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Abstract. — We show, by the means of several examples, how we can use Gibbs measures to construct
global solutions to dispersive equations at low regularity. The construction relies on the Prokhorov com-
pactness theorem combined with the Skorohod convergence theorem. To begin with, we consider the non
linear Schrédinger equation on the tri-dimensional sphere. Then we focus on the Benjamin-Ono equation
and on the derivative nonlinear Schrédinger equation on the circle. Finally, we construct a Gibbs measure
and global solutions to the so-called periodic half-wave equation.
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1. Introduction and main results

1.1. General introduction. — A Gibbs measure can be an interesting tool to show that local
solutions to some dispersive PDEs are indeed global. Once we have a suitable local existence and
uniqueness theory on the support of such a measure, we can expect to globalise these solutions; this
measure in some sense compensates the lack of conservation law at some level of Sobolev regularity.
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See [3,, 4, [39), 36, 37, 13, 30, 31, @] where this approach has been fruitful.

Assume now that we have a Gibbs measure, but that we are not able to show that the equation is
locally well-posed on its support. The aim of this paper is to show - through several examples - that
in this case we can use some compactness methods to construct global (but non unique) solutions on
the support of the measure.

Although this method of construction of solutions is well-known in other contexts, like for the Fuler
equation (see Albeverio-Cruzeiro [1]) or for the Navier-Stokes equation (see Da Prato-Debussche [19]),
it seems to be not exploited in the context of dispersive equations.

In [10] we have constructed global rough solutions to the periodic wave equation in any dimension
with stochastic tools. While in [10] we used the energy conservation and a regularisation property
of the wave equation in the argument, here we use instead the invariance of the measure by the non
linear flow. As a consequence we also obtain that the distribution of the solutions we construct is
independent of time.

Our first example concerns the non linear Schrédinger equation on the sphere S? restricted to zonal
functions (the functions which only depend on the geodesic distance to the north pole). For sub-quintic
nonlinearities, we are able to define a Gibbs measure with support in H°(S?) for any o < 1/2, and to
construct global solutions in this space. This is the result of Theorem (1.1} Bourgain-Bulut [5] have
announced a uniqueness result for a similar equation (the radial NLS on R?) in the case of the cubic
nonlinearity. See also [36, Section 10| for a discussion on this topic.

In a second time we deal with the Benjamin-Ono equation on the circle S' = R/(27Z). This
model arises in the study of one-dimensional internal long waves. In |26, 27| L. Molinet has shown
that the equation is globally well-posed in L?(S') and that this result is sharp. For this problem, a
Gibbs measure with support in H~?(S!), for any o > 0 has already been constructed by N. Tzvetkov
in [35] (see also the recent work of Tzvetkov-Visciglia [38], where the authors construct a Gibbs
measure associated to each conservation law of the equation). In this case, we also construct global
solutions on the support of the measure and prove its invariance (Theorem . A uniqueness result of
the dynamics on the support of the measure was recently proven in a remarkable paper by Y. Deng [18].

Our third example concerns the periodic derivative Schrodinger equation. Here we use the measure
constructed by Thomann-Tzvetkov [34]. We construct a dynamics for which the measure is invariant
(Theorem . This result may be seen as a consequence of a recent work by Nahmod, Oh, Rey-Bellet
and Staffilani [28] and Nahmod, Ray-Bellet, Sheffield and Staffilani [29]. Their approach is based
on the local deterministic theory of Griinrock-Herr [2I] which gauges out (the worst part of) the
nonlinearity, and the uniqueness is only proved in this gauged-out context.

Finally, we consider the so-called half-wave equation on the circle, which can be seen as a limit model
of Schrodinger-like equations for which one has very few dispersion. This model has been studied by
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Gérard-Grellier [20] who showed that it is well-posed in H'/2(S!) (see also O. Pocovnicu [33] and more
recently Krieger-Lenzmann-Raphaél [24] for a study of the equation on the real line). Here a Gibbs
measure with support in H~7(S!), for any ¢ > 0 can be defined, and global solutions (see Theorem

1.6)) can be constructed.

1.2. The Schrédinger equation on S?. — Let S? be the unit sphere in R*. We then consider the
non linear Schrodinger equation

10+ Agsu = |u|"tu,  (t,r) € R x S?,
U(O,$> = f($) € HU(83)7

for 1 < r < 5. In [6] N. Burq, P. Gérard and N. Tzvetkov have shown that (1.1 is globally well-
posed in the energy space H'(S?). In this paper we address the question of the existence of global

(1.1)

solutions at regularity below the energy space. Denote by Z(S?) the space of the zonal functions, i.e.
the space of the functions which only depend on the geodesic distance to the north pole of S3. Set
rad(S3) H° (Sg) N Z(SS) rad(Sg) rad(S3) and

1/2 _ /2 (g3
Xrad rad S ﬂ rad

o<1/2

For z € S?, denote by 6 = dist(x, N) € [0, 7] the geodesic distance of x to the north pole and define

2 sinnf
1.2 P, =4/ — , > 1.
(1.2) () \/; sin "

Then, (P,)n>1 is a Hilbertian basis of L?

rad
avoid the issue with the O-frequency, we make the change of unknown v —— e~

reduced to consider the equation
i+ (Ags — Vu = |ul"tu, (t,z) €R xS,
u(0,z) = f(x) € H(S?).

(S3), which will be used in the sequel. Next, in order to

“u, so that we are

(1.3)

Let (2, F,p) be a probability space and (gn(w))n>1 a sequence of independent complex normalised

Gaussians, g, € N¢(0,1), which means that g, can be written

1 .
gn(w) = E(hn(w) + ily(w)),

where (hy, (w))n>1, (fn(w))n>1 are independent standard real Gaussians Ng(0,1).

For N > 1 we define the random variable

=z

wH(pr:E
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and we can show that if o < 1, then (py) is a Cauchy sequence in L2(Q; H(S?)): this enables us to
define its limit

(1.4) w— p(w, ) gn(w ) € L*(Q; HO(S?)).

n>1

We then define the Gaussian probability measure p on X C{ p (S?) by u = p ot In other words, u is
the image of the measure p under the map

0 — x!Ms?)

rad

w — pw,) = Z 9n(w) P,.

We now construct a Gibbs measure for the equation (1.3). For u € L"™"1(S?) and 8 > 0, define the
density

(1.5) G(u) = e~ el Iu\’"“
and with a suitable choice of 8 > 0, this enables to construct a probability measure p on Xj cfl (S?) by

dp(u) = G(u)du(u).

Then we can prove

Theorem 1.1. — Let 1 < r < 5. The measure p is invariant under a dynamics of (1.1). More
precisely, there exists a set ¥ of full p measure so that for every f € 3 the equation (1.1) with initial
condition u(0) = f has a solution

ueC(R; X2(s%)).

rad

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):
< 1/2 (U(t)) =Y 1/2 (U(O)) = p, VteR.

Xrad X'rad
Here and after, we abuse notation and write

C(R X:ﬁ Sg ﬂ C R rad ))
o<1/2

In our work, the only point where we need to restrict to zonal functions is for the construction of the
Gibbs measure. The other arguments do not need any radial assumption. The result of Theorem
can not be extended to the case r = 5. Indeed, it is shown in [Z, Theorem 4] that ||ul|ysgs) = +oc,
[h—a.s.

Since G(u) > 0, p—a.s., both measures p and p have same support. Indeed, pu(X 1/2(83)) =

rad
p(Xjﬁ(S?’)) =1, but we can check that ,u(Hl/z(S?’)) (Hl/Q(S3)) = 0 (see [8] Proposition C.1]).

rad rad
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Let us compare our result to the result given by the usual deterministic compactness methods. The
energy of the equation (|1.1]) reads
1
=5 [+ = [l

Then, one can prove (see e.g. [14]) that for all f € Hl(S3 N L™1(S3) there exists a solution to
so that

(1.6) u € Cy(R; H'(S*)) N Co (R; L™HH(S?)),

(here Cw stands for weak continuity in time) and so that for all t € R, H(u)(t) < H(f). Notice that
in we can replace the space H' with H1 wiffeHd md

The advantage of this method is that there is no restriction on r > 1 and no radial assumption on
the initial condition. However this strategy asks more regularity on f. We also point out that with
the deterministic method one loses the conservation of the energy, while in Theorem we obtain an
invariant measure (see also Remark .

1.3. The Benjamin-Ono equation. — Recall that S! := R/(27Z) and let us denote by

2T
1172ty = <27r>—1/0 | f(2)]?dz.

For f(z Z ae*® and N > 1 we define the spectral projector Iy by Iy f(z Z a,e™ . We
ke, lk|<N
also define the space X" Sl ﬂ H™?
>0

Denote by ‘H the Hilbert transform, which is defined by

x)=—i Z sign(n)e,e™, for wu(z) = Z e,

nez* nezZ*

In this section, we are interested in the periodic Benjamin-Ono equation

) Opu 4+ HO?u + &E(UQ) =0, (t,z)eR xS,
' u(0,z) = f(x).
Let (2, F,p) be a probability space and (gn(w))n>1

Gaussians, g, € Ng(0,1). Set g_p(w) = gn(w). For any o > 0, we can define the random variable

a sequence of independent complex normalised

(1.8) w p(w, ) = gn(uJ) "t ¢ 2 (Q H~ (Sl)),
nez* 2|’I’L|

and the measure 1 on X°(S!) by = po¢~!. Next, as in [35] define the measure py on X°(S!) by
(1.9) dpn(u) = W (u)dp(u),
where the weight ¥ is given by

U (u) = Bnx(Jlun|3e — an)e s sk @de 0 — Ty,
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with x € C5°(R),

ax — / w22 g () / lon (@, )2t dp(w) =
XO(s1)

S|

1<n<N

and where the constant 3y > 0 is chosen so that py is a probability measure on X°(S!). Then the
result of N. Tzvetkov [35] reads: There exists ¥(u) which satisfies for all p € [1, 400, ¥(u) € LP(du)
and

(1.10) Un(u) — U(u) in  LP(dp(w)).
As a consequence, we can define a probability measure p on X°(S') by dp(u) = ¥(u)du(u). Then our

result is the following

Theorem 1.2. — There exists a set ¥ of full p measure so that for every f € ¥ the equation ((1.7)
with initial condition uw(0) = f has a solution

ueC(R;X°(Sh).
For all t € R, the distribution of the random variable u(t) is p.

Some care has to be given for the definition of the non linear term in (1.7)), since u has a negative
Sobolev regularity. Here we can define 9, (u?) on the support of y as a limit of a Cauchy sequence (see

Lemma .

As in [9, Proposition 3.10] we can prove that
J suppp=suppp.
x€C5°(R)

Observe that ¢ in ((1.8) has mean 0, thus p and p are supported on 0-mean functions. This is not a
restriction since the mean [, u is an invariant of (L.7).

1.4. The derivative non linear Schrédinger equation. — We consider the periodic DNLS equa-
tion.

i@u—l—@iu:zﬁx ul?u), (t,z) e RxS!,
- { : (RN

(0, z) = up(x).

Here, for o < 1/2 we define the random variable ((n) = (1+n?)'/?)

(1.12) w i p(w,x) Z gn e e L*(9; HO(S)),
neZ
and the measure y on Xl/2 ﬂ H?(S') by p=pop ! Next, denote by
0<1/2
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Let K > 0, and let x : R — R, 0 < x <1 be a continuous function with support supp x C [—k, K]
and so that x =1 on [—k/2,k/2]. We define the density

Un(u) = ﬁNX(HUNHL%Sl))e%fN(u)*%fSl fun (@)l d,
and the measure py on X/2(S') by
(1.13) dpw(u) = Wy (w)du(u),
and where By > 0 is chosen so that py is a probability measure on X/ 2(S'). By Thomann-Tzvetkov

[34, Theorem 1.1|, px converges to a probability measure p so that dp(u) = ¥(u)du(u). Moreover, for
all p > 2, if k < kp, then W(u) € LP(dp). Then our result reads

Theorem 1.3. — Assume that k < ko. Then there exists a set 3 of full p measure so that for every
f € ¥ the equation (1.11)) with initial condition u(0) = f has a solution

ue C(R; XY2(Sh).
For all t € R, the distribution of the random variable u(t) is p.

Here, for k < kg, we have

U suppp = {HuHLz < /1} ﬂ Supp /.
XECE ([—r,k])

1.5. The half-wave equation. — The periodic cubic Schrédinger on the circle has been much
studied and in particular rough solutions have been constructed. See Christ [15], Colliander-Oh [17],
Kwon-Oh [25], and Bourgain [4] in the 2-dimensional case.

Here we investigate a related equation where one has no more dispersion: We replace the Laplacian
wmnT

nT __

with the operator |D|, i.e. the operator defined by |D|e"™* = |n|e
half-wave Cauchy problem

, and we consider the following

{ i0wu — |Dlu = |u|?u, (t,z) € R x S,
u(0,z) = f(x).

This model has been studied by P. Gérard and S. Grellier [20] who showed that it is well-posed in
H'Y2(S'). However, the Sobolev space which is invariant by scaling is L2(S'), hence it is natural to
try to construct solutions which have low regularity. In the sequel, in order to avoid trouble with
the 0-frequency, we make the change of unknown u — e~"u, so that we are reduced to consider the
equation

i0pu — Au = |ul*u, (t,z) € R x S,

where A := |D| + 1.

Let (2, F,p) be a probability space and (gn(w))
Gaussians. Here we define the random variable

1.14 w — w,T) = Memx c L2 Q; H° Sl) 7
. e = 2 ) (% H77(E)

nez & sequence of independent complex normalised

D=
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for any o > 0, and we then define the measure p on X°(S!) by p=po !

We need to give a sense to |u|?>u on the support of y. In order to avoid the worst interaction
term, we rather consider a gauged version of the equation for which the nonlinearity is formally
u|?u — 2Hu||%2(sl)u. More precisely, define the Hamiltonian

1 2
v = [P [ = ([ i)’
st 2 Js1 St

and consider the equation
0HN

T

i@tu ==

which reads

(1.15) u(0.2) = £(x),

with uy := IIyu and where G stands for

{i@tu — Au=Gpn(uyn), (t,z) €R x St,

(1.16) Gn(un) = Oy (JunPun) — 2HUN||%2(81)UN'
This modification of the nonlinearity is classical, and is the Wick ordered version of the usual cubic
nonlinearity (see Bourgain [4], Oh-Sulem [32]). Recall, that since the L? norm of (I.15) is preserved

by the flow, one can recover the standard cubic nonlinearity with the change of function vy (t) =
¢

uN(t)exp(—2/ e (7) [22dr).
0
Here, the main interest for introducing the gauge transform in ([1.16)) is to define the limit equation,

when N — +o0.

Proposition 1.4. — Forallp > 2, the sequence (GN(uN))N>1 is Cauchy in LP (XO(Sl), B, du; H*U(Sl)).
Namely, for all p > 2, there exist n > 0 and C > 0 so that for all1 < M < N,

C
/XO(Sl) IGN(un) — GM(UM)HI;{,(,(Sl)dM(u) <

We denote by G(u) the limit of this sequence.

It is then natural to consider the equation
i0pu — Au = G(u), (t,z) € R xS,
w(0,2) = f(z).

We now define a Gibbs measure for (1.17)) as a limit of Gibbs measures for (1.15). Let x € C5°(R) so
that 0 < x < 1. Define

(1.17)

1
= 2, and = R
an /X o Tt = 32

In|<N
consider the density

(118) @N(U) = /BNX(HUNH%Z _ OéN)e_(IluNlli4_2||uNlli2),
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and define the measure
dpn (u) = On (u)dpu(u),
where Bx > 0 is chosen so that py is a probability measure. In our next result, we define a weighted

Wiener measure for the equation (|1.17)).

Theorem 1.5. — The sequence On(u) defined in (1.18) converges in measure, as N — oo, with
respect to the measure p. Denote by O(u) the limit and define the probability measure

(1.19) dp(u) = O(u)du(u).
Then for every p € [1,00[, O(u) € LP(du(u)) and the sequence ©n converges to © in LP(du(u)), as N
tends to infinity.

The sign of the nonlinearity in (1.17)) (defocusing) plays a role. Indeed, Theorem does not hold
when G(u) is replaced with —G(u).
Again, with the arguments of [9, Proposition 3.10|, we can prove that

|J suppp=suppp.
x€C3°(R)

Consider the measure p defined in ((1.19)), then

Theorem 1.6. — There exists a set X of full p measure so that for every f € ¥ the equation ((1.17)
with initial condition w(0) = f has a solution

u € C(R;XO(Sl)).
For all t € R, the distribution of the random variable u(t) is p.

In equation (|1.17) the dispersive effect is weak and it seems difficult to deal with the regularities on
the support of the measure by deterministic methods.

Remark 1.7. — More generally, we can consider the equation
i0pu — A% = |uPlu, (t,z) € R x S,

with @ > 1 and p > 1. Define X#(S') =N

series

r<B H™(SY). In this case, the situation is better since the

gn(w) inT
Wi @ow,z) = e
2 Ty s

are so that o € L*(Q; HP(S!)) for all 0 < 8 < (a — 1)/2. Here we should be able to construct
solutions

u € C(R; X~ 1/2(sh),
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1.6. Notations and structure of the paper. —

Notations. — In this paper ¢, C > 0 denote constants the value of which may change from line to line.
These constants will always be universal, or uniformly bounded with respect to the other parameters.
For n € Z, we write (n) = (14 |n|>)Y? and [n] = 1+ |n|. We will sometimes use the notations
LY = LP(—=T,T) for T > 0. For a manifiold M, we write L} = LP(M) and for s € R we define the
Sobolev space Hi = H*(M) by the norm |lullgs = ||(1 — A)s/2uHL2(M). If E is a Banach space and
w is a measure on E, we write L}, = LP(du) and lullzre = HHuHEHLﬁ For M a manifold, we define
X7(M) =N,ep HT(M), and if I C R is an interval, C(I; X°(M)) = <, C(I; H™(M)). If X is a
random variable, we denote by L (X) its law (its distribution).

70

The rest of the paper is organised as follows. In Section [2] we recall the Prokhorov and the Skohorod
theorems which are the crucial tools for the proof of our results. In Section [3| we present the general
strategy for the construction of the weak stochastic solutions. Each of the remaining Sections is devoted
to a different equation.

Acknowledgements. — The authors want to thank Arnaud Debussche for pointing out the reference
[19]. The second author is very grateful to Philippe Carmona for many clarifications on measures.

2. The Prokhorov and Skorohod theorems

In this section, we state two basic results, concerning the convergence of random variables. To begin
with, recall the following definition (see e.g. |23, page 114])

Definition 2.1. — Let S be a metric space and (pny)ny>1 a family of probability measures on the
Borel o—algebra B(S). The family (px) on (S,B(S)) is said to be tight if for any € > 0 one can find
a compact set K, C S such that py(K;) >1—¢ forall N > 1.

Then, we have the following compactness criterion (see e.g. [23] page 114] or [22] page 309])

Theorem 2.2 (Prokhorov). — Assume that the family (pn)n>1 of probability measures on the met-
ric space S is tight. Then it is weakly compact, i.e. there is a subsequence (Ni)p>1 and a limit
measure pPoy Such that for every bounded continuous function f: S — R,

lim /Sf(x)dek(x)—/Sf(a:)dpoo(:c).

k—oo

In fact, the Prokhorov theorem is stronger: In the case where the space S is separable and complete,
the converse of the previous statement holds true, but we will not use this here.

Remark 2.3. — Let us make a remark on the case S = R™. The measure given by the theorem allows
mass concentration in a point and the tightness condition forbids the escape of mass to infinity.

The Prokhorov theorem is of different nature compared to the compactness theorems giving the
deterministic weak solutions: In the latter case there can be a loss of energy (as mentioned below )
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A weak limit of L? functions may lose some mass whereas in the Prokhorov theorem a limit measure
is a probability measure.

We now state the Skorohod theorem

Theorem 2.4 (Skorohod). — Assume that S is a separable metric space. Let (pn)n>1 and poo be
probability measures on S. Assume that pn — poo weakly. Then there exists a probability space on
which there are S—valued random variables (Xn)n>1, Xoo such that L(XN) = pn for all N > 1,
L(Xoo) = poo and Xy — X a.s.

For a proof, see e.g. [22] page 79]. We illustrate this result with two elementary but significant
examples:

— Assume that S = R. Let (Xn)1<n<oo be standard Gaussians, i.e. L(Xy) = L(Xx) = Nr(0,1).
Then the convergence in law obviously holds, but in general we can not expect the almost sure
convergence of the Xy to Xoo (define for example Xy = (—1)V X).

— Assume that S = R. Let (Yn)1<n<oo be random variables. For any random variable Y on R
we denote by Fy(t) = P(Y < t) its cumulative distribution function. Here we assume that for
all 1 < N < oo, Fy, is bijective and continuous, and we prove the Skorohod theorem in this
case. Let X be a r.v. so that £(X) is the uniform distribution on [0,1] and define the r.v.
?N = F;NI(X ). We now check that the ?N satisfy the conclusion of the theorem. To begin with,

Fy (t) = P(Yx < 1) = P(X < Fy, (1)) = Fyy (1),

therefore we have for 1 < N < oo, £(Yy) = L(Yy). Now if we assume that Yy — Ya in law,
we have for all t € R, Fy, (t) — Fy_(t) and in particular Yy — Y, almost surely.

3. General strategy and results

Let (2, F,p) be a probability space and (gn(w))n>1 a sequence of independent complex normalised
Gaussians, g, € N¢(0,1). Let M be a Riemanian compact manifold and let (e;,)n>1 be an Hilbertian
basis of L2(M) (with obvious changes, we can allow n € Z). Consider one of the equations mentioned
in the introduction. Denote by

X7 =X7°(M)= () H"(M).

T<o

3.1. General strategy of the proof. — The general strategy for proving a global existence result
is the following:

Step 1: The Gaussian measure p: We define a measure p on X?(M) which is invariant by
the flow of the linear part of the equation. The index o, € R is determined by the equation and
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the manifold M. Indeed this measure can be defined as = p o ™!, where ¢ € L*(Q; H(M)) for
all 0 < o, is a Gaussian random variable which takes the form

QO(CU, $) = Z gn)\(W) €n($)

n>1 "

Here the (\y) satisfy A\, ~ cn®, a > 0 and are given by the linear part and the Hamiltonian structure
of the equation. Notice in particular that for all measurable f: X% (M) — R

) Jo oy, Fan0 = [ £t ) dpe

Step 2: The invariant measure py: By working on the Hamiltonian formulation of the equation,
we introduce an approximation of the initial problem which has a global flow @, and for which we
can construct a measure py on X% (M) which has the following properties

(i) The measure py is a probability measure which is absolutly continuous with respect to p

dpn (u) = Uy (u)dp(w).

(ii) The measure py is invariant by the flow ®5 by the Liouville theorem.
(iii) There exists ¥ # 0 such that for all p > 2, ¥(u) € LP(du) and

Uy(u) — U(u), in LP(du).
(In particular || ¥y (u)]| r < C uniformly in N > 1.) This enables to define a probability measure
on X% (M) by
dp(u) = ¥(u)dp(u),
which is formally invariant by the equation.
Step 3: The measure vy: We abuse notation and write

C([-T.1; X7=(M)) = () C([-T, T} H*(M)).

o<0c¢
We denote by vy = py o ®5' the measure on C([-T,T); X°(M)), defined as the image measure
of pn by the map
Xo(M) — C([-T,T]; X7(M))
v D (t)(v).
In particular, for any measurable F' : C([—T, T; XUC(M)) — R

(3.2) F(u)dvy (u) = / F (@ (t)(v))dpn (v).

Xoe

/(:([—T,T];ch)

For each model we consider, we show that the corresponding sequence (vy) is tight in C ([T, T]; H (M))
for all ¢ < o.. Therefore, for all o < o, by the Prokhorov theorem, there exists a measure v, = v
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on C ([—T, T);H (M )) so that the weak convergence holds (up to a sub-sequence): For all o < o, and
all bounded continuous F : C([-T,T); H°(M)) — R

lim F(u)dvy(u) = / F(u)dv(u).
N—oco Je([~1,1);H7) c([-1,1);H°)
At this point, observe that if oy < o2, then vy, = vy, on C([-T,T]; H7*(M)). Moreover, by the
standard diagonal argument, we can ensure that v is a measure on C ([—T, T); X% (M ))
Finally, with the Skorohod theorem, we can construct a sequence of random variables which
converges to a solution of the initial problem.

We now state a result which will be useful in the sequel. Assume that py satisfies the properties
mentioned in Step 2.

Proposition 3.1. — Let o < o.. Let p > 2 and r > p. Then for all N > 1

1
(3.3) el mg [l < CTYP (ol -
Letq>1,p>2andr >p. Then for all N > 1

1
(3.4 Mol zallp. < CTlllzg .
In case iy < C, one can take r = p in the previous inequalities.
Proof. — We apply (3.2) with the function u —— F(u) = |ull}, ,,. Here and after, we make the

T " x
abuse of notation
HHUHLI;H;;‘ oy = HUHLﬁNLgHg-
Then
P _ P
Wiz = [ gy 1B )

= /XUC 1@ (#) (W)l gy, don (0)

= [ [ 1eso@iaan

5) = [ [ 1exowian ]

where in the last line we used Fubini. Now we use the invariance of py under @, and we deduce that
for all t € [-T,T]

| 1en @) gdone) = [ lolfsgdonte).
Xoc Xoe
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Therefore, from (3.5) and Holder we obtain with 1/r; +1/ry =1
[ gTijjhmpgde@o

_ zr/ ol W () dpa(w)
Xoc

Ol s 125 (0) 2

IA

Now, let r > p, take r; = r/p and we can conclude since Uy € L™ (dpu).
For the proof of (3.4), we proceed similarly. We take F(u) = |lul|}, o in (3.2), and use the same
At

arguments as previously. O

3.2. Some deterministic estimates. — We now state an interpolation result, which will be useful
for the study of each model. Consider (ey),>1 a Hilbertian basis of L? = L*(M) of eigenfunctions
of A:

—Ae,, = )\ien, n > 1.

For u = Z anéen, we define the spectral projector
n>1

Aju = E Qpen,

n>1:27<(\,)<2i+!

so that we have v = Z Aju and for o € R
j=0

C1277||Ajul| 2 < ||A; ull go vy < C2277|| Ajul| 2.

Define the space W%’p by the norm HuHW%p = |lullzz. + [[Osull 2. Then

Lemma 3.2. — Let T > 0 and p € [1,+00]. Assume that u € LP([-T,T};L?) and dyu €
LP([-T,T); L?). Then u € L>®([-T,T]; L?) and

1/PH Hl/P

[ull e L2 < CHUHLp Where

Proof. — Let v € L?(M) be so that ||y||z2 = 1, and define v(t) = (u(t),~). Then we clearly have
Pl < lulzoze  10wlze < 19hlloo o,

and from the Gagliardo-Nirenberg inequality we deduce

1 1 1-1 1
(3.6) ez < Cllolly ol < Cllull 2 lullyh
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Now from (3.6 we get
HUHLOT°L2 = sup |lu(?)z2
te[-T,T)

= sup sup wo(t)
te[=TT] [|v]l 2=1

1-1/p 1/p
= sup sup o(t) < C|ul| )2 .
7]l L2=1 te[-T,T] Ly Wy p e
This completes the proof of Lemma [3.2] .

Denote by H? = H?(M). Using the previous result we can prove

Lemma 3.3. — Let T > 0 and p € [1,400]. Let —o00 < 03 < 01 < 400 and assume that u €
Lp([—T, T];H”l) and Oyu € Lp([—T, T];H"Q). Then for alle > o1/p—o02/p, u € LOO([—T7 T];H‘”*E)
and

1-1 1
(3.7) lullpge ros—= < Cllull ey Nl -

Moreover, there exists n > 0 and 0 € [0, 1] so that for all t1,t2 € [-T,T]

—0 0
lu(tr) = u(t2) | ror—2 < Cltr = to|"ull 350, ully,

LY H1 PHo2"
Proof. — We use the frequency decomposition as recalled at the beginning of the section, and apply

Lemma @ to Aju

1Ajullpgepror—= < C2I | Ajul| o 2
i — 1-1 1
< OO Azl (10l pp 12 + A5l 2) P
j(01—€)g—jo1(1=1/p)9=jo2/P | A It VP [ Al /P
< Con92 279 Al 2 Al R
< CQ—j(e—al/ercrg/p)Hqu*l/p ||U||1/p

LI He1 WhPHo2'

This inequality together with ||u||L%oHal_E < Z HAjuHL%oHal_g yields (3.7). By Holder we get
720
to
(3.5) Jutr) = w(elles = | [ Orutr)arles < s = 2P0l
t1
Next by interpolation, there exists 6y € (0, 1) so that

1-6 (%
[u(ty) —u(to)llgor—2c < lJu(ty) — u(to) || o, luts) — u(t2)ll e

1-6 9
Cllull poe o —< llults) — ult2)l o

IN

and the result follows from this latter inequality combined with (3.7) and (3.8)). O]
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4. The Schrédinger equation

4.1. The setting. — Let S? be the unit sphere in R*. Consider the non linear Schrédinger equation
0+ (A — Du = |u|"tu, (t,z) eRxS?,

{UWJﬂ—f@)GHW§%

where A = Ags stands for the Laplace-Beltrami operator, and where 1 < r < 5. In the sequel we

consider functions which only depend on the geodesic distance to the north pole, these are called

zonal functions. Denote by Z(S?) this space. Roughly speaking, this is the same type of reduction as
restricting to radial functions in R®. Denote by L? ,(S*) = L?(S?) N Z(S?). We endow this space with

rad

iz = ([0 = ([ 1r@Pmayar)

where x € [0, 7] represents the geodesic distance to the north pole of S3. The operator A can be
restricted to Lfad, and it reads

(4.1)

the natural norm

922 tanz Oz

One of the main interests to restrict to zonal functions, is that the eigenvalues of A in L2 ,(S?)

are simple. The family (P,),>1 defined in (1.2)) is a Hilbertian basis of L2 ,(S3) of eigenfunction

rad
1
of the Laplacian: For all n > 1, —AP, = (n? — 1)P,. We define the operator A = (1 — A)§, in
particular AP, = nP,.

Let us define the complex vector space Ey = span((Pn)lgngN). Then we introduce a smooth

version of the usual spectral projector on Ey. Let x € C3°(—1,1), so that x =1 on (-1/2,1/2). We

then define A
SN(Z CnPn) = X(N) chpn = Z X(%)Cnpn

n>1 n>1 n>1
One of the advantages of this operator compared with the usual spectral projector, is the following
result. See Burq-Gérard-Tzvetkov [7] for a proof.

Lemma 4.1. — Let 1 < p < co. Then Sy : LP(S?) — LP(S?) is continuous and there exists C' > 0
so that for all N > 1,

1SNl Lp(s3)—1p(s3) < C-
Moreover, for all f € LP(S?), Sy f — f in LP(S?), when N — +o0.

4.2. Preliminaries: Some estimates. — In the sequel, we will need a particular case of Sogge’s
estimates.

Lemma 4.2. — The following bounds hold true for n > 1
Cn!/2=Hre, if 2<p<4,

4.2 P =
(4.2) 1Pnll Lo (s2) {Cmam, if 4<p<oo.
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Proof. — The bound for p = oo is clear by the definition (1.2)). The case p = 4 is proved in |36,
Lemma 10.1] thanks to the formula

21nm(h@
PPy = \[T Z Pr_gy2j-1, k€>1

Jj=1

The general case follows by Holder. O

The next Lemma (Khinchin inequality) shows a smoothing property of the random series in the LP
spaces. See e.g. [12, Lemma 4.2| for the proof.

Lemma 4.3. — There exists C > 0 such that for all p > 2 and (c,) € ¢*(N)
1
2

(4.3) I3 9a(@)callzg < CvB( D leal?) ™.

n>1 n>1
_ _1 . . . .
Define = p o™+, with ¢ given in ([1.4). Then we can state

Lemma 4.4. — Let o < %, then there exists C > 0 so that for all p > 2

(4.4) lwllg 5 < Ovp.
Let 2 < q < 6, then there exists C' > 0 so that for allp > q
(4.5) lvllza]l < CVP-

Proof. — We prove (4.4). Let o < 1/2 and apply (4.3) to (1 — A)"/ng = Z %Pn. Then

n>1

||(1_A)0/290H » <C\/15<Z ‘Pn|2 )é
Ly = >1nQ(ka) :

nz

Take the L?(S?) norm of the previous inequality, and by the Minkowski inequality the claim follows.
The proof of (4.5) is similar, using (4.2)) and the Minkowski inequality. O

We will also need the next result. See [9, Lemma 3.3] for the proof.

Lemma 4.5. — Let 2 < q < 6. Then there exist ¢,C > 0 so that for all N > 1 and X > 0
p(ue XY2S?) ¢ ||Shull ey > A) < CeY.
Moreover there exist a,c,C > 0 so that for all1 < M < N and A >0

(4.6) p(u e XV2(S?) ¢ ||Syu — Suullpass) > A) < Ce Mo\,
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4.3. A convergence result. — Let 1 < r < 5 and recall the definition (1.5)) of G. Let N > 1 and
set Gy = OnG o Sy, where By > 0 is chosen such that

dpn (u) = G (u)dp(u),

defines a probability measure on X1/ 2(S?). The next statement shows that we can pass to the limit
N — +o0 in the previous expression.

Proposition 4.6. — Let p € [1,00][, then
Gn(u) — G(u), in  LP(dp(u)),

when N — +400.

In particular, for any Borel set A ¢ X'/2(S?), lim pn(A) = p(A). Observe that for all N > 1,

N—oo

N (X1/2\X1/2) =0, as well as p(Xl/Q\Xl/z) =0.

rad rad

Proof. — Let ¢ < 6. By (4.6), we deduce that |Syul/ps — |ul e in mesure, wr.t. p, hence
Gn(u) = G(Syu) — G(u). In other words, if for € > 0 and N > 1 we denote by

Ave ={ue X'2(8%) : |Gn(u) - Gu) < e},
then p(A% ) — 0, when N — 400. Now use that 0 < G, Gy <1
IG=Gully < NG = Ga)lay. g + (G — Gr)lag, iy
< e(nAne)"" +2(uA5))"" < O,

for N large enough. This ends the proof. O
4.4. Study of the measure vy. — Let N > 1. We then consider the following approximation
of (1)

) {i@tu—{—(A—l)u:SN(|SNu|T_lSNu), (t,x) e R x S?,
4.7

u(0,z) = v(z) € XI/Q(S?’).

rad

The main motivation to introduce this system is the following proposition, which is directly inspired
from [9, Section 8|. Therefore we omit the proof.

Proposition 4.7. — The equation (4.7) has a global flow ® . Moreover, the measure py is invariant
under ®y : For any Borel set A C X:afl(S?’) and for allt € R, pn(®n(t)(A)) = pn(4).

In particular if £ 1/2(v) = pn then for all ¢ € R, Z 12(Pn(t)v) = pN.

rad rad

Remark 4.8. — Observe that (4.7)) is not a finite dimensional system of ODE, but its flow restricted
to high frequencies is linear.
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We denote by vy the measure on C([—T), T];X1/2(S3)), defined as the image measure of py by the
map
XV2(s%) — c([-T,T]; X/*(s%))
v D (t)(v).

Lemma 4.9. — Let o < % and p > 2. Then for all N > 1

(4.8) HHUHU;H;HLI;N <C
Let2<q<6 andp>q. Then for all N > 1
(4.9) Mol zall,p <.

Proof. — By (83.3)) and the fact that G < C' we already have

lullze r2me < Cllvllizug = Cllellpme,

where we used the transport property (3.1) with the map f : u — ||ul%,,. Finally we conclude
with ().
For the proof of (4.9), we use (3.4) and (4.5)). O

Lemma 4.10. — Let 0 > % and p > 2. Then there exists C' > 0 so that for all N > 1
(4.10) <C.

HH“”W}’PH;”‘ Lo,

Proof. — By (4.8]) it is enough to show that ||||Owul||,;» 7—o||,» < C. By definition
y g 8 | FF y

OyullP .= /

- P p '
/‘;(1/2(83) Hat N(t)(v)HLz%H;a-de(’U)

Now we use that wy := ®x()(v) satisfies (4.7) to get

9wl v ()

”athHLgNLI;H;U < I(A - 1)wN||L’;NL£}H;° + ”SN(‘SNwNVblSNwN)“LgNLi%H;‘Tv

which in turn implies

(411) HatuHLgNLz%H;o S ”(A— 1)UHL€NL%H;U + HSN(‘SNU‘T_ISNU)HLIZjNLI%H;U-
Firstly, by (4.8]) we get for o > 1/2
(1.12) 1A =Vl gg_gp e = gy oo < C.

Then by Sobolev, since o > 3/2, we get [|g]|y—+ < C||g|[z1. Therefore

ISy (1Sxul" Svu)lly pppze < ClSn(ISnvul™™ Snu)llp a1
< CHSNUHZZ;%LZJCL;
<

CHUHZIZCVL?“LQ’
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where we used twice the continuity of Sy on L% spaces (see Lemma [4.1]). Now, since 1 <7 < 5 we can

apply (4.9) and this together with (4.12)) implies the result.
O

4.5. The convergence argument. —

Proposition 4.11. — LetT >0 and 0 < % Then the family of measures

vN = Lopne (un(t);t € =T, T])N21

is tight in C([—T,T); H° (S?)).

Proof. — Let 0 < 3. Fix 0 < ¢ < s’ < % and @ > 0. We define the space CoH =
c([-T, T); H (S ) by the norm

[ sup l|lu(ty) — u(t2)||H§/ lu
arrs! — oo 774/
i t1,to€[—T,TY, t1#£t2 |t1 - tz‘a LyFHZ>

and it is classical that the embedding C3H® C C([-T,T); H’(S?)) is compact.
We now claim that there exists 0 < a < 1 so that for all p > 1 we have the bound

(4.13) lull g cane <C-

Indeed apply Lemma with oy = s” and 02 = 0. Then for p large enough we have

—6 6
2?1{3” ||u||W11-,’pH_U

for some small a > 0. By (4.8)) and (4.10) we then deduce HUHLQNC;;HS’ < C. (The fact that (4.13)) is
indeed true for any p > 1 is a consequence of Holder.) Let 6 > 0 and define

Ks={ueCrH" st. HUHC%HS’ <451}

[ullga s < Cllul < Cllull gz s + Cllullyir o

Thanks to the previous considerations, the set Ky is compact. Finally, by Markov and (4.13) we get
that

vn (K5) <6 HUHL},NC%HS’ < 4G,
which shows the tightness of (vy). O

The result of Proposition f.11] enables us to use the Prokhorov theorem: For each T > 0 there exists
a sub-sequence vy, and a measure v on the space C([-T,T; X1/2(S3)) so that for all 7 < 1/2 and all
bounded continuous function F : C([-T,T]; H™(S*)) — R

F(u)dvy, (u) — F(u)dv(u).

/C([—T,T};HT) /C([—T,T];HT)

By the Skohorod theorem, there exists a probability space (ﬁ,ﬁ_ ,P), a sequence of random vari-
ables (uy, ) and a random variable @ with values in C([~T, T]; X'/2(S?)) so that

(4.14) L(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) =vn,, ZL(ust e [-T,T]) =v,
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and for all 7 < 1/2
(4.15) Un, — U, p—as. in C([-T,T]; H(S?).

We now claim that Zy1/2(un, (t)) = Lx1/2(un, (t)) = pn,, for all t € [-T,T] and k > 1. For
all t € [-T,T], the evaluation map

Ry : C([-T.T); XV*(S?) — XV%(S?)
u — ult,.),

is well defined and continuous. Then, for all t € [-T,T], un, (t) and up, (t) have same distribution.
Let us now determine the distribution of uy, (t) which we denote by vak. By definition of vak and vy,
we have for all measurable F : X1/2($3) — R

/ F(v)dyka(v) = / F(Ryu)dvn, (u)
X1/2(59) c([-T.rhx1/2(s%))

- / [F(thka(')w)dek(w)
X1/2(§3)

= [ PO 000 )
Xl/Q(Sd)

From the invariance of py, under ®y, we get V}ka = PN, -
Thus from (4.15)) and the convergence property of Proposition , we deduce that

(4.16) Lxap(u(t)) =p, Vtel[-T,T).
Let £ > 1 and t € R and consider the r.v. X} given by
X = iatuNk + (A — 1)uNk - SNk (‘SNkUNkV_lSNkUNk)-

Define X, similarly to Xj with up, replaced with wy,. Then by (4.14), DZ”CTXUQ()?N,C) =

fCTxl/z(XNk) = Jp, in other words, )A(/k = 0 p-as. and uy, satisfies the following equation
p-—a.s.
(4.17) idyiin, + (A — 1)y, = Sy, (|5NkaN,€|’"*15NkaN,€).

We now show that we can pass to the limit & — +oo in (4.17) in order to show that w is p—a.s.
a solution to (4.1). Firstly, from (4.15)) we deduce the convergence of the linear terms of the equation.
Indeed, p—a.s., when k — 400

iOin, + (A — D, — i+ (A—1)a in D'([-T,7] x S).
To handle the nonlinear term, we apply the next lemma.

Lemma 4.12. — Let 1 <r < 5. Up to a sub-sequence, the following convergence holds true

uy, — U, p—as. in L'([-T,T]x S3).
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Proof. — In order to simplify the notations in the proof, we drop all the tildes and write N; = k and
LY, = LP([-T,T] x $?). If 1 < r < 2, the result immediately follows from (@.15). For 2 < r < 5, by
the Hélder inequality,

(4.18) luk = ullzy, < lluk — 72 k= UHLr+17
with 6 = By-,asmweQ
(4.19) |l — uHL%T — 0.

Let € > 0 and A > 0. By the inclusion
VX, Y>>0 {XY>Ac{X>Mu{y>eT?),
together with (4.18) and the Markov inequality we have

(420) p(lux —ullz;, > N
< p(lluk — ulllz, > "2) + p(lluk — w78 > ™)
< p(ln = ull, > X)) [ g —ultap

By (4.9) and the definition of v

[ ulizhide = [ fol;hdnge) < or.

Similarly, / ||l u| Tﬂldp < Cp. Therefore / ||luk — ul Zﬂldp is bounded uniformly in k. Thus, thanks
(9] Q t,x

to (4.19) and (|4.20|), we get the following convergence in probability

YA>0, p(Huk—uHL;z >)\) — 0, when &k — +o0,
and after passing to a sub-sequence, we obtain the announced almost sure convergence. O
4.6. Conclusion of the proof of Theorem — Define f = u(0). Then by (4.16 -, 1 2(f)=

p and by the previous arguments, there exists Q’ C Q such that p(Q’) = 1. Set ¥ = f(), then
p(2) = p(V) = 1. Moreover, for o’ € (', the r.v. U satisfies the equation

i+ (A — D = |a]"'a, (t,z) €eR xS,
{mo,x) f(@) € X,15(S%).

rad

(4.21)

It remains to check that we can construct a global dynamics. Take a sequence Ty — 400, and
perform the previous argument for 7' = T . For all N > 1, let X be the corresponding set of initial
conditions and set ¥ = NyenXy. Then p(X) =1 and for all f € X, there exists

ueC(R; X2(s%),

rad

which solves (4.21]).
This completes the proof of Theorem [I.1]
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5. The Benjamin-Ono equation

5.1. Preliminaries. — As in [35], consider the following approximation of (|1.7)
5.1) Ou+ HO2u + N0, (Myu)?) =0, (t,z) € Rx S,
' u(0,2) = f(=).

This equation is a linear PDE for the high frequencies (modes larger than 2N) and an ODE for the
low frequencies. It is staightforward to check that the quantity |[u[|z2(s1) is preserved by the equation,
thus (5.1) admits a global flow ®x(¢). The motivation for introducing (5.1)), is that it is given by the

Hamiltonian
1 9 1 3
H == D, |'/? —/ yu)”.
~(u) 2/81 (I1D2]"%u) 3 51( Nu)

As a consequence, we can check that the measure py as defined in (1.9)) is invariant by ®y. See [35]
for more details.

We now state a technical result which we will need in the sequel.

Lemma 5.1. — Let o > 1/2, then there exists Cg > 0 so that for all N € 7Z

1 Cy
o 2 et =Ny < )7

nel

for all B <2a—1 when 1/2 < a <1 and = o when a > 1.

Proof. — Cut the sum in two parts
1 1 1
(53) D Tet NS 2 et 2 Tem e
Z =N = & Ten- N T 2 T - N

Assume that o > 1. Then by (5.3)

1 C 1 C
2 =N S e 2 e S e

nez In|]<N

Assume that 1/2 < o <1 and fix § < 2a — 1. Then by (/5.3

Z 1 < C Z 1 n C Z 1 < C
« _ a — Jé] « _ a—pf3 Jé] a—pf3 _ a — 8-
2 el = N7 S NP 22 Tapn— N)o? (NP L Tmjein = N)e = ()
O
5.2. Definition of the nonlinear term in (1.7). — To begin with, we have

Lemma 5.2. — Let 0 > 0. Then there exists C' > 0 so that for all p > 2
ol ll < OV
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The proof is analogous to (4.4]) and is omitted here.

We define the term 9, (u?) in (1.7) on the support of i as the limit of a Cauchy sequence. Recall the
notation uy = IIyu and set II° = 1 — Il the orthogonal projection on 0-mean functions. The next
result is inspired from [35, Lemma 5.1]

Lemma 5.3. — For all p > 2, the sequence (HO(u?\,))N>1 is Cauchy in LP (XO(Sl), B, du; H*"(Sl)).
Namely, for all p > 2, there exist n > 0 and C > 0 so that for all1 < M < N,

C

00,2\ _ 110(,2 \[|P -~

/. o T30 ~ TGy () < 7

We denote by T1°(u?) its limit. This enables to define
9 (u?) = 0, (1I°(u?) ).

Proof. — By the result [34], Proposition 2.4] on the Wiener chaos, we only have to prove the statement
for p = 2.
Firstly, by definition of the measure p

[ IP0R) ~ ) Byt = [ I0°(6R) = T°(6h0) o e d.
XO0(st) Q

Therefore, it is enough to prove that (Ho(go?\,))N>1 is a Cauchy sequence in L?(€; H 7(S")). Let
1< M < N, let k € Z and denote by ej(2) = ¢**. Then, by definition of ¢y,

W)= 3 e

1 1
0<|n1,ln2|<N [n1|2[na|>
n1#—ng

and thus we get

9n, 9
<HO((P?V_90?\4)’ek>: E nll n2;7
0 [n1]2[n2|2
M,N

where BJ(\?N is the set defined by

B](\?N = {(nl,ng) €Z? st 0< |n1l, |n2| < N, ny # —ng,
(Jn1] > M or |ng| > M) and ny +ng = k}.

Therefore we obtain

2 In19n29m, 9.

(R — @30 Ler ) 2 = > T T ra
(nl nz)EBz(\l/;)N ‘n1’2’n2‘2‘m1‘2‘m2‘2
(k)

(m1,m2)€B) N\

Since (gn)nez+ are independent and centred Gaussians, we deduce that each term in the r.h.s. vanishes,
unless (ni,n2) = (my,mg) or (ni,n2) = (mg,my). Thus by interpolation between (5.2)) and the
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inequality
1 1 1 Cy
R R - TP
Z In|jn — k| = M? Z [0 — k| — M9
[n|>M n#0
we obtain that for all 0 < 7 < 1 there exists C' > 0 so that forall 1 < M < N
1
(% — %) | en 2 < C

As a consequence we get

1
IR = AAllam ey = 2 G {1k = i) ewlliaq
k€EZ
C 1 C
< A2 e S
keZ

whenever we choose 1 < 20.

O
5.3. Study of the measure vy. — Consider the probability measure py defined by (1.9). Define
the measure vn on C([—T,T]; X°(S')) as the image of py by the map
X0ty — c([-T,7); X°(sh)
v o Oy (t)(v),
where @ is the flow of (5.1). Then, we are able to prove the following bounds

Lemma 5.4. — Let 0 >0 and p > 2. Then there exists C > 0 such that for all N > 1

(5.4) HHUHL’,}H;UHLQN <G
and
(5.5) HHat“HL‘;H;C’*QHLﬁN <C.

Proof. — The bound (j5.4]) is obtained thanks to (1.10f), (3.3) and Lemma We now turn to ((5.5)).

From the equation
8tu = —Haiu — HNax((HNU)2),

similarly to (4.11)), we deduce

10vull g pizes < Melligy o e + @) lip 1 e
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By the invariance of the measure py by ®n we get

H HO[(HNU)z] HZ’,’NL‘%H;" - /C([TT}‘XO) H HO[(HNU)z] Hi%H;UdVNOJ’)

21 ||P
_ /X o [Ty [@n (8)(0)] )] ‘LgH;”de(v)
= o O] [y (o
(5.6) — 9T /X o 0[] W o)),

and by Cauchy-Schwarz and Lemma [5.3
1T (T u)?] |

12 onye < Orl| TP (o)) [z o 12N (o)1 < €

which concludes the proof. O
Proposition 5.5. — Let T >0 and 0 > 0. Then the family of measures

vN = Lepa-o (un(t);t € [-T,T))
is tight in C([-T,T); H—°(S")).

N>1

Proof. — The proof is similar to the proof of Proposition [4.11, Here we use the estimates (5.4))
and ((5.5)). O

5.4. Proof of Theorem — By Proposition [5.5] we can use the Prokhorov theorem: For each
T > 0 there exists a sub-sequence vy, and a measure v on the space C([—T, T];XO(SI)) so that
vN, — v weakly on C([-T,T); H?(S')), for all o > 0. By the Skohorod theorem, there exists a

probability space (2, F, ), a sequence of random variables (un, ) and a random variable u with values
in C([-T,T); X°(S")) so that

.i”(ﬂNk;t €[-T, T]) = .i”(uNk;t €[-T, T]) =UnN,, .i”(ﬂ;t € [T, T]) =,
and for all ¢ > 0
(5.7) Uy, — U, p-—as.in C([-T,T); H°(S")).

We have that Zxo1)(un, (t)) = Lxosn)(un, (t)) = pn,, for all t € [T, T] and k > 1. Therefore, for
all t € [-T,T], Lxo1y(u(t)) = p. Next, uy, satisfies the following equation p—a.s.

Ovin, + H O, + Iy, 0, ((Ty, 2N, )?) = 0.

We now show that we can pass to the limit & — 400 in the previous equation. Firstly, from (5.7) we
deduce the convergence of the linear terms of the equation. Indeed, p—a.s., when k — 400

Ovin, + HO2UN, — du+HO*u in D([-T,T] xS).

The only difficulty is to pass to the limit in the non linear term. Here we can proceed as in [19].
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Lemma 5.6. — Let 0 > 0. Up to a sub-sequence, the following convergence holds true
°[(My,un, )] — O°[@?], P —as. in L*(-T,T); H°(SY).

Proof. — In order to simplify the notations, in this proof we drop the tildes and write N = k. Let
M > 1 and write

HO [(Hkuk)z — u2] = HO [((Hkuk)Q - Ui) + (U% - (HMuk)2) + ((HMuk)2 - (HMU)Z) + ((HMU)2 - u2)} .
To begin with, by continuity of the square in finite dimension, when k& — 400
0 [(Mprug)?] — M°[(yw)?],  p—as. in L*([-T,T); H°(SY)).

We now deal with the other terms. It is sufficient to show the convergence in the space X := L? (Q X
[—T,T); H-7(S")), since the almost sure convergence follows after exaction of a sub-sequence.
With the same arguments as in ([5.6) we obtain

2 2
et ] = [ 00 ] [ e

B /XO(Sl)

- /)(O(Sl) H HO[(HMf)2 a f2] Hi%H;"dpk(f)

= ot /X o 1T 0T015)” = £2] [e 0a()),

2

dpr(f)

LZH;°

‘HO[[HM%(t)(f)]Q - [‘I’k(t)(f)ﬂ )

and by Cauchy-Schwarz and ,
| [ Tarun)® = o] [ < O [(Warf)” = £7] | g s

This latter term tends to 0 uniformly in & > 1 when M — 400, according to Lemma The term
1T [(Marw)? — w?] ||
Finally, with the same argument we show

|| 00 [(Tyug)? — i)

is treated similarly.

2
I < CI I = 2] g
which tends to 0 when k& — +o00. This completes the proof. O

The conclusion of the proof of Theorem is similar to the argument in Subsection

6. The derivative nonlinear Schrédinger equation

6.1. Hamiltonian formalism of DNLS. — To begin with, we recall some facts which are explained
in the appendix of [34]. We define the operator 9~! by

. (87 .
8_1 . f(ﬂi‘) _ Zaneznx — Z ieznm’
m

nez neZ\{0}
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and the skew symmetric operator (K (u,v)* = —K(u,v))
—ud - —i +ud o
6.1 K(u,v) = .
(6.1) (w,0) ( i+v0 u- —vo o )
Define H by
1
H(u(t)) :/ ]8$u12dx+3i/ uQGx(uQ)dx—i—/ luffda,
Sl 4 gl 2 Sl

and introduce the Hamiltonian system

o 8 (u,v)
(6.2) ( - > = K(u,v) ( %(u,v) ) .

Denote by

(6.3) T,(t) = 2Im /Sl u0,u + 2/31 |4,
then the system is a Hamiltonian formulation of the equation
(6.4) i0pu + 02u = 0 (|ul*u) + Tyu(t)u,
in the coordinates (u,v) = (u, ) (see |34}, Proposition A.2|). Now, if we set
(6.5) v(t,x) = ¢ Jo Tulsddsy (¢, z),
then v is the solution of the equation
{ O + 020 = i@x(|v|2v), (t,z) € R x S,
v(0,z) = up(z).
Moreover, if v and v are linked by , we have T;, = T,,.

Thanks to these observations, we can focus on the equation (6.4)). We introduce a natural truncation
for which we can construct an invariant Gibbs measure. Namely, let K be given by (6.1)), and consider
the following system

atu %(UN)/UN)
6.6 — TN K (uy, on)TT .
(6.6) < B0 ) NEK (un,vn)Ty ( T

This an Hamiltonian system with Hamiltonian H (IIyu,IIxyv). Now we assume that v = @ and we
compute the equation satisfied by u: this will be a finite dimensional approximation of . Denote
by Hﬁ =1 — IIy, then we have

In the coordinates vy = wy, the system reads

(6.7) iOpu + Puy = illy (8x(\uN|2uN)> +unTy, + Ry(uy), (tz)€R xS,
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where
Ry(uy) = ;HN(uNa—l [uNHﬁ(uNar(WQ))+Wﬂﬁ(waz(ujv2))]>
+giHN (uNa—l [uNHﬁ(\uNﬁW) - WHE(IUN!“UN)D
(6.8) = RN (un) + R (un).

For all N > 1, this equation is globally well-posed in L?(S') and denote by ® 5 the flowmap. Moreover,
the measure py defined in (1.13) is invariant by ®x (see [34], Proposition A.4]).

Recall that 4 = p o ¢~ 1 with ¢ as in (1.12). We need to give a sense to the expression T}, in (6.3))
on the support of .

Lemma 6.1. — Forallp > 2, the sequence (TuN)N>1 1s a Cauchy sequence in LP (Xl/Q(Sl), B, du; R).
Namely, for all p > 2, there exists C > 0 so that for all1 < M < N,

C
Tun — Tu,, |Pd, < —.
S o = ToslP e < 57

We denote by T, the limit of this sequence which is formally given by (6.3)).

Proof. — Denote by J(u) =Im | wdyu. Let 1 < M < N. Then for py(w,z) = E gz(c;) e we
st n
In|<N
compute
nlgn|* n(|gnl* = 1)
Jen)=Jlem) == D> g =— Y, —ra—,

2
M<n|<N (n) M<n|<N {n)
where we used that Z " — 0. Define the r.v. Gn(w) = |gn(w)|> — 1, hence

5 =
M<|n|<N (n)

n1naGp, Gn,
(6.9) ew) =Jeml* = 3. St
M<|TL1‘,|TL2‘SN 1 2

By independence of the g, E[G,,Gy] = Cdp . Thus by integration of
n? C
[T (en) = J (o) Pdp = 1 <

/Q M;nl:gv (m? = M

By definition of u we have proved the result for p = 2. The general case p > 2 follows from the Wiener
chaos estimates (see e.g. [34, Proposition 2.4|). O

IN

6.2. Study of the measure vy. — Now define the measure vy = pyo®y' on C([-T, T]; XV/2(S))
and we have
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Lemma 6.2. — Let 0 < % and p > 2. Then for all N > 1

(6.10) HHUHL';HgHLI;N <C

(6.11) H\|atu||L,%Hg_2||LgN <C.

Proof. — The estimate (6.10) is obtained with Proposition [3.1]and the definition (1.12)) of ¢. Similarly,
we also have that for all 2 < ¢ <p
(6.12) lullzp rzrs < C.

We turn to (6.11)). From the equation (6.7)) we get (similarly to (4.11)))

”atuHLI;NL?%Hg—2 <
< Ha:%uHLﬁNL’%H;’—Q + Hax(’UNFUN)HL,?jNL?%Hg—? + ”uNTuNHLl?jNL?%Hg—? + HRN(UN)HLIU’NLI%H;’—Q
< lullze, zo.mg + ||UNH£ZI;NL1;L3 + lunTuyllze rore + ”RN(uN)"LZ,jNL;Hg*2'

We estimate each term of the r.h.s. By (6.10) and (6.12)) we only have to consider the two last ones.
By Cauchy-Schwarz (recall that T, does not depend on )

(6.13) lunTunllze, corz < llunllpze p2eplTunllg2e p20-

Then using the invariance of py (see the proof of Proposition and Lemma we have

Ty o = 20 [ T PO )N
vy T X1/2(S1)
2
< O N (@)l < C,

which by (6.13)) implies
||UNTuNHL5NL1;Lg <C.
The conclusion of the proof is given by the next result. O

Lemma 6.3. — Let o > 1/2 and p > 2. Then

— 0 when N — +o0.

HHRN(uN)HL‘;H;”‘ Lz,

Proof. — To begin with, using the same arguments as in the proof of Proposition with F(u) =
|Rn(Iyw)|”, ., we have,
Lb H;

1RN (un)ll 12 prze < ClIBRN(on)] 20 e
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where we used that H\IINHLEL < C. We estimate each contribution in the r.h.s. of (6.8).
e Denote by Qn(vy) = vNH]LV (vNam(Wz)). Then by Sobolev and Cauchy-Schwarz

IBN (Nl e < ClIRN ()l e
< Cllond ' Qn (o)L
< llowllezr 2 1Qn ()l pzr g,
(6.14) < Cl@n(un)llgerp; -

Next, by the definition of p and the Wiener chaos estimates

IBN (n)llpy e < ClQN (M) 2

(6.15) Cllon(en)ll Lz my-

IN

We now compute the term ||Qn(pn)|| 2 z-1- We have
P x

Z (’I’Ll + TLQ)%%QW, ei(ng—ng—nl)r

N0z (py) = —i (n1)(ng)(ns) ’

[n1l,n2l,n3|<N

so that

Y

871QN(90N) = - Z (nl + RQ)%%!]"«? 9na ei(n4+n37n27n1)x

nEAN (n1><n2><n3><n4>(n4 +ng — Nng — nl)

where the set Ay is given by

Ay = {n = (n1,ng,n3,ny) € 7* s.t. |n1l, [n2l, |nsl, [na] < N,

|ny +ng —ng| > N and n4+n37n27n1750}.

As a consequence we obtain the following expression

n1 + n2) (M1 + M2)Gn; Iny Inz Ing Gmi Ima Ims Ima
(6.16) ”QN((PN)”?{A: Z ( )( )m ng Ing Yng Imi Ima Ima Jmy

oty () (n2) (ns) (na) (ma) (ma) (ms) {ma) (ng +ng —na — n1)?’

with
By = {n,mGAN s.t. myg +m3 —mo —my :n4+n3—n2—n1}.

We take the expectation of (6.16). By independence of the g, and since they are centered, each
contribution in the r.h.s. is zero, unless {nl,ng,mg,m4} = {ml,mg,ng,m}. But coming back
to the definition of Ay, the condition |n; + ny — ng| > N implies that n3 ¢ {nl,ng}. Similarly,
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ms & {ml, mg}. Therefore, up to permutation we have n = m and by (5.2)) with a@ = 2

2 (n1 + n2)?
QLHQNWWN|;dP = Cé;iOMVUQVOQV@MV@4+n3—n2—nﬂ2
9 1
< OV Y o T — e P

neAN

1
S C 2 g

neEAN
Next, use that on Ay, (n1)(n2)(ns) > CN to get that

C 1 ¢

2

(6.17) /QHQN((:ON)HHzldp < N1/2 223 <n1>3/2<n2>3/2<n3>3/2 = N1/2°
ne

Finally, from (6.14]), (6.15]) and (6.17)) we conclude that
1
HRN(UN)HLQNLI;H;U — 0.
e We now consider the contribution of R?V. With the same arguments as previously,

IRN (o)l e < CIRR (on) |y 1
ptiz "

< oo™ [onTti (fonl ‘o)

< N0~ oIy (Jun | Tw) i
< Cllowllzzr oz lonTy (lon[*o8) | 2 gy
< CllowTy (Jon[*ow) |l 2y

<

CHHJZ\_/(|UN‘4W)”L;1[L§-

Denote by Viy = |oy|*n. Then by [34] Lemma 2.2], (Viv)n>1 is a Cauchy sequence in LffL%, and
denote by V its limit. Write

M Vallgrz < 08V = V)liparrz + TNV | a2
< IVa = Viiggsz + 5V rz,
which tends to 0 when N — +oc. O
Proposition 6.4. — Let T > 0 and o < 1/2. Then the family of measures
UN = Lo, He (uN(t);t € [-T, T])N21
is tight in C([-T,T); H7(S")).

Proof. — The proof is similar to the proof of Proposition Here we use the estimates ((6.10))
and (6.11)). O
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6.3. Proof of Theorem [1.3] — We can proceed as in the proofs of Theorems and [I.2] By
Proposition @ and the Prokhorov theorem we can extract a sub-sequence vy, and a measure v on the
space C ([T, TY; Xl/Q(Sl)) so that vy, — v weakly on C([—T,T]; H?(S")) for all ¢ < 1/2. Thanks to
the Skohorod theorem, there exists a probability space (S~2, F ,P), a sequence of random variables (un, )
and a random variable @ with values in C([-T, T7; XI/Q(Sl)) so that

L(un,;t € [-T,T)) = ZL(un,;t € [-T,T)) =vn,, ZL(uite[-T,T)) =v,
and for all o < 1/2
un, — U, p—as. in C([-T,T];H7(S")).
Moreover, uy, satisfies p-a.s. the equation (6.7). Passing to the limit in the linear terms makes no
difficulty, we only have to take care on the nonlinear terms. Denote by

G (u) = illy ((%(\UN\QUN)) + unTuy + R (uy).

The next result completes the proof of Theorem (the conclusion of the proof is similar to the
argument in Subsection [4.6)).

Lemma 6.5. — Up to a sub-sequence, the following convergence holds true. For any o > 0
Gn, (un, ) — i04(| u?u)+uly, p—as. in LQ([—T, T; H_U(Sl)).
Proof. — We drop the tildes and write N = N. Since .Z(uy) = vy, we can apply Lemma
||RN(UN)HL%L2TH;” = HRN(UN)HL?,NLQTH;" — 0,
when N — +00. The convergence of the two other terms is obtained as in Lemma [5.6] O

Remark 6.6. — Observe that in all the proof, we only used the fact that Wy € L?(du) uniformly in
N (and not higher order integrability). Therefore the result of Theorem holds for x < kg, and the
support of p is not empty.

7. The half-wave equation

7.1. Justification of the equation. —

Proof of Proposition — We prove the result when p = 2. The general case follows by the Wiener
chaos estimates.
To begin with, use that

/ 1G (un) = Gt (a3 o onydia(as) = / 1Gn (o) = Gt (oan) o orydp.
XO(S1) Q

Therefore, we are reduced to prove that (Gn(¢n))
Denote by

N>y 18 a Cauchy sequence in L*(Q; Ho(SY)).

xn = lonPen — 2llenlZ2@yen-
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It is enough to show the result for (xn), because once we know that yy — x in L?(Q; H~7(Sh)),
we deduce that Gn(pn) = Hyxn — x in L2(€; H7(SY)). In the sequel, we will use the notation
[n] =1+ |n|. Then, by definition of ¢ we can compute

q. 2
XN = E gzlgnzlgn?s T ei(nl—n2+n3)az _9 ’gn1| gni einat
pmalnalngl<n [P1]2 2] 2 [ns]2 inamal<n [n1][ns]2
= Z gn1§n29n3 ei(n1—n2+n3)aj.

T 1, 1
ina |, [nalms| <, [M1]2[n2] 2 [ng]
n1£n2,n3#N2

Next, denote by ey (z) = ¢**. Then forall 1 < M < N

9In19n,9
(7.1) (v = xarleg) = Y —pomet
Bk [n1]2[n2]2 [n3]2

where the set B](\E)N is defined by
k
B&?N = {(nl,ng,ng) S 73 st. 0 < |n1], ]n2|, |7”L3’ < N, nj #ns, n3#ns,
and (Jn1| > M or |no| > M or |ng| > M) and ny —ng+ng = k}
From ([7.1)) we obtain

2 9In19n09n39mq Ima9m
(N — x| ex) = / : : > dp.
H HLQ(Q) Q Z [nl]%[ng]%[n;:,]%[ml]%[mg]%[mg]%

(n17"2,n3)€35\§?]\;

k
(m1,me ,m3)€B§W?N

Since the (gy) are independent and centered, we deduce that each term in the r.h.s. vanishes, unless
ng = mg and (ny1,ng) = (mi,ms) or (n1,ng) = (ms, m1). Thus

) 1
_ e <C IEAYERYERY
[0 = x| k>HL2(Q) = Z “ (n1)(n2)(ns)
(n1,n2,n3)€By,

By symmetry in the previous sum, we can assume that M < |n1| < N, 0 < |na] < N and write
n3 = k + ng —ni. Then by (5.2) for some small € > 0

2 1 1
loy —xarlenlia < € 3 75 ¥ =

M<|n1\§N no€Z

(7.2) <c ¥ 1 < ¢

Ml <n1><n1 _ k>1—s — Ms<k>1—2€-
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Now, by (7.2]) we get

1
[xn — XMHiQ(Q;H—U(Sl)) = Z (k)20 [Oev = xm !%)Hiz@)
keZ
C 1 C
< IE T S e
keZ

if we choose € < o, and this concludes the proof.
As a conclusion, we are able to define a limit G(u) so that for all p > 2

(7.3) G (W)l g =051y < Cp-
O

7.2. Construction of the measure p. — In this section ¢ is given by (1.14)). Denote by [n] = 1+|n|,

1
then define ay = Z — and

=y ™
gn(u) = |Tnul72 — an.

7.2.1. Preliminar results. — We begin with the following result due to N. Tzvetkov. See [35]
Lemma 4.8] for a proof.

Lemma 7.1. — The sequence (QN(U))N>1 is Cauchy in L? (XO(Sl),B, d,u). Moreover there exists

¢ >0 so that for all A >0 and N > M > 1
u(u e XO(SY) ¢ |gn(u) — gar(u)| > A) < Ce M2,
Define the sequence

(7.4 ) == [ ol +2( [ Jun)? = <l + 2l

Proposition 7.2. — The sequence (fx)n>1 is Cauchy in L? (XO(Sl),B, d,u). More precisely, there
exists C' > 0 so that for all N > M > 1

C
(7.5) [ fv(u) — fM(u)HL2(X0(Sl),B,du) =< My
Moreover, for allp>2 and N > M > 1
C(p—1)2
(7.6) [ fv(u) — fM(u)||Lp(X0(Sl)737du) = (Mi)

Corollary 7.3. — There exists ¢ > 0 so that for all A >0 and N > M > 1

p(ue XOSY + |fw(w) = far(w)] > A) < Cem
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Proof of Corollary[7.3 — By Markov and (7.6) we have that for all p > 2

< (P

AML/2

(e X081+ Ifwt) = ful] > X) < v ~ Al

X0(8"),B,dp)

Then choose p = coA\Y2MY/% for ¢y > 0 small enough.

O
Proof of Proposition[7.24 — We prove (7.5)). The estimate (7.6 immediately follows from [34, Propo-
2
sition 2.4]. Firstly, we have / lon|? = Z 190 , with the notation [n] =1+ |n|. Thus
St [n]
[n|<N
2 19n]*|gm|?
(77) [ lew?)? = .
(Ll = 2 S
n|,|m|<N

Similarly, we explicitly obtain

Z In19na9ns g

(7.8) / |90N|4: lm nj ns lTL4 T

8t malinzlngnal< v (112 [12]2 [n5]2 [na] 2
ni1—ng+nz—ng=0

We introduce the set
An = {(n1,n2,n3,n4) € 7* s.t. |n1l, [n2l, [nsl, |na] < N and nq —ng +n3 —ng = 0}.

We now split the sum ([7.8)) in two parts, by distinguishing the cases n3 = ny and n3 # ny in Ay
and write

(7.9) /1 lon|* = Xn + Y,
S

with

In19naGns Ina
XN:Z ni n12n3n4 ’

o [l ol o] ]

where By = Ay N{n3 =ny or ny =ny}, and
In19na9nsGny

1. 1. 1, 1°
Anmdng [11]2[n2]2[n3])2 [n4]2
ni#ng

(7.10) Yy =

We observe that if (n1,n2,n3,n4) € By, then either (ni,n3) = (na,ng) or (n1,n3) = (ng,n2). Thus

2 2 2 2
P VR R Y o )
nafngl<n LU Inalngl<n LS

ni1#ns

- 2(/Sl on?) = > ’[gn”]‘p

n|<N
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where in the last line we used (7.7)). Thus, with (7.9) we obtain

- 4 |gn o
Ltextt2( [ o) = ¥ X

In |<N

We now show that (Yx)y>1 is Cauchy in L?(2, F,p). Let 1 < N < M, then we define

AM,N = {(nl,ng,ng,m) ez st. M < \n1|, |TZ2’, \n3|, |n4\ <N,
ny—ng+ng—ng =0 and s.t. |nj| > M for some 1 <j §4}.

Thus, thanks to ([7.10) we have
(Vi =V = 3 e it oy e (s et ot
Antws Avns ]2 [n2]2[ns]2 [na] 2 [ma]2[mo] 2 [ms]2 [ma4]>

n1#n2 mi1F#Fmse
n1#£ng m1F#mag

We take the integral over €2 of the previous sum. By the independence of the Gaussians each term
vanishes unless {n1,ng,n3,ng} = {my, ma, ms, my}. Thus

1
) (n2)(ns)(na)’

IYar = Yn |22 <CZ i

AN

By symmetry of the sum, we can assume that |n;| > M and we replace ngy = n; — n2 + n3. Then

by (5-2)

1
IYar = Ynllfzq < C
He mmzﬂ;?)ez (n1)(n2)(n3)(n1 —nz + n3)
|’n1‘>M
1
< C 2
< —=
n1,n2€Z nl 7’LQ> )
‘TL1|>M
C
S ¢ Z Ml 2e’
|n1|>M
which was the claim.
O
7.2.2. The crucial estimate. — We now have all the ingredients to prove the following proposition,

which is the key point in the proof of Theorem |1.5] Recall the definition

Proposition 7.4. — Let x € Cg°([=R, R]). Then for all 1 < p < oo there ezists C > 0 such that for
every N > 1,

[ (ImvulFaeny — an ) <c.

LP(dp(u))
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Proof. — Our aim is to show that the integral fooo N~ u( Ay N)dA is convergent uniformly with respect
to N, where

Ay = {u D UCRE X(HHNUH;(Sl) - aN>6fN(") > /\}.
Proposition [7.4]is a straightforward consequence of the following lemma. O
Lemma 7.5. — For any L > 0, there exists C' > 0 such that for every N and every A > 1,
p(Arn) <CXE

Proof. — Fistly, observe that we can assume that A\ > Cg for any constant Cr > 0. Let ¢g > 0 a
small number which will be fixed later and set

M = ecolnN)/?
To begin with p(Ay y) < u([l,\,N), where
Ay = {u € XOSY) ¢ fy(u) >In ), |gn(u)] < R}.
e Assume that N < M. On the set { [gn(u)| < R+ 1} we have
fr(uw) < 2/Myulfagy < 2(CIN + R)? <2(CIa M + R)* = Cejln A,

if A\ > Cp large enough. We fix ¢y > 0 so that Cc3 < 1/4. In particular u(Ay n) < H(KA,N) =0.
e Assume that N > M. First observe that if we define

BA7N:{u€XO Sl ‘gN gM(u)’ >1}7
by Lemma and the definition of M, we get for any L > 1
p(Byn) < Cexp(—eM'/?) < Cpa™F.
Similarly, set
CMV:{ueXOSl | £ (w) ()‘>1}
then by Corollary for any L > 1 we have
p(Crn) < Cexp(—eMM*) < Cpa™*

We have EAW C O\ N U D) y where

Day={uc Xo(sl) () > 1mA, lov(w)| < R}.

Then observe that { [gn(u)| < R} N {|gn(u) — gm(w)] <1} C {|gm(w)| < R+ 1}, therefore we can
write Dy y C By y U E) Ny where

By ={ue X°6") : ful) > %m, lon(w)] < R+1}.

In the first part of the proof, we have already shown that u(E)) = 0. Finally, we put all the estimates
together and obtain u(A) ) < CLA™L. O
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7.2.8. Convergence to the mesure p. — We now have all the ingredients to complete the proof of
Theorem [LEL

First we define the density © : X°(S!) — R with respect to the measure p of the measure p. By
Lemma and Proposition we have the following convergences in the p measure: gy (u) converges
to g(u) and fx(u) to f(u). Then, by composition and multiplication of continuous functions, we obtain

On(u) — Bx(g(u))e’™ = O(u),
in measure, with respect to the measure p, and where 8 > 0 is so that dp(u) = O(u)du(u) is a
probability measure on X°(S!). By this construction, © is measurable from (X osh, B) to R.
Then, we can extract a sub-sequence O, (u) so that ©, (u) — O(u), p a.s. and by Proposition|[7.4]
and the Fatou lemma, for all p € [1, +00),

|, 1etPdu) <timin [ (0w, (0)Pdutu) < C.
XO0(s1) k—o0 X0(s1)
thus ©(u) € LP(dp(u)).
It remains to prove the convergence of ©(u) in LP(du(u)): Here we can follow the proof of Propo-
sition .6l We do not write de details.

7.3. Study of the measure vy. — Let N > 1 and consider the equation . Observe that
uy = Ilyu satisfies an ODE, while uz = (1 —IIx)u is solution to the linear problem (id; — A)uzx = 0.
Since the L2(S!)-norm of a solution u to is preserved, it follows that the equation is globally
well-posed in L?(S'). We denote by ®x the flowmap. Moreover, because of the Hamiltonian structure
and the Liouville theorem, the measure py is invariant by ®y.

Similarly to the previous section, for T > 0 we define the measure vy on C([—T,T]; X°(S')) as the
image of py by the flowmap

XOSt) — (=T, T]; XO(sY))
v DN (t)(v).
Using this definition, we can prove
Lemma 7.6. — Let 0 > 0, then for allp > 2
(7.11) H”G(U)HL’%H;"‘

Proof. — By definition, invariance of py and Cauchy-Schwarz

G, oy (w)

<C.

P
Ly

HG(U)HZJNL’%HE” - /c([T,T];XO)
- /X G@n @), - adon(v)
o7 [ NG (0)to)

TGO}y 163 ()13

IN
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We conclude with ((7.3)) and Proposition O
Lemma 7.7. — Let o >0, then for all p > 2

. <
(7.12) HHUHL’}HI HL’;N <G,
(7.13) Mellyr o=l < C
Proof. — The proof of (7.12]) is a consequence of (3.3) and Lemma The estimate ([7.13]) is obtained
from ([7.11) and (7.12)): The proof is similar to (5.5) and we do not write the details. O

As a consequence we can show
Proposition 7.8. — Let T >0 and 0 > 0. Then the family of measures
vN = Lopu-o (un(t);t € [-T,T])
18 tight in C([—T, T; H_U(Sl)).

N>1

7.4. Proof of Theorem [1.6, — The proof is similar to the Benjamin-Ono case. The only difficulty
lies in the limit of the nonlinear term. Here we can proceed as in Lemma to obtain the next result.

Recall the definition (1.16). Then

Lemma 7.9. — Up to a sub-sequence, the following convergence holds true
Gn,(un,) — G(@), P —as. in L*([-T,T); H°(SY)),
where G is defined by Proposition [1.4].
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