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Abstract. The notion of “closed systems” in Quantum Mechanics is dis-
cussed. For this purpose, we study two models of a quantum-mechanical
system P spatially far separated from the “rest of the universe” . Under
reasonable assumptions on the interaction between P and @, we show
that the system P behaves as a closed system if the initial state of PV Q
belongs to a large class of states, including ones exhibiting entanglement
between P and (). We use our results to illustrate the non-deterministic
nature of quantum mechanics. Studying a specific example, we show that
assigning an initial state and a unitary time evolution to a quantum sys-
tem is generally not sufficient to predict the results of a measurement
with certainty.

1. Introduction

A key reason why, in science, we are able to successfully describe natural processes
quantitatively is that if some process of interest is far isolated from the rest of the
world it can be described as if nothing else were present in the universe; i.e., it can
be viewed as a process happening in a “closed system”. This means, for example,
that a condensed-matter experimentalist studying a magnetic material does not
have to worry about astrophysical processes inside the sun, in order to understand
the magnetic properties of the material in his earthly laboratory. Nor, for that
matter, does he have to worry about what his colleague in the laboratory next
door is doing, provided he is not experimenting with strong magnetic fields. It is
the purpose of our paper to show that the notion of “closed systems”, in the sense
just sketched, makes sense in quantum mechanics — in spite of the phenomena of
entanglement and of the “non-locality” of Bell correlations.

Rather than engaging in a general, abstract discussion, we propose to study
some concrete models of quantum systems, S := PV Q V E, composed of two
spatially far separated subsystems P and ) coupled to a common environment E
(that can be empty). We discuss various sufficient conditions implying that, for a
large class of initial states of S including ones exhibiting entanglement between P
and @, the time-evolution of expectation values of observables, Op, of the subsystem
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P behaves as if the subsystem () were absent. The interesting ones among our
sufficient conditions turn out to be uniform in the number of degrees of freedom of
the subsystem @Q. Our results can be interpreted as saying that there is “no signaling”
between P and @, provided that these subsystems are spatially far separated from
one another, independently of whether the initial state of PV (Q is entangled, or not,
and independently of the number of degrees of freedom of Q. In other words, our
conditions guarantee that P can be considered to be a “closed system”. (Absence
of signaling has previously been discussed, e.g., in [27], [8 [25].)

We will discuss two models. In a first model, we choose P to describe a
quantum particle moving away from a system @) that may have very many degrees of
freedom; the environment F is absent. It will be assumed that, in a sense to be made
precise below, interactions between P and ) become weaker and weaker, as the
distance between the two subsystems increases. One purpose of our discussion of this
model is to show that quantum mechanics does not admit a realistic interpretation
— in the sense that knowing the unitary time evolution of a system and its initial
state does not enable one to predict what happens in the future — and that it is
intrinsically probabilistic. In a second, more elaborate model, the subsystems P
and @ are allowed to exchange quanta of a quantum field (such as photons or
phonons), i.e., P and Q can“communicate” by emitting and absorbing field quanta,;
accordingly, the environment F is chosen to consist of a quantum field, e.g., the
electromagnetic field or a field of lattice vibrations. The goal of our discussion is to
isolate conditions that enable us to derive an “effective dynamics” of the subsystem
P that does not explicitly involve the environment E and is independent of Q.

To keep our analysis down to earth, we will only study systems P and @ (with
finitely many, albeit arbitrarily many degrees of freedom) that can be described in
the usual Hilbert-space framework of non-relativistic quantum mechanics, with the
time evolution given by a unitary one-parameter group. The “observables” are taken
to be bounded selfadjoint operators on a Hilbert space. (For simplicity, the environ-
ment E will be assumed to have temperature zero, with pure states corresponding
to unit rays in Fock space.)

Concretely, the Hilbert space of pure state vectors of the system S = PVQVE
is given by

H=Hpr®Ho®HE, (1.1)

where Hp, Hg and Hg are separable Hilbert spaces. General states of S are given
by density matrices, i.e, positive trace-class operators, p, of trace 1 acting on H.
General observables of the entire system S = PV Q V E are self-adjoint operators
in B(Hp ® Ho ® HE), where B(H) is the algebra of all bounded operators on the
Hilbert space H. Observables refering to the subsystem P are selfadjoint operators
of the form

OP:O®H’HQVE7 O =0" € B(Hp). (1.2)

A state p of the entire system S determines a state pp of the subsystem P (a
reduced density matrix) by

Trup(ppA) = Tr(p(A® Lng, ), (1.3)

for an arbitrary operator A € B(Hp).

Time evolution of S is given by a unitary one-parameter group (U(t))ier on
H.

We are now ready to clarify what we mean by “closed systems”: Informally, P
can be viewed as a closed subsystem of S if there exists a one-parameter unitary
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group (Up(t))ter on Hp such that
Tr(pU(6) (A® Lagy )U(M) = Tras (ppUp(0) AUR (), (14)

for a suitably chosen subset of density matrices p and all times in some compact
interval contained in R. Mathematically precise notions of “closed subsystems” will
be proposed in the context of the two models analyzed in this paper, and we will
subsequently present sufficient conditions for P to be a closed subsystem of S.

The plan of our article is as follows. In subsections[2.1.1]and [2:2.1] we introduce
the models analyzed in this paper. The first model describes a quantum particle, P,
with spin 1/2 interacting with a large quantum system @ and moving away from
Q. (The subsystem @ may consist of another quantum particle entangled with P
and a “detector”. The two particles are prepared in an initial state chosen such that
they move away from each other, with P moving away from the detector.) This
example will be useful in a discussion of some aspects of the foundations of quan-
tum mechanics, in particular of the intrinsically probabilistic nature of quantum
mechanics. The second model describes a neutral atom P with a non-vanishing elec-
tric dipole moment that interacts with a large quantum system . Both P and @
are coupled to the quantized electromagnetic field, E. In this model, S corresponds
to the composition PV Q V E. The point is to identify an effective dynamics for P
that does not make explicit reference to the electromagnetic field E. Our results on
these models are stated and interpreted in subsections and respectively.
In subsection we sketch some concrete experimental situations described, at
least approximately, by our models.

Proofs of our main results are presented in section [3| Many of the techniques
used in our proofs are inspired by ones used in previous works on scattering theory;
see, e.g., [26] [, [15] [16] 11 [12]. Some technical lemmas are proven in two appendices.

Acknowledgement. J. Fr. thanks P. Pickl and Chr. Schilling for numerous stim-
ulating discussions on models closely related to the first model discussed in our
paper. J. Fa. and J. Fr. are grateful to I.M. Sigal for many useful discussions on
problems related to the second model and, in particular, on scattering theory. J.
Fa.’s research is supported by ANR grant ANR-12-JS01-0008-01.

2. Summary and interpretation of main results

2.1. Model 1: A quantum particle P interacting with a large quantum system

2.1.1. Description of the model. We consider a quantum particle, P, of mass m = 1
and spin 1/2; (throughout this paper, we employ units where i = ¢ = 1). The
particle interacts with a large quantum system, @, which we keep as general as
possible. The pure states of the composed system, PV @, correspond to unit rays in
the Hilbert space H = Hp @ Hqo, where Hp := (L?(R*)®C?) and Hg is a separable
Hilbert space. The dynamics of PV @ is specified by a selfadjoint Hamiltonian

H:HP®]1HQ+]1’HP®HQ+HP,Q (2.1)
defined on a dense domain D(H) C H. In (2.1)),
HP = 7é ® ]].([j2.

2
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The operator Hp and Hq, defined on their respective domains, are self-adjoint.

Remark. It is not important to exclude the presence of external fields or potentials
acting on the particle. All that matters is that the propagation of the particle ap-
proaches the one of a free particle as time tends to oco. To keep our analysis simple
we assume that if the interaction between P and Q is turned off then P propagates
freely.

To identify P as a closed subsystem of S = P V @), one assumes that

1. the strength of the interaction between P and @ (described by the operator
Hp,g) decays to zero rapidly as the “distance” between P and @ tends to oo;
and

2. the initial state of the system is chosen such that the particle P propagates
away from @, the distance between P and @ growing ever larger. (We will
actually choose the initial state such that, with very high probability, the
particle P is scattered into a cone far separated from the subsystem Q.)

A graphical illustration of Assumptions (1) and (2) is given below.

FIGURE 1. The system Q is localized inside the domain . The
particle P scatters inside the grey colored set with a probability very
close to 1.

Next, we reformulate Assumptions (1) and (2) in mathematically precise terms. It
is convenient to identify L?(R?) ® C? ® Hq with L?*(R?*; C* ® Hg). We denote by
(€, €y, &) three orthonormal vectors in R?.

(A1) (Location of Q and properties of the interaction Hamiltonian) There is an open
subset Q C R? (possibly unbounded), the “spatial location” of the subsystem
Q, separated from the cone

Copy :={k € R® | k- &, > |k| cos(260)} (2.2)
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with 7/4 > 6y > 0, by a distance d > 0, and a covering
Q=JQ, ICN
nel
of Q by open cubes €2,, of uniformly bounded diameter such that

(i) the interaction Hamiltonian Hp g can be written as a strongly conver-
gent sum of operators,

Hpo =Y Hrq,, (2.3)
nel
on the dense domain D(Hp,g) 2 D(Hp) ® D(Hg).
The operator Hp,g,, encodes the interaction between the particle P and
the subsystem of @ located in the cube €2,,. The distance between €2,
and the cone Ca, is denoted by d, and is supposed to tends to 400, as
n tends to oo;

(ii) there is a constant a > 1 and a sequence { Ny }ncr of operators on Hg
with the properties that

[(L3p @ No)W(Z)lc2m,

H ) (& < 7 e Q° 2.4
(Hr @ V@ lcrong < S peas (24
for all n € I and for all ¥ € D(Hp) ® D(Hg), and
) e
ZdnT < Cd™", for some 8> 0,C < . (2.5)

nel
Furthermore, [Hp,q,,,Z] =0 for all n € I.

(A2) (Choice of initial state) The initial state Uy € S(R?;C? @ Ho), ||To|| = 1,
is a smooth function of Z of rapid decay with values in C* ® Hq. Its Fourier

transform,
~ » 1 —iR#g, o 3
Wo(k) := COEE /]R3 e Uo(Z) d’x, (2.6)
has support in the conical region Cy,;, defined by
Cooio := {k €R® | k- &, > |k| cos(6o), |k| > v} (2.7)

for some v > 0.
(A3) (Bound on the number of particles in Q)
[(Lae, ® Nu)e "Wl < C, forp=1,2, Vt>0,Vvnel.  (2.8)

Remarks. Assumption (A2) guarantees that the distance between P and Q grows
in time with very high probability. The hypotheses (A1) and (A3) are mathematical
reformulations of Assumption (1). The operator N, can be thought of as counting
the number of “particles” of the system @ contained in the subset 2y, for alln € I.
If the system Q is composed of identical particles, Hq is the bosonic/fermionic Fock
space over L>(R3;CP), (p = 1,2,...) and the operator N,, is the second quantization
of the multiplication operator by the characteristic function 1q, .

The decomposition of ) into cubes is used to get bounds that are uniform in
the number of degrees of freedom of the system Q.

We observe that the decay in is faster than the one of the Coulomb
potential. To justify one would have to invoke screening.
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2.1.2. Result. The reduced density matrix, pp, of the particle P corresponding to
the state ¥y € L2(R3;C? ® Hg) of the entire system S is defined by

(01, pP2) L2 (mec2) = Y (01 @ €5, Wo) (o, 02 ® €5),
jeJ
where @1, 2 are arbitrary vectors in L?(R*; C?) and {e¢;},jcs is an orthonormal
basis in Hq.

Lemma 2.1. We require assumptions (A1), (A2) and (A3). Then, for all n > 0,
there exists a length d(n,v) > 0 such that, for any d > d(n,v),

[(e™ " W0, (Op @ Lug)e™ " Wo) — Try, (ppe”™ 7 Ope™ )| < n|Op|, (2.9)
for all Op € B(L*(R?;C?)) and for all t > 0.

Lemma [2-1] justifies considering P as a closed subsystem: any observable of
the subsystem P evolves as if () were absent, up to an error term that can be made
arbitrarily small by increasing the separation between P and ). A similar result
was already discussed in [26], but with a finite range interaction between P and Q.
The proof of Lemma [2.1] is given in Appendix [B]

2.1.3. A concrete example where Lemma can be applied. We choose @) to be
composed of a particle P’ of spin 1/2 (electron) and of a spin filter D. The particles
P and P’ are scattered into opposite cones, and the spin filter D selects the particle
P’ according to its spin component along the axis corresponding to a unit vector
7i. A Stern-Gerlach-type experiment is added to the setup to measure a component
of the spin of the particle P.

\ /

particle P’ particle P 1" - 50%
.. TP . T e —_— P t L

Spin filter

The Hilbert space of the system S = PV P'V D is Hp ® Hpr @ Hp, where
Hp = Hp = L*(R* C?). We set

W;:(é), |¢>::(?).

We assume that the initial state is an entangled state of the form

1 n
o= = ; (15,0, 4395, p1, 1) = 1650, 154050, 1)) @ [x3), (2.10)
where ||¢j.pllr2z = [|¥;,pllL2 =1, (i, Xj)1p = 0s5 for all 4,5 =1,...,n. We assume

that Assumptions (A1), (A2) and (A3) of Section are fulfilled by the Hamil-
tonian H and by the initial state ¥y of the composed system S = PV Q, with
Q@ = P’ v D. For simplicity, we neglect interactions between P’ and P. However, it
is not hard to generalize Lemma to a situation where P and P’ interact via a
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repulsive two-body potential, assuming that the momentum space support of the
wave function v; is contained in a cone opposit to Cag,, for all j =1,...n.

We denote by Sp = (02, 0y,0-) the spin operator of the particle P, where o,
oy, 0, are the Pauli matrices. The next corollary is a direct consequence of Lemma

21

Corollary 2.2 (No-signaling). Let nn > 0. We require assumptions (Al), (A2) and
(A3) of Paragraph (2.1.1 Then there is a distance d(n,v) > 0 such that, for any
d > d(n,v),

(e Wy, Spe W) <,  VE>0. (2.11)

For sufficiently large values of d, Corollary [2.2] shows that the mean value of
the spin operator of the particle P very nearly vanishes for all times ¢, regardless of
the initial state vectors {x;} of the filter D. In particular, the expectation value of
the spin operator of P is independent of the kind of measurement on P’ performed
by the spin filter D. Here we assume that a particle P’ with §p/ -7l = h/2 passes the
filter, while a particle with Spr it = —h/2 is absorbed by D, with probability very
close to 1. A realistic interpretation of quantum mechanics, in the sense that the
time evolution of pure states in the Schrédinger picture would completely predict
what will happen, necessary fails. It would lead to the prediction that

(e Wy, (Sp - F)e W) ~ _g (2.12)
for sufficiently large times ¢ if the particle P’ has passed the filter D. This contradicts
Eq. . It shows that choosing a unitary time evolution and specifying an initial
state does not predict the results of measurement, but only probabilities for the
outcomes of such measurement. Our conclusion remains valid if the particles P and
P’ are indistinguishable particles; see [I8] 26].

2.2. Model 2: A neutral atom coupled to a quantum system () and to the quantized
electromagnetic field

2.2.1. The model. We consider a neutral atom P that interacts with a quantum
system @@ and the quantized electromagnetic field. The atom either moves freely
or moves in a slowly varying external potential. We assume that, initially, it is
localized (with a probability close to one) far away from the system @, and we
allow the system @) to create and annihilate photons. Our aim is to prove a result
of the form of . Our estimates for this model are however not uniform in the
number of degrees of freedom of the subsystem ). This problem could be solved
by decomposing @ into small subsystems. This complication is avoided to keep
our exposition as simple as possible. We do not specify the nature of @, but we
emphasize that it could represent another atom or a molecule. The internal degrees
of freedom of the atom P are described by a two-level system. The total Hilbert
space of the system S is the tensor product space

H ZZHP®HQ®HE7
where
Hp = L*(R®) ® C? and Hp = Fy(L*(R?))

are the Hilbert spaces associated to the atom and to the electromagnetic field,
respectively. Here Fy (L?(R?)) is the (symmetric) Fock space over L*(R?®). We use
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the notation

R® = ><{12}—{k (F, \) G]R“x{12}} k=S &’k

where k is the photon momentum and A denotes the polarization of the photon.
Any element ® € F, (L*(R®)) can be represented as a sequence (&™) of totally
symmetric n-photons functions. The scalar product on F (L*(R®)) is defined by

(®, ) Z/é("’ kO (ky, ..k, )dE, ...dk,

n>0

for all &,V € Fy(L*(R?)).
The Hamiltonian of the total system is written as
H:=Hp @My QLppy +1p, @ Hg @ Ly + Uy @ Ly, @ HE
+Hpr+ Hpq + Hq,E,

L A wo 0
H”'__§+< 0 0)

is the free atomic Hamiltonian, with wo the energy of the excited internal state of
the atom, Hg the Hamiltonian for the system @, and

Hp = dD(|F]) = /M |Kla* (k)a(k)dk

where

is the second quantized Hamiltonian of the free electromagnetic field. The operator-
valued distributions a(k) := ax (k) and a* (k) := a} (k) are the photon annihilation
and creation operators. We suppose that Hg is a semi-bounded self-adjoint operator
on Heq. In what follows, we write Hp for Hp ® ﬂHQ ® 13, and likewise for Hq
and Hpg, unless confusion may arise.

The interaction Hamiltonians, Hp g, Hp,g and Hg g describe the interactions
between the atom, the system @, and the quantized field. The atom-field interaction
is of the form Hp g = —d- E, where d = Ao is the dipole moment of the atom, &
is the vector of Pauli matrices, and E is the quantized electric field, i.e.,

Hrpi=ido [ xEFEEE) 5 (Fal) - e @) di,
B3

where x € C§°(R?;[0,1]) is an ultraviolet-cutoff function such that xy = 1 on {k €
R, |k| < 1/2} and x = 0 on {k € R?, |k| > 1}, and &(k) := &\ (k) are polarization
vectors of the electromagnetic field in the Coulomb gauge. With the usual notations,
Hp g can be rewritten in the form

HP,E = (I’(hl) = a*(hz) + a(hz), (2.13)
with

ha (k) := —idox(B)|k|2 (k) - G *F 7. (2.14)

By standard estimates (see Lemma [A4), Hp g is Hp + Hp bounded with

relative bound 0. We suppose that Hp,g and Hg,g are symmetric operators rela-

tively bounded with respect to Hp + Hg and Hq + HE, respectively, and that H

is a self-adjoint operator with domain D(H) = D(Hp + Hg + Hg) D H*(R®) ®

C? ® D(Hg) ® D(Hg). Further technical assumptions on Hp g and Hg g needed
to state our main theorem will be described below.
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2.2.2. Assumptions. We assume that:

1. The support of the initial atomic wave function (at time ¢ = 0) is contained
inside a ball Br of radius R.

2. There is a large distance d > R such that the interaction Hamiltonian
Hp qlaist(p,,0)>24 between the ball of radius d, By, centered at the same
point as the ball Br containing the support of the initial wave function of the
atom and the region Q containing Q is bounded in norm by Cd~?, for some
finite constant C' and some exponent 3 > 0.

3. With very high probability, there aren’t any photons emitted by the subsys-
tem @ towards, nor absorbed by @ from the ball of radius 3d centered at the
same point as the ball, Br, containing the support of the initial wave function
of the atom.

To simplify the analysis, we suppose that the initial atomic wave function is
contained inside a ball (of radius R) centered at the origin, and that Q) is located
outside the ball of radius 3d centered at 0, for some fized d > R. Assumptions (2)
and (3) are then replaced by the hypotheses that Hp 1|z <4 is bounded by cd=*,
and that @) does not emit nor absorb photons inside the ball of radius 3d centered
at the origin. These assumptions imply that the system @) does not penetrate into
the ball of radius 3d centered at the origin. This hypothesis can be weakened for
concrete choices of the subsystem Q.

We recall the definition of the scattering identification operator (see |23], [7]
or [16] for more details) and a few other standard tools from scattering theory
to rewrite Assumptions (1) through (3) in mathematically precise terms. Let Fsn
denote the set of all vectors ® = (&™) € Fy(L*(R?)) such that ®™ = 0 for all
but finitely many n’s. The map I : Fan ® Frin — Fan is defined as the extension by
linearity of the map

I:a™(g1) - a”(gm)Q@a’(h1) -+ @ (hn)Q = a”(h1) -+ a” (hn)a™(91) - -~ a”(gm) 2,
(2.15)

forall g1,...,9m,h1,...,hn € LQ(R3). The closure of I on Hr ® HEg is denoted by
the same symbol and is called the scattering identification operator. Observe that
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I is unbounded. Let
Ho:=Hp ®HE, Hoo :=Ho @ HE.

The Hilbert space Ho corresponds to the atom together with photons located near
the origin, whereas Hoo corresponds to the system @ together with photons located
far from the origin. We extend the operator I to the space Ho @ Hoo by setting

I:Ho® Hoo — H.

We use I to “amalgamate” Ho with Heo.
We recall that the Hamiltonian Hpy g on Ho = Hp ® HE associated with the
atom and the quantized radiation field,

Hpyg := Hp + Hg + Hp,E,

is translation-invariant, in the sense that Hpy g commutes with each component of
the total momentum operator

Ppyp = Pp + Pg = —iV, +/ ka* (k)a(k)dk.

R3

This implies (see e.g. [2] or [10] for more details) that there exists a unitary map

(&3]
U:Hp@Hr — C? @ Hg d*p,

R3
such that

(]
UHpypU ™' = / CH@p.
R

For any fixed total momentum § € R* the Hamiltonian H(p) is a self-adjoint,
semi-bounded operator on C?> @ Hg. Its expression is given in Appendix It
turns out that, for |p] < 1 and for small coupling Ao, H(p) has a ground state with
associated eigenvalue E(p), and that this ground state, ¥(p), is real analytic in p,
for |p] < 1; see [10] and Theorem [A-T]for a more precise statement. Given 0 < v < 1,
we introduce a dressing transformation J : L? (R3) — Hp ® HEg, defined, for all
uw € L*(R?) and for a.e. & € R® by the expression

1 . i@ (f— P

L [ e, L e &, (2.16)
(2m)2 Jrs

where x5, ,, € C& (R3; [0,71]) is such that xp, , =1on By /s = {p e R® |p| < v/4},
and xp,,, =0, outside B, 5 := {p € R, |p] < v/2}. The state J(u) describes a
dressed single-atom state. We recall that, for any operator a on L?(R?), the second

quantization of a, I'(a), is the operator defined on Hg by its restriction to the
n-photons Hilbert space, which is given by

L(a)l 2 gsyer = ®"a, n=0,1,2,... (2.17)

T (u) (%) :=

and ®%a = 1. We denote by
N:= [ a"(k)a(k)dk
R?’

the photon number operator on Fock Space. We are ready to state our main as-
sumptions.
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(Initial state of atom) Let v € L*(R®) be such that supp(v) C {# € R?, |#| <
1}. The initial orbital wave function of the atom is supposed to be of the form

uw(®) = R**v(R™'7),
for some R > 1. In particular,
supp(u) C {Z € R*,|Z| < R},
and ||ul|;2 = ||v||z2 is independent of R.

(Initial state of photons far from the atom) The state ¢ € Hoo = Ho ® HE
satisfies

(Lo @ T(Lyg1234)) 9 = s
for some d > 0, where ¢ := iV denotes the “photon position variable”, and
@ € D(Hqove) ND(un, ® e,
for some § > 0.
(Interaction P — Q) The interaction Hamiltonian between the atom and the

subsystem @, Hp,q, is a symmetric operator on Hp ® Hq, relatively bounded
with respect to H, and satisfying

|Hp.qLjs<all < Cd™" (2.18)
for some constants C and 8 > 0.
(Interaction Q — E) The interaction Hamiltonian between the subsystem @

and the radiation field, Hqg, g, is a symmetric operator on Hg ® H g such that
Hove = Ho + He + Hg, g is self-adjoint on

D(Hqve) =D(Hq + Hg).

Moreover, in the sense of quadratic forms, Hg,r satisfies

[Ho.p,d*(L)51<s4h)] =0, [Ho,r,T(j ()] =0, (2.19)
for all h € L?(R®) and for all Fourier multiplication operators j(i) on L?(R?)
such that j(7)15>34¢ = 1|5)>34, Where a* stands for a or a*.
(Number of photons emitted by Q) The initial state ¢ satisfies e~"*HevEp ¢
D(N) for all times ¢t > 0, and

A0 (L5150 )eH@vE Q|| < C(t), (2.20)

for some ¢ > 1, where C' is a positive constant depending on ¢ and (t) :=
(1 + t2)1/2.

Remarks. (B1), (B3) and (B4) are direct mathematical reformulations of the hy-
potheses (1), (2) and (3) above. In (B2), we assume that, initially, photons in
contact with Q are “localized” outside the ball of radius 3d centered at the origin.

The constant C' in (2.18]) depends a priori on the number of degrees of freedom

of the subsystem Q. This problem could be circumvented by decomposing @Q into
subsystems located ever further away from P, as we did for the first model.

Assumption (2.19) is very strong and can be relaxed in concrete examples

for the subsystem Q. For instance, if Hg g is linear in annthilation and creation
operators, Eq. is not relevant and the estimate of the norm of the commu-
tator of Hg,g with other operators on Fock space can be carried out directly. The
calculations are the same as for the operator Hp g .
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Assumption (B5) implies that the number of photons created by Q does not
grow faster than linearly in time. Indeed, using Hardy’s inequality and the fact that
D(Hgve) C D(HEg), we have that

4T (e 5] < etlar (1 )e e | < et Hpe MavE ] < 1.

(12.20) says that the number of photons emitted by Q and traveling faster than light
grows at most linearly in time. Fq. could be weakened by a polynomial growth.
This would lead to worse estimates in Theorem below. Assumption (B5) is not
fully satisfactory, since the upper bound may depend on the number of degrees of
freedom of Q. The main reason why we impose (2.20)) is that photons are massless.
The operator N is not Hg-bounded, and some of our estimates cannot be proven if
we do not control the time evolution of the total number of photons.

For massive particles, the dispersion law w(k) = |k| is replaced by w(k) =
VE2 + m?2, where m > 0 is the mass of the particles of the field. Since N is Hg-
bounded, and since, under our assumptions, D(Hgovr) C D(HE), we have that

| Vet m ] < O(IHaveel + llel).

Hypothesis (B5) is therefore obviously satisfied for massive particles. To simplify
our presentation, we only state and prove our main result for photons.

2.2.3. Main Result. Our aim is to show that, under Assumptions (B1)-(B5), P
behaves as a closed system over a finite interval of times. For a,b > 0, we write
a = O(b) if there is a constant C' > 0 independent of ¢, d and R, such that a < Cb.

Theorem 2.3. Consider an initial state 1p € H of the form

I Uj 5)s
S AT u,)wnz )® 1)

where u; and @; satisfy Assumptions (B1), (B2) and (B5) with d > R® > 1, for
i=1,...,1, and (@i, p;) = §;j foralli,j =1,...,1. We introduce the density matriz

1
p:zi ’U,J BHO
o= S 2= )| € B(Ho)

Suppose, moreover, that Asumptions (B3) and (B4) are satisfied. Then
<€_itH’¢,OP€_itH’$> — TTHO(ppe“HPVEOP(?_“HPVE)
+l0p ] (O((@/R)727) + O((6)(d/R*)"2) + O(Fd"3) + O(td ™))

forall0 <~y <1, allt >0, and all Op € B(Hp).

2.2.4. A corollary: the dressed atom in a slowly varying external potential. We
now assume that the atom is placed in a slowly varying external potential, Vz (Z) =
V(eF), with V. € L°(R3;R). We set

Hp = Hp +Ve(%), Hpyp:=Hpyg +Ve(d), H = H+V.(3).
We define the effective Hamiltonian Hp . on Hp as

€ = 1 —»
Hia = B(=i9) 40 o o ) + V@),
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where E(p) is the ground state energy of the fiber Hamiltonian H(p). Since V:
is bounded, Hp, Hp, g, and H* are self-adjoint on D(Hp), D(Hpvg) and D(H),
respectively.

Corollary 2.4. Suppose that V € L™(R*R) satisfies supp(V) C Bi = {Z €
R? |Z| < 1}. Set u;(t) := e Pty with u; € H*(R?), and

for all t > 0. Under the assumptions of Theorem@ we have that
(7, 0pe™ ) = Try(pe(1)Op) + Op ]| (O(12)
+O((d/R) ") + O((1)(d/R)7H) + 0(d"F) + O(td ™)),

forall0<~y<1,all0<t<e ! and all Op € B(Hp).

This result is similar to the one proven in [2].

3. Proof of Theorem [2.3] and Corollary [2.4
3.1. Plan of the proof

The estimates used in the proof of Theorem are insensitive to the presence
of the potential V. (see Corollary . The bounds derived in the next sections
are valid for both H® and H. To keep consistent notations, we prove Theorem
with H replaced by H® and Hpvg by Hpyg. In Section [3.3] we prove that,
in the dressed atom state J(u), with u as in Hypothesis (B1), most photons are
localized in the ball of radius d > R centered at the origin. Using the fact that the
propagation velocity of photons is finite, we show, in addition, that after time ¢, for
the dynamics generated by the atom-field Hamiltonian Hp,, 5, most photons in the
state e "“HPvE 7(u) remain localized in the ball of radius d centered at the origin.

In Section we introduce a partition of unity in Fock space (see [7]) sep-
arating photons localized near the origin from photons localized near infinity. We
rewrite the Hamiltonian H® in the factorization of the Fock space determined by
this partition of unity.

In Section [3.5] we prove Theorem [2.3] using Cook’s method, the partition of
unity of Section [3.4] and the localization lemmas of Section [3.3]

Proofs of some technical lemmas are postponed to the appendix.

3.2. Notations and conventions
We remind the reader that for a,b > 0, we write
a = 0O(b)
if there is a constant C > 0 independent of ¢, d and R such that a < Cb.
Given two self-adjoint operators A and B, the commutator [A, B] is defined
in the sense of quadratic forms on D(A) N D(B) by
(u, [A, Blv) = (Au, Bv) — (Bu, Av).

In our proof, we will encounter such a commutator that extends continuously to
some suitable domain. The corresponding extension will be denoted by the same
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symbol, unless confusion may arise. In the same spirit, we will often make use of
“Cook’s method” to compare two different dynamics. Suppose, for instance, that B
is A-bounded. Then we will write

¢
HefitBu — efitAuH < /0 (A - B)efiSAqus,

for u € D(A). A proper justification of the previous inequality would be
H —itB —itA || _ itB_—itA
e u—e uH— sup }(v,ufe e u>’
veD(B),|lv]|=1

sup }/ sz A B) —1isA d8|

vED(B),|lv]|=1
¢

H/ e“B(A - B)e " ds||,
0

the last equality being a consequence of the fact that A— B extends to an A-bounded
operator. We will proceed similarly to estimate quantities like || Be™®*4u|| = |le® Be "4
assuming for instance that B is bounded and that the commutator [A, B] extends

to an A-bounded operator. Since such arguments are standard, we will not repeat

them in the rest of the paper.

3.3. Localization of photons

In this section, we begin by verifying that in the dressed atom state

T)@ = — [ 4@ T, @@ (31)

(2m)2
(with w € L?(R®) as in Hypothesis (B1)), most photons are localized near the
origin. Here ¢ (p) is a non-degenerate ground state of H(p), and p — 1(p) is real
analytic on {p' € R?, |p] < v}, for any 0 < v < 1; see Theoremof Appendix
for more details.

Next, we consider the evolution of the state J(u) under the dynamics gener-
ated by Hp,, g; (we recall that Hp,, p is the Hamiltonian for the atom in the external
potential V; and interacting with the photon field). Using that the propagation ve-
locity of photons is finite, we are able to prove that, for times not too large, most
photons remain localized in the ball of radius d > 1 centered at the origin. This
property will be important in the proof of our main theorem (see Section [3.5)), since
it will allow us to show that the interaction between photons close to the atom and
the system @) remains small for times not too large.

We begin with three lemmas whose proofs are postponed to Appendix
The first one establishes polynomial decay in |Z| in the state J(u), assuming that
u is compactly supported. It is a simple consequence of standard properties of
the Fourier transform combined with the analyticity of p — (p) (where, recall,
¥ (p) is a ground state of the fiber Hamiltonian H(p)). In what follows, we use the
identification Hp ® Hr ~ L*(R*;C? @ HE).

Lemma 3.1. Let u € L*(R®) be as in Hypothesis (B1). Then
H(1+|1"|)u\7 H'HP®'H CMRM7
for all p > 0, where C, is a positive constant independent of R > 1.

In the next lemma, we control the number of photons in the fibered ground
state ¥(p). Based on the pull-through formula, the proof of Lemma follows the
one of Lemma 1.5 in [13].
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Lemma 3.2. Let 0 < v < 1. For all f € R* such that |p] < v and § € R, we have
that
»(7) € D(™).
Moreover,
sup [|e”Me(p)]| < Cs.
PEB, /o

Next, using Lemmas [3.1] and [3.2] we prove that, in the dressed atom state
J (u) (Wlth u as in Hypothesls (B1)), most photons are localized in the ball {g €
R?, |7 < d}.

Lemma 3.3. Let u € L*(R?) be as in Hypothesis (B1). Then, for alld > R > 1 and
0<y< L
[T (Ry51<a) T (W] = O((d/R)™7).

The next lemma is another, related consequence of Lemmas- 3.1jand [3.2] - Con-
sidering the dynamics generated by Hp,  and the initial state J(u), with u as in
Hypothesis (B1), Lemmashows that, after times ¢ such that 0 < ¢ < d/R, most
photons remain localized in the ball {§f € R?, |§] < d}. This is a consequence of the
fact that the propagation velocity of photons is finite.

Lemma 3.4. Let u € L*(R?) be as in Hypothesis (B1). Then, for alld > R > 1 and
t >0,

(@ = T(Wz<a)) e Pve g (u)|| = O(tTd"2) + O(() 1 (d/R)"2),  (3.2)
where we recall the notation (t) := (1 +t2)'/2.
Proof. We begin with establishing two preliminary estimates.
Step 1. We have that
| Ne™*HEve 7 (u)|| = (3.3)

By Lemma we know that J(u) € D(N). To see that e *Pve 7 (u) € D(N)
for all t € R, we observe that D(Hp) ® Fen(D(|k|)) is a common core for Hp, 5 and
N, and that (N + 1)~" preserves D(Hp) ® Fan(D(|k|)). Here we use the notation
Fin(V) = {® = 0™ e Hp, @™ € @V for all n, ™ =0 for all but finitely many n}.
Since the commutator
[N,Hpyg] = [N, Hp ] = —i®(ihs), (3.4)
is both Hp, z- and N-relatively bounded, we deduce from [20, Lemma 2| that
e *EvED(N) C D(N) and hence in particular that e~ *"Pve 7 (u) € D(N). Here,
as in (2.13)—(2.14), ®(ihe) := a*(thz) + a(ihs).

To prove (3.3), we use that
|Ne~"HPve 7 (u)|| = || Pve Ne= " Hove 7 (u)|

< vl + [ 1. Hole™ b g )]s,

It follows from Lemma [3.2] that |[NJ(u)|| = O(1). Since D(Hpyg) C P(Hg) C
D(H;J/Q) and since ®(ihg) is Hém—relatively bounded, we deduce from (3.4) that
there are positive constants a and b such that

[N, Hpyle e 7 )| < | How s @] + 61T ()
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Since J(u) € D(Hpve) = D(Hp\ g), this concludes the proof of Step 1.
Step 2. We have that
Jlate 52 7| = (1) + O(R)

The proof of this estimate is similar to Step 1. The only differences are that
||Z]7 (w)|| = O(R) by Lemma3.1] and that the commutator [|Z], Hp 5] = [|&], —Az]/2
is relatively bounded with respect to (—Az+1)'/2. The latter property follows from
the computation

L L I
17, —Az] = Va - o+ 2 V=25V, +
1Z] |7 |Z] | 7’

and the fact that |Z|~! is relatively bounded with respect to (—Az + 1)*/2 by
Hardy’s inequality in R3.

Step 3. Now we proceed to the proof of Lemma|[3.4 We introduce a smooth function
X-<d € C§°([0, 00); [0, 1]) satisfying xr<dlly<da/2 = Ly<ay2 and Xxr<ally>q = 0. We
observe that, to prove | , it is sufficient to establish that

J(a- r(xhngd)) e g ()| = O(Fa ) +O(i (@/R)E). (35)
The proof of relies on the following argument:
(- F(Xlﬂ\Sd)) T g ()|
< <«7(U)7€itHIEDVE (1 —D(xig<a))e “tHEvE 7 (u ))

=|[(L - T(xi71<a)) T +Z/ (T (), PvE [D(xg12a), Hpvple " PVE T (u))ds.

The first term on the right side of this inequality is of order O((d/R)™**?7) for all
0<~v<1, by Lemma Here we choose v = 1/2. To estimate the second term,
we compute the commutator

[C(xig1<a)s Hpve) = [T (Xig1<a), He] + [T (X191<a), HPE]s

and estimate each term separately. In Appendix (see Lemma [A.10)), we verify
that

I[P (igi<a), He] (N +1) 71| = O@d ™).
Together with Step 1, this shows that
/ (T (u), e MPvE [T (x151<a), He]e “Pve T (u))ds = O(£2d 7). (3.6)
Using again Appendix |A.4| (see Lemma [A.8)), we have that
o 1 _
@) [C(xig1<a), Hpp] (N + 1) 2 || = O(d ™).
Combined with Step 1 and Step 2, this implies that
t _—
/ (T (u), e MEve [rmg.gd),HP,E]e*”HPvEﬂu»ds =0(t3d™") + Ot (d/R) 7).
0
This estimate and (3.6]) imply (3.5)), which concludes the proof of the lemma. O
We conclude this subsection with another localization lemma that will be
useful in the proof of Theorem 23] In spirit, Lemma [3.5] is similar to Lemma [3:4]

and follows from the fact that the propagation velocity of photons is finite. For the
dynamics generated by Hgvg, it shows that, if in the initial state ¢ all photons
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are localized in the region {§ € R?, |7 > 3d}, then in the evolved state e "*HavE o,
with ¢ < d, most photons are localized in {7 € R?, |7 > 2d}.

Lemma 3.5. Let ¢ € Hoo = Ho ® HEe be as in Hypothesis (B2) and suppose that
Hypotheses (B4) and (B5) hold. For alld >0 and t > 0,

|- P@gan)e e = O(Fa ™). (3.7

Proof. Let xr>24 € C5°(]0,00); [0, 1]) be a smooth function satisfying x,>241l,>34 =
1,>3q4 and xr>241lr<24 = 0. With this definition, we see that, in order to prove ,
it is sufficient to show that

(L = P(xjgiz2a)) e 19V E || = O(%d 7). (3:8)
As in Lemmalﬁﬂ[7 we use that

[ (L = T(xjz1224)) e 2V E || S/O [T (X 171224), Hove]e™ ™H2vE | ds.

We have that [I'(x|g>24), Ho] = 0, and it follows from Hypothesis (B4) that
[C'(x|g1>24), Hq,E] = 0. Therefore

|0 (x|71224), Hove](N + 1)~ H = ||[C(x|g1224), HE)(N + 1)~ ” a), (3.9)

the last estimate being proven in Appendix [A.4] (see Lemma . By Hypothesis
(B5) together with the assumption that ¢ € D(NN), we have that

[V + D)e=HevE || = O((s)). (3.10)
Equations (3.9) and (3.10) imply (3.8), which concludes the proof of the lemma. O

3.4. Factorization of Fock space

We introduce a factorization of Fock space (see [7] or [16] for more details), which
will be used to factorize e **¥° into a tensor product of the form e~ tHbve @
e~ "*Hove plus an error term. This factorization is carried out in Section and
is one of the main ingredients of our proof. Let jo € C§°([0,0);[0,1]) be such
that ]0 =1 on [0,1] and jo = 0 on [2,00), and let joo be defined by the relation
jé + 7% = 1. Recall that 7 := = iV denote the “photon position variable”. Given
d > 0, we introduce the bounded operators jo := jo(|7]/d) and joo := joo (|5]/d) on
L*(R?). We set

LR - LP(R%) & L*(RY)
u = (jou, joolt).
Next we lift the operator j to the Fock space Hg = F4 (L*(R?)) defining a map
L(j): He = F+(L*(R®) © L*(R%)),
with I'(j) defined as in ([2.17). Let
U: Fy(L*(R%) & L*(R?)) = Hi ® Ho,

be the unitary operator defined by

U =00 (3.11)

Ua" (u1 B u2) = (" (1) @ L+ 1 ® a™(u2))U. (3.12)
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The factorization of Fock space that we consider is defined by
0G):He = He®@He,  T([) =UT().

Using the relation j& + j2, = 1, one can verify that f(J) is a partial isometry. The
adjoint of I'(j) can be represented as

L()" =1(T(o) @ T(joo)), (3.13)
where I denotes the identification operator defined in (2.15)).
On the total Hilbert space H = Hp ® Hgo ® HE, we denote by the same
symbol the operator
I'(G) : H = Ho ® Hoo,
where, recall, Ho = Hp ® Hr and Ho = Hgo ® He. We introduce the bounded
operator
X|g1<a = Jo(2|5]/d), (3.14)
on L*(R®). As in Section it corresponds to a smooth version of the projec-
tion 15<q satisfying xjz<a € C5°([0,00);[0,1]), Xz1<aligi<as2 = Ljgi<a/2 and
X|gl<dl|g>a = 0.
We begin with a localization lemma for the initial state 1.7 (u) ® o, which will
be useful in the sequel. For the convenience of the reader, the proof of Lemma [3.6]
is deferred to Appendix

Lemma 3.6. Let u € L*(R®) be as in Hypothesis (B1) and p € Ho @ HE be as in
Hypothesis (B2), with d > R > 1. Then J(u) ® ¢ € D(I) and, for all0 < v < 1,
we have that

17(w) @ ¢ = I(T(x171<a)T () @ (T(Lj71230)¢) + O((d/R) ™

2+’Y )

A few remarks concerning the statement of Lemma are in order. In more
precise terms, the lemma means that

117 (w) @ ¢ = I(T(xi71<a)T (W) @ (T(Lyg23a)¢) || < C(d/R) 2

where C is a positive constant depending on 7, v (v being the function of Hypothesis
(B1)) and ¢, but not on R and d such that d > R. We mention that the exponent
(=14 v)/2 is presumably not sharp. We do not make any attempt to optimize it.
We also observe that the fact that J(u) ® ¢ € D(I) follows from Lemma and
Hypothesis (B2). The fact that (I'(x|z<4)J (v)) ® (D(17>3q4)¢) also belongs to
D(I) is a consequence of . More precisely, since jo = 1 on [0,1] and joo =1
on [3,00), implies that

I(T(xj51<a) T () © (T(L1g>34)9)

=11 (Cg<a)T (@) @ (P(Lig23a)9),
and therefore the boundedness of I'(j)* yields
[1(C(x171<0)T (W) © (T(Ljgz1z3a)0) || < [T @[l ell-

In what follows, we denote by H® the total Hamiltonian on # where the
interaction between the atom P and the system () has been removed, that is

H®:= H° — Hpg. (3.15)
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Moreover, to shorten notations, we introduce the definition

tioe = I(T(x112a)T (1) @ (P(Lj51230) ) = TG (Px171<0)T (u)) @ (F(ﬂlmz?&d)w)-

3.16)
We prove in Lemmathat, if the system is initially in the (non-normalized) state
Yloc, the contribution of the interaction between the atom and the subsystem @,
Hp g, to the dynamics, remains small for times not too large.

Lemma 3.7. Let u € L*(R?) be as in Hypothesis (B1) and p € Ho @ HE be as in
Hypothesis (B2), with d > R > 1. Assume Hypothesis (B3). For all times ¢t > 0, we
have that

e oo = e e + Otd ) + O((d/R) ™) + O(td ™).

Proof. We estimate the norm of

e M o — e T hioe = (€7 Xjz12a — Xjz1<ae” T o (3.17)
+ (X171<d — e " o +e (1 - X|7<d)Ploc-
Using unitarity of e tH E, we compute
H(eiitH Xj#1<d — X|z<ae” )oc | (3.18)

t ~
= H/ M (—H Xjz1<a + Xiz1<aHS)e T o dSH
0

t i e t ~ . e
S/ ’|HP,QX|5\§d€71(t75)H ¢10c“d8+/ H[HE,X‘@"Sd}eil(tis)H ’lplocHdS.
0 0
(3.19)
By Hypothesis (B3), we have that
||HP7QX\2\Sd67i5FI€1/]IocH <cd’. (3.20)

To estimate the second term on the right side of (3.19), we compute

[7e -1 1 _1 _
I xiz2a) (=25 +1)72 || = S|1[ - s xim=a] (-2 + 1) 72| = O(d™).

(3.21)

Since D(H®) = D(H®) C D(~Az) C D((—Az + ]l)%), there exist positive constant

a, b such that

i (7€
[(=Az + 1)2ul| < af|[H u]| + bf|u],
for all u € D(H*), which, combined with (3.21)), yields

I[HZ, xizza) e e = O ). (3.22)

Here we used that 91, belongs to D(H®). Indeed, by Hypothesis (B3), Hp,q is H*-
relatively bounded, and hence H is also H*-relatively bounded. Moreover D(H¢) =
D(Hp + Hg + Hg) by assumption, and it is not difficult to verify that 0. €
D(Hp + Hg + Hg).
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We now introduce x|z >4 := 1 — X|z<4- We estimate the second term in the
right side of (| - by using

Ixizrzae ™" Yoc| < Ixizzatiioe| + H/ 1° xgz2a) e toe dSH

< || X171z a0 ]| —|—/ H[ﬁE,X\f\Zd}e_“ﬁE%ocHds. (3.23)
0
The first term on the right side of is estimated as follows. The definition
of Yroc gives
X171z atroc|| = [[x12124L ()" (C(x17120)T () ® (C(Li71220)¢) |
< [[xiz12a7 (W) lll-
Applying Lemma [3.1] we then find that
X122 d%10c || = O((d/R) ™). (3.24)

The second term in the right side of (3.23] - ) has been already estimated in ([3.22])
above and the first term in the right side of (3.18) is estimated by (3.24). Equations
(3.19), (3.20), (3.22), (3.23) and (3.24)) prove the statement of the lemma. O

On the Hilbert space Ho ® Hoo, we abbreviate
No:=N®1Lly_, Neo =1y, ® N,

where, recall, N is the photon-number operator on Fock space. In the next lemma,
we rewrite the Hamiltonian H*® defined in (total Hamiltonian without the
interaction between the atom and the system Q) in the representation corresponding
to the factorization of Fock space given by I'(j). Combined with Lemma , Lemma
will allow us to compare the dynamics e —#H® on M with the tensor product
e~ HpvE ®e"tQVE on Ho® Heo. The proof of Lemma is somewhat technical.
It will be given in Appendix

Lemma 3.8. Assume Hypothesis (B4). On D(Hpve) ® D(HqgvE), the following
relation holds:
HT(G)" =T0)" (Hbve © Lu. + Ly, ® Houe) + Remi + Rems,
with
|[Rem1(No + Neo +1) || = O(d™ 1),
and
[Rema (No + Noo + (&)*°) 71| = O(d>),
for all 0 < § < 2, where we used the usual notation (T) := /1 + 2.

3.5. Proof of Theorem [2.3]

In this section, we prove our main result, Theorem [2.3]

Proof of Theorem[2.3 To simplify the exposition, we assume that the initial (non-
normalized) state 1) is given by ¥ = I.7(u) ® ¢. The more general initial condition
presented in the statement of Theorem [2.3|can be directly deduced from this special
case. We begin by applying Lemma sing unitarity of eiitHE, this gives

efitHE’(p _ 67“H51/’10c n O((d/R) =1ty

)
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for all 0 < vy < 1, with 9oc defined in (3.16)). Lemma then implies that

e = e e + O((d/R) 2T + O(td ) + O(td ™), (3.25)

where H. is defined in (3.15).

Next, we show that

PG)e M e = (7 PvE T () @ (€7 1VE Q) + O((8)(d/R) %) + O(d2).
(3.26)

We begin by using the localization lemmas established above in order to rewrite the
tensor product (e *PvE 7 (1)) @ (e"*1@vE ). Applying Lemma and Lemma
[35 we obtain that

(e7hve J(u)) @ (e MV P ) =(D(Ljz<a)e” PVE T (1) @ (T z122a)e 2V E )
+O(t1d™ %) + O(({t) T (d/R)"2) + O(t3d ).
(3.27)

We observe that, since I'(j) is a partial isometry, we have the relation

F(j)f(j)* = ]]'Ran(f‘(j))7 (3~28)

where g, 7)) stands for the projection onto the (closed) subspace Ran(T'(j)) of
Ho ® Hoo. Moreover it is not diﬂicult to verify that Ran(I'(1z<q) ® T'(1)g>24)) C

Ran(I'(j)). Thus we deduce from and (3.28) that

(e—itH;%vE u)) ® (eiitHQVE‘P) (3.29)
3 (T ]1|y|<d THEVE 7 (1) @ (D(jgz2a)e” 792 )
(% 7%) O((t)3(d/R)"2) + O(Fd "), (3.30)

Next we rewrite
(,;itHfstj(u)) ® (efitHQVESD)
_ e—it(H;VEébﬂHoo-&-nHO@HQvE) (j(u) ® Lp)

= ¢ MO o BB (D 51<0)T (1) @ (D(Djg1224)9)) + O((d/R) 1),
(3.31)

for all 0 < v < 1, the last equality being a consequence of Lemma [3.3 and Hypoth-
esis (B2). To shorten notations, we set

Proe = (T(x71<a) T (w) @ (T(Li71524) %),

so that Yo = Iv‘(j)*d;loc according to (3.16). Remark that 1/;100 € D(Hpve) ®
D(HqvE) because x|.|<q is a smooth function with compact support. Combining

(3-30) and (3.31) (with 0 <y <1/2), we obtain that
(7 PvE g (u) @ (e7"H10VEQ) = D)) e (HhveStna Tt BHavely,,

+OtTd 2) +O(() T (d/R)"2) + O(d ). (3.32)



22 J. Faupin, J. Frohlich and B. Schubnel

Now we prove . It follows from and Yioc = f‘(j)*iz)lw that
||f‘(j)efitgswloc — (e HRvE T () @ (e HevEy)||
= [[F@e ™ TG) doe ~ PHTG)"e *’“HPvE@“Hw*“Ho@HQVEwl [
+0(tid ) + o( (/R + 0d)
— Hefitf(jﬂ"lff(j)*l; —TG)TG)%e ﬂt<Hva®1lnoo+HHO®HQVE>¢IOCH
+o(tia ) +o( /R +od). (3.33)
We compute

Hefitf(j)ﬁff(jﬁq/jloc —TGDG) e HPveOTHe tlng@Houe)j |

< [ IFGETG ~T0)" (e © e + 1, © Have)

e—is(HIE;vE(@ﬂHOQ‘HIHO®HQVE)QLIOC||d57 (3.34)

where we used that I'(j)T'(j)* Y10 = Y1oc and that I'(j)*T'(j) = 13. Applying Lemma
8| with § = 3/2, we obtain that

1

I(E TG =T6)" (Hpve © Lua + Ly ® Hove)) (No+ Noo + (&) || = O(d"2).

(3.35)
Adapting in a straightforward way the proof of Lemma and using that I'(x|g<a)J (u) €
D(N)ND(HpvEe), we deduce that

(N + (@))e *HPveT (1 51<0) T ()| = O(s) + O(R). (3.36)
By Hypothesis (B5), we also have that
[Ne~=HavEp|| = O((s)). (3.37)

Equations (3.35)), (3.36) and (3.37) yield that

” (ﬁaf(j)* TG (Hoyp ® L + Ly, © HQVE))e—is(H}%VEmHOO+nn0®HQVE)1;IOCH
=O(sd"?) + O(Rd"?).

Integrating this estimate and using again that f‘(j) is isometric, we deduce from
(3.34) that

He—itf(.i)HEF(J) ¢1 (J)f(.])* _lt(HP\/E®]1’H(X,+]1H0®HQVE),¢1 ||

no\»—-

= O(tzdﬁ) + O(tRd™?). (3.38)

Putting together (3.33)) and ( -, we obtain

To conclude the proof, it suffices to comblne ) and ( -, which gives
fx(j)efthswloc :(e—thvaj(u)) ® (efthQ\/E(p)

+O((d/R) ) + O((1)(d/R>)"2) + OF2d™3) + O(td™"),
(3.39)

for all 0 < v < 1. Since f(J) is an isometry commuting with any bounded operator
Op on Hp, the last equation directly implies the statement of the theorem. O
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Appendix A. Appendix for Section

In this Appendix, we gather the proofs of several technical lemmas that were used
in the proof of our main results. In Section [A7I] we prove Lemmas [3.1} [3-2] [3-3] and
In Section we prove Lemma Section is devoted to the proof of
Corollary [2:4] Finally, in Section [A-4] we recall a few well-known relative bounds
for operators on Fock space, and we estimate some commutators.

A.1. Proofs of the localization lemmas

We begin with recalling the expression of the fibre Hamiltonian H (p). The unitary
map

®
U:Hp@He — | C*®Hedp,
R3
such that

®
UHpypU ' = /3 H(p)d’p,
R

is the “generalized Fourier transform”, defined by
1 —i(p—Pg)&
Up)() = @ /]R{3 e PR T (5 d s (A1)

for all ¢ € Hp ® Hp such that each o™ decays sufficiently rapidly at infinity.
Introducing the notations
b(k) == Ue™Za(k)U™, b (k) == Ue *a(k)U ™, (A.2)

one verifies that
_ 1 = 2 wo 0
1) =5 (1= Pr) +( 5 0>

+iXo / XBIFEER) - (k) — b (k) dk+ e, (A3)

where Hg =[5 |k|b* (k)b(k)dE. Tt follows from the Kato-Rellich theorem that the

fiber Hamiltonians H(p) are self-adjoint operators on D(Hg + 13f2)
We recall the main result of [I0], which is used in our proofs.

Theorem A.1 (Real analyticity of 7 — E(p) [10]). Let 0 < v < 1. There exists
a constant Ac(v) > 0 such that, for any coupling constant Ao > 0 satisfying Ao <
Ac(v), the ground state energy E(p) of H(P) is a non-degenerate eigenvalue of H(p),
and the map p— E(p) and its associated eigenprojection p'+— 7(p) are real analytic
on B, = {p € R |p] < v}.

We mention that, in [10], for simplicity, we have used a sharp ultraviolet cutoff
1)./<1(k) instead of the smooth ultraviolet cutoff x(K) used in the present paper.
This modification, however, does not affect the proof given in [10].

We also observe that the uncoupled Hamiltonian

._1 _ = 2 wo 0
Ho(ﬁ)-fg(p*PE) +( 0 O)+HE

has a unique ground state (up to a phase) associated with the eigenvalue 52/2,

given by
1/’() = ( El) ) ®Q7
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where 2 denotes the vacuum Fock state. It is not difficult to verify that the ground
state of H(p) overlaps with the ground state of Ho(p), in the sense that

|7 (@)ol| = 1= O(0),

for small enough Ao > 0. Therefore,

$(®) := (D)o

is a (non-normalized) ground state of H (), and the map p'+— 1 (p) is real analytic
on B,. In what follows, we keep the notation (p) for 7(p)o.
We now prove Lemma (3.1

A.1.1. Proof of Lemma [3.11

Proof. By an interpolation argument, we see that it suffices to establish the state-
ment of the lemma for 4 = N € N U {0}. Recall from Hypothesis (B1) that
u(Z) = R~*/?v(Z/R) where v is a function independent of R such that Supp(v) C
{# € R®|#| < 1}. Using (3.I)), we compute

1@+ 12D T @) 50 o,

1 SN . WP, 3

= Goplos e [Laoe s, ov e,
_ R? SN . iFF. 3

= oopllas @ [ e, owodn],

Since v is compactly supported, © € C*(R?), and hence, since in addition x B, €
C&(R?) and since § +— (p) is smooth on the support of XB, by Theorem
we deduce that

B 0(RP)X5, ,, () (P) € CF°(R* C* @ Hp).
The result then follows from standard properties of the Fourier transform, using in

particular that |05 (Rp)| < Co Rl for all multi-index o O

To prove Lemma[3.2} we need to establish a preliminary lemma. Let 0 < v < 1.
It is shown in [I0], Section 5.1, that there is a critical coupling constant A.(v) > 0
such that the map k — E(k) is analytic on the open set

Ulpl = {keC®| |-kl <

1—v
5}

for all [p] < v and all 0 < Ag < Ac(v). Moreover, in the proof of Lemma 4.4. in [10],
we show that the choice made for A.(v) implies that

‘E(E)f%2’< (16”)2 (A.4)

for all ] < v and for all k € U[p], if 0 < Ao < Ac(v).

Lemma A.2. Let 0 < v < 1. We assume that 0 < Ao < Ac(v). Then
1-v

E(p—F) = E(@) + |k > —

|| (A.5)

for all p€ B, and for all ke Bii—vy6-
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Proof. Let € B, = {p'€ R* | |p] < v}. We set

72
E(k) := E(k) — k]
Since E is analytic on U[p], we have that

|E(p— k) — E@)| < sup [VEQ)| |k,
leU|[p]
for all complex vectors k with |k| < (1 — v)/2. Let now & = (&1,&2,&) € C* with

|7 — €| < (1 —v)/6. Using Cauchy formula for holomorphic functions of several
complex variables and Eq.(A.4]), we get that

2‘52’53)d <1V A6
‘/aDlu(sl) (z—&)? : 6’ (4.8)

(0, B)(@)| <

where D;_,)/6(£1) is the complex open disk of radius (1 —v)/6 centered at {1 € C
and 821E‘ denotes the partial derivative of E with respect to the first component
z1. Similar bounds hold for the partial derivatives with respect to z2 and z3, which
implies that

B~ F) — B(
for all k € C? with \E| < (1 —v)/6. The right side of (A.7) is independent of § for
all |p] < v. Therefore,

(A7)

B— ) — B@) + 18 = 5L % v Br— ) — B

(A.8)

for all p'€ B, and for all ke Bai—vy6- O

We now proceed to the proof of Lemma The proof follows [13] Lemma
1.5]. It relies on Lemma and the pull-through formula

b(k)g(He, Pr) = g(Hp + |K|, Py + k)b(k), (A.9)
for any measurable function g : R* — R. We do not present all the details.
A.1.2. Proof of Lemma [3.21

Proof. Let 7 € R®, |p] < v. Using Lemma , and adapting the proof of
[I3] Lemma 1.5] in a straightforward way, we deduce that there exists a constant
D(p) > 0 such that, for any n € N,

Hf[b( Y@ < D@ Ao(Hx JEL ) 9@

The projection of 1(p) onto the n-photons sector in Fock space is given by

—_

™M (ky, . k) (B) = ﬁm,il:[lb(@i)wﬁ)x

from which we obtain that

e6n”¢/)(n>(kl,~~, ﬁ)H < (@Ao) x(k1) - x(kn)

Vol ka3 k|

Y @)]-
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Taking the square and integrating over R®", a direct computation then gives

20m n 2n
o /RS” [0 ks, - k) ()| sy - dk,, < © (4m)"(D(p)Ao) 16 (B)]12,

n!

and therefore

”etst(mH §62W625(D(ﬁ)>\0)2”w(p’)”.

This shows that () € D(e*”). Moreover, one can verify that the constant D(p)
can be chosen to be uniformly bounded on B, ), := {p' € R?, [p| < v/2}, and hence

sup [le”M v (p)]| < Cs.
PEB, /o

This concludes the assertion of the proof of the lemma. O

Next we prove Lemma@

A.1.3. Proof of Lemma [3.3l

Proof. Since I'(15/<q) is a projection, we can write

(1= T(51<0) T (w)]|* = (L - T(Li51<a)) T (u))
< <~7 AT (L)g1>a) T (u))
< diQ””U(U) dD([71*72") T (u)). (A.10)

It remains to show that J(u) € D(dT'(|7]*>~2"
(T (), dr(|7*~*")T (u
Using (3.1) and the fact that

e PEAr (g e = ar(|g + 2> ),

1/2) and that

)
)y < CLR*T.

we obtain
(). AN (7T ) = [ ar g+ 7% [ 6@, e@ds |-

The inequality |7 + Z|*727 < ¢ (|7]>72 + |Z]*727) then gives
- N o2 1
(. ar(g* )7 w) < O ( [ 6@, , P ar (72 o) a's)’
2291 1 L iE 3 |2
(727 | a@)e s, , @) dp|
(A.11)

The two terms appearing on the right side of the previous inequality are estimated
separately. For the second one, we use that dT'(|Z]?>~27) = |£]*> 2" N and estimate,
thanks to the Cauchy-Schwarz inequality,

Jaraar==y3 [ a@e v, @o@ db |

+C,

< [ @, @ IN@ ' < 17 [ i@, @00 a' |
= [, 1@ lxs, @I N6@]a'p < 17 Tw) @)
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By Lemma SUPsep, , IN9(p)|| < oo and, by Lemma 121227 T (u)(2)|| <
C,R*>™%. This proves that

12— 1 A iZp -
ar (=)} / W)X, ,, V@) & | < C R (A.12)
R3
It remains to estimate the first term on the right side of (| m Using the
pull-through formula and setting f(k) := —iXox(k )\k|2s( ) - &, we obtain
that
b(k)(H(p) + &) = (H(F = k) + k| + )b(k) + [ (k). (A.13)
A direct application of (A.13) then yields
b(k)e(P) = —(H(F ~ K) = E@) + [F) " f (k)¢ (7). (A-14)
and by Lemma this implies
N !
[b(R)w (@) < C1<a(R)IEI™2 [0 (@), (A.15)

where C is a positive constant.
Differentiating (A.14) with respect to k, we obtain that

= - PN I 3
[1iVelb®&) e (B) || = || Vrb(k)v(@)|| < CLp<a(B)IK]2 [ (B)]. (A.16)
Equations (A.15)) and ( m together with an interpolation argument, yield
-3
Ve bk (@) || < C <t (R)FI2H o (@), (A17)

for all 0 < v < 1. This shows that k — |iVx|'"7b(k)v(p) € L*(R* C? ® Hg) for
0 < v <1 and, more precisely, that

sup [[dT(172"*) 2 ()| < oo.
PEB, /2

Therefore we have proven that
/ a( m|xBy,2 (@) (77> F(p)|dp < oo.

Together with , and m, this concludes the proof. O

We conclude this paragraph with the proof of Lemma

A.1.4. Proof of Lemma [3.6

Proof. We begin with justifying that J(u) ® ¢ € D(I). It is not difficult to verify
that, for any 0 < a,b < 1 such that a® 4+ b* < 1, the operator IT'(all) ® I'(b1)
extends to a bounded operator satisfying

[IT(all) @ T(b1)|| < 1.

Since ¢ satisfies Hypothesis (B2), there is § > 0 such that ¢ € D(e’Y). Choosing
8" > 0 such that e=2" + ¢20 < 1, we deduce that

117 (w) @ || = [I({T(e™* 1) @ T(e™°1)) (" ¥ T (w) ® (V)|
< [ T @)|[[|le™ ]| < oo,

the fact that He‘S/NJ(u) || < oo being a consequence of Lemma Hence J (u)®¢ €
D(I). Now we prove that

17 (1) ® ¢ = I(T(x|g12a)T () ® (D(Lj71230)¢) + O((d/R) "2
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for 0 < v < 1. Since I'(15>34)¢ = ¢ by Hypothesis (B2), we have that
17 (w) @ ¢ = I(T(xj51<a) T () ® (P(Ljg1230)¢) + 1 (L = T(xi1<a))T (w)) @ .

We observe that all the terms of the previous equations are well-defined, as follows
from the fact that J(u) ® ¢ € D(I) and the remark after the statement of Lemma
Therefore we have to prove that

I((L = T(x171<0))T () @ ¢ = O((d/R)
Proceeding as above, we estimate
[1((@ = T(xj512a)) T (w) @ ||
= 10 1) @ T(e 1)) (" V(L = P(xi12a))T (1) @ (V)|
< [l @ = Dlam<a) T @) ¢l

=27, (A.18)

Next, since e* ¥ commutes with I'(x|g1<a), we deduce that
[ @ - Tun<a) T @] < [l T@]lll@ - T(x @
< [ T @[l (@~ Tag12a0)T () ||~

It follows from Lemma that He%/Nj(u)H < 00, and by Lemma we have
that

(L —T(x171<a))T (w)|| = O((d/R) )1, (A.19)
for all 0 < v < 1. The last three estimates prove (A.18)), which concludes the proof
of the lemma. O

A.2. Proof of Lemma [3.8]

Proof of Lemma Since f(J) only acts on the photon Fock space, we obviously
have that

(Hp + Ho)T(3)" =T()" (Hp ® Ln,, + 1, ® Hg). (A.20)
Moreover, it follows from Hypothesis (B4) that
Hoel'())" = T()" (Ln, ® Ho,5).- (A.21)

It remains to consider HgI'(j)* and Hp gI'(j)*. A direct computation (see e.g.
[7, Lemma 2.16]) gives

HeT()" =T(G)" (He ® Ly, +1p, ® HE) —dr j* ad([k|, iU, (A.22)
where U is the unitary operator defined in and, given a,b: L*(R?) @

L*(R%*) — L*(R®), the operator dI'(a, b) ]—‘+ L2 L2 R3 ) — HE is defined
by its restriction to ®7(L*(R?®) @ L? (RB))

dI'(a, b)|c := 0, (A.23)

dI'(a,b)|gn L2 @3)@L2 @) = ;a R ReRDRAR - -Qa. (A.24)
=t = n—j
The operators j* and ad(|k|,j*) : L*(R%) ® L%(R®) — L?(R®) in (A.22) are defined
by
j*(h'07hoo) :jOh'O +jooh007

ad([k|,§*)(ho, hoo) := [|kl, jo]ho + [|K], joo)Poo,
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for all (ho, hoo) € L*(R?) ® L*(R?). By Lemmaof Appendix we have that
&l Jolll = O(d™") and [|[|k], joo]ll = O(d™"). This yields

|d0G", ad(|k|,§*)U* (No + Noo + 1) 1| = O(d™H). (A.25)
Equations and yield
HeT'(5)" =T(G)" (He ® Ln., + 13, ® He) + Remy, (A.26)
with
|[Rem1(No + Neo + 1) || = (A.27)

Now we treat the interaction Hamiltonian HP,E. Usmg the notations (2.13)—

(2.14), we have that (see e.g. [7, Lemma 2.15]),
Hppl(§)" = ®(ha)T()" = T()" (®Uohs) @ Lae + Ly @ P(jocha)).  (A.28)

Here it should be understood that the operators jo, joo are applied to the L*(R*; Hp)

functions k — hz(k) defined in (2.14). By Lemma of Appendix we have
that

(| @(Gooha ) ()~ TN 1) || =0,

for all 0 < § < 2, and likewise that
(@ (johs)) (@) (N + 1) 2| =0 **).

Therefore we can conclude that

prEf‘(j)* = F(J)* (HP’E ® ]].7.[00) + Rems, (A.29)
with

[Rema (No + Noo + (&)%) || = O(d2*) (A.30)

Equations (A.20), (A.21)), (A.26]), (|A.27|), (A.29) and (A.30) prove the statement of
the lemma. O

A.3. Proof of Corollary

Corollary is a direct consequence of Theorem and the following lemma. The
proof of Lemma [A-3] uses Theorem and follows the lines of [2].

Lemma A.3. Let u € H*(R®) with ||ul|p2@sy = 1. Suppose that V € L™ (R*R)

satisfies supp(V) C Bi = {& € R® |#| < 1}. Then there exists a constant C' > 0
such that
He*“H%vEJ(u) —_ J(e*“H?,effu)H < Cte
for all0 < e <1 and for allt > 0.
Proof. We define
A = e_“HJE’VEJ(u) — j(e_“Hfa”effu) (A.31)

for allu € H*(R?). Since u € D(Hp, o) and J (u) € D(Hpy ), e it=)Hbvp j(efiSHf’veffu)
is differentiable with respect to s, and we find that

. e t 5
Au = —ie HPve / e'Hrve (HIED\/EJ(US) - J(HIED,eHUS)) ds (A.32)
0

for all u € H*(R?), where u, := e~ **"P.eiiyy, We remind the reader that ¢ (p) is the
ground state of the Hamiltonian H(p) = UHpyrU ™! with corresponding eigenvalue
E(p), where U : Hp @ Hg — fgeg C’@HE d3p is the generalized Fourier transform
defined by

1 —i(F=Pg)F s 3
o) = gayars [, ¢ T Tetd) d' (4.33)



30 J. Faupin, J. Frohlich and B. Schubnel

for all p € L?(R3;C? ® Hg). It follows that
Iw)(@) = U (xs,,,00) (@),
and we have that
Hevp(J () = HoveU ™" (Xa, ,,00:) = U (BYxs, ,i0:),  (A34)

where E(p) is the self-energy of the atom. Furthermore,

T((Ho — Vo)us) = W / E@is(0)e™ 7P x g, , (@05 d'p.  (A.35)

We observe that (A.34) and (A.35) imply that (A.32) is equal to
t
Awu = —ie tHPvE / e Hbve (V. T (us) — T (Veus)) ds. (A.36)
0

Since e *"PvE is an isometry, it is sufficient to bound the norm of
$s 1= Vo (us) = T (Veus). (A.37)
We have that
Ue)@) = U[VeU iaxs, ,0) — U (Veuaxs, ,%)| ()

= [Vex (iexs, ,,¥) — Veuexs, 0] @)

which can be rewritten as

U6 = Gy [, Vo5 = D) (x, 00D ~ x, (0@ '
(A.38)
Since U is an isometry,

t
[ Asul| < / ds|Uss|. (A.39)
(0]

We set
U(p) = x5, ,, (BVE(P)
for all 7 € R3. As x is smooth and 1) is real analytic, ¥ is smooth with compact

support and is consequently Lipschitz continuous in R3: There exists a constant
M, > 0 such that

() = ¥(D)lc2em, < Mulp— 4l (A.40)
for all 7, ¢ € R3. Introducing the function
9=(p) := e +|pl, (A.41)

we get that

Al < [ em | [ A<*—@a@<®<w<@—w<ﬁ>>d3q\|ds

/2” o ( —

t
< MV/ (27")_3/2||V696 *ﬂ5‘|L2(R3)d5 < (277)_3/2M,,/ H‘/595||L1(R3)HﬂSHLZ(D@)dS’
0 0

[, V5= 97~ @) (@)~ W) s

where we have used Young’s inequality in the last line. Since Supp(V) C B1(0),
HVegeHLl(Rs) < 5||VE||L1(R3) + 5||VHL1(R3)- (A.42)
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Together with [[is|| 23y = 1, Va(5) = &V (2) and |Vl 11 sy = [V ]| 11 (gs), this
finally implies that

| Arus|| = O(te). (A.43)

O

A 4. Relative bounds in Fock space and commutator estimates

We begin this appendix with some useful estimates concerning creation and anni-
hilation operators on Fock space and second quantized operators.
We introduce the notation

o i= {h € LA, bllsy i= [ (14 )00 Pk < oo, (A.44)

Riﬁ
We recall the following standard result (see e.g. [I5, Lemma 17]).
Lemma A.4. Let f; € L*(R®) fori=1,...,n. Then
Ja*(F) -+ a* )V + 1) 3| < Culfilzges) - Il o),

where a* stands for a or a*. If in addition fi € ho fori =1,...,n (where bho is

defined in (A.44)), then
la® (f1) -~ a® (fu) (He + 1) 2] < Callfrllag - - - | fallno-

The following lemma was used (sometimes implicitly) several times in the
main text. Its proof can be found in |21} Section 3].

Lemma A.5. Let w,w’ be two self-adjoint operators on L*(R?) with w’ > 0, D(w') C
D(w) and |lwel|r2rs) < |lw'ellL2@s) for all o € D(w'). Then D(AT'(w')) C D(d'(w))
and ||dT(w)®|| < ||dT(w")®|| for all ® € D(AT'(w")).

Now we turn to a few localization estimates that were used in the main text.
The next lemma is a particular case of [5, Lemma 3.1]. We do not present the proof.

Lemma A.6. Let F € C*°(R4;[0,1]) be a smooth function such that Supp(F) C
[1,00). Let a € [0,3/2), b € R, x € C(R?) and h% (k) be such that, for all o € N°,
|3ghi(l¥)\ < |k[Plel@)el . Assume that b > a—3/2. Then, for allc € [0,b—a+3/2)
and d > 0,

vz E R, IR F (Tl /X ER R o ay) < O (@)

Combining Lemmas[A-4] and [A-6 we obtain the following estimates that have
been used in the proof of Lemma Recall that the operators jo, joo are defined
at the beginning of Section [3-4] and that the coupling function h, was defined in
@1d).

Lemma A.7. For all 0 < § < 2, we have that
@ (ooha) (@) 2 (N + 1)~ 3| = O(d2+),
H@((ﬂ *jo)hz)(f>*2+5(N + ]]')7%" _ O(d—2+5).
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Proof. The proofs of the two stated estimates being the same, we only consider the
first one. Applying Lemma we obtain that, for all p € Hp @Hr ~ L*(R%;C*®
He),

[@6ha@ 20w + 1)~ R

<0 [ @ ik B 22 e @ o (A.45)
Lemma (applied with @ = 0 and b = 1/2) then yields that
L e
forall 0 < 6 < 2. O
Another related consequence of Lemmas [A.4] and [A26] is given by the follow-

ing commutator estimate used in the proof of Lemma F)zq Recall that x|j<a =
jo(2]7]/d) and that Hp g = ®(hz) = a*(hz) + a(hz).
Lemma A.8. For all 0 < 6§ < 2, we have that
1 _
162" [C(xgi<a), He,p] (N +1)7 2| = O(d™**).
Proof. A direct computation shows that
[T (xjg12a), alha)] = D(xjg1<a)a((L = Xg<a) ha)-
Applying Lemma[AZ6] (with @ = 0 and b = 1/2), we conclude as in Lemma that
o _1 _
(@)~ [POugi<a), alha) J(N + 1) 72 || = O(@™>*).
Since the estimate for a*(h.) instead of a(hs) follows in the same way, the lemma
is proven. O
The next lemma is similar to [5, Lemma 5.2] and relies on Helffer-Sjostrand

functional calculus. We refer the reader to [5] for the proof.

Lemma A.9. Let f € C5°([0,+00); R) be a smooth function satisfying the estimates
|07 f(8)] < Cm(s)™™ for all m > 0. For all d > 0, we have that

(1R, £52/@)] = O(d™). (ri6)
As a consequence of Lemma @, we prove the following.
Lemma A.10.
|[He T (xig1<a) (N +1) 71| =
I[He, T (x71224) ] (N + 1) || -

Proof. The two estimates are proven in the same way, we only establish the first
one. On the n-photons sector, a direct computation gives

[He.T(xjg1<a))] = AU (xjg<a; [kl xig1<a))s

where dI'(a, b) is defined by (A.23)-(A.24). Applying Lemma we immediately
deduce that

[[He,T(xiz1<)]] ’H(")” < Cnd™ ',

where ’Hgl) denotes the n-photons subspace. Since the constant C' in the previous
estimate is uniform in n € N, the lemma follows. O
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Appendix B. Proof of Lemma

In this section, we use the symbol a < b if a < Cb for a positive constant C' inde-
pendent of the problem parameters v and d. The proof relies on a “Cook argument”.
The sets

Dy := {kt | k € Ca04:0} (B.1)
satisfy
UDt = Ca¢,- (B.2)
>0

Let Q' C R? be defined by
Q= {Z+k| 7€ By, k € Cagy }- (B.3)

Remark that dist(Cae,,9Q') = d/4. Let xo be a smooth function with support in
Q¢ such that yq/(z) = 1 for all z € Q'. We introduce

Ho:=Hp @ Ly, + 1y, ® Hg.
We have that
(e M _em 0N, = (&7 H o —xqre” ) Wo+ (o —1)e” oW 4e T H (1—y ) W
We estimate successively the 2 first terms on the right side of . .
B.1. Free evolution

We control the free evolution with a stationary phase argument in Lemma

Lemma B.1. Letp € N, p >4, and ¥y € H be as in (Al). Then

; K
—itHo g — B.5
||(€ 0)( )”CZ@'HQ = (‘y| +’l}t) ( )
for all § ¢ Cag,, where
1 1 N
K := Cimax (1, 1}7) W Z ”8§\I]0”L1(R3;C2®’HQ)~ (B.6)

[BI<p+1

C is a positive constant that does not depend on v, d and 0o, but does depend on
p.

Proof. Let t > 0 and let §¥ ¢ D,. We introduce the linear differential operator
dgt 2 S(Cogi0; C* @ Ho) — S(Coyio; C* ® Ho), defined by

i 3o, (b ) o

for all ¥ € S(Coy;0, C?*® Hg) and for all ke Coy:v- An easy calculation shows that

3
y; — kst

j=1 |g7 kt|2

- - t ~
|7 — kt|?
Iterating (B.8)), we get that

(@ D) Bllcarg <SP EFO( D 10 F ey ), (B9

[1BI<p
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where 3 is a multi index, and f<p)(E, 7, t) is a positive function of the form

f(P) Z (P4t (B.10)

kt\l“’

The coefficients al(p )

parts, we find that

are positive constants independent of ¢ and ¥. Integrating by

(o) e ) ) = [ TR gy ) 'k

CGO;U

3
—i [ Y BN e R ey () '
Cogeo $=1 17— K2

= Z/ e iR /2HiRG o —itHqg (dg. o) (k) d°k
Cogiv

=i / TR RHRT (it (g8 o)(K) d°k
CGO;v

for all ¥ ¢ D;. We deduce that

Cn) 2 v Doy < [ 1P EGOI( X 10580 Bllcrong )i
Cogsv 18I<p
< D 0ol @sicrong) sup [fP (K G0
181<p kE€Chgsw

for all § ¢ D;,. For a fixed set of variables (¢,t) with § ¢ Cag,,

|G-kt = (|71— k[t cos(0, )"+ (|Kl¢sin(0, 7)) = (|7 cos(8, z)—IElt)*+ (171 sin(0,, 7))

where 91} i is the angle between i and k. We deduce that

- +v
|§ — kt| 17

\%

51n(00),

for all k € Coo;v- This implies that

Y 1 < 4r 1 1
sup = < = — —
Recoy,, |7—ktite — vt [sin(60)]?” (|g] + vt)?

for all ¥ ¢ Cag, and for all 0 < < p. Consequently,

i K
(e~ 0w, ) (7 Nczeng < T+ ot (B.11)
for all i ¢ Cag,, where
1 1 .
K := C) max (1, Fp) IR > 110sTollzr zric2eme)- (B.12)

[BI<p+1



Isolated systems 35

B.2. Bound for the norm of (¢~ yq — xoe H0) T,
Lemma B.2. We require (A1)-(A3). Then

K 1 1

v * df-3+% o

for allt >0, where B* =B ifa <2 and f*=+1/2 ifa > 2.

(e xar — xare "0) ol <

Proof. We define A; := e " yq/ — xqre 0. Since D(Hp) ® D(Hg) C D(H),
S e—isHXQ/e—i(t—s)HO
is strongly differentiable on D(Hp) ® D(Hg) and

t )
AU = ,l/ e_ZSH(fHXQ/ =+ XQ/Ho)e_Z(t_S)HO\I/() ds
0

t
. —is A 4 =. — —i(t—s
:7,/ e H[% +V(XQ,)~V—HP,QXQ,]6 (t=)Hoy, s,
0

Axgqr and 6)(9/ vanish on Q' U Q. We split the formula above into two terms,
AW = (AWo)1 + (AWo)2,

where ,
(At\llo)l = —i/ eiiSHHP,QXQleii(tis)HO\IIO dS7 (B.lg)
0
and
t ) , . B )
(AWo)s = z/ el [% +V(xar) - V]e*“t*s)HO% ds. (B.14)
0

We first estimate the norm of (A:W¢)1. We have that
||HP,QXQ/€_i(t_S)HO qu” S Z HHP,Qn Xﬂ/e—i(t—s)Hp (e—i(t—s)HQ \I]O)H

nel

Using Assumption (A1), we find that
‘ ' o e (N, e ) ()|
H , —i(t—s)Hp 71(t75)HQ\I/ =\ (12 < H(XQ € n 0
|(Hr.0. xave (e N@? < g
e~ 2 N 0w )
dist(Z, Qn )3

I Nn (e~ =0 o) ()]

J2a + ]]-t—s>d

< b (@) (Limsza

for all & € R3. Next we use Holder’s inequality. We set

F@) s = (70 Ny e e w ) (@), (B.15)
- 2 o 1
L= ’ B B16
9(%) : = xov (%) dist(Z, Qn )2 (B.16)
Using the integral representation
) 1 ilg—y|?
—i(t—s)A/2 2\ — 2(E=s) — d3 £ e 7 RS
e o(7) Qinli =) /R3 e o(y) d’y,  forae &R,
(B.17)
for all p € L*(R*) N L*(R?), and Eq. ([2.8), we remark that
CQ
[fllee < £l <C. (B.18)

(t—s)
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Therefore, f € LP for all p > 1, and we have the estimate

-1 1/}7 1/ E
1= ([ 1=1r1) " < usaE (B.19)
Using Holder’s inequality, we deduce that
[, f9< 171l (120)

for all p,q¢ > 1 (such that g € L?) with p~' 4+ ¢! = 1. Let ¢ € (0,a — 1). We
only treat the case where a < 2, the other possibility being trivial. We choose
p=3/(1—¢). Then ¢ =3/(2+ s), and we deduce that

/ fg < 72+EH9||3/(2+5) (B.21)
Moreover,
24¢
S5 1 3 3 1
g = /X2j»5 T)————dz < a5 B.22
lalla/cz-e ( o ( )dist(i”,Qn)ﬁra da 2 ( )
Therefore, we have that
o—ilt=s)Hp (—i(t—s)Hq 1 )
|Hpg.xae (e VOIS (Ve gz + Vi)

Summing over n, we get that

1

—i(t—s)H
HHPyQXQ’e i(t—s) O\IJOH S (]]-tfsgd +ﬂtfs>dm). (B23)

dfTE+%

Integrating over s, we obtain

[

L
-i+g 4B

e (B.24)

t
/ 1Hp,qxqre™ "~ 0W||ds <
0

We now estimate ||(A4:Wo)2||. Eq. (B.11)) implies that
' 2 2
HA(XQ’)e—thO\I/OHQ S/ 3 K K
Qe\Q/ (

<
2 7+ 002 = (@A T o2
where we have used that |§] > d/4 if § € Q°\ €. A similar inequality is satisfied
by the term with M in (B.14), as V and Hp commute. We conclude that

¢ K K
A < d < = B.25
(Aol < [ ds i < s (8.25)
O
B.3. Final step of the proof
The estimation of the norm of
(xar — 1)e” 0w,
is similar as what we did above and it is easy to show that
i K
I(xer — e 0w < odr—3 (B.26)
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Collecting the estimates (B.24)) and (B.26]), we find that
{(e—itlf\llo7 (OP ® ]].’HQ)E_“H\IIO> _ <e—itH0 \I/O, OPe_itH\I/0>|
= (Ao + (xor — 1)e 00 + e (1 — xor) Vo, (Op @ Ly, Je W)

K 1 1
< — Yo el .
< (I = xa)oll + s + e + 2 ) 1001
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