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ABSTRACT. We study the number N.o(H;) of negative eigenvalues, counting multiplicities,
of the fractional Schrédinger operator Hy, = (—A)* — V(z) on L?(R?), for any d > 1 and
s > d/2. We prove a bound on N.o(Hs) which depends on s — d/2 being either an integer
or not, the critical case s = d/2 requiring a further analysis. Our proof relies on a splitting
of the Birman-Schwinger operator associated to this spectral problem into low- and high-
energies parts, a projection of the low-energies part onto a suitable subspace, and, in the
critical case s = d/2, a Cwikel-type estimate in the weak trace ideal £2° to handle the
high-energies part.
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1. INTRODUCTION

Estimating the number of bound states of the two-body Schrédinger operator
H:=-A-V(x)

on L*(R?) constitutes a rich problem that has attracted lots of attention in the mathematical
literature. Classical textbook references include |27, Chapter XIIL.3|, [34, Chapter 7|, [8,
Chapter XI|, [22, Chapter 4], see also [16, 33| for review articles and [13, Chapter 4| for a
more recent exposition.

Roughly speaking, the question raised is as follows. Consider a real-valued measurable
function V' : R? — R such that H identifies with a self-adjoint operator on L?(R%), with
essential spectrum [0, 00) (see e.g. [26] or [13] for sufficient conditions on V' implying these
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properties, see also Hypothesis B.1 and Remark B.2 below for the conditions considered in
this paper, in the setting of the fractional Schrédinger operator). The bound states of H are
defined as the normalized eigenvectors corresponding to negative eigenvalues. One then aims
at estimating N_o(H ), the number of negative eigenvalues of H counting multiplicities.

Note that, decomposing V =V, — V_ with V4. > 0, we have H > —A — V. (x) in the sense
of quadratic forms, which implies that

N<0(H) S N<0( — A — V+(I’))

Therefore, to obtain a bound on the number of negative eigenvalues of H, it suffices to
consider the case where V' =V, > 0. Throughout the paper, to simplify the exposition, we
thus assume that

vV >0.

Among the various bounds obtained in the literature, we mention the following ones. The
celebrated Cwikel-Lieb-Rozenblum (CLR) bounds state that

Neo(H) <a / Vi, d>3, (1.1)
Rd

for any V in L5, Throughout this paper, a <, . ,,. b means that there exists a constant
Cy,....yn > 0 depending only on the parameters yi,...,y, such that a < C,, _, b, and this
constant may change from one line to the other.

The estimates (1.1) enjoy the important property that they are consistent with Weyl’s
semi-classical asymptotics. Namely, for sufficiently regular and fast-decaying V/,

AN ENG(—A—AV) = Ly [ VE A= o,

R4
for some positive constant Ly (see e.g. [22, Section 4.1.1] or |13, Theorem 4.28]). The CLR
bounds were proven independently by Cwikel [7], Lieb [21] and Rozenblum [28|. They are
the crucial endpoint case of a more general family of bounds on the moments of the negative
eigenvalues of H, the Lieb-Thirring inequalities [24], that in turn have important conse-
quences for the stability of matter [22, 23]. Estimating the best constant in the CLR bound
(1.1) therefore remains a well-studied open problem. We refer to [17] for important recent
progress regarding this question and to [12, 13, 17, 29| for detailed discussions concerning the
history, applications, recent developments and open problems related to the Lieb-Thirring
inequalities.

Note that the CLR bound (1.1) implies in particular that if ||V'|| 42 is small enough, in
dimension > 3, then H has no bound states. The situation is different in dimension one or
two. In these cases, it is well-known that H has at least one bound state for any V in C§°
which is not identically zero (see e.g. [27, Theorem XIII.11], see also the recent work [15] for
similar results for Schrodinger operators with general kinetic energies). In one-dimension,
the estimate

Noo(H)—1< / |z|V(x)dz, d=1, (1.2)

was obtained in [5, 18|, as a consequence of Bargmann’s bound [1]. See also [27, Theorem
XIIL.9] for other related bounds for central potentials in 3-dimension.
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The two-dimensional case is the most subtle one. In this case it is known that no estimate

of the form
NooH) £ 1+ [ w(@)V (@),
R

can hold, provided that w is bounded in a neighborhood of at least one point [14]|. Sev-
eral papers have been devoted to estimating the number of bound states of 2-dimensional
Schrodinger operators in the recent years [3, 6, 14, 19, 20, 31, 35|. In particular, conditions
on V ensuring the semi-classical growth No(—A — AV) = O(\) as A — oo are derived in
[19, 20]. Among the various bounds obtained in 2-dimension, we mention the following ones:

Noo(H)—1F< 14+ In{x))V(x)dx — In|z|)V*(|z|)dx, d=2, 1.3
() =15 [ e m)veds = [ V(o) (1.3
and

Noo(H) =1 < /2(1 () (@)de + Voo, d=2. (1.4)

In (1.3), V* stands for the decreasing rearrangement of V' defined, for all ¢ € [0, c0), by
V*(t) :=inf{s € [0,00) | uy(s) <t},

where py(s) :=|[{z € R?||V(z)| > s}|. In (1.4), || - ||L10gz stands for the norm in the Orlicz
space Llog L defined by

loes = inf >0 | | @(1f1/r) <1},

with ®(s) = sln(2 + s) for all s € [0,00). Estimates (1.3) and (1.4) are proven in [31];

previously, estimate (1.3) was proven in the case where V' is radial, and conjectured in the

general case, in [6]; estimate (1.4) relies on previous important results obtained in [35]. We

refer to [31] for further (and stronger) inequalities obtained in the two-dimensional case.
For 0 < s < g, one can similarly study the fractional Schrédinger operator

Hy:=(—A)° =V (x) (1.5)
on L?(R%). The proof of the CLR bounds (1.1) extends to this case, leading to

d
Neo(Hy) < as / Vi, d>1, 0<s< 3 (1.6)
R4

We refer to the review [11] and references therein for bounds on the number of negative

eigenvalues and Lieb-Thirring inequalities for H, with s < g.

In this paper we consider the fractional Schrédinger operator (1.5) in the case s > g.

This includes in particular the critical case s = g, as well as “polyharmonic Schrédinger
operators”, namely the fractional Schréodinger operators H, with integer exponent s € N. For

polyharmonic Schrédinger operators with N 3 s > 4, it was proven in [9, 10] that

Noo(Hs) — s Ssg / ]x\zsq*l{f(x)qu, d=1, seN, q¢g>1, (1.7)
R
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in one-dimension, and
d+n
N<O(Hs) - ( d )

2|V (z)%dz, dodd, s€N, ¢>1,
Rd

~d,s,q (1~8)
/ (1+ |In|z|))? 2V (2)idz, deven, s€N, ¢>1,
Rd

in any dimension, where n = |s — %lj Still for s > d/2, s an integer, the Lieb-Thirring
inequalities for moments of the negative eigenvalues of Hy of order p > 1 — % have been
obtained in [25]; moreover the asymptotics of N.o((—A)®* — AV') as A — oo has been studied
in [3, 4], giving in particular sufficient conditions on V', for d odd, to ensure the usual semi-
classical behavior at large coupling.

Here we aim at proving a bound on N_o(H) in any dimension d and for any real s > %l,
comparable to the bounds of the form (1.2) or (1.7) (with ¢ = 1) in dimension one, or
(1.3)—(1.4) in dimension two.

1.1. Statement of the main result. Before stating our main results, Theorems 1.1 and
1.5, we recall and introduce some notations.

The symbol N denotes the set of integers larger than or equal to 1, and Ny := N U {0}.
We use the japanese bracket notation (z) := \/1+ |z|2 for z € R% We recall that for
1 < p < oo, the Schatten ideals £P (or trace ideals) and the weak trace ideals L7 are
defined, respectively, as the spaces of compact operators A such that the following quantities
are finite:

1/p )
Al = (AT, Al = sup + D N4, (19

7>0 J=Z

where \j(A*A) is the sequence of the eigenvalues of A*A sorted in decreasing order. The
star in the notation || - ||5p.« is a reminder that it is a quasinorm but not necessarily a norm.
(See e.g. [32] for more information on the weak trace ideals £7*°.) Similarly, the space of
bounded operators on L? is denoted by £>.

Our main results are the following.

Theorem 1.1 (“Super-critical case”, s > 4). Letd > 1, s> %, n=|s—%| and set v := V.
Then L
vty — (1) g I PR
0 s) Ndys .
- d H(x>s’%\/1+ln(a:)vHiQ if s— 2 €N,

for all v such that the right hand side is finite.
We have the following accompanying remarks. As usual, for a € N¢ and z € R?, we use
. d ] d
the notations z* = [];_, 3’ and |a| = > i1 O

Remark 1.2. The constant (dj;") can be replaced by the possibly smaller constant

Can(v) == dim span{z®v|a € Nj, |a| < n}
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(it is not difficult to see that the maximal dimension of the vector space span{xav|a €

Ng, |a] <n} s (d;;"), see the proof of Theorem 1.1 below). On the other hand, the constant
Can(v) cannot be removed from the estimate of Theorem 1.1, in the sense that there are
potentials V in C3°(R?) such that H, has at least cq,(v) bound states. More precisely, we
will prove that for all V € CP(RY), V > 0, the operator Hy has at least cq,(v) negative
eigenvalues counting multiplicities. See Proposition 4.1 below.

Remark 1.3. In the endpoint case s = d/2, the bound stated in Theorem 1.1 does not hold.
Indeed, if it were true, then it would imply that, for d = 2,

Neo(=A =V (2)) = 1 < [IV/1+ In(z) v]|7-,
which cannot hold, as discussed in the introduction and proven in [14].

Remark 1.4. Since the operators Hy and (—A)* — V(x + x) are unitarily equivalent, for
any xo € RY, the weights |z|*2 and (x)*~2\/1+ In(x) in the estimate of Theorem 1.1 can
be replaced by |z — 0"~ 2 and (x — z0)*2 V1 +In{z — x0), respectively.

We also note that, for d = 1 and s = 1, Theorem 1.1 gives, for the usual Schrodinger
operator H = —A — V (z),

Noo(H)—-1Z / |z|V (z)dz, d=1.
R

The Bargmann estimate (1.2), which follows from the explicit expression of Green’s operator
in one-dimension, is of course stronger, since it gives the same estimate but with a constant
equal to 1 in front of the integral in the right hand side (instead of the implicit constant we
obtain). Likewise, for d = 1 and s € N, Theorem 1.1 gives

Noo(Hs) — s S / lz|* 'V (z)de, d=1, seN,
R

which is (1.7) in the particular case where ¢ = 1. Our result therefore shows how (1.2), and
(1.7) with ¢ = 1, can be generalized to any dimension for the fractional Schrodinger operator
H,, with any real s > d/2.

For d odd and N 5 s > d/2, our result also corresponds to the endpoint case ¢ = 1 in
the family of estimates (1.8) proven by Egorov and Kondratiev [10]. Note that the endpoint
case ¢ = 1 was left open in [10]. Note also that our proof is very different from that in [10],
see the next subsection for a description of the strategy followed in this paper. In the case
where d is even, and with s > d/2, our result corresponds again to ¢ = 1 in (1.8), except for
the local behavior of V', in that our bound requires that V is L' near the origin, while (1.8)
with ¢ = 1 would only require that (In |z|)|z|**7?V (z) is L' near 0.

Our result in the critical case s = d/2 is stated in terms of the harmonic oscillator

h:= cy(—A + %),

where the constant ¢, is chosen, for technical convenience, as ¢4 := e°/d (so that h > ¢°).
We then have the following result.

Theorem 1.5 (“Critical case”, s = %l) Letd>1, s= g, e>0 and set v:=Vz. Then

No(Hy) — 1 e [|(Inh)2 (nlnh)z+ o2,
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for all v such that the right hand side is finite.

Theorem 1.5 should be compared with the bounds (1.3)-(1.4) for H = —A — V(z) in
dimension 2. In particular, similarly asin (1.3)—(1.4), our estimate requires both a logarithmic
decay and a “logarithmic regularity” of v, encoded here in the condition that v belongs to
the domain of (Inh)/2. The slightly stronger requirement that v belongs to the (smaller)
domain of (Inh)?(InInh)'/?** may be an artifact of our proof.

1.2. Elements of the proof and auxiliary results. Our proof of Theorems 1.1 and 1.5
starts with a usual application of the Birman-Schwinger principle |2, 30]. In our context, it
states that, for all £ < 0,

N<p(Hs) = N>1(Kg), (1.10)
where N<g(A) (respectively N>g(A)) denote the number of eigenvalues less than or equal
to E (respectively larger than or equal to F) of a self-adjoint operator A, and the Birman-
Schwinger operator K is defined by

Tu(r), E<O.
Recall that we have set )
vi=V2,
For the convenience of the reader, a proof of the Birman-Schwinger principle (1.10) under

our assumptions is recalled in Appendix B.

Next, recalling that n = s — gj, we introduce the finite-dimensional vector space

Fy :=span{z®v|a € N, |a| <n} C L*. (1.11)

The Birman-Schwinger operator is then split into its ‘low- and high-frequencies’ parts. More
precisely, we set

s -1
Kp< =v(z) (-A)° — E) 1_y<1v(z), Kg oy =15 Kgallz (1.12)
s -1
Kps1:=v(z) ((-A)° — E) 1 _yp10(2), Kg oy =g Kgillz (1.13)

where Hﬁn denotes the orthogonal projection onto Fi-.
The variational principle (which we recall in Appendix A) then yields
N> (Kp) < dim(F,) + N1 (K5), (1.14)
where Kz = Kz 1 4+ K -,. It is not difficult to verify that

dim(F,) < (d ’ ") ,

(see Eq. (4.3) in the proof of Theorem 1.1). Now the splitting into high- and low-frequencies
comes into play, as we can write

N=1(K5) < 2| Ko

*

L:l,oo

*

Ll,oo

*

Ll,oo

+2||K§,<1 + 2HK1$,<1H£1‘ (1.15)

Note that we have estimated |[Kg.;[[510 < [[KE>1lf10, namely we do not use the or-

< 2||Kpgs1

thogonal projection Hfrn for the high-frequencies part. On the other hand, to estimate the
low-frequencies part, the orthogonal projection H}Tn plays a crucial role, but it suffices to
estimate the trace norm of K % 1 instead of the more complicated quasi-norm in £5*.
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Theorems 1.1 and 1.5 are then consequences of the following two theorems.
Theorem 1.6 (Low-frequencies estimate). Let d > 1, s > d/2 and E < 0. Then
P e R
’ ’ ||<:U>s’§ UHLQ ifs—g ¢ Ny,

for all v such that the right hand side is finite.

(1.16)

Theorem 1.7 (High-frequencies estimate). Let d > 1, s > d/2, e >0 and E < 0. Then

R
H E7>1H£1,oo

(1.17)
Sas ol if s > 3,
for all v such that the right hand side is finite.

The main ideas of the proof of Theorem 1.6 are as follows. We first use that
T 2 dg iz 2 df
1Kl = / [0z, e <o(@)[| 2 5 < / 117, e v ()]
gl<1 a3 €l<1

L2 |§|25’
(see Lemma 2.1). For s > 4, & — |¢[7*1jg<; is not integrable. We decompose the region
|€] < 1 into annuli e *~! < |¢| < e7* for k € Ny, which we combine with a splitting of v in
each annuli, of the form v = v;> + vy, with vy (z) = 1, <crv(2), v7 (2) = L>erv (). For the
terms with v, we can use the decay of v at infinity to ‘gain’ powers of & since

—2s 2ks 2s
1€ Lot <iejcer Lapert] 12 S €| Lppmerv]] 2 < |||21%0| 2

~Y

A refined estimate shows that the decay conditions imposed in the right-hand side of (1.16)
are enough to have summability with respect to k. To estimate the terms with v}, we use
that ITx 2®v = 0 for all || < n. Expanding the exponential ¢*¢ into a series then allows us
again to gain powers of £ and reach integrability.

In the case where s > g, the proof of Theorem 1.7 is straightforward (using that & —
|£]72*1¢/>1 is integrable). In the critical case where s = g, Theorem 1.7 is a corollary of the
following Cwikel-type estimate (Theorem 1.8). Before stating it we recall a few notations.

For 1 < p < oo, the weak spaces LP*° are defined as the sets of all measurable functions
f : R? — C such that the quasinorm

1| zoe == sup M({| f| > £})"/7 ¢
t>0

is finite (here A\ stands for the Lebesgue measure). For 1 < p,q < oo, the spaces ¢4(LP)
are defined as follows. For any m € Z4, let y,, be the characteristic function of the unit
hypercube of R? with center m and, for all function f : R? — C, let fu := xmf. The space
(9(LP) is the set of measurable functions f : R? — C such that (|| fm|lzr)m € ¢4, equipped
with the norm

1/q
1 llearey == (Z ||fm||qu> : (1.18)

mecZ4
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Likewise, (P>°(Z%) are the spaces of families of complex numbers u = (uy )z« such that the
quasinorm

ullfco = sup(j +1)'Pu;
j20

is finite, where (u})jen, is the sequence of the |uy,| sorted in decreasing order. The space

09°°(LP) is defined analogously to the space £9(LP) in (1.18). The Fourier transform on R? is
denoted by

~

F(H)E) = f(6) = (2m) 4 /R ()

For f : R? — R a measurable function, f(—iV) denotes the operator defined by f(—iV)p =
FHfe)-
Theorem 1.8 (Cwikel-type estimate in £>*). Letd > 1,8 >0 and € > 0. Then
N 1 1o :
5@V Sase [AnmdAnbab) flly, sup  int gyl o

<p<246
Lyl 9°=9p9y
p D

for any f and g such that the right hand side is finite.

Remark 1.9. One can state a slightly stronger estimate, involving the norm of g in a suit-
ably defined vector space, as follows. Given & and & two quasi-normed subspaces of the
measurable functions from R? to R, endowed with quasi-norms || - ||, and || - ||g,, consider
the vector space

J
VE & = {go 137 €N, 3(a,b) € & x &, 0* < Zajbj}

j=1
endowed with the quasi-norm

J J
ol = inf { | S Nasleslislle, | 7 €N, (a,) € & x &f,6% < S azby )}
j=1

Jj=1

Then the following holds: for alld > 1,9 >0 and ¢ > 0,

17 (=19 Sase |On )3 nbnb) = fll 0 sp ol s
sHa=1
for any f and g such that the right hand side is finite.
Theorem 1.8 is obtained by first decomposing f as
F=Y mf, mo=1pcheng, Aki= e
keN
and then using Holder’s inequality in weak trace ideals in each spectral region:

(Imf) (@) g(=iV) 22 )™ < (T f) (@) gp (=i ) oo | (7S ) (@) gy (=i V) [ -
Applying the usual Cwikel estimate |7, Theorem 4.2] and an estimate due to Simon [32,

Theorem 4.6|, we are then able to obtain Theorem 1.8 by suitably choosing p (depending
on k).
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1.3. Organization of the paper. Apart from Cwikel’s estimate just mentioned, our paper
is self-contained. It is organized as follows. Sections 2 and 3 are devoted to the proofs of
Theorems 1.6 and 1.7 respectively. In Section 4, we combine Theorems 1.6 and 1.7 to deduce
our main results, Theorem 1.1 and Theorem 1.5. Appendices B, A and C recall proofs of the
Birman-Schwinger principle, the variational principle and Simon’s result [32, Theorem 4.6],
respectively.

Acknowledgements. This research was funded, in whole or in part, by ’Agence Nationale
de la Recherche (ANR), project ANR-22-CE92-0013. For the purpose of open access, the
author has applied a CC-BY public copyright licence to any Author Accepted Manuscript
(AAM) version arising from this submission. We warmly thank R. Frank and M. Lewin for
very useful comments.

2. LOW-FREQUENCIES ESTIMATE
In this section we prove Theorem 1.6. We will use the following notations. For t > 0, let
o, = e~ t. We decompose v into
v (2) = Npy<av(z) and v (2) = Lysav(x). (2.1)
Before we turn to the proof of Theorem 1.6, we prove the following easy lemma which
gives a convenient formula for the trace of H}Tn K E7<1Hffn (recall that Kg <1 has been defined

n (1.12) and F, has been defined in (1.11)). Note that taking B = Id in the next lemma,
we obtain the well-known formula for the Hilbert-Schmidt norm of an operator of the form

g(=iV) f(z).
Lemma 2.1. Let f, g be two functions in L? and B be a bounded operator on L*. Then

Ja=V)F@B [ = o) [ ©PIBE o)l 22)

Proof. Let (¢;);en, be an orthonormal basis of L?. For all j € Ny, we have

la=V)F@B w5, = [ e FG @B e e (23)
Now, for all £ € R?, we can rewrite

F(F(x)B ;)(€) = (2m) (" f(2), B'ps) o = (2m) 2 (Be™ (), ) 1,

Summing (2.3) over j, we obtain

|9(=i9) F@) B = 22 3 / 9O P(Be< f(a), ), e,

J€No

which implies the statement of the lemma by Parseval’s equality. 0
Now we are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Applying Lemma 2.1 we can express the trace of K g <1 @S

dg
L= H zx{
c /EI I o(@)|;

||HLn'U(ZL')((—A)S — E)illl|,iv|<1v(l’)ﬂén |€|23——E .
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Using the decompositions e? = Z? 0 ], et Z]>n+1 ZL, and v = vy + vy, we obtain, since
E <0,
1 iz d§
|11%, e ’U(x)HLQ = S Z (A1 (k, &) + As(k, &) + B(k,€)) —ns
|§|<1 |£’ keNg k+1<|§|<0'k ‘§|

where we have set

L - E) 2
Ak €)= [Th e ()]s Ak ) ;:ZHn;n(lﬂﬁTf)v;(x)‘
=0 ‘

)
2
Lz

and

B(k‘,f) — HHJ_n Z (fo)JU;(x)‘

J!
j>n+1
The estimate of A(k, &) is straightforward:

Ak, €) < lle™op (@)172 < lloplFs < D &P a7 |72

laj<n

The purpose of the last inequality is only to bound A;(k,&) and Ay (k, ) by the same term.
To estimate A (k, ), using || < 1 and IIx 2*v = 0 for |a| < n, we write

Aok &) < 3 € Mp a0 —vp) o = D &[0z %07 [ < D [Pz 117
la|<n |a|<n laj<n
Integrating over £ and summing over k yields

i &
S/ kg ak) s> [ R
or+1<[€E| <ok ’£| keNy Y or+1<[¢|<o% |£|

keNp

laj<n

Sas Y oy ez )2,

keNy
lo|<n

To bound this sum by an integral we isolate the term for k£ = 0, shift the indexes for £ > 1
and use that o, = e"'o}, to obtain

5 n — 4S8 (0% [
[ )+ A ©) o S ol + 3 ol g
or+1 <€ <oy, |£|

keNo keNo
la|<n
d—2s+2|al . >
Now, since k — o, is non-decreasing (given that s — ¢ > n > |a|) and k — [[z°v} |2,

is decreasing, we can estimate

d—2s+2 d 2542
S ot el = 3 [ ol a

keNg keNg

k+1 oo
< Z/ af%”a'Hxafo%gdt:/ atdQSHl‘J"/ |z (x)|*dzdt.
k 0 |z|>et

keNp
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By Fubini’s Theorem, this gives

d¢
€17

In |z|
vl (@yml2s + Z 20z / o220l gy g
{ )8 /T+In(z)v|2, ifs—2eN,, 2.0

Ay k, Ay k,
Z /Uk+1<|5|<0k( (,8) + 4o(£,0))

keNy

I(z)*=2013, if s — § ¢ N,

where we used that o, = e~* in the last inequality.
It remains to estimate B (k: €). We write

(i - 5 2
B <| X @, S X i e Sa el o s
T

jzn+1 |o|=n+1

Integrating over ¢ and summing over k yields

S BhOgE s [l al
opt+1<[€]<o |£|

k€N k€N k1 <[€| <o,

d—2s+2n+2 n+1, <||2
Sd Z"k 2" o[z -

keNg

Since k + of2*t2"*2 is decreasing (as d—2s+2n+2 > 0) and ¢ — |||z|""1v;7||2, is increasing,
we can estlmate

2
S B e [ et e
or+1<|é| <ok |€’

keNp keNp
2
Nd Z/ —25+2n+2 H|x|n+1vt<||L2dt
keNg
Sd/ gi 2s5+2n+2 / |$|2n+2|U(ZL‘)|2 dz dt.
0 |z|<et

t
’

Z/ (]{7 f > Nd/ / t(d—2s+2n+2) dt‘$’2n+2’?)( >’2dx
or+1<|E <oy |£| R4 J1n ||

keNy
ds/ ‘x’ (d—25+2n+2) ’$|2n+2lv( )‘2(11’

/ |.’L‘|28 d|U |2d.’E

Z /O'k <|¢|<o Bk, g)\fés ~>ds H<"E>S_7UHL2' (2.5)

keNy

An application of Fubini’s theorem yields as o = e~

and therefore
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Putting together (2.4) and (2.5) we obtain the statement of Theorem 1.6. O

3. HIGH-FREQUENCIES ESTIMATE

This section is devoted to the proof of the Cwikel-type estimate in £ given in The-
orem 1.8, as well as its consequence stated in Theorem 1.7. Before giving the proof of
Theorem 1.8, we show that it indeed implies Theorem 1.7.

Proof of Theorem 1.7 using Theorem 1.8. Recall that Kpg~; has been defined in (1.13). As
x +— 1/x is operator monotone, we have

K e 51210 < flo(x) (=A)" "L ivm1 0(2) 210, (3.1)

for all £ <0, the operator (—A)™*1|_;y|~1 being bounded.
For s > %, the map £ — || 7*1¢>; belongs to L?. Hence the statement of Theorem 1.7 is
straightforward since the trace norm dominates the || - ||%1,«-norm and

[0(2)(=A) L —ip10(@) || 1 = [|[(—A) 3L _ips10(2) || 2
= 1€l Ligo1 || 2 l[0l122 = Cslo]2e.

For s = £, writing v(2)(—A)"¥?1_;gs1v(x) = AA* with A = v(2)(—A)"¥*1_vs1,

29
together with the relation ||A*A||% . = (J|A]52)?, yields

[0(2)(=A)" 1 _ip10(@) || e = (Hv(ﬂf)(—A)_d/A‘ﬂ\—N|>1||Zz,oo)2- (3.2)

Now we apply Theorem 1.8 with f(z) = v(z), g(§) = ‘{'%/Qllmzl. Setting

9p(§) = ‘fyfd/p]l\azb

we have g? = g,g, for any p > 2 and 1% =1- %. We claim that the quasinorms

| .00 5 ng’HZp/,oo(p)

are uniformly bounded with respect to p > 2. Indeed, an easy computation shows that

I9ple =supEA{L < J6] < £7)7 S0 (33)
Similarly, for g,
195 1570 12 = Xl 22 10 S () =P[5 o = jglg(j + 1)V7 ()~
Sasup(j + 1)V Za 2. (3.4)

Hence we can apply Theorem 1.8 with

sup  inf y /llgplliros lgwllmqrry Sl
2<p<2+s I/
%4_%:1 9"=9p9p’

for any ¢ > 0. This concludes the proof of Theorem 1.7. 0J

Now we turn to the proof of Theorem 1.8. It is based on the following results.
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Theorem 3.1 (Cwikel |7]). Let d > 1. Then
11 @)g(=iV) [zne Sa 0= 2 | Fllo g5
for all p € (2,00), f € LP(RY) and g € LP*>(R?).
Lemma 3.2 (Sobolev embedding). Let d > 1, 6 > 0. Then
[fllze Sas 11

forallp € [2,2+6], t >d(5 — %) and f € H'.
Theorem 3.3 (Simon [34]). Letd >1, 0 < ¢’ < 1. Then

@91V e Sas @ = 5 1Al N
forallp' € 2—6,2), f € LP(RY) and g € (7°(L*(R%)).
Lemma 3.4 (Embedding of L?((x)?"dz) into ¢*'(L?)). Let d > 1. Then

1 e 2y Sa M) flz2-

forall1 <p' <2, r>d(;; —3) and f € L*((x)*dz).

13

Theorem 3.1 is a direct consequence of [7, Theorem 4.2], Lemma 3.2 is the usual Sobolev
embedding, Theorem 3.3 is [34, Theorem 4.6] with an explicit dependence on the parameter
p’, and Lemma 3.4 follows from a direct computation. In Appendix C, for the convenience of
the reader, we prove Theorem 3.3, reproducing the proof of [34, Theorem 4.6] and following

the dependence on p’ in each estimate, and we prove Lemma 3.4.
We recall from the introduction the definition of the harmonic oscillator

h = cy(—A + 2%),

where the constant ¢, is chosen such that h > e°.

Proof of Theorem 1.8. Without loss of generality, we assume that 0 < 0 < 1. Let Ay := e

We will use the following decomposition:
j)zzizzﬂkfa

where 7, stands for the spectral projection

Using that | - ||}z, is equivalent to a certain norm || - || 2., we can write

1£(2)9(=iV) || e S 1 (@)9(=i V)| e
Y @) @) g (i) | o S D | () (@) 9 (i V)

keN keN

*

[L2,00°

(3.5)
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Let p € (2,2 4 9], +% =1, and let g, € L, g, € *>>°*(L?) be such that ¢> = g,g,.
Thanks to the relation ([JA|I2,00)* = |A*A||%1 o for any operator A in £, we have, for all
EEN,

([(mef) () g(=iV)]] = |lg(=iV) (mif (2))*9(=iV)]]

= |mef () g*(=iV) ka(x)llcloo
= [Imf (@) gp(=iV) (maf ()9 (=i V) [0
S 17 f () gp(=iV) [ zvoe 178 () gpr (=) [t e (3.6)

for any p € (2,2 + 0], thanks to Holder’s inequality in weak trace ideals ([32, Theorem 2.1]).
Since p > 2, the usual Cwikel estimate, Theorem 3.1, yields

|7 f () g =iV [ St (= 277 [ Il 9o e (3.7)

On the other hand, since p’ < 2, Simon’s result, Theorem 3.3, implies

I f () g (=) s e Sz 2= 807 1l (1) 95 [ (12)° (3-8)
It follows from (3.6)—(3.8) that, for all p > 2,

(1) (@) 9(=iV)|[ o) Sas (0 —2) 77 (2 — p)ﬁlHkaHLpH?kal!m(m)

X gi%f,/ (ngHLP»OOng’HZp’,oo(Lz))- (3‘9)

9*=9pgy
We now give bounds on the 7, f terms. Choosing p € (2,2 4 ¢] in such a way that
p i= d(% — %) < 2, the usual Sobolev embedding, Lemma 3.2, together with the quadratic

form inequality (—iV)% < (h)%/? give

I fllor Sa l(=iV)omef e Sa AL Imif e

At this point we take
1 1 )

p 2 dlnAg

so that p € (2,2 + 0] and t, = A5 which in turn gives Ak+1 =e

To treat the contribution of ||7ka||zp (z2), We use the embedding L*((z)* dx) 7 (L?) for
any r > d(— — 1), see Lemma 3.4. With our choice of p, we have

1 1 0

5/2.

2 A,

Hence we can choose r = ﬁ < 2 yielding ()" < (h)"/? and

2
il 12y S 12) T f 2 Sas AL e |l ze.

Similarly as before, we observe that A};fl = ¢%. Hence our previous estimates imply

i fllollmef o 12y Sas I f 7 (3.10)
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Next, using the relations

46 , 46

p—2=rrs, 2-p =,
dIln Ak+1 — 20 dln Ak+1 + 20

yields the bound

[(p—2)2—-7")] E Sas InAgyr. (3.11)

Putting together (3.9), (3.10) and (3.11) gives
1
. * 1 . % " 2
)@ o9 Sas (At lmef s sup  nd gyl e r))
2<p<2+8 9pr9p!
%Jri:l 922917917’

Since In Axy1 = eln Ay, the k-dependent part of the right hand side can then be summed
over k as follows:

> (I An)z |l £ me((nh)z )],

keN keN

Sae Y k728 ||m((Inh)2 (Inlnh)z = f)||
keN

Sae ||(Inh)z(Inlnh)z*f| .
where we used that 0 < ¢ and the Cauchy-Schwarz inequality in the last inequality. This
along with (3.5) implies the statement of Theorem 1.8. O

4. PROOF OF THEOREMS 1.1 AND 1.5

In this section we prove Theorem 1.1 using the Birman-Schwinger principle, the variational
principle, Theorem 1.6 and Theorem 1.7.

Proof of Theorem 1.1 and 1.5. Let E < 0. To estimate N<g(H;) we use the Birman-Schwinger
principle (see Proposition B.3) which shows that

Ne<p(H,) = Nx1(Kg), (4.1)
where we recall that the Birman-Schwinger operator K is given by
Kp=v(z)((—A)° — E) v(z),
with v(z) = /V(x). We recall also that n = [s — 4] and

-1

Fy :=span{z®v|a € N, |a| < n}, (4.2)
where |a] = ijl a; and 2 = H?:1 x;” Note that, with S; := {a € N¢ | |a| < n},
d
dim(F,) < |S1] = ( Z") (4.3)

Indeed, set Sy :={X C{0,1,2,...,1,d+n—1} | |X| =d}. Then
S12a={k—1+a+- 4+ |1<k<d}es,

and

Soo{f1 < <Bat—=> (Br,Pa—B1—1,....,00—Ba—1—1) €5



16 S. BRETEAUX, J. FAUPIN, AND V. GRASSELLI

are inverse functions of each other and hence bijections. It follows that |Si| = [Ss| = (“1").
By the variational principle recalled in Proposition A.1, if H]%n denotes the orthogonal

projection onto F, we have

Natiin) < (14" + Nu(h) (4.4

with K3 = IT: KpITE |
Let jmax := max{j > 0 | \;(K3) > 1}. Using that \;(K3%) is a decreasing sequence and
actually coincides with the singular values of Kz (as Kz > 0), we have
N21(K§) = (jmax + 1) < (jmax + I)Ajmax(KE) < ||K§||*£1°° : (4'5)

We now use the decomposition in low- and high-frequencies parts of Kz as defined in (1.12)-
(1.13), obtaining

G 2o < 201KE cllzne + 2 Kp s 20 < 201EE et + 21 Kp s 200 (4.6)
It follows from (4.1)-(4.6), Theorem 1.6 and Theorem 1.7 that
||<x>s’gvHiQ ifs—% ¢ Ny,

d
Vet = (T57) S { a4 UF RGO, ifs—den,
[(Inh)2(Inlnh)z <o, ifs=4

5.
This proves Theorem 1.1 in the case where s — d/2 € N and Theorem 1.5. In the case where
s —d/2 ¢ Ny, it remains to show that we can replace (x) by |z|. To this end, we argue as
follows.! By scaling, the operators H, and R*(—A)®* — V(R~'x) are unitarily equivalent, for
any R > 0. Hence

Noo(Hy) = Neo((—A)* = R™*V(R™'2)).

Applying the previous estimate (for s — d/2 ¢ Ny), we obtain that

N_o(Hy) — (d ; ”) Sas R7% /R ) ()* V(R 'z)dr = / (R™% + 22 2V (z)dx.

Rd
Letting R — o0, using the monotone convergence theorem, we deduce that

d+n _
Voot = (T0") S [ e

which proves Theorem 1.1 in the case where s — d/2 ¢ Ny. O

We conclude this section with a proposition showing that Hy = (—A)® — V has at least
dim F,, negative eigenvalues for smooth compactly supported V' (with F,, defined in (4.2)).
Taking V such that dim 7, is maximal, i.e. dim(F,) = [{a € N& | |a| < n}|, shows that
the constant (dzn) cannot be removed from the statement of Theorem 1.1. The proof of

Proposition 4.1 is a fairly direct generalization of that given in |27, Theorem XIII.11].

Proposition 4.1. Letd > 1, s > % and n = |s — 2]. Let V € CF(R?) be such that V > 0.
Then the operator Hy = (—A)® — V' has at least dim F,, negative eigenvalues.

IWe are grateful to R. Frank for pointing out this argument to us.
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Proof. By the Birman-Schwinger principle (see Proposition B.3), it suffices to show that
N> (Kg) > dim F, for £ < 0, |E| small enough, where K is the Birman-Schwinger operator
defined as above, namely Kp = v(z)((—=A)* — E) lv(x).

Let o € F,,, o # 0. Then ¢ € CF(RY) and we claim that there exist ¢ > 0 and ¢ > 0
(which depends on V, ¢, n) such that, for all £ € R? with |¢] < ¢,

[06(8)] = cl¢]™. (4.7)

Indeed, if this property did not hold, then we would have that for all a € Ng such that
af <n,

0= T3(0) = (~0)°FTp(0) = ()" | a"u(w)pla)d,
which contradicts the facts that ¢ € F,, and ¢ # 0.
Now using (4.7), we write, for all ¢ € F,, ¢ # 0,

(e Keg) = [ (6 —B) @ gz e | e (e~ B) e

Since 2s — 2n > d, the previous integral tends to infinity as £ — 0. Hence it follows from
the min-max principle (see Theorem A.2) that, for |E| small enough, Kg has at least dim F,,
eigenvalues larger than 1. This concludes the proof. 0

APPENDIX A. VARIATIONAL PRINCIPLE

In this appendix, we recall how to estimate the number of eigenvalues larger than 1 of an
operator, by the number of eigenvalues larger than 1 of the restriction of this operator to
a linear subspace, up to the dimension of the subspace itself. We refer to e.g. [13, Section
1.2.3] for general versions of the variational principle.

If F is a closed linear subspace of a Hilbert space H, Il denotes the orthogonal projection
onto F.

Proposition A.1. Let K a compact self-adjoint non-negative operator on a Hilbert space H.
Then, for any linear subspace F of H of finite dimension,

NZI(K) S dlmf—f— NZl(H]:LKH]:L). (A].)

To prove this result we use the following simple version of the min-max principle. (See e.g.
[27] for a more general version.)

Theorem A.2. Let K a compact selfadjoint non-negative operator on a Hilbert space H.
Then the sequence defined for j > 0 by
Aj(K) = min max{u, Ku)
[[ull=1
coincides with the non-increasing sequence either of the positive eigenvalues of K if K is of
infinite rank, or, otherwise, of all its eigenvalues. Here the minimum is taken over all linear
subspaces S of H of dimension dim S = j.
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Proof of Proposition A.1. Let D = dim F. By the min-max principle in Theorem A.2,

Api(K) = | min - max{u, Ku).
Juli=1

For any subspace V of F* of dimension k, we have dim(F & V) = D + k. As u = [z u for
u € Ft,
Apik(K) < max (u, Ku) = max (Ilriu, KIlziu) = max (u, Iz KTl ziu),
u€(FaV)+ weFL+nyt ueYt
[lul|=1 [lull=1 [|ul=1
for any subspace V of F* of dimension k. This implies

Ap+k(K) < min ma>f<u,HfLKH;¢u> = Ae(IIp KTI£1). (A.2)
%

As eigenvalues given by the min-max principle are sorted in non-increasing order, we deduce
that

Nx1(K)=D < [{k > 0| Apsx(K) = 1} < [{k 2 0 [ Ap(Hpe KTlpe) > 1} = Noy (Hre KTlx0),
which yields (A.1). O

APPENDIX B. BIRMAN-SCHWINGER PRINCIPLE

In this section, for the convenience of the reader, we recall a proof of the Birman-Schwinger
principle for H, = (—A)*—v? and Kg := v((—A)S —E) 712}, under the following assumptions:
Hypothesis B.1. Let d > 1, s > d/2, and v measurable and real-valued, such that

o citherv e L?, if s > d/2,
e orv e D((Inh)z(Inlnh)2t) C L? for some e > 0 if s = d/2.

Here we denote by D(A) the domain of an operator A. We refer to e.g. [13, Section 1.2.§]
for a proof of the Birman-Schwinger principle in a general abstract setting.

Remark B.2. Hypothesis B.1 and E < 0 ensure that the chain
_ s_ —1
Ly SN SR £ N A L (B.1)
holds for s > d/2. For s = d/2, we observe that, for all p > 2, 117 + 1% =1,

1
ol

(Il = B)~" = (ig* = By » (igl* = B) 7,
with ) )
1€ = B) 7 tnee Sal  and  [[(IE1" = B) 7 [} oo g2y Sa 1,
uniformly in p € (2,2 + 0] for any § > 0 (this follows from a similar calculation as in

(3.3)~(3.4) ). Theorem 1.8 then shows that ((—A)¥% — E)~2v(x) belongs to L2 and hence
18 bounded. Its adjoint is then also bounded. This shows that the operator of multiplication
by v is bounded from H%? to L? and from L? to H=%?. Therefore the chain

(-2)2-E)!
R

N HY? X 12 (B.2)

holds. In particular K is a bounded operator on L?.
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Moreover Kg is also compact. For s > d/2 it is Hilbert-Schmidt, since its integral kernel
is given by the L? function

—i(z—y 1
—v(x)v(y)/e ( )£]§|25——Ed£'

For s =d/2, this follows again from Theorem 1.8.
Note that this also implies that Hy is self-adjoint by the KLMN theorem [26, Theorem X.17]

and that the essential spectrum of Hy is equal to [0,00) thanks to Weyl’s essential spectrum
theorem [27, Theorem XIII.14] (see also [27, Section XIII.4, Example 7]).

Recall that N<,.(A) (respectively N>, (A)) denotes the number of eigenvalues less or equal
(respectively larger or equal) than 7 of a self-adjoint operator A, counted with multiplicity.

Proposition B.3 (Birman-Schwinger principle). Assume E < 0 and Hypothesis B.1 holds.
Then

N<g(Hs) = N>1(KEg) . (B.3)

The non-increasing sequence of eigenvalues (\;(K));>¢ is rigorously defined in the state-
ment of Theorem A.2. We prove Proposition B.3 following the arguments of [22], using
properties of the maps E +— \;(Kpg) that we collect in the following lemma.

Lemma B.4. Assume Hypothesis B.1 holds. For any j > 0, the map E — )\;j(Kg) is
non-decreasing, continuous on (—o0,0) and goes to 0 as E — —o0.

Proof. As x — 1/x is operator monotone, the expression of \;j(Kg) given in the min-max
principle (Theorem A.2) yields that £ — \;(Kg) is non-decreasing.
To prove continuity we use first the resolvent identity: let E' < F < 0. Then

/ S -1 s AN E_E/
Kp—Kp=(E—E)v((-A)°—E) ((-A)—E) v< =

KE7

and hence, for all u € L?,

E—-F
_E
The min-max principle (Theorem A.2) and the previous inequality then yield

E—-F
Ni(Kg) < max (Kgu,u) < max (K u,u) +

ueS+ ueSt -
Hu”L2:1 ||u||L2:1

(Kpu,u) < (Kpu,u) + el e [lullZ2-

| Kl co

for all subspace S of L? of dimension j. Hence, taking the minimum over all such spaces and
using again the min-max principle, we obtain
E—-F
Iy
Together with \;j(Kg) < X\;(Kg), this gives the continuity with respect to E of \;(Kpg).
To prove that \;(Kg) — 0 as E — —o0, since \;(Kg) < |Kg||z~, it suffices to show that
IKElle= = [[(=2)* = E]720(2)||7 — 0.

Ai(Kp) < Ai(Kwr) + 1Kk co
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Suppose that s = d/2. Recall that v € D((Inh)z(Inlnh)2*¢) by assumption. Let & > 0
and let R, > 0 be such that

[Tnsr, (Inh)2 (Inlnh)2 ]| , < (B.4)

Setting ve := lp<g_,v, we have v € L™ (as v is a finite linear combination of bound states
of h) and therefore we can write

1

”[(_A)S - E]_%U(J;)”Lw < ”[(_A)S - E]_%Ue’(x)}lgoo + H[(_A)s — B2 (v(z) — Ue’(x))HLoo
< (—E) 3|z~ + C||(Inh)2 (Inlnh) 2+ (v — v.1) (B.5)

for some C' > 0, uniformly in £ < —1. In the second inequality, we used that ||Al/ze <
| A|| z2.00, for any operator A € L>*° together with Theorem 1.8 (applied with g(&) = [|£]* —
E]7Y/2, so that g* can be decomposed as g*(&) = g,(£)gy(€) with p > 2, 5+ = 1and
9,(&) = [|€|** — E]7Y?; a similar calculation as in (3.3)-(3.4) then shows that ||g,|| s,
19y [l g 0 1.2y are uniformly bounded in p € (2,24 6] and £ < —1 for any J > 0). Combining
(B.4) and (B.5) shows that ||[(=A)* — E]~Y2v(2)| s~ — 0 as E — —oo0.

In the case where s > d/2, it suffices to write

L2’

IKellex = swp (u.Kpu) = sup [ (16— B) () Pag

Hu”L2:1 ||u||L2:1

< e = £) 0 s P

ull 2=
Now we have
1737 = 5l S Nl ol
and the dominated convergence theorem shows that ||(|¢]** — E)7!|;1 — 0 as E — —oo.
This concludes the proof. 0

Now we are ready to prove Proposition B.3.

Proof of Proposition B.3. Any eigenfunction 1 of H, associated to an eigenvalue £’ < 0 is in
particular in the domain of H (hence in H®, the form domain of Hy), and satisfies

(A) = By =0’y
We set ¢ = vip € H™® (see Remark B.2). The resolvent ((—A)® — E')~! applied to the
equality above yields

)= ((-A) - E) vp € H?,
which in turn implies that ¢ # 0. Multiplying by v then gives
¢ =v((=A) — E') vp € L2,

so that ¢ is an eigenvector of Kz corresponding to the eigenvalue 1.
Viceversa, for any eigenfunction ¢ € L? of Kp associated to the eigenvalue 1, we set

P = ((-A)* — E')"lvg € H® C L?. Multiplying by v yields vy = ¢ # 0, so that ¢» # 0 and
(A) = B = vp = v*((-A)" — E')"'vg = vy

It follows that ¢ is an eigenvector of H, associated to the eigenvalue E’.
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We have thus, for any E’ < 0, a bijection between the eigenfunctions ¢ of K g/ corresponding
to the eigenvalue 1, and the eigenfunctions ¢ of H, corresponding to E’. Hence

Nep(H) =Y dimker(H, — E') = > |{j | \;(Kg) = 1}]. (B.6)

Now, for every j, the map E +— \;(Kp) takes at most once the value 1, because otherwise the
set of eigenvalues of Hy would contain an interval [E;, Es] C (—o00,0), which is impossible.
It follows that

SO N(Er) =1} ={j| 3B < E,\(Kp) = 1}]. (B.7)

E'<E

As, for any j, E' — \;(Kp) is continuous and \;(Kpg/) — 0 as E' — —oo, we deduce that
{5 3B < B A\j(Kp) = 1} = {j | Aj(Kp) = 1} = N>1(Kp) (B.8)

The bound (B.3) then follows from (B.6), (B.7) and (B.8). O

APPENDIX C. PROOFS OF THEOREM 3.3 AND LEMMA 3.4

In this section we prove Theorem 3.3 and Lemma 3.4 which were used in the proof of
Theorem 1.8. To obtain Theorem 3.3, we reproduce the proof of |34, Theorem 4.6|, carefully
following the dependence on the parameter p’ in all the estimates.

Proof of Theorem 3.5. Assume that || f|p g2 = 1. Recall that y,, stands for

the characteristic function of the unit hypercube of R? with center m € Z? and, for all
function f: R = C, fm := Xm/f. We set f = ”ffﬁ,gm = ”gg—‘" and write
milp

mHL2

) = ||g||2<p/,oo(L2)

f= Z a’m.fm7 am ‘= Hfm”L2a g = Z bmfm; bm = HgmHL27

meZd meZd
so that ||amllp = [|bml[}, . = 1. Asin [34, Theorem 4.6], for any n € Z, we define
Jo = Z arnfm> gn = Z bmGm
2n—l<qy,, <2n 2n—1<p, <27
Ay = Y fil@)ge(=iV),  Bui= Y filz)ge(—iV),
I+k<n l+k>n

so that f(x)g(—iV) = A, + B,. Then using Fan’s inequality [34, Theorem 1.7]:
Lon (f(2)9(=iV)) < pimsor1/2(An) + tinjos1/2(Bn),  m odd, (C.1)
and
b (F@)9(=19)) < fmsz1(An) + omjo(Ba) < fmsa(An) + pimja(Ba),  meven.  (C.2)

By estimating the norms ||A,||z2 and || B,||z1 we obtain bounds on the singular values of A,
and B, which will allow us to conclude. Since, f; and g; have disjoint supports, we first
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obtain that

A2 =Te(A4,) = Te( " file) fo(@gn(—iV)ge(=iV) )
I+k<n
U'+k'<n

=T Y =iV Fa(=iv) ).
I+k<n
This expression can be computed thanks to the formula || f (2)g(—iV)||z2 = (27) || f|| 12| g]| 2:

1AWz = D 1@)ge(=iV)ze = ca Y IAilTllonllze = ca D afb.

I+k<n I+k<n +k<n
21 g, <2t
2k—1<p, <2k
The number of b, in the interval (271, 2¥] is bounded by
{p:bp > 2"} <277 Wy |17, < 2%27M (C.3)

Using this in the norm of A,, gives

N ST S

I+k<n 2k—1<p, <2k
211 <, <2
(2-p")n (2=p")n
<d § a2 E 22k7kp/ — 2 E 27(27})/)1012 < 2
- lez " k<n—1 1 -2 =7 Tl
<n-—
211 <y, <2 21, <2

where in the last inequality we have used the bound

Z 27(2717')%%1 _ Z 2*(2*1")’@2“:1”/@{’1; < Zag’l -1

lez leZ m
2-legm <ot 2-leqm <ot

By [34, Theorem 4.5] we also have

Baler S Y by

l+k>n
21 <ap, <2t
2k—1 b, <2k

Using again (C.3) we have

k—kp/ —p)k
Ble s Y a2 = Y an Y 20
I+k>n I€Z k>n—l+1
2 l<am<2! 2l <am, <2!
9(1=p')(n—1+1) 9(1=p)n
= <
I AT

ez
21 g <2t

where we have used the following inequality

Z amg(l—p’)(l—l) _ Z ap’ 1- p2 (1-p")(1-1) S Z

lEZ €Z
2 1<cg, <2t 2 -leq, <ot
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Going back to (C.1) and (C.2), it suffices to consider m even. By the definition of the norms
on the trace ideals £, £? and since the singular values are arranged in decreasing order, we
have

m/2

| Bnllcr > Zuk ) > Mm/Q(B )

which implies

(1=p")n (1-p")n
2 2 < 2 .

m B < —
fimy2(Bn) < o S
Analogously
1 920=p'/2)n
m A?’L < T
and hence
A , o(1=p'/2)n
o (F()g(=i9) S m200" e h S (€4
Optimizing with respect to n yields
i (@)g(=iV)) S 7 (1= 277 SmV (2-p)7 (C.5)
which proves the statement of the theorem. 0

We conclude with the proof of Lemma 3.4.
Proof of Lemma 3.4. Let g be defined by l + l = i, We have

1 e 22y =l D Fll 2l < 11 0m) ™ IIme||L2 2raa)llerr S 110m) ™" [lea || 1] 22 (@y2raz)

where we choose r such that rq > d, so that (m)~" indeed belongs to ¢¢(Z%). By straightfor-
ward computations one obtains

(rq —d+1)Ya
| fllew 2y Sa (rg—d)i/m I fl 2 ((2)2mda)-

It then suffices to observe that, given 0 < § < 1, the constant appearing in the right hand
side of the previous inequality is uniformly bounded in p’ € [2 — §,2). O
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