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In this article, we prove some finiteness results about split Kac-Moody groups over local
non-archimedean fields. Our results generalize those of "An affine Gindikin—Karpelevich
formula" by Alexander Braverman, Howard Garland, David Kazhdan, and Manish Pat-
naik and give a positive answer to a conjecture of Alexander Braverman and David
Kazdhan formulated in their article in sixth European Congress of Mathematicians 2012.
We do not require our groups to be affine. We use the hovel associated to this situation,

which is the analogue of the Bruhat-Tits building for a reductive group.

1 Introduction

The classical Gindikin—-Karpelevich formula was introduced in 1962 by Simon Gindikin
and Fridrikh Karpelevich. It applies to real semi-simple Lie groups and it enables to
compute certain Plancherel densities for semi-simple Lie groups. This formula was
established in the non-archimedean case by Robert Langlands in [9]. In 2014, in [1],
Alexander Braverman, Howard Garland, David Kazhdan, and Manish Patnaik obtained
a generalization of this formula in the affine Kac-Moody case.

Let F be a ultrametric field. Let O be its ring of integers, = be a generator of
the maximal ideal of O and g denote the cardinal of the residue field O/7O. Let G be

a split Kac-Moody group over F. Let T be a maximal split torus of G. Choose a pair
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2 A. Hébert

B, B~ of opposite Borel subgroups such that BN B~ = T and U, U~ be their unipotent
radicals. We use boldface letters to denote schemes : G, T, ... and their sets of F-points
are denoted by G,T,... Let A and A" be the root lattice and the coroot lattice of T. Let R
be the set of roots of G and R* be its set of positive roots. Let K = G(O). Let S¥ be the set
of simple coroots (S¥ depends on the choice of B). For a coroot v¥ = ) ., o nsvs’ € AY,
one sets |[v'| =) ny.Let AY = @, gv Ns¥ and AY = —AY. Let C[[A"]] be the Looijenga'’s
coweight algebra of G, with generators e*’, for AV € AV. Alexander Braverman, Howard
Garland, David Kazhdan, and Manish Patnaik proved that when G is the affine Kac—
Moody group associated to a simply connected semi-simple split group, we have the
following formula:

Y IK\KrH U nKrt T Tlet T g e = L I1 (ﬂ)m‘% (1)

H, 1—e@

nveavy a€R4

where @ € R,, m, denotes the multiplicity of the coroot «" in the Lie algebra g of G,
and Hj is some term (there is a formula describing Hy in [1]) depending on g. When G
is a reductive group, Hy = 1, each m,, is equal to 1 and this formula is equivalent to

Gindikin-Karpelevich formula.

The aim of this article is to show the following four theorems:

Theorem 3.1: Let u” € AY. Then if u¥ ¢ AY, Kn* U~ NKn* " U is empty for
all \Y € AV. If u¥ € A}, then for ¥ € AY sufficiently dominant, K"’ U-NKrx"' U C
Ka*' K NKa*' U,

Corollary 5.3: Let u¥ € AV. Forall » € AV , K\Kn* K NKn* **'U is finite and is
empty if u¥ ¢ AY.

Theorem 5.6: Let u¥ € AY and A € AV. Then |[K\Kn*'U~ N Kx*'*'U| =
IK\K7°U~ NKz* U| and these sets are finite.

Theorem 6.1: Let ¥ € AY. Then for A € AV sufficiently dominant, Kx"'U-n
Kat' U = Kar' K NKr* 't U.

These theorems correspond to Theorem 1.9 of [1] and this is a positive answer
to Conjecture 4.4 of [2].

Theorem 5.6 is named "Gindikin-Karpelevich finiteness" in [3] and it enables to
make sense to the left side of formula 1. Thus this could be a first step to a generalization
of Gindikin-Karpelevich formula to general split Kac-Moody groups. However, we do not

know yet how to express the term H, when G is not affine.
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The main tool that we use to prove these theorems is the hovel Z associated to
G, which was defined by Stéphane Gaussent and Guy Rousseau in [6] and generalized by
Guy Rousseau in [12]. This hovel is a geometric object similar to a Bruhat-Tits building.
It is a set covered by apartments isomorphic to a standard apartment A on which G
acts. The standard apartment A is an affine space with a structure obtained from a
lattice Y containing AV (which can be thought of as AY in a first approximation) and
from a set of hyperplanes called walls, defined by the roots of G. In general, 7 is not
a building: there may be two points such that no apartment of Z contains these two
points simultaneously. However some properties of euclidean buildings remain and, for
example one can still define the retraction onto an apartment centered at a sector-germ.
We can always define a fundamental vectorial chamber C{ in A and its opposite, which
gives rise to two retractions: p,,, and p_.. We also have a "vectorial distance" d” defined
on a subset of 72. These maps enable to give other expressions to the sets defined above:
forall .Y € AY, K\Kx" U~ corresponds to p- ({1"}), K\K7* U corresponds to Prac AV
and K\Kn*vK corresponds to SY(0,1Y) = {x € Z| d"(0,x) is defined and d"(0,x) = 1"}.
This enables to use properties of "Hecke paths", which are more or less the images of
segments in the hovel by retractions, to prove these theorems. These paths were first
defined by Misha Kapovich and John J.Millson in [8].

Actually, when we will write Theorem 3.1 and Theorem 6.1 using the hovel, we
will show that these inclusion or equality are true modulo K. But as if X C G is invariant
by left multiplication by K, X = |, .. x Kx, this will be sufficient.

The framework of hovels is a bit more general than that of split Kac-Moody
groups over local non-archimedean field. For example, we might also apply this to almost
split Kac-Moody groups over local non-archimedean field (see [12]).

In the sequel, the results are not stated as in this introduction. Their statements
use retractions and vectorial distance. They are also a bit more general: they take into
account the inessential part of the standard apartment A, which will be defined later.
Corollary 5.3, as it is stated in this introduction was proved in Section 5 of [6] and it is
slightly generalized in the following. The lattice A will be denoted by Q".

In Section 2, we set the general frameworks, we set the notation, we define hovels
and we prove that Y™ =¥ N C_J‘Z is a finitely generated monoid, which will be useful to
prove Theorem 6.1.

In Section 3, we first define two applications: T, : Z — R, and y, : Z — A,
for a fixed v € Cf. For x € 7, T,(x) measures the distance between the point x and the
apartment A along R, v and y,(x) defines the projection of x on A along R,v. We also

determine the antecedents of some kinds of paths by p_..
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4 A. Hébert

In Section 4, we show that T, is bounded by some function of p,,, — p_. and we
deduce Theorem 3.1.

In Section 5, we study some kinds of translations of Z, which enables us to show
Corollary 5.3 and Theorem 5.6.

In Section 6, we use the tools of the preceding sections to show Theorem 6.1.

2 General Frameworks
2.1 Root generating system

A Kac-Moody matrix (or generalized Cartan matrix) is a square matrix C = (¢;;);jer With

integers coefficients, indexed by a finite set I and satisfying:

1. ViGI, Ci,i=2
2. V@, j)el!li#j, ¢;<0
3. V(l,]) € Iz, Cij = 0 <& Cji = 0.

A root generating system is a 5-tuple S = (C, X, Y, (&)ier, (¢} )icr) made of a Kac—
Moody matrix C indexed by I, of two dual free Z-modules X (of characters) and Y (of
cocharacters) of finite rank rk(X), a family («;);c; (of simple roots) in X and a family (@, );es
(of simple coroots) in Y. They have to satisfy the following compatibility condition:
¢ij = a;(e)) for all i,j € I. We also suppose that the family («;);; is free in X and that the
family (@) )ies is free in Y.

We now fix a Kac-Moody matrix C and a root generating system with matrix C.

Let V = Y ® R. Every element of X induces a linear form on V. We will consider
X as a subset of the dual V* of V: the «;, i € I are viewed as linear form on V. Fori € I, we
define an involution r; of V by r;(v) = v — o;(v)e)” for all v € V. Its space of fixed points
is ker ;. The subgroup of GL(V) generated by the «; for i € I is denoted by W" and is
called the Weyl group of S.

Forx € V, we let a(x) = (a;(x))ie; € R

Let Q¥ = @, Ze; and PY = {v € V|a(v) € Z'}. We call Q" the coroot-lattice and
P" the coweight-lattice (but if (,_, ker ; # {0}, this is not a lattice). Let Q) = ,_; No;’,
QY = —QY and Q; = @, Re;. This enables us to define a preorder <ov on V by the

iel

following way: for all x,y € V, one writes x <qv y if y —x € QY.
One defines an action of the group WY on V* by the following way: if x € V,
w e WY and o € V* then (w.a)(x) = a(w!.x). Let ® = {w.o|(w, 1) € W" x I}, ® is the set
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of real roots. Then ® C Q, where Q = ,_; Zo;. Let W = Q¥ x WY C GA(V) the affine
Weyl group of S, where GA(V) is the group of affine isomorphisms of V.
Let Vi, = (), ker o;. Then one has Y + V;, C P".

iel
iel

Remark 2.1. Let C = (¢;;)ijer @ Kac-Moody matrix. Then there exists a generating root
system (C, X, Y, (@)ier, (@ )ier) such that Y +V;, = PY. For this, supposeI = [1, k] for some
k € N. Let n = 2k and let («;)icq1,n) be the canonical basis of the dual of Z". Let (€;)ic1,)
be the canonical basis of Z". Fori € [1,k], let ) = Z};l Cij€jteirk. LetX = Py, Lo =
(Z™* and Y = Z". Then (C, X, Y, (®;)ier, (@) )ier) is @ generating root system which is more
or less D, of 7.1.2 of [10].

Let u € PY. Then there exists y € Y such that («;(y))ier = («;(w))ie;r and thus
u €Y + V;,. Therefore, P =Y + V;,. O

2.2 Description of Y

In this subsection, we show that Y+ =Y N CT‘Z is a finitely generated monoid, which will
be useful to prove Theorem 6.1.
Let! € N*, Let us define a binary relation <onN\. Letx,y e N, x = (x1,...,X), V =

(Y1,---,71), then one says x <y if x # y and for alli € [1,], x; < yi.

Lemma 2.2. Letl € N* and F be a subset of N satisfying property (INC())):
for all x,y € F, x and y are not comparable for <.
Then F is finite. O

Proof. This is clear for ! = 1 because a set F satisfying INC(1) is a singleton or ¢.

Suppose that I > 1 and that we have proved that all set satisfying INC( — 1) is
finite.

Let F be a set satisfying INC(l) and suppose F infinite. Let (A,),.y be an injective
sequence of F. One writes (A,) = (Ail, .. .,Afl). Let M = max Aq and, for any n € N, m,, =
min(1,). Then for all n € N, m,, < M (if m,, > M, we would have %, < A,). Maybe
extracting a sequence of A, one can suppose that (m,) = (A) for some i € [1,!] and that
(m,,) is constant and equal to m, € [0, M]. For x € N, we define X = (x;)jcpig\ € N7

Set F = {X,|n € N}. The set F satisfies INC(I—1). By the induction hypothesis, F is

finite and thus F is finite, which is absurd. Hence F is finite and the lemma is proved. B

Lemma 2.3. There exists a finite set E C ¥ such that Y** =3} _. Ne. O

9102 ‘T JequnoN uo 1sanb Aq /6.10°seulnolployxo-ulwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

6 A. Hébert

Proof. The set Y;,, = YNV, is a lattice in the vectorial space it spans. Consequently, it
is a finitely generated Z-module and thus a finitely generated monoid. Let E; be a finite
set generating Y;, as a monoid.

Let Y, o=Y™M\Y,.Let P={aec Y glaxb+cVbceVY,y}). Leta: Y — N such
that a(x) = (a;(x));; forall x e Y™, Let q,b € P. If a(a) < a(b), then b = b — a + a, with
a,b —a € Y. o, which is absurd and by symmetry we deduce that «(a) and «(b) are not
comparable for <. Therefore, by Lemme 2.2, (P) is finite. Let E, be a finite set of Y, , such
that «(P) = {a¢(x)|x € E;}. Then Y+ =) Ne+ Yy, =) ,Ne, whereE=E UE,. N

ecEy

2.3 Vectorial faces

Define Cf ={veV|lwwv) >0, Vi € I}. We call it the fundamental chamber. For J C I,
one sets F'(J) = {v € V| a;(v) = 0Vi € J,a;(v) > 0 Vi € J\I}. Then the closure Cy
of Cf is the union of the F"(J) for J C I. The positive (resp. negative) vectorial faces
are the sets w.F"(J) (resp. —w.F'(J)) for w € WY and J C I. A vectorial face is either
a positive vectorial face or a negative vectorial face. We call positive (resp. negative)
chamber every cone of the shape w.C} for some w € W" (resp. —w.Cy). For all x € Cf
and for all w € WY, w.x = x implies that w = 1. In particular, the action of W" on the
positive chambers is simply transitive. The Tits cone T is defined by 7 = J,,.yv W.C_}’.
We also consider the negative cone —7. We define a WV invariant preorder < on V by:

Vix,y) eV, x<y & y—x¢eT.

2.4 Filters

Definition 2.4. A filter in a set E is a nonempty set F of nonempty subsets of E such
that, for all subsets S, S’ of E,if S, S' e Fthen SNS € F and, if S’ C S, with S’ € F then
SeF. (]

If F is a filter in a set E, and E’ is a subset of E, one says that F contains E’ if
every element of F contains E'. If E’ is nonempty, the set Fz of subsets of E containing E’
is a filter. By abuse of language, we will sometimes say that E’ is a filter by identifying
Fgp and E'. If F is a filter in E, its closure F (resp. its convex envelope) is the filter of
subsets of E containing the closure (resp. the convex envelope) of some element of F. A
filter F is said to be contained in an other filter F': F C F’ (resp. in a subset Zin E: F C Z)
if and only if any set in F’ (resp. if Z) isin F.

If x € V and Q is a subset of V containing x in its closure, then the germ of Q in

x is the filter germ,(2) of subsets of ¥V containing a neighborhood in 2 of x.
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A sector in V is a set of the shape s = x + C” with C" = £w.C{ for some x € A
and w € W". The point x is its base point and C" is its direction. The intersection of two
sectors of the same direction contains a sector of the same direction.

A sector-germ of a sector s = x + CV is the filter & of subsets of V containing a
V-translate of s. It only depends on the direction C'. We denote by +oco (resp. —oo) the
sector-germ of Cy (resp. of —C).

A ray § with base point x and containing y # x (or the interval ]x, y] = [x, y]\{x}
or [x,y]) is called preordered if x < y ory < x and genericify —x € +7, the interior of
+7.

In the next subsection, we define the notions of faces, enclosures and chimneys
defined in [11] 1.7 and 1.10 and in [6] 1.4. For a first reading, one can just know the

following facts about these objects and skip this subsection:

1. To any filter F of V is associated its enclosure cl,(F) which is a filter in A
containing the convex envelope of the closure of F.
A face or a chimney is a filter in V.
A sector is a chimney which is solid and splayed.
If a chimney is a sector, its germ as a chimney coincides with its germ as a
sector.
Every x € V is in some face of V.
The group W¢ permutes the sectors, the enclosures, the faces and the

chimneys of V.

2.5 Definitions of enclosures, faces, chimneys, and related notions

Let A=®UA] UA; C Q be the set of all roots (recall that Q = @,; Z«;) defined in [7].
The group WYV stabilizes A. Fora € A, and k € Z U 400, let D(«, k) = {v € V]a(v) + k > 0}
(and D(a,+00) = V for all @« € A) and D°(«, k) = {v € V|a(v) + k > 0} (forx € A and
k € Z U {+o0}).

Given a filter F of subsets of V, its enclosure cly(F) is the filter made of the

subsets of V containing an element of F of the shape (,_, D(«, k,) where k, € Z U {+0o0}

aeA
forall @ € A.

A face F in V is a filter associated to a point x € V and a vectorial face F" C V.
More precisely, a subset S of V is an element of the face F = F(x,F") if and only if, it
contains an intersection of half-spaces D(«, k,,) or open half-spaces D°(«, k,,), with k,, € Z

for all « € A, that contains Q N (x + F"), where Q is an open neighborhood of x in V.
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There is an order on the faces: if F ¢ F’ we say that "F is a face of F'" or "F’
dominates F". The dimension of a face F is the smallest dimension of an affine space
generated by some S € F. Such an affine space is unique and is called its support. A face
is said to be spherical if the direction of its support meets the open Tits cone T or its
opposite —7; then its pointwise stabilizer Wy in WV is finite.

We have W2 C P¥ x W". As «(P") C Z for all « in §
V of a vector p € PY, then for all @ € Q, t permutes the sets of the shape D(«, k) where

i1 Lo, if 7 is a translation of
k runs over Z. As WV stabilizes A, any element of W permutes the sets of the shape
D(«, k) where o runs over A. Therefore, W* permutes the sets D(«, k), where (¢, k) runs
over A x Z and thus W* permutes the enclosures, faces, chimneys, ... of V.

A chamber (or alcove) is a maximal face, or equivalently, a face such that all its
elements contains a nonempty open subset of V.

A panel is a spherical face maximal among faces that are not chambers or,
equivalently, a spherical face of dimension n — 1.

A chimney in V is associated to a face F = F(x, F}) and to a vectorial face F"; it
is the filter v(F, FV) = cl,(F + F"). The face F is the basis of the chimney and the vectorial
face FV its direction. A chimney is splayed if F' is spherical, and is solid if its support
(as a filter, i.e., the smallest affine subspace of V containing t) has a finite pointwise
stabilizer in WV. A splayed chimney is therefore solid.

A shortening of a chimney t(F,F"), with F = F(x, F}) is a chimney of the shape
v(F(x + £,FY),F") for some & € F'. The germ of a chimney t is the filter of subsets of
V containing a shortening of ¢ (this definition of shortening is slightly different from
the one of [11] 1.12 but follows [12] 3.6) and we obtain the same germs with these two

definitions).

2.6 Hovel

We now denote by A, the affine space VV equipped with its faces, chimneys, ...

An apartment of type A is a set A with a nonempty set Isom(A, A) of bijections
(called isomorphisms) such that if fj € Isom(A, A) then f € Isom(A,A) if and only if,
there exists w € W? satisfying f = f o w. An isomorphism between two apartments
¢ : A — A’ is a bijection such that (f € Isom(A,A) if, and only if, ¢ o f € Isom(A,A")).
We extend all the notions that are preserved by W¢ to each apartment. By the fact 2.4
of the above subsection, sectors, enclosures, faces and chimneys are well defined in any

apartment of type A.
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Definition 2.5. An ordered affine hovel of type A (also called a masure of type A) is a
set Z endowed with a covering A of subsets called apartments such that:

(MA1) Any A € A admits a structure of an apartment of type A.

(MA2) If F is a point, a germ of a preordered interval, a generic ray or a solid
chimney in an apartment A and if A’ is another apartment containing F, then A N A’
contains the enclosure cl, (F) of F and there exists an isomorphism from A onto A’ fixing
cla(F).

(MA3) If R is the germ of a splayed chimney and if F is a face or a germ of a solid
chimney, then there exists an apartment that contains R and F.

(MA4) If two apartments A, A’ contain R and F as in (MA3), then there exists an
isomorphism from A to A’ fixing cl, (R U F).

(MAOQ) If x, y are two points contained in two apartments A and A’, and if x <, y

then the two segments [x, y]4 and [x, y]a are equal. O

In this definition, we say that an apartment contains a germ of a filter, if it
contains at least one element of this germ. We say that an application fixes a germ if it

fixes at least one element of this germ.

Remark 2.6. (consequence 2.2 3) of [11]) By (MAZ2), the axioms (MA3) and (MA4) also
apply in a hovel when F is a point, a germ of a preodered segment and when R or F is a

germ of a generic ray or a germ of a spherical sector face. O

Until the end of this article, Z will be an affine ordered hovel. We suppose that
7 is thick of finite thickness: the number of chambers (=alcoves) containing a given
panel has to be finite, greater or equal to 3. This assumption will be crucial to use some
theorems of [6] but we will not use it directly.

We assume that 7 has a strongly transitive group of automorphisms G, which
means that all isomorphisms involved in the above axioms are induced by elements of
G. We choose in 7 a fundamental apartment, that we identify with A. As G is strongly
transitive, the apartments of Z are the sets g.A for g € G. The stabilizer N of A induces
a group v(IV) of affine automorphisms of A and we suppose that v(IV) = W' x Y.

An example of such a hovel 7 is the hovel associated to a split Kac-Moody group

over a ultrametric field constructed in [5] and in [12]. We will precise it in Subsection 2.8

2.6.1 Preorder and vectorial distance
As the preorder < on A (induced by the Tits cone) is invariant under the action

of WY, we can equip each apartment A with a preorder <,. Let A be an apartment of
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7 and x,y € A such that x <, y. Then by Proposition 5.4 of [11], if B is an apartment
containing x and y, x <p y. As a consequence, one can define a relation < on 7 as follow:
let x,y € Z, one says that x < y if there exists an apartment A of 7 containing x and y
and such that x <, y. By Théorémes 5.9 of [11], this defines a G-invariant preorder on Z.

For x € 7, we denote by x** the unique element in C_J‘{ conjugated by WV to x.

Let Z x- T = {(x,y) € T?|x < y} be the set of increasing pairs in 7. Let (x,y) be
such a pair and g € G such that g.x,g.y € A. Then g.x < g.y and we define the vectorial
distance d'(x,y) € C_JL’ by d"(x,y) = (g.y — g.x)™*. It does not depend on the choices we
made. This "distance" is G-invariant.

ForxeZand 2 € C_JL’, one defines S"(x,A) = {y € Z|x <y and d"(x,y) = A}.

Remark 2.7. a)Ifa € Y and A € CY, then S¥(a,A) = {x € 7|39 € G|g.a = aand g.x =
a-+ A}

b) Let x,y € 7 and suppose that for some g € G, g.y —g.x € C_]‘{ Then x <y and
d'(x,y)=9.y — g.x. O

2.7 Retractions and Hecke paths

Let R be the germ of a splayed chimney of an apartment A. Let x € Z. By (MA3), for all
x € 7, there exists an apartment A, of Z containing x and fR. By (MA4), there exists an
isomorphism of apartments ¢ : A, — A fixing R. By [11] 2.6, ¢ (x) does not depend on
the choices we made and thus we can set psn(x) = ¢ (x).

The map pan is a retraction from 7 onto A. It only depends on R and A and we
call it the retraction onto A centered at fR.

We denote by p,, (resp. p_ ), the retraction onto A centered at +oo (resp. —o0).

We now define Hecke paths. They are more or less the images by p_., of pre-
ordered segments [x,y] in Z. The definition is a bit technical but it expresses the fact
that the image of such a path "goes nearer to +c0" when it crosses a wall. A consequence
of that is Remark 2.9 and we will not use directly this definition in the following.

We consider piecewise linear continuous paths = : [0,1] — A such that the
values of 7" belong to some orbit W".) for some A € C_}’ Such a path is called a A-path. It
is increasing with respect to the preorder relation < on A. For any ¢ # 0 (resp. t # 1), we

let 7/ (¢) (resp. ) (t)) denote the derivative of 7 at ¢ from the left (resp. from the right).

Definition 2.8. A Hecke path of shape A with respect to —Cj is a A-path such that

T (t) <wy, n’ (t) forall ¢ € [0, 1]\{0, 1}, which means that there exists a W, -chain from
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n’ (t) to w, (t), i.e., a finite sequence (§ = 7’ (t),&,,...,& = 7, (t)) of vectors in V and
(Bi,...,Bs) € @ such that, for all i € [1,s],

1. rg i) =4

2. piGi1) <0

3. rp € W, ie., Bi(m(t)) € Z: 7(t) is in a wall of direction ker(p;).

4. Each ; is positive with respect to —C¢; i.e., B;(Cf) > 0. |

Remark 2.9. Let w : [0,1] — A be a Hecke path of shape A € C_}’ with respect to —Cy.
Then if ¢ € [0, 1] such that x is differentiable in ¢t and 7'(t) € CY, then for all s > ¢, 7 is
differentiable in s and 7'(s) = A. O

2.8 Hovel associated to a split Kac-Moody group

Let G be a split Kac-Moody group over a ultrametric field F with ring of integer O and
G = G(F). We use notation of the introduction. We associate a hovel to G as in [5] and
[12]. Let us explain the dictionary, given in the introduction, between objects in G and
objects in 7.

The group G acts strongly transitively on Z. We have Q = A and Q¥ = A". The
group K is the fixator of 0 in G and U (resp. U~) is the fixator of +oco (resp. —oo) in G.
The action of T on A is as follows: if t = 7*” € T for some AY € AY, t acts on A by the
translation of vector —A¥ and thus A¥ = 7~ .0 for all 1Y € A".

Let Zo = G.0 be the set of vertices of type 0. The map G — Z, sending g € G
to g.0 induces a bijection ¢ : G/K — Zy. If g € G, then ¢~!(g.0) = gK. If x € A, then
Pia({x}) = U.x and p~_ ({x}) = U .x. By Remark 2.7, if A¥ € A", then S"(0,1") = K.1".

Therefore, for all 1", 1" € AY, ¢71(S7(0, A") N p; L ({n")) = Kx ' KNUx " K)/K
and ¢~ (p=L (W) Np L (w')) = U " KNUr " K)/K.

We then use the bijection v : K\G — G/K defined by v (Kg) = g"'K to obtain the

sets considered in the Section 1.

3 Segments and Raysin 7

In this section, we begin by defining for all v € Cf twomapsy,:Z — Aand T, : Z — Ry,
where for all x € Z, T, (x) and y,(x) can be considered as the distance between x and A
along R, v and the projection of x on A along R, v.

We also show that the only antecedent of some paths for p_,, are themselves

(this is Lemma 3.6).
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Let Qy, = P, Ry and Q; = —Qy, . Recall that we want to prove the following

theorem:

Theorem 3.1. Let u € A. Then if u ¢ Qy , pio (A + u}) N p- ({1} is empty for all
L e A If u € QY , then for A € A sufficiently dominant, p; 2 ({x + u}) N pL{A}) C
5Y(0, 1) N p b (A 4 ud). U

This theorem is a bit more general than its statement in the introduction because
A, € A are arbitrary and not only in Q". It will be proved in Section 4.

Let us recall briefly the notion of parallelism in Z. This is done more completely
in[11] Section 3. Let § and &' be two generic rays in Z. Then there exists a splayed chimney
R containing § and a solid chimney F containing §'. By (MA3), there exists an apartment
A containing the germ PR of R and F. Therefore A contains translates of § and § and
we say that § and &' are parallel, if these translates are parallel in A. Parallelism is an

equivalence relation and its equivalence classes are called directions.

Lemma 3.2. Let x € Z and § be a generic ray. Then there exists a unique ray x + 8 in 7
with base point x and direction §. In any apartment A containing x and a ray §' parallel

to §, this ray is the translate in A of §’ having x as a base point. d

This lemma is analogous to Proposition 4.7.1) of [11]. The difficult part of this
lemma is the uniqueness of such a ray because second part of the lemma yields a way to
construct a ray having direction § and x as a base point. This uniqueness can be shown
exactly in the same manner as the proof of Proposition 4.7.1) by replacing "spherical
sector face" by "generic ray". This is possible by NB.a) of Proposition 2.7 and by 2.2 3)
(or by Remark 2.6 of this article) of [11].

Definition of y, and T, (resp. y,; and T,)

Let x € Z. Let v € Cf and § = R,v, which is a generic ray. According to axiom (MA3)
applied to a face containing x and the splayed chimney CY, there exists an apartment A
containing x and +oo. Then A contains x+3§. The set x+3NA is nonempty. Let z € x+35NA.
Then AN A contains z, 00 and by (MA4), AN A contains cl(z, +00). As cl(z, +o0) D z +C_JL’,
ANA>z+sandthusx+8NA=y+8orx+38NA=y+35for somey € x + 8§, where
§= R* v.

Suppose x+3NA = y+34. Let z € y+4. Then by (MA2) applied to germy,([y, zI\{y}),
ANA D cligerm,(ly,zI\{y})) > y because cl(germ,([y, z]\{y})) contains the closure of
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germy([y,zI\{y}). This is absurd and thus ANx +4§ = y + 4, with y € A. One sets
v, (x) =y € A (actually, y, only depends on $).

One has p, (X +38) = pio(X)+ 8 and y € p (%) + 6. We define T, (x) as the unique
element T of R, such that y = p,(x) + Tv.

Let - = —R v and x € Z. Similarly, one defines y, as the first point of x 4 §~
meeting A and T, (x) as the element T of R, such that p_(x) =y + Tv.

The proof of Theorem 3.1 will rely on the fact that T, is bounded by some function
of pyoo — P_o, Which is Corollary 4.2. This bounding will be obtained by studying Hecke
paths.

Remark 3.3. In the following, the choice of v will not be very important. We will often
need to choose v € Y N Cy. O

Example 3.4. Let us describe the action of y, on a simple example. Let G be as in
Subsection 2.8 (we keep notation as in the introduction). For « € ®, let U, be the root
subgoup associated to @ and x, : (F,+) — U, be an isomorphism of algebraic group. Let
w : F — Z U {400} be a surjective valuation inducing the structure of ultrametric field
of F. Define ¢, : U, — R by ¢,(u) = w(x;'(w)) for all u € U,. For k € RN {400}, one sets
Uy = ¢, ([k,+00]) and D(«, k) = {x € Ala(x) + k > 0}. Let H = T(O). Then by 4.2 5) and
4.2 7) of [5], H is the fixator of A in 7 and for all k € R, HU,  is the fixator of D(«, k) in Z.

Letk € Z, u € HU,;\HU, 1, and A = u.A. Onehas ANA = {x € Alux = x} =
{u € Alu.x € A}. In order to simplify, suppose that G is a reductive group (and thus Z
is a usual Bruhat-Tits building). Let us show that D(«, k) = AN A (actually this remains
true if G is not a reductive group but the proof is a bit more difficult and we do not want
to develop it here).

By 2.5.7 of [4], AN A is enclosed (which means that the enclosure of ANA is ANA)
and thus AN A = D(«, ) for somel € [k, +00) N Z. As u € HU,;, we deduce that k = [.

One writes A = M @ Rv, where M = {x € Ala(x) = —k}. Then if x = m + Av, with
meMand x € R, y,(u.x) =m+ u(A)v, with u(A) = min(x, 0). O

Lemma 3.5. LetxeZandv e Ci. Lety =y, (%) and T = T, (x).

a) Thenx <yandd'(x,y)=Tv.
b) One has p,,(x) € Y if and only if p_,(x) € Y if and only if x € Z,. In this

CaSe, Pioo(X) <qv P_oo(X). =
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Proof. Let A be an apartment containing x and +oo and g € G fixing 400 such that
A =g~ '.A. Then x + § is the translate of a shortening §' C A of § (which means § =z +3§,
with z € §). Asforall zZZ € z+ 5,z < 7z, one has x < y. As d"(x,y) = d'(g.x,g.y) and
dia = P+oo ONE gets a).

For x € Z, there exists g_,g, € G such that p_(x) = g_.x and p,(x) = g, .x,
which shows the claimed equivalence because Y = G.0 N A.

Suppose x € Zy. One chooses v € Y N Ci.LetS = |T]+1, where |.] is the floor
function, and z = p,«(x) + Sv € x + 3. Then d"(x,z) = d"(g,.X,9+.2) = A" (P10(X),2) =
Sve¥Yn CJ‘{.

According to paragraph 2.3 of [6], the image 7 of [x,z] by p_ is a Hecke path
of shape z — p,(x) = Sv with respect to —Cy (unless the contrary is specified, "Hecke
path” will mean with respect to —Cy). By applying Lemma 2.4D) of [6] to 7, one gets that

Z — P_oo(X) <qv @Y(X,2) = Z — pioo(x) and thus p ., (X) <gv p_o(x) and one has b). [ ]

Lemma 3.6. Let t : [0,1] — 7 be a segment of Z such that 7(1) € Aand p_, o7 is a
segment of A satisfying (p_,o07) =v € C_JL’ Then t([0,1])) C Aand thus p_ ot =7. O

Proof. Suppose 7([0,1]) ¢ A. Let u = sup{t € [0, 1]|z(u) ¢ A}. Then by the same reason-
ing as in the proof that "x + § N A = y + §" in the paragraph "Definition of y, and T,",
x = 17(u) € A. One has 7(0) < x < 7(1) (by the same reasoning as in the proof of Lemma
3.5 a)).

By Remark 2.6, there exists an apartment A = g '.A with g € G containing
R = —oo and germ,([x, t(0)]). By axiom (MA4) (and Remark 2.6) applied to R = —co and
to x, we can suppose that g fixes cl(x, —o0) D x — Cf. Let x' € [x,7(0)]\{x} such that
[x,x'] C Aandx’ ¢ A. Then g.x' = p_(x') € x —R,v C x — C{. Therefore, x’ = g.x" € A,
which is absurd. Hence ([0, 1]) C A. [ |

4 Bounding of T, and Proof of Theorem 3.1

One defines h: Q) — Rby h(x) =), ,x;, forallx =}, x) € Q.

Lemma4.l. LetT eR, nue€hAh achveyYt=YnN C_JL’ and suppose there exists a
Hecke path 7 from a to a + Tv — u of shape Tv. Then

a) u € Qg,.Consequently h(w) is well defined.
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b) if T > h(u), there exists ¢ such that x is differentiable on (¢, 1] and 7/, ,, =
Tv. Furthermore, let t* be the smallest ¢t € [0, 1] having this property, then
< i% _ O
Proof. The main idea of b) is to use the fact that during the time when n'(t) # Tv,
m'(t) = Tv — TA(t) with A(t) € QY\{0}. Hence for T large, = decreases quickly for the Q"
order, but it cannot decrease too much because u is fixed.
Letto =0, t1,...,t, = 1 be a subdivision of [0, 1] such that for alli € [0,n — 1],
Tt ti10) is differentiable and let w; € W" be such that ”|/<ti,ti+1> = w;.Tv. If w;.v = v, one
chooses w; = 1.
Fori e [0,n —1], according to Lemma 2.4 a) of [6], w;.v = v —4;, with A; € QY and
if w; # 1, A; # 0. One has

n—1

A1) =a@) =Tv— Y (tin—t)Thi=Tv—pu

i=0,w; #1

and one deduces a).

Suppose now T > h(u). Let us show that there exists i € [0,n — 1] such that
w; = 1.

For all i such that w; # 1, one has h(};) > 1. Hence TZ::ol,wi#(tiH —t) < h(n),
and Z?:_O{Wi#(tm —t) <1= Z?;ol(tm — t;). Thus there exists i € [0,n — 1] such that
w; = 1.

By Remark 2.9, if w; = 1 for some i, then w; = 1 for all j > i. This shows the
existence of t*. We also have t* < Z?;O{Wi#l(tm — t;) and hence the claimed inequality

follows. u

From now on and until the end of this subsection, v will be a fixed element of
C/iNY.Wedefine T, : Z — R, and y, : 7 — A as in the paragraph "Definition of y, and
T,".

Corollary 4.2. Letx € Z and p = p_oo(X) — p10o(X). Then u € QHVQ{+ and T, (x) < h(n). O

Proof. Lety =y,(x) and T = T,(x). Let = be the image by p_., of [x, y]. This is a Hecke
path from p_.,(x) to ¥y = p,(x) + Tv, of shape Tv. The minimality of T and Lemma 3.6
imply that /(t) # v for all ¢t € [0, 1] where 7 is differentiable. By applying Lemma 4.1b),
we deduce that T < h(u). Lemma 4.1a) applied to a = p_o(x) and p = p_oo(X) — p100(X)
completes the proof. |
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Remark 4.3. With the same reasoning but by considering Hecke with respect to C; we

obtain an analogous bounding for T, : forall x € Z, T, (x) < h(p_co(X) — P100(X)). O

Corollary 4.4. Let x € 7 such that p,.(X) = p_(x). Then x € A. Therefore, Vz € A,
pia{Z) Nl ({2}) = {2). U

Proof. Let x € 7 such that p (%) = p_,(x). Then by Corollary 4.2, T,(x) = 0 and thus
x € A. |

Lemma 4.5. Letx €7 such thaty, (x) € Cf. Then 0 < x and p_,(x) = d"(0, x). O

Proof. Let y~ = y, (x). Let A be an apartment containing x and —oco. By (MA4), there
exists g € G such that A = g~!.A and g fixes cl(y~, —o0) Dy~ — C_JL’ 0. Theng.x—gy =
p-o(X) =y~ =T veCliand gy —g.0=y . Thus g.x — g.0 = p_(x) € Cf and we can
conclude by Remark 2.7. |

We can now prove Theorem 3.1:
Letn € A.Thenif u ¢ Qy , pi 2 ((A+uh)Np-l ({1}) is empty forallx € A. If u € QY ,
then for A € A sufficiently dominant, p- 2 ({x + u}) N p=L ({A}) C S7(0, 1) N pL2 ({A + u}).

Proof. The condition on x comes from Corollary 4.2.

Suppose € Qy . Let A € A. Let y- =y, and T~ = T, . By Corollary 4.2 and
Remark 4.3, if x € ,o;éo({)\ +uhNp-t{a}), theny (x) € [A — T (x)v,A] C A — [0, h(—p)]v.
Foralli eI, «;([0, A(—u)]v) is bounded. Consequently for A sufficiently dominant, «;(A —
[0, A(—=w)]v) C RY foralli e I. Forsuchal, y~ (,o;io({)» +u}) ﬂ,o:;o({)»})) C Cf. We conclude
the proof with Lemma 4.5. n

5 Study of "Translations" of 7 and Proof of Theorem 5.6

Let Ain = ﬂ

In this subsection, we introduce some kind of "translations" of Z of an inessential

o1 Ker a;.

vector and show that they have very nice properties. It will be useful to "generalize
theorems from Y to Y + A;,," by getting rid of the inessential part. First example of
this technique will be Corollary 5.3 which generalizes a theorem of [6]. Then we study
elements of G inducing a translation on A. We show that they commute with p,., and
p-oc- We then can see that for a fixed u € @Y, the p; L ({A + u}) Np=L({1}), for k € Y + Ay,
are some translates of p ) ({}) N p=2 ({0}), which enables to show Theorem 5.6 by using

Theorem 3.1 and Corollary 5.3.
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Lemma 5.1. Letv € A;, and a € Z. Then |S"(a,v)| = 1. Moreover, if a € A, S"(a,v) =
{a +v}. O

Proof. Let h € G such that h.a € A. Then S"(a,v) = h™'.S"(h.a,v). Therefore one can
assume a € A.

Letx € S”(a,v).Letg € Gsuchthatx,a e g7'.Aandg.x—g.a=v.Let7 :[0,1] > Z
defined by 7(t) = g~ '.(g.a + (1 — t)v). Then 7 = p_,, o T is a Hecke path of shape —v and
in particular, it is a —v-path. For all t where 7 is differentiable, there exists w(t) € WV
such that 7'(t) = —w;(t).v = —v. As W" acts trivially on A;,. Thus =z is differentiable on
[0,1]and n’ = —v. As 7(1) = a € A, one can apply Lemma 3.6 and we get that t([0, 1]) C A.

Therefore, x € A and there exists w € WY such that x —a = w.v = v. [ |

This lemma enables us to define a kind of translation of an inessential vector.
Let v € Aj,. Let 7, : Z — 7 which associates to x € Z the unique element of S¥(x, v). Then

we have the following lemma:
Lemma 5.2. Letv € A;, and t = 7,. Then:

1. Forallxe A, t(x)=x+v.
2. Forallge G,got =10g.In particular, for all x € Z, if x is in an apartment
A, then 7(x) € A, and if x = g.a with g € G and a € A, then t(x) = g.(x + v).
3. The map 7 is a bijection, its inverse being 7_,.
The map r commutes with p,,, and p_.
5. LetxeZandx GC_}’, then 7(S"(x,1)) = S"(r(x), 1) = S"(x, A + V). O

Proof. Part1 is a part of Lemma 5.1.

Choose x € 7 and g € G. Then d"(x,7(x)) = v and thus d"(g.x,g.1(x)) = v.
Consequently g.t(x) = t(g.x) by definition of r. Let A be an apartment containing x,
A = h.A, with h € G. Then t(x) = t(h.a) with a € A, hence 7(x) = h.(x +v) € A = h.A and
we have 2.

Letx € Z,x = g.awith a € A. By part 2 applied to r and 7_,, one has t_,(t(g.a)) =
g.7_,(t(a)) = g.a and thus 7_, o 7 = Id. This is enough to show 3.

Let x € 7 and g € G fixing +o0 such that g.x = p,,(x). Then 7(x) € g~'.A, thus
g.T(X) = pieo(t(x)) and by part 2, g.7(x) = t(g.x). Hence, t and p, ., commute and by the
same reasoning, this is also true for r and p_..

Letx €e Zand X € C_J‘{ Let u € SV(x, A). There exists g’ € G such that x,u € g~ '.A

and g'.u — g’.x = w.A, for some w € W". Let n € N inducing w on A and g = n~!g’. Then
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x,u e g t.Aandg.u—gx =i We have g.t(u) — g.x = 1(g.u) — g.x = A + v. Therefore,
7(S"(x,A)) C S"(x,A + v). Applying this result with r_, yields 7_,(S"(x, A + v)) C S"(x, 1)
and thus t(S"(x,1)) = S"(x, A + v).

Onehas g.t(u)—g.t(x) = (g.u+v)—(g.x+v) = A and thus 7(S"(x,1)) C S¥(r(x), 1).
Again, by considering t_,, we have that 7(S"(x,1)) = S"(r(x), 1). |

Corollary 5.3. Leti € Aand u € Y+ Ay,. Then for all Ay, € A, 7, (S0, ) N7 (1)) =
SY(0, A + Ain) N po ({1 + Ain}). In particular, for all A € Y 4+ Ay, SU(0,1) N p (e + 1)) is
finite and is empty if 1 ¢ Q. O

Proof. The first assertion is a consequence of Lemma 5.2 part 3, 4, and 5.

Let A € Y + Ay, and A, € Ay, such that (1) € Y, with 7 = 7, . Then 7(S"(0,1) N
pie (A + ud) =80, 7(A) N p;L({r (A + w)}). Consequently, one can assume A € Y.

Suppose S”(0,A) Np; L ({in+1}) is nonempty. Let x be in this set. Then there exists
g,h € Gsuchthatgx = A and hx = u+ A Thus A+u = h.g'h € IyNA = Y and
therefore, © € Y. We can now conclude because the finiteness and the condition on u
are shown in [6], Section 5: if A, u € ¥ then S¥(0,1) N p; % ({u}) is finite and it is empty if
u ¢ QY (the cardinals of these sets correspond to the n,(v) of loc. cit.). |

We now show a lemma similar to Lemma 5.2 part 4 for translations of G:

Lemma 5.4. Letn € G inducing a translation on A. Thennop o, = py0onand nop_,, =

P—oo O . (I

Proof. Letx € 7 and A be an apartment containing x and +oo. Then n.A is an apartment
containing +oo. Let ¢ : A — A an isomorphism fixing +oco. We have n.x € n.A, and

1

nogon!:n.A— Afixes +oo. Hence p (n.X) =Nogon(n.x) =no¢(x) =1no pien(x)

and thus no p, . = P o n. By the same reasoning applied to p_.,, we get the lemma. W

Lemma 5.5. Let n € G inducing a translation on A. Let A;, € Ay, Set © = 1;, o n. Let

veCiandy =y,.Thentoy =y ort. O

Proof. Ifx € A, then y~(x) = x, y~ (1(x)) = t(x) and there is nothing to prove.
Supposex ¢ A. Then [x,y~ (x)]\{y~ (%)} C x—Rv)\A, thus 7([x, y~(x)]\{y"(x)}) C
(t(x) — R v)\A and 7(y~(x)) € A. [ |

Theorem 5.6. Let u € A and A € Y + A;,. One writes A = A;, + A, with A;, € A;,

and A € Y. Let n € G inducing the translation of vector A and r = 7,,, o n. Then
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il + uh N pL () = n(pzl(u)) N p=L({0}). Therefore these sets are finite and if
u ¢ QY these sets are empty. O

Proof. First assertion is a consequence of Lemma 5.4 and Lemma 5.2 part 4. Then
Lemma 3.5 b) shows that these sets are empty unless u € Q.

By Theorem 3.1, for 1’ € Y sufficiently dominant, p; L ({*' + u}) N p-L ({1} C
S7(0, 1) N pt ({2 + u}), which is a finite set by [6] Section 5 (or by Corollary 5.3). |

6 Proof of Theorem 6.1

Recall that we want to prove the following theorem:

Theorem 6.1. Let u € QY. Then for A € Y™ + A;, sufficiently dominant, S"(0,1) N
P (h 4+ ud) = p 3 (AD) N e (A + u)). O

The proof is postponed to the end of this seciton. The basic idea of this proof
is that if u € QY there exists a finite set F C Y™t such that for all A € Y™ + A,,,
Pra{X+uPHNS¥(0,2) C UfeFlk—fe@ Prac X+ 1) NSY(A—f,f) (this is Corollary 6.4, which
generalizes Lemma 6.2 and uses Section 2.2). Then we use Subsection 5 to show that
Pra{r+ ) NSY (A —f,f) is the image of p; . (u+f)NSY(0,f) by a "translation" 7,_¢ of G
of vector A — f (which means that 7,_r induces the translation of vector A — f on A). We

fix v € Cf and sety~ =y, . By Lemma 5.5,

v (0@ +uhns'©0,0) | Jtroy (S0 Npldu+£h).

feF

According to Section 5 of [6], for all f, u € ¥, S¥(0, f)Np; L ({n+f}) is finite. Consequently,

for ). sufficiently dominant, sz t: (¥~ (S(0,f) N p; % ({1 + f}) C C; and one concludes
with Lemma 4.5.

Lemma 6.2. Letu € Q' andH = —-h(u)+1eN. Letae ¥, T € [H,+),ve YT and
x € S%a,Tv)Np;({a+Tv+pu}).Letg € Gsuchthatga =aand gx = Tv+a. Theng

o0

fixes [a,a + (T — H)v] and in particular x € SV(a + (T — H)v,Hv). O

Proof. Let 7 : [0,1] — A defined by t(t) = a + (1 — t)Tv. The main idea is to apply
Lemma 4.1 to p,o o (g'.7) but we cannot do it directly because p.. o T is not a Hecke
path with respect to —C;. Let A’ be the vectorial space A equipped with a structure of
apartment of type —A: the fundamental chamber of A" is Cf = —Cy etc ... Let 7' be the
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set Z, whose apartments are the —A where A runs over the apartment of Z. Then 7’ is a
hovel of standard apartment A’. We havea <xinZ andsox <'ainZ.

Then the image = of g7'.7 by p,. is a Hecke path of shape —Tv from p . (x) =
a+ Tv+ putoa. By Lemma 4.1 (for Z'), for t > —h(u)/T, 7'(t) = —Tv, and thus Lemma 3.6
(forZ" and A') implies p,o (g~ .7(t)) = g *.7(t) forallt > —h(u)/T. Therefore, g~ .1y ngu,r1)
is a segment in A ending in a, with derivative —Tv and thus, forall ¢t € (#, 11, g7 t.x(t) =
7(t). In particular, g fixes [a, r(%)] =la,a+(T—H)v],and d"(a+(T—H)v,x) =d’(g~'.(a+
(T-H)v),g'x)=d"(a+ (T —H)v,a+ Tv) =Hv. [ |

Let E be as in Lemma 2.3.

Lemma 6.3. Letu € QY, H = —h(u) +1 € Nand a € Y. Let A € Y**. One writes
A=) .zreewithi, e Nforalle € E.Lete € E. Thenif A, > H,S"(a, \)Np  ({a+r+u}) C
SV(a+ (he — H)e, A — (ho — H)e). O

Proof. Letx € S"(a, 1) Np;i({a+ A+ u}) and g € G fixing a such that g.x = a + 1. Let
z=g(a+ xr.e).

Then one has d"(a, z) = A.e and d"(z,x) = A — A.e.

According to Lemma 2.4.b) of [6] (adapted because one considers Hecke paths
with respect to CJL’), one has:

P100(Z) —a Zqv d"(a,z) = ree and p o (X) — p10(2) <ov d"(z,X) = L — Ace.

Therefore,

A+ A+ p=pro(X) <gv Pr0(Z) + A — Ae€ <gv a+ A

Hence, p,0(2) = a + Aee + 1/, with u <qv @/ <qgv 0. One has —h(u') +1 < H. By
Lemma 6.2, g fixes [a,a + (A, — H)e] and thus g fixes a + (A, — H)e.
Asd'(gl.(a+(rhe—H)e),x) =A—(Ae—H)e,x € S"(a+(Ae—H)e,A—(A.—H)e). N

Corollary 6.4. Letu € QY.LetH = —h(u)+1.LetA € Y*'. Wefixawritingr =),
with A, € N for all e € E. Let J = {e € E|., > H}. Then S"(0,A) N p;L({A + u}) C

SV()L —-H Zee.] €e— Ze¢J re€, H ZeeJ e+ Ze¢] Ae). 0

Ae€,

Proof. This is a generalization by induction of Lemma 6.3. |
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We now prove Theorem 6.1:
Let u € Q. Then for » € Y** + A, sufficiently dominant, S”(0,1) N p L ({A +u}) =
P (D N i (A + ).

Proof. Theorem 3.1 yields one inclusion. It remains to show that p; 2 ({A+1})NS"(0,1) C
pia(r + ) N p=l ({1} for i sufficiently dominant.

Let H = —h(u) + 1 and F = {3, veel(ve) € [0,H]*}. This set is finite. Let A €
Y™ + Ay, A=Xxy + A, with A;, € Aj, and A € YT

Let x € S¥(0,1) N p;3({x + 1}). Then by Corollary 6.4, there exists f € F such
that A — f € C_}’ and x € S"(A — f,f) (one can take f =H ) .., e+ ) .., ko where J is as in
Corollary 6.4). Let n be an element of G inducing the translation of vector A—f = A—i;—f
on A and 7,5 = 7;,, o n. Then x € 1, #(By) where By = S(0,f) N p; 2 ({ + f1).

Let B = ;. Br. Then one has proved that

70,0 Np i+ uh € | Jus®).
feF

By Section 5 of [6] (or Corollary 5.3), By is finite for all f € F and thus B = ;. By
is finite. Let v € Cf and y~ = y,. Then y~(B) is finite and for 2 sufficiently dominant,
User Tap o ¥~ (B) C Cf. Moreover, according to Lemma 5.5, ;; Tir oy (B) = Upr ¥~ ©
7, r(B). Hence

Y (87(0,2) N p ({r + u)) C Cf
for A sufficiently dominant. Eventually one concludes with Lemma 4.5. [

Funding

This work was supported by the ANR grants ANR-15-CE40-0012 to A.H.

Acknowledgments

I thank Stéphane Gaussent for suggesting me this problem and for helping me improving the
manuscript. I also thank Guy Rousseau for his remarks on a previous version of this article.

References
[1] Braverman, A., H. Garland, D. Kazhdan, and M. Patnaik. “An affine Gindikin-Karpelevich
formula.” In Perspectives in Representation Theory (Yale University, May 12-17, 2012),
edited by P. Etingof, M. Khovanov, and A. Savage, 610, American Mathematical Society,
Contemporary Mathematics, 2014, pages 43-64.

9T0Z ‘T JequenoN uo 1s89nb Aq /610°seulnofploxo uiwi//:dny wody papeojumoq


http://imrn.oxfordjournals.org/

22 A. Hébert

(2]

(3]

[4]

(5]

6]

(7]

(8l

[l

[10]

[11]

[12]

Braverman, A., and D. Kazhdan. “Representation of affine Kac-Moody groups over local

"

and global fields: a survey of some recent results.” In Sixth European Congress of
Mathematicians, 2012. Ziirich, European Mathematical Society, 2014, pages 91-117.
Braverman, A., D. Kazhdan, and M. M Patnaik. “Iwahori-Hecke algebras for p-adic loop
groups.” Inventiones mathematicae 204, no. 2 (2016): 347-442.

Bruhat, F., and J. Tits. “Groupes réductifs sur un corps local: I. Données radicielles valuées.”
Institut des Hautes Etudes Scientifiques, Publications Mathématiques de I'IHES 41, no. 1
(1972): 5-251.

Gaussent, S. and G. Rousseau. “Kac-Moody groups, hovels and Littelmann paths.” In Annales
de l'institut Fourier 58 (2008): 2605-57.

Gaussent, S., and G. Rousseau. “Spherical Hecke algebras for Kac-Moody groups over local
fields.” Annals of Mathematics 180, no. 3 (2014): 1051-87.

Kac, V. G. Infinite-dimensional Lie algebras, vol. 44. Cambridge, Cambridge university press,
1994.

Kapovich, M., and J. J. Millson. “A path model for geodesics in Euclidean buildings and its
application to representation theory.” Groups, Geometry, and Dynamics (2008), 405-80. MR
2415306, Zbl 1147, 22011, http://dx.doi.org/10,4171/GCD/46.

Langlands, R. P. Euler products. New Haven, CT, Yale University Press, 1971.

Rémy, B. Groupes de Kac-Moody déployés et presque déployés. Astérisque 277, Paris, France,
Mathematics Society, 2002. MR1909671, Zbl 1001, 22018.

Rousseau, G. “Masures affines.” Pure and Applied Mathematics Quarterly 7, no. 3 (2011):
859-921.

Rousseau, G. “Almost split Kac-Moody groups over ultrametric fields.” 2012. Preprint
arXiv:1202.6232.

9102 ‘T JequnoN uo 1sanb Aq /6.10°seulnolployxo-ulwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /Unknown

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [535.500 697.000]
>> setpagedevice


