THE WKB METHOD AND GEOMETRIC INSTABILITY
FOR NON LINEAR SCHRODINGER EQUATIONS ON
SURFACES

by Laurent Thomann

ABSTRACT. — In this paper we are interested in constructing WKB approximations
for the non linear cubic Schrédinger equation on a Riemannian surface which has a
stable geodesic. These approximate solutions will lead to some instability properties
of the equation.

RESUME (Méthode WKB et instabilité géométrique pour Schrédinger non linéaire sur
des surfaces)

A Paide de la méthode WKB nous construisons des solutions approchées a I’équation
de Schrédinger cubique sur une variété qui posséde une géodésique stable. Cette con-
struction permet d’obtenir des résultats d’instabilités dans des espaces de Sobolev.

1. Introduction

Let (M, g) be a Riemannian surface (i.e. a Riemannian manifold of dimen-
sion 2), orientable or not. We assume that M is either compact or a compact
perturbation of the euclidian space, so that the Sobolev embeddings are true.
Consider A = A, the Laplace-Beltrami operator. In this paper we are inter-
ested in constructing WKB approximations for the non linear cubic Schrodinger
equation

) i0pu(t, z) + Au(t, x) = elu*u(t,z), &= +1,
u(0,z) = up(z) € H* (M),

LAURENT THOMANN, Université Paris-Sud, Mathématiques, Bat 425, Tel 0169155785,
91405 Orsay Cedex. e FE-mail : laurent.thomann@math.u-psud.fr
Url : http://www.math.u-psud.fr/”thomann

2000 Mathematics Subject Classification. — 35Q55; 35B35; 35R25.

Key words and phrases. — non linear Schrédinger equation, instability, quasimode.



2 LAURENT THOMANN

that is, given a small parameter 0 < h < 1 and an integer N, functions uy (h)
satisfying

(2) iOyun (h) + Aun (h) = elun (h)Pun (h) + Ry (h),

with HUN(h)HH“ ~ 1 and ||RN<h)||Ha S CNhN.

Here h is introduced so that uy(h) oscillates with frequency ~ %
These approximate solutions to will lead to some instability properties in
the following sense (where h~! will play the role of n):

DEFINITION 1.1. — We say that the Cauchy problem is unstable near 0
in H?(M), if for all C' > 0 there exist times ¢, — 0 and uy p,u2, € H7 (M)
solutions of so that

w1, (O) |z (anys (U2 (O)Ho(ar) <

C

[[u1,n(0) — w2, (0)|| = (ary — O,
1

> =

- 2

9

limsup [[u1,n(tn) — w20 (tn) || 5o (01 C,

when n — +o0.

This means that the problem is not uniformly well-posed, if we refer to the
following definition:

DEFINITION 1.2. — Let o € R. Denote by Bgr, the ball of radius R in H?.
We say that the Cauchy problem is uniformly well-posed in H? if the flow
map

ug € Bpo N H(M) — ®;(ug) € H° (M),

is uniformly continuous for any t.
We now state our instability result:

PROPOSITION 1.3. — Let 0 < 0 < i, and assume that M has a stable and
non degenerated periodic geodesic (see Assumptions and@), then the Cauchy

problem is mot uniformly well-posed.

This problem is motivated by the following results: Let (M, g) be a riemannian
compact surface, then in [5], N. Burq, P. Gérard and N. Tzvetkov prove that
(@) is uniformly well-posed in H?(M) for o > 1. Whereas, in [4], they show
that is unstable on the sphere S? for 0 < ¢ < i. In fact they construct

1
solutions of of the form
(3) uf(t, @) = ke (03, (2) + 7 (t, 7)),

where 0 < K < 1, 9, = (x1 +ix2)™ is a spherical harmonic which concentrates
on the equator of the sphere when n — +o00 and where r,, is an error term
which is small. To obtain instability, they consider k,, — &, then

|ur (0) — un™ (0)|| o s2y S |6 — k] — 0,
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but

i (tn) = wm (tn) | o s2) 2 Kl — 2"t | — 26,

with a suitable choice of t,, — 0.

We follow this strategy but as the surface is not rotation invariant, the ansatz
will be more complicated than .

This result is sharp, because in [6] they show that is uniformly well-posed
on S? when o > 1.

On the other hand, in [3] J. Bourgain shows that is uniformly well-posed
on the rational torus T? when o > 0.

These results show how the geometry of M can lead to instability for the
equation . Therefore it seems reasonable to obtain a result like Proposition
with purely geometric assumptions.

We first make the following assumption on M:
ASSUMPTION 1. — The manifold M has a periodic geodesic.

Denote by « such a geodesic, then there exists a system of coordinates (s, r)
near v, say for (s,7) € S'x] — rg, o[, called Fermi coordinates such that (see
[12], p. 80)

1. The curve r = 0 is the geodesic v parametrized by arclength and

2. The curves s = constant are geodesics parametrized by arclength. The
curves r = constant meet these curves perpendicularly.

3. In this system the metric writes

g:<5&@m>'

We set the length of v equal to 2w. Denote by R(s,r) the Gauss curvature at
(s,r), then a is the unique solution of

2
ga + R(s,7)a =0,

(4) 87"2
a(s,0) =1, %(5,0) =0.

The initial conditions traduce the fact that the curve r = 0 is a unit-speed
geodesic. In these coordinates the Laplace-Beltrami operator is

= gy = Lo,lay+ L
A= \/@dw( detg g V)faag(aag)+aar(aar).

A function on M, defined locally near ~, can be identified with a function of
[0, 27]x] — 79, ro[ such that

V(s,r) €[0,27]x] —ro,ro[  f(s+2m,1) = f(s,wr)
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where w = 1 if M 1is orientable and w = —1 if M is not. Define
1
(5) wy = i(w —1) e {-1,0}.

From we deduce that a admits the Taylor expansion

(6) @ =1 SRS+ Ro(s)r® 4+ Ry(s)r® +o(r”),
with R(s) = R(s,0) and

ka/
) Ru(s) = gy 15,0,

for k > 3.

As a(s + 2m,7) = a(s,wr), we deduce R(s + 27) = R(s) and for all j > 3,
Rj(s+2m) = wiRj(s).

Let py = ?1202 + p? be the principal symbol of A, and

Q=92 220 d oy 02 1y

&S(t) T 90 a?’ dta( )=- ds _83((12)0 ’
(8) o2 g, by 02 5Ly

dtr(t) dp 2, dtp<t) or ar(aQ)U ’

s(0) = sg, 0(0) = 00,7(0) = ro, p(0) = po,

its associated hamiltonian system, where py = pa(s(t),r(t),o(t), p(t)). The
system admits a unique solution and defines the hamiltonian flow

@y : (s0,00,70, po) — (s(t), o (t), (1), p(t))-

The curve I' = {(s(t) = t,0(t) = 1/2,7(t) = 0,p(t) = 0),t € [0, 27]} is solution
of and its projection in the (s,r) space is the curve 4. Now denote by ¢
the Poincaré map associated to the trajectory I' and to the hyperplane ¥ =
{s = 0}. There exists a neighborhood N of (¢ = 1/2,7 = 0,p = 0) such
that the following makes sense: solve the system with the initial conditions
(0,00,70,p0) € {0} x N and let T be such that s(T) = 27, then ¢ is the
application

¢ : (ro, po) — (r(T), p(T)).
Moreover, the Poincaré map is continuously differentiable (see [13] p. 193). To

obtain its differential d¢(0,0) at (0,0), we linearize the system about the
orbit T, i.e.

~5(t) = 20, —o(t) =0,
0 N
ar(t) 2p, a/’(t) =73 (s(®))r,
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1, s(t) =t and

d/r 0 2 T
1 — = .
1o dt(ﬂ) (—R/Z 0) (p>
Hence the application d¢(0,0) is

(11) d¢(0,0) : (ro, po) — (r(2m), p(2)),

where (r, p) solves ([10). As d¢(0,0) is symplectic, it admits two eigenvalues A
and A~! that are called the characteristic multipliers of the system . We
add the following assumption on <, which can be formulated in terms of the
eigenvalues of d¢(0, 0):

then o =

ASSUMPTION 2. — The geodesic «y is stable, i.e. d$(0,0) is a rotation. Then
the multipliers take the form A = ¢ and A=' = e~ with A\ € R. We assume
moreover that there exist T, u > 0 such that

1
(@)™

where |(p,q)| = |p| + |lq|. When this condition is fulfilled, we say that ~ is non
degenerated.

A
(12) Y(p,q) € ZxN Ip—q;IZ

REMARK 1.4. — Almost every A € R satisfies with 7 > 1. This is an easy
consequence of [I] p. 159, e.g.

EXAMPLES 1. — Let M be a surface which has a periodic geodesic vy. In the
general case, the eigenvalues of do(0,0) defined by are A = pe* and
At =p7te™ ™ with A+ A" € Ry, ie.

(13) (p—p')sin A =0.

Assume that M is a surface of revolution and that R > 0 on ~y. Then the
characteristic multipliers are

A= pezm\/ﬁ and Al = p716727”‘\/§.

i) If A\ = 2mV/R satisfies then p =1 and M satisfies the assumptions.
i1) Let 2vVR & N. Let M be a perturbation of M, and denote by

A=pe? and A7'=ptem
the new characteristic multipliers.

By , p =1, and Assumption 2 is satisfied almost surely.

i11) Let a > 0, then the torus M = R/Z x R/aZ is not under the hypotheses :
in this case dp(0,0) is not diagonalizable.
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Notice that the function r which satisfies (10 is solution of

(14) i(s) + R(s)y(s) = 0.

Consider ag the solution of with initial conditions a¢(0) = 1 and ao(0) = 4.
Then, from the Floquet theory, there exists a 2m-periodic function P so that

ao(s) = e'77°P(s)

(or ag(s) = exp (—iz-s)P(s), but A can be replaced with —).
Here, and in all the paper we denote by f = % f if f is differentiable. This

notation is motived by the fact that s will play the role of a time variable (see

section .

In order to prove Proposition we construct stationnary approximate solu-
tions of , as stated in the following theorem

THEOREM 1.5. — Assume and. Let h €]0,1] such that % eN, letk,oc >0
and k € N. Let \ be given by Assumptz’on@ and wy by .

Define Eo(k) = —EXA+ $k(w1 — 2).

Then for all N € N, there exist A\n(k) € R and a family uy(h) such that
C1h? < lun (h)|lz2(ary < Coh” with Cy,Cy > 0 independent of N and h, and

(15) — Aup (h) = An(k)un (h) — elun (h)|Pun(h) + hY gn (h)
with for all N € N

1N g ()| g ary S RN
Moreover

12 1
Ay (k) = i EEO(k) + ﬁaﬁh%(}o +0(1),

where Cy > 0 is independent of €, k and o.

REMARK 1.6. — The analog of Theorem [1.5| was proved by J. Ralston in [14]
for the linear case (¢ = 0), with the same type of assumptions.

REMARK 1.7. — Consider the more general equations
(16) i0yu + Au = F(u),

where F' : C — C is a C*° function. The result of Theorem is likely to
hold with other nonlinearities F(u), for example for F(z) = 23, F(z) = 2*
or F(z) = (1+ |2]?)*z with a < 1. However, the instability phenomenon is
strongly related to the gauge invariance of the equation .

The scheme of the paper is the following: Thanks to a scaling, we reduce the
problem to the resolution of linear Schrodinger equations with a harmonic
time dependent potential, and we will see, using Assumption that these
equations have periodic solutions. To prove Proposition we show that the



GEOMETRIC INSTABILITY FOR NLS ON SURFACES 7

family uy(h) provides good approximations of in times where instability
occurs.

NoOTATIONS 1.8. — In this paper ¢, C denote constants the value of which may
change from line to line. We use the notations a ~ b, a < b if %b < a < Cb,
a < Cb respectively. By 0; ; we mean the Kronecker symbol, i.e. §; ; =0 for
Z;é] and 672,1' =1.

REMARK 1.9. — In the sequel we do not always mention the dependence on
h of the functions: we will write u, f, r;, ... instead of up, fi, rin, ...

ACKNOWLEDGEMENTS. — The author would like to thank his adviser N. Burq
for his constant guidance in this work, P. Pansu for his help in the frame of
geometry, and B. Helffer for having pointed out the reference [10].

2. The WKB construction
Consider the equation
(17) — Au = M — £|ulu.
Given h > 0, we are looking for a solution of the form
(18) u= 5h_%ei%f(s7r, h),

where § = kh?, with k >0 and 0 < o < i. In all this section, d will play the
role of a parameter.
We try to find a solution (u, A) of of the form

w~ Y WP, A~ BTy RPN

=20 =20

As we will see, identifying each power of h will lead to a linear equation which
can be solved with a suitable choice of A;.

Choose h such that h~! € N, this ensures that expiy is 2r—periodic. Such a
condition on h is natural and is known as a Bohr-Sommerfeld quantification
condition.

With the ansatz 7 equation becomes

SO0 4 02— ) = 0+ 0u)

h
ora _1
280,f = Af - e*hH |,

(19) —03f -

We make the change of variables z = ﬁ and set v(s,z,h) = f(s,Vhx,h).
Thus 0, f = ﬁ@mv and 82 f = 1+ 02v.
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Therefore we now have to find v ~ >~ h//?v;.

Using @ we obtain the following Taylor expansions in h
1
— =1+ hRa? — 213 Ryz® + O(h?),
a

1

a'0,(a™*) =0(h) and a '0.a = O(h2).
Equation can therefore be written, after multiplication by %h

1 1
1050 + 5331} — §R$2’U

(20) 2
1—MAh 1
= v+ h? Rsadv + 75§2h%|v|2v+th,
2h 2
where
(21) P = A10% + A0, + A30, + Ay

is a second order differential operator with coefficients A; = A;(s, x, h) satis-
fying A;(s+ 2w, x,h) = A;(s,wz, h) for 0 < j < 4.

Denote by E = 1_22}‘2 = Eo+ h2Ey 4 -+ + h%E, 4+ o(h?) and write v =
vo + hZvg 4 -+ h%vp + o(h?) and by identifying the powers of h we obtain
the system of equations:

1 1
(22) (133 + 53:% — §R1'2 — EO)UO = O,
1

1 1
(23) (i@s + 585 — 5R$2 - Eo)v1 = Fivy + Ryx3vg + 5552|vo\2v0,

, 1 1
(24) (Y/as + 56% — §Rx2 — Eo)'[}p = EpUO + QP'
so that the (j + 1)th equation of unknown (v;, E;) corresponds to the annihi-
lation of the coefficient of h% in .

Here @, is a function which only depends on z,s, (v;)j<p—1 and (E;)j<p—1.

REMARK 2.1. — Notice that thanks to the scaling, we have reduced the prob-

lem ([17]) to the resolution of linear equations. However we have to solve them

exactly; no smallness assumption on z is possible, as & can be of size ~ ﬁ

In this section we will show

PROPOSITION 2.2. — For all p € N, there exist (Eo, -+ ,E,) € RPT! and
(vo, -+ ,vp) € (C ([0,27r],$(R)))p+1 with vg # 0, which solve the system

©2)-29.

This permits us to construct approximate solutions of ; more precisely, we
will obtain the following proposition, which is the main result of this section.
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PROPOSITION 2.3. — Let x € C5°(] — ro,70[) be such that 0 < x <1, x =1
on [—10/2,10/2] and suppose moreover that x is an even function. Let 6 > 0.
Denote by

1 - s 1 P T
25 up(s,r) =0h™ax(r)e'n (vg + h2vy + -+ h2v,) (s, —
(25) p(s,7) x(r)e'r (v 1 p)( \/E)
and by

1 2 1 p
(26) A= 5 — =(Bo+ h3E +--- + hEE,).

Then u, satisfies ||uy||2(ary ~ 0 and

(27) — Auy, = Ay, — €|y |*uy, + h%lgp(h)
with
h €]0,1], Yn €N, [|h"% gp(h) e (0,20 ) S 0BT "

2.1. Preliminaries: the analysis of the linear equations. — We will
solve the system (22)-(24) for z € R. Notice that the Fermi coordinates are
only defined for |r| < rg i.e. for # < Z%&. That’s the reason why we need the

cutoff which appears in the Proposition [2.3
We first give an expansion of the operator P defined by (21)).
LEMMA 2.4. — Let
P(s,z,h) = A1(s, z, h)a§ + Ao(s,z,h)0s + As(s,x,h)0, + Ag(s,z, h),

be the differential operator defined by . Then for allp > 2, P can be written

P
2

p—1
(28) P(s,,h) = > h%Py(s,x) + hE By(s, x, ),
k=0

so that
i) For al0 <k <p-—1,
Py(s,x) = A’f(s,m)@f + Ag(s, x)0s + Al?f(s, x)0, + A{f(s,x),

where A% € C>([0,2x] x R), for all s € [0,27] the function x — A¥(s,x) is a
polynomial and A?(s +2m,x) = A?(s, wx).

it) Let x € C§°(] — 10, o[) and v € C>([0,27],S(R)), then for all n € N, there
exists C = C(p,n) independent of h €]0,1] so that

(29) Ix(h%2) Byo(s, )| mn 0,27) k) < C-
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Proof. — We first compute the coefficients of P.
By the Taylor formula near » = 0 we have

1 p+3
;(s7 r) =1+ R(s)r® — 2R3(s)r® + Z Ry (s)
k=4
rpt4 ! ortt 1
- 1 — ¢)Pt3 _
+(p+3)! /0 (1-1) 8rp+4(a2)(s’tr)dt’
where Ry is given by .
Now write = v/ha and obtain
1 3
(30) aﬁ(s, Vha) =1+ hR(s)z? — 2h2 Rs(s)a® + hI1 (s, x, h),
where
(31)
p+3 +4 1 p+4
Btk g +3 9
Similarly
1 1
(32) 685(5)(8, Vha) = hIy(s,z,h),
with
p+1 . l‘k 1
Iy(s,z,h) = kZZQh 1 —05(=)(s,0)
» P12 1 or+2 1
hz ——— [ (1—t)P*! t
(33) g [0 S G0 s Ve,
and
8T a 1
(34) — (s, ﬁx) = h213(s,x,h),
a
where
(s, = NI (P )
SV = — Kl orkY aq 777
» pPT1 1 P+l d.a
(35) +h?2 p /0 (1—1t)? o7 (7)(3, Vhat)dt

Plug the expressions , and in equation , and deduce that
coeflicients A; are
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1 ,

A = 5(=1— hRa® + 203 Rya® — h*1),
1

Ay = —iRx? + 2ih? Rya® — ihl, — 32

As = — 13,

1 )
A4 = 5([1 — ZIQ).

Then with the developments , and , we see that for all 1 < j <4
and0<k<p-1,z+— A?(s, x) is a polynomial. Moreover as a(s + 2w, ) =
a(s,wz), we also have A¥(s 4 2m,x) = A% (s, wz).

To obtain the bound (29), we now have to control the integral rests which

appear in , and ([35)).
Let ¢ € N* and let (s,7) — f(s,7) be one of the functions a=2, a='ds(a™?) or
a"'0,. Let x € C® (] — ro,ro[) and define F, by

1 q
Fy(s,x) = X(\/EJ:)/ (1- t)qfl%f(s, Vhat)dt.
0
As f € C‘”([O,?ﬂx] - ro,ro[), we deduce that for all n,ns € N there exists
C = C(¢,n1,n2), independent of h €]0,1] so that
(36) V(s,z) € [0,27] x R, |00 02 Fy(s,x)| < C.

Now let v € C*([0,27],S(R)) and n € N. We can assume that n > 2, so that
H™ is an algebra. Then by (36))

(37) 12 Fq vl g 0,27 xr) < CllFgll (0,20 x®) 127 0| 7 ([0, 270) xR) < Oy
and this yields ii). O

Consider the Hilbertian basis of L?(R) composed of the Hermite functions

(¢r) k>0 which are the eigenfunctions of the harmonic oscillator H = —192 +
122 ie. Hepp = (k+ L)pp. Moreover gy (z) = Py(z)e /2 where Py is a
polynomial of degree k with Py(—x) = (—1)*P(x). The link between the s-
dependent operator —%8% + %R(s)a@2 and H is given by the following result

proved by M. Combescure in [10].

THEOREM 2.5. — Let ap : R — C be the solution of with ap(0) = 1,
ap(0) =1i. Define

1 agp
a =log |agl, 8= %loga:(),

let the unitary transform T'(s) be defined by

T(s) = ez'tjz(s)w2/2e—iuc(s)D7 where D = —%(:C V+V-x),
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and let U(s,T) be the unitary evolution operator for —382 + 1R(s)a?, i.e.

U(s, 7))y is the unique solution of the problem
(i0s + %85 - %R(s)aﬂ)u =0,
u(t,z) = (x) € L*(R).
Then we have for any s, 7 € R
U(s,7) = T(s)e " B&O=BENHP (=1,
REMARK 2.6. — The functions o and 5 are well defined: suppose that there

exists sp such that ag(sp) = 0, then Reag and Imag are linearly dependent,
which is impossible with this choice of the initial conditions.

REMARK 2.7. — Define 0(s) = 3(s) — 2= s where \ is given by Assumption

T om
Then « and 6 are 27-periodic real functions. Moreover «(0) = &(0) = §(0) =

0(0) = 0.

Denote by S(R) the Schwartz space, i.e. the space of smooth functions which
are fast decreasing and their derivatives too.

PROPOSITION 2.8. — Let 1pg € S(R) and E € C. Let f € C* ([0,27] x R,R)
be such that
Vn eN, Vs €10,2r], 97f(s,-) € S(R),
in other words f € C>([0,27], S(R)).
Let 1 € C* ([0,27], L*(R)) N C° ([0, 27], H2(R)) be the solution of

0.0+ 5020~ LR(s)a* — B = f,
1/)(0755) = 1/)0(%)
Then 1) € C* ([0, 27], S(R)).

(38)

Proof. — By replacing 1 with e’F%), we can assume that £ = 0. The solution
of equation is given by

(s, ) = Us, 0)y — i / U(s,r)f (. )

(39) = T(s)e P)H (wo —i / ) ePOHP(H =L f (7, -)d7> .

0
As D is a transport operator, we have

T,T~":C* ([0,27),S(R)) — € ([0,27],S(R)) ,
we only have to show that
e . % ([0,27], S(R)) — C* ([0, 2], S(R)) .
This follows from the fact that 3 is regular and e : S(R) — S(R). O
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The description of U given in Theorem [2.5] yields the following representation
of U(s,0)pg:

ProrosITION 2.9. — For all k € N and s,x € R we have
(40) U(S, O)QOIf(x) _ eid(s)x2/267i(%+k)ﬁ(s)eféa(s)gok (xefoz(s)).
Proof. — According to Theorem and as Hyy, = (k+ %)gok,

U(s,0)pr = eia(s)w2/2e—i(k+%)5(3)6_104(5),3%.

Denote by f(s) = e )Py, Then f is solution of the transport equation

0. = —5(5) (10 +0u(xf)) = ~56(s) (f + 200.)

with Cauchy data f(0,x) = pi(x). Make the change of variables o = «(s) and
set g(o) = f(s). Therefore g satisfies 9,9 = f%(g + 220,9). The equation
x = &, ©(0) = zp admits the solution z(7) = xpe” and the characteristics
method gives g(7, z(7)) = e~ 27pp(x0) = e~ 27 (x(7)e”7), hence

F(s) = em 3y (ze ).

COROLLARY 2.10. — Let k € N, define wy = %(w —1) and
Eo(k) = ==X+ 1k(wy — 2). Then
wy = e*”EO(’“)U(s,O)gpk
(41) _ efisEo(k) 67Ld(s)m2/2 efi(%Jrk)B(s) 67%04(5) D (xefa(s))

is solution of the equation
1 1

Proof. — On the one hand, from Proposition [2.9] we deduce

72i7rE0(k)efi)\(%+k) —ikwy T

wi(s+2m,x) =e wi(s,x) =e wk (s, x)

= (—=D)krwy(s, ) = wi(s,w).
On the other hand, wy, satisfies because of the definition of U(s,0). O
Fix ko € N and take vy = wy, with the previous choice of Ey(kg). This choice

corresponds to the kgth level of energy for the harmonic oscillator.

REMARK 2.11. — Until now we didn’t use the restriction , but it will be
crucial in the following.

PROPOSITION 2.12. — For all p > 0, there exist £, € C and
v, € C*([0,27], S(R)) which solve .
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REMARK 2.13. — As stated in Theorem[L.5] the E;’s are in fact real numbers.
This will be proved in Lemma [2.17]

Proof. — We proceed by induction on p € N.

For p = 0 the result was proved in Corollary 2.10]

Let p > 1, and suppose that for all ;7 < p — 1 there exist F; € C and v; €
C""([O7 QW],S(R)) which solve the (j + 1)th equation of . When p > 2, set

- 1 p=1
Vp—1 =h2v1 4+ -+ h" 2 vp_q,
and 7y = Ey = 0. By , the function @, given by is the coeflicient of

h% in the expansion in h of
1 =
s - - k -
B, 10p—1 + 5852|’U0 + Up,1|2(7}0 + ’Up71) + h( Z h?2 Pk) (vo + Upfl).
k=0
Now using the regularity of the v;’s and the fact that for all0 <k <p—1, P
is an operator

Py : € ([0,27], S(R)) — € ([0, 27], S(R)),

we obtain @, € C*([0,27],S(R)).
Moreover Q,, satisfies, V(s,z) € [0,27] x R

Qp(s+2m, ) = Qp(s,wx)
because this property holds for the v;’s, and a.
Define Fy(s,z) = e ¢ a%/2Q (5 2e2()), then F, € €>([0,27], S(R))
and satisfies Q, (s, z) = ¢/4®**/2F (5 pe=()) and F,(s + 27, ) = F,(s,wz).

Let us decompose F),, on the basis (¢;);>0: there exists a unique family of
smooth functions (g (s));>0 € I?(N) so that

(42) Fp(s,y) =Y g7(s)p; ().

Jj=0
Then
N B
(43)  Quls,2) =Y gh(s)e ™" Po(xe™ ) = 3 ThE(s)w;(s, ),
Jj=0 >0
where according to
(44) hY(s) = eisEo(j)ei(%+j)6(5)e%a(8)g§?(8)_
We have

Qp(s,wz) = Z Y (s)w; (s, wz),

320
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but also

Qp(s,wz) = Qp(s+2m,x) = Z hY (s + 2m)w;(s + 2, x)
Jj=0
= Z Y (s + 2m)w; (s, wr),
Jj=0
and from the uniqueness of the h%’s we deduce h(s + 2m) = h¥(s).
We are now looking for a solution of (24]) of the form

(45) vp(s,x) Ze s)wj(s, x)
7>0

;lvhere the e? ’s are 2m-periodic functions. For all j > 0, by Corollary we
ave

(18 + 32 — *RIL‘ )(e wj) =il Swj + (Eo(ko) (]))eﬁ-’wj,
hence we have to solve the equations
(46) iéf + (Eo(ko) — Eo(j))€} = hY + 6; 1, Ep
As Eo(ko) — Eo(j) = (ko — j)(w1 — 2), the solutions of take the form
(47) el(s) = e%i(ko—j)(m—%)s(cf _ i/() h;?(T)e—%i(ko—j)(wl—%)TdT)
for j # ko, and
e, (8) = Cp —z/ hy, (T)dT —iEps.

The constants C7 € C and E), € C have to be determined such that e (s+27) =
el (s).

e Case j = ko:
2m
e’,éo (s +2m) = —i hzo (1)dr — 2miE, + eio(s),
0
thus ey is 2m-periodic iff
1 27 »
(48) E, = —5- ; R, (T)dT.

e Case j # ko:
Denote by hY : 7 — h?(q—)e—i%(ko—j)(m—%ﬁ and by K = ei(ko=i)(rwi=)),

Then
s+27 N 27 N s+27 _
/0 hE(r)dr = /0 hE(T)dT + /27r Y (r)dr

2T

_ i -1 (77
=, hE(T)dr + K /Oh;)(T)dT
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and by

. . s+2m
€@ (s + 2m) = Ke'tho=i)=2)s (P _ Z/0 2 (r)dr)
21 s
(49) = el (KCP — ik BT i /0 R2(r)dr).
Notice that K # 1, as A ¢ mQ and choose
iK 2w
C'JP =% 1 ; h?(T)dT,

. . p . . . .
then according to (47)and (49)), the function e; is 27 —periodic.
Now, we show that the constants C’f are uniformly bounded in j > 0, so that
the function v, given by (45) is well defined. We first need the

LEMMA 2.14. — Let (hé’)jzo € 12(N) be the family of 2m—periodic functions
defined by and I (s) =3,z cﬁj e'ls its Fourier decomposition. Then for
all ny,ne € N there exists CP? > 0 such that for all j € N

Zj2n1l2’n2|cf,j|2 S Cp.

leZ

Proof. — Consider the function F, € C*([0,27], S(R)) which defines the fam-
ily (¢7(s))j>0 € I?(N) with ([#2). Denote by H = —30; + 32°. Let ny,ny € N
and decompose the function 972 H"' F}, on the basis (¢;);>0
O H™ Fy(s,y) = »_ 3(s)¢;(v)
>0

where (§%);>0 is a smooth family of functions in *(N).
Using that Hyp; = (j + 3)¢; and that F, € C*°([0, 2], S(R)), we have for all
ny,Ng € N

O Fy(s,9) = Y20+ 5)™ (6) " (5)(v).

>0

By uniqueness of such a decomposition,
o1
(G+5)m @)

Then by the definition of h? , an easy induction on ny,n2 € N shows that
(j™ (hg»’)("?))j>0 € I?(N). Write the Fourier decomposition of h¥

hj(s) = Z o e

neEZ

a0 (3%)j20 € I*(N).
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and by Parseval

ZZ],inlgnz ZJQM/ hP (nz)( )|2d8 < CP.

j>0 leZ j=0
In particular, for all j € N
ZjZﬂlZQng |C§)’j|2 < Cp,
ez
hence the result. O

End of the proof of Proposition[2.1%: Using the Fourier decomposition of h
we obtain

K 27 ~
cr = K’_l hP(T)dT
z(lf— (ko—j (wlff))'r
71
ZEZ
cf.
(50) =— J .
% (ko — ) (w1 — 2)

With Assumption [2] we have

1 . A ‘ LA
‘l_i(ko_])(wl_;” §|(21 (ko—])w1)+(k0—3);|
S 1 2
2 (2l = (ko — j)wi, ko — )7
and for j > ko, |21 — (ko —j)w1| + |ko —j\ < 2(|{] + |4]), then

| 2= g
Hence, from and we deduce
(52) CFL S Y 11U+ DT S D I 15T+ 7).

leZ IEZ
By Cauchy-Schwarz and Lemmam from we obtain

p\<z AT+ 1)

lEZ
l |27 T 3
SO ) T (O I P+ D112 + J127)) ?
: <1+|u
€7 LEZ

(53) < CP.
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Set

ge s)w;(s,x).

j>0

For all j € N, s = €(s)w;(s,) is continuous and there exists ¢ > 0 such
that for all j > kg, and for all s € [0, 27]

€5 (s)w; (s, 2)| < g5 ()llsp; (c)]

and this shows that v, € C([0,27], L*(R)). Now using Proposition we
conclude, by uniqueness of such a solution, that v, € C‘X’([O7 27], S (R)) O

2.2. The nonlinear analysis and proof of Proposition —

LEMMA 2.15. — The constant E; given by Proposition[2.19 writes
E, = —62Cy where Cy > 0 is independent of ¢ and J.

Proof. — Consider the equation
1 1 1
(i@s + 585 — inQ — Eo)vl = E vy + Ryz3vg + 5552\vo|21}0,
with
UO(Sv x) =
By the definition of @, (see (24))),
1
Q1(s,2) = Rs(s)x>vo(s, x) + 265 lvg|2vo (s, ),
and by 7 @1 can be written
Qi(s,2) =Y hj(s)w;(s,x)

j>0

efisEo(ko)eid(s)m2/2efi(%+kg)5(s)ef%a(s)wko (xefoz(s)) )

According to formula , we only have to compute the term h,lCO in the pre-
vious expansion.
Write the expansion of |¢k, |2k, on the basis (¢;) >0

(54) ol 0re = D Pies)

>0
with p; € R and p; = 0 for j — ko = 1 mod 2 as ¢y(—z) = (—1)kpi(x).
Then by and the expression of w;

3 L0 2 (5 s) —5a(s —as
|vo|2v0(s,x) — o isBo(ko) gic(s)x? /2 —i(5+k0)B(s) o= Fox( )|<,0k0|2<,0k0 (xe ( ))

_ Zp e*’LSEo(ko)ela(S)lL’ /2 —i(3 +k0)ﬁ(s)e 2ac(s) (:z:e a(s))
7>0

_Zfﬂ s)w;(s,x)

7>0
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where
—is(Eo(ko)=Eo(4)) g—i(ko—7)B(s) g—a(s)

i(ko—)(8(s)+ 3w1) g—a(s)

fi(s) = pje
= pje7

Therefore fi,(s) = pkoe_a(s) with, using 7 Pko = fR |¢k0\4 > 0.
In the same manner we write

(55) 2on, (x) =Y qj0(x),

Jj=>0
with ¢; = 0 when j — ko = 0 mod 2 and by we have
Rs(s)z3vy(s, x)
_ R3(S)e—isEo(ko)eid(s)zZ/Qe—i(%—&-kg)ﬁ(s)e%a(s)(we—a(s))?,(pko (xe_a(s))

- ZQjRS(S)e_iSEo(ko)e—i(%+ko)ﬂ(8)e%a(s)eid(s)fﬂz/Q(pj (ze=®)).

Jj=0
By we have
em(s)z?/z% (me_o‘(s)) — i8B0(1) gi(5+0)B(s) gz 0(s)
Then
Ry(s)z’vo(s,x) = D fi(s)uwj(s, @),
Jj=0
where

fj(s) = qus(S)e—is(Eo(ko)—Eo(j))e—i(ko—j)ﬂ(s)e3a(s)
= quS(S)efi(k()*j)(e(s)“r%wl)6304(5)'
Then fy, =0 as ¢; = 0 when j — ko = 0 mod 2. Thus

1 1 —afs
hllco (s) = 5552]”1@0 (s) = 55522%0@ ),

Finally, from we deduce

1 27
E, = ——5(52pk0/ e *Mdr = —£6%Cy,
47T 0

where Cy > 0 as pg, > 0. O

LEMMA 2.16. — Let ¢ € C§°(R) such that p = 0 near 0, and let f € S(R).
Then for all n, N € N, there exists C = C(n, N) so that

(56) [4(h2 )l mmy < CRY.



20 LAURENT THOMANN

Proof. — We only show for n = 0, the general case follows from the
Leibniz rule. We can assume that supp ¢ C [a, b] with @ > 0. Then as f € S(R),
for all N € N, there exists Cy > 0 so that

1
<Oy—.
0] < Cvpr s
Thus
[ petorisra =1t [ @ et Pa
< CyhN—2 2__1
<Cn ) |¢($)| N LN e
SCNhN_%a
hence the result. O

Proof of Proposition — Let p > 1, and consider
Vp(s,z) = (vo + h3vy 4 -+ hiu,) (s, ),
and
E,=Ey+hE +---+h%E,

where the v;’s and the E;’s are given by Proposition
Let x € C5°(] — 70, 70[) be an even function such that 0 < x <1 and xy =1 on

[—T0/2,7’0/2].
We claim that there exists Gp,(h) € C*([0,27], S(R)), so that

(57) Vn €N, [|Gp(h) |z (0,20 xR) < Crps
where C,, ,, is independent of h €]0, 1], and such that G,(h) satisfies

1 1 ~
x(h*z) ((i@s + 502 = 3R — BV,
+1

1 1 P
(58) —h% RaxV, — Se0*h3 |V, 12V, - th;)) = h"F Gy (h).

By construction of the v;’s and the E;’s, in the Lh.s. of , the coefficient of
h7 cancels for 0 < j < p.
Then write the expansion in powers of h

3p+1

552|V| V,= > hEVE,
k=0

and use (28]) to obtain

p—1

p
hPVy=h(> hEP +hEP,) (> hiu) = > niwk
k=0 k=0
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We therefore obtain the explicit formula of G),(h)

2p+2 3p+1
W5 Gy(h) = —x(hiz) Y hEW)E —x(hiz) Y h3VE - x(hiz)h" Ryaty,
k=p+1 k=p+1
p+1 2p
= =R x(rha) (Yo RAWE ST I 4 Ryat ).
=0 =0

The bound then follows from an application of Lemma
Denote by V,, = x(h2x)V,, and write
PV, = (418% + A28, + A30, + A (x(hF2)V,)
— x(h2z)PV, + h2 Y (h?z)AsV,.
By we deduce that
1 1 - _1 S .
(i0s + 507 — G Ra® = E,)V, — h? Ryz®V, — 5652h% V|2V, — hPV,,
P 1 1 ]_ 1
= W' G R (W 2)0,V, + Shy (),

1 1 & 1
+ 50 hax (1= ) (W2 |V, PV, — 2y (h2 ) AsV,,

= b Gy (h).
Each of the functions y/, X" and x(1 — x?) vanishes near 0, hence by Lemma
and
(59) vneN, [|Gp(h)]lan(0,20)xR) < Crp-
Finally, set
up = 5h*%e’%Vp(s, ﬁ),

then
pt1 =~

2 .
—Auy, — Apuyp + £luyPu, = Ee“’hh = Gp(h),
and g,(h) = 2¢'% G, (h) satisfies the conclusion of Proposition by (59).

LEMMA 2.17. — Letp > 1 and E, given by Proposition (2.12)). Then E, € R.

Proof. — We already know that Ey, By € R. Let p > 3. Multiply by 1,
integrate on M and take the imaginary part

0= lpl et A, + 77 1 [ g,
As JJupllz2 ~ 1 and ||gp|lz2 S 1, we obtain the estimate

1 -1
|Im)‘p| S hpTngHL?”up”L? S h'T
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and as B
Im\, = —2(Im By + h?Im Es + - -- + "7 Im E,)
it follows that forall 0 < j <p—1,ImE; =0, ie. E; €R.

3. The instability for the nonlinear Schrédinger equation

3.1. The error estimate. —
PROPOSITION 3.1. — Let > 0, 0 €]0, 1] and let v € H*(M) be such that

lollze S 1, oloe ShT3H7, [[Avfpe S h7EH,
and suppose that v satisfies

100 + Av = e|v]*v + h*R(h),
with for all B € [0,2], |R(R)||gs S h™P. Let u be solution of
i0u + Au = elul?u,
{u(Ow) =v(0,z).
Then, if a > i + 30 we have
|(w—v)(tn)||ge —> 0 when h — 0,
where t, ~ h2 =20 log(%).
Proof. — Define w = v — v and
E(t) = |[wli2 + | h* Awl[7.

We have E(0) = 0 and the following estimates:
(60)  fwlze < EB%, (JAw]pe <hTEE, [Vl < hTUER.
The function w satisfies the equation
(61) i0yw + Aw = e(Jw + v]*(w 4+ v) — |[v[*v) — h*R(h).
The energy method gives

2 _ pa
ol =1 [ (e + 0w+ o) = o) ~ b))

< h¥flwllzz + [lwll 7 + [lwll72 vl 2~
The Gagliardo-Nirenberg inequality gives
lwlza S lwlZ:VwlZ. S 2E?,

~

and as ||v]|L~ < h™1T7, we obtain

<h*E? + h 2t F 4+ B 2E2,

d
(62 Sl
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Now, apply A to
(63) i0:Aw + A?w = eAA — h“AR(h),
with
A=|w+vf*(w+v) - |v]*v

= 2wlv|? + wv? + w4 2|w|*v + |w|*w,

then
[AA] S [vl?|Aw| + o]Vl Vew] + Vol w] + [v]| Av]|w]

HAv[[w]? + |[w]*|Aw| + [w||Vw]?,

hence
IAA] Lz S [lllZellAw]rz + o]z [VO]| oo V]l 2 + VO] F s 0] 22
(64) Hvll e [|Av]| oo [[wll L2 + [|Av]| oo [Jw] s
HwlF | Awl g2 + |w]| g2 [ Vewl[74.

The following inequality holds in dimension 2

ShER,

eollze < oll 221 A 3.
and with and we deduce
|AA|2 Sh 3t2E2 4 B~ ¥ E 4 h1E?.
But
hmETOE = pm i gt T2EY S hTETET 4 pTiEE,
and we obtain
(65) |A(A) 2 S h™EF7ES - h B,

23

Now, using and ||A(R(h))||z2 < h~2, the energy method and the Cauchy-

Schwarz inequality gives
1d
2dt

(66) Sh2BE(hO2 4 h T2 BT 4 hUEY),

therefore from and we have

%E <hOE? + h 2127 p 4 p2E2

| Aw|2s = Im/AE(AA _hCAR(R)

Interpolation gives
1-2 < ol
lwllze S wllez + [wll o S lwlize + wlp: * |Awl| L S A77EZ = F.
The function F satisfies F'(0) = 0 and
d

67 —F < hote y pat20p g 220 g3
dt



24 LAURENT THOMANN

As long as h™2120F3 < p=3+20F je. F < hi, we can write
d

< h—a+a h—%+20F
dt ~J + b

and the Gronwall inequality yields
+20 t

F S hoc+%73aeCh7

The non linear term in can be removed with the continuity argument for
times such that
ha+%—3060h*%+2”t < pi+n

with n > 0 ie. fort S (a— 4% —30— n)h%_z" log +, which is possible with 7
small enough as we assume o > i + 3o. O

COROLLARY 3.2. — Let k > 0, 0 < 0 < 3 and set 6 = kh?. Denote by
v = e~ Mstyz where ug and A3 are defined by and respectively.

Let u be solution of

i0pu + Au = elul?u,
{u(O,x) =v(0, z).
Then ||v||ge ~ 1 and
l(w —v)(tr)|[lge — 0 when h — 0,
where tj, ~ h2 =20 log(#)-

Proof. — The result directly follows from Propositions and as for all
0<a<i,wehaveo+1>i+3o. O

3.2. The instability argument. — Let ,x;, > 0 and consider v = v!

defined in Corollary [3.2] associated with x and v? associated with . Let u be
a solution of

u!(0,2) = (0, 2),
and t), ~ h2 =20 log % Then

I(u® = uh) () e = [[(v* = o) () llre = I(w® =) (tn) |-

{i@tuj + A = e|u? P

(68) —[l(ut = o) () e
From Corollary [3.2] we deduce that for j = 1,2
(69) (W —v7)(tn)| e — 0.

Observe that

||(1]2 _ ’Ul)(th)HHa ~ ‘e*i)\?,th _ efM:lsth ei()\gf)\é)th, — 1/,
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from Lemma [2.15] we have
1
(A2 = ADtn ~ b2 Yk — kp)tp ~ (k — k1) log 7

It is possible to choose kj, such that k, — « and (k — kp,) log% — oo. Then
using and
limsup || (u? — u")(tn)||ge > limsup ||(v? — ) (th)| e > 2,
h—0 h—0

even though
I(u? = u)(O)lze = [[(v* = v")(0)l| 2o ~ |k = rinl,

which tends to 0 with h. According to Definition we have proved Proposi-
tion
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