ON THE CONTINUOUS RESONANT EQUATION FOR NLS
II. STATISTICAL STUDY

PIERRE GERMAIN, ZAHER HANI, AND LAURENT THOMANN

ABSTRACT. We consider the continuous resonant (CR) system of the 2D cubic nonlinear Schrédinger
(NLS) equation. This system arises in numerous instances and regimes as an effective equation for
the long-time dynamics of NLS in the presence of a confinement (like on a compact domain or with
a trapping potential). The system was derived and studied from a deterministic viewpoint in several
earlier works [10], 13, [12], which uncovered many of its striking properties. This manuscript is devoted
to a probabilistic study of this system. Most notably, we construct global solutions in negative Sobolev
spaces, which leave Gibbs and white noise measures invariant. Invariance of white noise measure seems
particularly interesting in view of the absence of similar results for NLS.

1. INTRODUCTION

The purpose of this manuscript is to construct some invariant measures for the so-called continuous
resonant (CR)) system of the cubic nonlinear Schrédinger equation. This system can be written as

i0pu = T (u,u,u), (t,z) €RxR?,
u(O,x) = f(l‘),

where the operator 7 defining the nonlinearity has several equivalent formulations corresponding to
different interpretations/origins of this system. In its original formulation [I0] as the large-box limitE|
of the resonant cubic NL T can be written as follows: For z € R? and (x1,2) € R?, denoting by
rt = (—x9, ), we have

(CR)

Tt [ [ A2 a0t + 2+ At +2) dodx
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1Starting with the equation on a torus of size L and letting L — oo.

2This is NLS with only the resonant interactions retained (a.k.a. first Birkhoff normal form). It gives an approximate
NLS for sufficiently small initial data.
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This integral can be understood as an integral over all rectangles having z as a vertex. It has the
following equivalent formulation [12]:

T(f1, f2, f3) —27T/Re_”A [(eiﬂfl)(eiTAf2)(€”Af3) dr.
It was shown in [I0] that the dynamics of approximate that of the cubic NLS equation on a
torus of size L (with L large enough) over time scales ~ L?/e? (up to logarithmic loss in L), where &
denotes the size of the initial data.
Another formulation of comes from the fact that it is also the resonant system for the cubic
nonlinear Schrodinger equation with harmonic potential given by:

(1.1) i0u — Au + |z|*u = plul*u, w=cst eR.

In this picture, 7~ can be written as follows: Denoting by H := —A + |z|* = =02, — 02, + a7 + 23 the
harmonic oscillator on R?, then

3

1 ei‘rH [(efiTHfl)(efi‘erz)(W)} dr.

s
4

T(f1, for f3) = 27 /

As a result, the dynamics of (CR)) approximate the dynamics of (|1.1)) over long nonlinear time scales
for small enough initial data.
The equation is Hamiltonian: Indeed, introducing the functional

d
E(ur,ug, usz, ug) e T (u1,u2,u3), ua) 2

(
= 27r/4 / (e Hyy ) (e7 M H yy) (e~ itHyugz) (e~ itHuy ) dzx dt,
- JR2
4
and setting
E(u) == E(u,u,u,u),
then derives from the Hamiltonian & given the symplectic form w(f,g) = —4Im(f, g)r2(r2)

on L?(R?), so that is equivalent to

~10&(f)
2 9f

In addition to the two instances mentioned above in which appears to describe the long-time
dynamics of the cubic NLS equation — with or without potential — we mention the following:

e The equation appears as a modified scattering limit of the cubic NLS on R? with harmonic
tapping in two directions. Here, (CR)) appears as an asymptotic system and any information
on the asymptotic dynamics of directly gives the corresponding behavior for NLS with
partial harmonic trapping. We refer to Hani-Thomann [I3] for more details.

e When restricted to the Bargmann-Fock space (see below), the equation turns out to be
the Lowest-Landau-Level equation, which describes fast rotating Bose-Einstein condensates
(see [T}, 16, [T1]).

e The equation can also be interpreted as describing the effective dynamics of high fre-
quency envelopes for NLS on the unit torus T?. This means that if the initial data ¢(0) for

0 f
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NLS has its Fourier transform given b {(0,k) ~ go(%)} rez2, and if g(t) evolves according
to with initial data gy and ¢(t) evolves according to NLS with initial data ¢(0), then
g(t, +) approximates the dynamics of @(t, k) in the limit of large N (see [10, Theorem 2.6]).

1.1. Some properties and invariant spaces. We review some of the properties of the (CR|) equa-
tion that will be useful for us in this paper. For a more detailed study of the equation we refer
to [10], 12].

First, is globally well-posed in L?(R?). Amongst its conserved quantities, we note

/ lu|? dz, /(:U|2\u|2—|—|Vu]2)dac:/ uHudz,
R2 R2 R2

(recall that H denotes the harmonic oscillator H = —A + |z|?). Many subspaces of L?(R?) are left
invariant by the flow of , in particular:

e The ecigenspaces (En)n>o of the harmonic oscillator are stable (see [10, [12]). This is a man-
ifestation of the fact that is the resonant equation associated to . Recall that H
admits a complete basis of eigenvectors for L?(IR?); each eigenspace Ey (N = 0,1,2,...) has
dimension N + 1.

e The set of radial functions is stable, as follows from the invariance of H under rotations
(see [12]). Global dynamics on L2 ,(R?), the radial functions of L?(R?), can be defined. A

rad
basis of normalized eigenfunctions of H for L? ,(R?) is given by,

1

VT
We record that Hpl% = (4n + 2)phe.

o If O(C) stands for the set of entire functions on C (with the identification z = x1 + iz3), the
Bargmann-Fock space L7 ,(R?) = L?*(R?) N (O(C)e~17*/2) is invariant by the flow of (CR).
Global dynamics on L7 ;(R?) can be defined. A basis of normalized eigenfunctions of H
for L? ,(R?) is given by the “holomorphic” Hermite functions, also known as the “special
Hermite functions”, namely

ik k
ngo)(|$\2)6_% with L,(CO)(Q;) =" 1 < d > (e—mxk)'

if n S N, (,Drad(fl?) E %

n

1
ifneN, @hlz)= (x1 + iazg)”e_|”‘2/2.
n!

Notice that He,, = 2(n + 1)py,. It is proved in [12] that

(1'2) T(Sonu Pna; (Pn3) = Onqy,n9,n3,n4Pna> ng =mni + nz —ng,
with
™ (n1 + n2)!
- 8 gnitnz n1nalnging!
As aresult, the system reduces to the following infinite system of ODE when restricted
to Span{yy, }nen:
iOpen(t) = Z Oy ng,ngnCny (1) Cng (8)Cng (1)

ni,n2,n3€EN
ni1+ng—n3=n

Ony,na,ng,ng = H(Wm » Pnas Pngs 80n4)

ni+ng=nz+ng-

3Up to a normalizing factor in H® s > 1.
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1.2. Statistical solutions. In this paper we construct global probabilistic solutions on each of these
spaces which leave invariant either Gibbs or white noise measures. More precisely, our main results
can be summarized as follows:

e We construct global strong flows on
Xpaa(R?) = NosoH, 5 (R?),

rad
and on .
Xpo(R?) := (Ngs0 H7(R?)) N (O(C)e 772,
which leave Gibbs measures invariant (see Theorem [2.5)).
e We construct global weak probabilistic solutions on
_ _ 112
X, H(R?) == (Nys1 HO(R?)) N (O(C)e F1/2),
and this dynamics leaves invariant the white noise measure (see Theorem [2.6)).

Since the 90’s, there have been many works on the construction of Gibbs measures for dispersive
equations, and more recently, much attention has been paid to the well-posedness of these equations
with random initial conditions. We refer to the introduction of [20] for references on the subject. In
particular, concerning the construction of strong solutions for the nonlinear harmonic oscillator (which
is related to (CR))), we refer to [26, 3], 8, 17, 18, 20].

Construction of flows invariant by white noise measure is much trickier due to the low regularity
of the support of such measures, and there seems to be no results of this sort for NLS equations.
We construct weak solutions on the support of the white noise measure on X, olz (R?) using a method
based on a compactness argument in the space of measures (the Prokhorov theorem) combined with
a representation theorem of random variables (the Skorohod theorem). This approach has been first
applied to the Navier-Stokes and Euler equations in Albeverio-Cruzeiro [2] and Da Prato-Debussche [7]
and extended to dispersive equations by Burg-Thomann-Tzvetkov [4]. We refer to [4] for a self-
contained presentation of the method.

1.3. Notations. Define the harmonic Sobolev spaces for s € R, p > 1 by
WP = WP(R?) = {u € LP(R?), H*?u € LP(R%)},  H®=W*2

They are endowed with the natural norms ||ul[yys.». Up to equivalence of norms we have for s > 0,
1 <p < +oo (see [28, Lemma 2.4])

(1.3) lullwer = [Hull o = [|(=A)*2ull 2o + || (@)l 1o

Consider a probability space (2, F,p). In all the paper, {g,, n > 0} and {g, 1, n > 0,0 <k <n}
are independent standard complex Gaussians N¢(0,1) (their probability density function reads thus
%e*|z|2dz, dz being Lebesgue measure on C). If X is a random variable, we denote by £ (X) its law
(or distribution).

We will sometimes use the notations L7, = LP(=T,T) for T > 0. If E is a Banach space and p is a
measure on E, we write LI, = LP(du) and lullzrp = HHUHEHLﬁ We define X7 (R?) =, _, H"(R?),

and if I C R is an interval, with an abuse of notation, we write C(I; X (R?)) = (N, ., C(I; H"(R?)).
Finally, N denotes the set of natural integers including 0; ¢, C' > 0 denote constants the value of
which may change from line to line. These constants will always be universal, or uniformly bounded
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with respect to the other parameters. For two quantities A and B, we denote A < B if A < (B, and
A~ Bif A< Band A2 B.

2. STATEMENT OF THE RESULTS

As mentioned above, we will construct strong solutions on the support of Gibbs measures and prove
the invariance of such measures. For white noise measures, solutions are weak and belong to the space
CrX~!. We start by discussing the former case.

2.1. Global strong solutions invariant by Gibbs measure.

2.1.1. Measures and dynamics on the space En. The operator H is self-adjoint on L?(R?), and
has the discrete spectrum {2N + 2, N € N}. For N > 0, denote by Ex the eigenspace associated to
the eigenvalue 2N + 2. This space has dimension N + 1. Consider (¢ x)o<k<n any orthonormal basis
of Ex. Define vy € L?(Q; Ex) by

N

7N(w7-r) = \/Nli—i—l kz::OgN,k(w)(PN,k($)-

The distribution of the random variable 5 does not depend on the choice of the basis, and observe
that the law of large numbers gives
;N
H’YNH%Q(RQ) = N+l Z |gN,k(W)\2 —» 1 a.s. when N — +4o00.
k=0

Then we define the probability measure uy = y4p :=po fy;,l on Ey.

The LP properties of the measures uy have been studied in [19] with an improvement in [21]. We
mention in particular the following result

Theorem 2.1 ([19, 21]). There ezist ¢, Ci,Cy > 0 such that for all N > Ny
pn |u€ Ex : LN~ (log N)Y2 || p2(gey < |[u]l oo m2y < C2N Y2 (log N)Y2|[ull poggey | = 1 — N7

This proposition is a direct application of [21, Theorem 3.8] with h = N~! and d = 2. Notice
that for all u € Ey, we have |[uljzs = (2N + 2)*/?|lul| ;2. The best (deterministic) L>-bound for an
eigenfunction u € Ey is given by Koch-Tataru [15]

(2.1) [ull oo 2y < Cllull2r2),

and the previous estimate is optimal, since it is saturated by the radial Hermite functions. There-
fore the result of Theorem [2.1] shows that there is almost a gain of one derivative compared to the
deterministic estimate ([2.1)).

It turns out that the measures py are invariant under the flow of (CR)), and we have the following
result.
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Theorem 2.2. For all N > 1, the measure uy is invariant under the flow ® of restricted
to En. Therefore, by the Poincaré theorem, uyn-almost all uw € En is recurrent in the following sense:
for un-almost all ug € En there exists a sequence of times t, — +00 so that

Lm | (tn)uo — “0HL2(R2) =0.

In the previous result, one only uses the invariance of the probability measure py by the flow, and
no additional property of the equation (CRY).

2.1.2. Gibbs Measure on the space X"(R?) and a well-posedness result. In the sequel we

either consider the family (¢799),>0 of the radial Hermite functions, which are eigenfunctions of H

associated to the eigenvalue \'% = 4n + 2; or the family (p2),>¢ of the holomorphic Hermite

functions, which are eigenvalues of H associated to the eigenvalue A\ = 2n + 2. Set
Xgad(RQ) = m0>0’Hr_ail(R2)v
XP(B?) := (Nyso H7(R%)) N (O(C)e /).

In the following, we denote X2(R?) for X0 (R?) or X)) (R2), ¢ for ¢r% or ol etc...
Define now v, € L?(2; XY(R?)) by

_ = In(w)
roa) = Y 2 o),
n=0 n

VAL

and consider the Gaussian probability measure i, = (V)P := p o7, .
Lemma 2.3. In each of the previous cases, the measure ji, is a probability measure on X°(R?).

Notice that since conserves the H! norm, p, is formally invariant by its flow. More generally,
we can define a family (ps)s>0 of probability measures on X?(R?) which are formally invariant
by in the following way: define for § > 0 the measure p, = p, g by

(2.2) dpy(u) = Cge™P*dp, (),

where Cz > 0 is a normalising constant. In Lemma we will show that £(u) < 400, s a.s., which
enables us to define this probability measure.
For all 8 >0, p,(XY(R?)) =1 and p,(L2(R?)) = 0.

Remark 2.4. Observe that we could also give a sense to a generalised version of (2.2]) when 8 < 0
using the renormalizing method of Lebowitz-Rose-Speer. We do not give the details and refer to [3] for
such a construction.

We are now able to state the following global existence result.

Theorem 2.5. Let 3 > 0. There exists a set ¥ C X2(R?) of full p, measure so that for every f € ¥
the equation with initial condition u(0) = f has a unique global solution u(t) = ®(t)f such that
forany 0 < s<1/2

u(t) — f € C(R;HA(R?)).
Moreover, for allc >0 and t € R

u(t)]|3-r@2) < C(A(f, o) +In2 (1 + [t])),
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and the constant A(f, o) satisfies the bound pi, (f :A(f,0) > )\) < Ce N,
Furthermore, the measure py is invariant by ®: For any px, measurable set A C X, for any t € R,

px(A) = p(@(1)(A)).

2.2. White noise measure on the space X ;;Z(R2) and weak solutions. Our aim is now to
construct weak solutions on the support of the white noise measure. Consider the Gaussian random
variable

+oo . n w )
(2.3) Zgn Al(z) = \/17?< ) (z1 + Zj% gn(w) )e—m 2,

n=0

and the measure ¢ = po~~!. As in Lemma we can show that the measure p is a probability
measure on

Xih(R?) = (Nost H77(R2)) N (O(C)eH12).

Since ||ul|2(r2) is preserved by (CRJ)), p is formally invariant under (CR). We are not able to define
a flow at this level of regularity, however using compactness arguments combined with probabilistic
methods, we will construct weak solutions.

Theorem 2.6. There exists a set ¥ C X};}l(RQ) of full p measure so that for every f € X the
equation with initial condition u(0) = f has a solution

ue () C(R;H 7 (R?)).
o>1

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):
fx—l(ﬂp) (U(t)) = fx—l(RZ) (U(O)) = U, VteR.

Remark 2.7. One can also define the Gaussian measure i = p o~y ' on X HR?) = Ny=1H 7 (R?)
by

(where the @y are an orthonormal basis of ez’genfunctions of the harmonic oscillator and the angular
momentum operator). Since |[uly1 g2y is preserved by (CR), w is formally invariant under (CR)), but
we are not able to obtain an analogous result in this case.

The same comment holds for the white noise measure . = po~y~1 on de(RQ) = No>1H, (R 2
with

Z gn rad ’

which is also formally invariant under .

2.3. Plan of the paper. The rest of the paper is organised as follows. In Section [3| we prove the
results concerning the strong solutions, and in Section [4] we construct the weak solutions.
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3. STRONG SOLUTIONS

3.1. Proof of Theorem The proof of Theorem is an application of the Liouville theorem.
Indeed, write uy = Zg:o cNEPNE € En, then

(N + 1)N+1 N 9 N
dpn = TN+T XD <—(N+ 1) kz—o ekl > kl:IOdGN,k dbN 1

where CNk = Nk T ibN’k.
N . . ST ¢ . . N 2 2
The Lebesgue measure [ [, dan xdby i is preserved since is Hamiltonian and ) 3, |enk]® = [Jun]]]2
is a constant of motion.

3.2. Proof of Theorem [2.5 We start with the proof of Lemma

Proof of Lemma[2.3. We only consider the case X?(R?) = X7 (R?). It is enough to show that v €
X (R?), p-as. Flrst, for all o > 0 we have

+oo 1

“+o00
|gn|? -
B0 Pliple) = [ 3 parie) =3 < 40

therefore Vo1 € (N, -0 L*(2; H7(R?)). Next, by [6, Lemma 3.4], for all A > 1 there exists a set
Q4 C Q such that p(Q9) < exp (=A%) and for all w € Q4, ¢ >0, n >0

gn(w)| < CA(n + 1)".
2" gn(w)
Then for w € J 51 Qa, Z \/h O(C). O

We first define a smooth version of the usual spectral projector. Let x € C5°(—1,1), so that

0<x<1,with y=1on [—5, 5] We define the operators Sy = ({]IV) as
() ) )\*
n=0 n= O

Then for all 1 < p < +00, the operator Sy is bounded in LP (RQ) (see [8, Proposition 2.1] for a proof).

3.2.1. Local existence. It will be useful to work with an approximation of . We consider the
dynamical system given by the Hamiltonian Hy(u) := H(Syu). This system reads

(3.2) Oy = Ty (uy), (t,z) € R x R?,
. UN(Oa ZL') = fa
and Ty (uy) := ST (Syu, Syu, Syu). Observe that (3.2]) is a finite dimensional dynamical system
on @évzo E) and that the projection of uy(t) on its complement is constant. For § > 0 and N > 0
we define the measures p¥ by

dp (u) = CY e Ny, (),

where C’év > 0 is a normalising constant. We have the following result
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Lemma 3.1. The system (3.2) is globally well-posed in L*(R?). Moreover, the measures pY are
invariant by its flow denoted by Py .

Proof. The global existence follows from the conservation of |[uy||z2(ge). The invariance of the mea-

sures is a consequence of the Liouville theorem and the conservation of Y 27, Mi|cx|? by the flow
of (CR) (see [10]). We refer to [3, Lemma 8.1 and Proposition 8.2] for the details. O

We now state a result concerning dispersive bounds of Hermite functions

Lemma 3.2. For all 2 < p < 400,

1

(3.3) 1! o gy < Cn® 7,

el

_1
(3.4) loh™ll Laray < Cn™ 4 (Inn)i.

Proof. By Stirling, we easily get that [|¢f|] Leo®dy) < Cn 1, and the general case is obtained by
interpolation. For the the proof of (3.4]), we refer to [14, Proposition 2.4]. O

Lemma 3.3. (i) We have
(3.5) 3IC >0,3¢>0,YA>1,VN > 1,
i (u € X9(R?): ||e_itH5’Nu||L4([_%’%]XRz) >\) < Ce= N
(i1) There exists § > 0 such that
(3.6) 3C>0,3c¢>0, VA>1,VN > Ny > 1,

; B
pe(u € X2R?) ¢ [le™™ (S — Sy Jullpaoz x)xmey > A) < CemNo A

PN
(iii) In the holomorphic case: for all 2 < p < 400 and s < %
30 > 0,3¢ > 0,¥A > 1,¥YN > 1,

_1
P

—q —cA\?
(3‘7) ,uhol(u S X’(’L)OZ(RZ) . ||6 tHUHLP Ws,p(R2) > )\) S Ce A y

3.5

finot (u € Xpot(R?) : ||€_itHU”L8/3([7

]xR2) > )\) < CG_C)\Q .

T T
4’4

(iv) In the radial case: for all s < 1/2
(3.8) 3C >0,3¢>0,YA > 1,¥N > 1,

—1 _~)\2
fraa (1 € X0u(®2) e Ml 4 o

Ws.(R2) > )\) < (Ce

JE]

NE]

Proof. We have that

/L*(u S XE(RQ) : He_itHSNuHLAL([_%&]XR2) > /\)

-p(| e )

> )\).
LA([-Z,Z]xR2)

474
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Set

o~ itas s (Any 9n(w)
Flw,t,x) = e MtAny (I ¥ (x) .
(wrtom) = e x() Ui ()

Let ¢ > p > 2 and s > 0. Recall here the Khintchine inequality (see e.g. [5, Lemma 3.1] for a proof):
there exists C' > 0 such that for all real k > 2 and (a,,) € £*(N)

(39) I3 0@ an < OVR( Y lanl?)”,

n>0 n>0

N|=

if the g,, are iid normalized Gaussians. Applying it to (3.9)) we get

0 2
|2 F (.t )l < Cva( Do x (A?V)\siz(l leh (@) )1/2 (Z

n=0

>1/2

and using twice the Minkowski inequality for ¢ > p gives

22 (@) 2 2y 1/2
(810)  HFw, b0l gy, < IHF,t0)op 1 < cx/a(nz0 )

We are now ready to prove (3.5). Set p =4 and s = 0. Since by Lemma [3.2{ we have ||¢} || 74(r2) <
Cn~Y8, we get from (3.10)
[E ()l grs, < CVa-

The Bienaymé-Tchebichev inequality gives then
p (Pt @)l >A) < APt 2)l e )* < (€A V@)1
Thus by choosing ¢ = 6A% > 4, for § small enough, we get the bound

p(IF(w.t, )l >\) < Ce™,
which is (3.5)).

For the proof of , we analyze the function

G(w,t, ) Ze_’t’\* < ) — X(;;*:*; )) g\rl/(%)@;(x)a

and we use that a negative power of Ny can be gained in the estimate. Namely, there is v > 0 such
that

1y (@, 8, @)l gz < CVaNg
whit o
which implies (3.6)).

To prove (3.7 ., we come back to and argue similarly. This completes the proof of
Lemma 3.3 0

Lemma 3.4. Let §> 0. Let p € [1,00], then when N — +00.
C’évefﬁHN(“) — Cgefmi(“) in LP(dp.(u)).
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In particular, for all measurable sets A C X2(R?),
P (A) — pu(A).

Proof. Denote by Gg(u) = e AN and Gp(u) = e P, By (3.6)), we deduce that H (u) — H(u)
in measure, w.r.t. us. In other words, for ¢ > 0 and N > 1 we denote by

Ane = {ue X)(R?) : |GF (u) — Gp(u)| < e},
then p, (A% ) — 0, when N — +o00. Since 0 < G, Gy < 1,
1Gs = G llrn, < (Gs =G lay e, + 1(Gs — G§)Lag, Iz,
1 ¢ 1
< e(m(An )+ 2(u(A%0) P < e,

for N large enough. Finally, we have when N — +o0

_ u -1 _BH(u -1
cy = (/e AN dpy (u)) T — (/e AU Gy (w)) ™ = Cp,
and this ends the proof. O
We look for a solution to of the form u = f + v, thus v has to satisfy
0w =T(f+v), (t,z)€R xR,
. =T +0), (o)
v(0,2) =0,

with T (u) = T (u, u, ). Similarly, we introduce

(3.12) idwn = Tn(f +on), (t,z) € R x R?
' v(0,z) = 0.
Recall that X?(R?) = X} (R?) or X2 ,(R?). Define the sets, for s < %,
f‘ad(D) = {f S Xv(")ad(R2) : HeiitHfHL?_{r %]WSA(RQ) < D}7

and choosing p(s) = 1f‘23 so that s < % — %,

ro(D) = {f € Xpyu(R?) : He*“HfHLfK%%Lg/g(Rg) + He”'tHfHLﬁ%%]WS’p(S)(RQ) <D}.
In the sequel we write A, (D) = Api(D) or A,qq(D). Then we have the following result
Lemma 3.5. Let 8 > 0. There exist ¢,C > 0 so that for all N > 0
PN (Au(D)?) < CemP*, p(Au(D)") < CemP", i (A(D)) < Ce ",
Proof. Since B > 0, we have pY (A*(D)C),p* (A*(D)C) < Clug (A*(D)C). The result is therefore given
by and . O

Proposition 3.6. Let s < 1/2. There exists ¢ > 0 such that, for any D > 0, setting 7(D) = cD ™2,
for any f € A(D) there exists a unique solution v € L ([—,7]; L?(R?)) to the equation (3.11) and a
unique solution vy € L>®([—7,7]; L*(R?)) to the equation (3.12]) which furthermore satisfy

[|v <D.

HLOO([fT,T};?-LS(R?))’ HUNHLOO([fT,T];HS(RQ))
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The key ingredient in the proof of this result, is the following trilinear estimate

Lemma 3.7. Assume that for1 <j <3 and1 <k <4, (pj, qjx) € [2, +o0[? are Strichartz admissible
pairs, or in other words satisfy
1 1 1
- — =,
4k Pik 2
and are such that for 1 < j <4,
1 1 1 1 1 1 1 1
—t—+—t—=—F—+—+—=1
Pj1 Pj2  Pj3  Pj4 Q41 G2 453 Gj4

Then for all s > 0, there exists C' > 0 such that

17 (w1, ug, u3>HHS(R2) SCH(“HWHLPMWMH HeiitHUQHLmsz H 67itHu3HLP13Lf113
+ Clle™™ | ooy paon [ €7 | rnayymsans | €7 113]  0
+ Clle™™ | gy pasn [l €™ | s pass [l €™t | s s
with the notation LPW*1 = LP([—-%, Z]; WH1(R?)).
Proof. By duality
1T (w1, w2, uz) lggs ey = sup  (H*/*T (u1,uz,u3), u) r2(we)

HUHL2<R2):1

jus
4

/ F5/? ((e—itHul) (et yy) (e—itHu3)> (e~ Hy)dx dt.
R2

= 27 sup
HUHL2(R2):1

_
4

Then by Strichartz for all u of unit norm in L? and for any admissible pair (p4, q1)

T (ur, uz, uz)lasey < Clle™ ™ un) (e uz) (e uz) ||y oyl ul| Loa pos
< Clle™™ ur) (e ug) (e Hug) || 111 ovas-
We then conclude using (1.3]) and applying twice the following lemma. O

We have the following product rule
Lemma 3.8. Let s > 0, then the following estimates hold

[uvllwss < Clluflpa vl e + Cllvllzeelull,,.q

with 1 < g < o0, 1 < q1, @2 <0 and 1 < ¢}, ¢4 < 0o so that
1 1 1 1 1

; + -
q q1 qy q2 qs

For the proof with the usual Sobolev spaces, we refer to [24, Proposition 1.1, p. 105]. The result in
our context follows by using (|1.3]).



STATISTICAL STUDY OF THE CR EQUATION 13

Proof of Proposition[3.6. We only consider the equation (3.11]), the other case being similar by the
boundedness of Sy on LP(R?). For s < 1/2, we define the space

Z5(r) = {v € C([~7,7; H*(R?)) s.t. v(0) =0 and [vllzs(ry < D},
with [[v]| zs() = ””HL‘[’S o (B2) and for f € A,(D) we define the operator
t
K(v) = —i/ T(f +v)ds.
0

We will show that K has a unique fixed point v € Z*%(7).

The case of radial Hermite functions. By Lemmawith (Pjk>ajk) = (4,4), we have for all v € Z%(7)
IK@)lzs¢ry < 7||T(f +0)|

Z5()
(3.13) < Orfle T E+)ONs e,
s€[-4.7] LtE[—T,T]
Next, by Strichartz and since v € Z*(7)
e (f +0)(t)|| WedR2) = le ™ fllps . - Wed(R2) T le™** o (t)|pa = W34 (R2)
se[-F. 7] sel=7 7! sel=7, 7l

< C(D+ [|v(t)lsr2)) < 2CD.
Therefore, from (3.13) we deduce
1K ()|l zs(r) < CTD?,

which implies that K maps Z°*(7) into itself when 7 < ¢D~2, for ¢ > 0 small enough.
Similarly, for v, vy € Z5(7), we have the bound

(3.14) 1K (v2) = K (v1)ll 25 () < CTD? o2 — vt 25y,

which shows that if 7 < ¢D~2, K is a contraction of Z*(7). The Picard fixed point theorem gives the
desired result.

1

The case of holomorphic Hermite functions. For s < 5, recall that we set p = p(s) = ﬁ so that

=
)
E
S
3

A

gl O D] P
CT T f Dlzs +NTs F 0l zs +NT 0 0)l s + 1T (0,0,0) [ 26) -

We estimate each term thanks to Lemma and Strichartz. The conjugation plays no role, so we
forget it.
Estimate of the trilinear term in v:

170, 0,0l < Clle™™ ol

IN

~ We4(R2) < CHU”?—LS(RQ)

5]

NE]
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Estimate of the quadratic term in v: for § > 0 such that %M + % + % =1,
3

—it'H_ 112 —it'H
|7 (v, v, f)”q-[s <C|e UHL?/S[JQ‘%%]LS/SH(W)He f‘|Lf/€[7%’%]WS>P(R2)
—it'H —it'H —it'H
+ [l UHL?,GF%%]WSA(]R?)”e UHL;*,G[%%]LAL(R2)||€ f||L?,€[7%%]L4(R2)

2
< CDHU”HS(R?)-
Estimate of the linear term in v: with the same ¢ as above,

—it!
1T, f, Pl < Clle™ HvHLsxsr
t'e

Wb (R2)
T T
41

o

—it'H —it’'H
]L8/3+(R2)He fHLf/g %JLg/SJr(RQ)He fHLf’e[—%’

_
q

gl gl
+ e ]WsA(R?)He LT

vHLf,e[ Vel-T.%

-5 LAR)
2
S CD HUHHS(R2)'
Estimate of the constant term in v:

HT(U’ f7 f)”’}-[s S C”e_it Hf|’i$/3+ - L8/3+(R2)”e_it HfHLP WSYP(RQ) S CD3
q

tel-T, T t'e[-F. 7]
With these estimates at hand, the result follows by the Picard fixed point theorem. O
3.2.2. Approximation and invariance of the measure.

Lemma 3.9. Fiz D > 0 and s < 1/2. Then for all € > 0, there exists No > 0 such that for all
f € AdD) and N > Ny
||¢(t)f - ¢N(t)f}lLOO([_Tl,Tl]7HS(R2)) S 67

where 71 = ¢cD™2 for some ¢ > 0.

Proof. Denoting for simplicity T(f) = T(f, f, f),
v—UN = —z’/ot [SN(T(f+v)=T(f+vn)) + (1= Sn)T(f +v)]ds.
Asin we get
v — Nl zs(r) < CTD?|[v — vn |l zs(r) + /T [(1 = SN)T(f + v) 35 (r2)ds,

-7

which in turn implies when C7D? < 1/2

T

o — ol 2oy < 2 / 11— S3)T(f +0) ey ds.

—T

Let n > 0 so that s +7 < 1/2. Then by the proof of Proposition 7T (f+ v)”LFf HeE(R?) < CD?
if 7 < ¢gD ™2 and therefore there exists Ng = No(e, D) which satisfies the claim. O

In the next result, we summarize the results obtained by Suzzoni in [9, Sections 3.3 and 4]. Since
the proofs are very similar in our context, we skip them.
Let D;j = (i + jY/?)1/2, with 4,5 € N and set Tj; = > 7_, 71(Diz). Let

Sni={f:VjeN, On(£T;;)f € A(Dijs1)},
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and

Y = limsup Xy, Y= U .
N—+o0 ieN

Proposition 3.10. Let 8 > 0, then

(i) The set 3 is of full p, measure.
(it) For all f € X, there exists a unique global solution u = f+v to (CR]), and for allt € R, u(t) € .
This define a global flow ® on X
(111) For all measurable set A C ¥, and allt € R,

px(A) = p((t)(A))-

4. WEAK SOLUTIONS: PROOF OF THEOREM

4.1. Definition of T (u,u,u) on the support of u. For N > 0, denote by IIy the orthogonal

projector on the space @kazo Ej (in this section, we do not need the smooth cut-offs Sy). In the
sequel, we denote by T (u) = T (u,u,u) and Ty (u) = UnT (Myu, Myu, Tyu)

Proposition 4.1. For all p > 2 and o > 1, the sequence (TN(u))N>1 is a Cauchy sequence in

LP(X_l(]RQ),B, du; ?—[‘”(RQ)). Namely, for all p > 2, there exist § > 0 and C > 0 so that for all
1<M<N,

o TG = Tar )y e dil) < OO

X—1(R?)

We denote by T (u) = T (u,u,u) the limit of this sequence and we have for all p > 2
(4.1) 1T (@)l L2340 m2) < Cp-

Before we turn to the proof of Proposition let us state two elementary results which will be
needed in the sequel

Lemma 4.2. For alln € N,

+o0 +o00
1 [k k!
S () =S i 2
2k \n 2k nl (k —n)!
k=n k=n
+o00
Proof. For |z| < 1 we have 7 = Z 2F. If one differentiates n times this formula we get
-z
k=0
+oo
n! k! ken
T =Gt
(1 —2)n Pt (k—mn)!
which implies the result, taking z = 1/2. O

Lemma 4.3. Let 0 <e <1 and p,L > 1 so that p < L*. Then
L!

—L/2
oLy =
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Proof. The proof is straightforward. By the assumption p < L¢
L!
(L —p)!
which was the claim. g

< [P < C2l?,

Proof of Proposition[4.1. By the result [27, Proposition 2.4] on the Wiener chaos, we only have to
prove the statement for p = 2.
Firstly, by definition of the measure p

/)(1(R2) [T (u) — Tar(u )||H - r2ydp(u /HTN Tar (v(w ))HH (z2)dP(W).

Therefore, it is enough to prove that (7Tn(7)),s, is a Cauchy sequence in L?(€;H7(R?)). Let
1 <M < N and fix a > 1/2. By (1.2) we get

1 9n19naGns

H_O‘T =~ S5a T ) )
N () 20 . (n1 +ng —n3 + 1) (@n1s Pnas Pns)
— m Z (nl + Tlg) Gn19ns9ns o
820 £ gnitnz /n Tnylngl (ny + ng — ng)! (n1+ng —ng + 1)o7 "2
B N < Z (TLl + ng)' 7)
8. 2a part (p+ 1 —~ omi+n2 /gt g pl In19na9ns ) Pp>
AN
with
Ay={neN’ st. 0<n; <N, 0<n;+ny—ng <N},
A%):{neNz)’ st. 0<n; <N, n1+n2—n3:p} if 0<p<N.
Therefore,

TN (y) = TM(’Y)”gra(u@) =
N -
w2 > 1 > (n1 + n2)! (m1 + m2)! Gny GnoGng Gims Gma G
(

©64-220 £~ (p 4 1)20 2nitnz2dmitmapl /i Tngtng!/miTmel ms!
p=0 (nvm)eAg&pI)NXAS\I?N

where AS\Z), y is the set defined by

AS\Z),N:{”GN?’ st. 0<n; <N, ng+nz—n3=pe{0...N},
(n1>M or ng > M or n3 > M or p>M)},

Now we take the integral over €. Since (¢n)n>0 are independent and centred Gaussians, we deduce
that each term in the r.h.s. vanishes, unless
Case 1: (n1,n9,n3) = (m1, ma, ms) or (n1,n2,n3) = (ma, my, ms)

or
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Case 2: (n1,n2,m1) = (n3, ma,ms3) or (ni,na, ma) = (ng,m1,m3) or (n1,n2, ms) = (my,n3, ms)
or (ni,ng, m3) = (ma,nz, m1).

We write
1) = Tt ) By oy = 1+ 2
where J1 and Jy correspond to the contribution in the sum of each of the previous cases.
Contribution in case 1: By symmetry, we can assume that (ni,ns,n3) = (my, mg, ms). Define
B](\‘Z?N:{nEN2 st. 0<n; <N, and (n1>M or no >M or ni+no—p>M or p>M)}.

Then

((m —|—n2)!)2

J1<C .
1 pz>;) 1+p)2a zp; 22nitn2)plng I ng! (ng 4 ny — p)!

(
By

In the previous sum, we make the change of variables L = nq + ns, and we observe that on B](\Z) Ny We
have L > M, then

L')2
Ji < CZ Z Z 2L
1 _
p>0 (1+p)? L>p+M ni— 02 plny! n)H(L —p)!

1 L!

g C —_— _—_—

z: 2c :: L _ )

o (L o= 28l (L = p)t

where we used the fact that Zn -0 (L ) = 2L Let € > 0 and split the previous sum in two parts

Me +o00 I +o0 1 +o0 I

1 !
JlSCZ 2aZLl +CZ zaZLv !
= (L+p)e = 200 (L - p)! A (L = 28pl (L = p)!
Me +oo +oo
1 L! 1
< ¢y . E: . +20 E: -
— [ | 2a
= (L+p)*e & 20 (L —p)! Ny )
= Ji + Jio2,

by Lemma For the first sum, we can use Lemma since p < M¢ < L, thus

+oo
J11<CZ +p2a ZQL/Q—CZWSCMJ

Next, clearly Jio < CM 9 because o > 1/2, and this gives J; < CM—9.
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Contribution in case 2: We can assume that (n1,n2, mi) = (n3, ma, ms). Then for n,m € A(p)
we have ny = mo = p. Moreover, by symmetry, we can assume that n; > M or p > M. Thus

BeOY gt 3N )
2 (1+p)? 2n1+p2m1+pn1| ma! (p!)2

p>0 n1=M+1m1=0
+oo  +oo
(ni+p)!(mi+p)!
e Z +p2a Z Z 2mi+pamitepy, lmy ! (pl)2 Ja1 + Jaa.
p>M+1 n1=0m1=0

To begin with, by Lemma we have

N~ (! y g (m 4 p)!
2 = O Z +p20‘<z 2"1+pn1!p!)< Z 2m1+?’m1!p!>

p>M+1 n1=0 m1=0
— 5
= 4C Z 20[ <cM~
p>M+1
Then by Lemma again
+oo +oo
1 (n1 +p)! (m1 +p)!
- cz*A > (X )
+ I pl + I pl
= (1+p)2« vl 2n1+Pp, | pl = 2m1tPmq ! p!
+oo
_ (n1 +p)!
— CZ +p 201 ( EJ\;—i_ 2n1+pn1!p! )
ni=
+00 +oo
1 (n1 +p)! (n1 +p)!
Y DI g SR VR[N WY (3 iy
pzz:o (1 +p)2a nlzz: 2n1+pn1 pl %;Jrl +p)2a nl:ZM+1 2n1+pn1!p!
= K1+ K.
One the one hand, by Lemma
€ 1 +OO
Kco(L ot ) emr)<on,
e S O
p=0 ni=M+1
and one the other hand, by Lemma since o > 1/2
-6
K, <C Z +p2a <CM™.
p= M€+1
Putting all the estimates together, we get Jo < CM 9, which concludes the proof. O

4.2. Study of the measure vy. Let N > 1. We then consider the following approximation of (CR)
{ i0wu = Ty (u), (t,z) € R xR

4.
4.2) u(0,z) = f(z) € X H(R?).
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The equation (4.2) is an ODE in the frequencies less than N, (1 —IIy)u(t) = (1 — IIy)f and for
all t € R.
The main motivation to introduce this system is the following proposition, whose proof we omit.

Proposition 4.4. The equation (4.2)) has a global flow ®x. Moreover, the measure p is invariant
under ® : For any Borel set A C X 1(R?) and for allt € R, p(®n(t)(A)) = pu(A).

In particular if Zx-1(v) = p then for all t € R, Zx-1(®n(t)v) = p.
We denote by vy the measure on C([—T,T]; X ' (R?)), defined as the image measure of y by the
map

XRY) — C([-T,7); X' (R?))
vo— DN (t)(v).

Lemma 4.5. Let 0 > 1 and p > 2. Then there exists C > 0 so that for all N > 1

<C.

HHUHW%"’H;" |L€N
Proof. Firstly, we have that for o > 1,p>2and N > 1

<C.

H”“HL’;H;"‘ Lz,

Indeed, by the definition of v and the invariance of u by ®5 we have
HUHL{;NL?:’FH;U = (QT)l/pHUHLfLH;” = <2T)1/p‘|7”LgH;U-
Then, by the Khintchine inequality (3.9) and (3.1), for all p > 2
H’Y”Lg}[;“ < C\/I)”'YHL%H;U <C.

We refer to [4, Proposition 3.1] for the details.
Next, we show that || H@tuHL;%H;a‘ < C. By definition of vy

P
Ly

1Orull7, = 2t dvy (u)

bt /c([—T,Tl;XWR?))

= 0P (t P _edu(v).
J AR CONCIOT AT

P
LEHZ 7

Now, since ®n(t)(v) satisfies (4.2]) and by the invariance of u, we have
P _ P
ol e = |, g V@R O i)
= o [ TR dute),
X*l(RQ) x

and conclude with (4.1)) and Proposition O
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4.3. The convergence argument. The importance of Proposition above comes from the
fact that it allows to establish the following tightness result for the measures vy. We refer to [4]
Proposition 4.11] for the proof.

Proposition 4.6. Let T > 0 and 0 > 1. Then the family of measures
(vN)N>1 with vN = Zea-o (un(t);t € [-T,T])
is tight in C([—T,T]; H 7 (R?)).

The result of Proposition [4.6] enables us to use the Prokhorov theorem: For each T" > 0 there exists
a sub-sequence vy, and a measure v on the space C([—T T, X *1(]1%2)) so that for all 7 > 1 and all
bounded continuous function F : C([-T,T}; H " (R?)) — R

) F(u)dvn, (u) — /C([T,T];H—T(W) F(u)dv(u).

/c([T,T];;LL—T(R2

By the Skohorod theorem, there exists a probability space ((NZ,]? ,P), a sequence of random vari-
ables (y,) and a random variable & with values in C([-T,T]; X ' (R?)) so that

(4.3) ZL(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) = vn,, ZL(wte[-T,T]) =v,
and for all 7 > 1
(4.4) Uy, — 4, p-—as. in C([-T,T);H "(R?)).

We now claim that Zx-1(un,(t)) = Lx-1(un,(t)) = p, for all t € [-T,T] and k > 1. Indeed, for
all t € [-T,T], the evaluation map

R, : C(-T,T); X~'(R%)) — X 1(R?)
u — ult,.),

is well defined and continuous.

Thus, for all t € [-T,T], un,(t) and uy,(t) have same distribution (R;)xvn,. But by Proposi-
tion[£.4] the distribution of wuy, (t) is 1, which justifies our claim.

Thus from we deduce that

(4.5) Lx-1(u(t)) =pn, Vtel|-T,T).
Let £k > 1 and ¢t € R and consider the r.v. X} given by

X = uny (1) — Roluy, (£)) +i /0 Tive () ds.

Define )Zk similarly to X}, with upn, replaced with @y, . Then by (4.3)),
Leox-1(Xn,) = Lo x-1(Xn,) = 6o

In other words, Xj, = 0 p—a.s. and uy, satisfies the following equation p—a.s.

(16) i, (1) = Rali, ()~ [ T v ).
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We now show that we can pass to the limit & — +o00 in (4.6]) in order to show that u is p—a.s. a
solution to written in integral form as:
¢
(@7) () = Ro(a(t)) — i / T (@) ds.
0
Firstly, from (4.4) we deduce the convergence of the linear terms in equation (4.6 to those in (4.7)).

The following lemma gives the convergence of the nonlinear term.
Lemma 4.7. Up to a sub-sequence, the following convergence holds true
Tn,(un,) — T(uw), p—as. in L2([—T, T];’H_”(]R2)).

Proof. In order to simplify the notations, in this proof we drop the tildes and write N, = k. Let
M > 1 and write

To begin with, by continuity of the product in finite dimension, when k& — +o0
Tar(ug) — Tar(u), p—as. in L2([—T, T];’H_U(R2)).

We now deal with the other terms. It is sufficient to show the convergence in the space X :=
L? (Q x [-T,T]; H‘“(RQ)), since the almost sure convergence follows after exaction of a sub-sequence.
By definition and the invariance of p we obtain

2 2
| Tar(ur) = T(ue) || = /C([T7T];X1) | Tar(v) = T (v) HL%H;gdyk(v)

B /Xl(R2)

- Alwﬂﬂwﬂ—ﬂﬂwgmﬂmn

2

| Tar (@) — T(@x(0)(1) |

2
— - 7o'd P}
o [ T =T [

which tends to 0 uniformly in £ > 1 when M — 400, according to Proposition
The term || Tas(u) — T (u) || « Is treated similarly. Finally, with the same argument we show

| Totowe) = T ¢ < CYTolh) = T |z
which tends to 0 when k¥ —> 4o00. This completes the proof. [l

4.4. Conclusion of the proof of Theorem Define f = @(0) := Ro(@). Then by (L.5),

,,?Xﬂ(f) = u and by the previous arguments, there exists 2/ C Q such that p(©Y) = 1 and for
each w’' € €, the random variable @ satisfies the equation

(4.8) i=f- i/ot T@)dt, (t,z)€R xR

Set XX = f(Q), then u(X) = p(¥) = 1. It remains to check that we can construct a global dynamics.
Take a sequence Ty — 400, and perform the previous argument for "= Tx. For all N > 1, let Xy
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be the corresponding set of initial conditions and set ¥ = NyenXn. Then p(X) = 1 and for all fe 3,
there exists

i€ C(R; X 1(R?),

which solves (4.8). This completes the proof of Theorem

(1]
2l
8]
(4]

[5]
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