PROBABILISTIC GLOBAL WELL-POSEDNESS FOR THE
SUPERCRITICAL NONLINEAR HARMONIC OSCILLATOR

by

Aurélien Poiret, Didier Robert & Laurent Thomann

Abstract. — Thanks to an approach inspired from Burqg-Lebeau [6], we prove stochastic versions of
Strichartz estimates for Schrédinger with harmonic potential. As a consequence, we show that the nonlinear
Schrodinger equation with quadratic potential and any polynomial non-linearity is almost surely locally
well-posed in L?*(R?) for any d > 2. Then, we show that we can combine this result with the high-low
frequency decomposition method of Bourgain to prove a.s. global well-posedness results for the cubic
equation: when d = 2, we prove global well-posedness in H°® (RQ) for any s > 0, and when d = 3 we prove
global well-posedness in H*(R?) for any s > 1/6, which is a supercritical regime.

Furthermore, we also obtain almost sure global well-posedness results with scattering for NLS on R?
without potential. We prove scattering results for L% —supercritical equations and LZ—subcritical equations
with initial conditions in L? without additional decay or regularity assumption.

1. Introduction and results

1.1. Introduction. — It is known from several works that a probabilistic approach can help to
give insight in dynamics of dispersive non linear PDEs, even for low Sobolev regularity. This point of
view was initiated by Lebowitz-Rose-Speer [22], developed by Bourgain [3), 4] and Zhidkov [40], and
enhanced by Tzvetkov [37, [36], B5], Burg-Tzvetkov [10, 11], Oh [26], 27], Colliander-Oh [17] and
others. In this paper we study the Cauchy problem for the nonlinear Schrédinger-Gross-Pitaevskii

equation

0
(1.1) iai; + Au — [xfu = £uf "y, (t,z) € R xRY,
u(0) = wo,
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with d > 2, p > 3 an odd integer and where ug is a random initial condition.

Much work has been done on dispersive PDEs with random initial conditions since the papers of
Burg-Tzvetkov [10), 11]. In these articles, the authors showed that thanks to a randomisation of the
initial condition one can prove well-posedness results even for data with supercritical Sobolev regular-
ity. We also refer to [12], Thomann [34], Burq-Thomann-Tzvetkov [7], Poiret [29}, [30], Suzzoni [32]
and Nahmod-Staffilani [24] for strong solutions in a probabilistic sense. Concerning weak solutions,
see [8), 9] as well as Nahmod-Pavlovic-Staffilani [23].

More recently, Burq-Lebeau [6] considered a different randomisation method, and thanks to fine
spectral estimates, they obtained better stochastic bounds which enabled them to improve the previous
known results for the supercritical wave equation on a compact manifold. In [31] we extended the
results of [6] to the harmonic oscillator in R?. This approach enables to prove a stochastic version
of the usual Strichartz estimates with a gain of d/2 derivatives, which we will use here to apply to
the nonlinear problem. These estimates (the result of Proposition can be seen as a consequence
of [31] Inequality (1.6)], but we give here an alternative proof suggested by Nicolas Burq.

Consider a probability space (2, F,P) and let { gy }n>0 be a sequence of real random variables, which
we will assume to be independent and identically distributed. We assume that the common law v
of g, satisfies for some ¢ > 0 the bound

+o0 5
(1.2) / e’¥dy <e, VyeR.
—0o0

This condition implies in particular that the g, are centred variables. It is easy to check that (1.2) is
satisfied for centred Gauss laws and for any centred law with bounded support. Under condition ([1.2)),
we can prove the Khinchin inequality (Lemma [2.3)) which we will use in the sequel.

Let d > 2. We denote by
H=-A + |33|2,
the harmonic oscillator and by {(;, j > 1} an orthonormal basis of L?(R?) of eigenvectors of H (the

Hermite functions). The eigenvalues of H are the {2(¢; + -+ + £4) +d, ¢ € N?}, and we can order
them in a non decreasing sequence {);, j > 1}, repeated according to their multiplicities, and so that

Hepj = Ajpj.
We define the harmonic Sobolev spaces for s > 0, p > 1 by

WoP = WP(RY) = {u € LP(RY), H*/*u € [P(R)},
=M (RT) = W2,

The natural norms are denoted by ||u||yys.» and up to equivalence of norms (see [38| Lemma 2.4)), for
1 < p < +o0, we have

lullwer = [H* 2l = (=) ull Lo + |[(2)*ul Lo
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For j > 1 denote by
={neN, 2j <\, <2(j+1)}.
Observe that for all j > d/2, I(j) # § and that #1(j) ~ cqj* " when j — 4o0.

Let s € R, then any u € H*(R%) can be written in a unique fashion

=Y e

J=1nel(j)
Following a suggestion of Nicolas Burq, we introduce the following condition
(1.3) len]? < Z lenl?, Yk e I(j), Yj=>1,
nel(j)

which means that the coefficients have almost the same size on each level of energy I(j). Observe that
this condition is always satisfied in dimension d = 1. We define the set A, C H*(R?) by

—+00
As = {u = Z Z CnPn € ’HS(Rd) s.t. condition (|1.3)) holds for some C' > 0}.
J=1nel(j)

It is easy to check the following properties

e Let u e A, then for all c € C, cu € As.

e The set A is neither closed nor open in H?*.

e The set A, is invariant under the linear Schrédinger flow e #/.

e The set A5 depends on the choice of the orthonormal basis (¢y),>1. Indeed, given u € H?, it is
easy to see that there exists a Hilbertian basis (¢y,)n>1 so that u € A, where A is the space
based on (@p,)n>1.

Let v € A;. We define the probability measure p, on H?® via the map
Q — HS(Rd)
o =YY e

J=1nel(y)

in other words, ji, is defined by: for all measurable F': H® — R

| P = [ Fo*)dee),
Hs (R4) Q

In particular, we can check that p., satisfies

o If v € H¥\H*T, then p\(H*TE) = 0.
e Assume that for all j > 1 such that I(j) # 0 we have ¢; # 0. Then for all nonempty open subset
B C H?, py(B) > 0.
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Finally, we denote by M? the set of all such measures

M = U {uq}-

'YEAS

1.2. Main results. — Before we state our results, let us recall some facts concerning the deter-
ministic study of the nonlinear Schrodinger equation . We say that is locally well-posed
in H*(RY), if for all initial condition ug € H*(R?), there exists a unique local in time solution
u € C([~T,T); H*(RY)), and if the flow-map is uniformly continuous. We denote by

d 2
Se = — —

2 p-1
the critical Sobolev index. Then one can show that NLS is well-posed in H*(R%) when s > max(s., 0),
and ill-posed when s < s.. We refer to the introduction of [34] for more details on this topic.
1.2.1. Local existence results. — We are now able to state our first result on the local well-

posedness of ([1.1)).

Theorem 1.1. — Let d > 2, p > 3 an odd integer and fix 1 = py € MO, Then there exists
¥ C L2(RY) with u(X) = 1 and so that:

(i) For all ug € ¥ there exist T > 0 and a unique local solution w to (L.1) with initial data ug
satisfying

(1.4) u(t) — e Mg € C([-T, T} H (RY)),
d 2 d
forsome§—pfl<s<§.
(ii) More precisely, for all T > 0, there exists Yp C X with
/’L(ET) >1- C’exp ( - CT_5||’7HZ22(R2))7 Ca ¢, 6> Oa

and such that for all ug € X the lifespan of u is larger than T'.

+o00o +o0
Denote by v = Z Cnpn(x), then ugf = Zgn(w)cngon(:):) is a typical element in the support of j..
n=0 n=0
Another way to state Theorem [1.1]is : for any 7' > 0, there exists an event Q7 C € so that
—0 -2
P(QT) Z 1 —Cexp(—cT ||7”L2(Rd))’ 07076 > 07
and so that for all w € Qg, there exists a unique solution of the form (1.4 to (1.1]) with initial data w.
We will see in Proposition that the stochastic approach yields a gain of d/2 derivatives compared
to the deterministic theory. To prove Theorem [1.1]we only have to gain s, = d/2—2/(p—1) derivatives.

The solution is constructed by a fixed point argument in a Strichartz space X5 C C([-T,T]; H*(R?))
with continuous embedding, and uniqueness holds in the class X7.
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The deterministic Cauchy problem for was studied by Oh [28] (see also Cazenave [15] Chap-
ter 9] for more references). In [34], Thomann has proven an almost sure local existence result for
in the supercritical regime (with a gain of 1/4 of derivative), for any d > 1. This local existence result
was improved by Burqg-Thomann-Tzvetkov [7] when d = 1 (gain of 1/2 derivatives), by Deng [18]
when d = 2, and by Poiret [29, 30] in any dimension.

Remark 1.2. — The results of Theorem also hold true for any quadratic potential

Viz) = Z ajx?, a; >0, 1<5<d,
1<j<d

and for more general potentials such that V(z) ~ (z)2.

1.2.2. Global existence and scattering results for NLS. — As an application of the results of
the previous part, we are able to construct global solutions to the non-linear Schrédinger equation
without potential, which scatter when t — +00. Consider the following equation

(15) Z(';z; + Au = tuP"tu, (t,z) € R x RL
u(0) = uo.

The well-posedness indexes for this equation are the same as for equation (1.1). Namely, (L.5)) is
well-posed in H*(R?) when s > max(s,,0), and ill-posed when s < s..
For the next result, we will need an additional condition on the law v. We assume that

(1.6) P(\gn\ < p) >0, Vp>0,

which ensure that the r.v. can take arbitrarily small values. Then we can prove

Theorem 1.3. — Letd > 2, p > 3 an odd integer and fix j1 = p, € MO, Assume that (1.6)) holds.
Then there exists ¥ C L*(R?) with u(X) > 0 and so that:

(i) For all ug € X there exists a unique global solution u to (1.5|) with initial data uo satisfying
u(t) — etPug € C(R; Hs(Rd)),
d_ 2

d
Q—Zﬁ<3<§

for some
(ii) For all ug € % there exist states f+, f— € H*(R?) so that when t — +oo
[ut) = € (uo + f2)|| oy — 0.
(iii) If we assume that the distribution of v is symmetric, then

u(uo e L*(RY) : the assertion (ii) holds true ‘ ol p2(ray < ?7) — 1,

when n — 0.
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We can show [29, Théoreme 20], that for all s > 0, if ug ¢ H’(RY) then u(H°(R?)) = 0. This shows
that the randomisation does not yield a gain of derivative in the Sobolev scale; thus Theorem [I.3| gives
results for initial conditions which are not covered by the deterministic theory.

There is a large litterature for the deterministic local and global theory with scattering for (|1.5)).
We refer to [1l, 25), 13] for such results and more references.

We do not give here the details of the proof of Theorem since one can follow the main lines
of the argument of Poiret [29], [30] but with a different numerology (see e.g. [30, Théoreme 4]). The
proof of (i) and (é¢) is based on the use of an explicit transform, called the lens transform .#, which
links the solutions to (1.5)) to solutions of NLS with harmonic potential. The transform .Z has been
used in different contexts: see Carles [13] for scattering results and more references. More precisely,

™ T d
for u(t,x) :] — e Z[XR — C we define

1 42 arctan(2t) x it
v(t,r) = Lul(t,z) = | —— u( , )e1+4t2
(t,2) (t,2) <\/1+4t2> 2 V14412

0 0
then u is solution to i = — Hu = A cos(2t)g(p*1)*2]u\p*1u if and only if v satisfies i+ Av = AolP~to.

Y

Theorem provides solutions with lifespan larger than 7/4 for large probabilities, provided that the
initial conditions are small enough.
The point (i7i) is stated in [29, Théoréme 9], and can be understood as a small data result.

In Theorem we assumed that d > 2 and p > 3 was an odd integer, so we had p > 1+ 4/d, or
in other words we were in a L?-supercritical setting. Our approach also allows to get results in an
L?-subcritical context, i.e. when 1+2/d <p < 1+4/d.

Theorem 1.4. — Let d =2 and 2 < p < 3. Assume that (1.6 holds and fix u = p, € M°. Then
there exists ¥ C L*(R?) with u(X) > 0 and so that for all 0 < e < 1

(i) For all ug € ¥ there exists a unique global solution u to with initial data ug satisfying
u(t) — ePug € C(R; H'5(R?)).
(ii) For all ug € ¥ there exist states fi, f— € H!7°(R?) so that when t — Fo0
[u(t) = € (uo + f2)|| e g2y — O-
(i5i) If we assume that the distribution of v is symmetric, then
u(uo € L*(R?) : the assertion (ii) holds true ‘ uoll 22y < 7]) — 1,
when n — 0.

In the case p < 1+ 2/d, Barab [2] showed that a non trivial solution to (1.5) never scatters,
therefore even with a stochastic approach one can not have scattering in this case. When d = 2,
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the condition p > 2 in Theorem is therefore optimal. Usually, deterministic scattering results in
L2-subcritical contexts are obtained in the space H! N F(H'). Here we assume ug € L?, and thus
we relax both the regularity and the decay assumptions (this latter point is the most striking in this
context). Again we refer to [1] for an overview of scattering theory for NLS.

When p € M? for some 0 < o < 1 we are able to prove the same result with e = 0. Since the proof
is much easier, we give it before the case o = 0 (see Section [3.2)).

Finally, we point out that in Theorem we are only able to consider the case d = 2 because of
the lack of regularity of the nonlinear term |ulP~lu.

1.2.3. Global existence results for NLS with quadratic potential. — We also get global
existence results for defocusing Schrédinger equation with harmonic potential. For d = 2 or d = 3,
consider the equation

(17) z?ﬁ — Hu = |u*u, (t,z) € R x RY,
u(0) = uyp,

and denote by E the energy of (|1.7)), namely

1
E(u) = [[ull3p gy + Gl 7o ga)-

Deterministic global existence for ([1.7) has been studied by Zhang [39] and by Carles [14] in the case
of time-dependent potentials.

When d = 3, our global existence result for (1.7)) is the following

Theorem 1.5. — Let d=3,1/6 < s <1 and fix p = p, € M*. Then there exists a set ¥ C H*(R?)
so that u(X) =1 and so that the following holds true

(i) For all ug € X, there exists a unique global solution to (1.7) which reads
u(t) = e My +w(t), wel(R,H(RY)).
(i) The previous line defines a global flow ®, which leaves the set ¥ invariant
O(t)(X) =%, forall teR.
(11i) There exist C,cs > 0 so that for all t € R,
E(w(t)) < C(M + [t)*,

where M is a positive random vartable so that

cKS

__exd
120 g3y

p(ug € HE(R?) : M > K) < Ce



8 AURELIEN POIRET, DIDIER ROBERT & LAURENT THOMANN

Here the critical Sobolev space is H!/2(R?), thus the local deterministic theory combined with
the conservation of the energy, immediately gives global well-posedness in H!(R?). Using a kind of
interpolation method due to Bourgain, one may obtain deterministic global well-posedness in H*(R?)
for some 1/2 < s < 1. Instead, for the proof of Theorem [L.5, we will rely on the almost well-posedness
result of Theorem [I.1], and this gives global well-posedness in a supercritical context.

The constant ¢; > 0 can be computed explicitly (see (4.16))), and we do not think that we have
obtained the optimal rate. By reversibility of the equation, it is enough to consider only positive
times.

With a similar approach, in dimension d = 2, we can prove the following result

Theorem 1.6. — Letd =2, 0 < s <1 and fix 1 = py € M. Then there exists a set ¥ C H*(R?)
so that u(X) =1 and so that for all ug € X, there exists a unique global solution to (1.7)) which reads

u(t) = e Mug+w(t), weC(RH (R?)).
In addition, statements (ii) and (iii) of Theorem are also satisfied with ¢, = 1=5.

S

Here the critical Sobolev space is L?(R?), thus Theorem shows global well-posedness for any
subcritical cubic non linear Schrodinger equations in dimension two.

Using the smoothing effect which yields a gain of 1/2 derivative, a global well-posedness result
for , in the defocusing case, was given in [7] in the case d = 1, for any p > 3. The global existence
is proved for a typical initial condition on the support of a Gibbs measure, which is NgsoH 7 (R). This
result was extended by Deng [18] in dimension d = 2 for radial functions. However, this approach
has the drawback that it relies on the invariance of a Gibbs measure, which is a rigid object, and
is supported in rough Sobolev spaces. Therefore it seems difficult to adapt this strategy in higher
dimensions.

Here instead we obtain the results of Theorems [[.5 and [L.6] as a combination of Theorem [L.1] with
the high-low frequency decomposition method of Bourgain [5, page 84]. This approach has been
successful in different contexts, and has been first used together with probabilistic arguments by
Colliander-Oh [17] for the cubic Schrédinger below L?(S') and later on by Burg-Tzvetkov [12] for the
wave equation.

1.3. Notations and plan of the paper. —

Notations. — In this paper c,C > 0 denote constants the value of which may change from line to line.
These constants will always be universal, or uniformly bounded with respect to the other parameters.

J[D_T’T] = LP(=T,T) for T > 0 and we write L5 = LP(RY).
We denote by H = —A + |z|? = Z;l:l(—(‘)]z + CC?) the harmonic oscillator on R, and for s > 0 we
define the Sobolev space H® by the norm ||u||ys = ||Hs/2U”L2(Rd). More generally, we define the spaces

We will sometimes use the notations LY, = L
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WHP by the norm ||ullys» = HHS/2UHLp(Rd). If E is a Banach space and p is a measure on E, we
write L, = LP(dp) and ”UHLﬁE = HHUHEHLg

The rest of the paper is organised as follows. In Section [2] we recall some deterministic results on
the spectral function, and prove stochastic Strichartz estimates. Section |3|is devoted to the proof of
Theorem and of the scattering results for NLS without potential. Finally, in Section [4] we study
the global existence for the Schrodinger-Gross-Pitaevskii equation .

Acknowledgements. — We are grateful to Nicolas Burq for discussions on this subject. We thank
Rémi Carles for discussions on scattering theory which led us toward Theorem [1.).

2. Stochastic Strichartz estimates

The main result of this section is the following probabilistic improvement of the Strichartz estimates.

Proposition 2.1. — Let s € R and p = py € M®. Let 1 < g < +o0, 2 < r < 400, and set
a=d(1/2—-1/r) ifr < 400 and o < d/2 if r = +00. Then there exist ¢,C > 0 so that for all T € R

cK?

T2/q 2
s gy

p(u € HE(RY) - He_i(t"'T)HuHLq > K) < Ce_

[O,T]Ws-ka,r(Rd)

When r = 400, this result expresses a gain p—a.s. of d/2 derivatives in space compared to the
deterministic Strichartz estimates (see the bound ([3.2])).

Proposition is a consequence of [31], Inequality (1.6)], but we give here a self contained proof
suggested by Nicolas Burq.

There are two key ingredients in the proof of Proposition [2.1} The first one is a deterministic
estimate on the spectral function given in Lemma and the second is the Khinchin inequality
stated in Lemma,

2.1. Deterministic estimates of the spectral function. — We define the spectral function mg
for the harmonic oscillator by

ta(Nz,y) = > pi(@)e;y),

<A
and this definition does not depend on the choice of {¢;,j € N}.
Let us recall some results of 7z, which were essentially obtained by Thangavelu [33] Lemma 3.2.2,
p. 70] (see also Karadzhov [20] and [31], Section 3] for more details).

Thanks to the Mehler formula, we can prove

(2.1) T\, z) < CA2 exp ( - c%), Vo e R4 A > 1.
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One also have the following more subtle bound, which is the heart of the work [20]
(2.2) ma (A + i@ 2) = mg (N e,0)] < O(L+ A7 A > 1, [l < oA
This inequality gives of bound on 7y in energy interval of size ~1, which is the finest one can obtain.

Then we can prove (see [31), Lemma 3.5])

Lemma 2.2. — Let d > 2 and assume that |u| < co, 7 > 1 and 0 > 0. Then there exists C > 0 so
that for all A > 1

d
Imi O+ 3.2, 2) = T (X 2, 3) || (rey < CAEOFD

2.2. Proof of Proposition — To begin with, recall the Khinchin inequality which shows a
smoothing property of the random series in the L* spaces for k > 2. See e.g. [10] Lemma 4.2] for the
proof.

Lemma 2.3. — There exists C > 0 such that for all real k > 2 and (c,) € ¢*(N)

1> gn(w) eallzs < CWE(Z ,cnz)é

n>1 n>1
+00
Now we fix v = Z cnpn € As and denote by v Zgn W)enn.-
n=0

e Firstly, we treat the case r < +o00. Set a = d(1/2 —1/r) and set 0 = s + a. Observe that it
suffices to prove the estimation for K > [|7([3s(ga)-
Let k > 1, then by definition

7) —i(t+T1 wllk
/HS(Rd)He “ HL?OT]W“T(Rd)dM(u) B /He ity HLfo,T]W”(Rd)dP(W)
> = [T )

Since e [o/2,w () = S +20 gn(w)en\S/ 2e=it+H A0, (7). by Lemma [2.3) we get

“+o0o
—1 T o w —1 T o w o 1/2
le= D 72 (@) | e < CVE[e™ EDH H 2 (@) 2 = CVR( Y Aglenlion(@)[2) 2.
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Assume that £ > 7, then by the integral Minkowski inequality, the previous line and the triangle
inequality, we get

He—z t+T)HHU/2 HL{P?LQ < He—i(t—i-T)HHo/Q,ywHLgLﬁg
+o00
scwaywwmm%m@
1/2
(2.4) SOJXZm§jAMH%HWWQ .

Jj=1 keI(j)

Condition (T.3) implies that for all 2 € R? and k € I(j {n eN, 25 <\, <2(5+ 1)}

Pk
XlenPlen(@)]? < Cj7 }Mﬂz'(ﬂ,
ne]

and thus, by Lemma and the fact that #1(j) ~ cj¢!
H Eke](j) |<Pk(37)|2|

LT/Q(Rd)
H Z AR |Cl€| |Q0k’ | ‘L/Q R4 < Z |cn|2 .
" )

kel(j nel(j) #1(j)

< Cja+d1/r—1/2 Z |Cn’2

nel(jf)
= Cy° Z ‘cn|2
nel(j

The latter inequality together with (2.4)) gives
le™ HDHET 2y i < OV s

and for k > r, by Minkowski,
He—i(t-ﬁ-'r)HHJ/Z

8

HLWO T]L

Then, using (2.3)and the Bienaymé-Tchebichev inequality, we obtain

M(U cHS He—i(t-i-T)HuHLq WUT(Rd) > K) < ( 1||e t+T)HHU/2 HLﬁgL’["’OT]L’“)k

< (CKWVERTY |y llggeey)* -

< CVETY s oy

K2
20723
e Assume now that r = +o00. We use the Sobolev inequality to get |uljyys.c < C|lullyyss with
§ = s+ 2d/r for ¥ > 1 large enough; hence we can apply the previous result for r < +oc.

Finally, if K > 7]l (ra), we can choose k = > r, which yields the result.

Remark 2.4. — A similar result to Proposition 2.1 holds, with the same gain of derivatives, When
I()) is replaced with the dyadic interval J(j) = {n € N ,2/ <\, < 27"} Then the condition
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becomes

(2.5) lex|? < C, S enl?, VEeJ(), Vi=1,
#J(4) e

which seems more restrictive. Indeed none of the conditions imply the other.
Observe that if we want to prove the result under condition ({2.5)), the subtle estimate (2.2)) is not

needed, (2.1)) is enough.

Remark 2.5. — For d = 1 condition (1.3)) is always satisfied but condition (2.2 is not. Instead we
can use that [[¢gll, < C)\I;Q(p) with 6(p) > 0 for p > 2 (see [21]). For example if p > 4 we have
O(p) =1 — %. So we get the Proposition [2.1| with s = pf(p)/4 (see [34}, [7] where this is used).

Remark 2.6. — Another approach could have been to exploit the particular basis (¢ )n>1 which
satisfy the good L*° estimates given in [31, Theorem 1.3], and to construct the measures p as the
image measures of random series of the form

7 (z) = chgn(w)@n($)>
n>1

with ¢, € £2(N) which does not necessarily satisfy . A direct application of the Khinchin inequality
(as e.g. in [34, Proposition 2.3]) then gives the same bounds as in Proposition Observe that the
condition is also needed in this approach, but it directly intervenes in the construction of the .

We believe that the strategy we adopted here is slightly more general, since it seems to work
even in cases where we do not have a basis of eigenfunctions which satisfy analogous bounds to [31],
Theorem 1.3], as for example in the case of the operator —A + |z|*.

3. Application to the local theory of the super-critical Schrédinger equation

3.1. Almost sure local well-posedness. — This subsection, devoted to the proof of Theorem|l.1
follows the argument of [30].

Let ug € L?(R%). We look for a solution to (I.1)) of the form u = e~y + v, where v is some
—itH

fluctuation term which is more regular than the linear profile e ug. By the Duhamel formula, the

unknown v has to be a fixed point of the operator
t
(3.1) L(v) == :Fi/ e~ =) H |g=isH 0 1 ()P e ™ ug + v(s)) ds,
0

in some adequate functional space, which is a Strichartz space.

To begin with, we recall the Strichartz estimates for the harmonic oscillator. A couple (¢,7) €
2, +00]? is called admissible if
2 d

d
S -== 2,2
q+,,, 5 and (d,q,7) # (2,2, +00),
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and if one defines
X5 = N LU([=T,T); W™ (R%)),

(q,r) admissible
then for all T > 0 there exists C > 0 so that for all ug € H*(R?) we have
(3.2) lle™ " || xs < Crlluollzs ray.

We will also need the inhomogeneous version of Strichartz: For all T' > 0, there exists Cr > 0 so that
for all admissible couple (g,r) and function F € LY ([T, T]; W*"' (R%)),

t .
(3.3) H/ e_z(t_S)HF(S)dSHXs < Crll Pl o (e ws” Ry
0 T

where ¢ and 7" are the Holder conjugate of ¢ and r. We refer to [30] for a proof.

The next result is a direct application of the Sobolev embeddings and Holder.

Lemma 3.1. — Let (q,1) € [2,00[X[2, 0], and let s,s0 > 0 be so that s —sg > %— % - g. Then there
exist k,C > 0 such that for any T'> 0 and u € X7,

[ull o=, W50 (Ray) < CT"||ul| xs..

We now introduce the appropriate sets in which we can take profit of the stochastic estimates of
the previous section. Fix pu = p, € M? and for K > 0 and & > 0, define the set G4(K) as

Gd(K) = {w € L2(Rd) : ”wHLz(Rd) < K and ||e_itHw‘|L[11; ) ]Wd/275,oo(Rd) < K }

Then by Proposition

cK?

> K) < Cei 175

(34)  p((Gu(K))®) < p(llwll2may > K) + p( He_itHwHL[l[; Wa/2—2 00 (Ra)

7,27
We want to perform a fixed point argument on L with initial condition ug € G4(K) for some K > 0
and € > 0 small enough. We begin by establishing some estimates.

Lemma 3.2. — Let s € ]% — pil; %[ then for € > 0 small enough there exist C' > 0 and k > 0 such

that for any 0 < T <1, ug € Gg(K), v € X3 and fi = v or f; = e Hyy,

p
(3.5) H*2@) TTAill oy oy ey < CTE? + ol
=2
and
] p
(3.6) FE2 (e o) T Al o oy < CTEP + loll).

1=2
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Proof. — e First we prove (3.5). Thanks to the Holder inequality,

p p
| 1V]*(v) HfiHLI([_TyTLLZ(Rd)) < IV @)oo oray,z2ay) ] IFill zo-1 (777,00 ()
=2 =2
and
p

p
H ()*v H fiHLl([_T,T]’L2(Rd)) < H<$>SUHL<>O([—T,T},L2(Rd)) H HfiHLP*l([—T,T],LOO(]Rd))
=2 1=2
P

< Nl poo (o, 2oy LTI Fill o1 (o, o ) -
=2

If f; = v, then as s > % — p%l, we can use Lemma to obtain

[Vl o1 (=717, o0 (RaYy < CT" || x5.-
If f;i = e "*Hyg, then by definition of G4(K) we have for ¢ > 0 small enough
—itH

e UOHLP—l([fT,T},L“’(Rd)) < Tﬂ”efﬁHUO||Ll/s([-2n,27r],wd/2ff»°°(Rd)) <T"K.

e We now turn to (3.6)). Thanks to the Holder inequality, we have

p
H ‘V|s(eithu0) H fiHLl([_TjLLQ(Rd)) <

=2
P
< S —itH . B
<[V (e UO)HLP([—T,TLdeP(Rd))};[2’szLp([_Tj]’L?ng(;pll)(Rd))
p
< Jlo—itH . i B .
< Nl ullororm e g I HLP([—T,T],LM%’J” (R))

If f; = ey, by interpolation, we obtain for some 0 < 6 < 1

0
le Uollz/e (7,77, ()

—itH K 1-0 —itH

- <1

Uo HLP([—T,T],L ngl(;lill) (R)) HUOHL2(Rd) ||e
< CT"K.

;fjcfli:v, ass>g—}%>%—%—%(becausepZ?)anddZQ) thenthankstoLemma we
n

o] 21 < CT"|v] x5
LT (RY)

We are now able to establish the estimates which will be useful to apply a fixed point theorem.
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t
/ e = H emisH o P (em B Hyg 4 0) ds < CT™(KP + |lv||& :SF),
0

|

X7
and
t
’ / e (M | emisty g [P (e Hug 4 01) ds
0
t 4 ;
B / e—z(tfs)H|677{SHu0 + ,U2|p71(eilSHuO + 'UQ) ds S
0 Xz
< CT|or — vallx; (K7 + [fon |55 + leal5).
Proof. — We only prove the first claim, since the proof of the second is similar. Using the Strichartz

inequalities (3.3)), we obtain

|

<
X7

< CH ]e*iSHuo + v|p*1(e’“Hu0 + U)HL1
[-T

t
/ e’l(t’s)H|e*”Huo + olP e " Hyy 4+ v) ds
0

e (RY)”

Then, using Lemma, we obtain the existence of £ > 0 such that for any ug € G4(K), 0 < T <1
and v € X7,

I /2 (le™*Hug + v~ e " uy +v)) < CT™(KP + |l ,})

HLl([—T,T],L2(R4))

O

Proof of Theorem — We now complete the contraction argument on L defined in (3.1]) with some
up € G4(K). According to the Proposition there exist C' > 0 and « > 0 such that

IL(0)llx5 < CT™(K? + |lv]l%,)
K — —1 _
IL(v1) = L(v2) || x5 < CT"[vr — wallxz (KPH + [Jur |l + vaufi@l).

Hence, if we choose T > 0 such that K = (80%)@%1 then L is a contraction in the space Bx; (0, K)
(the ball of radius K in X7). Thus if we set Y7 = G4(K'), with the previous choice of K, the result

follows from (3.4)). O]
Proof of Theorem — We introduce
(37) z%tl) — Hw = icos(2t)%(p_l)_2\w]p_1w, (t,z) € R x RY,

v(0) = uo,
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and let s € ]‘i 2. %[, T = 7 and 1> € > 0. Thanks to Proposition there exist C' > 0 and
x > 0 such that if ug € G4(K) for one K > 0 then for all v,

(3.8) H / e it [cos(25)g<p*1)72\e’i3Huo +vP e B Hyy + v) } ds
0

< CTH(KP + ||[v]|%s ).
N T
X;

As in Theorem we can choose K = (801T,€)ﬁ to obtain, for ug € G4(K), a unique local solution
w = e " yy 4 v in time interval | -7, 7 to with v € X4

We set u = Zv, then u is a global solution to . Thanks to [30, Propositions 20 and 22], we obtain
that u = e*®ugy + v’ with v' € X1

Moreover, thanks to , we have that

/ e it=s)H [cos(Qs)g(p_l)_2|e_“Huo +vP e Hyg + v) } ds € C°([-T, T, HS(Rd)).
0

Then, there exist L € H* such that

t
limHe_”H/ e isH [005(25)%(7’ D=2)emisHyy 4 pP~L (e Hyg + v)}ds - LH =0
t—T 0 HS Rd)
Using [30, Lemma 70], we obtain that
hm H —eitA (—ie_iTHL) H =
Hs(RY)

Finally to establish Theoremu, 1.3} it suffices to set = = G4(K) and to prove that pu(ug € G4(K)) > 0.
We can write

up = X<%)Uo + (1 - X)(%)Uo = [ug]n + [uo)”,

with x is a truncation function. Using the triangular inequality and the independence, we obtain that

(o € GalK)) 2 (ol € Gal3) (o) € Gu( ).

For all N, pu ([uo]N € Gd(g)) > 0 because the hypothesis 1} is satisfied and thanks to Proposi-
tion we have

cK?

n(luol¥ € Ga(5)) 21— Ce M2 1
—00

and there exists N such that pu([uo]Y € G4(%)) > 0. O

3.2. Almost sure local well-posedness of the time dependent equation and scattering for
NLS. — This section is devoted to the proof of Theorem [1 The strategy is similar to the proof
of Theorem [1.3] . we solve the equation which is mapped by .,2” to up to time 7' = 7/4 and we
conclude as previouly. The difference here, is that the nonlinear term of the equation we have to solve
is singular a time T' = 7 /4. More precisely, we consider the equation

(3.9) zgt: — Hu = £ cos(2t)P3|ulP~lu, (t,z) € R x R?,

u(0) = uo,
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when 2 < p < 3.

Let us first consider the easier case o > 0.

3.2.1. Proof of Theorem in the case o > 0:— Let 0 > 0 and pp = p, € M7 and for K >0
and € > 0, define the set F,(K) as

FG(K) = {’LU € HJ(RQ) : HwHH"(R2) < K and He_itHwHLl/E ]W1+U—5,00(R2) <K }

The parameter € > 0 will be chosen small enough so that we can apply Proposition [2.1] and get

cK?

u((F () < e > ) 4 (e Sl o > K) < Ce Tl
The next proposition is the key in the proof of Theorem [1.4] - when o > 0.

Proposition 3.4. — Let o > 0. There exist C > 0 and k > 0 such that if ug € Fy(K) for one K >0
then for any v,vi,v9 € X% and 0 < T <1,

t .
(3.10) ‘ / et H |:COS(2T)p_3’6_”HU() + P (e Huyg + U)} dr
0

< CTH(KP + |Joll%.),
X1 T
T

and

¢
(3.11) ‘ / e~ i(t-mH [008(27)”_3|6_”Hu0 + v [P e gy + vl)} dr
0

t
- / e it {008(27)”_3|6_”Hu0 + o [P (e T g + Ug)} dr <
0 X
< OT"Jor — vl 3 (KP ™! + [Jur |5, + lo2[% )-
Proof. — We first prove . Using the Strichartz inequalities (3 , we obtain
t
' / e Ht—T)H [cos(QT)p_3\e_’THu0 + v\p_l(e_”Huo + U)} dr <
0 Xt
p—3|,—iTH p—1/ . —iTH
< C|| cos(2r)P e up + v’ (e up + v HL1 oy HI(R2)”

We use the formula
(3.12) Y (JuP~ ) _p2 P~V T ; ‘u’p 32V
We denote by f = e Hy,
90+ ) e <
< O|[1f + 0PV +0) | sy + Cl S + 0P 400V (S +0) [| 2z

< O|If + ol ) [V2l auey + CUF + 0200 gy 1V ooy



18 AURELIEN POIRET, DIDIER ROBERT & LAURENT THOMANN

Therefore

I1f + 0P~ F +0) [l 2y <
(
< O£ 11 z) + 1o @z loll a2y + CUS 200 @2y + 17201 @) HfHWLoo(Rz)-

Now observe that ”UHL([)o o LD < ||v||X1 as well as for all r < 400, ||v ||L’" N L Hv||X%. Then

]
for all g > 1

313) I+ 4 0o, e <
< I e+ I ey + OIS e+ I e nmgen]
< CTH (P + [olf%).

Choose ¢ > 1 so that ¢/(3 — p) < 1, then we have || cos(27-)p_3||qu < 00, thus from (3.13)) and
(=T.T]

Holder, we infer

| cos(2r)P 2 | f +u[P7H(f + ”)HLI([—T,T},Hl(RQ)) =

< Clleos(ry =y IF+ 0P 40 s
< CTH(K? + H’U”?(%)
For the proof of we can proceed similarly. Namely, we use the estimates
(3.14) [z P = [P < Ol P72 4 [22P ) 21 — 22
and
| 12177228 = [22[P225] < C(laa P2 + |22 %) |21 — 20,
which are proven in [16, Remark 2.3] together with . O

3.2.2. Proof of Theorem in the case o = 0:— The strategy of the proof in this case is similar,
at the price of some technicalities, since the Leibniz rule does not hold true for non integer
derivatives. Actually, when ¢ = 0, we will have to work in X7, for s < 1 because the probabilistic
term e~y ¢ WH(R?).

Moreover, we are not able to obtain a contraction estimate in X7. Therefore, we will do a fixed
point in the space {|v|| x5 <K } endowed with the weaker metric induced by X9. We can check that
this space is complete. Actually, by the Banach-Alaoglu theorem, the closed balls of each component
spaces of X7 is compact for the weak* topology.

For 0 < s < 1, we use the following characterization of the usual H*(R?) norm

N l9(z) — g(y)|? 1/2
(3.15) 191l 2 (m2) = </R?><]R2 T —gpere 4Ty >
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For u = p1, € M° K >0 and € > 0, define the set Fy(K) as

R(K) ={we L*(R?) : |Jw|pa &) < K, [le” “wa|| e <K

]Wl £, oo(]RZ)

and ||(e —ith )(;U) — (e Hqy) < K|z —y|'e }.

Wiz, .

The next results states that ﬁo(K ) is a set with large measure.

Lemma 3.5. — If ¢ > 0 is small enough

ck?

u((Fo(K))) < Ce "Mz

Proof. — We only have to study the contribution of the Lipschitz term in Fy (K), since the others are
controlled by Proposition
+oo

We fix v = Z cnpn € Ag and denote by ¥ Z gn(w)cnpn. Let k> 1, then by definition
n=0

G16) [ e ) e W)l dute) = [ e ) - e )| dB)
L2(R2) [0,27] Q

[0,27]

We have e 4@ () —e 7 ( Z In(W)ene™ (0, (2)—@n(y)). Then by the Khinchin Lemma

we get

+oo
le= ™92 (@) — e 2 ()] < OVE(D lealPlpn(®) — en()?)?
n=0

+oo
VEY. S JealPlen@) — en)?) 7,

J=1nel(j)

Recall that k € I(j) = {n € N, 2j < X, < 2(j + 1)} and that #I(j) ~ cj. Next, by condition (L.3)),
we deduce that

e~ () — ey ()| s < CVR (Zfl Z eol?) Z [n(z) = onv)P?)

Lel(y nel(j

1/2

Now we need the following estimate, which is proven in [19 Lemma 6.1}

Z lon(y) — )|2 <Cly— ’ J-

nel(j

Therefore, we obtain
le™" 7 (@) — ey (y)ll g < CVE[z =yl 22,
and for k > ¢, an integration in time and Minkowski yield

||e—itH'yw(CL“) - e_itH'Yw(y)HLﬁiL‘[zo 2r] < C\/E’m = ylllvllz2ge).
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However, since the case ¢ = 400 is forbidden, the previous estimate is not enough to have a control

on the L‘[)S’Q ]

(3.17) le™" 7% () — ey (y Migws <C\F||'Y||L2(R2

-norm. To tackle this issue, we claim that for k£ > ¢ we have

Then by a usual Sobolev embedding argument, we get that for all € > 0 (by taking ¢ > 1 large
enough)
le™* 7 (@) = e W) e, < OVl =yl 1l 2ze),

which in turn implies (using (3.16])) that

cK2

'u(u e L2(R2) . He_itHu(:E) _ e itH,, ( )HLODQQ7r > K|:17—y|1_5) < Ce_lh\\ig

as we did in the end of the proof of Proposition
Let us now prove (3.17): We have

B (e () — oy :—zzgn Mncne™ ™ (0n(2) — ou(y)),

and with the previous arguments get

IN

V(S (S fel) > lonle) =l wr)"”

Jj=1 «el(j) nel(j
C\/E”WHB(R%

where here we have used the Thangavelu/Karadzhov estimate (see [31, Lemma 3.5])

SUP Z lon(x ’2 <C.

nEI ()

Hat (efitH,yoJ(x) . efitH,yw(y)) HLﬁg

IN

We conclude the proof of (3.17)) by integrating in time and using Minkowski. O
We will also need the following technical result

Lemma 38.6. — Let ug € Fy(K) and denote by f(t,z) = e Hug(x). Let 2 < q¢ < +00 and g €
Li([-T,T); L*(R?))). Then if e > 0 is small enough in the definition of Fy(K)

[f(t,2) = ft,y)Plg(t o) 1/2
3.18 H / drd H <CK .
(3.18) < R2xR2 |z — y[?st2 ) y) L HgHL([I_T’T]LQ(W)

Proof. — We consider such f, g, and we split the integral. On the one hand, we use that f is Lipschitz

£(t,2) = F(ty)Plott, o) [ (f dy
dedy < K g(t,x A W
/|$—y|S1 ‘x _ y‘28+2 2CR2 | ( )| ( ” Ix_y‘él ’I’ _ y’25+26)

< CK?|lg(t, )72 m2):
provided that s + ¢ < 1. We take the L7 -norm, and we see that this contribution is bounded by

[-T.17
the r.h.s. of -
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On the other hand
dy

|f(tx) — ft,y)Plg(t,z)? 2 / 2 /
dedy < C|f(t )70 g(t,z ———)dz
/xy|21 |$ - y|23+2 H ( )HL (&%) zeR? | ( )| ( y: lz—y|>1 ’l‘ - y’28+2)
< OFE ) oo ey lg(t ) 2 ray
if s > 0. Now we take the L‘[]_TT}—norrn, and use the fact that Hf||L¢[z0 1 L (R) <Kife<1/q. O

We now state the main estimates of this paragraph

Proposition 3.7. — There exist C > 0 and k > 0 such that if ug € INWO(K) for one K > 0 then for
any v,v1,v2 € X7 and 0 <T <1,

t
(3.19) ‘ / e i(t=mH [cos(27')p*3]e*”Huo +oP et Hyy + v)} dr
0

< CTH(K? + [Jvllks ),
X3, T

and

t
(3.20) ‘ / e i(t=mH |:COS(27)p73’67iTHUO I L R T vl)} dr
0

<

t
- / e it |:COS(27')p73|67”HUO + v [P (e T g + Ug)} dr
Xr

0

— -1 -1
< OT"[lor — sl o (B~ + [n [ + Ileal55)):

Proof. — Let ug € ﬁo(K) and set f = e ®Hyg. Let 2 < p < 3, then there exists ¢ > 1 so that
¢'(3 —p) < 1, which in turn implies || cos(2s)p*3HLq/ < COT". Next, if s < 1 is large enough we
[_TaT]

have by Sobolev

(3.21) ol oo < Mollxg— and  oll e gy < 0l

[=T,71]

]
e We prove (3.19)). From Strichartz and Holder, we get

t
(3.22) ‘ / et [005(23)7’_3|f + P (f + v)] ds <
0 X3
p—3 p—1
< O cos@s) 1 + 0l (F+0) s e
=3 p—1
S CH COS(ZS) ||Lt[17T,T] H |f + /U| (f + ’U)HL?_T,T]'HS(RQ)

< K p—1
<CT H Ilf+oP(f + U)HL[J,T,T]HS(RQ)'
By using the characterization (3.15)), we will prove that

(3.23) 17+ 0P+ 0l ggeqrey S COT + o)
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The term |[(z)*|f + 0P~ (f +v)| 14 is easily controlled, thus we only detail the contribution
[

L2 (R?)
of the H® norm. With , it is eas;l to check that for all z,y € R?
|1 +oP7H(f ) (@) = |f +olP7H(f +o)()]] <
< Clo(a) — o) (lo(@) P~ + lo@)[P~ + [f@) P~ + [ f(y)P)
+C1f(@) = FWI (@) P~ + @)~ + [f@) P~ + [ f )P

By (3.21)) the contribution in L{ H*(R?) of the first term in the previous expression is

[_TvT}
<C(Hf\m 0 ey 1Y IIW 1 ey 1Yy < O+ el ol

To bound the second term, we apply Lemma [3.6] which gives a contribution

(Hf} Lq(P 1)L2(p 1)(R2) + H HLq(p 1)L2(p 1)(R2))K < C(Kp_l + HUHI)D(;)K

which concludes the proof of -

e The proof of (3.20)) is in the same spirit, and even easier. We do not write the details. O

Thanks to the estimates of Proposition for K > 0 small enough (see the proof of Theorem
for more details) we are able to construct a unique solution v € C([—n/4,n/4]; L>(R?)) such that
v € L®([~7/4,7/4]; H*(R?)). By interpolation we deduce that v € C([~7/4,7/4]; H* (R?)) for all
s’ < s. The end of the proof of Theorem is similar to the proof of Theorem using here
Lemma

4. Global well-posedness for the cubic equation

4.1. The case of dimension d = 3. — We now turn to the proof of Theorem[I.5] which is obtained
thanks to the high/low frequency decomposition method of Bourgain [5, page 84].

Let 0 < s <1 and fix g = 1y € M?®. For K > 0 define the set F(K) as

Fo(K) ={w e H*R®) : [lwllys@s) < K, |Jwlpags) < K and He_“HwHL[lO/Z W2t ae 00 (3) <K}
Then by Proposition 2.1}
(1) p((F(E)F) <
cK2
. - 2
< p(lwllns > K) + p(llwllgs > K) + p(lle ”HwHL;O/; W /rsee K) < Ce Mhs .

Now we define a smooth Version of the usual spectral projector. Let x € C5°(—1,1), so that
0<x<1,withx=1on[-1 5 2] We define the operators Sy = (]Ivg) as
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+oo
SN(ZCn(Pn ZX Cn(Pny
n=0

and we write

vy = Syv, vV = (1 - Sy)v.
It is clear that for any ¢ > 0 we have ||Sy|/%e—we = 1. Moreover, by [7, Proposition 4.1], for all
1 <r < +o0, [|Sy||lzr—rr < C, uniformly in N > 1.

It is straightforward to check that

(4.2) lowllae < N2 (ollzgs, (1o e < N750]lpes.
Next, let ug € F5s(N¢). By definition of F5(N¢) and ([4.2), [[uon]lzr < N17%|luol|s < N175F5. The
nonlinear term of the energy can be controlled by the quadratic term. Indeed

HUO,NH%A < O N¢ < N2(1—S+6)’
and thus
(4.3) E(ugy) < 2N21=s+e),
We also have

luo.nllL2 < [luollns < N°.

For a nice description of the stochastic version of the low-high frequency decomposition method we

use here, we refer to the introduction of [17]. To begin with, we look for a solution u to (1.7]) of the

1

form u = u' + v!, where u! is solution to

za—UI — Hu' = [u*)?u!, (t,z) € R x R3,
(4.4) ot
ul(O) = Uo,N,
and where v! = e 7yl + w! satisfies
) 1
Y gt = Jwt + e Y 4l P (w4 e tHud +ul) — JulPul, (o) € R x R,
(4.5) ot
w' (0) =

Since equation (4.4)) is H'—subcritical, by the usual deterministic arguments, there exists a unique
global solution u! € C(R, H!(R3)).
We now turn to (4.5)), for which we have the next local existence result.

Proposition 4.1. — Let 0 <s <1 and p=p, € M*. SetT = N—41=9)=¢ with e > 0. Assume that
E(u') < 4N2(1=ste) gnd HuIHLﬁ?T]LQ < 2N¢. Then

i) There exists a set X%, C H® which only depends on T so that
T

w(Sh) > 1 - Cexp ( — T~ 5nyHHS(R3 )
with some § > 0.
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(ii) For all ug € Xk there exists a unique solution w! € C([O,T],Hl(R3)) to equation (4.5) which
satisfies the bounds

(4.6) leuL‘[ﬁT]Hl < CN/B(S)Jng’
with
wn 8(s) = { —-5/2, %f 0<s<1/2,
2s —=7/2, if 1/2<s<1,
and
(4.8) HMIHLF&T]LQ < ON~9/2+2s+ee,

Proof. — In the next lines, we write C% = C%t% for some absolute quantity b > 0. Since d = 3,
for T > 0, we define the space X} = L>([0, T]; #'(R?)) N L*([0, T]; W'4(R?)). Let € > 0, and define
¥} = F(N¢). By (1)) and the choice T = N~41=9)=¢ the set X1, satisfies (i).

| _ o—itH, N
,u=u and f =e up -

Let ug € E}. To simplify the notations in the proof, we write w = w
We define the map

(4.9) L(w) :¢i/0 e (| by w?(f +u + w) — [ul*u)(s)ds.

First we prove (4.6). By Strichartz (3.3
(4.10) IZ@)llxy < CIF +u+wl(F +u+w) = [ul*ull gy p2pes:
By estimating the contribution of every term, we now prove that

(4.11) IE(w)lxs < ONP 4 Nl g + N2y

where (3(s) < (1 — s) is as in the statement. It is enough to prove that L maps a ball of size CNA()+
into itself, for times 7' = N—*(1=%)~¢ With similar arguments can show that L is a contraction (we
do not write the details) and get w which satisfies (4.6)).

Observe that the complex conjugation is harmless with respect to the considered norms, thus we
can forget it. By definition of 1 = F,(N¢) and (#.2)) we have the estimates which will be used in the
sequel: for all 0 < 3/2

(4.12) [ fllger> < CNTFF, HHG/QfHL;ofLoo < CNO—3/2mste

Let us detail the proof of the second estimate.

H

H o
IH 2 fl e = NN(52) """ (1= x(555

N2 ))e™ g lpoe- oo

H \(3/2+5-¢)/2 H.\\ _un
= CNUH(W) (1_X(W))e ol oo e
< CN"‘3/2‘S+€Ile‘”HUOIIL;o—Wg/M_E,w
< CN0—3/2—3+26
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where we have used that 2°/2(1 — x(x)) < Cx(3/2+5=2)/2(1 — x(z)).
Observe also that by assumption

HUHL%OL2 < CNF, HUHL%OHl < CleSJrE, HUHL§9L4 < CONA—st+e)/2.

We now estimate each term in the r.h.s. of (4.10]).
e Source terms: Observe that L4T/3V\/1’3/2 C LYH + L2WHS/5 | then by Hélder and ([{12)

112l g g oo < CHfUHmUllL;/SLS/z + Cl[u®H" 2 f|| s g2

CT* lull pgor [l pge 1o f Il oo oo + CT* [lull e pal HY2 f oo o
CN—5/2+ + CN—7/2+28+ < CNﬁ(SH_,

where we have set 3(s) = max(—5/2, —7/2 + 2s) which is precisely (4.7)). Similarly,

IN

IN

12l < CIPHul gy o+ Cluf HY2f] 13 o
< CTlfHUHL%OHI ”in%O*Loo + CTI*”UHL;OHHf”L;O*Loo”Hl/QfHL;O*Loo
< OT'- N3+ 4 o7~ N-2-25+ < ON—6+2s+ < ONBE)T
Finally,
g < CUFPHY?f |2 < T NHY2 fll oo pocll fll oo poe 1/ e 2

< CTl—N—1/2—5+N—3/2—s+N—s+ < O N—6+s+ < CNﬁ(SH_.

e Linear terms in w:

lwf? |l pyan < C\|f2H1/2w||L;L2 + C||wa1/2f||L;L2
< CTlinH2;°—Loon”L%°H1 + CT17Hw||L39L2”fHL;ofLooHH1/2fHL;ofLoo
<

ON=8424 ]y < ON* .
Use that [Jwl] a/s+, . < CT1/2_||wHL%Loo_ < CT1/2_||wHL%W1,3 and X7 C L*([0,T]; W'?)
T

HQUU2||L1TH1+L2W1,6/5 < CHqul/gw”Lleﬁ+CHWUH1/2UHL4T/3+L3/2_

AN

< Cluliypsllwllzgwes + Cllwll s o lullzge o llull g

OTY* a3 [0l sy, < ONO ]|y

IN

e The cubic term in w: by Sobolev and X} c L*~ ([0, T]; W) c L*= ([0, T7]; L™)
Il psap < Cllw?H' 2wl 2 < Clwllpges lwls

< OVl < ONT200* .

e Quadratic terms in w: with similar arguments, we check that they are controlled by the previous
ones.
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This completes the proof of (4.11)). Hence for all ug € ElT, L has a unique fixed point w.

Let w € X7 be defined this way, and let us prove that [wllxo < CN~—9/2+2s% which will imply (4.8).
By the Strichartz inequality (3.3

2 2
||wHX% < CH|f +utwl*(f +u+w)— |y UHLlTL2+L2L6/5-
As previously, the main contribution in the source term is
2 1—,,112 —4(1—s)+1—s5—3/2— —9/2+2
1Fu gy o < T Ml fop pall fll oo oo < CNTHIZSITIZ0m8/20% = O =9/2428%,

For the cubic term we write

W liie < Nl celells o
< O ol el
< ONT2IBOT ] oz < ONO ] s,

which gives a control by the linear term.
The other terms are controlled with similar arguments, and we leave the details to the reader. This
finishes the proof of Proposition [4.1] O

Lemma 4.2. — Under the assumptions of Pmposz'tz'on for all ug € ElT we have
|E(u!(T) +w!(T)) — E(u(T))| < ON'=sTAET,
Proof. — Write u = u' and w = w'. A direct expansion and Holder give
|E(w(T) +w(T)) — E(w(T))| <
< 2ullgern lwll pgern + wlfeorn + Cllwllgerallullzge s + Cllwl| 7o 1a-
e Since 5(s) < (1 — s), we directly have
20l pger llwlLgenr + [wlTeesn < CN'=sHt,

e By Sobolev and Proposition [4.1]

1/4

LoL2 |28, < ONTE*,
T

(4.13) [wllzgers < Cllwllpgepga < Cljw]] Lot

with 7(s) = max(—3 + /2, —15/4 4 2s) < (1 — s+ (s))/3. Hence
lwlFge o < CNTZHAEE,
e From the bounds |[ul|feps < CN=9)/2 and ([@.13)), we infer
lwll e pallulfee pa < CNOeIT,

where §(s) = max(—3 + s/2,—15/4 + 2s) <1 — s+ [(s) (with equality when 0 < s <1/2).
This completes the proof. O
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With the results of Proposition and Lemma we are able to iterate the argument. At time

2

t =T, write u = u? + v? where u? is solution to

ou?
i — Hu® = [u*[*u?,  (t,2) e R x R®
(414) Zat ‘u ‘ u? (7'%.) X i

u*(T) = u' (T) + w!(T) € H'(R?),

and where v? = e~ H N + w? satisfies

0
za—U;—Hw [w? + e Hul" +u? 2 (w? + e Hull +u?) — [u?P?,  (t,7) € R x R3,
w?(T) = 0.

By Proposition wh(T) € HY(R3), thus (4.14]) is globally well-posed. Then, thanks to Lemma
by the conservation of the energy

B(u2) = B(u!(T) + w!(T)) < AN?1=+9),
and by the conservation of the mass
[u?|| Lo 2 = [[u(T) + w'(T)|| 2 < 2N°.
Therefore there exists a set %2 C H* with
w(BF) > 1= Cexp (=T °|v]l33),

and so that for all ug € ¥%, there exists a unique w? € C([T, 2T, H'(R?)) which satisfies the result
of Proposition with the same T' > 0. Here we use crucially that the large deviation bounds of
Proposition are invariant under time shift 7.

Iteration of the argument: Fix a time A > 0. We can iterate the previous argument and
construct v/, v/ and w’ for 1 < j < |A/T] so that
e The function u/ is solution to (4.14]) with initial condition
W(t=(j—)T) =~ D)) + /"G — DT);

e We set v/ (t) = e”"Hy)) + wI(t) where the function w’ is solution to

ow’ ) ) Lo
i Hwl = lw? + e ol 0wl P (w? + eyl +ul) — |ul Pu?, () € R x R,
w((j — 1)T) = 0.

This enables to define a unique solution u to the initial problem (1.7) defined by u(t) = w’ (t) + v’ (t)
for t € [(j — 1)T, jT], with 1 < j < | A/T| provided that ug € I'4, where

LA/T]

= 2.
j=1
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Thanks to the exponential bounds, we have z((I'4)¢) < Cexp (—cT*‘S/QnyH;ﬁ), with 7' = N—4(1=9)—¢,

Uniform bounds on the energy and the mass: It remains to check whether E(u/) < 4N2(1=5+¢)
and Hume(Rs) <2N¢forall1<j<|A/T]. By Lemma@, for T — N—4(1—s)—

(4.15) E(’) < E(ug ) + CAT NI+ < gN2(1=ste) | o gNBE)+H5(1-s)+
which satisfies the prescribed bound iff 3(1 — s) + 3(s) < 0.
e Let 1/2 < s <1, then the condition is

7 1
3(1—s)+25—§<0 iff 5> 5,

which is satisfied.
e Let 0 < s <1/2, then the condition is

5 1

The same argument applies to control ||u?| 2.

Optimisation on N > 1: If 1/6 < s < 1, we optimise in (4.15)) with the choice N so that

A~ ¢N—30=5)=B() "and get that for 1 < j < |A/T|
E(u) < CA%T,
with
2(1—s)/(6s—1), if 1/6<s<1/2,
(4.16) cs =
2(1—-s)/(2s+1), if 1/2<s<1.

Denote by I'* = F% the set defined with the previous choice of N and T = N—4(1—s)—¢,

Lemma 4.3. — Let 1/6 < s < 1. Then for all A € N and all ug € T'4, there exists a unique solution
to (L.7) on [0, A] which reads

u(t) = e Mg +w(t), wecC([0,4],H (R?),

and so that
sup E(w(t)) < CA%T.
t€[0,A]
Proof. — On the time interval [(j — 1)T,jT] we have u = w/ + v/ where v/ = e "yl 4+ w/ and

w = e "Hyy N+ 27, for some z; € C([0, +oo[, H'(R?)). Therefore, if we define w € C([0, A], H'(R?))
by w(t) = 27 (t) +wi(t) for t € [(j — 1)T,jT] and 1 < j < |A/T| we get u(t) = e~ *Hugy + w(t) for all
t € [0, A]. Next, for t € [(j — 1)T, 5T

E(w(t)) < CE(¥) + CE(w’) < CE(w) + CE(e” "™ uy n) + CE(w) < CA%T,

which was the claim. O
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We are now able to complete the proof of Theorem Set

+oo
@zﬂUFA and ¥ =0 +H.
k=1 A>k

e We have u(0©) = lim p I'4) and p I'4) > 1 — cexp(—k°||v][52). So w(©) = 1, then
H
k=o' \a>k A>k
u(3) =1.

e By definition, for all ug € O, there exists a unique global solution to (|1.7)) which reads
u(t) =e "My +w(t), weCl(R,H(RY)).
Then by Lemma for all ug € ©, there exists a unique w € C([0, +-oo[, H*(R?)) which satisfies for

all N the bound

sup E(w(t)) < CN™.
te[0,N]

Now, if Uy € ¥ then Uy = ug + v with ug € ©, v € H' and we can use the method of Proposition
Lemma and Lemma with Up n replaced by upn + v. And the set ¥ checks properties (i)
and (i7).

e Coming back to the definition of E]f, we have for all ¢ € R, e_“H(EJf) = Ejf then e~ (Q) = ©.
Finally, thanks to the property (i), the set ¥ is invariant under the dynamics and the property (i)
is satisfied.

4.2. The case of dimension d = 2. — In this section, we prove the Theorem The proof is
analogous to Theorem [I.5 in a simpler context, that is why, we only explain the key estimates.
e According to Proposition we set
<K},

F(K)={weH' R : |wlym@ <K, |w|pg: <K and He_“HwHL[lO; Wite—eom(g2) S

and we fix ug € Fs(N°¢).
Then, if f = e_“HuéV, we have

1 £llzgs,  z2 < ONTE HT2 [l s o < ONTTITFE

[0,27]

e In Proposition we can choose T = N—2(=s)—¢ {4 have
”“1HL§9L2 <CN® and HulHLoToHl < ON1=s+e,

Moreover, as ug € F5(IN¢), we obtain
luo, N4 < ON®.

Hence, we establish
1 1
E(u') = Hul”%l(u@z) + 5”“1"%4(11%2) = ”UO,NH%I(W) + §|’U0,N”i4(m2)

< N2(1—s+s) _|_CN45 < 4N2(1—S+6)7



30 AURELIEN POIRET, DIDIER ROBERT & LAURENT THOMANN

and

HuluL%oL‘l < CN(1_8+E)/2.
e In Proposition [£.1] we obtain

'l 0 <ONTand g, 12 < ON72,

The proof is essentially the same: We define the map L as in (4.9)). For the first estimate, we prove
that

IL(w)llxy, < CNTY 4 Nl gy + N 72070 o],

We only give details of source terms.

If e ppppn < CHqul/z’uHL;mz— + O HY2 [ 11 2
< CTli”“HL???—PHUHL;?LOO*”f”L;?’Loo + CTI*”UHQL%OLLLHHUQJCHL"TO*LOO
< OT' max(N'73t N1=25F) < oTI-N1=2+ < ON7IF,
Similarly,
12l < CIPHull gy o+ Cluf H'2f] 13 o
< CT " fullzgrn 17120 o+ OT Nl 71 e ol e g
< CTl_ max(N_1_35+,N_1_25+) < CTI—N—1—28+ < CN—3+ < CN_1+.
Finally,
1230 < CIPH2f |2 < CT' I HY2 f oo pc | oo poe 1 fllgere

< CTlfoerNflferNfer < CN7375+ < CN71+'
e Analogously to Lemma [4.2] we obtain
|E(u!(T) +w'(T)) — E(u"(T))] < ON—*F,
1

because, here §(s) = 1—, and the estimates on u" are the same that in dimension d = 3.
e Finally, the globalization argument holds if (4.15)) is satisfied, that is to say

CAT*leSJr < 4N2(178)+7

which is equivalent to 2(1 — s) — s < 2(1 — s), hence s > 0. In this case, we set A ~ ¢N* and we get
that for 0 <t < A4
1-s

E(w(t)) < CA“T,  with ¢ = .
s

Theorem [L.6] follows.
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