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ABSTRACT. We study effective models describing systems of quantum particles interacting
with quantized (electromagnetic) fields in the quasi-classical regime, i.e., when the field’s
state shows a large average number of excitations. Once the field’s degrees of freedom are
traced out on factorized states, the reduced dynamics of the particles’ system is described
by an effective Schrodinger operator keeping track of the field’s state. We prove that, under
suitable assumptions on the latter, such effective models are well-posed even if the particles
are point-like, that is no ultraviolet cut-off is imposed on the interaction with quantum fields.

1. INTRODUCTION

It is widely known that models describing quantum particles in interaction with quantized
fields are ill-posed if the former are assumed to be point-like or, equivalently, no ultraviolet
cut-off is imposed on the interaction with the fields [Spo04]. A typical and paradigmatic
example is provided by the Nelson model [Nel64|, where nucleons are linearly coupled to
a scalar quantized field: the ultraviolet regularization can in this case be removed up to
the extraction of an infinite self-energy and a suitable renormalization procedure [Nel64].
A more relevant model is the Pauli-Fierz (PF) Hamiltonian [PF38|, describing quantum
particles interacting with the electromagnetic radiation, which is well-posed only if the large
frequencies of the radiation are suitably cut off. The removal of such ultraviolet cut-off is one
of the major open problems in non-relativistic Quantum ElectroDynamics (QED) (see, e.g.,
[Spo04, §19.3]). In this work, we aim at tackling this problem in the quasi-classical regime
recently introduced in [CF18, CCFO21, CFO19, CFO23b, CFO23a].

The quasi-classical regime consists of an average number of field’s excitations that is much
larger than 1 (we use natural units in which 2 = 1): more precisely, a quasi-classical field
state U, satisfies

(N) z%, for 0 < e <« 1,

Ve
where
N = /af(k)a(k)dk

is the number of the field’s excitations. When this is the case, we can consider the commutator
between the canonical variables [a(k),a’(k")] = §(k — k) to be negligible and introduce
rescaled variables af := \/ga‘, so that

[a-(k), al(K')] = ed(k — k). (1.1)

Such variables are the ones we are going to use throughout the paper. Their semiclassical
nature is made apparent in the vanishing of the commutator as € — 0, so that the field can

be well approximated by its classical counterpart.
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Let us specify now the setting in more details. We consider a bipartite quantum system
whose space of states is

H = LR C*h @ 7, (1.2)

where .Z, is a suitable Fock space describing the field’s degrees of freedom and s € %N stands
for the spin of the particle. We are assuming for simplicity that there is a single quantum
particle interacting with the field but the model can be easily generalized to many-body
systems. The Hamiltonian for the full system is denoted by H. and contains a non-trivial
interaction term, i.e., not factorized: we aim to address models of non-relativistic QED and
therefore the PF Hamiltonian, but for the sake of providing a simpler and pedagogical exam-
ple we will also discuss the Nelson Hamiltonian. However, the general scheme is independent
of the specific details of the Hamiltonian H.. Our main goal is indeed to study the reduced
operators obtained by tracing out the field’s degrees of freedom on a product state of the
form

YRV e,

where U, € .%, is a quasi-classical state in the sense specified above. We thus consider the
quadratic form

QEW] = WJ ® W, |Ha| Y ® \I]€>Jf - <¢ ® W, |dI‘5(w)| (0% \115>f ) (1-3)

and study its limit as € — 0, where dI'.(w) stands for the second quantization of the dispersion
relation w.

More precisely, we are going to show that, while the operator H. is in general well defined
only in presence of a suitable ultraviolet regularization, the form Q.[¢] is well posed even
without such an ultraviolet cut-off, provided the field’s state W, is regular enough. Then,
under the same assumptions on V., we prove that the quadratic form Q. converges as ¢ — 0
to a quadratic form @, depending on a classical Wigner measure p on the one-excitation
space of the field:

r
% O
where the convergence is in the sense of ['—convergence of functionals [DM93|. Furthermore,
Q,, uniquely identifies a self-adjoint Schrédinger operator H,, characterizing the particle’s
reduced dynamics. Since (weak and strong) I'—convergence of quadratic forms is equivalent
[DM93, §13] to strong resolvent convergence of the associated operators, we deduce that the
reduced particle’s dynamics converges as € — 0 to the one generated by H,,. In addition, if the
particle is trapped, i.e., a confining potential is present, then the convergence of the generators
is lifted to norm resolvent sense. We already point out that in the case of the PF model,
in order to prove the above convergence, we will have to perform a vacuum renormalization
and remove some energy diverging as € — 0, or, equivalently, consider the normal ordered
version of the PF Hamiltonian H,. One of the tools we use to handle quadratic forms without

ultraviolet cutoff is the use of suitable Lorentz spaces, in a similar fashion as in the works
[BFP23, BFP24].
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Organisation of the paper. We present the statements of the main results in § 2. § 3 is
devoted to some functional inequalities in Lorentz spaces along with the semiclassical analysis
framework used along the paper. § 4 presents the proofs of our results for the Nelson model
while § 5 contains the proofs of our results for the Pauli-Fierz model. Finally, in Appendix A,
we prove a ['-convergence result which we need in the core of the article.

2. MAIN RESULTS

We present here our main results. In order to provide a precise statement we have first to
address the notion of convergence in the quasi-classical limit and provide a definition of the
Wigner measures associated to (families of) field states W.. Then, we first state the results
concerning the Nelson model and next discuss non-relativistic QED.

We recall that the Hilbert space on which H. acts is L?(R3; C**!) ®@ .Z,, where .Z. is the
symmetric Fock space constructed over the one-excitation space bf, i.e.,

yg - Fg(bﬁ) - @ hﬁ®sn7 (21)
neN
where
hNel = L*(R?), hrF = L*(R?*; C?). (2.2)

The Hamiltonian of the complete system is assumed to have the formal structure
H? = Hj + dT.(w) + H _, (2.3)

where HJ is the particle’s Hamiltonian acting non-trivially only on L2(R3;C2*1), T, the
second quantization map with canonical variables satisfying (1.1), w the field’s dispersion
relation and HﬁLE a non-factorized operators describing the particle-field interaction. Here
and in the sequel, in the case where h* = hN°! we identify a map w® : R?® = R, for o € R,
with the operator of multiplication by w® on L?(R?®). Likewise, in the case where h* = pFF,
we identify w® with the operator w® Lc2 on L*(R? C?). We then recall that the operator
dl'o(w®) in (2.3) is defined by

dl—‘g(wa)‘hn@)sn = £ Z ]].hu®k~—1 ® wa ® ]]'hﬁ®n_k'
k=1

Concerning the dispersion relation w, we are going to assume the following properties,
which are satisfied by the typical choices w(k) = |k| or w(k) = Vk? + m?2.

Assumption (A,). The map w: R® — R, is measurable, it grows at least linearly, i.e.,

_cw(k)
| f—= 2.4
it > O (2.4)

and it admits an (unbounded) inverse w™' with dense domain 2(w™"') C bF.
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2.1. Quasi-classical limit. We recall some facts on semiclassical measures (see, e.g., [ANOS,
ANO09, AN11, AN15, Fal18b]). Analogously to the notation introduced above, ¥, denote the
one-excitation spaces

pNel .= L2(R3, w(k)dk), boF = LA(R®, w(k)dk; C?). (2.5)

More generally, we define the spaces hia as the weighted L%-spaces with weight w®, o € R.
Observe that for all @ € R, h*nN bia is dense in both h* and bfﬂ thanks to Assumption (A,).
The Weyl operator associated to Nelson and Pauli-Fierz fields reads

W.(z) := giled(@)+as(2) (2.6)

for z € h*. To shorten the notation, in the following we will omit the label Nel/PF distin-
guishing between the Nelson and Pauli-Fierz models, when the statement applies to both
cases. We denote by Z(h) the set of Borel probability measures on b.

Definition 2.1 (Semiclassical convergence).
Given a family of normalized microscopic states {\115}56(071) C Z., let us define the associated

set of quasi-classical §ya-Wigner measures Mya(V.) C P (hoe), a € R, as the subset of all

probability measures pi, such that 3{e,}, ., €n — 0, so that
n—-+o0o

: ~ iRe{w=2/2p|w/22
i (0, (W, ()0, ) 5, =) = [ du(e) ™60
b

n——+oo

(2.7)

w®

for all n € hy—a N, which we also denote for short as V., Lj% I
n—-+0oo

To ensure that the sequence of field states we are considering admits at least one limit
point, i.e.; the set of associated Wigner measures ., (¥.) is non-empty, we assume a uniform
control on these states in €. The precise statement of such a control depends on the model
and therefore we make two different assumptions for the Nelson and PF models, respectively.
We preliminary recall that

dI'®(w @ w) = dl(w)? — edl(w?).
Assumption (AY). The family {¥.}, o) C T(L*(R?)) is such that
(0. 1+ L. ()| 0.) . < C (2.9
uniformly in €.
Assumption (Ay"). The family {V.}_ ¢,y C Te(L*(R* C?)) is such that
(U 1+ dTo(w) + TP (w @ w))|T.) . <C (2.9)
uniformly in €.

We anticipate that for any family of states {W.}_ C .%. as in Definition 2.1, such that
Assumption (AJ) or Assumption (ALY) holds, we have that ., (V.) # @ [AN0S8, Fall8a),
i.e., there exists at least one pu € #,(¥,.), such that
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In addition, for any such converging sequence {W¥. } .. and g,

(W, |a2, (9)Ve,) 5. —— / W2 02 du(z) (2.10)

for all g € h,-1 (see Proposition 3.4 below).

2.2. Nelson model. We consider a spinless non-relativistic particle linearly coupled to a
quantized scalar field. The space of states (1.2) takes in this case the following form

%Nel LQ(RB) QR F o‘*Nel L2(R3) ® T (bNel) hNel — L2(R3>. (2.11)

The energy of the total quantum system is described by a Nelson-type Hamiltonian, given
by

HY! = P? + U(z) + dl.(w) + O (e Fwzy). (2.12)
Here P := —iV, is the momentum® of the electron, U : R?® — R is a real external potential,
and
ik, —= izk —1 ivk —1 o X<k) ix-k % —ix-k
O (""" w 2)() ar(e™fwTzx) 4 a (e wT2y) = L (e ar(k)+e ae(k‘))dk,
rs w2 (k)

is the field operator corresponding to the interaction between the non-relativistic particle and
the field. The function x : R®* — R is an ultraviolet cut-off, which might be required for the
Hamiltonian to identify a self-adjoint operator in the Hilbert space s#N° but which, in our
paper, can subsequently be put equal to 1.

Before stating the assumptions on U and Y, let us denote by U, := max(U,0) and U_ :=
max(—U, 0) the positive and negative parts of U, respectively.

Assumption (Ay). The potential U : R® — R is such that U, € LL _(R3) and U_ is KLMN
form-bounded w.r.t. —A, i.e., there exists a € (0,1) and b € R such that

WIU-_|¥) <a(®|-AlY) +b|y]®, Ve H(RY). (2.13)

Concerning the ultraviolet cut-off function, we preliminary recall the definition of weak LP
spaces: for 1 < p < oo, we denote by L?>°(R?) the set of (equivalence classes of) measurable
functions f : R3 —C such that the quasi-norm

1 lnee = |11 > 6371

is finite, where, for any measurable set S, |S| stands for its Lebesgue measure.

Assumption (A,). The function x : R* — R is such that x/w € L>*(R?).

(2.14)

‘LOQ((O,oo),dt/t)

We remark that the function y = 1 can be easily seen to satisfy the above Assumption (A, ),
at least in the physically relevant cases w(k) = VK2 + m? and w(k) = |k|, since
/3 _ 92/3 1/3
1 oo.<3H1k>t1tH — 3%/3(4m) 13,
el <3[|[ QA > = 8

More generally, it can be readily seen that 1/w € L>*°(R3) for any w satisfying Assump-
tion (A,). Hence, Assumption (A,) does not require a decay for large |k| of the function ¥,
as it occurs for ultraviolet cut-offs.

We use boldface letters to denote vectors in R3, whenever we need to stress the vector nature of the object.
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We will see in § 4 that the following quadratic form on the Schwartz space S(R?) indeed
defines a function V.(x) belonging to some Lorentz space

[ vitol = [ 2me((enp F Tm® Xf}’z;) (Wl (b)0) 5 ) dk, v € S(RY), (215)

where F denotes the Fourier transform on L?(RY), i.e.,

FU k) = W /R e () d. (2.16)
If both y/w and x/y/w are in L{(R?®) then the following explicit expression holds
V.(z) = <\Ifg 2Re a:(ei”k\%) \115>th ; (2.17)
so that the expectation of HY® — dI'.(w) on the factorized state ¢ ® U, as in (1.3) reads
Q:[v] = (¢ |HX¥) ., HY=—-A+U+ V. (2.18)

Finally, given p € 2(h), we will also see in § 4 that the following quadratic form on the
Schwartz space S(R?) defines a function V), belonging to some Lorentz space

/ Vilwl? = / 2Re( Vi 2|22 F (WP ) (=), Vi € SRY). (2.19)
R3 B w Lz
If x/w is in L(R?) then the following explicit expression holds

V.(z) = 2Re /hw <w1/2z‘ %eik'$>Li du(z). (2.20)

Our main result for the Nelson model is the following. Let us preliminarily introduce a
slightly modified notion of I'-convergence, adapted to our needs.

Definition 2.2. Given &,, withn € NU{oo}, functionals from b* to R defined on a suitable
common dense domain 2 C b* we write
r
gn” w 500['] )

of and only if the following two statements hold:

e [[' — limsup| For any v € 2, there exists one sequence {W,}nen C £ such that

f
Uy —2 s 1, and
n—oo

limsup &,[Vn] < Exo[¥] ;

n—o0

w_p!
e [I' —liminf| For any sequence {¢y, }nen C 2, such that 1, TL) v, Y € 2,

lim inf £,[1,] = Eso[t] .

n—o0

The convergence &,[] T, Ex[-] holds if and only if &, I'-converges to &, both in the
n—oo

weak and strong topologies of b.
Let us recall that with this definition, the I'-convergence of quadratic forms bounded from
below is equivalent to strong resolvent convergence of the associated self-adjoint operators
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[DM93, Theorem 13.6]. If, in addition, the operators have compact resolvent, then the I'-
convergence is equivalent to norm resolvent convergence.

Theorem 2.3 (Convergence of HN).
Suppose that Assumptions (A,), (AY), (Ay) and (A,) hold. For any p € AN (V.) and for

any sequence {e, tnen, €n — 0, such that V., —>— u, then,
n—-+o0o

HY' = —A+U+V.,, and  HY'=-A+U+V, (2.21)
define symmetric closed quadratic forms with form domain
Q:= Q(H) = Q(H") = H'(R*) N L*(R?, U, du)

and hence define self-adjoint operators on domains D(HX®), D(HEEI) C Q, respectively.
Moreover, as quadratic forms,

(o |HN 0y —= (o | HY| o) - (2.22)

n—oo

&
i.e. Up(x) — 00 as |z| — oo, then HY®' converges to H)*! in norm resolvent sense.

Consequently, Hl\jfl converges to ngl in strong resolvent sense. If in addition U is confining,

Remark 2.4 (Ultraviolet renormalization).

In the work [CFO24] it is shown that the ultraviolet renormalization of the Nelson model
commutes with the quasi-classical limit. However, the former calls for the extraction of an
infinite particle self-energy, and the introduction of a suitable dressing transformation that
modifies substantially the properties of the microscopic Hamiltonian as well as of its quasi-
classical limit. In this framework, the above result shows that, on product states and at the
level of the quadratic form, such a renormalization procedure is actually not needed. Indeed,
one can easily figure out that Theorem 2.3 entails that (see Assumption (A, ) and discussion
thereafter), if one imposes an ultraviolet cut-off x5 such that yo — 1, as A — +o0, then,
at the level of the reduced quadratic form, the limits ¢ — 0 and A — 400 yield the same
result irrespective of the order in which they are taken. Furthermore, if the cut-off parameter
A = A(e) depends on € and A(e) = +oo as € — 0, i.e., the ultraviolet renormalization
is performed at the same time as the quasi-classical limit, the rate of the former does not
matter.

Remark 2.5 (Wigner measures).

As discussed above, the set of Wigner measures of a generic family of states {W. }.c(o,1) might
contain more than a single point. In that case, the family of operators Hgfl depends on
the choice of sequence {&, },en determining the limit point p. However, if the set of Wigner
measures consists of a single point, then the I'-convergence holds as ¢ — 0.

Remark 2.6 (Pseudo-relativistic kinetic energy).
A close inspection of the proof shows that the result easily extends to Nelson-type Hamilto-
nians with pseudo-relativistic kinetic energy, i.e., for Hy = vV—-A+v2+ U, v > 0, up to a
straightforward modification of Assumption (Ay).
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2.3. Pauli-Fierz model. We next consider a second, physically more relevant setting, where
the spin of the non-relativistic particle is taken into account, the radiation is described by
the quantized electromagnetic field in the Coulomb gauge and the particle-field interaction is
given by Pauli coupling. For the sake of simplicity we set s = % but the extension to different
values of the spin is straightforward. The space states is then

A= LARECYH @TL(h), b = LA(R%CY), (2.23)
and the Hamiltonian is given by
HYY = (o (P — A(2)))” + U(z) + dl.(w), (2.24)

where the vector of Pauli matrices o = (01, 09, 03) is

(01 (0 —i (1 0
G1=\10)27\i o) \o -1/

The vector potential of the quantized electromagnetic field is of the form

(k) iz i
A(z) = X0 e (k) (ekal (k) + e ™*ay (k) dk,
Z/ o )

with (e;(k),es(k)) polarization vectors, such that (e;(k),es(k), k/|k|) forms an orthonormal
basis of R3 for all £ # 0. The creation and annihilation operators aiﬁa, ay are now labelled
by the polarization directions A, X € {1,2} and satisfy the canonical commutation relations
[0, 0% (k)] =0, [ane(h), ol (k)] = ebrndlh = 1),
for k, k' € R® and A\, N € {1,2}. To shorten notations, we will sometimes write
Ac(z) = az(ws) + a:(wy),
with .
w,(k,A) == Xl( ) ex(k)e™*, (2.25)
w2 (k)
The Hamiltonian (2.24) is not normal ordered, which implies that its vacuum energy may

diverge in absence of an ultraviolet cut-off. For this reason, we actually work with its Wick-
ordered counterpart

H.:=(0-P)*—(0-P)(o-A.(2)) — (0 -A.(2))(0 - P)
+al(wy)ai(wy) + ac(Wy)ac(Wy) + 2a(wy)a-(w,) + U(x). (2.26)
Note that : H. : and H. only differ by an e-dependent constant,
cHe :=H, — [a.(W,),al(w,)] = H. — 2¢ HW_I/QXHii ,

which formally vanishes in the limit ¢ — 0.

The counterparts of the potential V. defined in (2.15) for the PF model are a vector
potential A, along with a potential W, defined through the following quadratic form on the
Schwartz space S(R?). For A., with w, is defined in (2.25):

/Rg WA, = /]R 2Re(|0(@) wo(k) (Wolaz(R) )5 ) dedk, Vo e SEY). (227



QUANTUM POINT CHARGES AND QUASI-CLASSICAL ELECTROMAGNETIC FIELDS 9

If both x/w and x/y/w are in Li(Rg’) then the following explicit expression holds
A () = (V. |A(z) U = (0, ‘( (Wa) + a-(w,)) U, >75 : (2.28)
For W.:
[ R 0= [l 2Re(wah) - walk) fo (ke ()0 ),
R R

+wa (k) - wx(k:’)<a€(k)\115|aa(k’)\116>9~5> dedkdk’, Yy € S(R?). (2.29)

If both x/w and x//w are in L(R3) then the following explicit expression holds

We(z) := <\IlE : (Ae(x))2 ; \I]E>/s
= (. |( w,)al(w,) + a:(w,)a:(w,) + 2al(w,)a.(w,)) U, >7 . (2.30)
The reduced Hamiltonian has then the following expression:
HY = (0-P)? — (0 -P)(o-A(2)) — (0 A(2))(o - P) + W.(x) + U(x). (2.31)

Its quasi-classical counterpart is identified by a measure y € .#ZF¥(0.) in the set of Wigner
measures associated to {U. }EE 0.1) and such that, up to the extraction of a subsequence,

and reads
HYY = (0 - P — (0 -P)(0- A(2) — (- Au())(o - P) + Wola) + Ulz),  (2.32)

where the multiplication operators by A, (z) and W), (z) are defined through the following
quadratic forms on S(R?) (see § 5):

A 2.— e ﬁwm k 2)?dedk)du(z .
[ A= [ ome( [ S0 walh) o) e di)au:) (2.33)
and

RACE /h o L AR v )Y Re(TR) wa () 0 0) e iy b d(e). (234

with ¢ € S(R?). In the simple case that x/v/w is in LZ(R3) then the following explicit
expressions hold

A, (z) = / 2Re <w1/22 ‘w’l/zwx>L2 du(z), (2.35)
hEF *
2
W, (x) ::/ <2Re (w22 ‘w_1/2wx>L2> du(z) . (2.36)
bo" §

To prove our result on the Pauli-Fierz model, we need to slightly strengthen Assump-
tion (A, ):

Assumption (A!). The function x : R® — R is such that [k|x/w € L®(R?).
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Similarly as for Assumption (A,), the function y = 1 satisfies Assumption (A]) in the
physically relevant cases w(k) = vk% + m? and w(k) = |k|.
Our main result is then:

Theorem 2.7 (Convergence of HI'™).
Suppose that Assumptions (A,), (AYY), (Avy) and (A)) hold. Then, for any p € AT (V,)

and for any sequence {en}nen, €n — 0, such that V., —= 5 u, HiF and HEF define

n—-4o00
symmetric closed quadratic forms with form domain

Q= H'(R*) N L*(R* U, dx; C?), (2.37)

and hence define self-adjoint operators on domains D(HET), D(HEF) C Q, respectively.
Moreover, as quadratic forms,

(o [HE | @) == (o [H."] o) - (2.38)

Consequently, H'Y converges to H™ in strong resolvent sense. If in addition U is confining,
n 1
i.e. Up(x) — 00 as |z| — oo, then HEF converges to H.* in norm resolvent sense.

Remark 2.8 (Ultraviolet renormalization).

Analogously to Remark 2.4, the above Theorem 2.7 implies (see Assumption (A,) and dis-
cussion thereafter) that one can remove the ultraviolet cut-off at the level of the energy form
and such an operation commutes with the quasi-classical limit ¢ — 0. However, unlike for
the Nelson model, the rate at which the cut-off is removed does matter: recalling that the
result above applies to the normal ordered form of the PF Hamiltonian, the vacuum energy
we are implicitly extracting is

=2z [l p ||}, = —CeA?(1+ 0p (1))

in the simple case of a sharp cut-off xo = Lj;<a. Hence, such an energy remains bounded
ase — 0,if A < \/Lg, suggesting that the ultraviolet renormalization is actually trivial if the
cut-off is removed slowly enough.

Remark 2.9 (Quantum and classical divergences in non-relativistic electrodynamics).

The choice x = 1 corresponds to a point distribution of the electric charge of the quantum
Schrédinger particle. On the one hand, at the quantum level, a point charge yields an energy
unbounded from below due to the interaction with the quantized field. On the other hand,
in classical electrodynamics, a point charge yields an energy unbounded from below due to
the Coulomb singularity of the electrostatic potential. The model in between, namely with
a quantum point charge and a classical electromagnetic field has an energy bounded from
below, at least for regular enough vector potentials of the electromagnetic field. Theorem 2.7
agrees with such a physical picture, since we can derive the Hamiltonian of a point charge
in a classical electromagnetic field from a fully quantized non-relativistic electrodynamics,
under suitable assumptions.

3. PRELIMINARIES

3.1. Functional inequalities in Lorentz spaces. Our proofs rely on suitable functional
inequalities in Lorentz spaces. For the convenience of the reader we recall basic facts about
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Lorentz spaces (see, e.g., [O’N63, Yap69, LR02, BLNS17| or [Gra08, 1.4.19] for more details).
For 1 < p < oo and 1 < g < oo, the Lorentz spaces L := LP4(R?) are defined as the set of
(equivalence classes of) measurable functions f : R — C such that the quasi-norm

1l = 22|11 > 2377 ]

is finite. For 1 < p < oo and 1 < ¢; < ¢2 < 00, the continuous embedding LP9 C [P holds.
Moreover, LPP 1dent1ﬁes with the Lebesgue space LP. In the sequel, the notation < stands for
the inequality < up to a multiplicative constant which is independent of the chosen function.

We use the following generalizations of Hélder and Young’s inequality in Lorentz spaces.
For 1 < p1,p2 < 00, 1 < g1, q2 < 00, Hélder’s inequality states that

1 1 1 1 1 1

I fifoll e S W ill ovan 12l ponas » P + n 4@ + P

whenever the r.h.s. is finite. Young’s inequality states that, for 1 < p,p1,ps < 00, 1 < 1,92 <
OO?

(3.1)

L1((0,00),dt/t)

1 1 1 1 1 1
1% foll o Sl poran (12l ponas 1+1_9:p_1+p_2 5:a+£-

Then, we have the following property of the Lorentz norms:

Lemma 3.1. Ifa; 20, j € {1,2}, (a1 + aa)/d =1/p € (0,1] and 1 < ¢ < oo, then, for all
77ij € Hoz]"

IF @)l S 11l e 12l gran - (3.2)
Proof. Using the Young inequality in Lorentz spaces with pi]_ = O‘] + = ylelds
IF@12) | s S 101l o120 1902l 2,20 (3.3)

we can then estimate the two terms on the right hand side in the same way, using the Holder
inequality in Lorentz spaces, and the continuity of the embedding L>? C L*29,

1950 2o S NEIT || ooy [[1ERI%; || g S ([1BI79%5]| 22 = 119050 e (3.4)
which achieves the proof. O

From now on we set the space dimension d equal to 3. We state a simple Lorentz space
estimate, which is useful both for the Nelson model and the Pauli-Fierz model:

Lemma 3.2. If Assumptions (Ay) and (Ay) hold, and ¢, p are Lebesgue measurable functions
such that 1, o, Vo € S'(R3), and F(vYp) € L2, then

o], <1

F@o)|| o -
Proof. Holder’s inequality in Lorentz spaces and Assumption (A, ) yield
IF@R)E N < IF @O oo [[El o -

which is the claimed result. O

The Lorentz spaces estimates we use for the Pauli-Fierz model are given below.
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Lemma 3.3. If Assumption (A,) and ((A,)) hold, and 1, ¢ are Lebesgue measurable func-
tions such 1, p, e € S'(R?), and F(y) € L3’2, then
(

[FEas-0 S| 1@l

w(k) w(k') || 2

and || F ()| s can be controlled either by |9l gz [1¢] gz or 192 el -

Proof. By Holder and Young’s inequalities in Lorentz spaces
|(FRor )| < | F@er? « 2
S &l | F @ < Mo IF @

and Lemma 3.1 yields the bounds on H}"(@@)HL&Q. O

X2
2

2
3.1
X2

w2

1 [3/2,00

1,3/2,1 1,3/2,00

3.2. Semiclassical Analysis. We present here the main tool of semiclassical analysis ensur-
ing the existence of at least one Wigner measure (see Definition 2.1) associated to the family
of field’s states {W.}, ), as well as the convergence of expectations of suitable observables
(monomials of creations and annihilation operators). In order to properly state the latter,
let us introduce a class? %m, ¢,m € N, of (cylindrical) classical symbols of the form

{+m
H H (W?z|w™ > (w™2g;lw! /22 >b’ (3.5)
i=1 j=(+1
where g; € b, for any i € {1,...,/+m} and z € h,. The Wick quantization of such
symbols is simply given by the normal ordered monomial
{+m

OpVi™ (s H IT eltg)as(g)). (3.6)

i=1 j=0+1

Proposition 3.4 (Existence of Wigner measures).
Suppose that Assumption (A,) holds. If there exists 6 > 0 such that the family of states
{We} ey C Fe satisfies

‘<qf (1+dl.(w ‘xp> <C, (3.7)
uniformly in e, then A, (V.) # & and
/ (1 + le/zzHi>ndu(z) < 400, Vn < 6. (3.8)
e

Furthermore, if W, ch> pand S(z) € S is a symbol of the form (3.5) with 2% <4,
n—-+0oo
then
chk

2We use the following convention: if either £ or m = 0, no factor of the corresponding kind is present in the
symbol.
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Proof. The result concerning the existence of Wigner measures for w = 1 is already stated in
[ANO8, Thm. 6.2]. The extension to a generic w > 0 and the result about the convergence
of cylindrical symbols can be found in |Fall8a, Thm. 3.3]. O

Remark 3.5 (Nelson model).
Combining Proposition 3.4 above with Assumption (AJ®), we immediately see that, if the

latter holds, then not only the set of Wigner measures is non-empty, but also for any p €
w—sC

M, (V) and any subsequence such that U, o

<\I/En ‘asn \Il€n> — <w1/2,z |w’1/2g>bNel du(z), (3.10)

/En n—oo hgcl
for all g € h1,. Obviously, the analogous result for the expectation of a., (g) holds true.

Remark 3.6 (PF model).

Analogously to Remark 3.5, the combination of Proposition 3.4 with Assumption (AJ") guar-
antees the non-emptiness of the set of Wigner measures .#,,(\V.), as well as the convergence
(over subsequences) of the expectation values of monomials of degree up to 2 of creation and
annihilation operators, i.e., in addition to the analogue of (3.10), one also has that

(., |l @) 0.,)  — . (w7 IW‘1/29>hpF>2dﬂ( ), (3.11)

.|.
a
Fey, MO0
<\IJ57L

a’ln (g)a&‘n \IjEn >/5n N—00 /

1/2 dp(z (3.12)

<w g‘w z>hPF

for all g €

4. THE NELSON MODEL: PROOF OF THEOREM 2.3

We present first the method on the Nelson model, where most ideas can already be under-
stood. Throughout this section, the spaces LP, LP4 and H*® have their variables in R3.

Lemma 3.2 allows us to make sense of the potential V. (recall its definition in (2.15)) once
the fields are traced out, and also yields a useful estimate:

Proposition 4.1 (Estimate of V7). B
Suppose that Assumptions (A,), (AY?) and (A,) hold. If F(e) € L2, then,

|@IVeg)ss
Moreover, V. |P|~Y2 € 2(L?) uniformly in e.
Proof. Taking the modulus of both sides of the identity

* ix-k x wck: X(k> *
(v@v.fa (e x) pou.) /zp S (W |a2(k)0.) 5 dadk

SIF@@)[[ oa (e 1dT(w)| W) 105, - (4.1)

ak

yields

(@ v (7h3%) v o v )| < [F@O Vo) le)wals |,

e 5, -
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We have that || /() la- ()W ||, = (@, [dT.(w)| ©.)"? and the term [ F@p)X||,, is
T k

bounded by Lemma 3.2. This shows (5.1). The facts that the operator V. |P|7/2 is bounded
on L? uniformly in ¢ follows from Lemma 3.1. 0

We can then make sense out of the effective potential V), (recall its definition in (2.19))
obtained as the quasi-classical limit of V.

Proposition 4.2 (Estimates of V,,).
Suppose that Assumptions (A,), (AY) and (A,) hold. Let yu € #,(V.). Then,

) 1/2
WVl < 1F @], ( /b w22, du(2)> . (42)

Moreover, V,, |P|7Y2 € 2B(L?).

Proof. The Cauchy-Schwarz inequality followed by Lemma 3.2 yield
) 1/2
0 Vil S 17wl ([ 2] auta))

S 1 I3 ([ Il aua))

As in the previous proof, Lemma 3.1 shows that the operator V,,|[P|~%/2 is bounded on L. O
We are now ready to prove a convergence result of V. towards V,:

Proposition 4.3 (Convergence of V7).
Suppose that Assumptions (A,), (AY") and (A) hold. Let p € M, (V) and {e,}, .y be such

that W, % w. If F(Pp) € L2, then
n—-+00

/ﬂ@(van — V) bp —— 0. (4.3)

n—-+o0o

Moreover, the family of operators (V. — V,,) |[P|7Y/2 is bounded on L? uniformly in n and
converges weakly to 0.

Proof. I F (1) € LS2, we have
Real (emk\%> ’ e \If5n>
aln <<¢ }6 SO>L% \/L(;) \Ijsn >9€ + <\Il<fn aE'rL <<(p ‘6 Q/)>L% %) l:[Jé':"n >§5

N <w ’Re (<w1/2z ‘ewkf>Li) @>L% du(z),

n——4o0o B

WVl @)z = (VO U,

= <\I/57L

where we used that u € .#,(V.) (see Definition 2.1) and that F()¢)x/w € L? by Lemma 3.2.
The uniform boundedness in n of the family of operators (V., — V,,) [P|7¥/2 in L? follows
from Propositions 4.1 and 4.2. The fact that (V., —V,,) |P|7Y/2 converges weakly to 0 follows
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from Lemma 3.1 with a; = 0, ap = 1/2 and d = 3: it shows that if ¢ € HY? and ¢ € L2,
then F (1) € L%? and we can then conclude thanks to (4.3). O

Remark 4.4.
The previous proof also shows that F(V.,) —— F(V,,) weakly in L%/52,

n—-+00

We are now ready to prove the main result of this section on the Nelson model.

Proof of Theorem 2.3. Let us fix p € #,(¥.), and the sequence {e, },en such that ¥, — p.

To justify that HY = —A + U 4V, and H}" = —A + U + V), define symmetric closed
quadratic forms with form domain Q := Q(H) = Q(HJ) = H'(R*) N L*(R? U, dx), it
suffices to argue as follows: first, since U, is non-negative and belongs to Li ., —A + U,
identifies with a self-adjoint operator with form domain Q. Next, Assumption (A) together
with Proposition 4.1 show that U_ 4+ V_ is relatively form bounded w.r.t. —A (and hence
w.r.t. —A+ U, ) with a relative bound < 1. The KLMN Theorem (see e.g. [RS75, Theorem
X.17]) then shows that H“ identifies with a self-adjoint operator with form domain Q. The
same holds for H}fel, using Proposition 4.2 instead of Proposition 4.1.

Now the goal is to prove I-convergence of the quadratic form (¢ }H;jel\ ©) to (¢ |H,|p) as
n — oo, in the common domain of definition Q.

Let us start with the - lim sup. For any ¢ € Q, we have to construct a sequence {¢;, }nen C

Q such that

on—2> 0, lim sup {on |HY @) < (@ |H,u| @) (4.4)

n—-+00

In view of Proposition 4.3, it is sufficient to choose ,, = ¢ the constant sequence, to get

lim  (pn [HY| @n) = (¢ |Hpul @) -

n——+o0o

For the I'-liminf, we apply Proposition A.2: the fact that the assumptions of Proposi-
tion A.2 are satisfied follows from Propositions 4.1 to 4.3 (note in particular that (A.2) holds
with 0 = 1/4). This concludes the proof.

U

5. THE PAULI-F1ERZ MODEL: PROOF OF THEOREM 2.7

In this section, we set LP := LP(R?® ® C?), LP9 := [P9(R?® ® C?) and H*® := H*(R3 @ C?).
Recall the definition of the vector potential A, in (2.27) with form domain H' N L*(U, dz).
With the same proof as Proposition 4.1 for linearly coupled models, one gets:

Proposition 5.1 (Estimate of A.). B
Suppose that Assumptions (A,), (AYY) and (A,) hold. If F(p) € L2, then,

|10 1| S [F WD) | e (W A=) 022 0] 5, (51)

Moreover, A, |P|~Y% € B(L*) uniformly in c.

Next we decompose the potential W, defined in (2.29) as
Wa - Wa*a*,a + Waa,s + 2Wa*a,5
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with
2
Wa*as - 5 k2,
(@) = e (6 \/5) F.
Waa,e(2) = <\Ifa a? (e”’“\/%> > (5.3)
and likewise for Wsos o (2) = Woo ().
Proposition 5.2 (Estimate of W.). B
Suppose that Assumptions (A,), (AYY) and (A,) hold. If F(vp) € L*?, then
[ [ Warael )12 | S I1F(00)]| o (W A=) W) (5.4)
and
_ 1/2
‘<w |Waa,€()0>L§ S H‘F(wgp)“LS,Q H‘IJEHfE <\Ij€ |dF§2)(w ®w>‘ \IJE>
As a consequence,
(@Il @hia| S IF @O s (5.6)

and W |P|~t € B(L?) uniformly in ¢.
Proof. By the definition of W+, ., we have

Wl = (0) 69 (745) 53,
= / / / b()p(x)e @ Fk) X(’“()k) X(’“(;j,) (ac(k) V. |ac(K)0.) 5 dedkdk

- /] = v

and hence, taking the modulus of the previous equalities provides the bound

| < [T 1F@RE = 1] S o (0l (), b
= [ oyl |7 ¢ 2 a0l | (i

Holder, Young and again Holder’s inequalities in Lorentz spaces yield

(ac(k)¥, |a.(K)¥. ), dkdE,

(Y [We aa| ‘;0

(¥ |Wa*a el ‘P)

f 7, * X() . ‘1/ _
s [N = GG NacOTell |

\/— Has(k)q/s”g@
2

< x(k) YW _
) a ( ) a”ye L6/52
k

“F(@ESO) HL:s,oo

S 1305 ||l 20

2 _
Fe L2 H}—W@)“Ls,w
= 12175 [F @) o (W [T (w)] W)

(5.2)

(5.5)
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Next, by the definition of W, .,
(0 Waaep) 2 = (¥ @ W |a? (74 ) p 0 0. )
— [ Fo) - K) 3828 VR0 (0. o (R)a. (K. 5, Akt
The Cauchy-Schwarz inequality in Lik, along with Lemma 3.3 yield
(0 Waae )

TN L 1\ x(R) x(K)
< H]:(WP)( k—k )w(k) w(k)

()R (Ve e (ko () . 5,
Vel llac(k)a- ()] 5|,

k!

L2

2
L kK’

kK

SNE o [ F@0)]| a2 192 5.

X1 o [ F @) w925 (0 |ATD (w0 @ )| 0.)

where we recall that dT'%? (w ® w) = dT'.(w)? — edl-(w?) .
We deduce the uniform bound on the norm of W, [P|~! from Lemma 3.1 with a; = 0,
as =1 and d = 3, since, if ¢ € H' and ¢ € L?, then F(iyp) € L3 O

In our proof of the I'-convergence below, we will need a related estimate on
B. =V AA..

In this respect, it turns out that Assumption (A, ) is not sufficient for our purpose. The next
result holds under the slightly stronger Assumption (A)).

Proposition 5.3 (Estimate of B.). )
Suppose that Assumptions (A,), (AY") and (A)) hold. If Yy € L?, then

(¥ Bl )| < [[og]|.
As a consequence, |P|7/4B, |P|73/* € B(L?) uniformly in c.

Proof. Note that
(¥ Be(x)| @) = (¢ @ Ve [Be ()] o ® Vo)

where
= Z / 2Bk Aea() ( kg, (k) + e—i“a;(k)) dk .
Proceeding in the same way as for A, or V., we can thus estimate

(¥ [Be(@)[ )| S (¥ < el

since |k|x/w € L thanks to Assumption (A;()

The uniform boundedness of |P|=%4B, |P|~%/* then follows from Lemma 3.1 with a; =
as =3/4 and d = 3. O

Recall that A, has been defined in (2.33). Similarly as for B., we set
B, =VAA,
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Proposition 5.4 (Estimate of B,). B
Suppose that Assumptions (A,) and (A,) hold. Let p € M,(V.). If F(p) € L52, then

) , 1/2
(0 IAI N S [ [ o2l ) 67)
and A, |P|7Y? € B(L?). Likewise, if F(1p) € L*?, then
(@ Wl o) S |F W) s (5.8)

and W, |P|™t € B(L?). B
Moreover, if Assumption (A ) is replaced by the stronger Assumption (Al) and if Y € L2,
then

(W 1Bul o) S |92 (5.9)
and |P|73/*B,, |P|=%/* € B(L?).

Proof. To prove the first estimate, it suffices to write
) 1/2
614,190 S IRl ([ o1 auto))
Bo

- ) 1/2
S ECEIPA I G AR C)

where we used Lemma 3.3 as before. The statements concerning W, and B, can be proven
in the same way. 0]

Proposition 5.5 (Convergence of A, W¢, B.).
Suppose that Assumptions (Ay), (AY") and (Ay) hold. Let p € #,(9.) and {e,}, . be such

that W, % w. If F(bp) € L2, then
n—-+0oo

n—-+00

/ (Ao, —A,) fp —0 (5.10)
R3

and the family of operators (A., —A,) |P|~Y/2 is bounded on L? uniformly in n and converges
weakly to 0. Likewise, if F (1) € L*?, then

n——+o0

/, (We, = W,) p ——— 0 (5.11)

and the family of operators (We, — W) |P|™* is bounded on L* uniformly in n and converges
weakly to 0. B
Moreover, if Assumption (A) is replaced by the stronger Assumption (A') and if Yy € L?,
then
/ (Be, — B,) v —— 0, (5.12)
R3

n—-+o0o

and the family of operators |P|=/4(B., — B,) |P|=%/* is bounded on L? uniformly in n and
converges weakly to 0.
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Proof. The proof of the convergence of A, is the same as the proof of Proposition 4.3.
Likewise, using that u € ., (¥.) (see Definition 2.1), we have that

W IWel ) = (00) @ e, [(a, (w2))” + (0, ()P + 28, (W), (w2) | () @ 2, )
= (e |00 |0 90+ o) 208, e, )] ), W)

—— [ (¥(2) [(2Re (z|w,))’| p(2)) du(z) = (¥ | W),

n—-+o00 B

since F(¢p)(k + k")%fjg:ﬁg € Lj ;s and p is supported on functions z such that /wz € L*.
The weak convergence results follow similarly and the uniform boundedness results follow

from Propositions 5.1 to 5.4. O

Remark 5.6.
The previous proof also implies that

o F(A.) — F (A,) weakly in L5/>2
n—-+0oo

o F(W.,) —— F(W,) weakly in L3/2,
n—-+00

e B., —— B, weakly in L%
n—+00

We are now ready to prove our main result about the Pauli-Fierz model.

Proof of Theorem 2.7. We proceed as in the proof of Theorem 2.3. Let us fix u € ,(V.),
and the sequence {e, },en such that U, — pu.

To justify that HIY and H® define symmetric closed quadratic forms with form domains
Q = H'(R?) N L*(R3, U, dz), it suffices to argue exactly as in the proof of Theorem 2.3,
using that HI'' — (—A + U,) and HYF — (—=A + Uy) are relatively form bounded w.r.t. —A
with a relative bound < 1, which follows from Assumption (Ay) and Propositions 5.1 to 5.4.

Next, we prove I'-convergence of the quadratic forms (¢ |HEF| @) to (@ |HET| ).

For the I'-limsup we take again the constant sequence and use Proposition 5.5: for any
o€ Q,

(p|H: = H,"|¢) = 2Re (o - Polo - (A, — As,) @) + (p[We, = Wyl @) —— 0.

For the I'-liminf, we apply Proposition A.2: the fact that the assumptions of Proposi-

tion A.2 are satisfied follows from Propositions 5.1 to 5.5 (in particular, (A.2) holds with

d = 3/8). This concludes the proof.
0
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APPENDIX A. WEAK ['-CONVERGENCE FOR SCHRODINGER AND PAULI OPERATORS

In this short appendix, we will prove some results concerning the limes inferior of a sequence
of operators in the weak topology that are useful for proving I'-convergence of quasi-classical
operators in the main text. We consider Schrodinger or Pauli type operators, with pertur-
bations that are uniformly KLMN-relatively-small and converge weakly.

We first prove a preliminary useful lemma.

Lemma A.l. Let Q : Q — R, be a non-negative, densely defined quadratic form, and
Q[+, -] the associated sesquilinear form. Then,

QY] = sup ReQ[¢,2¢) — ¢] .
Proof. By the polarization identity, we can write
Re Qlo, 20— ] = {Re { Q20 — 6+ 6] - Q120 — 6 — 8] +iQ[20 — 6 — i) —iQ[20 — 9 — ig] }
= 1(Q2v] - QR(v - 9)]) = QI - Qlv - o]

Therefore,
sup Re Q[¢, 2¢ — ¢] = Q[¢] — inf Qv — ¢] = Q[¥],
$€Q eQ
since Q-] = 0 (choose ¢ = ). O

Let h = L?(R% C¥) with v = 1 in the case of Schrédinger operators and v = 2 for Pauli

operators, and consider
H,=-A+U+YV,, (A.1)

where U satisfies Assumption (Ay), V,, = W, for Schrédinger, V,, = W,, + V- A, +0-B,
for Pauli, with W, measurable from R? to R, V- A, = A, -V, and (An);, (By);, for

1 < j < d, measurable from R? to R. Let us suppose that V,, converges to some V., =
Weo +V-Ax + 0By weakly on Q(—A+ U): for all ¢, ¢ € Q(—A 4+ U),

Tim (V) = (6 |Vicl 0) -
We set Hy, := —A + U + V. Furthermore, we suppose that for some 0 < § < % and Ay > 0,

(~8+20) W (-A+2) 7 < €

AJ—A+A@4H<O, (A.2)

(~8+2) " Bu(-a+2)7| < €

all uniformly with respect to n € NU {+00}. Let us remark that this implies that V,, (for
n € NU{+o00}) is a —A-relatively small perturbation in the sense of quadratic forms: there
exist @ < 1 and b > 0 such that for all » € H(R?) and n € NU {400},

[ [Val )] < a e |=Al ) + bll] . (A.3)

In turn, this implies that there exists m € R bounding from below the spectrum of all H,
and H., and that any non-uniformly bounded sequence in Q(—A + U) makes (1, |H,|¥y)
diverge as n — oo.
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Proposition A.2 (weak I'-lower bound).

Let H, = = A+ U+V,, and Hy, = —A + U + V, be defined as above, with U satisfying
Assumption (Ay) and such that: V,, converges weakly on Q := Q(—A+U) to Vi, and (A.2)
holds uniformy in N for some § > 0 and A9 > 0. Then, for any {n}neny C Q such that

b Y b and o € Q, it holds that for all A > max(—m, \),
n—oo
lim inf (¢ [Hn + A ¢n) 2 (& [Hoo + A1) - (A4)

Proof. First of all, since a non-uniformly-bounded sequence ,, on Q := Q(—A + U) makes
the L.h.s. of the inequality to prove diverge, we can restrict to uniformly bounded weakly

convergent sequences, hence to sequences v, ve, Y. Let ¢, € C°(RY) be such that
n—-+o0o

H% - 7M’Q <k,

and supp(¢,) C Bo(Ry), with R, — 0o as K — 0.
Using Lemma A.1, we can write

(n [Hn + A thn) = ZESRG (¢ [Hp + Al 2t — 0) 2 Re (Y [Hy + A 2000 — i)
= — (Y [Hn + Al ¥x) + 2Re (g [Hn + Al ¢hn)
Now, the first term on the rightmost hand side converges by weak convergence of V,,:
T (0 [+ A ) = (W | How + M 1)
We rewrite the remaining term as
Re (4 |[Hn + Al thn) = Re (¢n [=A + U + A ¢n) + Re (b [Va| ) -

Since 1, ——2 ¢,

n—-+o0o

Re(wﬁl—A+U+A|q/zn)mRe(¢H|—A+U+A|¢> .

Finally, it remains to consider Re (¢, |V,| ) = Re (¥ |Va| ¥) + Re (¢ |Vi| n — 1): since
V,, converges weakly on Q to V., we have

lim Re {4, [V, 9) = Re (1 [Vae| 9)

Next, we write

Re <1/}n ‘Vn| wn - ¢> = Re <XB()(RH)’I/}I€ ‘Vn| wn - ”¢>
= Re <¢n |Vn| XBO(RK)(@% - @/))> + Re <¢n HXBO(RN)y Vn](@/)n - @/))> )

where X p,(r,) is @ smooth characteristic function that is = 1 inside By(R,), and is supported

on By(2R,). For the first term on the r.h.s., observing that (—A + \o) Y2V, (=A + Xg) ™ is
uniformly bounded in n by (A.2) and that ||1).]|¢ is uniformly bounded in 0 < x < 1, we can
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estimate
Kw'{ ’Vn‘ XBO(RR)<wn - ¢)>|

< llo [[(=A + X0) 2V (=2 + X0) 7| | (=2 + X)X Bo (R (0n — )|
< C (A + X)X Bo(re) (¥ — )| -

Now we can write

(=A 4 20)°XBo(R) (Wn — ©) = (A + X0) X By(r) (A + X0) (Y0 — )
— (=2 +20)° [XBo(ra)s (A + X0) 2] (= A 4 20) 2 (400 — ).

For any fixed 0 < x < 1, the first term goes to 0 in norm as n — 400 since (—A +
o) V20X gy Ry is compact and (—A + X)2(¢, — ) — 0 as n — +oo weakly in L?. As
for the second term, we use the representation formula

(A4 X)) V2 =71 / sV A+ X+ s)_lds,
0
which gives
s (A0 =7t [ ()™ [ Aoxmn] (<8 % Auts) s
0

Since § < %, standard estimates exploiting the scaling properties of the Laplacian resolvent
then show that

(=2 + X0)? [XBo(rn) (A + X0) 2| < CRLY,

and hence, since in addition |1, || is uniformly bounded in n,

(=2 4 20)? [Xaa) (—A +20) 2] (<A + X0 (th, — )| < CR;™.

The previous estimates yield

lim sup | <¢n ‘VnXBo(RK ¢> ‘ OR_

n—-+o0o

It remains to consider the term Re (¢, |[X5,(5.), V) (¥ — ¥) ). We compute
Re <wn ’ [Vna XBO(RK)} (wn - ¢)> Re <wl-€ |A vXBO Rn))(w - ¢)> .

This term converges to zero by the Rellich-Kondrachov theorem, since A, is uniformly
bounded in n by (A.2), Vxp,(r,) is a compactly supported function and ¢, converges weakly
to ¢ in H'.

Putting all together, we obtain that

liminf (¢ [Hy + A ¢n) 2 = (U [Hoo + Al ) + 2Re (¢ [Hoo + A1) — CR.".

Now, the right hand side converges, as k — 0, to (¢ |Hs + Al%), thus completing the
proof. O
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