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ABSTRACT. We study a neutral atom with a non-vanishing electric dipole moment coupled
to the quantized electromagnetic field. For a sufficiently small dipole moment and small
momentum, p, the one-particle (self-) energy of an atom is proven to be a real-analytic
function of its momentum. The main ingredient of our proof is a suitable form of the
Feshbach-Schur spectral renormalization group.

1. INTRODUCTION

1.1. Description of the model and statement of the main result. In this paper, we
consider models of a neutral atom with a non-zero electric dipole moment coupled to the
quantized electromagnetic field. We are interested in analyzing properties of the self-energy
— or dispersion law — as a function of the momentum p’ of the atom. When the coupling of
the atom to the electromagnetic field is turned off, its dispersion law is taken to be p%/2m,
where m is its bare mass. Our purpose is to study the radiative corrections to this law (self-
energy) when the atom is coupled to the electromagnetic field. We will prove real analyticity
of the self-energy in the momentum p, for |p] < m, provided the dipole moment of the atom
is sufficiently small; (the speed of light and Planck’s constant are set to 1, throughout this
paper). Our result has interesting applications to the study of Compton scattering of atoms
and of the effective dynamics of an atom when it moves through an external potential. These
matters, as well as the study of atomic resonances for atoms of finite total mass, are left for
the subject of a forthcoming work.

1.1.1. The Hamiltonian. We study the simplest Hamiltonian describing a freely moving neu-
tral atom coupled to the electromagnetic field via an electric dipole moment. We consider the
atom as a two-level system coupled to the electromagnetic field via an interaction Hamiltonian

H;:=—d-E, (1.1)

where d is the dipole moment of the atom and E the quantized electric field. For a two-
level system, d can be expanded in the basis (04, 0y,0) of Pauli matrices. The quantization
of the electromagnetic field in the Coulomb gauge is accomplished within the usual second
quantization formalism. Readers not familiar with it are encouraged to consult [9] and the
references given therein.

The Hilbert space of the system is the tensor product

H = Ha @ Hy,

where

Har = L*R*)@C*  and  Hj:= Fi (L*(R?))
1
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are the atomic and the field Hilbert spaces, with F (L?(R?)) the symmetric Fock space over
L?(R?). Here and in what follows, we use the shorthand

R? :=R3 x {1,2} = {k = (k,\) € R® x {1,2}}, (1.2)

where )\ is the polarization index of the field. To shorten notations, we also set R := (R®)",

and, for A C R3,
A:=Ax{1,2}, / dk =" / dk. (1.3)
A A=1,.274

Notations (|1.2) and ([1.3)) are used throughout this paper.

The dynamics of the system is given by the Hamiltonian

H=Hy+ Hy + XHp, (1.4)
where
A wo 0
Hat.—2m®]l®]l+ll®< 0 0>®]1 (1.5)

is the free atomic Hamiltonian,

H, :11@11@/3 | 0 (k)a(k)dk (1.6)
R
is the Hamiltonian of the free electromagnetic field, and
Hy = z/ k|2 (eEI @ ék) - & © alk) — h.c.) dk (1.7)
B,

is the interaction Hamiltonian; Ao > 0, in ((1.4)), is the coupling constant, m > 0 and wg > 0,
in ([1.5)), are the mass of the atom and the energy of the internal excited state of the atom,
respectively, and

a(k) == ax(k),  a*(k):=aj(k), k) :=&(k), (1.8)
are the annihilation and creation operators on Hy and the polarization vectors of the electro-
magnetic field in the Coulomb gauge. Furthermore, we denoted by By in (|1.7]) the closed ball
in R? centered at 0 with radius 1, by & the vector of Pauli matrices and by Z the position
operator of the atom.

Remarks.

e The Hamiltonian H n can be derived from the Hamiltonian of a localized neu-
tral system of charges interacting with the quantized electromagnetic field, under the
assumption that the typical size of the system of charges is very small in comparison to
the typical wavelength of the radiation field. This approximation is called the “dipole”
approximation. We refer the reader to [14] for details concerning the unitary transfor-
mation (the Géoppert-Mayer transformation) that brings the Hamiltonian of the system
of charges in interaction with the electromagnetic field to an electric dipole Hamiltonian
similar to the one in .

o Standard estimates show that Hy is H}/Q relatively bounded. Therefore, by Kato’s
Theorem, H s self-adjoint on the domain of Hy + Hy. We also notice that the
interaction term Hy in behaves well in the infrared and that our model has no
infrared catastrophe. This feature simplifies our analysis, as compared to the analysis
of charged particles.
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e To case notations, the ultraviolet cut-off imposed in the interaction Hamiltonian Hj
has been chosen to be equal to 1. We point out that our result and our proofs hold for
an arbitrary ultraviolet cut-off.

e The Hamiltonian H has the very important property to be translation invariant. Indeed,
an easy calculation shows that each component of the total momentum operator

Py = —iVs ®11®11+11®11®/312 o* (k)a(k)dk, (1.9)
R

commutes with H.

The property of translation invariance implies the existence of a unitary map U : H — H,
where

- b
H = /Rg H; dp. (1.10)

More precisely, U is the generalized Fourier transform, defined, for any v € H decaying
sufficiently rapidly at infinity, by,

= .

Up)(P) = (27:)3/2 /W e~ "Iy (i) di: (1.11)

The Hilbert spaces H; are isomorphic to C2 ® Fy (L2(R?)). We rewrite the Hamiltonian H in
the representation (1.10). We introduce the notations

b(k) == Ue*Za(k) U, b* (k) := Ue~*%a* () U (1.12)

The operator-valued distributions b(k), b*(k') satisfy the canonical commutation relations
[b(k),b*(K')] = 60 (k — k') and [b¥(k), b*(K')] = 0. Furthermore,

((v520) )= T2 v

It follows that the Hamiltonian H can be decomposed as a direct integral of fiber Hamiltonians,

H(p), with
S\ 2
(57— Py) 10
H(p) —zmw( 0 o)
vido [ BR300 b)) dh+ [ R @b (113
B, R
Here and in what follows, we suppressed the tensor product notation, 1®.... Using standard

estimates and the Kato-Rellich theorem, one can prove that the fiber Hamiltonians H (p) are
self-adjoint on the dense domain D := D(Hy + Pf) of Hp, and bounded from below.
The question to know whether

E(p) :=inf (6(H (D)) (1.14)
is an eigenvalue of H (p) and whether it has some regularity property with respect to the total
momentum p has been already addressed in the literature for different models [I, 2} [5, 10} 1T,
12, 16, 23], 26], 31} [33]. In particular, for the Nelson model, it has been shown in [19] that E(p)
is a non-degenerate eigenvalue if and only if an infrared regularization is imposed. In [16], [33],
using iterative perturbation theory and a multiscale analysis, it has been proven that p'+— E(p)
is twice differentiable near 0. Without imposing any infrared regularization to the form factor
in the Nelson model, [I] has established using in particular a cluster expansion that E(p) is a
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real analytic function of p and the coupling constant. For charged particles in non-relativistic
QED, similar results have been obtained in [5] 10 [IT], 12 23, 26]: It is known that E(p) is
an eigenvalue of H(p) if and only if g = 0 [10, [T, 26] (unless and infrared regularization
is imposed) and that § — E(p) is twice differentiable near 0. The latter property has been
proven using an application of the spectral renormalization group (see [10]) and by iterative
perturbation theory [12] 23]. For results concerning models describing moving atoms or ions
coupled to the electromagnetic fields, we refer to [2, 21, 26, 3T
For the Hamiltonian model studied in this paper, we can prove:

Theorem 1.1. Let 0 < v < m. There exists a constant A\.(v) > 0 such that, for any coupling
constant Ay > 0 satisfying Ao < A\c(v), the map p'— E(p) and its associated eigenprojection
p > (p) are real analytic on B, = {p € R3,|p| < v}.

Remarks.

e The restriction to momenta |p] < m is crucial for our result to hold. Indeed, for
|p] > m, we expect E(p) to dissolve in the continuum. This feature is the mathematical
relic of the Cherenkov radiation emitted by the particle when it travels faster than the
velocity of the light in the medium; see e.g. [15].

e The absence of infrared divergences in our model implies that the one-particle states
(or fiber ground states) ¢(p) stay in Hy for all |p] < m. This result would not hold
for a particle with a non-zero net charge, because the infrared catastrophe would force
the eigenstate to leave the Fock space, for all p'# 0. We refer the reader to [19] for an
extensive discussion of this problem.

e The critical constant A\.(v) decays like a power law in m — v when vapproaches m.

e We observe that, by rotation invariance, E(p) only depends on the norm of p. Theorem
shows that the map |p| — E(|p]) is real analytic on the interval [0, n). The regularity
of E(|p]) with respect to |p| is an important physical property, that allows one, in partic-
ular, to define the renormalized mass of the dipole by the formula meg = (G%E(Uﬂ))_l.

In a companion paper [18|, we study the effective dynamics of the dipole placed in a
slowly varying external potential; We justify that the renormalized mass and the kinetic
mass of the dipole coincide. The results of Theorem[1.1] are also expected to be useful
in the framework of scattering theory, as we plan to consider in future work; (see also
[211 134] ).

1.2. Outline of the strategy. Our analysis is based on the operator theoretic renormaliza-
tion group method introduced in [7], [6] and [4]. For a concise review, the reader is referred to
[22]. This method, based on an iteration of the smooth Feshbach-Schur map, has been useful
in the study of the existence of ground states and resonances in models of matter coupled
to a quantized field; Some results on the analyticity of ground states and their associated
eigenvalues have been obtained recently with this method, but the models that have been
investigated in the literature so far, (as far as the question of analyticity with respect to a
parameter is concerned) all deal with fixed or confined atoms; see [25] 27, 28|. For instance,
it has been shown in [28] that the ground state of the spin boson model is analytic in the
coupling constant Ag.

In this paper, we investigate the analyticity of the dispersion law with respect to the total
momentum p. The novelty of our result lies in the fact that p’ appears in the marginal term
D ﬁf in the initial Hamiltonian H(p), and not in the perturbation. The perturbation contracts
under the iteration of the renormalization map, whereas the size of the marginal term does not
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change much. The control of the evolution of the marginal terms under the renormalization
flow is therefore an important issue in our analysis. A similar issue appears in |5} [10], but our
approach to deal with it differs from that in [5], [10] and is slightly simpler in some respects. In
particular, we consider a different Banach space of effective Hamiltonians, and we apply the
Feshbach-Schur map at each step of the renormalization procedure in a different way. Besides,
[10] shows that 7+ E(p) is twice differentiable near 0, while our main result establishes the
real analyticity of this map.

Next, we describe the different steps of our analysis and give an overview of the way the
spectral renormalization group works in the present setup.

1.2.1. Complexification of the total momentum. We start by fixing a vector p* in R? of length
smaller than m. We set 2 = (m — |p*|)/m, and consider the open set

Ulp"] == {pe C | [p—p"| < pm},

centered at p*. For any € U[p*], we subtract the constant term p%/2m in (1.13)), and consider
the operator

H Ko P, L O nm +H
(ﬁ).—%—a- rrwol o o )Tt + Hy,
where
Hy=i [ (R -6 (60) v ®) dk, Hp= [R5 @bE)dE (115)
B R

B, R
The subtraction of p%/2m leads to a shift in the spectrum of the original Hamiltonian by
p?/2m. For p € U[p*] N (C3 \ R3), the operator H(p) is not self-adjoint, anymore, but it
is closed on D. We show that the spectral renormalization group method can be used to
investigate the spectrum of the operator H(p) near the origin of the complex plane. We
will find an eigenvalue of H(p) in this neighborhood of the origin, for any 7 € U[p*]. This
eigenvalue turns out to be equal to inf (o(H(p))), for o € U[p*] N R3; see Subsection

1.2.2. The first decimation step and the Feshbach-Schur map. The purpose of the Feshbach-
Schur map introduced in [6} 7], is to construct a new operator — called “effective Hamiltonian”
— that acts on a subspace of “low-energy photons” of H, with the property that the spectrum
and the eigenstates of H(p) near the origin can be uniquely reconstructed from the study
of the kernel of this effective Hamiltonian. In this paper, we use the smooth version of
the Feshbach-Schur map that has been developed in [4]. The precise relation between the
spectrum, resolvent and eigenvectors of a closed operator and its Feshbach-Schur transform
are recalled in Subsection We restrict the values of z to the complex open disc

w
Dyp={2z€Cl|z| < 5} (1.16)

The effective Hamiltonian constructed from H(p) — 21, using the Feshbach-Schur map, can
be cast into the form

HOp2)= Y WL.(02), (1.17)
where the operators Wég)n(ﬁ, z), m+mn > 0, are called "Wick monomials". The operator
H©O (p, z) acts on the subspace Hyeq := Lg fng ¢ of Hy. The Wick monomials are bounded
operators on H,.q. They are associated to a sequence

M(O) = (wSz),)n)ernZO
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of bounded measurable functions
w®), : UP*] x Dyjo x Ry x R¥ x R™ x R" — C

that are C! in their third and fourth arguments, and symmetric in R™ and R™. The bounded

0)

operators W7(n,n(ﬁ, z), m+mn > 0, are defined in the sense of quadratic forms by

m+n
Bl

Wr(no,)n(@ Z) = ]]-Hfgl/ (H b*(kz)> w%?’)n(ﬁ,z,ﬂf,ﬁﬂkh ...,Em,El, )En)
= i=1

(H bUéj)) 1T dk: 1] diejin, <1, (1.18)
J=1 i=1 j=1

where 15, <1 projects on the subspace of photons with energy smaller than one. The functions

(0)

wim/n are called "kernels" in the literature. They satisfy additional properties that are stated
in Section 21

1.2.3. Functional calculus. Before continuing the outline of our proof, we explain how the
operators wfqg?n(ﬁ, z,Hf,ﬁf,El, ...,Em,kl, ,En) and wé?g(ﬁ,z,Hf,]Sf) in are defined.
Let f: R x R? — C be a measurable function. Any element ¥ € F, (L?(R?)) can be written
as a sequence of totally symmetric functions (¢/(™),>¢ of momenta, with (™ € L2(R3"). We
set

F(Hy, Pp)W o= (fMy™),50, (1.19)
where .
FOpO = (0,00, (1.20)
and, for n > 1, (k1,..., k,) in R?",
(FPM) (K, k) = F(R1] A+ Bl Ky ) 0™ (ks B (1.21)

(1.19) defines an (unbounded) operator on F (L*(R?)) with domain
D(f(Hy, Py)) := {W € FL(L*(R)), | f(Hy, Py)W|| < oo}.
Assuming that f is essentially bounded on the subset

R:={(r) e R xR ||l <r} cRY, (1.22)
it is easy to check that f(Hy, ﬁf) is bounded with
Lf(Hy, Pl < ess sup {|f(r, )], (r,1) € R}. (1.23)

1.2.4. The renormalization map and its iteration. Under certain conditions on the norm of the
operators WT%O, )n (7, 2), it is possible to apply to H(®(F, z) a renormalization transformation R,
that leads to a new effective Hamiltonian H™M(p, z) acting on Hyeq. HM (7, 2) can also be

cast into the form
HY(p2) = Y W5 2), (1.24)

where the operators Wr(nl)n (P, 2), m+n > 0, are Wick monomials associated to a sequence w®
of kernels. The renormalization map R, constructed in Section@ is “isospectral” in the same
sense as the Feshbach-Schur map discussed above. The map R, removes the photon degrees

of freedom of energy higher than p. Under certain assumptions for H (¥ (P, z), the map R, can
be iterated indefinitely. We then get a sequence of operators HN)(p, z) := (Rf)VH(O))(ﬁ, z) on
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Hred- We prove in Subsection that the sequence of operators (W},{Vg (P, 2))Nen, m+n > 1,

tends to zero in norm when N tends to infinity and that WO(,Z(\)[) (p,0) = wé{g) (7,0, Hf,P;v)

tends to an element a(p)Hy + 3(p) - ﬁf of the fixed-points manifold My, := CHy + CPy, +
CPyy+CPy , of the flow Rf)V . This marginal operator has a non-zero eigenvector, the vacuum,
and, using the isospectral character of the renormalization map, we can reconstruct the one-
particle state of momentum p and its associated eigenvalue, for any p' € U[p*]. This procedure
is explained in Subsection [£.2.2] One of the key points of the proof concerns the control of
Wéfg) (p,z) = w(%) (P, z,Hy, ﬁf) In particular, to iterate the renormalization map, we need to

show that the restriction of w(%) (P, z, Hy, ﬁf) to the range of 1y,>3,/4 is bounded invertible,

for all N € N and for sufficiently small values of |z|. For N large enough, w(%) (9,0, Hy, JSf) is

close to o(p)Hy +5(7p) ~]3f, and it is important to check that a(f) stays close to 1 and that 5(p)

stays close to —p/m if we want w(%) (P, 2z, Hy, f’f) to be invertible on the range of 15,>3,/4.

For momenta p'in the open set U[p*], we are able to control the size of the deviations |a(p) —1]
and |B(p) + p/m/| by a fine tuning of the coupling constant \g. This fine tuning depends on
the parameter u = (m — |p*|)/2m.

1.2.5. Renormalization preserves analyticity. A key ingredient of the proof of Theorem is
the fact that the renormalization map preserves analyticity. If (p, z) — H©)(p), z) is analytic on
U[p*] x D, /2, we can show inductively that the operator-valued functions (p,2) — H (N) (7, 2)
are analytic on U[p*] x D, 5, for all N > 1. We prove this result in Subsection The
analyticity of the eigenvalues and the eigenprojections is established in Section
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supported by ANR grant ANR-12-JS01-0008-01. J.Fr. thanks V.Bach, T.Chen, A.Pizzo and
.M. Sigal for numerous illuminating discussions on problems related to the ones studied in
this paper. B.S. thanks V.Bach and M. Ballesteros for interesting discussions.

2. SPECTRAL ANALYSIS TOOLS

In this section, we explain in details the spectral tools sketched in Subsection We begin
with the “smooth” isospectral decimation method introduced in [4] and further improved in
[24]. This method maps a closed operator acting on a Hilbert space H to a new operator
acting on a subspace of H. We refer the reader to [4, 24] for proofs.

2.1. The Feshbach-Schur map.

2.1.1. Heuristic derivation of the Feshbach-Schur map. Let H be a separable Hilbert space
and let H be a self-adjoint operator on H. We assume that H has an eigenvalue E, with
associated eigenvector W. Let P be an orthogonal projection with the property that P¥ = 0.
Introducing P and Pt := 1 — P on both sides of the identity H¥ = E¥, we obtain that

(PHP + PHPY)U = EPU, (2.1)
(PLHP + PLHPY)U = EPLU. (2.2)

Now we assume that P+(H — E)P is bounded invertible on P-#. In this case, we deduce

from (2.2) that
PLO = —(P+(H - E)PH) " 'PLHPU. (2.3)
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Reporting into (2.1),
P(H — E)PY — PH(P*(H — E)PH)"'P*HPV = 0. (2.4)

Fp(H) :== PHP — PH(P*HP+)"'P+HP is called the Feshbach-Schur map. The operator
Fp(H) is defined on PH and has the remarkable property that ¥ € ker(Fp(H — E)). There
is a one-to-one correspondence between Ker(Fp(H — F)) and Ker(H — E). In particular,
Fp(H — E)P¢ = 0 if and only if (H — E)(P — P+(P+(H — E)P+)"'P*HP)¢ = 0. We can
therefore reconstruct the eigenvectors of H with eigenvalue E from the kernel of Fp(H — E).

2.1.2. The smooth Feshbach-Schur map. The smooth Feshbach-Schur map is a generalization
of the discrete Feshbach-Schur map discussed above. We generalize the construction to closed
operators H and to bounded operators y and X that share some common properties with
the orthogonal projection P above. Let x and X be two commuting and non zero bounded
operators on H satisfying the identity x? + x? = 1.

Definition 2.1 (Feshbach pair). Let H and T be two closed operators defined on the same
domain D C H. We define W = H —T : D — H and introduce the operators

H, =T+ xWy, Hy =T +XxXWYX. (2.5)
We say that (H,T) is a Feshbach pair for x if it satisfies the following properties:

(a) XT C Tx, XT C TX,
(b) T and Hy are bounded invertible from D NRan(X) to Ran(X),
(c) YHY_ZLYWX : D — H is bounded.
If (H,T) is a Feshbach pair for x, we can define the Feshbach map F\(H,T) : D — H by
Fy(H,T) = Hy — xWX(Hg) X, (2.6)
The most important feature of the map (H,T') — F\(H,T) is its isospectrality, meant in the
following sense:
Theorem 2.2 ([4],[24]). Let (H,T) be a Feshbach pair for x with associated Feshbach map
Fy(H,T).
(1) H : D — H is bounded invertible iff F\(H,T) : Ran(x) N D — Ran(x) is bounded
tnwvertible. Furthermore, if we define the auxiliary operators
Qy:=x—XHXWx,  QL:=x—xWxH;'x, (2.7)
then
H™' =xHS'X+ Q F N (HT)QY,  FJUHT)=xH 'x+xT'x.  (28)
(2) The restrictions x : Ker(H) — Ker(F\(H,T)) and Qy : Ker(F\(H,T)) — Ker(H) are

linear isomorphisms and inverse to each other.

We reformulate the results (1) and (2) in order to highlight the isospectral property of the
Feshbach-Schur map: (1) implies that 0 is in the resolvent set of H if and only if it is in
the resolvent set of F\(H,T'). (2) means that the kernels of H and F\(H,T) have the same
dimension and that the eigenvectors of H and F, (H,T') corresponding to the eigenvalue 0 are
in one-to-one correspondence: If v satisfies Hy = 0, then ¢ := x1 solves F\(H,T)¢p = 0. If
¢ € Ran(x) satisfies F\(H,T)¢ = 0, then ¢ := Q¢ solves Hiy) = 0.

Remarks.
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o As we wish to study the spectrum of H, we consider the operator H—z1 =T+ W —z1
instead of H. If Hy = 21, then F\,(H — 21,T — z1)xy = 0. Furthermore, if F\(H —
21, T — 21)¢ = 0, then HQy ¢ = 2Qy¢.

e In the following, we choose for x an operator of the type x(Hy), where Hy is the free
field Hamiltonian operator defined in , and x s a positive smooth function with
compact support included in the interval [0,1]. The operator x(Hy) is defined by the
functional calculus for self-adjoint operators. The smoothness of x is useful in our
setting because we will need to take (and to bound) derivatives of x.

2.2. Wick monomials and their kernels. We already outlined in Subsection [T.2] that the
operator constructed from H(p) — z1 with the help of the smooth Feshbach-Schur map can
be cast into the form

HOp,2) = Y w5, 2), (2.9)

m+n>0

where the operators W,g? )n(ﬁ, z), m+mn > 0, are defined in the sense of quadratic forms by

)

Wr(noy)n(p: Z) = 1]-[‘[fgl / (H b*(k1)> wg?n(ﬁ7 Z, Hf7 ﬁf7k17 "'7Em7é17 7&11)
= i=1

m—+n
Bl

(ﬁ b(l%j)> ﬁ dk; ﬁ k<1 (2.10)
Jj=1 i=1 i=1

The calculation leading to (2.9)) is displayed explicitly in Appendix For the time being, we

focus on the properties of the kernels wﬁ,??n, for m+n > 0. Lemma [4.1{ below shows that these
properties are preserved under the renormalization map if the initial sequence of kernels w(®

lies in a suitably small polydisc B(~, d, €).

2.2.1. Notation. It is a little difficult to come up with concise formulae involving the kernels
Wm,n, because these kernels depend on many arguments. This is the reason why we introduce
the following shorthand notations that are used throughout our text:

E = (k.. k) € R, B = (ky, ... k,) € R,

s v

K(m,n) — (E(m)7k(n))7 dK(m’n) = l_IldEl l_IldEj,
1= J=

‘K(m,n)’ — ’E(m)| ‘E(n)|7 |E(m)‘ = H |EZ‘, ‘k("” = H “;‘L
i=1 j=1
S = YR SEO = Ykl SE) =Yk, SE] =Y,
i=1 j=1 =1 j=1
b (k) = T 05, (o), (k™) = T b, (k)
i=1 j=1

For p € C, we set

PE(m) = (PEM )‘17 s 7/)];;771, )‘m)a PK(m’n) = (pk(m)a Pé(n))
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We remind the reader that B; = {k € R3,|k| < 1} and we introduce the set

B:={(r,1) € [0,1] x By, |i] <r}. (2.11)

2.2.2. Kernels. In Section [3| we will show that, for all p € U[p*] = {p € C? | |[§— p*| < um}

and z € D, = {2 € C,|z| < p/2}, the kernels w%?,)n, m+n > 0, defined in (2.9)—(2.10)
belong to certain Banach spaces of functions that we introduce in the following definition.

Definition 2.3 (The Banach spaces W&O and Wﬁln)
e The set of functions woo € C1(B;C) equipped with the norm

3

lwooll* = wo.0(0,0)] + 10,00l + D 101, wo,0
i=1

o (2.12)

is denoted by W&O; W&O defines a Banach space.

o For m+mn > 1, the set of functions Wy, : B x B* x BY — C that are measurable
on BT x BT, totally symmetric on BY* and BY, of class CY(B) for almost every
Kmn) ¢ B x BY, and that obey the norm bound

3
meynH“ = me,n”% + Harwm,nH% + Z Haliwm,nné < 00, (2.13)
i=1
where
|wmnlls == sup ess sup Wy n (T, Z_;K(m’"))’ | K (mm)| =12, (2.14)
2 =

(rljeB Klmmepmtn
defines a Banach space that we denote by Wﬁln

The choice of the exponent in the factor |[K™|~1/2 in ([2.14) is related to the infrared
behavior of the model we consider, and insures an optimal rate of convergence to 0 of the

(N)

renormalized kernels wmn, m +n > 1, obtained by the renormalization procedure. More
precisely, if the form factor |l<:|1/ 2 in the interaction Hamiltonian Hy in is replaced by
|k|=1/2%¢ our method would work in the same way, provided that |K(™™|~1/2 in is
replaced by |K (™™ [1/2-¢ Furthermore, we will prove below estimates of the form meNnHﬁ =
O(pN+1) where p < 1 is a scale parameter. Replacing |K ™™ |~1/2 in by | KM [1/2—¢
with 0 < € <1 would lead to estimates of the form |]w£nNT)LHﬁ = O(ps(N+D),

To a kernel wp g € Wg,o, we can associate the bounded operator wgo(Hy, ﬁf)ﬂHfgl defined
by the functional calculus of Subsection . The choice of the norm || - ||* will allow us to
express the fact that the “free” effective Hamiltonian w(()?g (P, 2z, Hy, ]5}) in is close to the
operator Hy — m~lp. ]3f — z, in the sense that

w5 2,7, 1) = (r = m~p-T— 2)|
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tends to 0 as the coupling constant A\g — 0 (see Section . We remark that another possible
choice for ||wg||* would be given by the equivalent norm

3
oo + 2 1|81w00] o0

i=1

[wooll

To a kernel w, , € an’n, we associate the Wick monomial

Winn(Winn) = La,<1 /B o U E Ty wg [H, By, K ()K" gy <0, (2.15)
21

where, for a.e. K™ ¢ Byt wm’n[Hf,ﬁf,K(m’”)] is defined by the functional calculus
of Subsection The expression in defines a quadratic form on the set of vectors in
Hy with finitely many particles. The following lemma shows that it extends to a bounded
quadratic form on H,.q. The associated bounded operator will be denoted by the same symbol.

Lemma 2.4. Let m +n > 1. For all wy,, € Wt s the quadratic form defined in (2.15)
extends to a bounded quadratic form with norm satzsfymg

-1 m+n
[Winn(Wmn)|| < (min!) Q(SW)( * )/ZHWWWH%‘ (2.16)

Lemmal[2:4] asserts that we can control the norm of Wick monomials by controlling the norm
of their associated kernels. We remark that we considered a L*°-norm in while a L2-
norm is used in [4]. Moreover the operators wy, »[H, ﬁf,ﬁ(m’”)] in depend both on H
and ]3f while the corresponding operators considered in [4] only depend on H¢. Nevertheless,
the proof of Lemma is a straightforward adaptation of the one of [4, Theorems 3.1| (the
proof is in fact slightly easier with the L°°-norm defined in than with the L?-norm used
in [4]).

2.2.3. Hamiltonians associated with a sequence of kernels. We want to bound the series of Wick
monomials in (2.9). This amounts to assume that the kernels wy, ,, satisfy some summability
properties. We introduce the Banach space

P Wi (2.17)
m+n>0
equipped with the norm

lwllf == > & g, o, (2.18)

m+n>0
where ¢ is a fixed positive number smaller than one, and w = (W, n)m4n>0- Let Hyed be the
subspace of photons of energy smaller than 1, i.e.

Hred = Mm;<1My. (2.19)

In order to associate with any element of W* a bounded operator (similar to the one in (2.9)),
we introduce a map H : W¥ — B(Hyeq).

Definition 2.5 (The linear map H(w)). For all w € W*, we set

= > Wia(w) = Woo(w) + Wai(w), (2.20)

m+n>0

where .
Woo(w) == woolHy, Plla <1, Wai(w):= Y Wpa(w (2.21)

m+4n>1
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and, for m+mn > 1, Wy, (w) := Wi, p(win) is the Wick monomial defined in (2.15]).

The following lemma shows that H(w) defines a bounded operator on H,eq for all w € WE.
It is a direct consequence of Lemma

Lemma 2.6. For all 0 < £ < 1/\/8x, the linear map H : W' — B(Hyeq) defined by ([2.20)
satisfies,

| H (w)]| < [lwl, (2.22)
for all w € WH,

Remarks. As in [4, Theorem 3.3| (see also |28, Theorem 5.4|), we can verify that the map
H is injective provided that the kernels wy, ,, are restricted to the set

Bun = {(r, [, K'™™)) € B x BY" x BY,r < 1 —max (2[k™], £[£™])}.
The proof is similar to that of Lemmal[].9 given in Appendiz[D,

Next, we take into account the fact that the operators considered in the following depend
on the total momentum p’ and the spectral parameter z. We remind the reader that U[p*]
is the set of complex momenta p such that |p— p*| < wm, where p = (m — [p*|)/2m, and
that D, /5 is the complex open disc of radius w/2 around the origin. We will assume that
(7.2) € U] x Dypo.

The kernels wy, » (P, 2, T, LK (m’”)) can be viewed as functions
Ul5"] X Dyjz 3 (5. 2) = winn(B. 2) € Wh .

The set of functions from U[p*] x D, /s to W}i%n is denoted by Wi, . Likewise, the set of

functions from U[p*] x D,, /5 to WH is denoted by W.
Following [22], we introduce a notation that proves to be convenient for our analysis: We
denote the set of functions U[p*] x D,, /o 3 (P, 2) = H(w(p, 2)) € B(Hrea) by Wop-

2.3. The renormalization map. We define the renormalization map that we shall use in the
sequel. Our construction is similar to the one in [4]. The main difference, as already appears
in Definition is that the kernels we consider depend on the variables (r,f) corresponding
to the operators (Hy, ﬁf), while the kernels in [4] only depend on r.

Let 0 < p < 1 be a fixed scale parameter. The renormalization map maps any operator
H(w) € B(Hrea) defined in (2.20)), to a new operator R,H(w) € B(Hyea). The spectrum
of R,H(w) may be easier to analyze than the spectrum of H(w), because R, eliminates
the degrees of freedom of energy bigger than p. Thanks to the isospectrality of R,, we can
reconstruct some spectral properties of the initial operator H(w). The renormalization map
is a composition of three distinct transformations:

e An analytic transformation, E,, of the spectral parameter z,
e An application of the Feshbach-Schur map,
e A scale transformation S,.

In what follows, we give an overview of each of these transformations. The (), z) dependence
of the kernels is kept explicit when needed.
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2.3.1. The scale transformation S,. For p > 0, we define the unitary map I', on H by
r,Q:=Q,
(FP\I,)@)(E@)) — pFu®) (pk®),

We recall the following scaling properties that can be verified easily, using the definitions of
the operators involved:

T, HiTh = pHy,  T,PT% = pPy. (2.23)

This implies that I, : Ran(]legp) — Ran(]legl). Recalling the definition Hyea = L1u,<1Hy,
we define the map S, : B(Hred) — B(Hred) by

Sp(A) == p~'T, AL,
for any bounded operator A on H,eq. It follows from that
Sp(Hp)=Hy,  Sp(Pr) =Py, S,(f(Hy, Pp) = p~' f(pHy, pPY),
for any measurable function f. Furthermore, one can verify that, for any m,n € NU {0},
Sp(Wnn(w)) = Winn(sp(w)),

with
— 3 —
5p (W) (Hyp, P, KU o= p2 0wy, o (pHy, pPr, pK ™). (2.24)

The definition lD of the norm || - ||1 implies that
2

3 _ - _
Isp@)malls = p2 " sup s sup fwm(pr pll pK )| ||
2 (ryeB K(mmeBmtm
= g2 sup  ess sup |wnn(pr, pl, pE ) || pR |71

(r)eB K(mmepmtn
< p2(m+n)

and likewise that
1755 (w)m,nll1 < pAtmtm)|

101 8p(@)mnlly < P10 Wil s

As Hsp(w)m,nﬂé controls the norm of the operators S,(Wp, »(w)), these estimates show that

the operators W, (w) contract under rescaling. Operators possessing this property are called
irrelevant. In contrast, 1 expands under S, by a factor p~ ! and is called a relevant operator.

Terms linear in H; and JSf stay unchanged and are called marginal operators.

2.3.2. Transformation of the spectral parameter E,. The operator H(w), introduced in Def-
inition (2.5, can be canonically decomposed into the sum of three bounded operators on

Hred:

e A marginal operator woo(Hy ) — wp,0(0,0)1,
e A relevant operator wy 0(0 0
>1(

e An irrelevant operator W-

)
w)
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We introduce a polydisc, B(7,d,¢), contained in the space of operator-valued functions Wy,
defined above (the elements of W, are the maps U[p*] x D, /2 > (p, 2) = H(w(p, 2))).

Definition 2.7 (The polydisc B(v,d,¢)). Let v,d,e > 0. The polydisc B(vy,d,e) C Wep is
defined by

B(y,6,¢) = { H(w(,")) € Wep,

. = . - 1L =t

sup ‘wo,O(pa Z,T, l) - w0,0(pa Z,0,0) - (/r -m 1p - Z)H S v,
(ﬁ,Z)GU[ﬁ‘*]XDH/Q

sup wo,0(7, 2,0,6) + z’ <9,
(P,2)€U[P*] XD, 2

INTL:

sup ‘w(p, Z)H . S 6},

(5,2)€U[F*]x Dyuyo &2
where .
lelisr = 3 € lumalf, €< (225)

m+n>1

An element of B(, ,€) is close to the operator-valued functions (p, z) — Hy—m ™ 'p- ﬁf 7
in the sense that
e The marginal part wo (7, z,r,f) — wo,0(P, 2,0, 0) is at a distance < v of 7 — m =151
(for the norm || - ||*), uniformly in (7, 2),
e The relevant part w070(ﬁ,z,0,(_)') is at a distance < ¢ of —z, uniformly in (7, 2),
e The irrelevant part (W, n (P, 2))m+n>1 is smaller than e for the norm || - ||§7 uniformly
in (p, 2).
The instability of the identity operator 1 under S, forces us to fine-tune the choice of the
spectral parameter. For wgo € Wy 0, we introduce the set
pp

U[w070] = {(ﬁ, Z) c U[ﬁk] X DM/Q’ ’w()?()(ﬁ,z,o,(_)')’ < ? .

If (7, 2) = wo.0(P, 2,0, 0) is continuous, U[wo ] is an open subset of C1. Setting

Ulwoo(#)] = {= € Dyyor oo (7 2,0,0)] < 2},
we have that
Ulwoo] = {(7,2) € U[p"] X Dyyya | 2 € Ulwoo ()]}

The following picture illustrates how the values of the spectral parameter z are restricted.

Ulwo,o(P)]
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Definition 2.8 (The rescaling map E,). Let woo € Wo. The rescaling map E, : U[wo o] —
Ulp*] x D, /s, is defined by

Ep(ﬁ; Z) = (ﬁ; 7p_1w0,0(ﬁ727076))' (226)

Note that we only rescale z, and do not change the value of . The following lemma enables
us to control the unstable manifold by rescaling the spectral parameter z before carrying out
the scale transformation S,,.

Lemma 2.9. Let 0 < p < 1/2, 0 < £ < 1//8m, v > 0, 0 < § < pu and ¢ > 0. Let
H(w(-,-)) € B(v,8,¢) and assume that the map (P, 2) — woo(F,2,0,0) € C is analytic on
Ulp*] X D,y Then Ulwoo] # O and the map E, : Uwoo] — U[p*] X D,,/5 is biholomorphic.
Its inverse is denoted by Ep_l.

Proof. The proof is similar to |4, Lemma 3.4] and [28, Lemma 6.1], except that the models

treated in these references describe non moving atoms for which the map £, only depends on
z. We give a detailed proof in our case, since E, also depends on the total momentum p.

Step 1. First, we show that
U[ﬁ*] X DHP/2*5 C Z/[[’U}()’()] C U[ﬁ*] X DHP/QJF(S' (227)
Let (p,z) € U[wo,o]. Since H(w(-,-)) € B(7,d,¢), we have that
|| < |2 + w00 (5 2,0,0)] + |woo (7, 2,0,0)] < pp/2+ 36,
and hence the second inclusion in ([2.27)) follows.
Let (p,2) € U[p*] x D,,,/2—s- Using again that H(w(-,)) € B(v,9,¢) gives
|w0,0(ﬁ7 2, 07 6)’ § |w0,0(ﬁ7 2, 07 6) + Z| + |Z| < #9/2,

and hence the first inclusion in (2.27) is proven. This shows that U[wp o] # 0, because § < pu
and, therefore, D,,,/5_5 7 (.

Step 2. We prove that E, : U[woo] — E,(U[wop]) is biholomorphic. To this end, by the
inverse function theorem, 1t suffices to show that det dE,(p, z) # 0 for any (7, z) € Ulwop]. It
follows directly from - ) that

det dE,(p, z) = —pflazwo,o(pﬂ, 2,0, 6)
Now, let (7, z) € Uwoo]. By Step 1, |z| < up/2+46, and hence, with C := {2’ € C,|7'| = p/3},

Cauchy’s formula gives

wo,0 p,Z 0 0) +2 S
d
(7 —2) SIS Ea—3p2) — o’
where in the last inequality we used that H(w(-,-)) € B(~,d,¢e). For p < 1/2 and § < ppu, the
right-hand side is strictly smaller than 1, which implies that 0w (P, 2, 0, 5) #0.

Step 3. We prove that E,(U[woo]) = U[p*] x D,s. Let (po,uo) € U[p*] x D, /5. For any z
with |z| = p/2 — f and 0 < 8 < p, we have that |z — pug| > (1 — p)u/2 — 8 > 0, provided
that d is small enough. This implies that

Z(wop(ﬁ, 2,0,0) +z)' < — ‘

](—w070(ﬁ0,z,0,6) - pUQ) - (Z - puo)] << ‘Z - pu0|'

By Rouché’s Theorem, the number of zeros of z — —wp o (po, 2, 0, 6) —puo in D, /5_g is equal
to the number of zeros of z — 2z — pug, which is equal to 1 if 8 is small enough. Since 5 > 0
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is arbitrary, there is one (and only one) zp in D, o such that —p~two 0(Po, 20, 0, 6) = ug. In

other words, (po, uo) = E,(po, 20). g

2.3.3. The smooth Feshbach-Schur map. We choose a smooth function x : R — [0, 1] with
compact support included in [0, 1], having the property that y(x) = 1 for any = € [0,3/4].
For any p > 0, we introduce the smooth function x, : R — [0, 1], defined by the rescaling

Xp(r) ==X (;) : (2.28)

Xp(r) := /1= x3(r).
The functional calculus for self-adjoint operators allows us to construct the operators x,(Hy)
and X, (Hy) on the space Hy. The next lemma shows that the pair (H (w(p 2)), Wo,o(w(p, 2)))
is a Feshbach pair for x,(Hy) for suitable values of the parameters p,&,v, 9, €.

We set

Lemma 2.10. Let 0< p<1/2,0<&<1/V8m, 0<y < p, >0 and 0 < e < pu. For all
H(w(-,-)) € B(v,6,¢) and (p, z) € Ulwo o),

(H(w(7, 2)), Wo.o(w(p, 2))),
is a Feshbach pair for x,(Hy).

Proof. The proof consists in checking the conditions (a), (b) and (c) of Definition 2.1} Con-
dition (a) is trivial. To prove that Wo o(w(p,2)) is bounded invertible on Ran’x,(Hy), we use
the functional calculus of Paragraph - It is sufficient to show that there exists a constant
C > 0 such that woo(f, z,r,1) > C > 0 for all r € 32, 1], ] < r, and (§,2) € Ulwoo]. To
shorten the length of the formulas, we set (7, z, r,l_j = wo,0(P, 2,7, l) —wo,0(P, 2,0, 6) One has

-

[woo(B2,m, D) = 7 = |2 [ = [t(@, 2 D) = (r = 2 D)| = fwoo (@, . 0,0l (2.29)

But
t(7, 2z, 1) — (r—ﬁ-f)

3. 1l .
:Z/O (@, 0@, 2 r. 1) +12) dl’+/ Ot) (5, 2,7, 0) — 1) d”,
j=1

with I1(I") = (I',0,0), lo(l') = (I1,1',0), I3(I') = (I1,12,1'). Since H(w(-,-)) belongs to the
polydisc B(7v,d, ), we deduce that ||t(7, z,7,1) — (r —m™15-1)||* < ~, and hence the previous
relation implies

’t(ﬁ,z,r,f)— (r—%f)‘ <ry.

Since (5, 2) € Ulwool, lwoo(F 2 0,8)| < po/2, and since [ — 5% < pm, where j = (m —
|p*|)/2m, we have that |p] < (1 — p)m. Therefore (2.29) gives

pp
2

Since r > 3p/4, we conclude that, for v < p, Wo o(w(p, 2)) is bounded invertible on Ran X, (H)
with an inverse bounded by O((up)~1).

[woo (P, 2,7, )| > 7 (n—7) = (2.30)
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To prove that the operator Wo o(w(p; 2))+X,(H)W>1(w(p, 2))X,(Hy) is bounded invertible
on Ranx,(Hy), we use Lemmatogether with the fact that H(w) € B(7, d, ), which implies
that [|[W>1(w(p, 2))|| <e. For 0 < e < pp, it follows that

[ (Woo(w(@ 20) X, (W (s )| < 1

- _. _—lf
21\ ;0\ p
| W21 (w (B, 2) (Woo(w(p,2)) X, (H)|| < 1, (2:31)

and hence Wo o(w(p; 2)) + X,(Hp)W>1(w(p, 2))X,(Hy) is bounded invertible on Ranx,(Hy).
Condition (c) is a direct consequence of (2.31). O

2.3.4. Definition of the renormalization map. The renormalization map is the composition of
the scale transformation, Sy, the smooth Feshbach-Schur map, Fy g BE and the inverse of the
rescaling of the spectral parameter E,.

Definition 2.11 (The renormalization map R,). Let 0 < p < 1/2, 0 < £ < 1/v/87, 0 <
d,e < pp and 0 < v < p. The renormalization transformation R, : B(7y,0,€) — Wep is
defined by

Ro(H(w))(5,¢) := S, (Fy, iy (H (w (B, (5.0)) . Woo (w (E, '(7.0)))),  (2.32)

for any (p,¢) € U[p*|xD,, /o and H(w(-,-)) € B(,d,€) such that the map (p, z) — wo (P, 2,0, 0)
is analytic on U[p*] X D, /5. We set

H(@(7,¢)) = Rp(H(w))(P.¢)- (2.33)
Remarks.

e The rescaling of the spectral parameter z, given by Ep_l(ﬁ, ) in Definition allows
us to control the expansion of the relevant part along the iteration of the renormalization
map. More precisely, if we set

Rop(H(w))(5, 2) := Sp (Fy, a1y (H (w(i, 2)) , Wo,o (w(5, 2))))

and assume that z is sufficiently small to iterate the Feshbach-Schur map and the
scale transformation, then the absolute value of the relevant part increases, and after
a large number of iterations, it is not possible anymore to apply the Feshbach-Schur
map. This phenomenon is illustrated in Figure 2.1; The marginal part coincides with
the fized point manifold My,, the irrelevant part coincides with the stable manifold
M, and the relevant part with the unstable manifold M,.
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M

Figure 2.1

o We anticipate that the operator-valued function R,(H(w))(-,) belongs to Wep, i.e., can
be written as a series of Wick monomials. The proof is sketched in the next subsection.
In particular, the sequence of kernels w defined in is uniquely determined by the
procedure we use to write R,(H(w))(-,-) as a sequence of Wick monomials.

e The condition that (p,z) — wo (P, 2,0,0) is analytic on U[p*] x D, /o can be weak-
ened. The proof of Lemma (step 3) indeed shows that the condition that z
wo,o(ﬁ,z,O,ﬁ) is analytic on D, /9 for all p € Ul[p*] is sufficient to ensure existence of
the inverse of the scale transformation E,.

2.4. Wick ordering. We sketch the proof of the claim that R, : B(v,d,e) = Wyp. In fact,
if y,0,e are “small enough”, a stronger results holds: R, is codimension-4 contractive and
maps B(v,0,¢) to B(y + ¢/2,e/2,e/2). The discussion of this essential property is done in
Subsection and the exact expression of the new operator H(w) is given in Appendix
In this paragraph, we focus on the reason why R,(H (w)) can be rewritten as a series of Wick
monomials. We omit the arguments (p, z) to shorten the length of the formulas. We have that

Fy ) (H (w), Woo (w)) = Woo (w) + xp(Hp) W1 (w) X, (Hy)

— Xp(Hp) W1 (w) X, (Hy) (Woo (w) + X,(Hp) W1 (w) X, (Hy))

X (Hp)Ws1 (w) x,(Hy). (2.34)

The two terms on the first line of the right-hand side of (2.34]) are already written with Wick

monomials. To rewrite the second line of (2.34) with Wick monomials, we need to expand the

inverse of Wo o (w) + X,(Hy)W>1 (w) X,(Hy) in a convergent Neumann series, and to normal

order the product of annihilation and creation operators of each term of this series. The
Neumann series reads

1

0 _ _ L—2
S 0 W () G2 (W ) T} ()W )y 1)
=2 0 (W 0w

(2.35)
Let L € N, L > 2, and consider the L term in the sum (2.35). Each operator W1 (w) is a
series of Wick monomials; We label the L operators Ws; (w) by an index i, i = 1, ..., L. For
each W>1; (w), we choose one term Wy, n,(w) in the series defining W>1 ; (w) and we normal
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order the annihilation and creation operators appearing in the product
Xp(Hy) "5 ([ X, (Hy)
H)W s AL H )W N, Al A

Xp(Hp )Wy vy (W) Xxp(Hy). (2.36)

Normal ordering is carried out with the help of Wick’s Theorem and the pull-through formula
(whose proofs are standards; see [7]).

Lemma 2.12 (Wick ordering). Set N, := {1,...,p}, bT(k;) := b*(k;), b~ (k;) := b(k;), and
let o, ==+, 1 =1,...,p. For any ordered finite subset P = {i1,...,ip} of N, i1 < ... < ip, we set

[T 07 (k) = 071 (ki) b7 (R, )-

iEP
Then,
P
[To7ik) = > @ [T o7k) - ] 67 (k) (2.37)
i=1 PCN,  ieNp\P JEP
where : - : denotes the Wick-ordered product of creation and annihilation operators:
I = I v I 90
jEP JEP o=+ 1€P,o1=—

Lemma 2.13 (Pull-through formula). Let f : R x R? — C be a measurable function. Then,
for a.e. k € R3,

b(k)f(Hy, Py) = f(Hy + |k|, Py + k)b(k), (2.38)
f(Hy, Pp)b* (k) = b* (k) f(H; + |k|, Py + k). (2.39)

To explain how to use Lemmas - 2| and |2 E we illustrate Formula with some

pictures. We represent the operators wyy,,n, (H, Pf, ki, ks El, .. E N;) by mrcular domains
and the creation/annihilation operators by plain lines. We set

=2
X (Hy)
Fi=_—C 2.40
Wo,o (w) (240)
The operator ( } is an integral over the momenta, k:( 1) ...,E(ML),E(NI) k(NL), of the

operators represented by the drawing

M, Ny

In the picture above, we have set
Xp = Xp(Hy)
and . .
WM;,N; = wMi7Ni(Hf7 P_},El, ”'7EM¢7E17 '"7ENZ~)
to shorten notation. Plain lines starting from the left hand-side of an operator wyy, n, represent
creation operators, whereas plain lines starting from its right-hand side represent annihilation



20 J. FAUPIN, J. FROHLICH, AND B. SCHUBNEL

operators. We use Formula @ to normal order the product of creation and annihilation op-
erators that appears in (]m . This amounts to picking out m;j /n; creation/annihilation oper-
ators over the M; /N; creation/annihilation operators available from Wy, n,, .... , mr/np, cre-
ation/annihilation operators over the M} /Ny, creation/annihilation operators available from
W, N, and to contracting all the remaining creation/annihilation operators that appear in
- As the kernels wyy, n, are symmetric in ky, ..., ky;, and k:l, ok N;, the contractions
with the same numbers my,...,mp/ni,...,ny give rise to the same contribution. There are

therefore
L
MN ._ M; N;
e =11 ) (

contraction schemes giving rise to the same operator, where we have set M := (M, ..., M1).
Finally, we pull-through the uncontracted mi -+ .... + my, creation operators to the left of the
operator x,(Hy) located on the left-hand side of (2.36)), and the nq + .... + nz, uncontracted
annihilation operators to the right of the operator x,(Hy) located on the right-hand side
of . This causes a shift in the kernel arguments via Formula . Formula

tells us that the contracted part can be rewritten as the vacuum expectation value of an

operator *’*(p, z T, l, K(m )); See Appendixfor more details. The Wick-ordered operator
corresponding to is therefore a sum over mq,...,mr,n1,...,nL, (With 0<m; < M,
0 <n; <N;), of operators of the form

b(E™), (2.41)

MN m,n)p* M,N
cu /dK b (k) QYN (B2 LE ™)), s bk

where the operator M’*(p, Z,T, l, K(m ”)) sitting within the expectatlon Value depends on the
operator-valued functions F' and wyy, n,, @ = 1, ..., L. The operator in is Wick-ordered.
Applying this procedure for each (Mj, Ny),...,(Mp, Ny), and for each L eEN, L >2
can be rewritten as a series of Wick monomials. The operator norm convergence of this series
and the fact that the kernel w belongs to W requires a little more effort to be established. We
refer the reader to [4] or [28] for detailed proofs.

3. THE FIRST DECIMATION STEP

Let 0 < 7,d,e < 1. Constraining the coupling constant Ay, any polydisc B(v,d,e) (see
Definition can be reached from the initial Hamiltonian

3 P}y 10
H(p,z)::%—E-Pf—i—wo 0 0 + XoHr+ Hyp — 21,

by applying to H (p, z) some isospectral transformations. The aim of this section is to highlight
how this can be achieved.

3.1. The first step: Applying the smooth Feshbach-Schur map to H(p,z).

3.1.1. Some notations. Let (| 1),| 1)) be the orthonormal basis of C? in which

wop O
( 0 O)ZQJQPT-FO-PJ,,

where we introduced the orthogonal projections Py := | 1)(1 | and P :=| ])({ |. Let x and
X be the smooth functions introduced in Paragraph Let pg > 0. We define two new
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bounded operators on C2 @ F, (L?(R%)) by

X = P, ® Xxpo(Hy), X = P ®X,,(Hy) + P @ 1. (3.1)
The reader can check that x? + %2 = 1. We denote by Hy(p, z) the operator
]5'2 N
sy 4 _ P p 10 _
Hy(p, z) = 5 " m f—i—w0<0 O)—i—Hf z1.

3.1.2. The Feshbach pair.

Lemma 3.1. Let pg < wo. There exists Ac > 0 such that, for all0 < Ao < ¢, for all |z| < #6°,
(H(p, z), Ho(p, z)) is a Feshbach pair for x.

Proof. The proof is standard, but we show that Condition (b) of Definition is satisfied,
in order to illustrate how the functional calculus outlined in Paragraph can be used
to control the norm of bounded operators. The restriction of Hy(p,z) to Ran(x) can be
decomposed into a sum of two operators,

Ho(P, 2)|Ran(x) = P ® b1(P, 2, Hy, Py) + Py @ ba(p, 2, Hy, Py), (3.2)
where
bl(ﬁz,r,f) = <T+l_2—1ﬁ-f— z)]l 300 (), (3.3)
2m  m =g
bg(ﬁz,r,f)::r+£—lﬁ-f+wo—z, (3.4)
2m  m

—

with by (p, z, Hy, Py) and ba(p, 2, Hy, ]5}) defined by the functional calculus of Paragraph
Using the bound (1.23), b1 (#, 2, Hy, P;) is bounded invertible, if, for any || < 22,

This is indeed the case, as

Pl 1 1P

R — = —pl—2z]| > (1—— )—?R > —,

(r+ L, ) > (1= Lipt) - (o) >

and we see that the inverse of by (p, z, H f,ﬁf) is bounded by a constant of order (upg)~*'.

Similarly, ba(p, z, Hy, ﬁf) is bounded invertible and its inverse is bounded by a constant of

order (wo — upo/2)~ !, which implies that the restriction of Hy(p,z) to Ran(X) is bounded
invertible. The bounded invertibility of the restriction of the operator

Hx(p, z) := Ho(p, 2) + MoXHIX

to Ran(X) is shown with a Neumann expansion and the standard estimate

1

H(Hf‘f‘l)o)iéHI(Hf‘*‘PO)ié <Cpy . (3.5)

The Neumann expansion for H%l(ﬁ, z) is formally equal to

o

(Ho (5. 2)) an() 2 (—%0)" [XHIX (Ho (5. 2))gan ()|

n=0

n

(3.6)
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Introducing the operator (Hy + po) 3 on the left and on the right of each operator Hjy, we

obtain the bound

R X ~I\"|| [ Hf + po il
Hy (5. 2ty | < 2" S (Chono ?) {Jﬁ 3.7
Iz (P )l janz) | < 2o nz::() 0 Ho (P’ 2) | Ran(x) 0

Again, the functional calculus of section shows that [|[[(Hy + po)(Ho(P, 2)) " Ranco) || is
bounded by
T+ po T+ po -
Sub T B 1o 7 =O(u™).
7‘23p0/4,|l\§r|7“ + 5m  mP - [ — Z‘ TZO,|HST‘T + om — mP- I+ wy — Z|

1
Therefore, there exists a positive constant A. of order ppj, such that, for any 0 < Ay < A,
the Neumann series in (3.6) converges in norm. O

3.2. The second step: Reaching a polydisc B(v,d,¢). As the Feshbach-Schur map is
isospectral, the study of the invertibility of the operator Fy (H(p,z), Ho(p, z)) restricted on
Ran(x) should provide important insight about the spectrum of H(p) near the origin of the
complex plane. The restriction of Fy (H (p, z), Ho(p, 2)) to Ran(x) is equal to

-,

P —
P¢®<<Hf+2f P

m m

- Py + XoxHix — NxHixX(Hg(p, 2)) "X Hix — Zﬂ)]legp0>¢, (3.8)
where (A)| € B(Hy) is the bounded operator associated to the quadratic form

(PI(A)y9) == (L @Y[A(L ®9)), Vi, ¢ € Hy,

for any operator A in B(C? @ H 7). If we apply the scale transformation S,, defined in Sub-
section to (3.8) and Wick-order the resulting operator following the procedure sketched
in Section we conclude that the next result holds.

Lemma 3.2. Let 0 < pg < wp, 0 < 7,9, < 1, and pg/2 < & < 1/v/8n. There exists \c > 0
such that, for all 0 < Ao < ¢, for all |z| < §,
SPO ([FX(H(p: poz), Ho (P, pOZ))]Ran(x)) =P ® H(M(O) (P, 2)),

with H(w(.,.)) e B(\/ipo +7,0,€).

The proof is given in Appendix [C] In particular, we show there that the critical value A\, can

be chosen such that A\, < C min(v, 6, &)u? p(l)/ ? for some positive constant C' independent of the
problem parameters.

3.3. Analyticity of the effective Hamiltonian H(w(” (7, 2)) in 7 and -z.

Lemma 3.3. If the assumptions of Lemma are satisfied, then (p,z) — H(w (7, 2))
defined in Lemma is analytic on U[p*] X D,/

Proof. The proof follows from (3.8) and the Neumann expansion for [Hsy (7, z)]gin(@ in the
oo
proof of Lemma . Since (P, 2) = (Hy + 55 — 2 - Py — po21)1g,<1 € B(Hrea) is analytic

on U[p*] x D, /2, and since H; is independent of (P, z), it remains to show that

XH1X [Hx (P, p02) | gancp) XHIX (3.9)



ANALYTICITY OF THE SELF-ENERGY 23

is analytic in p'and z. Introducing (Hy + po)_l/2 on the left and on the right of Hy in ,
we have seen in the proof of Lemma that the Neumann expansion for converges
uniformly in (p,2) € U[p*] X D, 2; see (3.7). As (Hy + po) V2H(Hf + po)~'/? is bounded
and independent of " and z, we only need to show that the operator
{ Hy¢ + po
Ho(p, poz)

Ran(X)

is analytic on U[p*] x D, /5. By the equivalence between weak and strong analyticity stated
in Theorem and the polarization identity for bilinear forms, it is sufficient to check that

(L @] [(Hy + po) (Ho (P, POZ))A]R&H@ } @)

and
(1 @] [(Hy + po) (Ho (P, Poz))_l]Ran(@ T ®Y)
are analytic in p'and z for any |¢) € Hy. The functions

= i T+ po L = T+ po
(p,Z,T',l) — Z—Q ﬁ = ) (p,Z,T',l) — Z—Q ﬁ = )
o — 2L+ T — poz 5 = L+ T+ wo — poz

are analytic in (f,2) for any (r,l) € Ry x R3 with r > 3po/4 and |I] < r, and for any
(r,1) € Ry x R3 with |I] < r, respectively. Using the functional calculus of Paragraph
we deduce that

(L @yl [(Hy + po)(Ho(7, Poz))_l]Rw( I ®y)

X)
and
(t @v| [(H + po) (Ho(F. po2) ™y T @)

are analytic on U[p*] x D, s2- This is a direct consequence of Morera’s theorem for several
complex variables; See Theorem [A.4]in Appendix[A] For a similar and detailed argumentation,
the reader can consult the proof of Lemma [4.2] in Section [4.1] O

4. ITERATION OF THE RENORMALIZATION MAP AND PRESERVATION OF ANALYTICITY IN ﬁ
AND 2z

The renormalization map R, can be iterated arbitrarily many times if, initially, it is re-
stricted to a sufficiently small polydisc B(7,d,e) of operator valued functions. The purpose
of this section is to explain under which conditions this iteration can be done and to show
that the analyticity of the operator H(w(p,z)) in (P, z) is preserved under iterations of the
renormalization map.

4.1. Results on Analyticity. We denote by 52" (v, d,¢) the subset of B(7,d,€) composed of
the analytic maps U[p*] x Do 3 (P, 2) = H(w(p, 2)) € B(Hrea). Lemma {.1] states that the
renormalization map preserves analyticity.

Lemma 4.1. Let 0 < p < 1/2, 0 < £ < 1/(4V8m), 0 < v < p, and 0 < 0, < pu. If
H(w(-,-)) € B™(v,6,¢), then the B(Hrea)-valued function H(w(p,()) = Rp(H(w))(p, () is
analytic on U[p*] X D, /5.

Remarks.
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e Different strategies lead to Lemmal[{.1 The preservation of analyticity can be proven
for kernels: If (p,2) = w(p,z) € W* is analytic on U[p*] x D, /2, one can show
that (P, z) — w(p,z) € WE is analytic. To do so, it suffices to consider the explicit
expression of the kernel w, as given in Appendiz [B. One shows that all the terms
appearing in the series are analytic. The uniform convergence in P and z of the
Series in 1s then sufficient to establish the result. Such a procedure has been used
in [28] to show the analyticity of the ground state energy with respect to the coupling
constant in the spin boson model. Here, we prefer to work on the operator level and
we adopt an approach similar to [25].

o We recall that, to pass from the operator R,(H(w))(p,() given by the expression
to its Wick-ordered expression H(w(p,()), it suffices to follow the procedure
described in Pamgmph (and detailed in Appendiz @, based on the combination of
the pull-through formula and Wick-ordering. This uniquely determines the sequence
of kernels w(p, (). Naturally, since the two operators coincide, proving analyticity of
Ro(H(w))(p,C) is equivalent to proving analyticity of H(w(p,()).

To prove Lemma we first state Lemma which shows that the analyticity of (9, z) —
H(w(-,-)) € Wyp implies the analyticity of its “components” in the following sense.

Lemma 4.2. Assume that the B(Hyeq)-valued function H(w(-,-)) € B(v,6,¢) is analytic on
Ulp*] x Dyjp. Then (p,z) = woo(p;2,0,0) € C, (p,2) = Woo(w(p,2)) € B(Hrea) and
(P, 2) = Wx1(w(p; 2)) € B(Hyrea) are analytic on U[p*] x D, /.

Proof of Lemma[{.1 The proof follows from Lemmas[2.9]and [£.2] We remind the reader that
Ro(H(w))(7.€) = Sp (Fy, a1y (H (w (B, (7.€))) . Woo (w (B, (7.0))))) -

We have seen in Lemma [2.9| that E;l(ﬁ, z) is holomorphic on U[p*] x D, /5. The composition

of two analytic maps being analytic, H <m (E;l(ﬁ, C))) and Wy o (w (Eljl(ﬁ, C))) are analytic

on U[p*] x D,,/5. We now remark that the smooth Feshbach-Schur map preserves analyticity.
Indeed, if H(p, z) and T'(p, z) are analytic B(Hyeq)-valued functions, then, with W= H — T,

FX(H(ﬁ’ Z)’T(ﬁv Z)) = Hx(ﬁv Z) - XW(ﬁ’ Z)Y[HY(ﬁ? Z)]f_{alm(y)yw(p: Z)X

is analytic as a product of bounded analytic operators, provided that the Feshbach-Schur
map is well-defined. As the scale transformation S, preserves analyticity, we deduce that
Rp(H(w))(p;¢) is analytic on U[p*] x D, /5. O

Proof of Lemma[{.4 We first prove that (p,z) — woo(p, Z,T,f) € C is analytic for any fixed
(r,) € B. In order to “extract” wo from H(w(-,-)), we consider a sequence of smooth
functions whose modulus squared converges weakly to a Dirac distribution. Let 1 be a smooth
function with compact support, such that [gs [n(Z)?d®x = 1. For any ['in the unit ball of R3,

for any n € N, we set
M, (k) == n®n (n(k = 1)) . (4.1)
Let 1,7 be in the unit ball of R?. We introduce the two-particle state W,, := b*(_-)b* (n,7)8

n,l U
and consider the sequence of holomorphic functions (g, )nen defined by

gn (0 2) = (Vn[Luy < H(w(p, 2))1h, <1 Wn), (4.2)
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for all n € N and all (p,z) € U[p*] x D, /5. We show in Appendix |§| that (gn)n converges
uniformly on U[p*] x D,/ to a multiple of wo o(p; z, |l_i + |l7|, [+ l_;) This condition is sufficient
to ensure that (9, z) — wo,o(P, 2, r,l_j is analytic for any fixed (r,lj € B; see Lemma

We now show that (p,2) = Woo(w(p,2)) € B(Hrea) is analytic on U[p*] x D, /5. To do
so, we make use of the equivalence between weak and strong analyticity stated in Theorem
[A.2] and we show that (7,z) — Woo(w(F, 2)) € B(Hrea) is weakly analytic. Thanks to the
polarization identity for bilinear forms, it is sufficient to prove that (V|Wyo(w(p,z))¥) is
analytic for any U € Hpoq. Let ¥ € Hieq- We write U as a sequence of n-photon state
functions (w("))neN; By the functional calculus outlined in Paragraph we have that

(WWo,0(w(p; 2))¥) = ,;/D(n)iznldki [0 (kg ooy B [P0, 0 (B, 2, B(R™), S(k)) (43)

+U)070(]5: 270»6)|¢(0)|2»
where
D(n) := {(ky, ... k,) € BY | |k1| + ... + || < 1}.

We use the theorem of Morera for several complex variables (see Theorem in Appendix Al
to show the analyticity of the map (7, z) — (¥|Woo(w(p, 2))¥) € C. Let V; := 11 x A; x 13 x 14,
(i = 1,...,4), be a surface included in the domain U[p*] x D,,/, that satisfies the criteria of

—

Theorem|A.4] H(w) € B(v,9,¢€), and there exists a constant C' > 0 such that |woo(p, z,7,1)| <

—

C, for all (p,z) € U[p*] x D,/ and (r,1) € B. As

S [ Tk [0 k)P = 9 < o,
n=0"D(n) ;=1

we deduce that the function (p,z) — (¥|Wyo(w(p,2))¥) is continuous; Furthermore, by
integrating (4.3]) over OV}, the sum over n and the integral over V; can be exchanged. Fubini’s
theorem implies that

| @Woo@®) = [ wool- 0.0
oVv; oVv;

2 2

+ 21/" l_IldEzW)(n)(Ela)En)F /8V- w070('7'7E(E(n))vi(k(n)))' (4‘4)

The analyticity of U[p*]x D, /2 > (9, 2) = wo (7, 2, S (EM™), S(E™)) for any (2(k™), B(k™)) e
B shows that the right-hand side of is equal to zero. Hence, Morera’s theorem im-
plies that (p,z) — (¥U|Wyo(w(p,2))|¥) is analytic for any ¥ in H;, and we conclude that
(7, 2) = Woo(w(p; 2)) € B(Hyea) is analytic on U[p*] x D,, /5. Obviously, since W>1(w(p, 2)) =
H(w(p,z)) — Woo(w(p, 2)), UlP*] x Dyyp 3 (p.2) = Wai(w(p,z)) € B(Mrea) is also ana-
lytic. O

4.2. Tterating the renormalization map. In Subsection it has been shown that the
renormalization map preserves analyticity. We now investigate under which condition the
renormalization map can be iterated.
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4.2.1. Codimension-4 contractivity. The renormalization map is codimension-4 contractive, in
the sense of the following lemma.

Lemma 4.3. Let 0 < p < 1, 0 < €< 1/(4V/87), 0 <y < p, 0 <6 < pp, and 0 < & < p? .

Then,
Ry BY(7,6,¢) = B™(y + =, =, -

250 (4.5

The proof of Lemma is similar to the proof of |4, Theorem 3.8]. We sketch its main
idea in the rest of this paragraph. For the sake of completeness, a detailed exposition is given
in Appendix [E] If p and e are sufficiently small, we expect from the scaling properties of the
kernels in that the irrelevant part Ws; of the effective operator H(w) := R,y(H(w))
will have a smaller norm than W>;. To check it, we need to bound the Wick-ordered se-
ries WZl- Wz1 is a sum over L > 1, followed by a sum over My,..., My /Ny,..., N and
mi,...,mp/ny,...,np (S ;mi+n; >1,0<m; <M; 0<n; <N;), of operators of the form

p(E™).  (4.6)

M,N m,n)px (1.(m M,N (> 7 o (mn
Ca, / dI Y (K) (QY i (5 2, LK),y 5 g bk

7@
The norm of the operator “//mM@’E(ﬁ, z, 'r,l_; K (m,@)) in (4.6) can be bounded by the product of
the norms of the kernels wyy; y, with the norms of the operator valued functions F'. After
rescaling, (4.6)) is bounded in norm by

L L—1

Cato ™ (H e(M&)MﬁMpﬂmi*”ﬁ) (=) (4.1
o i=1 PH
In (7)), the term (C/pu)=~! comes from the norm of the rescaled operators F, and the
factors e€Mi+Ni arise because ||wsq||* < e. It is not difficult to realize that the sum over L,
My,...,My/Ny,...,Np and mq,...,mp/n,...,ng, of , is bounded if p and ¢ are small
enough. In particular, it becomes smaller than £/2 for sufficiently small p, e.
The relevant part does not contract under renormalization. Indeed,

Woo(7,¢) = S,Woo(E, ' (7,0) + W(E, ' (7,0)), (4.8)
where W(Egl(ﬁ, ()) is the sum over all Wick-ordered operators of the form (4.7) with m; =
.=mp =mn1 =---=ng = 0. This term can be bounded by /2 if p and ¢ are sufficiently

small. However, the norm of S,Wy,0(E, (7, ¢)) does not change much. The reader can consult
Appendix [E] for more detailed calculations.

4.2.2. Iteration of the renormalization map. L, &,7, 9, € satisfying the constraints of Lemma

Let 0 < po < min(€%/3,wp). Lemmas [3.2] and show that there exists a constant
Ac > 0, such that, for all 0 < A\g < A, the operator-valued function U[p*] x D, /s > (p,2) =

H(w " (p, 2)) obtained from (7, z) — H(, z) after a rescaling of z by pg, a smooth Feshbach-
Schur transformation, and a scale transformation, Sy, lies in B*'(7,¢,¢€). The codimension-4
contractivity of Lemma [£.3] implies that

an an E E E
Ry : B™(v,e,e) = B (’y—l— 2,2,2). (4.9)

As e < p?u? < p, v + e < p and the renormalization map can be iterated indefinitely. For
any n > 0, we set

Hw™) = R Hw®)) € B (7 + e, 2% 2%) , (4.10)
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where 7, = 1 — 27" for n > 0. Thanks to the isospectrality of the renormalization map,
we keep track of the eigenvalue 0 of the effective Hamiltonians H(w(™) in order to find an
eigenvalue z(p) of the initial operator H(p). We set, for any n € NU {0},

1P

U™ = {(5,2) € UF x Dy | Ity (5, 2,0,0)] < 57, (4.11)

and we introduce the maps E,,, : U™ — U[p*] x D, /5 defined by

Epn(,2) = (5, —p~ ‘wly (5. 2,0,0)),

for all (p, z) € U[p*] x D, /2. We explain with some pictures why the sets U (™) and the maps
E,, are relevant to find the ground state eigenvalue of the initial Hamiltonian H(p). It is
more convenient to work with p'€ U[p*| fixed and to look at the sets

UMF) = {z € Dyjo | |y (7. 2,0,0)] < B2} (4.12)
U™ is the union over § € U[p*] of all sets {p} x U™[p]. For any n > 0, U™ [p] C D,/ and
pwgy (FUM,0,0) € D,yjo.

-1,,(n)
Wo,0

(ﬁ: '707 6)

................................. U™ pl

The isospectrality of the renormalization map shows that dim[ker H (w1 (5, 2))] # 0 iff
dim[ker H(w ") (E,§ o...0 E, }(p, 2)))] # 0.

If we want z to be located inside the disc D, /5 for all n > 0, the set of initial spectral values
HZ(E;(% 0..0 E;}L(ﬁ, D,/s)) C D, s has to shrink with n. II, is the projection along the
z-component in C* x C, that is

for any (7', 2') € C? x C.

(ﬁ DH/Q))

U [p]
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In the limit where n tends to infinity, we expect the set HZ(EP 000l ~L(p, D,,/2)) to shrink
to a point located near 0, which will turn out to be the eigenvalue of H (p) rescaled by a factor
pot. We define the sequence (eq ), of complex-valued functions on U[p*] x D,/ by

€0 n(pv ) (EpO 0...0 pn(pa )) (413)
for all n > 0 and for all (p, z) € U[p*] X D,,/a.

Lemma 4.4. Let 0 < p < p, 0 <& <1/(4V8m), 0 <y < p, 0 <6 <K pp, and 0 < € < p?p?.
The sequence of functions (egn)n converges uniformly on U[p*] x D, /5 to a function e .
€0,00 (P, 2) is independent of z.

Proof. We define the sequence (e, n))m,n of functions on U[p*] x D, /5, n > m, by
€(m,n) (15; Z) = HZ(Ep_,rln 0...0 Ep_nlz(ﬁ» Z)) (4'14)

Let m > 0. We show that the sequence (e, n)(P; 2))n converges uniformly in (p,z) to some
function e, (P, 2). We have seen in the proof of Lemma that \8211) )(p, 2,0,0) + 1| <

C < 1, for all (§,z) € U™, The constant C' does not depend on m, because H(w™) e
B2 (y 4 ¢, €, €) for all m > 0. We denote by h("™ the complex-valued analytic function defined
by (7, A" (P, 2)) == Epm(p, z), for any (p, 2) € U[p*] x Dy /s. 10,05, 2)| < p/(1 —C) for
all (p,z) € U[ | X Dyo. 1f pis sufficiently small, p/(1 —C) < 1. Let n,k > 0, n > m, and
(7, 2) € U[p*] x Dyyja. Then, eqp ) = (M o ..o h(™ and

’em,n(ﬁ7 Z) - 6m,n+k<ﬁ: )‘ <= ‘em—i—l n(p7 ) - em+1,n+k(ﬁa Z)’ <.

N
1-—
<(%) enn(P2) — eanin@2) < (125) m

The sequence (e, n (P, 2))n is Cauchy and converges to e oo (P, 2). The convergence is uniform

n (7, 2), as |emn (P, 2) — em,oo(D,2)| < (p/(1 = C))""™p for any (p,2) € U[p*] x D;ya. Let
2,2 € D,y and pe U[p*]. Then

n—m
enan7.2) a2 < (125) "l =21

and we deduce that ey, o (7, 2) does not depend on z. As H(w™) € B™ (y + erpm, 5 )

|em,oo(ﬁa Z) - pem+1,oo(ﬁ7 Z)| < 27Me.
We deduce that

o0
’60700<p7 0)’ S ij‘ej,oo(pv 0) - pej-‘rl,oo(pa O)’ S 9 _ p?
=0

for any '€ U[p*]. Therefore, e o0 (P, 2) = €0,00(P) belongs to a small disk of radius 2¢ centered
at the origin of the complex plane. O

When n goes to infinity, the perturbation ng) tends to zero, and we expect the operator

H™ (w (P, en,00(p,0))) to tend to a(ﬁ')[ﬁ—i—ﬁ(@ -ﬁf. a(ﬁ)[ﬁ—i—ﬁ(@ -ﬁf has an eigenvalue 0 with
associated eigenvector [€2), and we expect the complex sequence (ppeo (P, 0)), to converge to
an eigenvalue of the initial “Hamiltonian” H(p).
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Lemma 4.5. Let 0 < p < p1, 0 < £ < 1/(4V87), 0 < vy < p, 0 < 8 < pt, 0 < e < p?p?,
and p € U[p*]. Then H(y(”)(ﬁ, n,0o(,0))) converges in norm to an operator Hpi,(p) =
a(P)Hs + B(p) - Py, where a(p) € C and B(p) € C3. If p € R¥*NU[p*], a(p) € R and
A7) e R,

Proof. Let p'e U[p*]. We show that the sequence of kernels (w(()%) (P, en,0o(P,0), 1, 1)) converges
uniformly on B to a(p)r + B(7) - [. We introduce the function

T (7,7, 1) := w3 (B eno0 (5. 0), 7, 1) — w) (7, €00 (77,0), 0, 0),

— — —

defined for any (r,l) € B. We show that the continuous functions (r,l) — (0,1,)(p,7,l) €

—

C and (r,1) — (0, T)(p;7,1) € C converge to constants a(p) and £;(p) uniformly on B,
respectively. We set

AT, (5, 7,1) = To (5,7, 1) — p~ T (B, pr, ).
For any m,n € N with n > m,
To(Byr, 1) = P " Ton (B, 0", p" ) = > p AT, ", p" ). (4.15)

1=m+1

From the exact formula (B.8]) for the kernels w(()tg), we deduce that

—

AT, (p,r, 1)
_ -1 - _1)L-1 V(n) - 7.0 l_' 1) = 7.0).0 6
1Y Z( ) Z 0,p,0,q(puen—1,oo(p7 ))T7) 07p,07q(p76n—1700(p7 )) ) ) .
=2 pa
pit+aq;=>1

—

The proof of Lemma (see Appendix shows that AT, (7, r,1) is differentiable with respect
to the variables r and [}, for j = 1,..., 3, as the series of partial derivatives converge uniformly
on B. Furthermore, ||0,AT, ()]s < /27! and 10, AT, (D) |lo < g/2"~ 1. Differentiating

(4.15)) with respect to r, we have that

€

(0T, 1) = (0 Ton) (B, ", D) <

— = —,

for all (r,1) € B and n > m. In particular, for (r,1) = (0,0),

e
om—1 :

’(8TTn)(ﬁv Ov 6) - (8rTm)(ﬁv Ov 6)| <

((0,T) (P, 0, 6))n is a complex Cauchy sequence and converges to a complex number that we
denote by a(p). The same result holds for the partial derivatives with respect to I;, and we
denote their limits by 3;(p). «(p) and B;(p) € R if p € R¥NU[p*]. We show that the sequence
of functions (T;,), converges to cu(p)r + 5(p) - I uniformly on B. Let n > 0. There exists
N(n) € N such that, for any n > N(n), |(8,T)(5,0,0) — a(p)| < n and saot < 7. Then, for
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any n > N(n), for any (r,1) € B,

—.\

|0 T0) (5, 1) = (@) < 1@ To) (5,7, ) = (0 Tny) ("N D, p =N}

+ (0 T () (9, 0,0) — ()| + |(6 TN ) (@, p" Ny, p N — (8, Ty ) (5, 0,0

<20+ |0 Ty ) (. 0"~ D) = (0, T () (5,0,0)].
The function 9,Ty ;) is continuous in (0, 0) and there exists M (n) > N (1), such that , for any
n > M(n), for any (r,1) € B,

|(arTn)(ﬁ7 T‘,f) - O‘(ﬁ)‘ < 377‘

We deduce that (0,T},), converges uniformly on B to the constant «(p). A similar result
holds for the partial derivatives with respect to l;. As T5,(p, 0,0) = 0, T(p,r,1) converges
uniformly to a(F)r + 3(p) -l on B. w(()tlo) (7, €n.00(,0),0,0) = —pent1.00(7,0) converges to zero,
and therefore, w(({bo) (P, €n00 (1, 0), r,l_j converges uniformly on B to «(p)r + E(ﬁ) L O

Remarks. |a(p) — 1| <~ +¢ <, and |3(7) + p/m| < v+ ¢ < p. Therefore, the “cffective”
momentum —mf(p) stays close to p and the renormalization map can be iterated indefinitely.

We set
%0 (P) 1= poeo,o (P, 0)- (4.16)
The next lemma states that zo(p) is an eigenvalue of H (p).

Lemma 4.6. 2..(p) is a non-degenerate eigenvalue of H(p). If f € R3NU[p*], 200(P) lies at
the bottom of the spectrum of H(p), i.e.

20 (P) = inf o (H(F)). (4.17)

The vector |2) is non-zero eigenvector of Hpi, with eigenvalue 0. The Feshbach-Schur
theorem asserts that we can find an eigenvector of H(p) corresponding to zo(p) with the
help of the auxiliary operators @ introduced in (2.7). We consider the sequence of vectors

U (p) == Q1ML Qo(P)T, - - I, Qn () (I @), (4.18)
where
QuP) 1= Quytaty) (H™ (7. 00 (). Woo 0y B oy @) . (4.19)
and
Q(-1)(P) = Qx (H(P, 200 (D)), H(P, 200 (D)) — Mo H1) - (4.20)

Lemma 4.7. Under the conditions of Lemmal[].4}, the limit
Voo (p) := lim Wy (p) (4.21)

exists, is non zero, and belongs to ker[H (P, zo0(P))]. The convergence of W, (p) to ¥oo(p) is
uniform in p € U[p¥].
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The detailed proof of the assertion — “ppeg oo (p) is an eigenvalue of H(p)” — in Lemma
is similar to [4, Theorem 3.12|, and we refer the reader to this paper for details. The proof of
the non-degeneracy of z(p) is a direct consequence of [29, Theorem 2.1|. Furthermore, the
fact that z..(p) lies at the bottom of the spectrum if 5 € U[p*] N R3, is, in all points, similar
to the proof of [28, Theorem 2.1 (i)]. The proof of Lemma [4.7]is carried out in detail in [4].

5. PROOF OF THEOREM [[.1]

5.1. Proof of the main theorem. The proof of Theorem [I.1]follows by gathering the results

of Lemmas and . Lemmas and show that the map (p,2) —
H(w™(p,2)) € B(Hyrea) is analytic on U[p*] x D, s for all n € NU{0}. We deduce from

Lemmasandthat Ep_}L (P} 2) is analytic on U[p*] x D,, /9, for any n > 0. As a composition
of analytic maps, € ,)(-,0) defined in is analytic on U[p*] for any n > 0. The uniform
convergence of the sequence of functions (e ,)(+,0))n to €@ o) on U[p*] shows that e(g ),
and therefore zoo, are analytic on U[p*].

The analyticity of p — W (p) is proven in a similar way. To shorten notations, we set

HM™(p) = H(w™ (P, e(n.00)(P))) and ng)(ﬁ) = Wa1(w™ (P, e(n,00)(9))), for any n > 0.
Lemmas and imply that ' +— H™(p) € B(Hreq) and § ng) (p) € B(Hrea) are
analytic on U[p*]. From (4.19) and the definition of @y in (2.7)), we deduce that

QuP) = Xp(Hy) = X (HP)[H™ (B)] a1,y Xo )WY ()X () € B(Hrea)

is analytic on U[p*], for any n > 0, being a product of bounded analytic operators. Further-
more,

Q-1(7) = X — MoX[Hx (5, 200 (7)) an(zpy X H1X € B(H)

is analytic in p. Indeed, the Neumann expansion of X[Hx (D, Zoo (ﬁ))]ﬁ;n(i) (Hy + po)'/*x
converges uniformly on U[p*] (see the proof of Lemma, and the bounded operator [(H s+
po)(Ho(P, 200 (ﬁ)))]ﬁ;n(@ is analytic on U[p*]; See the proof of Lemma Therefore, ¥,,(p) is
analytic on U[p*], for any n > 0. The uniform convergence of (¥y,),, to W, on U[p*] completes
the proof.

APPENDIX A. LEMMAS ABOUT HOLOMORPHIC FUNCTIONS

In this appendix, we gather some useful theorems for Banach space-valued and complex-
valued analytic functions of several variables. The reader is referred to [36], [35], [30] and [8]
for more detailed expositions. Let U be a connected open set in C".

Definition A.1 (Analytic function). Let n > 1 and let X be a Banach space. A function f :
U C C" — X is said to be analytic on U (or strongly analytic) if, for anyu = (uq,...,u,) € U,
there exists a neighborhood V(u) C U of u, such that

FE)= D Tagean(zn—u)™ o (20— un)", (A1)
at,...,an>0
for any z = (z1,...,2n) € V(u), and where x4, q, € X.
It is possible to show that strong and weak analyticity are equivalent for Banach space-

valued holomorphic functions (see e.g. [35] for functions of one variable, and [§] for a gener-
alization to several complex variables).
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Theorem A.2. Let X be a Banach space, and X' its dual. Let f : U C C" — X be a function.
Then the following assertions are equivalent:

(i) f is analytic on U;

(i1) For any ® € X', ® o f is analytic on U.

Theorem [A22] is useful, since we can use the standard results for complex-valued analytic
functions to investigate the analyticity of Banach space-valued functions. In particular, for
functions f : U C C" — B(H) - where B(#H) is the Banach space of bounded operators on the
Hilbert space H- it is sufficient to check that (¢|f(-)v) is analytic for any ¢, € H. A theorem
due to Hartogs says that a complex-valued function of several variables is analytic if and only
if it is holomorphic with respect to each variable individually. This theorem establishes the
equivalence between analyticity and complex differentiability (or holomorphy) for complex-
valued functions of several variables. To find out whether a complex-valued function of several
variables is holomorphic on U or not, we will use the generalization of Cauchy-Poincaré and
Morera’s theorems to several complex variables (see [36]):

Theorem A.3 (Cauchy-Poincaré). If f : U C C* — C is holomorphic, then, for any
(n + 1)—dimensional bounded surface V. C U with class C' boundary such that OVis an
n-dimensional piecewise-smooth surface,

f=o. (A.2)
14

Theorem A.4 (Morera). Let f : U C C" — C be a continuous function. We assume that

f=0 (A.3)

v,
for any arbitrary surface Vi, = Iy X ... X lj_1 X Ap X ly1 X ... X 1y, included in U, where the l;’s
are class Ct curves with ends 23- and z;-’ in the zj-plane, and Ay, is a closed bounded simply
connected domain in the zp-plane with a piecewise-smooth boundary, k = 1,...,n. Then f is

holomorphic on U.
Finally, we state a well known convergence theorem for sequences of holomorphic functions.

Lemma A.5. Let X a Banach space, and (fx)ken a sequence of holomorphic functions f :
U — X, which converges to a function f uniformly on any compact subset K C U. Then f is
holomorphic on U.

APPENDIX B. WICK ORDERED EXPRESSION OF THE RENORMALIZED OPERATOR

In Subsection [2.4] we explained shortly why R,(H (w)) can be rewritten as a series of Wick
monomials. In this appendlx we give the exact expression of the new kernel @ and complete
the intuitive picture of Subsection We use the notations of Paragraph and, to avoid
a large increase of the length of our formulas, we introduce

i—1 L
r -—ZE e 3 S = SSEM 3 S
j=it+1 j=1 j=i+1
5 IR NI R
i ._Zz 4+ Z SE L= SSEY S SEYL B

Jj=i+1 j=1 Jj=i+1
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We remind the reader that
X, (r)

wo,0(p, z,1,1)

In order to get the expression of the new kernels, we have to investigate how the arguments of
the kernels wyy; n, are modified by the pull-through of the annihilation and creation operators.
We set p; := M; — m;, q; := N; —n; to follow the notations already present in the literature.
Once we have contracted p; + .... + pr creation operators with ¢; + ... + gr annihilation
operators and pulled through the m; + ... + mp uncontracted creation operators to the left
and the ny +...+ny, uncontracted annihilation operators to the right, the third and the fourth
arguments of the operators W, p; n;+q (D 2, Hf,Pf,K(mﬁp“nlJqu)) and F(ﬁ,z,Hf,ﬁf) are
shifted by a certain amount, which depends on their position i. Namely, they are modified by
the uncontracted creation operators that were originally sitting on their right hand-side and
have been pulled-through to the left, and the uncontracted annihilation operators that were
originally sitting on their left hand-side, and have been pulled-through to the right. This leads
to a shift

F(p,z,7,1) = (B.2)

L i—1
Hy = Hp+ S Sk + S sE"™)) = Hy +
j=it1 =1
for the third argument of Wy, 1p; n;+¢;, and a shift

L i
Hy = Hp+ S Sk + ST sE™) = Hy + 7,
j=it1 j=1
for the third argument of the operator-valued function F(p,z, Hy, ﬁf) sitting directly on the
right of Wi, +p; ni+q: (D5 2, H, ]3f) The shifts for ﬁf are given by the same formulas, with X
replaced by Y. Thanks to Formula , the contracted part can be rewritten as the vacum

. ) + . .
expectation value of an operator “//m p q(p, Z,T, L K )) whose expression after rescaling

is given inside the brackets of Equation (B.4).
We are ready to state the exact expression of the new kernel @ = (wps,n) which satisfies
H(w) =R,(H(w)). We introduce

mn m,n * — > 7 1. (m (n) .
W (5, z,m, L K™™) o= 1y, < /B }ﬁqb (2P) Wi pintq (B, 2, Hy + 1, Pp + LE™, 2@ ™ 50)

b(Z9)dX Py, <. (B.3)
We also define the function

Vinpng ‘I(ﬁ’ 2, LMY = (r + Fo)xa (r + 7r)

(9] H (Wit (B2 + 1), p T+ 1), oK™ ™) F (2, Hy 4 plr + 7). Py + (U + 1)

Wit (5. . plr + 1), p(T+ 1), pK ™)), (B.4)
where we have set m := (my, - ,mz), n:= (ny,--- ,nr), pi= (p1,--- ,pL), q:= (g1, ,q1),

and m,p,n,q := (mi,p1,n1,q1, -+ ,mr,pr,nr,qr) to simplify notation. We introduce the
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constants
C ™ = H( e > ( A ) (B.5)
1

Setting (P, z) = E;l(ﬁ, (), the sequence (W, N) is given by the following expressions: For
M+ N >1,

UA)M,N[@ Ca r, ZK(M’N)]
[e's]
-1,3 - +p,n+ -
= (=)t M > Civ " Vit B, 2,m, L KM (B.6)
L:1 m’p’n’q
mi +...+mp = M,
ny+...+np =N
m;+n;+pi+q =1

The notation f™ (K(M’N)) appearing in denotes the symmetrization of f w.r.t. the
variables E(M) and E(N) that is

fsym (K(M N)) . M|N| Z Z f( (M)’]%fr(l)’ Ce 3E~(N)> . (B?)

weSy TESN

Finally, for (M, N) = (0,0),

o0
w0,0(ﬁ? C,’I”,l) = p_le,O(ﬁ Z, PT, ,OZ) + p_l Z(_l)L_l Z VO,p,O,q(ﬁ7 z,T, l)? (B8>
L=2 p.q
pi+q;>1

where

V()qu(ﬁ,Zarl_j

< ) H (WOO p,Z pT, pl) (p,Z,Hf -+ pr, ﬁf —I—pl))W]g)LOqL(p,z,pr, pl—j Q> (Bg)

APPENDIX C. PROOF OF LEMMA [3.2]

To render the structure of the proof of Lemma [3.2] clearer, we subdivide it into three steps.
All the positive constants of order one appearing in the estimates are denoted by the capital
letter C' if they are independent of the parameters pg, Ag and pu.

C.1. Step 1: Explicit expressions for the kernels. We start from (3.8). We set

—,

3 P2 5 .
H(O)(p,z) ::Sp°(<<Hf+ﬁ_E' r + AoxHrx

— NoxHrx(Hx (P, poz)) " "X Hrx — P0Z11>11Hf§p0>¢)-
One has that
H(O) (13; Z) :uA)O,O(ﬁ? Z, Hf? I:;f)]]-Hfgl

+ 2085 ((OCHIX) ) = NoSo ((XHX(Hx (5, p02))'XHix) ), (C.1)
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where W 0(p, z, T, l) =r+ po— — L5.7— 2 An obvious calculation shows that

\fpo

sup 40,0 (7, 2,7,1) — o,0(F, 2,0,0) — (r —m ™5 D] < 222
(P,2)eU[p* XD,y /2

where we used that m <1. We remind the reader that

3

F = [0,0(0,0)] + (10 0,0llc + D [101,00,0lloc-
=1

The second term on the right hand side of (C.1]) is already cast into a sum of Wick mono-
mials. A straightforward calculation making use of the Pull-through formula to restrict the
integration range implies that

Yo ((xcHIx),) = ~idopo [ FIEE) - & x(Hp) () ~ hoe) x(Hp) dk (2

The associated kernels are independent of p, z and f and are given by

W o(r, k) = o1 (r, k) = iXopo k|2 &(k) - € x(r + |k|)x(r). (C.3)

Their norm || - ||1 is of order A\gpp. The analysis of the third term on the right-hand side of
2

(C.1)) requires more work. The procedure is similar to the discussion of Paragraph - We
write down the Neumann expansion for [Hx(p, poz)]Ran(X) and Wick-order it to rewrite

Spo (XHX [Hx (P p02) o) HiX) )

as a series of Wick monomials. We use the formulas in Appendix [B]and get that

NSy (CHX [Hy (. po2)li by Hix) ) = H((5. ). (C4)
where, for M, N > 0,

7JJMN(ﬁ,Z r, 1, KM

_ Z 1)1 g N1 ) Vil (B poz,r, LEKOEN), - (C5)

m,p,n,q,
my+---+mp =M,
ny+---+np =N
m; +n;+pi+qi =1

with

Vinpanaa (B po,r, 1 KN 1= x (1 + o) (r + 7). il (po K

(Wm'“nz (mi,ni))

F(F, poz, Hy + po(r + i), Py + po(I+ i) ) Wyntare (pOK(LmL’nL ) o). (C6)

The function F'is given by

F(p,z,r,0) = P, @by (9, 2,7, )X, (r) + Pr @ by *(§, 2,7, ), (C.7)
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with
L Pp o
bl(pvzaTJ) = (T + om - E - 2)]]'7’2390/4 (CS)
bo (P rf)—r+£+ P (C.9)
2\P, 2, Ty t) = om wo m Z. .

The sum in (C.5)) is only carried out for m; + p; + n; + ¢; = 1 and the operators Wlflnqul do
not depend on (p, z). In (C.6)),

W;qu,ziz (K(mi,m))

= / b*(i(pl)) Wm;+pi,ni+q; (k(ml)ag(pl)7E(n2)7i(ql)) b(i(ql))di(p“ql) (Clo)
B,
As Hj is linear in annihilation and creation operators, the only non-zero kernels are the C2-
valued functions wg 1 and wi g, given by
w071(ﬁ) = —wl’o(k) = ZA()’E’UZE(E) i 1|E|§1' (C.ll)
Therefore, W™ is non-zero if, and only if,

m+p=0,n+qg=1 or m+p=1, n+q=0.

Ifm+4+n=1,
W (pok) = (—1)™idops 2BV 2e(k) - &1~ (k C.12
0,0 (pok idopy' kI TEE) -G g (R). (C.12)

Ifm+n=0,
Wi = —ido [ IRIV? ) 7 b (k)ak (C13)

Dy
and

Wo =i [ IR éh) - 7 (k) (C.14)

=1

Note that 11|E|§1(E) appears in (C.12), because the term x(r + 7o) in (C.6) forces |k| to be

smaller than one.

C.2. Step 2: Bounds on the norm of kernels. We construct the sequence of kernels
w = (wnp,N) by setting wo,o(p, z,r,f) =r+ po% — %ﬁ' [— z, W1 and w1 as given in
(C3), and @,y =0 for M + N > 1. HO(5,2) = H(( + @)(p, 2)), with W n as in (CH).
In order to show that the Wick-ordered operator H(w + w) belongs to a polydisc B(7,d,¢€),
we need to investigate the convergence of the series in . The assertion of the lemma
follows if this series converges uniformly in norm || - || on U[p*] x D,, /2, and, can be bounded
by an arbitrary small constant after an adequate tuning of the coupling A\g. We first bound
| Vinpn.qll®. To avoid a long proof, we only explicitly bound || Vi, pngll1. The reader can check

1
2
that the bounds are similar for the partial derivatives. Our proof works if the ultraviolet
cut-off function in the interacting Hamiltonian, 1(|k| < 1), is replaced by an arbitrary cut-off

function in L?(R?) that equals one in a neighborhood of the origin. To shorten notations, we
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set R; := Hy + po(r + fz) and E, = ]3 + po(I+1;). We introduce (Hj + po)~'/? to the right
and to the left of W 0.1 0 and W1 0 n . Then,

7pnq( QZ,T,Z,K(M’N)) = POXl(T +7:0)X1(7“ +77L)< \L ®Q‘
L—1

e _1 - r
[(Hy+ po) 2 Wy (po K™ ™)) (Hy + po) =2 (Hj + po) F (B, poz, Ry, Ly)|
i=1

(Hy + po) 2 WL (po K™ ")) (Hy + po) ™7 | @9). (C.15)

pL.qL

For i # L, we give an upper bound for

M 1 . —
A — \[(Hy + po) "2 W (po K™ ™)) (H + po) ™2 (Hf + po) F(5, poz, Ri, Li)|, (C.16)

m; +n; +p; + ¢; = 1. There are two different cases:
(i) mi +n; = 1. Then,

Ag < AouF@, poz. R, L) looFi] 2185, () - 511 o, (R2)

\k M2 (R)pe R (C.17)

|ki|<1
(ii) m; +mn; = 0. Then,

_1 =
APy, < Copg * I(Hy + po) F (B, poz, Ry, Li). (C.18)

Piyqi

We use the functional calculus outlined in Paragraph to bound || (H s +po) F (7, poz, R, L)
It is bounded by the sum of the constants C; and C5, where

/
Oy = . _’7‘ jPO ’
/~ 3P0 |77 / _ N - =
e ULl VR P 3 L o 1 Gl Dl B+ po(T+ 1)) — poz
/
Cy:= sup - T_,+L_O,O
>0, || <r” N U'+po(l+1)> 7 i
4 polr 7+ + PR Py o0 B — g
Using the assumptions |z| < p1/2 together with || < r and |I;| < 7, we obtain that
"+ pPo " + po
C1 < sup 7’0%, < sup —— 0
7/ >300 || <y pr' — 53 0,0 < P T Wo — 1

_1
It follows that there is a constant C' > 1, such that Ag’,oq, < C,uflx\opo 2 and the norm || - |1
147 2
Of szpanyq (]5: p027 Ta Z)K(MJV)) iS bounded by

A L
L+1 [ 70
HPg

1Vinpn.q (P, po2)|
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Similar calculations for the partial derivatives show that

|

L
- B A
arvm,pm,q(pvpoz) 1 < H I(L + 1)CL+1 < 10/2> Pos
2

HPg
v\ P
o Vgm0 et (20 )
2 110
which implies that
3(M+N)—1 . § _ SMaN) [ —1 \E
I Vi (5 p02)|| < 507 (L +1)CFH 3 1l the) . (C19)

C.3. Step 3: Bound on the norms |- Hg By Plugging 1) into (C.5)), we finally obtain
that

2
0o 1 L 3 m
D7, 2|5y < 5u ' > (L+1)CHH (4/f1po ”o) (Z (PE‘? f‘1> > -1

L=2 m>0

3
If we assume that £ > pJ, we get the bound

3/2 —1 0 1 L
1@, 25, < wM-lc(lpOg/ig_l)z S @+ 1) (4 Oap ?) (C.20)
— Po L=2

If 0 < A < Ae(p), with

1

105
)\C(Iu’) = 400 )

the series in (C.20) converges. Setting a := A\g/A. < 1, we find that

3/2 4—

Po/ g1 302
(1— pg/zé—l)Q (1—a)?
The right-hand side of (C.21)) can be made arbitrary small by tuning Ag. To conclude the

proof, it is sufficient to check that |16 o(p, 2)||* can also be made as small as we wish by an
appropriate tuning of A\g. To this end, we have to give an upper bound for the norm of

o0
p S DEY ST Voo poz.m D).
L=2

P, q

157, 2)|E 5, < 10p71C

(C.21)

pitaq =1
Some easy calculations lead to
S ¢ - -1.—%
Vowo.a@ po2)| < 507 H(L + 1)CH po(Mop™" pg )", (C.22)

We deduce from (C.22)) that

00 # > _1

[0 oD Vopauana)| <500 Y (4 D Doy D
L=2 P L=2

pit+qi =1
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For \g < ,upé/ 2 /2, the series on the right-hand side converges, and can be made as small as we
wish by an appropriate tuning of Ag. All the estimates are uniform in (p, 2) € U[p*] x D,,/2, and

we deduce that H(w®) can belong to any polydisc B(@ + 7,9, €) if the coupling constant
Ao is small enough.

APPENDIX D. COMPLETION OF THE PROOF OF LEMMA [4.2]

D.1. Proof of the uniform convergence in (p, z) € U[p*] x D, /. We carry out the steps
that were sketched in Lemma As |U,) is a two-particle state, g, (7, z) is the sum of three
functions, u, (7, 2), vn (P, z) and wy (P, z), defined by

—

un (7, 2) = (V[ L, <1wo (P, 2, Hy, Pl <19,),
on (P, 2) = (Wn g <1 Wi (w(p) 2)) Lap<1¥n),
wn (P, 2) == (Yn|La, <1 W2 (w(p, 2))Lr,<1Vn).
We first look at the function u,,. We introduce the set
D(n;p) i= {(kyy wos Ky Kyt ooos ki) € BYP | 1| + oo+ k] < 1, (B + oo + || < 1}

and use the notation D(n) := D(n,0). An easy application of the pull-through formula and
the canonical commutation relations shows that

un(@.2) = [ diydly wool@. 2 Bl + ol By 4 Bo) 7, k)T, 5 ), )T, (k)
Pe) ’ ’ ’ ’ (D.1)
4 [ s woo (2 Fal + Ral By ) [, (k)P (ko)

We assume that [ #* I’. We show that the first term on the right-hand side of (D.]] - ) tends to zero
when n tends to infinity, uniformly in (7, z). We make the change of variables k'1 := n(ki —1),

Ky := n(ky —1). Let R > 0 such that Supp(n) C Br. As H(w) € B(y,4,¢), there exists a
constant C(y) > 0 so that the first term on the right-hand side of (D.1)) is bounded by

-

() /B dihdkly [k (ks + n(l = U))n(k2)n(ky +n(l'— 1)), (D.2)

for any (p,z) € U[p*] x D, /2. The function n has a compact support. Therefore, the integrand

in equation (D.2)) goes point-wise to zero for any (k, k5). Furthermore, the integrand in (D.2
is bounded because 7 is smooth. Lebesgue dominated convergence theorem implies that (D.2

goes to zero when n goes to infinity. In the case where [=17 , the two terms on the right-
hand side of (D.1|) are similar, and it is therefore sufficient to analyze the second term. This

term converges to 4w (P, 2, ] 4 |I7], T + I'),uniformly in (7,z) € U[p*] x D, /2, as a direct
consequence of Lebesgue convergence theorem. Indeed, the supremum of ‘ﬁr i wo,0(P; 2, f)‘

over B is uniformly bounded in (p,z) and B is convex. Therefore, there exists a constant
C > 0 such that

‘w070<ﬁ Z,T, f) - w0,0(ﬁ? 2 7’/, l_/)’ < C’(T‘, 5 - (T", l_’)‘
for all (p; 2) € U[p*]x D,/ and all (r, 1), (', 1) € B. The uniform convergence in (7, z) follows.
We deduce that u, (7, z) converges uniformly to 4w o(7, z, |||+ |I'], [+1) +4wo o (7, z, |21], 2[)(517,
on U[p*] x D, /.
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We now show that the sequence of functions (vy,), converges to zero uniformly in (p) z) €
Ulp*] x D,,j. We remind the reader that

on (P, 2) = (Ynla, <1 Wi (w(P, 2))La, <1 W),

where W, := b*(n, 7)b*(n, 7)|2). One has that

v (P, 2) = / dK 7, {k1)7,, (k) {ka)n, i (ks) (Q[b(ky)b(k2)b" (k5)
D(2;2) % B? (D.3)
w11 (B, 2, Hy, Py, s, ko )bk )b* (kg)b* (kg )Q2),

where we have set dK := [[%_; dk;. The pull-through formula, together with the canonical
commutation relations, imply that vy, (P, 2) = Y% 1 v, (P, 2), where

vns1 (5, 2) = /D oy Hrdhads T, {0, o), ks, (k) w1 (7.2 Kol Koy Ry k)L oo

Ung2(P; 2) = / dkydkydk, ﬁnj(ﬁl)ﬁnﬁﬁ(b)ﬁn’f(b)ﬁn’ﬁ(@) w11(7, 2, k|, k2, ki, k4)]1“34|+“32|§1,

D(2;1)

Un;g(ﬁ Z) = /D(Q'l) dEldEQdE?) ﬁn’f(kl)ﬁn7ﬁ(E2)nn7[(E3)nn7ﬁ(El) wl’l(ﬁ, Zy |El|a Ela E?v E3)]1‘E3|+‘E1|§17

Un;4(]5; Z) = / dEldEQdE4 ﬁn’[(ﬁl)ﬁnﬁﬁ(@)ﬁnj@l)77”717@4) wl,l(ﬁ; 2, |El|> kla E?v 54)]]“E4|+‘E1|§1'

D(2;1)

We use that n has a compact support included in Br(0), R > 0. We only detail the upper
bounds for vy,1 and vy,2. The reader can check that the bounds for v, 3 and v, 4 are similar.
After a well-suited change of variables, we find that, for n large enough,

vt (52) =~ [ Aok O () ()P o, 2, ks B ),
2R

vn2(,2) = n”? /B ARy dkydky (R T(Ry)n(Ky +n(l = D)n(ky) gn (B, 2, ky; K, K)),
E=¥1)

where we have set

B, 2, ks K K = w11 (B2, In k4 Uln ™k 4+ Uon ™ R 4+ Lo R+ 1),

9n (P, 2,k K K" = wia (B, 2z, In "k + V), n Yk + 7, n ™ K + Ln K + 7).
H(w) belongs to B(7, d,¢€). It follows that ||w; 1 (P, z)H% < e for any (p,2) € U[p*] x D, /2, and

o (52)] < O~ [ dihdidiy (k3 ) (K3)| (),
Lr

[ons2(5, 2)| < Cn™* /B | ARy dkydky (k) (ks + n(l = 1)n(k))|-
=R

The upper bounds go to zero when n goes to infinity, uniformly in p and z. A similar
procedure would show that (wy,), converges uniformly to zero.
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— —

D.2. Knowing f(|Z|+|y|,Z+7¥) is sufficient to know f(r,1) for any (r,1) € B. We remind
the reader that B has been defined in (2.11).

Lemma D.1. Let f : B — C be a function. We suppose that for any Z,§ € B1(0) such that
|Z| + |7] < 1, the value of f(|Z] + |y],Z + ) is known. Then the value of f is known for any
point of B.

Proof. Let (ro, ) € B, with Zy # 0 and |Z| < rg. We can always choose a vector & € R3

orthogonal to Zy, such that
1= £ (v - I
Zl==r0— .
2 \'? T0

Then 0 < |Z| < r9/2 < 1/2. We consider the vector

—

¥ =Ty — L.
As Z and Zy are orthogonal,

I o 1 A | Zol2\?
1 = ool 162 = (o= 0 ) e = ¢ (o + 120

To

Therefore, |y] < 9 < 1, and

|Z] + |§] = ro.
We have found two vectors (#, %) in the unit ball of R? such that &+ 4 = Zy and |Z|+ || = ro.
Consequently, f(ro,Zo) = f(|Z| + |§], &+ 7). The case Zy = 0 is trivial, as we can always
choose # € B1(0) of norm |Z|] = r9/2. Then, |Z| + | — Z| = ro. O

APPENDIX E. PROOF OF LEMMA [4.3]

We prove Lemma [£.3] with the help of the explicit formulas given in Appendix This
section is cut into three subsections. We start with a lemma that bounds the function F
defined in and its derivatives. We then show that the norm || - ||* of the function Vi, pn 4
— see (|C.6]) — is finite and uniformly bounded in (7, z). Finally, we prove Lemma

E.1. A lemma to bound the kernels.

Lemma E.1. There exists a constant Cy, > 0 such that, for any 0 < p < 1/2, 0 < v < p,
d,e >0, Hw)(,-) € B(v,6,¢), and (p, z,r,f) € Ulwo o] x B, the function F defined in (B.2))
satisfies the upper bounds:

= C = C = C
F(p,z,r, )| < =X, |0, F(p,z,r )| <5 |0.F@ zrl| < —X. E.1l
[F( )| 0 |0-F ( )| ()2 |01, F ( )l ()2 (E.1)
Proof. One has that
. X ()% Orw ) (7, 2,7 1) X
OLF (2. rT) = 251X (P~ Xp(r) _ (Drwo0) (B 2,1 1) (1) (5.2)
w()’()(ﬁ,z,’l”,l) w(2),0(127r7l)
and .
g 8 _‘7 ) 7l X
al]F<ﬁ 2’7’7 l) — _( l]w070)<p Z,T )_' p(r) (E3)

wg o(P; 2,7, 1
Forallr € [%p, 1], the bound 1) holds for the function wo o (7, 2, 7, 1), and hence |F(7, z,7,1)| <
Cy(pp)~t. The other bounds also follow directly from (2.30). O
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E.2. A bound for the norm of V.

Lemma E.2. Let L € N, and m,p,n,q € N** with L, m; = M, SSF 1 ni = N. Vinpng
defined in (B.4) belongs to Wy, N and we have that

#

)

p%(M—i-N)—lHV qu H <5(L+1)u —LCL+1 2(M+N) LH pz+ql

Wmi+ps,ni+a (ﬁ’ Z)’

(E4)
for all (p,z) € U[p*] x D5

Proof. To shorten notations, we set

— —

Wi i= Wyl (0,2, plr + i), p(U 4 1), o),

W, o= (0, W) (5, 2, p(r + 13), p(L+ 17), pI ™)),

Piyqi

/ J = (8l Wm“nl)(p: Zup(?" + Tl),p(f+ l_;)7pKl(m“n’b))

Piyqi

We remind the reader that the operators W]'“" have been defined in (B.3). 0,Wjrimi

and 81 Wyt have the same form as Wit with the kernel wi,,4p;n;+¢; replaced by
Or Wi 4p; mi+q; A0 O Win 4p; ni+qi0 respectlvely The formulas (B.4) and (E.1]) imply that

L
Vi@ 7, L) < G (o)™ T 4.
i=1

L
OVanping (B 2,7, KO < (L4 1) G2 (o)™ T (W3l + o W7
I =1

T )7
wi|)-

Together with Lemma , the definition of the norm || - ||* (see [2.13)(2.14)) implies that

L
0, Vinaping (7, 2,7, L KON < (L4 1)t CEF (o)™ TT (IW)] + o
i=1

= —L f ]V[+N
Vm»P:TMQ(p’ Z) 1 S C pll’ i H Pz+qz wmz+planz+QZ p’ H ?
2
R i M+N
arvm,p,n,q(p> Z) 1 S (L + 1) 1CL+1 (PM —h H pri-ql' Wim+pi,nit+qi p? H ’
2
. . f M+N
O, Vinaping (B, 2)||, < (L4 1) CEF (o)~ H VTP E it (B 2)|| 277
2
]

E.3. Proof of Lemma (4.3l

Proof. The rest of the proof of Theorem is similar to [4, Theorem 3.8]. Let H(w(-,-)) €
B(~,6,¢) and let W be defined by (B.6). We have to show that H(w(-,)) € B(y+¢/2,¢/2,¢/2).
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It follows from that

Hﬁ)M,N(ﬁa OH ZP% (M+N)= Z Cm+pn+qHV ,pnq(p z) ﬁ

9

niy+..+n =N,
mi+n; +pi +qi > 1

where, recall, (p,2) = E;l(ﬁ, (). Since H(w) € B(v,6,¢), we have that

R # ey
meﬁ-pi,nﬁ-qi 7, z)” < ggmitpitnita

for any m; + p; +n; + ¢; > 1. Plugging this bound into (E.4)), we get that

L
eCy
e M+l 8 (5, ¢ H < 50, (2p)2M+N) Z(L"H) ( ) > T £ (mi, pis ni, 4a),
L=1 we m,p,n,q, 1=1
mi + ... +mp = M,
ni+...+np =N,
m; +n;+pi+q > 1
where

f(miap’ia ng, Ql) - (2\/8771'5)1)75—"_% (5) .
It holds that
L L

M+N<K m,p,n,q, =1 M,N<K m,p,n,q, =1
mi+...+mp =M, mi+...+mp =M,
ny+...+ng =N, ny+..+np =N,

m; +ni+pi+qi > 1 mi+ni+pi+qi > 1
L
< H( > f(mi,pi,nzaq@'))
=1 Pis qi
mg SK,
n; < K,

mi+ni+pi+aq =1

for any K € N. Since 2v/87¢ < 1/2 by assumption, f(mg,pi,n;,qi) <
taking the limit K — oo, we finally get that

mi+n;+pit+q;
(%) i i % 17 and

IR 16 5CX)L
(5.Q)| ,, <20C,0? Lzl Ly (=) (E5)
Choosing € < pu, we obtain
NP # pE
w(p, C)Hé21 < C; (E.6)

(E.6) is smaller than /2 if p < p.

Next, writing w(p, C, r,f) =: f(ﬁ, C,T,B +w(p, ¢, 0, 6), we have to show that for any (p, () €
U[ﬁ*] X Du/Qa

t@.¢.r D) — =m0 B| <y +e/2,
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and that (7, ¢,0,0) + ¢| < /2. We have that

W(p, ¢, 1) = p~woo(B, 2, pr, pl) + p Z DEY ST Voo zm 1), (E.7)

p.d
pi+q;>1

with (7, ¢) = E,(p, z). Similar estimates as in Lemma [E.2] lead us to

L
o [Vowoa@.2)||| < 5(L+1CE (o) B g B (B8

We set
AQ) =i ¢ D)~ 0~ 5B

3
= Sup |87‘UA)O,0(25: C? r, l) - 1| + Z sup alij,O(ﬁ; Ca T, l) + = (Eg)
(r)eB j=1(r,)eB
From ([E.7)), we deduce that
A(C) < sup [9rwoo(P, ¢, [)—1] +Z sup |9y, wo,0(P, ¢, Iy +
(ri)eB j=1(r,)eB
[e'¢) . 3 .
+o Y Y | sup 10 Vopq(@ 2 DI+ D sup |0, Vop,4(F, 2 )]
L=2 pg (rl)eB j=1(r,l)eB
pit+q;>1

DY [Vopou (s =)
L=2 p,q

Pi+a; =1

L
<y+5 Y (L DC o)™ < > (VBT fwy g (7, Z)II”)

L=2 p+g>1

<5 (L4 CE (o) (Ve a7, 2) 1L )

L=2

o) L
<7+5CXZ(L+1)<C;);5€) §7+600X( X@) <7+ -,
L=2

m

2’

where we used that 313°,(L + 1)al < 12a? for a < 1/2, ¢ < p?u?, and absorbed /87 into
Cy. To finish the proof of Theorem {4 . we need to check that |wo, o(p,C 0,0) +¢| <&/2. By
deﬁnltlon

C = _wﬁ,O(ﬁ Z7Oa6)0_17 (El())
which together with equation (E.7) and the above calculation, implies that
. ~ €
[wo0(7,€,0,0) +¢| < 5 (E.11)

0
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