S| fillzeva || foll Loz l4—-=—4+—, —=—+— (2.13)
b D1 P2 q q1 q2

and for 1 <p< oo, 1< g < o0,

* 0 < /g - — = - — . .
11 % follpee S W fillzrall foll oo PREEE IR (2.14)
We have the following estimates that are used several times in Section 3. The first one
is an obvious application of the usual Holder and Young inequalities. The second and third
ones are close to the Hardy-Littlewood-Sobolev inequality but cannot be directly deduced
from it. Recall the convention (1.5) on the Fourier transform.

Lemma 2.4.
(i) Let uy,uy € L? and W € L'. Then,

| FOV) * (o) || oo S NIW o]l 22 [|uz]l 2. (2.15)
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(i) Let uy,up € H' and W € L>*. Then W F(uyuy) € L and
[FW) * (wrus) || oo S N 1zsoo e [ o [lual | - (2.16)
(iii) Let uy € L?, ug,us € H' and W € L. Then WF(ujuy) € L¥*>> and
|(F (wruz))us|| 2 S W [ poe [ [l g2 [l g [l - (2.17)

Proof. To simplify formulas below, we write w = F(W).
(i) directly follows from the Holder and Young inequalities:

|w s (uau2) || oo S Nl |Juruz|| 0 S Nwllzoe ]l 2 Juzl| 2,

which yields (2.15) using ||w|z~ < ||W]| 1.
To prove (ii), we use first the Holder inequality in Lorentz spaces (2.12),

s ()| 5 W F )] S 109 e | F )]

and then both the Young (2.13) and Holder (2.12) inequalities in Lorentz spaces

1FCrua)|pajes S () Fua)llager S 17 ) gosal|F (w2)| o
S L e 1 ) | o 1P )| 2 S Ml e ol
To prove (iii), we use first the Young inequality in Lorentz spaces (2.13),
H(w * (u1u2))u3”L2 S H(Wf(ulu2)) + F(us) HL2 ~ HW‘F Urz HL3/200H‘7: us HL6/52‘
The term with wug is controlled with the Holder inequality in Lorentz spaces (2.12),
[F s)|| posse S MR oo || 15| F (us)]] 2o S sl

The term with u; and uy is estimated using the Holder inequality in Lorentz spaces (2.12)
first, followed by the Young inequality in Lorentz spaces (2.13),

W (wruz)| oo S IW llgsoe || Fr) # Fluz)| e S I llgsoe [ F ()] o | F ()] o -
The term || F(uz2)]| /500 S || F (u2)||o/5.2 18 estimated in the same way as || F (u3)|| ze/5.2, while

||]:(“1)HL2700 S H]:(ul)”m,z S luallze -

This proves the lemma. O

3. PROOF OF THE MAIN RESULTS

In this section, we prove the results stated in Section 1.2. We begin with reducing the prob-
lem of the minimization of the Klein—-Gordon—-Schrédinger energy functional to the problem
of the minimization of a well-chosen Hartree functional in Section 3.1. We prove the exis-
tence and uniqueness of a minimizer in Sections 3.2 and 3.3, respectively. In Section 3.4,
we derive the asymptotic expansion of the ground state energy at small coupling. Finally,
in Section 3.5 we prove the convergence of the ground state and ground state energy in the
ultraviolet limit.

Throughout this section, Cy stands for a positive constant depending on V' which may
vary from line to line.
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3.1. The Hartree energy functional. Recall that the Klein-Gordon-Schrodinger energy
functional £(u, f) has been defined in (1.18). The next proposition shows that the minimiza-
tion problem for £ reduces to the minimization problem for the Hartree energy.

Proposition 3.1. Suppose that V satisfies Hypothesis 1 and W satisfies Hypothesis 3. We

have
L )= ), 1)
where
J(u) = (u, Hy ) = W F(jul)||7,
= (u, Hy u) — /R3 (JE (W) = ]u| )(x) |u(x)|2dx = E(u, fu), (3.2)
and
fu = —gw "o F(Jul?). (3.3)

Moreover uw — (u, f,) is a bijection between the minimizers of J and those of £.

Proof. The Klein-Gordon-Schrédinger energy functional can be written under the form
E(u, ) = (u, Hyu) + (w? f,w? ) + 2gRe(w 20 F(|uf?), w? f)

= (u, Hyu) + Hw%f + gw_%v}—(|u|2) (3.4)

&l 20 F (ful) |72

Iz -

Note that w!/2f belongs to L? since f is in Z,. Moreover, w™2vF(Ju/?) belongs to L? since
2

= [WIF )] s

< Wil 17 () Ze + IWF (ul) o | F (ul?) 2

S IWillpllullze + (Wl oo lull 3 el 2 < oo,

Pl FoF (ul) [ 2 =

where we used Lemma 2.4 in the second inequality. Eq. (3.4) then implies that

E(u, fu) = (u, Hyu) — g Hw 2'0.7-" (Jul? HL2 = ;relizn E(u, f),

and f, is the unique minimizer of £(u, f) at fixed u. By our convention (1.5) on the Fourier
transform, the energy &(u, f,) can be rewritten as the Hartree energy (3.2), which yields the
result. 0J

We now establish Proposition 1.1 which gives necessary conditions and sufficient conditions
so that fgs belongs to L?(IR?), where (ugs, fgs) @ minimizer of the Klein-Gordon-Schrédinger
energy functional &€ (u, f).

Proof of Proposition 1.1. By Proposition 3.1, any minimizer (ugg, fgs) of the Klein-Gordon-
Schrodinger energy functional over U x Z, satisfies the relation (3.3):

Vk € R?,  fu(k) = —gw™ ' (k)v(k)F (Jugs|?) (k). (3.5)
Since ugs is in H'(R?), we have, for all £ in R?,

|7 (Jugs|*) ()| < min(1, [k]7F).
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Moreover, since F(Jugs|?) is continuous at k = 0 and F(|ugs|?)(0) = 1, we have

1 3
5 < | F(|ugs|*) (k)| < 5
in a neighborhood of £ = 0. Hence we see that sufficient conditions ensuring that f,s belongs

to L?(IR3) are

— %HWZI € L*(R*) and k+ %ﬂwgl € L*(R?),
while a necessary condition is
ko %mmgl € L*(R?).
This establishes Proposition 1.1. O

In the remainder of this section, we study the Hartree energy functional (3.2). By Propo-
sition 3.1, the results that we prove for the Hartree energy directly imply the corresponding
results for the Klein—-Gordon—Schrodinger energy.

3.2. Existence of a minimizer. The next proposition gives the existence of a minimizer
for the Hartree energy (3.2). It implies Theorem 1.2 from the introduction.

Proposition 3.2. Suppose that V' satisfies Hypothesis 1 and W satisfies Hypothesis 3. There
exists Cy > 0 such that, if the decompositions of V' and W of the form V = Vi + Vy,
W =Wy + Wy in Hypotheses 1 and 3, respectively, can be chosen such that

[Willzr + Cv |[Walps.ee < 0(pvy — piv) (3.6)
and )
C||[Wal| a0 < 5(1 —a), (3.7)

then the Hartree energy functional (3.2) has a minimizer. Here C' and § are universal con-
stants and a is given by Hypothesis 1.

As mentioned in the introduction, the existence of a minimizer for the Hartree energy
has been proven under various conditions in different contexts, but we are not aware of a
reference giving the result under our assumptions. We detail the proof of Proposition 3.2 in
Appendix B.

Remark 3.3. Writing the Hartree energy in its usual form
J(u) = (u, Hy u) —/ (w ul*)(z) u(2)[* dz, (3.8)
R3

we have in our context w = F(W) (in the sense of distributions) and it is thus natural
to make an assumption on the Fourier transform of the convolution potential w. In other
contexts, however, it might be more natural to make hypotheses on w rather than on its
Fourier transform. It is straightforward to verify that our proof adapts to the conditions

w=w; + wy € L®(R®) + L¥*>(R?),

[willze + Cvllwall sz <6y —pv),  Cllwe|lpsze < S (1 —a).

N —
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It suffices to use, instead of (2.15)—(2.16), the inequalities
[[(w o fua [z || 1 S el oo |2z 122
[[(w s Jua || 1 S lwll poee lJualla lJuallZ2
that can be proven using the weak Holder and Young inequalities (2.12)—(2.14).
Remark 3.4. As in Remark 1.3, in the case of a confining external potential V', one can

always find a decomposition V.= Vi + V, such that (3.6) holds, by Lemma 2.2. Hence a
minimizer exists in this case without any restriction on the size of ||Wh||p:.

3.3. Uniqueness of the minimizer. Now that we have the existence of a minimizer for the
Hartree energy functional J, we prove the uniqueness of the minimizer. The next proposition
implies Theorem 1.5 from the introduction.

Proposition 3.5. Suppose that V' satisfies Hypotheses 1 and 2 and that W satisfies Hypoth-
esis 3. There exists ey > 0 such that, if

WLt yrse <ev,
then J has a unique minimizer ugs in U such that (ugs, wy )z > 0.

To prove Proposition 3.5 we use the following decomposition:
L*(R?) = Cuy @ (Cuy)*t,

where uy is the ground state of Hy as in Hypothesis 2, and we write u = auy + ¢, with the
normalization condition |a|* + [|¢[|3> = 1. The Hartree ground state energy is denoted by
Ey = il&f{ J(u).

We display the dependence on V since the existence of a gap, Ey < Fy,, is an important
step in our proof of the existence of a minimizer in Appendix B.

Our proof of Proposition 3.5 relies on the following two lemmata. For A € R, we set the
resolvent Ry := (Hy —\)~! (defined, a priori, as an unbounded operator on Ran(1y(Hy))*b).
We also recall that I := T — |uy) (uy].

Lemma 3.6. Suppose that V' satisfies Hypotheses 1 and 2 and that W satisfies Hypothesis 3.
There exists ey > 0 such that, if

W lL1irsee <ev,

then for all global minimizer u in U of J such that uw = auy + @, with a in C, ¢ in Qy,
and uy L ¢ in L?, we have

p = 2R\ Iy (F(W) # [u)u,  Av := By — (u, (F(W) * [u*)u). (3.9)
Proof. We first recall that if u is a minimizer of J, then u is a non-linear Hartree eigenstate,
(Hy = 2F(W) * [u|*)u = Ayu in Qf, (3.10)

where 9} is the topological dual of Qy and Ay is defined by (3.9). Here Hy should be
understood as an operator in £(Qy, Q}). Eq. (3.10) can be proven by using that, for all ¢
in C and all u* € U such that v L u* in L?, we have

J((U A+ [t2) 72 (u + tut)) > Ey.
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Computing the term of order 1 in ¢ in the asymptotic expansion of the previous expression
as t — 0 shows that -
(u™, (Hy = 2F (W) * |u|*)u) =0,
for all ut € U such that u | ut in L?. Hence (3.10) holds for some Ay € C. Since J(u) = Ey,
we obtain that Ay is given by (3.9).
Now, applying II> to (3.10) gives
(Hy — Av)yu = 20y (F(W) * [u]?)u. (3.11)
Let &y := dist(uy,o(Hy) \ {pv }) be the distance from uy to the rest of the spectrum of Hy .

Recall that Hypothesis 2 implies that d,, > 0. Using perturbative arguments, it is not difficult
to verify that

1
EV < v + 55\/, (312)

provided that |[W{| 1413 < ey, for some ey > 0 small enough (see (B.5) in Appendix B for
a precise justification). Moreover, since

we also have \y < Ey, and hence

I =0,

1

Therefore the operator

(Hv = \v)Ily € £(Qv, Qy)
is bounded invertible with inverse Ry, Il € L£(Q%, Qv ). Since ¢ = Il{Hu, (3.11) then im-
plies (3.9). O

In the following lemma, given wuy, us two minimizers of J, we decompose as before, for
7 =1,2, u; = ajuy + ¢, with a; = (u;,uy) >0, p; € Qy and uy L p; in L2

Lemma 3.7. Suppose that V' satisfies Hypotheses 1 and 2 and that W satisfies Hypothesis 3.
There exists ey > 0 such that, if

[Wllz1irs0 < ev,
then for all global minimizers uy, us in U of J, we have
2
lor = walloy < OvIIWIlzyrse (lullfpn + luallfn) ™ [lus — wsl 2. (3.14)

Proof. Let i, A2 be defined as in Lemma 3.6, namely \; = Ey — (u;, (F(W) * |u;|?)u;). By
Lemma 3.6 and the triangle inequality, we have

ler = #alloy < 1+ S,
where
Sy = 2|| (R T — R I ) (F(W) # un [ || o
S = 2|| R T ((F(W) # s s — (F(W) # s o) || o, -
We first estimate the second term. From (3.13) we deduce that Ry,Ili: € £(Q}, Qv) and

R0 0 0 < 167 (3.15)



20 S. BRETEAUX, J. FAUPIN, AND J. PAYET

Hence we can estimate
Sy < 805" [(F(W) * fur[)ur — (F(W)  fus*)uz | o.
< 80y [(FOV)  hua[*ur — (FW) * Juz)ua|
since L? C Q},. We obtain from the triangle inequality that
Sy < 85‘}1 || (.7:"(W) « [(ug — ﬂg)ul])ulHLQ
+ 865 || (F(W) * [@s(ur — us)])ua| .
+ 80" [[(FOW) = fua ) (n = )| 2
and hence Lemma 2.4 yields
S < CulIWllzazooe (lualp + el s — ol 2. (3.16)
Now we estimate S;. It follows from the resolvent equation that
St < 2[00 = Ao [| (R, T R T ) (F (W) o [P || -

Using (3.15) twice, first for R), and next for R,, (using also that Qy C Qi in the latter
case), and then appying Lemma 2.4, we obtain

St < Cvl[Wllprproe lurllz A = Aal. (3.17)
Since \; = By — (uj, (F(W) * |uj|*)u;) and ||u;||r2 = 1, we can estimate, by the triangle
inequality,
A= Do| < [lur = wall 2 [ (FOW)  [ua*)un || o+ [[(FOV) # [ Jur = (F(W) # [ua|*Jusl| . -

Using Lemma 2.4 to bound the first term, and the same argument we used to prove (3.16)
for the second one, we obtain

M= Dol < ColIW g poee ([lullFn + [luallF) [lun — wal 2 (3.18)
Putting together (3.17) and (3.18) yields
St < Ov WL gl (lluallz + lluallfp) lun — uall 2. (3.19)

Using ||W /|1 4130 < €y and combining (3.19) and (3.16), we obtain (3.14). Since the role
of ¢; and 9 in the left-hand-side of (3.14) is symmetric, this concludes the proof. U

We are now ready to prove the uniqueness of a minimizer for the Hartree energy (3.2).

Proof of Proposition 3.5. By Proposition 3.2, we know that the Hartree functional energy J
has a minimizer for |W || 1,130 < ey with ey small enough. Let uy, us be two minimizers
of J. We use the same notations as in the previous proof, decomposing u; = a;uy + ¢;.
Since a;; = (uj, uy) > 0, in order to verify that u; = us, it suffices to prove that ¢, = ¢s.

To this end, we first show that ||u;||%, is bounded by Cy and next apply Lemma 3.7. We
can write

2
H1

g% < (ujy Hy,ug) = J(ug) + (ug, Voug) = (ug, (FOW) s Jug|*)uy).
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We have J(u;) = Ey since u; is a minimizer, (u;, Vou;) < allu;l|3, +b with a < 1 by
Hypothesis 1 and |(uj, (F(W) *|u;[*)u;)| < C|W|| 14 3] |us]|3: for some universal constant
C' by Lemma 2.4. Therefore

1
l1—a-— CHW”L1+L37‘X’

[l < 1+ (By + b+ C|W | y5)-

Hence, since in addition, by (3.12), Ey < uy + %(5‘/ for ||W|t1i30 < ey with ey small
enough, we deduce that [lu;]|3, < Cy. Lemma 3.7 then implies that

o1 — palloy, < OvIIW | pigpsee|lur — ug 2. (3.20)
Now we have
Jur — us|72 = Jou — aaf* + [lo1 — 2|72 (3.21)

To conclude the proof, we show that |a; — as| can be controlled by |[¢; —
and the arguments used in the proof of Lemma 3.7 ensure that |||z <

lillz < llesllor = 2||Ray T (F(W) [ [*)uy | o
< Cy|[(FW) * Ju;[*)uy o
< Oy [|[(FW) s fus s |
< Cv Wl pgpsee flull 30

< OVHWHLH-L&OO?

©a]|2,. Lemma 3.6
%. Indeed,

where in the last inequality we used in addition that [[u;|%, < Cy. Therefore [[p)||z2 < :
for ||W /|13 < ey with ey small enough and we can thus estimate

1/2 1/2
o1 = azl = | (1= leall2) " = (1= gl 2)
o2l 2 + llenll
= o lleallze = il e
(1= lleilli) " + (1= ligal2)
< Clpr — all 2 - (3.22)

Inserting this into (3.20)—(3.21) and using that |[o1 —@a||7. < [lo1—w2[|3,,, we finally conclude
that

HSOl - 902||Qv < CVHW||L1+L3@°H% - 902||Qv-

For ||W||L1y13.00 < ey with ey small enough, this implies that ¢; = @9, which concludes the
proof of the proposition. O

3.4. Expansion of the ground state energy for small coupling constants. Assum-
ing that V satisfies Hypotheses 1 and 2 and that W = g*w~'v? satisfies Hypothesis 3, it
follows from Proposition 3.5 that J has a unique ground state in U, denoted by u,, such
that (ugs, uy)r2 > 0. The next proposition provides the asymptotic expansion of the Hartree
ground state energy (or equivalently the Klein-Gordon—Schrédinger ground state energy)
stated in Proposition 1.6.



22 S. BRETEAUX, J. FAUPIN, AND J. PAYET
Proposition 3.8. Suppose that V satisfies Hypotheses 1 and 2 and that W = g*w 1v?

satisfies Hypothesis 3. Then, as g — 0,

By = J(ug) = v — ¢° / (F (0 ?) # Juy ) (@) [uy (22 dz + O(g").

Proof. As in Lemma 3.6, we decompose the Hartree ground state ugs = gty 4 s, With crgg
in C, gy in Qy and uy L @g in L?. By Lemma 3.6, we have

pgsll oy = 29 HR/\\/HL (}—<W v ) |ugb ungQV
< Cyg* H (w™ L )* |ugS ugsHQ

< Cvg H (w™ v )* |ugs ugsHLz = 0(92)7

the last equality being a consequence of Lemma 2.4. Similarly, using that Ry, = (Hy—Ay) ™},
we can estimate

|<90g87 HVSOgS>| < |/\V|||90g8||%2 + 94|<Hxl/ (-7}(”_1”2> * |“gS|2)“gSv RAVHJ‘; (-7?(“}_1”2) * |“g8|2)“g8>’
= O(g"). (3.23)

Here we used (3.13) which shows that |Ay| is bounded by Cy and that Ry, IIi; € L(Q}., Qv).
Besides, since |ogs|? = 1 — [|@gs||72, we have

lags| = 14+ O(g%). (3.24)
We can then compute

J(ugs) = (Qgsuy + Pgs; Hy (Qgstiv + @gs)) 12
=0 [ P gy + 0l () gy (o) + () do
= |ags|” v + (e, Hvsogs>
- Plal! [ F@ ) ¢ fur (@) v () do -+ O(g"),

where in the second equality we used that Hyuy = pyuy, uy L @gg in L? and Lemma 2.4
in order to obtain the expansion of the convolution term. Inserting (3.23) and (3.24) into
the last equality concludes the proof of the proposition. O

We conclude this section with the proof of Proposition 1.7 which provides the difference,
at second order in the coupling constant, between the ground state energy of the Pauli-
Fierz Hamiltonian H and the ground state energy of the Klein—-Gordon—Schrodinger energy
functional.

Proof of Proposition 1.7. Under the conditions of Proposition 1.7, using perturbative meth-
ods developed in the literature to study ground states of Pauli-Fierz Hamiltonians (see e.g.
[6, 8, 30, 34, 35, 48|), it is not difficult to verify that the second-order asymptotic expansion
of inf o(H) is given by

inf o (H)

= Hy — 92 <UV & Qa a(hx>(HV & HQ)L(Hfree - /’LV)_I(HV 02y HQ)LG*(hx)uV X Q> + 0(92) ;
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where we recall that Il stands for the orthogonal projection onto the ground state uy of Hy,
I stands for the orthogonal projection onto the Fock vacuum €, and (ITy @ IIg)t = I — Il
Moreover, Hge. = Hy @ It + I @ Hy. Decomposing (I ® [lg)* = Iy ® 11§ + [ ® I; and
using (1.23), we obtain

i o) = v = g* [ (P s funf?) @) o) do

_ <uv @ Q, a(hy) (I @ Tt) (Hee — )~ (I @ T)a” (e )uy ® Q> +o(g?).

A direct computation gives
<UV ® Q, a(h,) (I @ Ir) (Hiee — Mv)il(ﬂﬁ ® It)a*(he)uy ® Q>

= / v(k)*(uy, eIy (Hy — py + |k|)_1H\%’€_ik$Uv>Lgdk,
R3 v
which, together with Proposition 1.6, proves Proposition 1.7. 0

3.5. Ultraviolet limit. We suppose in this section that the coupling function is of the
form vy = v} <p for some ultraviolet parameter A > 0 and we write

Wy = g°w lop = Wi <a,

where we recall that w stands for the dispersion relation for the bosons and W = g?w~1v?.
Our fist concern is to show that the ground state energies Ey , defined by

Eya = qirellf/; Ia(u),  Ja(u) := (u, Hy u) — /RS (F (W) = |u\2)(a:) |u(z)|? d,

converge to Ey as A — 0o. As mentioned in the introduction, the main difficulty comes from
the fact that, in general, W, does not converge to W in L'+ L>*°. Nevertheless, we can rely
on the following easy lemma.

Lemma 3.9. Suppose that W satisfies Hypothesis 3. Let u in Qv . Then

/R3 (F (W) * [uf* ) () |u(z)|* dz —>/ ) [ul*) (2) Ju(@) [ da, (3.25)

and i
[(FOV = Wa) * ful*)ul| , — 0. (3.26)

Proof. To prove (3.25), we compute
/R3 (F (W) * |u|2)(x) ju(z)[* dz — /R3 (F(Wy) = |U|2)(x) lu(z)|” da

= [ W) = WAGDIF ) PR k= [ W (1) ) .

Clearly, for all k in R®, W(k)Ljg>alF(Jul?)[?(k) — 0 as A — oo. Moreover, since W
is in L' + L¥* and u in Qy, the proof of Lemma 2.4 shows that W.F(|ul?) is in L!
and hence W|F(|u|?)|> belongs to L!. Lebesgue’s dominated convergence Theorem then
proves (3.25).
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The proof of (3.26) is similar, using Lemma 2.4(iii) together with Lebesgue’s dominated
convergence in L2. 0

Now we can prove the convergence of the ground state energies in the ultraviolet limit.
The next proposition implies Proposition 1.8 from the introduction.

Proposition 3.10 (Ultraviolet limit of the ground state energies). Suppose that V' satisfies
Hypothesis 1 and that W satisfies Hypothesis 3. Then

Eyn — By.
A—o0
Proof. First, we observe that for 0 < A < A/,

[ F 0l Y@l de = [ Wab|FQuP) @k < | Wil FQul)l ) d

and therefore Jy > Jy. Hence A — Ey, is non-increasing on (0,00) and bounded below
by Ey. We set
EV,oo = lim EV,A Z Ev.
A—co
Now we show that Ey ., < Ey. Let ¢ > 0 and let u. € U be such that J(u.) < Ey +«.
We have

B < Ja(u) = J(u) = | (Wak) = W[ (Juc) (k) ab

< Ey+4e— / (Wa(k) — W(k))\f(|u€|2)|2(k) dk.

R3
Applying Lemma 3.9, this yields

EVoo: lim EVASEV‘i‘E-
’ A—oo ’
Since € > 0 is arbitrary, this concludes the proof of the proposition. O

Next, we establish the convergence of the ground states of J, to the ground state of J,
as A — oo. Combined with Proposition 3.1, the next result implies Proposition 1.9 from the
introduction. Some arguments of the proof below are similar to those used in the proof of
the uniqueness of the minimizer of J in Section 3.3. We do not give all the details.

Proposition 3.11 (Ultraviolet limit of the ground states). Suppose that V' satisfies Hypothe-
ses 1 and 2 and that W satisfies Hypothesis 3. There exists ey > 0 such that, if

||W||L1+L3,oo S SV,

then for all A > 0, Jy and J have unique minimizers uy g and ugs in U, respectively, such
that (upgs, wy )2 > 0 and (ugs, uy )2 > 0. They satisfy

||uA’gS — ugSHQV = 0.

Proof. Existence of a unique minimizer for J follows from Proposition 3.5. The same holds
for Jy since, for any A > 0,

IWallzrszsee < AWllzigpoee. (3.27)
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We write u = ugs and up = uy g to simplify expressions below. We decompose u = auy + ¢,
with a coefficient a = (u,uy) > 0, ¢ in Qy and uy L ¢ in L?, and likewise uy = apuy + @a,
with a coefficient ay = (up,uy) > 0, @p in Qp and uy L @, in L2

In the same way as in the proof of Proposition 3.5, using also (3.27) and the fact that Ey
is uniformly bounded in A (since Ey, 5 converges as A — oo, by Proposition 3.10), we have

lollee < Cv[Willpiyrsee, lloallre < Cv||Wllpiyrse. (3.28)
This yields
v —uallg, < Cvla—anl+ |l — ealloy,- (3.29)

The difference |ov — ap| can be controlled by [|¢ — ¢al|3.. Indeed, we have the upper
bound ||py][r2 < Cv||[W{|piprse < 5 for [|[W]pigpse < ey with ey small enough, where ¢y
stands for ¢ or p,. We can thus estimate in the same way as in (3.22),

leallge + llll 2

2 \1/2 2
(L= 1llellz) ™+ (1 = leoallz)

Since [|¢ — @all2 < |l — ¢allg, , inserting the previous inequality into (3.29) gives

o = an| = 75| el = llellel < Clle =@l 2

lu = ualley < Cvlle —@alloy- (3.30)
Now we estimate ||¢ — ¢allo, . To this end, we use Lemma 3.6, which gives
p = 2Ry 1L (F(W) * [ul )u, Av = By — (u, (F(W) * [uf*)u),
or = 2Ry, 1Ly (F(Wy) = lual)ua, Ava = Eya — (up, (F(Wa) * [up|*)ua)-
By the triangle inequality,
lp = ealley T+ T+ Ts, (3.31)
where
Ty = 2|| (R 1T = Ry JJI5 ) (F(W) x [uf)ul| o,
Ty := 2|| Ray JJIG(F(W = W) % )| o,
Ty = 2||R,\V7AH‘%—((]}(WA) * |u|2)u — (F(Wy) * |uA|2)uA) HQV’

We first estimate the term 75. As in (3.13), we have that Ay x < py + %(5‘/, with the distance
to the lower eigenvalue 0y = dist(uy, o(Hy) \ {pv}). Hence Ry, ,IIy; is in £(Qj,, Q) and

| Ry (1T < 2051 (3.32)

H/:(QT/,QV)
This yields
Ty < 43y [|(FOW) # Jul”)u — (F(W) = [ual*Jual| o,

< 405 |[(FW) 5 Jul)u — (FOV) # fua Y| 2
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since L? C Q},. We obtain from the triangle inequality that

Ty < 465 [[(FOW)  [(@ — an)u])ul
+40y [ (FW) * [aa(u — ua)])ul[ .
A8 (FOV) * Jual?) (w — un) |2 »

and hence Lemma 2.4 yields
T3 < OvWllpppoes (el + lluallz) llu — wallre. (3.33)

Since in addition we have |lu %, < Cy (in the same way as in the proof of Proposition 3.5)
uniformly in A, this gives

T3 S C’V\|W|]L1+Ls,oo|]u—uA||QV. (334)
Next we estimate T7. It follows from the resolvent equation that
Ty < 2[Av = Avall| (Bay T Ry (T ) (F (W) )| -

Using (3.32), the fact that, likewise, HR,\VH%/
obtain

Hc(g;,,gw < 26! and then Lemma 2.4, we

Ty < Cv Wiz poee ullzn [Av = Aval < CvlIW |z psee Ay — Aval. (3.35)
The expressions of A, Ay imply
IAv = Aval < [By — Eyal + ‘<U (F(W) * |[ul*)u)y — (un, (F(Wy) * |UA|2)UA>‘
<|By - EVAy + \<u (F(W — Wy) = |u\2 u>}
+ |< Uu, |U| U> <UA, ]: |uA| uA>‘
The last term can be estimated by the same argument we used to bound T3. This gives
[Av = Aval
< |Bv — Byl + Cv Wy rsee u — ualloy + |(us (F(W = Wa) * [ul*)u)|. (3.36)
To estimate the term 75, we write
Ty < Oy [[(FW = Wa) * Jul*)ull g, ,
< CVH(]-_"(W — Wy) * |u|2)uHL2, (3.37)

since L2 C Q5.
Putting together (3.30), (3.31), (3.34), (3.35), (3.36) and (3.37), we deduce that

(1 _CV||W||L1+L3OO)||U_UA||QV < Cv<|EV _EVA| + ‘<U W WA |u|2)u>‘
[N FOV = Wa) s fulul] 2)-

For ||W||p14 130 < ey with ey small enough, Lemma 3.9 together with Proposition 3.10 then
imply that ||u — uallg, — 0 as A — oc. O
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APPENDIX A. OPERATORS IN FOCK SPACE, SELF-ADJOINTNESS

A.1. Operators in Fock space. We recall in this section a few well-known properties of
basic operators in Fock space. We do not specify their domains. For more details the
reader may consult e.g. [11, 13, 47]. Recall that the symmetric Fock space Fs(h) over the
one-particle space h = L?(R3) has been defined in (1.10). For h in b, the creation and
annihilation operators a*(h) and a(h) are defined as follows:

a*(h)yyry = V(1) [h) \/Tyry, n>0,
a(h)‘vnh — \/ﬁ <h| ® IV7L71h’ n > 07 a(h)|(c — 0

Formally, we also have

a(h) = /R E)a(k) b, a*(h) = /R h(R)a’ (k) d.

where a(k) and a*(k) are operator-valued distributions which satisfy the well-known canonical
commutations relations

la(k), a(K')] = [a"(k),a*(K)] = 0, la(k),a*(K')] = 6(k — K').
The field operator ®(h) is defined by
®(h) = (a(h) +a*(h))/V2.
Let w be a self-adjoint operator on h. The second quantization of w is defined by

AT (W) jyry = > L1y @ w @ Ljuoy.
k=1

Note that this operator can be expressed in terms of creation and annihilation operators :

dl'(w) = / w(k)a*(k)a(k) dk.
R3
The coherent state of parameter f in § is the vector in Fock space defined as

@(\ff ||fnh f®n

Vei=e

where €2 stands for the Fock vacuum. Coherent states are eigenvectors of the annihilation
operator in the sense that, for all f,h in b, we have

a(h)Wy = (h, f), ¥
This identity implies the following relations:
(g, @(M)Wp)5 ) = 2Re (b, g, (Y, dD(W)Wy)g ) = (frw fy -

These equalities were used to compute the expressions (1.17%(1.18) of the Pauli-Fierz energy
of product stated of the form u ® Wy.
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A.2. Self-adjointness of the Pauli-Fierz Hamiltonian. In the next proposition, we re-
call the self-adjointness property of the Pauli-Fierz Hamiltonian H defined in (1.15). Recall
also that the free Hamiltonian Hy.e. has been defined in (1.16).

Proposition A.1. Suppose V satisfies Hypothesis 1 and that W = g?w=1w? is in L*(R3).
Then H is a self-adjoint, semi-bounded operator with form domain Q(H) = Q(Hyee) for all g
mn R.

Proof. Using the well-known N.-estimates for the creation and annihilation operators, we
have

la(ha)tllg, gy < [l 2hall, [|AT@) 205 )
la* (ha)llg, ) < oo™ 2R [ [|AT (@) 20| ) + sl 1Ml oy

Note that the quantity Hwil/th”b is well-defined since W is in L'. Now, by the Cauchy-
Schwarz inequality, we have

A0 @) 205,y = (0 AL @)E)g.

2
€
< 195, AT (@) 5.y T o [AC@)IIE, ) -

Taking ¢ > 0 small enough allows us to conclude that there exists a < 1 and b in R such
that, for all ¢ in F(h), the following inequality holds

lg®(ha)tllg, ) < @ Hteet g, ) + 019l )

Therefore g®(h,) is relatively bounded (and hence also relatively form bounded) with respect
to Hiee with relative bound less than 1. Applying the KLMN theorem (see e.g. [47, Theorem
X.17|) then yields the result. O

1
5.0) < 53 IV

As mentioned in the introduction, the condition W € L! is not satisfied by the polaron
model. It is nevertheless proven in [32|, by other means, that the polaron Hamiltonian H
also identifies with a semi-bounded self-adjoint operator with form domain Q(H) = Q(Hjee).

APPENDIX B. EXISTENCE OF A MINIMIZER FOR THE HARTREE EQUATION

In this section, we prove the existence of a minimizer for the Hartree energy functional as
stated in Proposition 3.2. We write w = F(W) = ¢>F(w™'v?) (where, recall, w is the field
dispersion relation, v is the coupling function and g is the coupling parameter) and display
the dependence of the Hartree energy functional (3.2) on the external potential V. In other
words, we study in this section the energy functional

Jy(u) == (u, Hyu) — /11@3 (w * [u]?)(z)|u(z)|* dz, wel,

where V,w : R* — R are real potentials, Hy = —A +V, and
U = {u € QV | Hu”Lz = 1},

with Qy C L?(R3) the form domain of Hy .
We begin with a lemma showing that Jy is well-defined and semi-bounded from below
under our assumptions.
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Lemma B.1. Assume that V satisfies Hypothesis 1 and that W satisfies Hypothesis 3.
Then Jy(u) is well-defined for all uw in U. Moreover, if the decomposition W = Wy + Wy in
Hypothesis 3 can be chosen such that

||W2||L3,oo < C(l — a)
for some universal constant C', where a is as in Hypothesis 1, then

Ey = inf Jy(u) > —o0. (B.1)

ueU

Proof. Combining (2.15)—(2.16) from Lemma 2.4 and (2.1) from Lemma 2.1, we deduce that,
for v in U,

C||Wa|| 3.0 bC ||Wo|| 3.
st < (14 SRy 0 gy o (w4 XL
for some universal constant C', and
C||Wa|| 3.0 bC||Wa|| 3.
s> (1= SNLY o gy (g IRy g
—a 1—a
Therefore, assuming C||W||ps.~ < 1 — a, we deduce that (B.1) holds. O

Next we prove Proposition 3.2. Recall that py = info(Hy). Below, if V is another
potential, we denote by Ji;, Ey, uy the quantities obtained from Jy, Ey, py by replacing V'
by V.

Proof of Proposition 3.2. Let (u;);en C U be a minimizing sequence for Jy, i.e.

Jv(Uj) j—?oo Ev.

The strategy consists in showing that (u;);ey converges strongly in L?(R?), along some sub-
sequence, to a state uy in Qy which is then a minimizer for Hy. We divide the proof into
several steps.

Step 1: We prove that

By < EV1- (B4)
Let € > 0. Let u. in U be such that (u., Hyu.) < py + €. Applying (B.2), we obtain that
C||[Ws|| 3.0 bC||Wa|| 13,0
By < Jy(u) < (1 + %) (v +€) + [Willp: + M
—a 1—a
Letting ¢ — 0, this yields
Cl|Wa|| 3. bC'||Wa|| 3.0
EV < (14—%),&\/4-”“/1”[/1 +%. (B5)

On the other hand, for all u in U, we can write, using (2.15), (2.16) and the fact that V; > 0,
T () > (u, Hyyu) — [Wille — C[[Wa| oo [Julf,

> (1= C||[Wal s ) s — [[WhllLe,

and hence
By, > (1= C|[Wa pse) vy — [[Willza. (B.6)
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Combining (B.5) and (B.6) gives

C W 3,00 bC W 3,00
By, — By > (1 — C||W2||L3,oo)HV1 B <1 t %)MV —2[Waflz - Hlfﬂ‘of3

= (1= CO[Wallzseo ) (i — pv) = 2[[Wil[p2 = Co [[Wal| s, (B.7)
where we have set
2 — b
Oy e BT Dy b
1—a

The right-hand-side of (B.7) is strictly positive since we assumed C||[Ws| 5. < 3(1—a) <
and provided that

1
2
1
2[Whllzr + Cv[[Wall oo < (v — ).
Step 2: We prove that for all v in U,

Jv(u) > By + (Bv, — By — 4| Wiz — C|[We pacelull3p) llRull7> + o(RY), (B.8)

as R — oo, for some universal constant C' > 0.

Recall that the localizations functions ng, 7z have been defined in (1.6). Writing the
decomposition u = n%u + f%u and commuting ng, 7z through —A, we have by the IMS
localization formula (see e.g. [18])

(u, Hyu) = (nru, Hynru) + (Rru, Hynru) — %<u, (|V77R|2 + ‘VﬁR‘Z)u>. (B.9)

The definitions of ng, g yield |||[Vng|?||r~= = O(R72), |||Vir|*||r~ = O(R~%). Moreover,
since Va(x) — 0 as |z| = oo,

(ru, Hyiru) = (iru, Hy,fru) + o RY)||fgrul”.
Inserting this into (B.9), we get
(u, Hyu) = (nru, Hyngu) + (fru, Hy,fgu) + o(R). (B.10)

Next we consider the convolution term in Jy (u). We can write
/ (w * [u]?) (@) |u(z)|? dz
R3
— [ sl @l @) o+ [ (s lirl) o) G 0 o

+ [ (s )@l @) P do+ [ (o final?) @)l e @) P de. (B11)

We estimate the last two terms in the right-hand-side of the previous equation. Since W is
in L'(R?), using (2.15) yields

| [ F0) bY@l @) o+ [ (FOV) 5 i) @) ) o) da
< 2AWalluslmwul el el < 20Willor Imulfs. (B12)
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Note that in the last inequality we used that ||[nrullzz < ||u||zz = 1. Next, since Wy is
in L>*(R?), using (2.16) yields

| [ F0) <)@l ) o+ [ (FOVa) 5 ) @) () ) da

R3
< ClWall oo [nrulli, irullze < ClIWellpasllulli I7rullZ + o(R%),  (B.13)

where in the last inequality we used in addition that ||[nrullz, < ||ulg + o(R°). Putting
together (B.10), (B.11), (B.12) and (B.13), we arrive at

Jv(u) = Jv(nru) + Jv (rw) = (2IWallze + ClIWell aslullip) 17Rull7> + o(R?).  (B.14)

Now, suppose that ||[ngul|zz # 0. Then we can write

U u
Jo(na) = (o, Hy 2o gl
||77RU||L2 ||77RU||L2
NrRU

wo " gl
NRU
= v () a3

||TIRUHL2
2

—l—/ (w* _NIRY ) x _NIr%

R3 ||TIRUHL2 ||77RUHL2

By definition of Ey, we have that Jy(nru/||nru|r2) > Ev. Estimating the integrated term
as above, using (2.15), (2.16) and ||ngul|g, < ||u|lg + o(R°), we then deduce that

Jy(nru) = By |ngullzz — (IWillze + ClIWal o lull ) 7wl 72 + o(RY). (B.15)
Similar arguments show that, if ||zul| # 0, then

2> NRU
T

2
m(@’ dz ||77RU||i2

2
(:c)‘ da Inrulz: 7rulZ2.

Jv, (1lru)
> By irullzz — (IWillz: + ClIWal oo ull ) lirullZ2 + o RY)
= (Bv, — By — [Willzr = Cl[Wal| oo lull ) rulz2 + Evllirulz2 + o(R").  (B.16)
We claim that (B.14), (B.15) and (B.16) imply (B.8). Indeed, if ||jgul| 2 = 0, then ||ngul| 2 =
1 and (B.8) follows from (B.14) and (B.15). If ||[ngul|z2z = 0, then ||fgul|2 = 1 and (B.8)

follows from (B.14) and (B.16). Finally if both ||ngul|| 2 # 0 and ||ru||z2 # 0, then combining
(B.14), (B.15) and (B.16) gives (B.8), since ||ngul|7s + |7rull7. = 1.

Step 3: We prove that (u;);en is bounded in Qy (equipped with the norm defined in (1.8)),

uniformly in W such that C||Ws| s < 3(1 — a), for some universal constant C.

It suffices to show that ((u;, —Au;) + (uj, Viu,))jen = ((u;, Hy, uj))jen is bounded. We
proceed as in the proof of Lemma B.1. We write

(uj, Hy,uz) = Jy (ug) + (uy, Voug) + /R3 (w * [ |*) () (x)]* da. (B.17)

For the second term in the right-hand-side of the previous equation, we use Hypothesis 1,
which implies that

(uj, Vouy) < aluj, Hy,ug) + blluj||72. (B.18)
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The third term of the right-hand-side of (B.17) can be estimated using (2.15) and (2.16),
namely

‘ /RS (w * s *) (@) s ()] da| < (Wl o [l 72 + Ol Wallpsee [ 13 gl 72
S ||W1||L1 —+ CHWQHLB,OO <Uj, HV+Uj>, (Blg)

since [|u;||z2 = 1. Inserting (B.18)—(B.19) into (B.17), assuming that C||W3||zs. < 1 —a, we
obtain
1

<
l—a-— C”WQ”LS,oo

Since (Jy (uj));jen converges, it is bounded. This proves that (u;);ey is bounded in Qy. In
turn, since we can assume without loss of generality that Jy (u;) < Ey +1 for all j, one easily
concludes form the previous equation together with (B.5) that (u;)jen is bounded in Qy
uniformly in W such that C||[Ws| s < 5(1 — a).

(uy, Hy. ;) () + b+ [Willps). (B.20)

Step 4: By Step 3, we know that (u;);ey is bounded in Qy. Hence there exists a subse-
quence, still denoted (u;);en, which converges weakly in Qy. Let uo, € Qy be its limit. In
particular u; — u. weakly in H'(R*). We prove that (u;);en converges strongly (along some
subsequence) to Uy, in L*(R?).

As in Step 2, we write, for R > 0,

luj = uosollze = lIna(wy — teo) 2 + 17 (u; — oo )l[72- (B.21)

Consider first the term ||7g(u; — uco)||7.. Let & > 0. It follows from Step 2 that there
exists Ry > 0 such that, for R > Ry,

9 Vly
s llze < Ey, = By — 4|Wil[p = C[[Wall oo |luglf7n ( |

Here it should be noted that the term Ey, — Ey — 4||Wi||p1 — C||Wa|ps. ||ug]|3: s strictly
positive. Indeed, we know from Step 3 that (||u;||x1) ey is bounded uniformly in Ws such
that C||Wa[z5. < 3(1 — a). Together with (B.7), this shows that

1
By, — By — 4[[Wi| 2 — C||Wal|seo|Juj |70 > Sy = pv) = 6 Wl = (C + Cv) [Wel 2,

By the assumption (1.19), the right-hand-side of the previous equation is strictly positive.
Returning now to (B.22), using in addition that Jy (u;) — Ey, we deduce that there exists jo
in N such that, for all j > jo (and R > Ry),

s 3 < 2 (B.23)
Using the lower semi-continuity of || - ||z, we also obtain that, for R > R,
I17Rtsc |7 < lim inf [liru;]|Z < 2e. (B.24)
j—00

Now fix Ry > 0 such that (B.23)—(B.24) hold and consider the term ||ng, (u; — tuoo)||3. from
(B.21). Clearly, since (u;)jen converges weakly to us, in H'(R?), it follows that (ng,u;)jen
converges weakly to ng,us in H'(Bag,), where Bog, = {r € R?®||z| < 2Ry}. The Rellich-
Kondrachov Theorem then gives the existence of a subsequence, still denoted by (ng,u;);en,
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which converges strongly to ng e, in L?*(Bag,). We can then conclude that there exists an
integer j; > jo, such that, for all j > 7y,

= tocl[Z2 = [1mmo (15 — ooz + 1177, (5 — 1o0) 72 < £ + 8e. (B.25)
Hence (u;);en converges strongly to u, in L?(R?).
Step 5: We prove that u., is a minimizer for .Jy .

Obviously, since u; — us strongly in L?(R?), we have that |Juxl|/z2 = 1. Moreover, we
clearly have

EV S Jv(uoo).
Hence it remains to show that Jy (us) < Ey.
Recall that

Ty (1) = (oo (—A + V) — / (1% [t ) (2) oo () - (B.26)
R3
By Step 3, (u;) is bounded in H'(R?) and by Step 4, (u;) converges strongly to us, in L?(R?).
Hence Lemma 2.3 yields

(Uoo, (A 4+ Vo) < liminf(u;, (—A + V)u;) .

j—00

It remains to consider the quartic term in (B.26). As in (2.15)—(2.16), we have
[ s P @R de = [ (s o) @i o)
= | /R (w s (Jusl* = [uoel*)) (@) (2)* dz +/ (w * Juso|?) (@) (Juy (@) 2 — uce ()] da

]R3
S (Wl + 1Well oo ) (sl + ool F0) [lus P = luse ||,
S (Wil + [Wallpeee) (1wl 7 4 lluooll 7)) lug + tooll 22 f|us — sl 22
S (Wil + [[Wall paee) [y — uool| 2,

where we used in the last inequality that ||u;|| ;2 = 1 and that (u;);ey is bounded in H'(R?).
Since u; — Uy strongly in L*(R3), this yields
/ (w % Jue?) (2) |t ()] dz = lim / (w |u,?) (@) [y ()P de. (B.27)
R3 J—0 JR3
Inserting (2.5), (2.6), (2.7) and (B.27) into (B.26), we finally obtain that
Jy (Uus) < liminf Jy (u;) = Ey.
j—00

This concludes the proof of the proposition. O
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