ON THE BILINEAR CONTROL OF THE GROSS-PITAEVSKII EQUATION

THOMAS CHAMBRION AND LAURENT THOMANN

ABSTRACT. In this paper we study the bilinear-control problem for the linear and non-linear
Schrédinger equation with harmonic potential. By the means of different examples, we show how
space-time smoothing effects (Strichartz estimates, Kato smoothing effect) enjoyed by the linear
flow, can help to prove obstructions to controllability.

1. INTRODUCTION AND RESULTS

1.1. Introduction. In this paper, for d > 1, we consider the bi-linear control problem for the
quantum harmonic oscillator

{z‘atw + HY = u(t)K(x)y — olp*p,  (t,z) eR xR,

(0, 2) = o (), (1.1)

where
» N O,
H:—A—Hxl :Z(_@—i_l‘ﬂ)
j=1 J

is the harmonic oscillator, K : R — R is a given real valued potential and where the control u
belongs to Lj, .(R;R) for some r > 1. In the sequel, we will either study the case o = 0 and we will
refer to this equation as the bi-linear Schrédinger equation, or the case o = 1 (respectively o = —1)
which corresponds to the non-linear Schrodinger equation with a cubic defocusing (respectively
focusing) non-linearity. We call the linear operator ¢ — K41 the control operator, while the (possibly

non-linear) map ¢ — iHv + ic|tp|? is usually called the drift.

For a given source vy, the attainable set from 1)y with controls in L] .(R;R) is the set of ¢, for
which there exist a time 7" > 0 and a control w in L"(]0, T]; R) such that the solution ¢ of at
time 7' satisfies (T, -) = ¥¢(-). A system is controllable in a given space X if the attainable set
from any point of X contains X.

A celebrated result [I, Theorem 3.6] (see also [29] for the case of the Schrédinger equation
and [8] for a generalization to the case of L' controls) states that for bi-linear equations posed in a
Banach space with linear drift and bounded control operator, the attainable set (from any source)
with L] (R,R) controls, » > 1, is contained in a countable union of compact sets. In an infinite
dimensional Banach space, a countable union of compact sets is meager in Baire sense. Hence,
this result represents a deep topological obstruction to controllability of bi-linear control systems.
Notice that this negative result does not prohibit controllability in smaller spaces, endowed with
stronger norms, where the control operator is not continuous anymore.

Energy estimates have provided various obstructions to controllability of conservative equations
via a bilinear term, see [7] for bilinear Schrédinger with possibly unbounded control operators
and [12] for non-linear wave equations with L . controls and bounded control operators.
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Concerning the study of the well-posedness of Schrédinger equations with potentials, we refer
to [15), 21, 10].

For (local) exact controllability results for NLS on a finite length interval we refer to [2], 5] 4} [6].
For both the case of the bi-linear and non-linear Schrodinger equations, to get positive exact
controllability results, the main difficulty is the choice of the ambient space. This space has to be
chosen such that the equation is well-posed and the control operator is not bounded. In [2] [5] 4]
the fact that the control operator is not continuous is a consequence that the Schrédinger equation
is studied on a finite length interval with well chosen boundary conditions. Here instead, we study
the equation on R? and therefore take advantage of dispersive effects.

For approximate controllability results for the bi-linear Schrodinger equation see [11], [19].

On the other hand, in the particular case K(x) = x (which does not fall in the scope of our
analysis), with an explicit change of variable, one can show that the attainable set is a finite
dimensional manifold [20]. Notice that this result also holds for the non-linear equation, see [17,
Section 2.3]. In [22], the authors obtained non-controllability results for the bi-linear Schrodinger
equation on domains.

In this note, we concentrate on control terms taking the form u(t) K (z), where K is a potential
given once for all, and ¢ — u(t) takes real values. The extension of the results we give here to
control terms with the more general form u(t, z)1, see for instance [25], is beyond the scope of this
work.

We refer to [26] for negative controllability results for non-linear Schrédinger equations with
additive controls. Another approach, based on Kolmogorov e-entropy, has been used in [27] to
obtain comparable non-controllability results for the Euler equation with an additive forcing term.

We refer to the introduction of [5] for more references on control problems and concerning results
on the optimal control problem of the non-linear Schrédinger equation, see [16] and [13] [14].

For an overview of results concerning the control of , see [I7]. For an overview of controlla-
bility results of bi-linear control systems, we refer to [I§].

In the sequel, we will need the harmonic Sobolev spaces, in other words, the Sobolev spaces
based on the domain of the harmonic oscillator. For s > 0, p > 1 we define

WP — Ws,p(Rd) _ {f c Lp(Rd), HS/Qf € LP(Rd)},
P =HA(RT) = W2

The natural norms are denoted by || f||yvs» and up to equivalence of norms (see e.g. [30, Lemma 2.4]),
for 1 < p < 400, we have

1 lwse = IH2 f Lo = 1(=2)2fllo + ) f 1z, (1.2)
with the notation (z) = (1 + |z|?)Y/2.

1.2. A smoothing property for the bi-linear equation. Consider the equation
z&ﬂﬁ + Hl/J = u(t)K(J;)@b, (t,x) c R x ]Rd7
$(0,2) = Yo(z) € HF(R?),

in any dimension d > 1 and regularity k& > 0. Assume that K € W">(R%). Then for all integer
k > 0, the control operator

(1.3)

HERY) — HE(RY)
v — K,

is continuous (see ([2.12)) for the proof), and therefore the general result of Ball-Marsden-Slemrod [I,
Theorem 3.6] applies to ([1.3). This result shows that, for fixed initial condition ¢y € Hk(Rd), the

(1.4)
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attainable set of (|1.3))

U U e}

teR wel] (R),
r>1

is a countable union of compact subsets of H*(R?).
Our next results (T heoremand Corollary[1.2)) give a more precise description of the attainable
set of (1.3]), under the assumption u € L? (R).

loc

Theorem 1.1. Letd > 1 and k > 0 be an even integer. Letu € L? (R;R) and K € WFTLo(R? R).

loc

Let g € H¥(RY), then the equation admits a unique global solution 1 € C(R; H*(R?)).
Moreover for all B < 1/2, there exists o > 0 such that
W(t) — ey € C(R; HFHF(RY)), (1.5)
and for all T > 0,
[9(t) — € Pollca(or myae+sray < C(T,k, [Wollagemay, lull L2(rmy)- (1.6)
The proof of relies on the Kato smoothing effect for the linear Schrédinger equation. It

can be stated like this: for all 3 < 1/2 there exists C' > 0 such that for all ¢ € L?(R9)

1 B
|—H> eth(’DHL2([727r,27r]><Rd) < Cllel r2ra)- (1.7)
(z)2
We refer to [23] Théoréme 15] for the proof of (1.7)). This inequality shows that the solution of the
linear Schrodinger flow enjoys a gain of 1/2 derivative locally in space.

It is likely that the statement of Theorem holds for any k£ € N, but at the price of more
technicalities, therefore in this paper we only consider the case k € 2N, which allows to work with
differential operators instead of pseudo-differential operators.

The result also holds for perturbations of H, namely, when H is replaced with H + W, where W
is in the Schwartz class S(R% R). In the argument one has to replace uK with uK — W.

The smoothing property stated in Theorem [I.1] leads to the following obstruction to controlla-
bility of equation (|1.3)).
Corollary 1.2. Under the assumptions of Theorem forall 8 <1/2, T >0, and M > 0, the

set ‘
U {0(t) — e™ap}
te[-T,T)
el 2 (-, 7y <M

is a compact of H*P(RY). As a consequence, the set
U U {w®) -y}
teR wel? (R)

is a countable union of compact subsets of HF P (RY).

Remark 1.3. With similar techniques, we can handle the Klein-Gordon equation (even in the non-
linear case)
Ojv = A +my =u(t)Blx)y — %, (L2) ER XM,
¥(0,.) =t € H'(M), (1.8)
8t¢(05 ) = ¢1 € L2(M)7
where M is a boundaryless compact manifold of dimension 1 or 2, with m > 0 and where the
potential B is assumed to be regular enough. In this case, the result of [I] applies, but one can
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additionally prove a gain of regularity, similar to Theorem Actually, the mild solution to (|1.8])
reads

Y(t) = So(t)o + S1(t)in +/O S1(t — s)(u(s)B(z)y(s) — ¢°(s))ds

where

So(t) = cos(tV—A +m) and Sy(t) = Sinft_ﬁv;i;m).

In this context, the smoothing is realised by the gain of derivative induced by S;. For non-
controllability results for (1.8]), with L' controls, we refer to [12, Section 3]. Finally, notice that

Beauchard [3] has proven a positive controllability result for the 1D bilinear wave equation with
Neumann boundary conditions (this corresponds to potential with a jump after symmetrization).

1.3. Strichartz estimates and obstructions to the controllability of the non-linear equa-
tion. The Strichartz estimates are crucial tools in the study of the well-posedness of non-linear
Schrédinger equation at low regularity. Let us recall them: a couple (q,7) € [2,4+00]? is called

admissible if

2 d d
6"— ; = 5 and (d,q,r) 7é (2,2,"‘00)

Then, if (¢,r) is an admissible couple, for all T > 0 there exists O > 0 so that for all 1y € H*(RY)
we have

™ol La(—rmywer ay) < Crlltbollags (may, (1.9)
We will also need the inhomogeneous version of the Strichartz inequalities: for all 7" > 0, there exists
Cr > 0so that for any admissible couples (q1,71) and (g2, 72) and function F' € L% ([T, T]; W*"2(R%)),

t
i(t—T)H
I /O =7 F(T)dTHqu([fT,T},wm (Rd)) < CTHFHL‘IIQ([—T,T],WS”"é (Re))’ (1.10)
where ¢} and 7 are the Holder conjugates of g2 and ro. We refer to [24, Proposition 10] for a proof.

1.3.1. The linear and non-linear Schridinger equation in dimension d = 1. To begin with, we
consider the bi-linear Schrodinger equation

0+ HY = u(t)K(@)y,  (t2) ER xR, »
(0, z) = o(z) € H*(R), (1.11)

where K € H*(R;R), for some s > 0. Then we are able to prove
Theorem 1.4. (i) Let K € L*>(R;R), u € L2 (R;R), and 19 € L*(R;C). There exists a unique

loc
global solution to equation (1.11)) in the class
¥ € C(R; L*(R)) N Ly, (R; L (R)).

This solution satisfies

1Y)l L2®) = lYollL2w)y, VEeER,
and for all T >0

191 Lm0 ®)) < C (T, ol 2wy, lull L2(—1.17)) - (1.12)

Moreover, the attainable set

U U o}

t€R uel? (R;R)

is a countable union of compact subsets of L*(R).
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(ii) More generally, let s > 0, K € H*(R;R), u € L? (R;R) and 19 € H*(R;C). Then there

loc

exists a unique global solution to equation (1.11)) in the class
P € C(RyH*(R)) N Lk, (R; WH™(R)).

This solution satisfies

[Pl 2wy = Yol 2wy, VYt eER,
and for all'T > 0

191l oo (17502 ®)) + 10l L2 (7 1500 )y < C (T Nbollags (my» Nl 2 —1.77)) -

Moreover, the attainable set and the attainable set
U U {0}
t€R wel? (R;R)
is a countable union of compact subsets of H*(R).

This result shows that there are more obstacles than the continuity of the control operator
H(R) — H*(R)

Y — K,
for controllability (since the map is not continuous in general for a given K € H*(R) when
0 < s <1/2). In the proof, we will crucially use the space-time Strichartz estimates to control K1

(by showing that Kt € L} (R;H*(R)) when ¢y € H*(R) and K € H*(R)) and to prove the
compactness result.

(1.13)

Notice that for s > 1/2, the result of Theorem [1.4]is a direct consequence of [I, Theorem 3.6], be-
cause in this case, the map is continuous (see the discussion at the beginning of Section .
Similarly, when K € W1 (R), then one has the strong result of Theorem The result of The-
orem is relevant when the potential has limited regularity, namely K € H5(R), 0 < s < 1/2.

The previous approach also holds for the non-linear problem. Namely, consider the cubic equation
0 + Hip = u(t) K (x)y — ol¢*y,  (t,2) ERXR,
{w(o, 7) = o(z) € H(R),
where 0 = £1 and K € H*(R) for some s > 0. Then we have

Theorem 1.5. Let s > 0, K € H*(R;R), u € L? (R;R) and 19 € H*(R;C). Then there exists a

loc

unique global solution to equation (1.14)) in the class
¥ € C(RyH*(R)) N Li,, (R; WH™(R)).

loc

(1.14)

This solution satisfies
o)l L2y = Yol 2@y, VteR,
and for all'T > 0

191l oo (11502 ®)) + 10| L2 (1500 )y < C (T Nbollags (my» Nl 2 -r.1)) - (1.15)

Moreover, the attainable set

U U o}

t€R uel2 (R;R)

is a countable union of compact subsets of H*(R).
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This result is relevant in the sense that it shows that the non-linear term does not help to control
the equation.

All the results of this section also hold for perturbations of H, namely, when H is replaced with
H +W, where W is in the Schwartz class S(R?;R). The term W41 can be treated as a perturbation
of the non-linear term.

1.3.2. The non-linear Schrodinger equation in dimension d = 3. In order to get similar results to
Theorem in higher dimension, one needs to impose more regularity on the initial condition and
more regularity on the potential. This in turn will allow us to consider a larger set of controls,
namely u € Uy~1 L7 (R) instead of u € L} (R), as assumed in Theorem

loc

In this paragraph, we fix d = 3 and we study the defocusing non-linear problem
i) + Ho = u(t)K (z)yp — [0y, (t,2) ERx R,
{w( x) = o(x) € H'(R).
To begin with, thanks to and we are able to state a global well-posedness result

adapted to our control problem.

(1.16)

Proposition 1.6. Let u € L], (R;R).
(i) Let K € WV (R3;R). For g € H'(R?) the equation (1.16) admits a unique global solution
P € C(R; HY(R®)). This defines a global flow 1(t) = ®“(t)(¢o).
(ii) Moreover, this solution 1 satisfies the bound
1]l Loo (=117 (3)) < Cll0llar wsy) (1 + Nlull L1 (= 11:m))5 (1.17)

for some C' = C(|[vo|l31(r3))- Furthermore, the following bound holds true

191 L2 s sy) < C(T 1Yol sy, lull oy rmr)) - (1.18)

(iii) Let k > 1 be an integer and assume that K € WF™(R3R). Then for ¢y € H¥(R3) the
equation (L.16) admits a unique global solution v € C(R; H¥(R?)) which satisfies the bounds

[ Loo (=m0 3Y) < C(Ts ks (|90 llggr sy lull 1 (= 7.1):R)) (1.19)
and
191 2= mwrs@ay) < C (T 1ollak sy 1wl o —r.mym) ) - (1.20)

The proof relies on a fixed point argument in Strichartz spaces which are well-adapted to control
the non-linear term in (|1.16)). Notice that from ([1.18)), we deduce that, for almost all ¢ € R,

Y(t) € WHE(R?). (1.21)

This is a smoothing effect for the solution, but can not be interpreted as an obstruction to con-
trollability of the equation (1.16)), since the set of times such that ([1.21]) holds true depends on the
control u.

We now state our result concerning the lack of controllability of (1.16]

Theorem 1.7. Let K € WH°(R3R) and 19 € HY(R3). Denote by 1 the solution of equa-
tion (1.16]) defined in Proposition . Then the attainable set

U U {#®}

teR well (R;R),
7">1

is a countable union of compact subsets of H'(R3).
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We are able to prove similar results in dimensions d = 1 and d = 2, but we do not detail them,
since the proofs are similar. The same result also holds for the bi-linear Schrodinger equation,
but it is not relevant to state it here, since it is a direct application of [I, Theorem 3.6] (see the
discussion at the beginning of Section .

Again, the results of this section also hold for perturbations of H, namely, when H is replaced
with H + W, where W is in the Schwartz class S(R% R). The term W4t can be treated as a
perturbation of the non-linear term, and the corresponding energy functional is still coercive, which
is needed in our argument.

Remark 1.8. Let k > 1 be an integer. As a consequence of Proposition (i7i) we may similarly
prove that for K € Wk (R?) and vy € H*(R?), the attainable set

U U {0}

teR uelj, (R),
r>1

is a countable union of compact subsets of H*(R?).

Remark 1.9. It is worth noticing that the different results developed in this paper (excepted Corol—
lary also hold for the Schrodinger equation, in the case where H is replaced with A = Z
in other words for equations of the form

10 + A = u(t) K (z)1p + o], (1.22)

In the argument, it is enough to observe that the inequalities q, and - hold true for
the operator A (instead of H) and the usual Sobolev spaces H*(R®) W‘*p (R9) (instead of H*(R?),
WeP(R%)). In this setting, the conclusion of Corollary [1.2]is that the attalnable set is meagre in the
sense of Baire (the compactness is lost because the embedding H*2(R%) ¢ H*'(R?) is not compact,
S1 < 82).

jlx?

One should be able to adapt the approach developed in [I7, Section 2.2] (in particular [17,
Lemma 1]) to the equation (1.22)). However, the argument of [I7, Section 2.2] does not apply
to ([1.16)), because it heavily relies on the space translation invariance of the problem.

1.4. Notations. In this paper ¢,C' > 0 denote constants the value of which may change from line
to line. These constants will always be universal, or uniformly bounded. For z € R?, we write
(z) = (1 + |x|?)1/2. We will sometimes use the notations L. = LP([0,T]) and L5 X = LP([0,T]; X)
for T > 0.

2. PROOF OF THE RESULTS CONCERNING THE BI-LINEAR EQUATION AND THE KAaTO
SMOOTHING EFFECT
1. Proof of Theorem [I.11

To begin with, we observe that it is enough to work with non-negative times, by reversibility of
the Schrodinger equation. Therefore in the sequel we assume ¢ > 0.

Local existence: We consider the map

t
DY) (t) = et apy — i / u(s)e' O (Kq)ds, (2.1)
0
and we will show that it is a contraction in the space

Birr = {1l eopr < R},
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with R > 0 and T > 0 to be fixed. From the fact that e® is unitary in H* and thanks to the
Leibniz rule we deduce that

1@ (%) (#) [l

IN

lbollaes + /0 ()| K(5)]] s

IN

oz + el| K [ pim /0 () [[1(5) e (2.2)

Therefore we have

T
12 ()| Lgemr < NI%bollen +C(/O [u(s)lds) | K llyp.oo [9]] Lo

We now choose R = 2|9)g||y+ and we fix T > 0 such that chT\u(s)]ds < HK!];VIMO/Q As a
consequence, ® maps By, 7 g into itself. With similar estimates we can show that @ is a contraction
in By 7 r, namely

T
J@(n) — D(W)lprn < e /0 () ds) LK oo 461 — 2l e

1
< Slvn = ellogae

Global existence: Assume that T* > 0 is the maximal time of existence of the problem (|1.3)).
From the bound ({2.2)), with ®(¢)) = ¢ we deduce

¢
[Pl < Mol +CHKHWk,m/O [u(s)[[[¢(s)]] 5 ds-
Therefore, by the Gronwall lemma, we get that for all ¢ < T™

19 ()|lgx < [ltho ]| eI Iwrsoo Jo lu(s)|ds

The previous bound combined with the local existence theory implies that 7™ = 4+00. There exists
a unique global solution ¢ € C(R; H*(R%)) to (1.3)).

Proof of the smoothing effect: In order to prove (L.5), we use the Kato smoothing effect (1.7).
Let v be the solution to (1.3) and set 1 (t) = 1 (t) — e’ 1)y. Then 11 solves

t t
P (t) = —i /0 u(s)e! T (Kt po)ds — i /0 u(s)e T (K (s))ds.

Therefore

IN

luK e ollyppers + K vl g0ers

el 2 LB e ol 2 ggnvs + lall g2 I W 2 3000 (2.3)

Y-

IN

o We write k = 25 with 5 > 1. Firstly we show that
1K™ 4ol 2 3140 < O (2.4)
using the Leibniz rule:

15 e 4bo| 34255

|1 HI (K e™ajo) || 345
< C > |71 072 K73 (" ab ) || 34 (2.5)
j1,42,j3€N?
l71+52|+5s]=25
|7al#25

I e apollpgs + || KH (o) |34
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where ¢ stands for derivatives in x of order |[¢|. Each term in the sum is bounded by
Iz 2 Ko™ (o) gy < [la? 02K 0% (" g )31
< Kyl aat+1.00 (|1 Y0 || 235 +1
< K hweseree [[$oll22s

thus o o
a9 92 K 3 (7o) | 2340 < CTY2, (2.6)
Similarly, we have ||Ke® |5 < || K|l ||¢00]l1, thus
| K™ 4|l 2 30 < CT'2. (2.7)
To control the contribution of the last term in (2.5)), we write
IEH (€ o)l = |[Ke™ (H o) |30
< || K (H o) || o + [KH 2 (HIo) |2 (2.8)
We use the commutator estimate [23, Lemma 18] to get the bound
[HP2, K]e™ (HI )| 12 < Cltbollpees- (2.9)
By the smoothing effect ([1.7)),
| HPP2 e (H )|l 1212 < Cr, (2.10)

hence by (Z8), (Z9) and (Z10)
| HI (e 30) | 2 35 < O (2.11)
Hence, from (2.6, (2.7)), and (2.11) we deduce (2.4). In the case k = j = 0, the estimate ([2.4) is
E9)-@10).

deduced from

e We now show that ||K¢1HL2TH;C+5 < CT1/2|]w1|]LoTon+5. By the fractional Leibniz rule (A.1]),
we have, for all p > 2

1K 1llggers < K] Loo [91]lggrs + ClLU s 91 Lo, (2.12)

with ¢ = 2p/(p — 2). For p > 2 large enough (hence ¢ > 2 small enough), by the Sobolev
inequalities, ||[¢1]|La < C||91]|yx+s which controls the first term in (2.12). To treat the second, we
claim that | K ||yyr+sp < C| K ||yk+1,00, for p > 2 large enough. Actually, we observe that the decay
|K| < C(z)~%! implies that K € L"(R?) for r > 2 large enough. Then one uses the interpolation
inequality
—0 0
1 yptron oty < 15 g 1 [y 0 <0< 1,
with s = k + 1, 6 such that (1 —6)s =k + 8 and r = Op.
As a conclusion, with (2.3) we infer
[l sesss < Cr+ CTY2Jull 2 bt s gess,

which implies, for 7' > 0 small enough and which only depends on u and K, that || || Loomk+s <
2CT. We are able to iterate this argument to obtain that

P1 € C(RyHFHA(RY)), (2.13)
with the bound
111l zgeare < C(TS K, [[Yollage, llullpz.)- (2.14)
Notice that the previous estimate implies

1 € L ([T, T); HF P (RY)). (2.15)
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Let us now show that for all T' > 0, 0y € L%Hk_Q, which in turn will imply that
Opr € L*([-T,T); HF2(RY)). (2.16)
From the equation , we get for all =T <t <T
10 (B)llage—2 < [[0(0)]lage + [wl@ I yprsr.o0[(E) |34,
thus
10l 222082 < CTY? 1100 poequr + lullzz | K [lwir.oo 9] oo (2.17)

hence the result.
By the interpolation Lemma [A.4]in the appendix, applied to (2.15]) and (2.16)), there exist o > 0
and x > 0 such that

Y1 € CO([—T, T); HF P (RY)). (2.18)
Finally we interpolate (2.13]) and (2.18)), and thus, for all 3’ < 3, there exists o/ > 0 such that
Py € CO‘/([—T ,T); HEB (R?)). The bound (L.6) follows from (2.14), (2.17), by the interpolation

argument.

2.2. Proof of Corollary Fix 19 € HF(RY). Let (un)n>1 be such that [unl[2 < K and
consider 1, the solution of (1.3 associated to uy, and let (t,)n>1 C [-T,T]. Set ¥, (t,) =
Yn(tn) — e»ypg. Up to a subsequence, we can assume that t, — ¢ for some ¢t € [T, T]. Let

B < ' < 1/2, then by (1.6]),

||\I’n‘|c%7{k+ﬁ’ < C.
By the compact embedding C®([—T,T]; H*¥ (RY)) C C([-T,T); HF+F(R?)), there exists ¥ €
C([—T, T; Hk+5(Rd)) such that ¥,, — ¥, up to a subsequence. Next
[Wn(tn) = C(@)llrre < [[Wnltn) = Cltn)lggers + [[W(tn) — V()]s
< sup ] [Wn(7) = O(T) 3046 + [[W(tn) — W (E)]gn+s-

Te[-T,T
The first term in the previous line tends to 0 since ¥,, — ¥, and the second as well, since ¥ €
C([-T,T); HFH(RY)).
3. THE SCHRODINGER EQUATION IN DIMENSION d = 1
We prove Theorem and Theorem at the same time, namely we consider the equation
0w + H = u(t)K (2)y — o[Y*p,  (t,z) eR xR, 3.1)
(0, 2) = vo(z) € H*(R), '
witho=0o0r o =1.
Local existence: Let ¢g € H*(R). We consider the map
t t
B(Y)(t) = etHopy — i / u(r)e'H(Ky)dr +io / e DH (|24 dr,
0

0

and we will show that it is a contraction in some Banach space. Let us define the Strichartz
space X7, by the norm ||v)|[xs = [[¢[lLgons + 1]l s, and define the space

Bsrr = {|¥lxs < R},
with R > 0 and T > 0 to be fixed.
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By the Strichartz estimates ((1.9)) and ((1.10) we get
T T
9y < cliolle +e [ l0Eeluds+e [ @0l

CHw()H'HS + CH ‘¢|2¢HL%'HS + CHUHL% HK,IZJHL%’HS
e By the generalised Leibniz rule ,
1181290 < elllZoe [l

24 dr

IN

thus by the Holder inequality
1Pl 1 gge < elllZa oo 1]l Leres < T2l poo ¥l (3:2)

Since [|¥l| s oo < [llxz < R, we get [|[1%]] 1 50 < cT'/?R3.
e Let us now prove that there exists k > 0 such that

1KY 230 < T K [0 1901 x5 (3-3)

In the case s — 0 we simply write [ K] 12 2 < [ 2 10ll 2 1 < TY2 K2 10] o Asstme now
s> 0. By ,

Kl < el Kl [9]] 2o + el K Lo [[¢[lws.a
for all 2 < p,q < oo such that 1/p + 1/q = 1/2. Then, by Sobolev, if p > 2 is small enough,
K |z» < cl|K|l3s. Finally using that ||| 12 )ys.q < cl|¢)]lx;, we obtain (3B-3).

Putting the previous estimates together we have
19() x5 < ellvollas + T2 R + T |[ull 12 [|K [l30: R.

We now choose R = 2c||¢gl|s. Then for T > 0 small enough, & maps By 7 g into itself. With
similar estimates we can show that ® is a contraction in B, 7 r, namely

1@ (1) = (v2) |z < [TV2R? + T ull 3 1K |l llebr — 5.
As a conclusion there exists a unique fixed point to ®, which is a local solution to ([3.1)).

Proof of the bound (1.15)) for s = 0: Before we turn to the proof of the global existence, we prove
this particular case of (1.15)). The case 19 = 0 is trivial, therefore in the sequel we assume 1)y Z 0.
Assume that one can solve on [0,7%), and let T < T*. Clearly, ||[¢(t)|r2 = ||[¢ol|z2 for all
0<t<T. Let 0<tg<T and 6 > 0 such that tg+6 <T. We have for all 0 <t < §

to+t

to+t
Ot +to) = eH (k) + i / ot = H (2 — i / ()= (K dr,

to to

which implies, by the Strichartz estimates (1.9)) and (|1.10])

IN

cllvllpgere + CWH%;OB|WHL4/3([to,to+5];Loo) + cl| K 2 ¥l zee 2 lwll ass 2,10 +4])
cllvllpeere + C52/3WH%39L2 11l L4 ([to,t0+8);50) + TV K| 191 pge r2llull 2
< cl[vollrz + 3ol 9]l L (o to sz + T AIK | 22 o] 22 lull 2 -

We pick 0 = 6(T") > 0 such that 052/3H¢0H%2 = 1/2 (using here that 19 # 0), thus the previous
estimate gives

11 L4 ([to,t0+8);L5°)

IN

191 24 (to,t0+63; L) < 2¢llollr2 (1 + Jlullz2 ).
We write this estimate for ty) = 0,6,...,70 with j € N such that j§ < T < (j + 1)0. We sum up
and we obtain

19l Ls e < C(T, [0l 22, flullz2)- (3.4)
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Global existence: Thanks to (3.2]) and (3.4)), the time of existence given in the local theory only
depends on ||¢y]|r2 and ||uHL%, thus the local argument can be iterated. As a conclusion, the

problem (3.1]) is globally well-posed and one has the bound
91l Loo (e s ®)) + 10Nl Laer 100 )y < C (T thollags rys Null 2—1,17)) -

The compactness argument: Let u, — u weakly in L?([0,T];R). Notice in particular that
||un||L2T < C(T) for some C(T) > 0. We have

»(t) = ey — i/t u(r)e (K y(r)dr +io /t D (g Py)dr,
0

0
and

Y (t) = e opy — i / un (T)e (K, (7))dr + i / e DH (4 [Pp ) dr.
0 0

We set z, = 1) — ¢, then z, satisfies
with

L(, ) = —i/ (u(r) = un (7)) e (Kyp)dr — Z/ un (7)e"IH (K (¢ — 1)) dr

0 0

and

N) =i [ (=) v B)dr i [ =T

Let us prove that z, — 0 in L*°([0,T]; H*(R)). To begin with, we state an analogous result to [I,
Lemma 3.7].

Lemma 3.1. Denote by

en = H /Ot (un(T) — u(r))e“t—T)H(KwT))dTH ,

LT H(R)
Then €, — 0, when n — +00, which completes the proof.

Proof. We proceed by contradiction. Assume that there exists e > 0, a subsequence of u,, (still
denoted by w,) and a sequence t,, — t € [0, 7] such that

| [ ) - wteee# guiear] = Y

Let us decompose

tn
_ i(tn—7)H 1 2 3
| [ ) —uoeiten aeptoar]|, < o +52+ 85
with

9

H3(R)

Sy = H /Ot" (Un(T) — U(T)) (ei(t”_T)H - ei(t_T)H)(Kw(T))dT‘

5= | / (un() = u()) =M (K1)

H3(R)

3= [ tuntr) =) au

and we will show that each of the previous terms tends to 0. This will give a contradiction to (3.6]).
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Up to a subsequence, we can assume that for all n > 1, ¢, < ¢ or ¢, > . We only consider the
first case, since the second is similar. By the Minkowski inequality and the unitarity of e™#

< [ lunlr) = (e = ) gt

H3(R)

tn
_ /0 ua) = (]| (e = ) 1w
Then by Cauchy-Schwarz
1 itnH _ _itH
n < Hun N UHLQT (6 ‘ )(Kw(T))HLEe[o,T]HS(R).

Now, using (1.15]), observe that
1KYl 22205 m) < 1K Nl3es @) 191l L2 .00 (m) < 00 (3.7)
Hence Lemma below (with d = 1 and ¢ = 2) applies to conclude, with the previous lines, that

5 — 0 when n — +oo.

By the Minkowski inequality, the unitarity of e/™# and the Hélder inequality

t
52 < / ot (7) = )| || () gy
< ||Un—U|’L4T/e3[tmt]HKW\L‘;HS(R)
<t tal e — gz I e 19 g oo

where we used that HwHL%WS,w(R) < oo by (1.15). Then, 62 — 0 when n — +00.

Let us now prove that 63 — 0 when n — +00. We set v(7) = et~ H (K1)(7)). Then by (3.7,
v e L*([0,T); H*(R)). We expand v on a Hilbertian basis (hx)g>0 of L*(R) (the Hermite functions
for instance),

+oo
v(r, ) =Y on(r)hi(),
k=0

+oo
so that we have [[o(7,)|[3s = Y _(2k + 1)°|a (7).
k=0
Let n > 0, then there exists M > 0 large enough such that the function g(7, z) = lecvio a(7)hg ()
satisfies |[v — gl 2(jo, 7y, (r)) < 11/ (4p) Where p = sup,,> [[un —ul 12
We have

t M t
/0 (tn(7) — u(r))g(r)dr = kzzo I /O (n(7) — u(r)) g (r)dr,

thus

M
2 s
e = 22k +1)
k=0

I, Contr) = st | o) = utmesrran|” —o,

by the weak convergence of (u,). Finally, from the previous line, we deduce that for n large enough,

5= || [ tuntr) - ) etra] Ly =l + | [ (ualr) - urgtra]
n

5
In other words, 2 — 0 when n — +o0. O

H5(R) Hs(R)

IN
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We state a convergence result (slightly more general than what we need here)

Lemma 3.2. Let d > 1,2 < q < oo and s > 0. Assume that F € L1([0,T]; H*(R?)) and t, — t.
Then, when n — +00,

(= e ) ey — O

Proof. By unitarity of ¢™ we can assume that ¢ = 0. Then, up to replacing F by H¥2F, it is
enough to prove the result for s = 0. We expand F on the Hilbertian basis (hg)g>o of L2(R%) given

by the Hermite functions: F(7,x) Z ag(T . Thus
T  +00 ) /2
11y oy = /0 (Y low()?)"dr < oo (3.8)
k=0

We can write

zthF Zak 2k+1)tnh ( )
which gives
e~ ) F ) gy = S AP (r)P,

and we conclude with the Lebesgue convergence theorem thanks to the bound

+00
H(eit”H - 1)F(T,$)}|L2(Rd) < 2(2 ]ak(7)|2>1/2 e L9([0,77),

k=0
by (3.8). U
By Lemma

t t
IN ) O s < /0 1 — ) + )Pl ydr + /0 1 — )2 ey

IN

t
C/o znllaes @) (191305 ymmvs.oe @) + 19nllFes @pmws.o @) dr- (3:9)

To simplify the exposition, we write Y*(R) = H*(R) N W*>°(R) in the next lines. Thus, by (3.5]),
(3.9), and the inhomogeneous Strichartz estimate (1.10) (with ¢ and r to be fixed later), for all
0<tLT

t
e < e+l nll gy [l (1) + Il
Then by the Gronwall lemma, for all 0 < ¢ < T and (|L.15])

R (L e T S K

en(®llery < e+ cllunkznl gy )
< CUT) (en + cf|unK 2| L e (8)) (3.10)

Now we claim that
HKZnHWS,T/(R) < ol K s )l 2nll2es ) (3.11)

if r is large enough.
If s = 0 we choose r = co and we clearly have HKZ”HLI(R) < 1K 2wy 120l 2 ()
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If s > 0, by (A.1]) we have
15 20 [y my < el s ) 12 | oy + €llznlles () |1 K [ Loy

with ¢ > 2 such that 1/241/¢ = 1/r'. Now, if r < oo is large enough, then ¢ > 2 is close to 2, and
by the Sobolev inequality ||K||rar) < cl| K|35 @) and [|znl|Lar) < cllznllps w), hence (3.11]).

We come back to (3.10) and by (3.11)) we get

¢ / q/ 1/(1/
Hmwwwsa@m%ﬂmmmmAwmmWMﬂwwm)),

for some 1 < ¢’ < 2. Then there exists C3(T") > 0 such that

’ ’ ’ t ’ /
nmw%ws%@wzwmmwéhMﬂwmwmwm)
and by the Gronwall lemma we get, for all 0 < ¢ <T

[z () ll7s () < 03(T)6nec3(T)”K”31$<R> Jo lun (|7 dr
which in turn implies

/ T ,
lzall o ) < Ca(T)ene MK e Jo Ten DI < 0y (),
and this latter term tends to 0, which concludes the proof.

We now prove the last statement of Theorem (the proof of Theorem is similar). For fixed

Yo € H*(R) we set
Kr oy = U U {v()}.

[t|I<T H“”LQ(O,T)SM

Let 9(tj,uj) C Krn. By the reflexivity of L?(0,7), up to a subsequence, t; — ¢ and u; — u
weakly in L2([0,T];R). Then by the previous proof, ¥(t;,u;) — ¥(t,u) in H*(R). As a result
K is compact in H*(R) and finally we can write

U U {v(t)} = U U K,

teR wel? (R;R) TeN MeN
as a union of compact sets.
4. THE NON-LINEAR SCHRODINGER EQUATION IN DIMENSION d = 3
4.1. Proof of Proposition We first prove (7).

Local existence: We consider the map

Q(Y)(t) = ey +i /0 t e (| 2y)ds — i /0 t u(s)e' M (Kep)ds, (4.1)

and we will show that it is a contraction in some Banach space. Namely, we define the Strichartz
norm |9l x1 = 9]l zgesr + [[¥ll 2116 and the space

Brr = {|[¢lx: < R},

with R > 0 and 7" > 0 to be fixed.
By the Strichartz estimates (1.9)), (1.10) and the Leibniz rule

T ) T
#lxy < clibolba +o [ 0P0lads +e [ ]

A

IN

T
cllvbo[20 +CH1/’HL§9H1”¢”%2TL°° +C(/O |u(5)’d‘9)HKHWLwHwHL%"Hl' (4.2)
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We now show that there exists x > 0 such that H@bH%Q oo < T|9]|2. Let 0 < € < 1/2, then the
T

couple (g, re) = (ﬁ, -2 is admissible and by the Sobolev inequality ||¢[|ze < C|[¢)|[yy1.rc. Then

by the Holder inequality,
(P T e M

for some x > 0. Thus
T
12(¥)llxy, < cllvollp + T R® + CR(/O Ju(s)|ds) || K| 1 e

We now choose R = 4c|[th|ly1. Then we fix T) = ¢;R™%/* with ¢; > 0 small enough such

that chl/QR2 < 1/4 and we fix T» > 0 such that chT2 lu(s)|ds < HKH;\}I(X,/ZL Therefore, for
T = min(Ty1,T5), ® maps Br g into itself. With similar estimates we can show that & is a
contraction in Br g, namely

T
[@(61) — ®(2)x1 < [T + /O () 1d3) || [[ygn o 161 = 2]l ..

Energy bound: We define
B(O) = [ GHb+ 0P+ 5ol)de = [ (VP + 1ol + [0 + 31 da.
Then, using that 9y = —i(H + |1|?) + iu(t) K (z)), we get
E'(t) = 2%Re /Rg O (Y + Hyp + |*2)) da
— ou(t)Im /R KyHdr
= 2u(t)Im . OVK - Vipda.
Now we use the assumption VK € L®(R3) to get
E'(t) < Clu)l|[9 /|2 Vel 2 < Clu@)llloll 2 EY2(8),
which, by integration, implies
B0 < (B'20) + 20l [ fu(s)as)” (13)

Notice that thanks to the Sobolev inequality, ||| £4(rs) < C|4|l31 (r3), therefore E(0) < C([l1o |l (r3))-

Global existence: Assume that one can solve (1.16)) on [0,7*). By (4.3)), there is a time 77 > 0
such that ¢(T})~(R*)? < 1/4 with R* = 4CH¢HL§&H1~ Then we fix T > 0 with

AL
T2
c(/ - |u(s)\ds)||KHWLm < 1/4.
i
As a consequence, with the arguments of the local theory step, we are able to solve the equa-

tion ([1.16)), with an initial condition at ¢ = T* — min(7},75)/2, on the time interval [T* —
min(7y,T5) /2, T* + min(77,73)/2]. This shows that the maximal solution is global in time.

Proof of (ii): Let 0 < 7 < T and 6 > 0 such that 7+ < T. By the Gagliardo-Nirenberg and
Sobolev inequalities on R3,

1 1 1 1
9]l < CllYlIZsll¢l e < CllRlZa Dl
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then by the Holder inequality

111727 rs o200 < CO 2Nl eorar 19 | 2((rr a6 (4.4)

We have for all 0 <t < §
T+

Bl ) = () i [T (s i [ ule)e T (K y)ds,
which implies, using the same arguments as in (4.2)), that
11 L2 (frr w18y <

T+68
< CHwHL%O'Hl =+ c||¢HL%°H1 "¢“%2([T,T+5];L°°) + CHKHWL"O ‘WHL%ow(/T ‘U(S)‘dS)

T
2
< c|¥llpgers + 651/2H¢HL%0’H1HwHLQ([T,T-‘r(ﬂ;Wl’G) + cl[¢]| Lgern /0 u(s)|ds,

where we used (4.4). We pick § = §(T) > 0 such that 051/2‘}1#“200%1 = %, thus the previous
. . T
estimate gives

T
191 22 (e +o1m08) < 20||7/}||L°T°H1(1+/0 [u(s)|ds). (4.5)

We write this estimate for 7 = 0,9, ..., 50 with j € N such that jo <T < (j+1)d. We sum up and
combine with ((1.17)), which gives

T
[l < C(T. alba. [ uolds).

which in turn implies (1.18)), thanks to (4.6)).

Proof of (iii): Let k > 1, and let 19 € H*(R?) and K € W">(R3). Local existence in this
case is proven as in the case k = 1, thanks to a fixed point argument using the Strichartz norms
||1/)||X§ = [1¥llLseer + ¥l L2 wws. The globalisation part is obtained as previously, since the local

time of existence only depends on the energy norm and on wu.
Let us check the bound ([1.19)). Let 7' > 0. Since v is a fixed point in (4.1)), we get for all t < T

N

t 9 t
@)l < clltbollan +c /0 1120 |, ds + ¢ /O Ju(s)[[| K9]y ds

IN

clltollzx + C/O (1) + [al) 1K oo 180(5) e,

where in the previous line we used the Moser estimate (A.2) to bound the non-linear term. There-
fore, by the Gronwall lemma, we get

9Ol < ellgollpe” B (1)

T
< C(l[tolla, ||7/}||L2TL007/0 |u(s)ds). (4.6)
By the Sobolev inequality, from (|1.18]) we deduce

N

T
191l L2 (o, 17;200 ®3)) < CllYoll L2 (o,rpms(msyy < C(T, WOHHM/O lu(s)l|ds),

which in turn, by (4.6)), implies (1.19).

The estimate ([1.20) can be obtained with similar arguments as for the special case k = 1. We
do not write the details.
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4.2. Proof of Theorem We adopt the strategy of Ball-Marsden-Slemrod [1] combined with
some non-linear estimates. Let u, — u weakly in L!([0, T]; R) and fix L > 0 such that fOT lun(s)|ds <
L, fOT |u(s)|ds < L. By definition of 1) we have

P(t) = eMapy — i / t u(s)e' I (Kap)ds + i / t e I (| 2y)ds,
0

0

and we define 1,

wn(t) _ eitHwO _ Z/t un(8>e’i(t75)H(Kwn)ds +Z/t ei(tis)HOwnPwn)d&
0

0

Let us prove that ||¢) — ¢nHL§9H1 — 0. Set z, = ¢ — ¢y, then z, satisfies
Zn = £(¢7 wn) + N(% wn)
with
£(¢)¢n) = _i/ (U(S) - un(s))el(tis)H(Kw)ds - 7// un(s)é(tiS)H (K(Ip - %))ds
0 0
and

t . t -
N (4, ) = —i /0 S (4 — ) (46 + ) B) ds — i / U9 (G oy ds,

0

Since K € Wh*°(R3), the map 1) — K1 is continuous from H!(R3) to H!(R?3) and [I, Lemma 3.7]
applies. Thus, when n — +o00

¢ ‘
€n = sup H/O (u(s) = un()) " (Kp)ds]| 1 sy — O-

te[0,T
By Lemma [A3]
t . t
IN@, ) 31 @sy < /0 (% = ) (¥ + Pn) Pl (m3yds + /0 (¥ — ) |31 3y ds
<

t
/0 V2l sy (101Ene + bl By ).
Therefore
t t
Von(®) i) < e+ C /0 i (5)] 120 (5) e sy s + C /0 2 () s o) (196200 + o Zyr) (5)ds,

and by the Gronwall lemma
t
a0l < enexp (C [ fun(s)lds + by + Ol Eaypn):

Finally, by (1.18),
znll Leorr < €nC (T, Wollaer, L),

which implies the result.

The end of the proof of Theorem relies on the same arguments as in Theorem
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APPENDIX A. SOME SOBOLEV ESTIMATES

In this section we gather some useful estimates in Sobolev spaces. To begin with, we have the
following generalised Leibniz rule

Lemma A.1. Let d > 1 and s > 0, then the following estimates hold

1 gllweacasy < CISlm eylglly o gy + Cllgloncall et gy (A1)

with 1 < g < o0, 1 <q, g2 <00 and 1 < ¢}, ¢4 < oo so that

1 1 1 1 1
q q1 91 q2 qs

For the proof with the usual Sobolev spaces, we refer to [28, Proposition 1.1, p. 105]. The result
in our context follows by using (1.2]). Observe that in this result we must have ¢}, ¢5 < oo and
q # 1,00 which induces some technicalities in this paper.

A particular case of the previous inequality is the Moser estimate: for d > 1 and k € N

||f9HHk(Rd) < C(||f||Loo(Rd)||9||Hk(Rd) + HgHLOO(Rd)”fHH’C(Rd))' (A.2)

The following lemma will be useful

Lemma A.2. Let s > 0. There exists ¢ > 0 such that for all ¢ € H*(R), x1 € H*(R) N W5>*(R)
and x2 € H*(R) N W**(R)

loxaxzallas )y < cllellas @) llxallzes ®ynmws.e @)l x2ll2s @)nws &)

Proof. The case s = 0 is directly obtained by writing [[¢ox1X2llz2®) < cll@ll 2@ lIx1 Lo ) X2l oo () -
Now we assume that s > 0. By (A.1]) we have

lexaxellzs®) < cllellas @ lixixallze®) + cllell e @) lIxixellwsa)

for all 2 < p,q < 0o such that 1/p+1/q = 1/2. Then, by the Sobolev inequalities, if p > 2 is small
enough, [l¢f|zr < cf[pfls. Next, by (A.1) again,

Ixaxzlwsa@y < ellxallzo @lxzll,yoe gy + cllxel oo @lIxillyd @)
with 1/¢1 + 1/¢} = 1/q. We are able to conclude by observing that

HX”L‘H(R): HXHWs,q’l(R) < HXHHS(R) + ”X”stw(m) = HXHHS(R)ﬂWS»OO(]R)-

In the same spirit we state the following result
Lemma A.3. There exists ¢ > 0 such that for all o € H(R3), x1 € WIO(R3) and xo € WHO(R?)
loxixalla msy < cllella ms)llxalhwems)llxallwers)-
Proof. From the Leibniz rule and the Holder inequality we deduce that
lexixalla me) < lIxixeVellremsy + lexiVxallzz@sy + lexaVxall 2 mws) + {z)oxaxell L2 @s)

< xullzelixallize (IVell 22 + )@l zz) + lellns (Ixullzs [ Vxallzs + Ixallzsl[Vxillzs)-

Then by the Sobolev inequalities, [|x|[z®s) < Clx|lwrems) and [|¢][zo@s) < Cll@llpr ws), which
allows to conclude. t

We recall the following interpolation lemma taken from [9, Lemma 3.3].
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Lemma A.4. Let T > 0 and p € [1,400]. Let —o00 < 09 < 01 < +oo and assume that ¢ €

Lp([—T, T];Hgl) and Op) € Lp([—T, T];”H"z). Then for alle > o1 /p—o2/p, P € LOO([—T, T];H"l_g)
and

1-1/ 1/

1l Lgemeos—e < Cll I 0o, ||¢||W:i,p7{02-

Moreover, there exists n > 0 and 0 € [0,1] so that for all t1,te € [T, T]

0 0
[9(t1) = E)llper-2e < Cltx = ol 1Pl e (015 10540
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