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Abstract. — We consider the Klein-Gordon equation (KG) on a Riemannian surface M
Ofu— Au—mPu+u® =0, peN", (t,z) eRx M,

which is globally well-posed in the energy space. This equation has a homoclinic orbit to the origin, and in
this paper we study the dynamics close to it. Using a strategy from Groves-Schneider, we get the existence
of a large family of heteroclinic connections to the center manifold that are close to the homoclinic orbit
during all times. We point out that the solutions we construct are not small.
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1. Introduction, statement of the main results

1.1. General introduction. — Denote by M a compact Riemannian manifold without boundary
of dimension 1,2 or 3 and denote by A = A, the Laplace-Beltrami operator on M. In this paper we
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are concerned with the following nonlinear Klein-Gordon (KG) equation

(KC) { O*u — Au—mPu+uT =0, (t,z) €Rx M,
u(0,2) = ug(x), Ow(0,z) =ui(z),

where p > 1 is an integer, and (ug,u1) € H'(M) x L?>(M) are real-valued.

It is well-known that there exists a Hilbert basis of L?(M) composed with eigenfunctions (ey)n>0
of A. Moreover (see e.g. [15]), there exists a sequence 0 = A\g < A; < --- < A, < ... so that

—Ae,, = )\ien, n > 0.

1
In the sequel, we define the scalar product on L?(M) by (f,g) = Voldf / fg, where Vol M denotes
0 M

the volume of M, we assume that ||e,||z2 = 1 and we set eg = 1.

We make following assumptions
Assumption 1. — The parameter m satisfies 0 < m < A1.

Assumption 2. — The manifold M and the integer p satisfy either:
o M is any compact manifold without boundary of dimension 1 or 2 and p > 1
e M is any compact manifold without boundary of dimension 8 and p = 1.

Moreover, up to a rescaling, we can assume that Vol M = 1.

The stationary solutions of (KG) (solutions which only depend on the space variable) are exactly
the constants u = 0, u = m!/? and u = —m!/? (see Lemma . The origin is an equilibrium with
an unstable direction. In fact, the eigenvalues of —A — m? are the ()\% — m?)gen. Since 0 < m < Aq,
the case k = 0 only, gives the hyperbolic directions, corresponding to the solution exp(mt) for ¢ > 0
(resp. exp(—mt) for t < 0). It turns out that admits a homoclinic orbit to the origin. Indeed,
the following x—independent function is a solution to

mY/P(p 4 1)1/(2p)
oty = 2 D
(cosh(pmt))

and in the sequel we will refer to

h(t) = (a(t), B(1), with f(t) = a(t),
as the time homoclinic solution (to the origin) of (KGJ), see Section In this work we aim to study

the dynamics of (KGJ) near this particular trajectory, and we will show the existence of solutions which
remain close for all times to this exact temporal solution.

In the case M = S! we can precise the dynamics around the equilibrium u = m!/P (the study
near u = —m!/? is similar since the non-linearity is odd). We linearize the equation near this point
(u = m'? 4+ v) and we are lead to study the spectrum of (—d2 4+ 2pm?)v. This operator on S! is
self adjoint and has pure point spectrum j2 + 2pm, j € N. Using the Birkhoff normal form theory,
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Bambusi [1] (see also [3]) has shown that, for a generic choice of m (in order to avoid resonances
between the frequencies \/j2 + 2pm, j € N), the solutions of with initial datum of the form
mYP 4+ vy with vy small enough, remain close to the equilibrium point m!/? for very long time. See
also the work [8] of J.-M. Delort for quasi-linear equations.

Moreover, using KAM theory, C. E. Wayne |28] and J. Poschel [26] have proved that, for a generic
choice of m, there exist many quasi-periodic solutions near w = mYP. See also the recent work of
Berti-Biasco-Procesi [4] for derivative wave equations. Observe that quasi-periodic solutions can be
constructed even if the equilibrium has a finite number of hyperbolic directions (see [5]).

In higher dimension and for a general manifold, few is known. In the case M is a Zoll manifold,
Bambusi-Delort-Grébert-Sjeftel [2] have developed a Birkhoff normal form theory for near an
elliptic equilibrium. Up to now, there is no KAM-type result for in dimension greater than two.

In this work, we describe some possible behaviours of near the homoclinic orbit. We state
the existence of solutions that travel from a neighbourhood of the origin to turn around the equilib-
rium m!/?, close to the homoclinic connection to 0 (see Theorems and . We stress out that
these results do not require non resonance conditions.

The existence of homoclinic or heteroclinic connections to periodic or quasi-periodic solutions is a
question of interest: for example, in the case of parabolic PDE’s on a one dimensional bounded domain,
homoclinic orbits to equilibrium points can exist but there cannot exist any homoclinic connections to
periodic orbits (see [19]). In some other cases some homoclinic connections to small periodic orbits
exist while homoclinic orbits to 0 do not exist or remain an open question (see for instance |20} 21, [18]).
More generally, such homoclinic connections to the center manifold often appear when a homoclinic
orbit does not persist after a perturbation of the system (see for instance [27]). We refer also to [6],
where the existence of homoclinic solutions to a beam equation is studied.

In this paper, we get the existence of a large family of homoclinic connections to the center manifold
(more precisely heteroclinic connections to some solutions lying in the center manifold). The proof
is based on a perturbative method which is classical (see for instance [17), [20]) for finite dimensional
reversible systems (systems which anticommute with a symmetry S): the key idea is that if a solution
hits the reversibility plane {u | © = Su}, then the latter solution is reversible. This method requires
more computations in the infinite dimensional cases. It was already performed in a situation close to
ours by M. Groves and G. Schneider [12, 13, 14]: but in their case, they work in the neighbourhood of
a bifurcation and get small homoclinic solutions, while in our case the size of the solutions is of order 1
and this requires some additional work on the linearised system, which is one of our main contributions
in this paper.

Finally we also mention the recent book of Nakanishi & Schlag [24] on invariant manifolds in the
context of dispersive Hamiltonian PDEs.

1.2. A first motivation for studying (KG). — Recall that the usual non linear Klein-Gordon
equation reads

(1.1) O*w — Aw+w — f(w) =0, (t,r) €R x M,

where f is a non linear function. Let us show that if there exists a nonzero equilibrium, the equation
near the smallest equilibrium is of the form (KG)) (but with a general non linearity). The equilibrium
of (L.1)) are the real constants wq satisfying f(wg) — wg = 0. Observe that if one performs the change
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of coordinates u = w — wq, then there exists a non linear function g such that u satisfies
O*u — Au— (f'(w) — D)u — g(u) = 0.

Given that f is non linear, f/(0) = 0 and f’(0) — 1 < 0. Thus, if f is C! and if there exists an
equilibrium wq # 0, then by the intermediate value theorem, we get that the smallest equilibrium wy
satisfies f/(wp) —1 > 0. This means that near the smallest non zero equilibrium of , the equation
is of the form

O*u — Au —m?u — g(u) = 0.
For instance in this paper we consider a nonlinearity g(u) = u?**!, u = m!/? is a (stable) equilibrium
and the change of variable © = m!/? + w leads to
OPw — Aw + 2m*w — f(w) =0, (t,z) ERx M
1 2p+1

with a nonlinearity f(w) = (w +m?)®™ —m > — (2p + 1)m w.

1.3. Another motivation of the problem. — Here we are inspired from the works [12}, 13}, [14]
of M. Groves and G. Schneider. Consider the non linear wave equation on the real line

(1.2) OPw — Pw+w—wP =0, (t,z) € RxR.

One can be interested in the construction of “modulated pulse solutions ” for (1.2)) which are solutions
of the form

(13) wit,a) = (T2 L)

Cs €3
where u(s,y) is a 2mr—periodic function in y, and where 8 € (0,1) and ¢z > 0. In the particular case
cg=(1- BQ)I/ 2 (T.3)) is the Lorentz transform which preserves (1.2]) and in general we get

2
C
(1.4) Ou — ju - _ﬁﬂQ (uw—u?*1) =0, (s,y) €RxS.

2

Now let m € (0,1) and § € (0,1), then we can choose c¢g > 0 so that % = m? € (0,1), which
is (KG)) up to the change of unknown u — u!'/Pw. As a consequence, for each m € (0, 1), any solution
to (|1.4) provides a one-parameter family of solutions to ((1.2)).

1.4. Hamiltonian structure of (KG)). — Denote by v = d,u and introduce

1 1
1.5 H=- (V 2 2 2 2) / 2p+2
(1.5) 2/M |Vul® 4+ v* —m-u +2p+2 Mu
Then, the system (KGJ) is equivalent to
0H 0H
1.6 ,= 02 Lo
(1.6) YT e du
We write

u(t,r) =Y an(t)en(x), v(t,z) =Y balt)en(x),
n=0 n=0
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where

(an)nen € KN, R) == {2 = (@n)nen | zll5 = Y (1 + A})|zal* < oo},
neN

(bn)nen € P(N,R) := {2 = (@n)nen | |27 = D a]? < o0},
neN

in such a way that to the continuous phase space X := H' x L? corresponds the discrete one h! x ¢2.
We endow this space with the natural norm

X1 = llullgr + lvll2,  for X = (u,v).

We define the two dimensional subspace Aj, C X spanned by the stable/unstable modes (hyperbolic
modes) of X

(1.7) X,={XeX|Vn>1, ay,=b,=0},

and we observe that A} is an invariant subspace for (1.6). We also define the infinite dimensional
subspace X, C X spanned by the center modes (elliptic modes) of X

(1.8) X.={X €X|ap=0by=0}.

We clearly have X = &}, & X.. Denote by P : X — A}, the projection onto A} and define Q) =
I—P: X — X, the projection onto X.. In the sequel, for X € X, we use the notation X; = PX and
X, =QX.

In the coordinates (ap, by )n>0, the Hamiltonian in reads

1.9 H= L1502 - m2ya2 102 ! 3 SR
(1.9) _52[(n_m)an+ n:|+2p+2/M(kZ:0akek($)) €,

n=0

and the system (1.6) becomes
an=>b,, n>0

(1.10) bn = —(A2 — m?)a, — /M (Zakek<x>)2pﬂen<m>dx, n>0.

1.5. The homoclinic orbit. — The space-stationary solutions of (KG|) exactly correspond to the
solutions of (|1.10)) satisfying a,, = b, = 0 for n > 1. In this case, the equation on (ag, by) reads

ag = b
(1.11) { bo = m2ag — a(2)p+17
and this system possesses a homoclinic solution to 0 which we will denote in the sequel by
h:t— (aft), B(t)),
and we will denote by Ky the curve which is described (see Figure . Indeed we can explicitly compute
m/P(p 4+ 1)1/(2p)

alt) = , — /1 1/(2p) :
(1.12) (t) PE— B(t) (p+1) (cosh(pmt)) /7!

sinh(pmt)
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and we have the bounds
(1.13) la(t)] < Ce ™ 18(t)] < Ce ™ forall teR.

For n > 0 denote by K, the trajectory of (1.11]) given by the initial conditions ag(0) = 7, bg(0) = 0
(see Figure . In our forthcoming paper [10], we study the long time stability of the trajectory i,
for 0 < n <« 1, by the flow of the system (|1.10]).

(=N
o

FIGURE 1. Phase portrait for the space-stationary set a, = b, = 0 for n > 1.

1.6. The main results on the Klein-Gordon equation. — Under Assumptions [I] and [2| the
equation (KG) is globally well-posed in X = H'(M) x L*(M) (see Theorem [2.2] in Section [2).

Our main result describes possible dynamics near the homoclinic orbit: We show that there are
many solutions which stay close to h. The proof of this result is inspired from the work [12] of M.
Groves and G. Schneider. In our case, the novelty is that we have not to assume m to be small, i.e.

we are not dealing with small solutions of (KGJ.
For any function f € L?(M), denote by f. = f — / f. Then we can state
M

Theorem 1.1. — Let M, p and m satisfy Assumptions[1] and[3 There exist C > 0 and €y > 0 so
that the following holds: Let (f,g) € HY(M) x L?*(M) be such that || foll g + l|9ellz2 < €0, then there
exists a solution u to (KG) so that

(1.14) Ou(0,+) = gey,  uc(0,-) = fe,
and so that for all t > 0
(1.15) lu(t, ) — a@®)llg + [0wult,) = B2 < C(Ifellar + llgellz2)-

Furthermore, as t — 400, u(t,-) tends to a solution of the local center manifold W€ (see Defini-
tion @)

Notice that Theorem [1.1| is not a stability result since we only fix the elliptic part of the initial
datum, and the statement of the theorem is that there exists a way to define the hyperbolic part such
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that the solution satsifies ((1.15)). For example if f. = g. = 0, the corresponding w is the homoclinic
orbit h.

The equation (KGJ) is reversible. More precisely, the equation (KG)) is invariant under the transfor-
mation u(t, ) — u(—t,x). This corresponds to the symmetry S defined by

S(an) =an, S(by)=—b,, for n>0.
This is a symmetry of reversibility: Namely, denote by Vi the vector field (1.10]), then VoS = —SoVy.

Using this symmetry we are able to precise the result of Theorem [I.1]in the case g = 0.

Theorem 1.2. — Let M, p and m satisfy Assumptions[l] and[3 There exist C > 0 and ey > 0 so that
the following holds: Let f € H'(M) be such that ||f.||g1 < €0, then there exists a solution u to (KG)
so that

(1.16) Ou(0,-) =0, u(0,-) = fe,
forallt e R

u(—t) = Su(t),
and so that

[ult, ) = a@®llmr + [10cult,-) = B2 < Cllfellm-

Furthermore, as t — +00, u(t,-) tends to a solution of the local center manifold W€.

Since u is reversible, observe that if u tends to w when ¢t — 400, then u tends to Sw when
t — —00.

Remark 1.3. — Theorem proves the existence of heteroclinic orbits from some orbit on the center
manifold W€ to another one. It would be interesting to precise the dynamics on the center manifold.
Actually we can expect the existence of invariant tori on W¢ which are perturbations of the tori
obtained for the linearized equation around the homoclinic orbit (see section 3). Nevertheless, to prove
this, we would need a KAM theory for infinite dimensional tori which is an open problem up to now
(see however [7]). Notice that even if such theory would exist, it would prove that most of the tori,
but not all of them, of the linearized system are preserved. Thus it would be impossible to conclude
that our heteroclinic orbits tends to KAM tori of W¢ when t — +00 as we can expect.

1.7. Plan of the paper. — In Section [2] we prove Theorem Section [3] is devoted to the study
of the linearisation of around the homoclinic orbit (Theorem . In Section {4 we construct the
center manifold for the Klein-Gordon equation and prove Theorem [I.I} In the appendix, we recall a
result which is useful in the proof of Theorem

Notations. — In this paper c¢,C > 0 denote constants the value of which may change from line to
line. These constants will always be universal, or depend on the fixed quantities m and p.
We denote by N the set of the non negative integers, and N* = N\{0}. We set X = H'(M) x L*(M).

Acknowledgements. — The authors want to thank Eric Lombardi and Romain Joly for clarifications
i dynamical systems. T.J. also thanks Guido Schneider for his kind invitation to Stuttgart.
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2. Preliminaries: Proof of the first results on (KG)

2.1. Stationary solutions of (KGf). — We look for the time-independent solutions to (KGJ), which
correspond to equilibrium points for the system (|1.10]).

Lemma 2.1. — The stationary solutions to (KG)) are u =0, u = mY? and u = —m!/P.

Proof. — Assume that u(t,x) = g(x) € H'(M) is solution to (KG|). We apply V to the equation and
get

—AVg —m?Vg+ (2p+1)g**Vg = 0.
We multiply this equation with Vg and integrate (by parts) on M

1) [ o) +o+1) [ 1957 = [ V4P
M M M
o
Now, write g = ngek. Since (Ax)r>0 is non decreasing and 0 < m < A; we have
k=0

2
m / |V9|2_m22>\i9k<2>\k9k—/ Ag)”.
This inequality together with (2.1]) implies that Vg = 0, and we conclude. O

2.2. Global well-posedness of (KG|). — The aim of this section is to prove the following result.

Theorem 2.2. — Let M, p and m satisfy Assumptions and. Then for all (ug,u1) € X there exists

a unique solution to (KG)
ueC'(R; H'(M)) NC(R; L*(M)).

Moreover, u is bounded in the energy space: sup ||(u, du)||x < C.
teR

The proof is classical: it relies on a fixed point argument in H'(M) combined with the conservation
of the energy.

oo o
To begin with, for u = Z arer, and dyu = Z brer we set
k=0 k=1

= 130 [0 - et + 7],

k=1

(2.2)

l\Q\H

We also define
(2.3) = U, = Z ageg

the spectral projection away the mode 0. Observe that under Assumption (1| there exist C, Cs > 0 so
that for all (u,0u) € X

(24) CluumatucHX < J1/2 < CZHUCaatuCHX)
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because ||[uc, Opucl|x = ||uc|| g1 + [|Oruc| 12 and
(o]
||UC||§{1 + ||3tuc||%2 = Z ()\%ai + b%)
k=1

In the sequel we will need

Lemma 2.3. — Letu € HY(M). Then
e When M has dimension 1 or 2, for all 2 < q < 400

U Laar) < Co T2,
o When M has dimension 3, for all 2 < q <6

1Ullzaqary < CyT'2.

Proof. — By Sobolev, in each of the previous cases, there exists C; > 0 so that for all U € H' (M) we
have [|U||pa(ary < CqllU|| g1 (ary and the result follows. O

We then can prove the following a priori estimate

Lemma 2.4. — Let u(t,-) be a solution of (KG)) and denote by H° the constant value of H(u(t,-))
along this trajectory. For all t for which the solutwn is defined, we have

o0

2 2y _ 2 0, P 22
(2.5) /M (Oru)? + [Vul?) ;(b P afad) < 20+ Eom2ien,

Furthermore there exists C = C(H®) > 0 such that |ao(t)| < C for all t.
Proof. — We assume that M has dimension 1 or 2. By the conservation of the energy for (KGJ), we

have )
/ ((atu)Q + \Vu|2) + / u?Pt? = 2HY + m2/ u?
M p+1/m M

We apply the Young inequality
gl 1 1 1
cieg = (eer)(e ') < =l + =&, e,2>0, >0, —4-=1,
q re” q T

with ¢; =u?, ca =1, ¢=p+ 1 and e = m~2/®+1) and deduce (2.5).
Recall the notations (2.2)) and (2.3). Then we have

1 1
(26) HO = 5(()2 m ao) + J + W /M (CLO + U)2p+2d$.

By (2.5)), bo and J are bounded and moreover by Lemma and we deduce that [, |U|9dz <
CJ? for all ¢ > 2. Thus [2.6) gives H? as a polynomial in ag with bounded coefficients and thus ag
has to be bounded by a constant depending only on H.

The argument is similar when M has dimension 3 and p = 1. O

Remark 2.5. — It is easy to check that the points u = +m!/? correspond to the minimum of H, and

that for this choice H® = —ﬁmﬁz/ P In particular, the r.h.s of (2.5) is nonnegative.
p
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Proof of Theorem[2.9 — First we show that is locally well-posed. Let (ug,u1) € X and for T > 0
define the space
Er={ue CO([_T, T};Hl(M)) ﬁCl([_T, T];LZ(M)), \Zlg; | (w, Opw)|| ¢ < 2| (w0, ur)|x }-
For f: R — R, a continuous and bounded function, we can define a bounded operator
F(=A): L*(M) — L*(M)
by

—+o00 +o00
f(=A)yu= Zf()\i)akek, u= Zakek.
k=0 k=0

With this definition, denote by K (t) the free wave propagator

K (t)(ug,u1) = cos(tv'—A)ug + Sm@_\/gA)ul.
Then we show that the mapping ® defined by
tsin(t — s)vV—A
®(t)u = K(t)(uo, u +/
(t) () (uo, u1) ; Ve

is a contraction of Ep for T small enough. Namely, by the Sobolev embeddings and the fact that
| K| (x.x) < C, we obtain that we can take T' = comin (m 2, ||(u0,u1)||;(2p) where ¢y > 0 is a small
absolute constant.

In order to prove the global well-posedness, we iterate the previous argument. We then obtain a
sequence of times T, with T),+1 = ¢omin (m*Q, H(u(Tn),@tu(Tn)HfP) such that the solution is de-
fined on (= 02 Tny Y peoTn). By Lemma for any ¢ > 0, ||(u(t), dru(t))|| 3" > C(H®), hence
> >0 In = +oo which gives the result. O

(m*u — u®t1)(s)ds,

Remark 2.6. — The result of Theorem [2.2] indeed holds for any m € R.

3. The linearized equation around the homoclinic orbit

In this section, we study the system

do = bo
(31) 2 2p+1
0

bo = m“ap — a ,

and for n > 1
3.2 .
(3:2) bp = —(\2 —m?)a, — (2p+ l)agpan.

Indeed, if one considers that ag is given by (3.1)), the system (3.2]) is the linearisation of (KG|) around
the solution u = ag. In particular, denoting V' (t) = (2p + 1)a(2)p(t) and w = ) ;- ageg, (3.2) is
equivalent to the following linear wave equation with time-dependent potential

(3.3) OPw — Aw — mPw + V(tH)w = 0.
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Notice that the system (3.1)), (3.2)) is not Hamiltonian for the canonical structure, but it is reversible.
On the other hand, for ag given, the system (3.2)) is Hamiltonian for the canonical structure.

We now study the linear evolution of (3.2), which will be useful in the proof of Theorem [1.1]
Introduce the notations

o z t 0 1
Z_<8tz>’ £ _<A+m2—(2p+1)a2p(t) 0)’

then (3.1)), (3.2)) can also be written

WZ="r"Z.
Proposition 3.1. — The restriction L. : X. — X. generates a two parameter group K(t,7) so that
sup ||K (¢, 7)|| (a2 < C.

t,TeR

In other words, every solution to 0y Z. = Ef:ZC is bounded.

Proposition [3.1]is a direct consequence of the next result. Define the tori by
7. = {(akvbk)k21 | (>‘72’L_m2)a31+b72’b :ng }7 6652(NaR)7
then we have

Theorem 3.2. — Let (ap(0),b0(0)) € Ko and (an(0),b,(0))n>1 € h' x £2. Then the corresponding
solution of (3.1), (3.2) is homoclinic to T.. for some c € (*(N,R).

This result can also be interpreted as a linear scattering result for the system (3.2]). The infinite
dimensional system , has homoclinic orbits to invariant tori of arbitrary large dimension
(finite or infinite). These tori correspond to the case ag = by = 0 which is stable by (3.I). In
that case becomes the standard harmonic oscillator in infinite dimension with frequency vector

w(m) = (wp)n>1 and wy, = /A2 — m2.

Proof. — Take the homoclinic (a, 3) in the plane (ag,bg), and observe that / o?P(t)dt < co. Now,

1/2

for n > 1 we introduce the norms on R?, |z,y|, = ((A?Z —m?)z? + y2) and the norm on h' x £2

H(an, br)n>1 H = (Z |an, bn\i) Y2 Then for all n > 1, we deduce from Lemma/|A.1|that the trajectory
n>1

(an, by) satisfies |ap, byln < Clan(0),b,(0)|,. Next, we denote by S the flow of the linear part of (3.2)),

i.e. with ag = 0. Then the solution of (3.2)) reads

(3.4) ( ‘b‘:g)) ) — S ( ‘;Zgg)) > —(2p+1) /0 "t s) ( QZP(S()’% “ )ds.

By construction S preserves the norm ‘ . ‘n and thus

/0+OO ‘S(_S) < a2p(sg)an(s) > /0+<>o o?P(5)|an(s)|ds
39) < Clan(0),bu(0)h,

ds
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where we used the boundedness of a, and the integrability of a?”. Denote by

(5 )= (50 ) =) [ 509 (g )
therefore by we get

() ) s (5

which in turn implies

S+

IN

+o0
(2p +1) /t 02(5)|an(s)[ds

IN

+o0o
Clan(0), ba(0)], /t 0 (s)ds,

| ( ZZEQ ) 0 ( ﬁ ) | —0, when t — +oo.

+
Finally we remark that the trajectory t — S(¢) ( Zfﬁ ) lives on the torus 7. with ¢2 = (A2 —m?)(a;} )%+
n
(b;5)2 for n € N. O
Remark 3.3. — If w(m) is non resonant (for example when M = S!, this happens for a generic choice
of the mass m, see [3]), S(t)(a;}, bjl_)t>0 densely covers the torus 7.

Remark 3.4. — Notice that in the proof of Theorem we crucially use that ag = «, i.e. that we
linearize around the homoclinic orbit. A natural question is to ask whether this result still holds if
(ao, bo) is any periodic solution of (3:I). In that case [, ag?(t)dt = +oo and Lemma M does not
apply. In particular it is not clear at all that the trajectories remain bounded. This seems to be a
difficult and interesting problem related to the reducibility of when V' is not a priori small (the
case V small and quasi-periodic in time can be solved by a KAM approach, see [9), 1] for the last
results in the Schrodinger case).

0 1 .
t._ pt t : :
Denote by £} := E\Xh = < m? — (2p+ Da®(t) 0 ) the restriction of £* to A. We can identify

the space &}, = R? and we denote by (, ) the Euclidian scalar product. Then

Lemma 3.5. — The equation
0:Zn = L}, Zn,
admits two solutions o(t) and p(t) defined on Ry so that

35) 0= 1), s0=(y).

(see Figure[d) and

(3.7) o) < Ce™™  |p(t)| < Ce™,  forall t>0.
The dual basis {o*, p*} to {0, p} in X}, satisfies

(3.8) " ()| < Ce™, |p*(t)| < Ce™, forall t>0.
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H(ala bla ceey Qny bnv )H

A plane {X = SX}

é
L
5

) / ‘ p(0) -

FIGURE 2. Linearized system at ¢ = 0 and reversibility plane.

- alt) ) Bt) \ . . ot L
Proof. Let 4 € R, then t +— p ( (1) > =u ( ﬂ(t) is a solution of 0;Z), = L} Zj. Then in view

of we deduce that this solution corresponds to ¢ and we obtain the first bound in . With
a suitable choice of u we get (3.6]).
Y
v
equation &z + 2&2 = 0 and therefore

2(t) = 2(1) +z«(1)(a(1))2/1 (a(r)) 2dr, VE>1.

It is then straightforward to check that v = &z can be extended to a C* function on R. Then the bound
on o gives |z(t)] < Ce?™ and |2(t)] < Ce?™ for all + > 0, which in turn implies that |y(¢)| < Ce™
and |y(t)| < Ce™ for all t > 1. Hence the second bound in (3.7). We can moreover choose the initial
value p of the form claimed in the statement of the lemma.

To find p, we write p = , and look for v of the form v = &z, when t > 1. Then z satisfies the

Then we can explicitly compute

* 1' 7> L 1 <_ﬁ>
7 ﬁﬁ—vﬂ("Y P T g\ 8 )

where 3y — fyB is a non vanishing constant, since it is the Wronskian of the equation
i —m*y 4+ (2p + 1)a?Py = 0.
The bound (3.8) then follows from ((3.7]). O

4. Homoclinic orbits to the center manifold

In this section we prove Theorem As we mentioned in the introduction, this part closely follows
the argument of Groves-Schneider [14]. Nevertheless in contrast to their work, we are not dealing
with m small and thus with small solutions. Even if some results already appear in [14], we reproduce
here all the proofs for the convenience of the reader. First we recall the general strategy, illustrated

by Figure
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. To begin with, we consider a spatially truncated system for which the non-linearity sees only the

elliptic (or central) modes of small amplitude. We construct global solutions to this system that
are close to the homoclinic orbit, namely the hyperbolic part is close to h = (v, 3) for all times
t > 0, and the elliptic part is small only for ¢ < ¢! where ¢ is a small parameter. (Subsection
In the next steps we will prove that the elliptic part of these solutions actually stay small for all ¢,
i.e. that the set of all these solutions is the global center-stable manifold W of the truncated
system, and thus a local center-stable manifold for at time t = 0.

. We construct a global center manifold W€ for the truncated system by constructing the solutions

that are close to the origin for all times. (Subsection [4.3)

. The crucial point consists in linking the two previous steps: we prove that the solutions of the

truncated system constructed in step 1 actually tend to some solutions contained in the local
center manifold as ¢ — 400 and thus remain small for all times ¢ > 0. As the central part
remains unconditionally small, we conclude that these solutions are actually solutions of the
original system (without truncation). This gives us a global center stable manifold W which
is parametrized by the initial value V; of the stable part that we add to A and by V. the initial
value of the elliptic part, both being small. (Subsection

. For the proof of Theorem [I.2] it remains to prove that we can choose V; and V. in such a way

that the solution hits the reversibility plane b, = 0 for all n: namely the solution at ¢ = 0 belongs
to the reversibility plane as soon as Vy = 0, and V, is symmetric. The corresponding solutions are
then automatically symmetric and thus describe heteroclinic connections between two symmetric
solutions of the center manifold. (Subsection

(a1,b1, ..., Qn, by, ...) (schematic)

X e we

here all is d-close to 0

h

FIGURE 3. Schematic overview of the strategy and the notations. We will see later that we
take 6 = £3/2 with ¢ < 1.
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4.1. Preliminary results. — To begin with, we write an equivalent formulation of (KGJ). Denote
by
U 0 1 0
(4.1) x=(0) a=(afwe o) FOO=( b )
The equation (KG) is equivalent to
(4.2) X =AX + F(X).

By the result of Theorem the equation (4.2) admits, for a given initial condition X (0) € X a
unique global solution X € X so that sup || X (¢)|| < C(||X(0)]x). We fix Cy > 0 large enough, so
teR

that all the initial conditions X (0) we consider in the sequel satisfy || X (0)|| < Cp. Therefore all the
solutions X we are going to consider satisfy

Sup X (@) < C(Co).

We denote D, the projection on X, of such initial conditions:
D.i={QX | |X] < Co}.
Let 6 € C*°([0,00),R) be a cut-off function so that
1, s<§

0(s) = {0, s > 26,
where § is a parameter much smaller than 1.
For any function G : X — R, denote by

G(X) = G(X0(]| Xcl])).-

Lemma 4.1. — Consider the function F given by (4.1)) and let X, X' € X. Assume moreover that
| Xn|,| X} | <0 < 1. Then there exists a constant C' > 0 such that

(4.3) IE(X)] < C°,
(4.4) IE(X) = E(X")]| < C&||X — X']|.

Proof. — Writing X = Z ) and u = a+U with a € X} and U € &, we have by the fact that |a| < §
and the Sobolev embedding

2p+1
IECON < ([ (al + 101001 p2an
< 0oL UL 0T )
< OO U (U )

This gives (4.3)), since ||U||g0(||U||z1) < C6.
To get (4.4), just remark that for |ul, |u'| < C§

/ 2
HF< U ) _F< ’U,, ) H S/ ‘u2p+1—ul2p+1‘2dx3054/ ”UI—U,’Qde,
v v M M
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/
and then apply this inequality to < Z > = X0(|| X.||) and < lzf’ ) = X'0(|| X.]]). O
We write the linearisation of (4.2) around the homoclinic orbit h = < g ) Set X = Z + h and
define
(4.5) N(Z):= F(Z+ h)— F(h) —dF[h].Z,
with

0 0
dF[h} = < —(2p+ Da(t) 0 ) :
As a result, Z satisfies the equation
(4.6) 0z =LYZ)+ N(Z).

Similarly as in Lemma [£.I] we have

Lemma 4.2. — Consider the function N defined in [4.5)) and let Z,Z' € X with |Zy|,|Z}| < 6 and
with ||Z + R, | Z" + k| < Cy

(4.7) IN(Z)|| < €42,
IN(2)] < CllZ|1%,
(4.8) IN(2Z) = N(Z)|| < C6)|Z - Z'||.
4.2. The local center-stable manifold. — The equation is equivalent to the system

0,2, = L7, + PN(Z
(4.9) { ,Zn = Ly Zy + PN (Z),

ath = 'CiZc + QN(Z)

We will be interested in solutions to (4.9)) for which the center part is small, that’s why we introduce
the following truncated system
0,2y = Lt Zy + PN(Z),
(4.10) , Zn i n+ PN(Z)
0 Z.=L.Z.+ QN (Z).
We now look for solutions to (4.10) with small hyperbolic part. Fix 0 < r < m and denote by

EF={Z e C(Ry, X), || 2], = igge‘””Z(t)H < oo}
We introduce a new small parameter ¢ which will quantify the size of Z, namely || Z|| < Ce?. We will
choose £ = 62/3 in such way the truncation 6 can be removed.

Proposition 4.8. — Let V. € X, with ||V.|| < €% and let Vi € R with |Vy| < 2. Then there exists a
unique solution Z = Zy, y, to (4.10) in

Bf ={Ze&f, sup |5 (1)] < 3}

and so that
(4.11) (Z0(0), 0" (0) = Vo, Ze(0) = V.
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Moreover, this solution satisfies

(4.12) sup | Z,(t)] < Ce?,
t>0
and
(4.13) | Ze|| < Ce?, forall 0<t<e !

This result means, that for any fixed ||V.|| < &2, |Vi| < &2, there exists a unique choice of V,, =
(Zr(0), p*(0)) € R so that the corresponding solution has a small hyperbolic part for all times and
a central part small for relatively long time (comparing with the time necessary in order that the
homoclinic orbit h reaches a neighbourhood of radius €2 of the origin). Let us call local center-stable
manifold the set of all the solutions verifying this property:

Definition 4.4. — For ||V, < &% and |V5| < €2, denote by Zy, v, the function given by Proposition
and

XVmVs = ZVC:‘/S + h‘
We define W by

we= ) {xuw0)

IVell<e?,|Vs|<e?

Theorem below will ensure that for ¢ sufficiently small, this set is actually the standard center-
stable manifold of the equilibrium 0 for the initial equation (4.2)).

Proof. — We define the map F : £ — &
t
F20) = Vo) + K0Ver [(PN2)). () drol)
0

+o00 t
—/t (PN(Z)(7),p"(T) >d7,0(t)+/0 K(t, 7)QN(Z)(r)dr,

and show that for § > 0 small enough, F is a contraction in Bg.
e To begin with, we show that F : Bg — B;. Since P = fM? we have
(PN(Z),0%)| < |[PN(Z)lo”| < [IN(Z)l|2ane™ < IN(Z)[[e™

Let | Zy,| < §, then by (4.7)), for all ¢ > 0

[(F(2)),®)]
(4.14) < CO(e? +6%) < e
On the other hand by Proposition and ([4.7)

IN

t +oo
CVile™ 4 C / IN(Z) e dre—mt 1 C / N (Z)]|e=™ dremt
0 t

(4.15) I(F(2)), ()] < CIVell + © /0 IV (2)]ldr < C(IVe] +8%).
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which in turn implies that ||(F(Z2)) ||, < oc.
e We now show that JF is a contraction in B;. By Lemma

[(F(21)),,(t) = (F(22)),, ()] <

t +o00
< C/ IN(Z1) — N(Z3)|[e™ dre™ ™ + C/ IN(Z1) — N(Zo)|Je ™ dre™
0 t

¢ +00
< Coe™™| 21 = Zolly / MITAr 4 C5e™ | 21 — Zs)s / eI,
0 t

and therefore
(4.16) 1(F(21)),t) = (F(Z2)), )l < Col|1 Z1 — Zal|,.
Similarly

I(F(21)) () = (F(Z2) O] < C/O IN(Z1) = N(Zs)||dr

IN

t
|2y — Zg||r/ e'Tdr,
0

and then
(4.17) (F(21)) (t) = (F(Z2)) (O)llr < CO[|Z1 — Zo|}»-

Thus, and show that F is a contraction whenever 0 < § < 1 is small enough, and we can
deduce that there exists a unique fixed point Z € B;. By definition of F, it is clear that this solution
satisfies (4.11]).

e Finally, in view of the choice ¢ = §%/3, the bound comes from (4.14)) and (4.13)) is a direct

consequence of ((4.15]). O
4.3. The local center manifold. — In this subsection we want to construct solutions that remain

close to the origin for all time. Actually this will be achieved by constructing a local center manifold.
Again we consider the approximation of the initial problem (4.2)), in which we truncate the non-linearity
(4.18) 0, Xn = M Xy, + PE(X),
' 0, X =A X+ QF(X).

The next result shows that there exist solutions to (4.18)) with small hyperbolic components. For
0 < r < m we define

& ={X € C(R+,X), | X||r :=supe || X (1)]| < o}
teR

Proposition 4.5. — Let V., € D.. Then there exists a unique solution to (4.18)) in
Bs ={X €&, sup|Xp(t)| <4},
teR

and so that
(4.19) QRX(0) =1V,
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Moreover, this solution satisfies

(4.20) sup | X (t)] < C83.
teR

The set of these solutions is the center manifold of 0 for equation (4.18) :

Definition 4.6. — For V. € D., denote by Xy, the function given by Proposition We define W€,
a global center manifold for (4.18)) (and a local center manifold for (KGJ), by

we= J o (X}

Ve€De teR

Proof. — We proceed similarly as in the proof of Proposition Denote by o¢ = < 1 > and

—m

po = < 7}1 > The dual basis of {o9, po} reads {03, pf} with o = —5- < 1m > and pf = 7 ( ? >

It is clear that (cge™ ™, ppe™) form a basis of the solutions of 9;X; = A, X;. Denote by K the
propagator of the equation 0;X. = A.X.. Then for X € &, we define
t

GX(t) =K(t)V.+ / (PE(X)(7),08e™ Ydr gge™™
(4.21) L t
—l uwawm%memeﬁéwawmxmw«

It is straightforward to check that any fixed point of G in Bj satisfies (4.18)) and QX (0) = V..
e Firstly, we show that G : Bs — Bs. Let X € Bg, then by (4.3)

(6(X)), )]
(4.22) < Co.
Next, by again

IN

t +oo
C’/ ||E(X)||em7d7'e_mt + C/ ||E(X)He_m7d7'emt
oo t

!@MﬁﬂNSCMN+CAHﬂXWh§C+CﬁL

which in turn implies that [|(G(X))_|l» < oo. Hence, with ([4.22) we get G(X) € Bs.
e In a second time, by (4.4) we can write

(G(X1)),,(#) = (6(X2)), ()] <

¢ +00
< C/ |E(X1) — F(Xo)|e™ dre™™ + C/ IE(X1) — F(X3)|le” ™ dre™
oo ;

t
< 0(5267mt||X1 — X2||r/

— 00

+o0o
emmHrIT| + C(sQethXl . XQHT‘/ efmr+r|7'\d7—’
t

and therefore

(4.23) 1(9(xX1)), (1) = (6(X2)),, (D]l < CO*[1 X1 — Xa .
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Similarly

1(G(X1)), (1) = (6(X2)) (M) < / |E(X1) — E(Xy)|ldr

< 02X, - ng\r/ o,
0

and then
(4.24) 1(G(X1)) () = (6(X2)) ()]l < C6|| X1 — Xa];.
Thus, (4.23) and (4.24) show that G is a contraction in Bs whenever 0 < § < 1 is small enough. The
bound (4.20)) is given by (4.22)). O

We are now able to give a parametrisation of the local center manifold given in Definition Let
v : D, — A} the map defined by

¥(Ve) = (Xv.)n(0),
then
(4.25) = {(v , Ve € D},

and, in view of (4.21), ¥ is quadratic at the origin, \I/(VC) = O(||Ve||*). This is a particular case of a
result of Mielke [23].
As a consequence we can prove that the origin is Lyapunov stable within the center manifold:

Lemma 4.7. — Let X be a solution of (4.18) which lies in W€¢. Assume that for some time t* > 0,
| Xc(t%)|| < Ce%. Then for all time t € R

(4.26) | Xe(B)] < Ce?.

Proof. — It is here convenient to work in the coordinates (an,bn)n>1. Recall that from (2.6) the
Hamiltonian of (4.2)) reads

1 1
HO = 5(()2 m (10) +J—|‘ 2(2?_'_1)/ (a0+U)2p+2d x,

and observe that J/C < || X.[|? < CJ. We first show that |[H°| < Ce. By assumption, J(t*) < Ce?,
while by (4.20)) we obtain

(4.27) lag(t)|, |bo(t)| < C6% = Ce < Ce? forall teR.
Next, using Lemma we obtain, for t = t*

1 2p+2 1
— L U)* 24 < e,
2(p+1) /M (a0 + U™ da < Ce

which proves the claim. Next, with (4.27)) we can write for all t € R

1
J(t) < HY — 5(b2 m?a3) < Ce?,
which implies (4.26)). O



DYNAMICS OF KLEIN-GORDON 21

4.4. The local center-stable manifold is global. — Let ||V.|| < €2, |Vi| < €2 and consider the
solution Z = Zy, vy, to (4.10) given by Proposition . Set

4 1
(4.28) te:=—In=-.

m €

By ([1.13)), with this choice we have |h(t)| < Ce? for all t > t./2. Next, we define © € C*(R, R) so that

0, t<t./2
G(t)_{l t>t

and with [©/(¢)] < C/t. for all t € R. We set
(4.29) Y (t) =0(t)(Z(t) + h()).

Proposition 4.8. — Consider the functionY defined in . Then there exists X solution of
within W€ so that for all t € R
(4.30) (Y = X)@®)|| < Ce2e™ and |(Y — X)u(t)] < Ce2.
Proof. — The function Y satisfies the equation
oY =AY + F(Y)+ S,

with

(4.31) S(t) :=0'(O)(Z +h)(t) + O E((Z + h)(t)) = E(O(t)(Z + h)(1))-

Consider now a solution X of the equation 8, X = AX + F(X) and set A =Y — X. Then A satisfies
(4.32) A =AA+FY)-FY —-A)+S.

The proof of the proposition consists in finding a solution of (4.32)) so that (4.30) holds and so that
X(0) :=Y(0) — A(0) € We.
Set
E = {A S C(]R, X), Al := sup e[| A(t)]| < oo}
teR

and
By = {A €&, sup|Ap(t)| < 5},
teR

where again we choose §% = £3.

We claim that we can define a contraction J : By — By by

JA) = /t (P(F(Y)=F(Y — A)+38)(r),05¢™ )dr gge™

.
— [ PR = B = )+ 8) (7)™ b e
+o0o

- E@-nQUEN) ~ E( - A) + 8)(r)dr
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It is clear that the fixed point will satisfy (4.32]). In a second time we will check that (4.30]) holds.
e We begin by estimating S. First observe that by Proposition [4.3

(4.33) 1Z(t)|| < Ce? forall 0<t<e '

Then, for € > 0 small enough we have . < ¢! and we can write for all ¢ € [t./2,t.]

(4.34) 1Z@)| < sup  [|Z(@t)]le ") < Cele ) < Cem2e7T,
tEte/2;te]

since €= < e¢™¢ = ¢4 Denote by x the indicator of the interval [t./2,t.]. As Z + h is small on
[te/2,tc] we deduce from (4.31]) that

C
(4.35) IS@OIF< = (1Z@1 + 1RO x @) + CUZON + (A1) X ().
(3
As a result, from (4.34)) and (1.13) we infer
(4.36) IS(1)]] < C(e 2™ + e ™) x(t) < Ce™2e7x(t).
The inequality together with also gives
2
£
4. )| < C——x(t).
(4.37) SO < C ()

e We have |Y}| < 4. For A € By we can apply (4.8) to deduce
I(FY) = FY = A))(n)l| < C&||A(T)]| < C8%|| Al
Thanks to this latter inequality and (4.36]), we obtain

t
|TA@) e < C© / (| A + 72 (7)) e dr olr !
+oo
+C/ (52HAHT + 5_2X(7—))e_(m+r)7d7 e(m+7)t
t

+o00
+C / (IA], + e 2x(r))e " dr et
t

C@|IA], +£72),

IN

and therefore
(4.38) |TAll < CE2 Al + 7).
Next, by (4.37)), for all t € R

(TAWD] < © / (8 +

de —m
ng‘x(T))e Te

|1

+oo 3 82 .
C 5 —de m
+ /t ( + \ln€|X(T))e Te

(4.39) < C(8®+¢€?).
The bounds (4.38) and (4.39) show that J : By — By .
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o Let A, Ay € By. By , we have
(4.40) [(F(Y = A2) = F(Y — A1) (7)]| < C8%||Ar — Agllre".
Clearly,
t
TALl) — TAs(t) = / (P(E(Y — Ag) — E(Y — Ay),0*e™ )dr oo

?
— [ PR = 80 = (Y = 80) (7)o e
+o0o

-/ K(t—71)Q(E(Y —Az) = E(Y — Ay) ) (r)dr,

and by (4.40), for all t € R
t
[T78:(8) = TAa()Je™ < C/ (52HA1 - A2||r)e(m_r)TdT elr—m)t

+o00
+C / (0%[1A1 — Al )em (T dr elmAnt
t

+o0
e / (21 A1 — Al )e " dr "
t
< CA; - Ao,

As a consequence, for § > 0 small enough, the map J : By — Bj is a contraction, thus there exists a
unique fixed point A € By . By (4.39) and choosing again 62 = &3, we get |Ap(t)| < €2. Furthermore,
as A = J(A), (4.38)) leads to ||All, < Ce™2, which in turn implies ||A(t)|| < Ce=2e~"* for all t € R.

e We now define X =Y — A and it remains to show that X € We. By definition, it is sufficient to
prove that |Xp(t)| < 6 for all . Write Y = ©(Z + h). By (4.12) and the choice of ¢. we get that
[V}, (t)] < Ce? for all t € R and then

[ Xn(t)] < |Va(t)] + |AR(t)] < Ce* <6, forall teR,
which implies the result, for € > 0 small enough. O

Proposition 4.9. — Let |Vy|,||Ve| < 2 and e small enough. The solution Z of ([£.10) with Z.(0) = V.
and Zs(0) = Vs constructed in Proposition satisfies || Ze(t)|| < 6 for all t > 0. In particular
X = Z + h is a solution of (4.2)) fort > 0.

Proof. — (see Figure |3 on page For such a Z, consider Y defined by (4.29)) and X defined in
Proposition For t > t., we have Y = Z + h, thus by (4.30)

IXe(t) = Ze()]| = || Xe(t) = Ye(t)]| < | X(1) =Y ()| < Ce™%e™, for t>t..
4 1
Recall that by ([#.28)), t. := — In ~. Thus, for £ > 0 small enough . < ¢! and the previous inequality
m €
implies

(4.41) IXo(t) = Ze(t)] < Ce 27 < Ce%, for t>e L.
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Now, take t* = ¢!, by ([#.13) we have || Z.(t*)|| < Ce2, and then (£.41)) implies || X.(t*)|| < Ce2. By
Lemma we deduce that || X.(t)|| < Ce? for all t > e~ !, and coming back to (#.41)), we infer

1Z:(t)|| < Ce®* <6, forall t>e L.
This bound together with (4.13) conclude the proof. O

Gathering the results of the previous propositions, we get the following Theorem, which ensures
that W is the standard center-stable manifold of 0 for equation (4.2]).

Theorem 4.10. — For ¢ sufficiently small, for all ||V.||,|Vs| < &2, the functions
Xv.v. = Zv.v. +h,

(where Zy, y, is gwen by Proposition defined for t > 0 are solutions of (4.2). Moreover, Zy, v,
belongs to & and satisfy

1Z:(t)|| < Ce® <6, ||Zun(t)|| < Ce?, forallt € RT;
and there exists X € W€ such that
I(Xv,v, = X)(@)]| < Ce e
This completes the proof of Theorem [I.1]

4.5. Construction of reversible heteroclinic solutions: proof of Theorem — Recall
that the vector field is reversible, and thus if the initial condition of a solution X satisfies

X(0) =5X(0),
then the solution is reversible, i.e.
X(—t)=SX(t), forallteR.
Lemma 4.11. — For ¢ sufficiently small, for all |V.|| < 2 verifying
Ve =5V,
Xv, v, defined in Theorem [{.1( satisfies
Xv,0(0) = SXy, 0(0).

Proof. — On the one hand, from the explicit form (1.12]) of A, we know that h(0) = Sh(0). On the
other hand, given that Z is a fixed point of the map F defined in the proof of Proposition 1.3} we get

+oo
Zy,0(0) = Vi - /0 (PN(Z)(7), p*(7) )dr p(0).

And since p(0) = ( (1) ) (see Lemma , we have Sp(0) = p(0). So, if V. = SV,, then Zy,_ ¢(0) =
52y, 0(0). O
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As a consequence of the previous lemma, Xy, o is a reversible solution. From Theorem we then
get that on the one hand, Zy, g = Xy, o — h belongs to &, and satisfy

1(Zv.0)e®I <6, (Zv.o)n(®)] < Ce?, forall t € R;
and on the other hand, there exists X € W€ such that
[(Xv,0— X)) < Ce™2e™™ forall t>0,

and
[(Xv,0—SX)(t)] < Ce 2™ forall t<0.

This means that Xy,  is an heteroclinic connection between the two solutions X and SX of the center
manifold W¢€.
Then Theorem follows since the condition V., = SV, and V5 = 0 is equivalent to (1.16)).

Appendix A

In this appendix we recall a result concerning the long time behaviour of the solution of the ordinary
differential equation

i=(—a®+q(t)z, tcR

where « is a real constant and t — ¢(t) is a continuous function. Of course the solution of such
linear equation are globally defined, but we would like to know whether the solution are bounded or
not. It turns out that even if ||¢|loc < a? and ¢(t) — 0 when t — =00, the solutions may grow
indeﬁnitely The good condition concerns the integrability of |g|:

Lemma A.1. — Assume that / lg(t)|dt < 400 then all the solutions of the Cauchy problem
R
(A1) Y
1 ,
j = (—a®+q(t))z,
are bounded on R. More precisely, there exists C' > 0 which only depends on q so that
(2a(t)? + ly(1)?) < C(a2a(0)2 + ly(0)[2) for allt € R.

The proof is classical (see for instance [16], page 212]) but does not precise the bound on the solution
in term of the initial datum. The following argument is more explicit.

Proof. — Denote by S the flow of (A1) for ¢ = 0, and introduce the norm ||z, y| = (a?z? 4 y?)/?
(observe that S preserves this norm). For 7' > 0, the Duhamel formula reads

(A.2) ( zg; > —S(t—-T) ( ‘;g; ) +/TtS(t—T— 5) ( q(s)(;(s) >ds.

1. Consider the example induced by the solution z(t) = sint(1 + (t — sint cost)?) (see O. Perron [25]).
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Ty
There exists 17 so that / lg(t)|dt < 1/2. Therefore from (A.2)) with " = 0 we deduce that for all
0
t e [0, Tl]
1
(), y(B)] < [12(0),y(0)[ + 5 max |lz(s),y(s)],

2 sefo, 1]
and thus max |[lz(s), y(s)| < 2([z(0),y(0)]].
s€[0,T1]
Tjq1
By induction, we can define a finite number of times T5,..., T} so that / lg(t)|dt = 1/2 and
T;

+oo
/T lg(t)|[dt < 1/2. Then we apply (A.2) with T = T; and we show 6[1%1«%?( ]||:E(s),y(s)|| <
k s Jrti+1

2||z(T}), y(T})|| which in turn implies
z(t),y(®)]] < 28| 2(0),y(0)|| for all ¢t > 0.
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