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ABSTRACT. We consider Markovian open quantum dynamics (MOQD) in the
continuum. We show that, up to small-probability tails, the supports of quan-
tum states evolving under such dynamics propagate with finite speed in any
finite-energy subspace.

More precisely, we prove that if the initial quantum state is localized in
space, then any finite-energy part of the solution of the von Neumann-Lindblad
equation is approximately localized inside an energy-dependent light cone. We
also obtain an explicit upper bound for the slope of this light cone.

1. INTRODUCTION

While non-relativistic quantum theory does not possess the strict light cone of
relativistic theories, it has been shown in many contexts that its dynamics nonethe-
less exhibits a maximal speed bound up to small-probability leakage. By analogy,
one speaks of a (system-dependent) light cone also in these cases. Existence of
such light cones has been rigorously derived in standard QM 4], 21], 37, 40], for
non-relativistic QED models [5], and for nonlinear Schrédinger equations [3]. Fa-
mously, Lieb and Robinson [27] first derived the existence of light cones in quantum
spin systems. Their eponymous Lieb-Robinson bounds have developed into an ex-
tremely active research area starting in the early 2000s [I8| 19 20, 29 B0] that
continues to grow in scope, e.g., with recent extensions to lattice fermions [17} [31],
lattice bosons [13] 14} 26, B6] [39] [43] 44] and long-range interactions [15, 17, [42].
The existence of a maximal speed bound in a quantum theory is a fundamental
statement about its non-equilibrium properties which serves as the backbone of
many proofs. For instance, it played an essential role in scattering theory [10] [38]
and, in quantum information theory Lieb-Robinson bounds were used to prove the
celebrated area law for entanglement entropy [I8] and bounds on quantum state
transfer [II]. They are also central to the notion of quantum phase defined via
quasi-adiabatic continuation [20) [32].

In this work we consider quantum particles governed by a continuum Schrédinger
operator H = —A + V on L?(R?) that interact with an environment. We show
that the corresponding Markovian open quantum dynamics (MOQD), which have
an unbounded group velocity, exhibit an energy-dependent light cone, i.e., ini-
tially localized states propagate at most with a maximal speed. Previous results
about maximal speed bounds of MOQD either concerned lattice systems (where the
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mechanism for maximal speed is different [33] B3], similarly to the Lieb-Robinson
bounds) or it excluded the most interesting case when the Hamiltonian H is a stan-
dard Schrodinger operator [7]. In this paper, we resolve this question and show that
coupling quantum-mechanical particles to an environment cannot lead to acceler-
ation of any finite-energy portion. For this purpose, we develop microlocalization
techniques involving functions of noncommuting operators H and ;. To fix ideas,
we work on L2 (Rd) but we expect that our approach could be extended to abstract
Hilbert space with abstract noncommuting self-adjoint operators H and x;.

1.1. Setup and main result. We study the long-time behaviour of solutions to
the von Neumann-Lindblad (vNL) equation [9] 2§]:

(1.1) % = —i[H, p] + %Z (W5, W1+ [Wpe, W).

jz1
Here p;, t > 0 is a family of density operators (i.e. non-negative-definite operators
with unit trace) on a Hilbert space H, H is the quantum Hamiltonian, a self-adjoint
operator on H, and the {W,} are bounded operators, arising from interaction with
the environment.

We show that, for any F, there exists k = k(E) > 0 such that, for any initial
condition pg localized in X € R? and for any ¢ > &, the probability that the system
in the state p: is localized in H N X, is arbitrarily small, asymptotically as ¢ — oo,
where H g is the spectral subspace

Hp = {H < B} = Ran(1(_ o p)(H))

and XS, = R?\ X, with

(1.2) X ={zeR 1 dx(z) < ct}

the light cone corresponding to a smoothed out distance function dx(-) defined in

(1.11) below. Put differently, there exists an energy-dependent light cone for (|1.1))
with slope k.

Throughout this article, we let H = L?(R?), d > 1. We make no distinction
in our notation between functions and the operators of multiplication defined by
those functions. For an operator A on H, denote by D(A) C H the domain of A.

We now set out the main assumptions in this paper. We take the Hamiltonian
H in (1.1)) to be the standard Schrédinger operator,

(1.3) H=-A+V(z), V:R?'=R.

For the potential V,

(H) We assume that V € C*°(R%) and that there exists o > 0 such that for
every multi-index « there exists C' = C(«) > 0 such that

(1.4) 0°V (z)] < C(x)7*177 (2 e RY)

Here and below, we write (-) = /1 + |-|°.

Remark 1. If V satisfies |(H)| then it is bounded and therefore H is self-adjoint on
D(—A) (see e.g. [§]) and bounded from below.
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Now, for the operators W, j > 1 in (L.1]), we assume that there exists an integer
n > 1 such that the following holds.
(W1) For all integers j > 1, W; € B(H) and the series Y72, W;W; converges
strongly in B(#) (and consequently, 372 WW; € B(H)).
(W2) Let C4 = ads : B — [A,B], pg = —i0,,. Then, for every 1 < q1,¢q2 < d
and 1 <k <n+1, we have

oo n+1

(1.5) D> D @) Gy ) Cr, WP < oo

j=1m=1 k>0
k+l=m
Remark 2. Assumptions [(W1)| and [[W2)] can be ensured for example by taking
the W;’s to be suitable pseudodifferential operators. See also [7, Section 1.4] and
[12, Section 4]. In this case, Assumption can be converted to a regularity
assumption on the symbols with respect to both  and p. For working with Assump-
tion [(W2)| it is convenient to notice that [C,, ,Cy,] = 0 by Jacobi’s commutator
identity.

Remark 3. Let S; stand for the Schatten space of trace-class operators. Conditions

((H)| and |(W1)| guarantee global well-posedness for (|1.1)) in the space
(1.6) D:={pe8 | pD(H)CD(H) and [H, p] € S1},

see below.

For each subset X C RY, let X¢ := R%\ X and Xﬁx stand for the characteristic
function of X. The main result of this paper is the following:

Theorem 1.1 (Main result). Suppose Assumptions [(H)| and [(WI1){(W2)| hold
for somen > 1. Let X C R be a bounded and closed subset. Suppose py € D (see
(1.6)) ) is supported in X in the sense that

(1.7) Tr(xypo) = 0.

Then (1.1) has a unique solution p; € D, t >0, and for any E € o(H) and ¢ > k
with  as in (1.17)), this solution satisfies

(18) Te(g(H)Xs, 9(H)pr) < Cot ™",

for all t > 0 and all smooth cutoff functions g with supp(g) C (—oo, E] and 0 <
g <1, where X§, = (Xo)® and Cy, g is a positive constant depending on n and E.

Remark 4. For the energy-dependent speed « defined in (|1.17)), we have the follow-
ing estimate:

(1.9) k< C(1+]|E|)"Y? for some fixed C > 0 and all X ¢ R, E € R.

Moreover, the constant C,, g in ([1.8]) grows polynomially with E.

Theorem solves an open problem from [7], namely, to derive a light cone
for MOQD when the Hamiltonians is a standard Schrodinger operator —A + V'
(a situation not covered by the methods in [7]). To our knowledge, it is the first
maximal velocity bound for an open quantum system with a Hamiltonian that
allows for unbounded group velocity.
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Theorem [I.1]is proved in Section[3] Theorem [T.1]implies that “microlocally” the
propagation speed for (|1.1)) is finite, and yields an upper bound for the maximal
speed of propagation of initially localized states. Indeed, define the probability

(1.10) Prob,,.r (V) := Tr(gs(H)X} 95 (H)p:)

for the system in the state p; to have the part with energy H < FE lie in the region
where x € Y; this can be considered a probability to line in the corresponding
region of phase space. With notation (1.10) and, recall, X¢, = (X.)¢, the exterior
of the light cone X.; in 7 Theoremsays that

Probpt,E(th) § CnyEt_n.

The constant C,, g in (|1.8]) depends on the difference ¢ — k > 0 (through (2.49)
below). For brevity of notation, we do not display the dependence on ¢ — k.

In equations 1} below, we provide an explicit formula for the number
% in Theorem Physically, x bounds the propagation speed (also called “speed
of sound”) in the energy-constrained open quantum system. Naturally, £ depends
on the system parameters and the energy cutoff.

We introduce some notation. For each closed set X C R¢, we define the smoothed
distance function to X, dx € C*(R%) in the following way. Let ¢y > 0 be a fixed
parameter (the estimate , in particular, depends on this arbitrary parameter).
Let

=0, distx (z) = 0,
(1.11) dx(z) =dx,(x)q 20, 0 < distx(z) < c1ep,
=dx(x) — €, distx (x) > c1e€,

where §x € C>(R?) satisfies ¢; distx (x) < dx(x) < ep distx (z) for some ¢y, ¢ > 0,
and

(1.12) dist'?1 ™ (2) |0%dx ()| < Co  (z € R% 0 < |al),

for some absolute constants C', > 0. In one-dimension, such functions are easy to
construct, see the schematic diagram Figure[l} In any dimension, one can proceed
as follows. By the extension theorem of Whitney (see e.g. [4Il Theorem 6.2.2]),
there exists a function dx defined in X°¢ such that

ey distx (z) < 0x(x) < codistx(z), forall z e X€

0x is C* in X and distl)?‘_l(x)ao‘éx(x) <C,, forallze X°and |a| >0,
where c1, c2, C,, are positive constants independent of X. Let f, : R =+ R be a C*

function such that f,(z) = 0if < €/2, and f,(z) = x — ¢ if x > 9. We can
then define

dx () := feo (0x(x))

and verify that it satisfies the conditions above.
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distx (z) dx(z)

.
v

Rd

X
FIGURE 1. Schematic diagram illustrating dx = dx e in (1.11)).

We fix E € o(H) and a function g € C*°(R) satisfying 0 < g < 1 and, for some
small € > 0,

(1.13) glp)=lfor uy<E—¢ g(u)=0for u>EFE,
and define the smooth energy cutoff operator

(1.14) g:=g(H).

Remark 5. Since g(H) = (gxf(H))(H), the values of g outside of o(H) are irrele-

vant. Since, moreover, H is bounded from below by [(H)| one can always take g to
have compact support if needed.

Considering the multiplication operator dx by the smoothed distance function
dx(x), introduced in (1.11) above, we define the spectrally localized distance func-
tion

(1.15) d& = gdxg defined on {u € H :gu e D(dx)}.

Now, we define the energy-dependent velocity operator

(1.16) 7 =9(X, B) = ilH, R+ 5 > (Wi ldR, W] + W), d]W;).
j>1

It is shown in Section [4] that v is bounded on H:
(1.17) o= |yl < oo,

provided assumptions [(H)| and [(W2)| hold. Notice that the bound on & is inde-
pendent of X, see (|1.9). Formally, the velocity operator (1.16)) has a simple origin:

(1.18) v =9(X, E) = L'(d%),

where L’ is the operator acting on the space of observables B(#), which is dual to

the operator L defined by the r.h.s. of (1.1)), see (1.21)) below.
Under a different set of assumptions, an estimate similar to (L.8)) is shown in
[7] with O(¢~™) remainder for any n > 1. The assumptions made in [7] exclude in

(1.1) the Schrédinger operators (1.3)).
It is straightforward to show that under the conditions |[(W1)]

(1.19) V(z) in (1.3) is A-bounded with relative bound strictly less than 1,
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and for any py € D (see ), Eq. (1.1) has a solution in D. For more detailed
discussions, see Appendix |[A| below and Refs. [9, Section 5.5], [12, Appendix A],
[34]. Note that Condition (1.19) holds e.g. for every V € L?(R?) 4+ L>(R9) and is

much weaker than [(H)|
One can show further (see [I} @] 12} 24} 25] and Appendix that the operator

L defines a completely positive, trace-preserving, strongly continuous semigroup of
contractions. In particular, for any initial state py € D, the solution p;, t > 0, to

(1.1) satisfies
(1.20) pt >0, if pg>0, and Trp; = Trpo.

Finally, we give the explicit expression of the operator L in ([1.18)) and its domain.
Let L be the operator defined by the r.h.s. of (L.1) on its natural domain D (see
(1.6)), and L’ be the operator acting on the space of observables B(H), which is
dual to L with respect to the coupling (A, p) := Tr(Ap), i.e.,

(1.21) Tr(ALp) = Tr((L'A)p),

for p € D(L) and A € D(L') C B(H). E| Explicitly, the dual vNL operator L’
defined in (|1.21)) is given by:

(1.22) L'=LH+G, LLA=i[H, A,
1 * £
(1.23) G'A:= 5 Y (WA W]+ W), AIW)),
j>1

with domain
D(L') = D(Ly) = {A € B(H)| AD(H) C D(H) and
(1.24) [H, A] defined on D(A) N'D(H) extends to an operator on D(H)}.

Notation. In the remainder of this paper, |- || stands either for the norm of vectors
in H, or for the norm of operators on H, which one is meant is always clear from
the context. For two bounded operators A, B, the notation

(1.25) A=0(B)

means that [|A|| < C,, g||B] for some C, g > 0 independent of A,B,t,s. As
above, we will write

Xo={xe R?: dx(z) < a} fora >0, &= (Xe)S.

In all our estimates, it is understood that, if n = 1, the sums Y ;_,(---) should be
dropped.

2. RECURSIVE MONOTONICITY ESTIMATE

In this section, we work in an abstract setting, with H a self-adjoint operator on
a Hilbert space H and, for {W;};>1 bounded operators in H such that ., WrW;
strongly converges in H. We consider the vNL operator

Lp=—i[H,p] + %Z ([Wj,PWj*] + [W;p, Wﬂ)?

Jjz1

Ip generates the dual Heisenberg-Lindblad evolution 8; Ay = L’ A¢ of quantum observables.
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defined on the domain (1.6), as well as the dual operator L’ defined as in (1.21)—
([T.24).

We consider in addition a self-adjoint operator ® on #H, semi-bounded from
below. We assume that
(2.1) (®+¢)"'D(H) Cc D(H),

for some ¢ > 0 and there is an integer n > 1 such that, for all k =1,...,n+ 1,

22 Mye=1+ [ady )| IS wiwl+ Y fadbovn | < oo
§>1 Jj=1

Hence
(23) Hn = o My
is finite.

Later on, H will be the Schrodinger operator satisfying W, will be
bounded operators satisfying [[W1)H(W2)| and & will be taken to be the operator
¢ = ¢F = gpg with g = g(H) described in (1.13) and some ¢ € C>(R%), see
Section [l

As in (1.16)—(1.17) we set

, 1 . .
(2.4) ko = ||i[H, O] + 5 > (W@, W]+ (W), 2]W;)
j>1
The main result of this section is a key differential inequality, (2.9). The proof

of this inequality is the only place where the information about equation (L.1)) is
used.

2.1. ASTLO and RME. We construct a class of observables, which we call adia-
batic spacetime localization observables (ASTLOs), which play a central role in our
analysis.

For a constant § > 0 specified later on, we define a set of smooth cutoff functions

supp x C R>o,supp x’ C (0,8/2) }

(25) X =& = {X € COO(R) X/ >0, \/? c COO(R)

See Figure [2] below.

FIGURE 2. Schematic diagram illustrating xy € X.

We note that x > 0 for x € X, and the following two properties hold:
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(X1) If w € C and suppw C (0,6/2), then the antiderivative [“w? € X.
(X2) If &y, ..., &y € X, then € = (51%—% . ~+£1%,)2 satisfies ¢ € X and &1+ - +&ny <
VNE.
For a function x € X, a densely defined self-adjoint operator ®, a constant
v € (K,c) and s >t > 0, we define a family of self-adjoint operators

(2.6 Ve = X (‘I"“t).

S

Following [7], Section 3, we use the method of propagation observables. Let §; be
the Markovian dynamical semigroup generated by the operator L', i.e. % Bi(T) =
Bi(L'T) for all observables ¥ in D(L') C B(H). For a differentiable family of
bounded operators ¥, € D(L’), t > 0, we then have the relation

(2.7 LB, =B(Dy),
(28) D\I/t :L/\I/t + 8,5\11,5.

As in [7], we call the operation D the Heisenberg derivative.

Note that the condition ensures that for all ¢, s, the bounded observable
belongs to the domain of L’ and also that the commutator expansion Lemma
can be applied. The main result of this section is the following:

Theorem 2.1 (recursive monotonicity estimate). Suppose that 7 hold.
Let x € X and let x5 be the operator defined in . Then there exists C' =
C(n,x) >0 and, if n > 2, ¥ =&k (x) € X, k =2,...,n, such that as self-adjoint
operators,

v —

(29) Dth < -

ko - My, ky/ Hn
5 th+l;287(f )ts+08n+1a

where ke > 0 is as in (2.4) and My and p, are defined in (2.2]) and (2.3)).

This theorem is proved in Section [2.2

Since the second, subleading term on the r.h.s. is of the same form as the leading,
negative term, we call the recursive monotonicity estimate (RME). It can be
bootstrapped as in Proposition to obtain an integral inequality with O(s™™)
remainder. We write, for r > 0,

(2.10) Xts(r) = B (xts) and x4, (r) == B,.(xs)-

Proposition 2.2. Suppose the assumptions of Theorem hold. Then, for all
c> kg and x € X, there exist C = C(n,x) > 0 and £&¥ € X, 2 < k < n (dropped
forn=1), such that for all 0 <t < s,

n

(2.11) / oo (r)dr < Cpul (8)(03(0) + Z 572 ¢k (0) 4 ts_n),
0

k=2
where p, is given by (2.3).

Remark 6. Instead of the evolution x,s(t), we could have used the expectation:

(2.12) (xts)t == Tr(xespr)
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of x¢s in the state p; solving (|1.1) and instead of (2.7), used the relation

d
(2.13) P (xts); = (DXst)y -
These two formulations are related as
(214) <Xt5>t = <th(t)>0 .

2.2. Proof of Theorem To prove the recursive monotonicity estimate, The-
orem [2.1] we first need a totally symmetrized commutator expansion. Our next
results, Proposition [2.3] and Proposition [2.4] generalize the commutator expansion
for bounded operators, first obtained in [37], and subsequently improved in e.g.
[16] 22 23, [40]. We refer to [22] for details and references.

Recall that the dual vNL operator L’ satisfies L' = i[H, A] + G'A for all A in

D(L'), where G’ is given by ([1.23)).

Proposition 2.3. Suppose that (2.1)) and (2.2)) hold. Let x € X and let x5 be the
operator defined by (2.6). Then, uniformly in t, for s > 0,

(2.15) i[H, xts) = 8/ Xbei[H, ®]\/X}s + Remp
where the remainder term Rempy satisfies the estimate
— M, Miiq
(2.16) +Rempy <) ?(5’“)25 +O—h
k=2

for some €2,...,6" € X depending only on x, with My, as in [2.2)) and for some
constant C = C(n, x) > 0.

Proposition 2.4. Suppose that (2.1)) and (2.2)) hold. Let x € X and let x5 be the
operator defined by (2.6). Then, uniformly in t, for s > 0,

(2.17) G (xes) = 57V X4 G (®)V/ X}, + Remyy,

where the remainder term Remyy satisfies the estimate

- Mk k Mn

for some €2,...,6" € X depending only on x, for some constant C = C(n,x) > 0,
with My and p, as in (2.2)) and (2.3).

Remark 7. The estimates above are all uniform in s,¢,® and, in particular, are
valid for the operator ¢¥ = gog such as (3.3)).

Remark 8. We note that the error term in Theorem |1.1|arises in the symmetrization
procedure above, and can be improved as the expansion continues to higher order.

Proof of Proposition[2.3 In this proof, the time ¢ is fixed and is omitted from the
notation, so we write x for x:s. Also, we denote By = iad’},(H) fork=1,...,n+1.
In this case, since H is self-adjoint, we have B} = (—1)*"1B.

1. By 7 and the assumption on x, the hypotheses of Lemma are
satisfied. Hence, by 7, we have

‘ I ~s7F . 1 .
(219)  i[H, xs] = 5 Z e (ng)Bk + BkX@) + 5 (D (Rn+1 + Rn+1) J
k=1
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where ||R,41] < ¢||Bny1]| for some constant ¢ > 0 depending only on .

2. Next, we claim that every term on the r.h.s. of (2.19| -, except for the leading
term (k = 1), are uniformly bounded by (x1), for some x; € X.

To show this, for each k, we choose some smooth function 8% € C°((0,5/2))
that takes value 1 on supp(x(k)). Then, we claim that

(2.20) X B = X" Bok + O(s~ 10,

where 0% = 0¥ (s71(® —ot)). Indeed, using commutator expansion and the fact that
adly (By,) = B4, we have

X# B, = xWek B, = (k)Bka + x(’f> [9’“ ]

= X\ Byl — x ¥ Z )'s” ek ) Bry
(2.21) + (—1)"+1 ksf(”Jr1 k)xg JRemyigni (),
where
(2.22) Remyight (s) = / do*(2)R"'"*B, | R.

Since #* has compact support, Remright(s) is bounded so that

(223) ng)Bk = ng)Bkef Z ek (l Bk:-‘rl + O( (n+1fk)).

Next, since 8% = 1 on supp(x*)), we have supp((6*)) N supp(x*)) = & for all
{ > 1 so that

l
(2.24) x®) Z 9’“ OB =0.

It follows that
B By = x® Bgk + O(s~ (k)
so that
(2.25) s TP B + Bixd) = sTF (XS Bibf + 05 Bixk) + O(s~ "),
Now, we apply the following operator inequality
(2.26) +HP'Q+QP) < PP+ Q*Q.
with P = X(k) and Q = B6* on to obtain
(227) OB Bixd) < 57 (A + [B2(08)?) + O(s~0 ),

Since n is finite, we can choose €2, ...,£" € X such that (¢¥)’ majorizes (x(*))2 +
| Bx|I?(6%)? for each k.
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3. Now, we symmetrize the leading order term. Let u = (x’)Y/2. Since u is
smooth by assumption, we use (|C.1]) to expand the leading order terms and obtain

(us)231 + Bl<u5)2 = 2usBius + us[usa Bl] + [Blyus]us
n—1 _j
s *
= 2usBius + Z T (usugl)BHl + BHlugl)us)
=1

(2.28) + s " (usR), + R us),

where ||R]|| < || Bp+1]| for some constant ¢’ > 0 depending only on w.
Again, using operator estimate (2.26)), for each I = 1,...,n — 1, we have

(2.29) s (usul) By + BipulPug) < s7H [ BuylP (u)? + 572 (us)?,
and for the remainder term we have

(2.30) 57" (us Ry, + Rijus) < s (us)? + 572 R (65)?,

where 0 is again some smooth cutoff function supported in (0, §/2) that takes value
1 on the support of u and 0, = 6(s~'(® — vt)). Since u, ul!) and § are supported
in (0,8/2), we can modify £2, ..., €™ in such a way that & € X majorizes u?, 62 and
(u)? for each I = 1,....,n — 1.

Collecting all terms except for the leading order ones into the remainder term

Remp, we obtain (2.15)). O

Proof of Proposition[2.]} In this proof, we also fix ¢ and omit it from the notation.

Furthermore, we fix 7 > 1 and denote D;; = adk(W;). In particular, we obtain
k * k * *

adg(W}) = (=1)*(adg (W)))* = (=1)"Dj .

1. First, using Lemma [C.2]and the boundedness of W}, we have

n right
(2.31) [Xs: W. Z Kl Xs Dj — = +1)Rj,§z+l
where R;li]fﬁl is given in (C.14]) and satisfies the estimate
righ
(2.32) IRSEE 1P < ClDj e |1,

for some constant C' independent of j. Similarly, we have

(2.33) W, xs] = zn: Dy ¥ — (1)t (ORI
where I%effﬂ = (—1)"“(R§1§L}$1) . Combining and ([2-33), we have
G’ (xs) = W xs, Wil + W], xs]W;
- Z klk <W*X(k)D3 K+ D px W )
(2.34) SO (W3 RS, + (RS W;)

where G’(-) = W[, W;] + [W}, ]W;.
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2. We now verify that the r.h.s. of (2.34]) is summable in j > 1. We begin with
the remainder terms. Using the operator estimate (2.26)), we obtain

(2.35) £ (W RS+ (RES )W) < WiW5 + | RES P,

Wthh are summable in j > 1 since E W;W; strongly converges in H, and since

and ( - ) hold.

Next we estimate the k-th terms in the first two lines of ([2.34)). Let 0¥ be some
smooth cutoff function supported in (0,5/2) such that % = 1 on supp(x*). It

follows that X(k) (‘)fxgk)ﬁf, where 6% = 0%(s71(® — vt)). Then, we claim that
VV?'(X(]C)I)L]C + D*f (k)Wj

(2.36) = 05 (W Dy + Dy PW; ) 05 + 5~ G D |2,
where C}, is some constant depending only on x*).

If (2.36) holds, then using (2.26)), we have

+ (WX B Dj + Dy W5 )

(2.37) < OFWIW05 + D 2P R(8)2 + Crs 19| Dy 2,
which are also summable in j > 1 by (2.2).

3. Now, we prove the claim (2.36]). By a direct calculation, we have

Wix®D; i — 05wy XM D : w08

(2.38) [W* gk] Xs Djr+ gfwfxgk)[gfa Dj,k]
and a similar expression for D} kxg )Wj. Thus, it suffices to show that [W}, %] and
(0%, D, x] are O(s~("=F)),

3.1. For the first term, we use (2.33)) to obtain

no -l
* S * n
(2:39) W05 ==Y D305 — s IR,
=1

where R; 41 is given by (C.14) and satisfies the estimate ||R; 11| < C||Djnt1]-
Since #* = 1 on supp(x¥)), then we have (9’“)(~Z) () =0 for 1 > 1 so that
(240) [W;70§}ng)Dj,k (n+1)R* n+1xg )Dj»k’
which is O(s~("*1)) and summable in j > 1, by the Cauchy-Schwarz inequality and
2.

3.2. For the second term, we proceed similarly, using (2.31)), to obtain

n—k

s k) S
(2.41) (0%, Djx] = — Z T,(ak)gl)Dj,kH +s5 TR, L,
=1

where Ej,nﬂ,k is given by (C.13) with n replaced by n—k and satisfies the estimate
| Rjnt1-kll < C||Djns1—k|| with C only depending on #*. Using the same reason
as above, since ng)(ek)gl) =0 for all [ > 1, we conclude that

(2.42) OSWi X108, Dja] = s~ POWINIR; e

This completes the proof of the claim (2.36]).
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4. Now we choose £2,...,£™ € X such that

1Y WiWill+ > 1Dj

Jj=1 Jj=1

2) (0% < My(eby'

Then, by writing everything as Remy in (2.34]) except for the leading order terms
(obtained for k = 1), we obtain, up to some terms coming from the leading order
terms which will be dealt with below, the estimate

n+1 M, CM
k n
(2.43) +Rempy < Y S—k(g’f); +
k=2

where C' is a constant depending only on x and n.

5. Finally, we deal with the leading order terms (obtained for & = 1) in (2.34).
Following the same lines as in the proof for Proposition we define u = 1/’ and

use (C.1)) to obtain
W;X;Dj,l + h.C.

(2.44) ZUSW;Dj,lus + [W;, us]usDjJ + USW; [us, Dj)ﬂ + h.c.,

where h.c. means the adjoint of the terms before it. Without repeating the same
calculation as above, using and (2.26), we can show that the commutators
are summable in j > 1. Then, we modify ¢*¥ € X to majorize (u(’“))2 and u? as
well. This completes the proof. O

Now we are ready to prove Theorem [2.1

Proof of Theorem[2.1 Given Proposition we choose £2,...,£" depending
on Y, in such a way that

n
My, 15
(2.45) Remyr + Remy <y — )%+ 0
k=2
where C' is some constant which depends only on n and .
It remains to calculate Oyx¢s. Using the chain rule, we immediately obtain

(2.46) Oixis = =8~ VXl
This completes the proof. [

2.3. Proof of Proposition

Proof of Proposition[2.4 Within this proof, all constants C' > 0 depend only on x
and n.

We will use the relation (2.7). First, we observe that, by Condition and
Definition , for y € X and all 0 < ¢ < s, the operator x;s maps D(H) into
itself. Moreover, in the proof of Proposition shows that [H, x;s] € B(H).
Hence x:s € D(L').

Next, for each fixed s, integrating the formula with U, = x4, in ¢ gives

(247) Xts (t) - /(; ﬂ;«(Der) dr = X0s (0)
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FIGURE 3. Schematic diagram illustrating y satisfying (3.1]).

The positive preserving property of the flow (1.1]) (see (1.20])) extends by duality
2.9

to 8., so that we can apply the inequality (2.9) to the second term on the Lh.s. of

- ) to obtain
t
m4w+«vfn@s*/“mgmdr

(2.48) < X0s(0) + Cpn (Z ka/ (XY (r)dr +ts("+1)> ,

where we recall that the second term in the r.h.s. is dropped for n = 1.

Since ke < v and t < s, implies, after dropping x;s(t) > 0, which is due
to the positive-preserving property of the flow (see )7 and multiplying
by s(v — Kkg)~! >0, that

¢ n t
(2.49) / Xos(T) dr < Cuy, (sxos(O) + Zs—k—ﬂ/ (€Y. (r) dr + ts—n> :
0 Pt 0
3. If n = 1, then 9) gives (2 If n > 2, applying (2.49) to the term
(X2)

fo (€%)! . (r) dr and using the property we obtain
(2.50)

/Otx’rs(r)dT SCMZ(SXOS( +€5,(0 +Zs‘k+2/ ro(r)dr +ts™ )

where the third term in the r.h.s. is dropped for n = 2, and n*¥ = n¥(¢2,¢%) €
X,k =3,...,n. Bootstrapping this procedure, we arrive at (2.11)). a

3. PROOF OF THEOREM [I.1]

We formulate the technical relations mentioned in Theorem Given a smooth,
non-negative cutoff function g with supp(g) C (—o0, E] (see also Remark [f)and a
smooth function y from the space , we choose smooth cutoff functions g and
X such that supp(g) C {g =1} and supp( ") C (8, 400) = {x = 1}, so that
(3.1 xR = 0.

(3.2) g(1)g(p) = 0.

see Figs. B4



LIGHT CONES FOR OPEN QUANTUM SYSTEMS 15

> <
’ .
4 AY

! )
1
1
1
1
1

1
1
g(p) —— ¢ g(p)
H \
1 Ay
I' ‘\
' 3 - ~— //’1

S—¢ L2 % E-¢ E-—¢2 E

FIGURE 4. Schematic diagram illustrating g satisfying (3.2). Here
¥ :=info(H) (see Remark [f).

We also specify the self-adjoint operator ® in Theorem and Definition (2.6))
as

(3.3) ®:=dy = g(H)dxg(H),

where, recall, X C R? is a bounded subset with smooth boundary and dx €
C>(R?) is the smoothed distance function to X given in (T.11]) for some ¢y > 0

and satisfies ((1.12]).
We introduce the following shorthand notation:
(3.4) Xt = x((d¥ —v1)/s),  xus = x((dx — vt)/s).
Now, for any x € X and g, x as above, we claim that
(3.5) Xxbady = 0(s™),
(3.6) Xtz = Xesg + O(s™"),

where we recall that Xg( stands for the characteristic function of X. We postpone

the proofs of these claims to Section
Recall that §; denotes the evolution generated by the operator L’ and that
XE(t) == BI(xE), (X)E () = Bi((xX')E). We are now ready to prove Theorem [1.1

Proof of Theorem[I.1. We want to apply Proposition to H=—-A+4V(z) and
W; satisfying 1H) with ® given by (3.3)). Hence we need to verify that the
abstract conditions (2.1)—(2.2) are satisfied.

First, we fix any ¢ > 0 and justify that (d¥ + ¢)~! maps D(H) into itself.
Recalling that d¥ = g(H)dxg(H) with supp(g) C (—o0, E], we have

(@5 + 0™ = o g (H)(E + 0™+ o) (H)(@ + )
o (D@ +0) 7 eI ().

The first term is a bounded operator from H to D(H) while the second term
obviously preserves D(H). This shows that (d§ + ¢)~! maps D(H) into itself

Next, condition ({2.2)) is verified in Section see Corollary Therefore Propo-
sition with ® = d% applies.

Now we take x € X with x(u) =1 for u > 6/2. Retaining the first term in the

Lh.s. of (2.48)) in the proof of Proposition and dropping the second one, which
is non-negative since Y’ > 0 and v > k, we obtain

n t
(0 < X0+ O (Zs’“*l | <<5’“>’>Es<r>dr+ts<n+l>> ,
k=2 0
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Here we used that the constant p, = maxo<p<pi+1 My appearing in the r.h.s. of
(2.48)) is bounded by C,, g for some positive constant depending on n and E. Ap-

plying (2.11)) to the second term on the r.h.s., we deduce that, with the notation
as in ([L.25)),

(3.7) X2 (1) < x5 (0) + O(s 7€, (0) + O(s™"),

for some £ € X and all s > t. Taking expectation w.r.t. po on both sides of (3.7)
and recalling that xs(t) := Bi(xts), we find

(3.8) Tr (B;(xt2)po) < Tr ((x6s + O(s'&52)) po) + O(s™™).
¢

By the localization assumption (|1.7]) on the initial state, we have pg = ng POXx -
By this fact, we find

(39) Tr((xf +O(s ™€) po) = Tr (ke (i + O(s7168)) oo ) = O(s™).
The relation (3.6]) implies
(3.10) Xt = G%s + O(s™"),

where we recall that § is a smooth non-negative cutoff function with supp(g) C
{g = 1} and x is a smooth function such that x = 1 on (4, +00). It follows that,
by applying the dual evolution f;,

(3.11) Bi(xesg) < Bi(xiz) +O(s™).
Plugging the estimates (3.9)), (3.10) and (3.11) to (3.8) yields
(3.12) Tr(gXesGBt(po)) = O(s™™).

Finally, recalling the Definition (1.11)), we find, for all v € (x,¢),
(3.13) Xe =07 (dx,,) =07 (dx — ct) < Xus,

where 07 is the Heaviside function, provided § = ¢ — v and s = t. See Figure

0% (n—ct)

vt + 08

FIGURE 5. Schematic diagram illustrating estimate (3.13]).

Hence we obtain estimate (1.8 from (3.12)—(3.13). This completes the proof of
Theorem [l (I
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4. ESTIMATES OF MULTIPLE COMMUTATORS

In this section, we establish some key estimates for multiple commutators of the
form ad®z(B). More precisely, we show that the operators H = —A 4 V(z) and

W; satisfying with @ given by (3.3]), verify that the abstract conditions
(2.2) used to prove the recursive monotonicity estimate in Section

First, we introduce some notation. For an integer k and a function f € C*°(R9),
we write

(4.1) fesk
if there exists C' = C(|a/, f) > 0 such that for all multi-indices o and = € R?,
(42) 0 ()] < C () ~F

For any multi-index 3, f € S and g € &', it follows immediately from the definition
and Leibniz’s rule that

(4.3) 8% f estH8l
(4.4) fg €SH.

We denote by ay a generic function belonging to S*.
To further simplify notation, for a fixed operator A on H, define

Ca: B ada(B) =[A, B]

on the set of linear operators on H. We also omit the subindices in z; and p;.
Restoring these subindices is straightforward.

We we prove results in this section for
(4.5) peSL
Later on, we will choose ¢ = dx from ([1.11), which satisfies condition (4.5) by
[T.12).
4.1. Bounds on multiple commutators with H. The main result of this section

are the following two propositions.

Proposition 4.1. Let n > 1. Suppose H satisfies [(H)| and let ¢ be as above. Let
oF = gbg, where g is defined in (1.13)-(1.14)). Then there exists C = C(n, M, E) >
0 such that, for all E € R,

(4.6) HckE (H)H <C (k=1,....n+1).

Proof. 1. In the following, we denote the resolvent (z — A)~! of the operator A by
RA(z) and R4 if the argument is not important. For measures, if it is clear from

the context, we will also drop the arguments for simplicity.

2. The proof is based on the mapping property of certain derivations. Before we
proceed, we define a class of operators

(4.7) FO .= { polynomials of operators of the form B(l)} ,
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where

N v
(4.8) B(l):/d,uzl,... HRHZJ m; (HH kp?RHzT >,
a=1r=1

v
Zm; >1,0< £, <min(1,» md), kg >0, ¥Vg=2,...N.
j=1 r=1

Here p is some finite measure on C¥, v > 2, N is some finite integer, and, recall,
a’s stand for generic functions belonging to S* (see ) Moreover, here and it
what follows, we use the shorthand ap for —i Z;l:l ag,jO0z; where all the functions
ay,j belong to S*. Since £, < Y°V_  md, £, <1, and k, > 0 for each ¢, the second
factor in the integrand of is bounded, and therefore

(4.9) FO c B(H).
Thus our goal is to show that
(4.10) Cho (H)ye FO  for 1<k<n+1.

3. We prove (4.10) by induction. For the base case k = 1, since [g, H] = 0, we
find by Leibniz’s rule that

(4.11) Cye (H) = gCy (H) g
Using formula (C.1)) for each g, we can rewrite (4.11]) using Fubini’s theorem as
(4.12) Cye (H) = / d§(z1) ® dii(z2) Rz (21)Cis (H) Ryt (22).

By Remark [5, we can modify g to have compact support. Thus, we can choose the
measure dg ® dg to have compact support in C? (see and Appds. for
details).

Next, we compute

(4.13) Cys(H) = Ad 2V - V.
Using ({.13)), together with assumption ([4.5) and identity (4.3)), we can write
(4.14) =ay+app, a; €S,

Plugging expression into 1-) shows that Cjye (H) € F(). This completes
the proof of the base case of 1

4. Now, assuming C’ ]-'(1 , we will prove CkH( ) € FM. It is imme-
diately clear that the induct1on step is equivalent to showmg
(4.15) Cyr(FI) c FO.

To establish (4.15)), we use the crucial fact that the map C4 is a derivation, i.e. a
linear operator satisfying the Leibniz rule. In particular, with A = ¢F = gog =
¢g® + g, ¢lg, we have

(4.16) Cyr = ¢Cg2 + Cy(-)g° + Clg.41g-

Also, we note some simple commutator identities

(4.17) CaRpy = Ry(CaH)Ry for all operators A s.t. Ry : D(A) — D(A),
(4.18) Cup=1iVV, Cyp=iV¢, CyH =—-Cpx¢=A¢p+2V¢-V.
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We will show that each of the three maps in ([@.16) maps F(!) into itself using
the relations (4.17)—(4.18).

4.1 First, we show ¢Cy2 (FOYy ¢ FO. Since ¢Cp2(Ry) = 0, it suffices, by the
induction hypothesis, formula (4.8]) and Leibniz’s rule, to evaluate the operators

(4.19) ¢Cg2(p),  ¢Cy2(ar).

Using (4.17)—(4.18), together with the relation Cyp2A = —fdgNQRH(CHA)RH
and the fact that VV € S! by Hypothesis we compute, using (4.18) twice,

6C0) = [ dPORu TV i
(4.20) z/dg~2RHa0RH + /dgNQRH(al + aop)Rya1 Ry,
where in the second equality we commuted ¢ through Ry and used . Similarly,
¢Cy2 (ar) = / dg?>¢Rp (Aag + 2Vay - V) Ry
Z/dQNQRH(akH + arp) Ry
(4.21) + /dQERH(al + aop) Ry (an+2 + ax+1p) Ra,

which are indeed of the desired form in order to deduce that ¢Cyz(F1)) c FL),

4.2 Next, we show Cy(FH)g? ¢ FM. Since Cy(ar) = 0 for all k, it suffices,
by induction hypothesis, formula (4.8) and Leibniz’s rule, to evaluate the following
operators
(4.22) C¢(p), C¢(RH),

where, recall, Ry stands for the resolvent of H. Using the relations (4.17)—(4.18)),
we compute

(4.23) Colp) =V € S,
Cy(Ry) = Ru(CyH)Ry = Ry(A¢p+2Veo-V)Ry
(4.24) = Ry (a1 + aop) Ry,

which, inserted into (@8], allows us to conclude that Cys(FM)g? c F).

4.3 Finally, we show C’[g@]g(}'(l)) c FM. By the induction hypothesis and the
Leibniz rule, it suffices to show that [g, ¢] g is of the form (4.8]). To this end we use

(C.1) so that

il = ( [ a0 (7 2.0)) ( [ ditotan o))
(4.95) _ ( / d5(=1) Rt (21)Cs (H)RH(Z1)> ( / d5(22)RH(z2)) .

Inserting identity (4.13)) into the first factor in line (4.25]), we conclude Cg 414 (F W)y ¢
FO,
This completes the induction step and Proposition 4.1|is proved. O
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4.2. Bounds on multiple commutators with W;’s.

Proposition 4.2. Suppose Assumption holds for some n > 1 and let ¢ €

C>(RY) satisfy condition ([&.5). Let ¥ = gpg where g is defined in (1.13)—(1.14).
Then, the following estimates hold:

(4.26) ZHCZ;E (Wj)H2 <oo (k=0,...,n+1).

Proof. We will adapt the strategy and notations in the proof of Proposition to
establish certain mapping property for the derivation Cye. Foreach k = 1,...,n+1,
we define the following class of operators on B(H):

(427) gr(s) = {ﬁARA/Bg;) | A,Al c f(l) U {1},
B® = ((x)C,)"C? with r,5 > 0 and 7 + 5 = m}.

Here £, R are left- and right-multiplication operator on B(#), respectively, and
FM) is defined in (£7). Furthermore, we define .77,£2) acting on B(H) as linear
combinations of elements in G2,

k
(4.28) ]-',iz) := span U G2,
m=1
The remainder of the proof proceeds as follows: In Steps 1-2, we prove an

abstract algebraic identity for the space .7-",22) and the derivation Cye. In Step 3, we
apply this identity to each W;. We can sum the estimates in j thanks to assumption

((W2)|and from there we conclude the desired result (4.26)).

Our main claim is the following purely algebraic fact: for any abstract operator
W andevery k=1,...,n+1,

(4.29) C*s (W) = £,(W) for some £} € .7:]&2).

We prove this claim by induction in k.
1. Induction base for (4.29). We begin with the induction base, k = 1. First, we
note that

(4.30) [{z),p] = Cp{z) = iV (z) = ao,

so that, since (z)~! € S,

(@)CaW = (2)(pCpW) + (z)(C,W)p + (z)Cv W
= p((z)CpW) + [(2), p]C,W + ({z)C,W)p + (2)Cv W
=p((x)CpyW) + agC,W + ({(z)C,W)p + (2)Cy W
(431) = () CyW) + ax (@) CyW + (2)Cy W )p + () O W,

The first three terms in (4.31) are all contained in .7-"1(2)(W). For the last term
(x)Cy W, using the identity

(4.32) R.(2)=(z—2) ' = (x—i)7 1 - (2 —9)Ru(2)],
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and noting that (z)(z —i)~! € 8%, we find
(2)Cy W = / dV (2)(x) Ry (2)[Co W] Ry (2)

(4.33) —ao [V - (2 = DR C W),

Note that the integral in (4.33) is convergent, as follows from the fact that V € S
for some o > 0 (see Hypothesis [(H)) together with the properties of the almost

analytic extension V described in Appendix Hence, combining (4.31)) and (4.33)),

we conclude that (x)CygW € Fl(z).
Here and below, to simplify the proof we take d = 1. For d > 1, we use the
Helffer-Sjostrand representation ((C.1]) for several variables to write

Viwn,. .. zq) = /df/(zl, )= a7 (5 — 3L
which yields through Leibniz rule that
@O = [ AV 0) B, (2 Coay Wi (Vs (2) -+ Ry (2)
+ [V @R (2) -+ Rey()[Coa W R, )

One can handle each of the d terms on the r.h.s. exactly as in (4.33) and then sum
over the results.

Now, using (4.16)), we have
(4.34) Cyr (W) = ¢Cy2(W) + Cy(W)g? + Clg 414 (W).

Since g[¢,g] € FM) (as shown in the proof of Proposition , the last term in

4.34)) is contained in .F:EQ)(W). To deal with the first two terms, we use identities
4.17)—(@.18)) and the fact that ¢(z)~! = ag, A{z) = a; (because (z) € S71) to
compute

#Cy2(W) = ag(z)Cy2 (W) = ao/dQE(Z)RH(Z)[($>CH(W)]RH(Z)
(4.35) + ao/dgE(Z)RH(Z)(al + aop) Ry (2)a1[(x)CaW]RH(2),
(4.36)  Cy(W)g? = / d3(2) Ra (2)[Ca W] R (2)g2.

Since (x)CygW € }'1(2) as we proved earlier, expression shows Cp2 (W) € ]_-1(2).
Since g2 € FM (again, shown in the proof of Proposition , expression
shows Cy(W)g? € ]-"1(2). Combining these facts with decomposition (4.34)), we
conclude that CyeW € ]-'1(2)(W). This completes the proof for the base case.

2. Induction step for (4.29)). Now, assuming (4.29)) holds for k¥ = m, we prove
it for k = m + 1. Since C;’“;jl (W) = C’¢E(C’g}3 (W)), by inductive hypothesis, it

suffices to show that Cyr(AB,,(W)A") € fr(,fj_l(W), where A, A’ € FM U {1} and
B, = ({x)Cp)"C% with any pair r, s € N such that r + s < m.
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Since Cye is a derivation, we have
(4.37)
(%EMBmMQA):«%LﬂBmﬂmAﬁhﬂ%ﬂBmwmpy+A&AWMQWA%
Since A, A € FM U {1}, by Proposition we have Cyr(A), O¢E (A € FD so
)-

that the first and the third term in || are contained in F +1(W Thus, it
suffices to compute the second term in (4.37).

By (4.16]), we have
(4.38)  Cyn(Bn(W)) = Cy(Bim(W))g* + ¢Cy2(Bm(W)) + Cylp.g) (B (W)).

Since g[p,g] € FU), the last term in (4.38) is contained in fg}rl(W) Thus it
remains to deal with the first two terms.

We first compute the first term in (4.38)). Using (C.1)), B,,(W) = ((z)C,)"C5W
and Jacobi identity

(4.39) 0,0y = CuCyy  Co((2)Cy) = ()T,

we have

Co(Bon(W))g? = / () Ra(2)[Ca((2)C) CEW)] e (2)g
(4.40) / dd(z (2)C,) CEHIWIR, (2)°,

which is contained in fm_H(W), as in (4.36]).

Next, we compute the second term in (4.38]). Again, using (C.1)), (4.16)—(4.18),

¢(z)~t = ag, and Az > = a;, we have

6C,2 (B (W) = a0 (2) Ce (B (W)
—a / dg?(2) (@) Rz (2)[Cr(Bon(W))| Rt (2)

= ao / dg?(2) Rt (2)[(2) Crr (Bon(W))| R (2)

(4.41) +ao/d9~2(Z)RH( )1 + aopl Rp (2)ar [(2)Cr (B (W) R (2)-
To finish the proof, it suffices to compute (z)Cg (B,,(W)). By the definition of H
and the facts that C,(z) = iV(z) = ap and ag(z)~! = a;, we have
(2)Cr (B (W)) = (2)pCp(Bm(W)) + () Cp(Bm(W)))p + (2)Cv (Bm (W)
= p((2)Cp(Bm(W))) + ({2)Cp(Bm(W)))p
+ aoCp(Bm(W)) + (2)Cv (Bm (W)
= p((2)Cp(Bm (W) + (()Cp(Bm (W)))p
(4.42) + a1 (2)Cp (B (W) + () Cv (B (W)).
Since B, (W) = ((x)Cp)"CSW, the first three terms in give
(4.43) p(2)Cp(Bin(W)) = p((2)Cp) ((2)Cp)" C2W = p[((2)Cp) T CIW],
(149) (£ Cp(Bu(W))p = [(£)Cy) oW,
(4.45) a1 (2)Cy (B (W) = a1((z)Cy) 1 CIW,
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which all belong in Fsil(W) Finally, for the last term in , using , the
identity (4.32)), and the fact that (z)(z — i)~ € SY, we have

@OV BA(W) = [ 47 (:)(a) R (2 Cal B(W)) ()
(4.46) = ao/dV(Z)(l — (2 = ) R (2)) [({2) )" C3 T W] Ra (2),
which again is contained in .7-",(71 1 (W). Substituting (4.43)-(4.46) back to (4.42),

we conclude that (z)Cgy (B, (W)) € ﬁf}rl(W) This fact, togethor with expression

(@EAT), implies ¢Cyz (B (W)) € F2 (W).

Combining the results from Steps 2.1-2 in decomposition , we find that
Cye(Bn(W)) € .7:,(,3) 1 (W) for any B,,(W) € .Fr(,fJ)rl(W) This completes the induc-
tion step and so (4.29) follows.

Conclusion. Using (4.29) and (W2)|, we now prove that C’gE (W;) is square-
summable in j > 1 for every k =1,...,n + 1.

Since ]-',9) consists of linear combinations of elements in (J,, <k gm), by -7
we have, for some M > 0, that

(4.47)  Ck, (W ZA B2, (W Ag, A e FO 0<r,+s, <k
Note that here M, Aq s and A}’s are all independent of j, since they arise from
the abstract algebraic identity (4.29). Using condition (1.5)), the definition BY =

((x)C,)"C: (see ([@.27)), and the fact that F) C B(H) (proved in (&.9)), we find
that for all m=1,...n+1 and A4, A’ €¢ FO),

(4.48) Z S HAB<2> A <A a? Z S HB@) H < oo

r,s>0 i r,s>0
r+s m r+s m
This, together with expression (4.47)), implies the claim.
This completes the proof of Proposition O

Corollary 4.3. Suppose that H = —A + V(z) and W; satisfy (W2) Then,
with ® given by (3.3), condition (2.2]) holds.

Proof. Since dx(x) satisfies condition ([.5)) (see (L.II) and (1.12)), it suffices to
apply Propositions [A.1H4.2} O

5. PROOF OF CLAIMS ([3.5)—(3.6))

5.1. Proof of Claim (3.5). Recall that Xg(, X c R?, denotes the characteristic
functions of X. Recall also that the set of smooth cutoff functions X is defined in

(2-5) and that d¥ = gdxg with g = g¥(H) (see (1.13)-(1.15)) and dx the smooth
distance function defined in (1.11]). We reproduce Claim ({3.5)) below:

Proposition 5.1. For every x € X and xos = x(s71d%) (see (3.4)),

(5.1) iexosxk = 0(s™).
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Remark 9. This is a semiclassical estimate which physically says that a quantum
particle that is essentially localized in phase space inside an energy ball and outside
of X (by way of d¥) is also localized outside of X in position space up to small
errors. A technical challenge here is that the operator dx is unbounded.

Proof of Proposition[5.1 In the remainder of this proof, we use the following no-
tations: For z € C with Im(z) # 0, d as in (1.11]), and g as in (1.14)),

d=dx, d¥ = d¥ = gdxy, R=(d/s—2)"", RF = (d¥ /s —2)71,
b=d—d® — x"=x(d"/s), x=x(d/s).
We begin with

Lemma 5.2. The operator Rb is bounded.

Proof. Since b = d — d¥ and Rd is bounded as the multiplication operator by a
bounded function, it suffices to show that Rd¥ is bounded. For the latter, we have,

by (LT9)
(5.2) Rd¥ = Rgdg = Rdg* + R|[g,d)g.
Since g is bounded and Rd = s(1 + zR) so that ||Rd|| < s(1 + |z|[Im(z)|™"), it

remains to show that [g,d] is bounded. Using the HS representation (C.1)) with
k =0 and formula (4.13]), we have

9.d) = [ dg) [z~ 1), d]
—— [ i)~ H) iz - 1)
(5.3) :/dg(z)(z—H)—l (V- (Vd) + Vd-V) (= — H)L.

Next we multiply by 7 and use the operator Cauchy-Schwarz inequality
iV - (Vd)+Vd- iV

< —(E)"? A4 (E)?|Vd?

<t IV lloo + 14 (B)? |V = By s

R o
By (1.12), we have |Vd| < C. This, together with condition (1.4)) on V and the HS
representation (C.1)) with k£ = 1, shows that

(5.4) |(z=H)"" (V- (Vd)+Vd-V) (= — H) |
(5.5) < |1Bhp(z = )1 Bh oz — H) 7|
(5.6) < C((E)~2 |2 + (E)>[Im(2)|2).

Using the properties of the almost analytic extension ¢ (in particular the fact that
it is compactly supported, see (B.5)) and Remark , this shows that the integral in
(5.3) is norm convergent, which completes the proof. [
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Now, using the Helffer-Sjostrand representation (C.1)) and omitting the measure,
we write

(5.7) xE = /RE.

Using that the operator Rb is bounded and expanding RF = (d¥/s — 2)~! =
(d/s —z —b/s)~1 in powers of Rb/s up to the order n — 1, we obtain

n—1
(5.8) R =(d/s—2z—b/s)" =) s H(Rb)*R+ s~ "(Rb)"R".
k=0
Plugging this expansion into (5.7)) yields
n—1
(5.9) " = Z Xk + 5 "Remy,
k=0
where
(5.10) Xk = /(Rb/s)kR and Rem; = /(Rb)"RE.

Our goal is to move the R’s in the first integrand to the right. Using the relations
Rb=0bR+[R,b] and [R,b] = —s~'Rad,(b) R, we would like to obtain an expansion
of the form

(5.11) (Rb)FR =" s7"BR™ + 57" M,
l

where the operators B; and M, are polynomials of operators adg(b), k=0,1,...,

(and R for My), and then use [ RI*! = (=1)"1x® (see (C.1)) and xWx% = 0 for

alll > 0. The problem here is that the operators ad];(b) are not bounded, so B; and

M, are not guaranteed to be bounded operators. Hence, we proceed differently.
We transform the product (Rb/s)* as follows. We use the relation

(5.12) b =gdg + gd = dh — ad4(g)g,

(5.13) where g=1—g and h:=g(l+g),

and the definition R = (d/s — z) ™! to write

(5.14) Rb/s = dsRh + Rcs, where

(5.15) ds:=d/s, c:=adq(g)g, cs=c/s.
Notice that the operators cs, h and dsR are bounded and

(5.16) dsR=1+zR.

The last two relations imply

(5.17) Rb/s = h + Rcy + zRh.

Our goal is to move the R’s to the extreme right to obtain the following;:

Lemma 5.3. The operator (Rb/s)* has the following expansion:

k n—1 k
(5.18) (Rb/s)* = 1" +> " " s ByuR pga(2) + 57 Y Mynpgn(2),
q=0 1=0 q=0

where
(a) k=1,..,n—1,
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(b) the operators By, are polynomials of bounded operators adj' (h) and ady'(cs),
with 0 < m <1,

(¢c) the operators My, are polynomials of bounded operators R, ady'(h) and
ad)'(¢cs), with 0 <m <n and

(5.19) degp(My.n) := powers of R in My, € [n+1,n+k].
(d) pqi(2) are polynomials in z of the degree < gq.

We call the operators described in (b) as l-operators. Note that if B; is an
l-operator, then it is also an (I + m)-operator for m > 1.

Remark 10. The negative powers of s come from the commutator identity
(5.20) [R,B] = —s 'Rady(B)R,
valid for any bounded operator B and Im(z) # 0.
Proof of Lemma[5.3 We prove (5.18) by induction on k.
For the base case k = 1, we use the commutator expansion
(5.21) RB = Z )"s~"ad(B)R™ 4 (~1)Ps P Rad’(B)R?,
valid for any bounded operators B and integer p > 1. Applying (5.21) to B = h

and ¢ (see (5.14), we find
Rb/s =h + Recgs + zRh

_h+z )'s™" ad(cs)R™T + (—1)"s " Rad’ (cs) R"

(5.22) +z (7121(—1)%” adj(h)R™ + (—1)"5—"Radg(h)R"> .
=0

This is of the form with

(5.23) By, := (—-1)"ady(cs), Mo, :=(—1)"Radj(cs)R",

(5.24) By, = (—-1)"ady(h), My, :=(-1)"Rady(h)R",

where

(5.25) degp(Mo,,) = degp(Mi,) =n+1

satisfies (5.19)).

Now we assume ([5.18]) for a given & > 1 and prove it for k — k + 1. We use

(5.17)) to write

(Rb/s)**

(2Rh + Recg 4 h)FT!

2Rh(Rb/s)* + Rc,(Rb/s)* 4+ h(Rb/s)*

(5.26) =A+B+C.

Using the induction hypothesis, we see that the third term on the r.h.s. of
is already in the desired form (notice that the term h**1 in comes from this

contribution). The first two terms on the r.h.s. of (5.26]) are treated similarly, so
we only consider the first term.
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We transform the term A in line (5.26) as

(5.27) A=A+ Ay + A3,
where
(5.28) Ay ==2zRR",
k n—1
(5.29) Ay :=2zRhY > s7'By R pgu(2),
q=0 1=0
k
(5.30) Az :=s""2Rh Y My npgn(2).
q=0

The term A; can be handled using expansion (5.21]) as
n—1

(5.31) A==z (Z(—l)lsl ad, (KR + (—1)"5"Radg(hk+1)3”> .
1=0

By Leibniz’s rule, for each [, ad}(h**1) is an I-operator as defined in part (b) of

Lemma [5.3] and so A; is of the form (5.18)) with

(532) B = (-Dlsladi(h*h), pl) = 0142,

(5.33) Ml(l,i = (=1)"s " Rad]j(h**1)R" satisfying degR(Ml(}TZ) =n+1.

The term A3z can be written as

k k+1
(5.34) Az = (RhMy)(2pgn(2)) = > ME)p2),
q=0 q=1
where
(5.35) M) = RhMy 1, D)= 2pg-1.n(2),

with notations as in parts (c)-(d) of Lemma[5.3] Since degp My, < n+ k, we have
(5.36) degr M) € [n+2,n+k+1],
which satisfies the bound ([5.19) with &k — k + 1. Thus Ajz is of the form (5.18).

To bring the term As into the desired form, we commute R’s in (5.28]) to the
right using expansion (5.21)). For each ¢ =0,...,k, we consider the sum

n—1
(5.37) As(q) == Z s ' 2RhB, R p,1(2),
1=0
so that
k
(5.38) 4= As(a).
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Let B, ; = hB,,. Using (5.21)), we have, for each [ =0,...,n -1,
(5.39)

RhBg,R' = RB, |R'
n—i—1
= Y (=1)"s"ady(B) )R 4 (1) 'sT D Rad) (B
r=0

)R

Using Leibniz rule for commutators and the structure of B, ;, we conclude that
the operators ady(B, ;) are polynomials of ady'(h) and adg'(cs), m = 0,1,...,1 +
r, and therefore are (I 4 r)-operators as defined above. So, setting B!

q,l+r
—1)"ad’ (B’ ,), expansion (5.39) becomes
( d\"“q,l p
n—Il—1
(5.40) RhByR'= Y s7"By,, R 4 s~ ""URB! R".
r=0

Substituting (5.40)) into (5.37) and setting p; ,, ;(2) == zpq.(2) for L =0,...,n —1,
we obtain

n—1n—Il—

-1
(5.41) Ap(g) =Y Y s B LR (2)
=0 r=0

+5" Y RBJ R"p,(2).

Changing the summation index (I + r,1) — (I’,r’), the r.h.s. in line (5.41) can be

written as

n—1n—1—1 n—1 1
(5.42) Z Z (HT)B;I, +rRl+T+1Pq 1( Z Z S_l/Bule Jr1Pq+1 r(2).
=0 r=0 I'=0r'=

. -1 . 4
Setting py 1., = g Pyr1(2) in (.41) and pJ/, ) == 3. oDy, for each
I'=0,...,n—1in (5.42), we conclude that

Z ZBHIR[HPqH 1(2)

1=0

(5.43) + s "RB; ,R"py 1 .(2).
Plugging into yields

k n—1
ZZS—ZB// Rl+1pq+1 ( )

¢=0 1=0

k

(5.44) +s" Y RBY,R"p, ,.(2)

Shifting the dummy index ¢ — ¢ + 1 and setting

(5.45) BY) =B, pPNE) = para(2),
(5.46) Mf’) = RB]/_, ,R" with degp(M3)=n+1,

we conclude that As is of the form (5.18).
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This completes the proof of Lemma[5.3] O

Corollary 5.4. For any x € C*(R) with compactly supported derivative and xi =
J(Rb/$)*Rdx(z),
k n—1

(5.47) Xi =h*x( Z Z Byi(xpg.) Y (ds) + sT"Remy ,
=0 1=0

where By are as in Lemmam 5.9 and Rems 1, = O(1).

Proof. We have by the Heffler-Sjorstrand representation (C.I) that [ R'*1p(z) =

(—=1)"* (o) (ds) (see (C)).
This, together with the definition y; = f (Rb/ S)k R and expansion (5.18), implies

k n—1
X (@) + 3 3 5 Byapa) ()
q=0 =0
k
(5.48) #5703 [ My Bipyn(2) d5(2)
q=0

Thus it remains to show the integral on line (5.48)) is O(1).
Using the estimate |R|| < |[Im(z)|”" and the degree bound (5.19) and that
k <n—1, we have

(5.49) | Myl < C’Z|Im )79 for all q.

j =n

Since pq,n has degree at most n and x has compactly supported derivatives, we find
by expression (5.49) and Corollary with (p,1) = (n+1,n),...,(2n+ 1,n) that

(5.50) H/ququndx <C/Z|Im W9+ Jpn(2)] dX(2) <
Summing (5 over q shows that the integral on line (5 is O(1). This completes
the proof of Corollary O

Since x(l)(ds)xﬁ =0 for all [ > 0, expansion gives
(5.51) kafé = s_"Remg’kx& =0(s™").
Next, we deal with the Rem; term in . We use the splitting
(5.52) Rb= Rc+ Roh, c:=ad4(g)g, R2:=dR,

which follows from ([5.14)). We prove:
Lemma 5.5. For k > 1, the operator (Rb)* has the following expansion:

k
(5.53) (RD)* = RyNi,
=0

where the operators N; are polynomials of bounded operators R, ady' (h) and ady’(c)
with 0 <m <k —1 and

(5.54) degr(N;) := powers of R in N; € [j,j + 2k].
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Proof. We prove this by induction on k£ = 1,2,.... For the base case k = 1, we use
expansion (5.52)), which is of the form with N1 = Rc and Ny = h, satisfying
degree bound ([5.54)).

Suppose now (5.53)) holds with some k > 1, and we prove it for £ — k+1. Using
and the induction hypothesis, we write

(Rb)*+1 (Rc+R2 )(RD)*

k
= Z ReRb Ny + Y RohRO Ny
= =0
(5.55) —:A+B.

The goal now is to commute the bounded operator R successively to the left. Using
the relation

(5.56) Ry =s(1+zR)

and identity , we find

(5.57) adr,(D) = (s 'Ry — 1) ad4(D)R,

for any operator D allowed by the domain consideration. Iterating identity
for p > 1 times shows that there exist absolute constants cy,...,cp s.t.

p
(5.58) adf, (D) = ¢, “Riady(D)RP.
q=0

Moreover, for any bounded operators D, E and integers [ > 1, we have
(5.59) ED+Z ()El Pad? (D).

Applying (5.58)—(5.59) to term A in (5.55) with D = ¢ and F = R, and using that
[R2, R] = 0, we find

k
A=ReNg + ) ReRy Ny
=1
k
=ReNy, + Y RyReNy
=1
k

+) ) (-1 ()Rl PR adb, () Ny

=1 p:l

=RcNj + Z RYReN;—y
=1

k l p
(5.60) Y NN (—1)Pegs (;) Ry PR ad®(¢)RP Ny
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Regrouping (5.60) according to the power in Ry shows that

k
(5.61) A :ZRZ NY

(5.62) N :=ReNy,
(5.63) N\ _, =ReNy_

l/
+ (—1)Pcgs™1 (p)R adh(¢c)RPNp—y, 1=1,...,k.
U=l p=1,...I'
q=0,...,p,
q—p=1-U

Since degr N; € [j,j + 2k], we derive from expressions (5.62)-(5.63) that
(5.64) degR(N?”) €lj+1,j+2k+1, j=0,...k

Similarly, applying (5.58 - ) to term B in with D = h and E = Ry
yields

k
B =RohNy, + Y RohRyNy
=1

k
=RehNy, + > R ANy
=1
k

+Y > (-1 ( )Rl P ad?, (h) Ny

=1 p=1

—=RyhNy, + Z RYFYAN,
=1

k l p
l _
(5.65) +Y ) Z(—l)chs—Q( )35 Pt adh (h)RP Ny
=1 p=1¢=0 p
Regrouping (5.65)) according to the power in Ry shows that
k+1
(5.66) B= Z RLNS)
(5.67) NP =hNy,
(5.68) N\ =hNipio
k+1 y
+ Z Z (—1)pcqsq< ) adp( )Rka+1 14
U=l p=1,...,1
q=0,....p,
q—p=1-1'

withl=2,...,k+ 1 and

(5.69) degp(NP)y e [jj+2k+1], j=1,..k+1.
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Combining expansions (|5.61)), (5.66) in line (5.55|) yields
k
1 1 2 2
(5.70) (B = NG D RN+ NG ) + REVINGY,
=1

which is of the form (5.53) with k¥ — k + 1. This completes the induction and the
proof of Lemma[5.5] U

Next, we have the following lemma

Lemma 5.6. Let Rem; be as in (5.10)). If K is any bounded operator with rand C
ker K then

(5.71) KRem; = O(|| K|)).

Proof. We use expansion (5.53)). Since rand C ker K, we have KRy = (Kd)R =0
by definition (5.52)). Thus only the leading term in (5.53)) survives left multiplication
by K, yielding

(5.72) KRem; = / K(Rb)"RF = / KN, RF.
By the definition of N,, (see Lemma , we have

3n ]
(573) INall < O3 =)~

j=n

Thus, by (5.72),
3n

(5.74) I Remy|| < K[> / Im(z)| "V
j=n

This, together with estimate (B.17) with (p,1) = (n,0),...,(3n,0) (recall n > 1 to
begin with), implies the desired result, (5.71)). (]

Applying (5.71) with K = Xg(, whose kernel contains rand due to (1.11)), we
obtain

(5.75) X&Reml =0(1).
Finally, plugging (5.51)) and (5.75)) back to expansion (5.9)) yields the desired esti-
mate (5.1]). This completes the proof of (5.1)). O

Remark 11. We mention the following alternative proof of Proposition [5.1} Re-
calling that xos = x(s71d¥) with x supported on [cs, o0) for some positive cs, we
write

[Pxosx’ell = [1xos (4%) ™" (%) Il < (es9) ™1 (d5) "Xl

Now, with the convention []_, 4; = As... A, we have
(a5)" = g(mydx ([T o*(Hdx ) g(H)
i=2

n

= g(H)dx (@)~ ) ([T () @)~ )™ (@) ) g (H) ) ™" ()"

=2
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A standard induction argument shows that (x)¢g?(H)(z)~" is a bounded operator

for any positive integer ¢ (since H is the Schrodinger operator H = —A + V'), and
likewise with g instead of g2. Since in addition dx (x)~! is bounded, we deduce
that

1@%) "X || < Callo)™xil| < €5
since X is bounded. This establishes Proposition (Note that if X is unbounded,
the same holds, replacing (x) by (dx) in the argument above.)
The proof we gave in Section [5.1] has the advantage of being more robust. More-
over the arguments we used are also crucial in our proof of (3.6) given in the next
section.

5.2. Proof of claim (3.6). Recall x, g, and y are smooth cutoff functions such
that supp(g) C {g = 1} and supp(x’) C (6,+00) = {x = 1} (see Figs. [3H4). Let
g=1—gand x =1— x. It follows that
(5.76) g(1)g(p) =0,
(5.77) X(1)x(p) = 0.
In the remainder of this section, we use the following notations: For s, v, ¢ as in

(3-4) and z € C, Im(z) # 0,

dy =dx — vt, dfzdg—vt:gdxg—vt,

R=(d;/s —2)7 !, RE = (dF /s — 2)71,

and

(5.78) E(p) = Vx(w), &p)=1—¢&(p),

(5.79) ¢ =(di/s), ¢ =¢(df/s) for ¢ € X,
(5.80) g=g(H), §=g(H)forg, g from (5.76).

Using these notations, we reproduce Claim [3.6] as follows:

Proposition 5.7. For every x € X and g, X as in (5.76)—(5.77)),

(5.81) X" > gxg+0(s™").

Proof. Since ||gxg|| < 1, we have

(5.82) X" > 8gxge” = gxg — E%gxg — gxa€” + €8 gxag”.
We now claim

(5.83) EEg7 = O(s™).

If holds, then the last three terms on the r.h.s. of are O(s™") and we
are done.
Since the operator b = d — d¥ = d; — d¥ as in the proof of Proposition
proceeding as in 7, we find the expansion
n—1
(5.84) €% =) & + s "Remy,
k=0
where

(5.85) & = / (Rb/s)*Rdé(z) and Rem; — / (Rb)"RE dé(2),
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where E(z) is an almost analytic extension of the function &(u). (Below we will omit

the measure d¢(z) when no confusion arises.) By expansion ([5.84), Claim (5.83) is
equivalent to the relations

(5.86) &gx = O(s™"),
(5.87) Rem;gx = O(1).

We first prove (5.86). We write the Lh.s. of (5.86) as
(5.88) EkGX = EkXT + &kl X]-

Since ad’jt/s(g) = s~ *ad%(§) is bounded for 0 < k < n, we have by expansion
that

n—1 —k
(5.89) 3% = 2 (1" XM (d/)adf(3) + 5" Rem,

k=1

where Remz = O(1). Plugging (5.89) into (5.88) yields

n—1 _p

— = S - 5 s

e EDY Fékx“)(dt/S)adfz(g) + 57" Remg
k=1

(5.90) =A+B+C.
We apply Corollary to the function £ to obtain the expansion
k n—1
(5.91) & =h*E(di/s) + > s By i(€pga) T (dr/s) + 57" Remg
q=0 1=0

where ||h|| <2, By, = O(1) are defined in Lemma part (b), and Rems ;, = O(1).
Thus & = O(1) and so the term C' in line (5.90)) is O(s~"). By Definition (5.78)),

we have

(5.92) ED ()™ () =0 for any integers [,m > 0,

see Figure [3]. Thus, inserting (5.91)) to (5.90) and using (5.92)), we find
n—1

(5.93) A=s""Y Remy ;% =O0(s"),
k=0
nflnfls_k

(5.94) B=s"> > W1?{emz,l>z<’f>ad’;(g) =0(s™).

k=1 1=0

Thus we have proved (5.86]).
Next, we prove (5.87) by the following lemma:

Lemma 5.8. For k=1,...,n and Rem; (k) := [(Rb)*RF,
(5.95) Rem; (k)gx = O(1).

Proof. We prove this by induction on k. We have by expansion (5.52) that Rb =
Rc + Ryh. For the base case k = 1, we write

RbRY =RcR¥ + RyRFh + Ry|h, RF]
(5.96) =RcR¥ + RyRPh + s ' RyRFad ;5 (h)RF,
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where we use the relation (c.f. (5.20)))
(5.97) [B,R¥] = s 'R ad = (B)RE,

valid for any operator B allowed by the domain consideration.

The second term is a priori large O(s) but it is removed by §. Indeed,
since hg = 0 by and the relation (c.f. Figure[d)), and s7'Ry = 1+ zR
by , we have

Rem; (1) § :/RCREg+/3*1R2REaddE(h)RE§
(5.98) = / RcRF G + / RFad s (h)RF g + / 2zRRFad = (h)RE.

For f € C°(R), the operators ad’s (f) are O(1) by results from Section see
and [22, eqn. (B.20)]. Thus the three integrals in line are O(1) by the esti-
mates [|gl| < 1, ||cll, [ladqz (R)|| = O(1), | R, ||[R®]| < [Im(z)| ", and Corollary
with (p,1) = (1,0), (2,1). This shows with k = 1.

Suppose now holds with some k > 1, and we prove it for k — k+ 1. First,
we note the relation R® — R = RbRE and so

Rem (k) = / (RB)FR + / (R (RE — R)
(5.99) = /(Rb)kR + /(Rb)’““RE = s"€, + Rem; (k + 1),

where & is defined by (5.85). Right-multiplying §x on both sides of (5.99) and
rearranging, we find

(5.100) Rem; (k + 1)§¥ = Rem; (k)§x — s*€xgx.

The first term on the r.h.s. is O(1) by induction hypothesis. The second term is
O(s*=™) by (5.86) proved earlier. Since k < n, this completes the induction and
the proof of Lemma [5.8 g

Since Rem; = Rem;(n) in Lemma [5.8) estimate (5.95)) implies (5.87). This,
together with (5.86)), implies the claim (5.83]). This completes the proof of Propo-
sition 5171 O
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APPENDIX A. EXISTENCE OF UNIQUE SOLUTION TO VNL EQUATION

In this section, we prove existence of unique mild solution to in the Schatten
space S! of trace-class operators. Throughout the section, we assume ie.
> i>1 W;W; with W; in converges strongly.

The main mechanism is the following theorem (see e.g. [6, Theorem 3.1.33]):

Theorem A.1. Let U be a strongly continuous semigroup on the Banach space X
with generator S and let P be a bounded operator on X. Then, S+ P generates a
strongly continuous semigroup UT .

In our case, X is the Schatten space S! with trace-norm || - ||, the strongly
continuous semigroup U is the unitary semigroup generated by —i[H, ] and the
perturbation P is the Lindblad operator G (see (L.1)).

In the next lemma, we show that G is norm closed and bounded, so that Theo-

rem indeed applies.

Lemma A.2. The Lindblad operator G defined in (1.1)) is bounded on S;.

Proof. Without loss of generality, we assume p € S' is positive. Let G;(-) =
Wi ()W — %{W;Wj, (*)}. For a positive p, it is clear the operators W;pW> and
{W;Wj, p} are positive for all j. Then, by cyclicity of the trace, we have

* 1 *
1G5 (Pl < IW5pW s + SIHW; Wi, o

* 1 *
< Tr [W;pW;| + 3 Te {W;W;, p}|

1
= Te(W;pW7) + 5 Te({W; Wy, p})
(A1) = 2Te(W;W;p).

Thus,

A2 16 = Y60 <23 mwwie) <2||SSwrws| .

i>1 S i>1
Since > j>1 WiWjis bounded by the uniform boundedness theorem, this proves G
is bounded on 87, which completes the proof. [l

Theorem shows that ([1.1)) has a unique strong solution in D(L) and a unique
mild solution in &;. We denote the semigroup generated by vNL operator L by [,

as before. Note that since e is a group (defined on R), then so is 8; = elt.

The positivity preserving property of §; follows from [9, Theorem 5.2]; see also
[28]. We summarize the key result in the following lemma:

Lemma A.3. The semigroup B; is positive for all t > 0.

Proof. First, recall that 3; is generated by the vINL operator L which we can rewrite
as

(A.3) L(p) = K_iur_p(p) + Flp),

where P = P* = 251 WiW; >0, Kalp) = Ap+pA*and F(p) = >~ WipW5.
Since P is bounded on H, we have D(K_;g_p) = D(K_;z) = D(Ly).
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Since H is self-adjoint and P is bounded, the operator —iH — P is well-defined
and generates a semigroup B; = e =P of contractions on 7. Then, we define a
semigroup S; of contractions on S; by

(A.4) St(p) = BipBy,

which is obviously positive for each ¢ > 0. For each p € D(Lg), by differentiating
in ¢, we obtain

01Si(p) = (04 By)pBy + Byp(0:By)*
(A.5) = By(K_in-p(p))B;.

Thus, S; is generated by K_;5_p.
On the other hand, since F' is bounded and

F(p)=> W;pW; >0

j>1
for all p > 0, the semigroup
1k
(A.6) =3 5F"
k>0

which is generated by F', is also positive for each ¢ > 0. Hence, for each n > 0 and
t > 0, the map

(A7) p = (Syme™ ™) (p)

is positive on Sj.
Finally, by the Trotter-Lie formula, for each ¢t > 0, we have

(A.S) ﬁt(ﬂ) — e(K_iH—P+F)tp _ nh_{rolo(st/neFt/n>n(p)7

where the limit is taken in the trace-norm. Since (St/neFt/")” is positive on S; for
each t > 0 and n > 0, we therefore have that 3; is positive for all ¢ > 0.

We remark that, alternatively, one can prove the positivity of §; by using the
Duhamel principle B:(p) = Si(p) + fg‘ St (F(Br(p)))dr for small ¢t and extending

to general ¢ via the semigroup property. O

APPENDIX B. REMAINDER ESTIMATES

In this appendix and the next one, we present some estimates and commutator
expansions, first derived in [37] and then improved in [I6 22, 23] [40]. We adapt
some of the arguments from [22] and refer to this paper for details and references.

Throughout this section we fix an integer v > 0. For integers p > 0 and smooth
functions f € C**2(R), we define a weighted norm

v+2
(B.1) N =3 [ |
Note that
(B.2) p<p = N(f.p) <N(f.p),

and we have the following property:
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Lemma B.1. Let p > 0 be an integer. Suppose f € CVT2 and there exist Cy, o > 0
such that, form =0,...,v+ 2,

(B.3) [@m et s < co
Then there exists C' > 0 depending only on o, Cy, v such that
(B.4) N(f,p)<C

Proof. We have

v+2
<3 [+ s [ @ aa
g(u+3)co/ ()1 da,

R
and the integral converges for o > 0. (]

Corollary B.2. Let p and [ be two integers with p > 1 > 0. If f € C*(R) and
fUY has compact support, then (B.4) holds.

Proof. Tt suffices to verify condition for the function f, whence follows
from Lemma For m > [+ 1, holds since (™ € C°. For m < I,
integrating f(+1) shows that {f(m) (x)’ <C <x>l_m. Since p > [+ 1, we have
with o = 1. O

Write 2 = x + 4y € C. In what follows, as in [22, Eq. (B.5)], for f € C*T2(R),
we take f (z) to be an almost analytic extension of f defined by

(B.5) f(2) < ) ”z“fw =,

where n € C°(R) is a cutoff funct10n~w1th n(p) = 1 for |p] < 1, n(p) = 0 for
|| > 2, and |0’ ()| <1 for all p. This f(z) induces a measure on C as

_ 1 -
(B.6) df(z) = —%@f(z)dxdy.
In the remainder of this appendix, we derive integral estimate for various functions
against the measure .

The next result is obtained by adapting the argument in [22] Lem. B.1]:

Lemma B.3 (Remainder estimate). Let 0 < p < v. Let f € CYT2(R) satisfy
(B.4). Then the extension f from (B.5|) satisfies the following estimate for some
=C(f,v,p) >0:

(B.7) /‘df ‘|Im —tD) < ¢

Proof. Differentiating formula , we obtain the estimate

7o) < >><Ly'+1.\f<v+2> e 5ze ()%
where

(B.9) o) = ' ()| (1)

(B.8)

20|
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is supported on 1 < |u| < 2.
For each fixed x, we define

(B.10) G(z) = po. / 0:£(2)| |y~ dy

by integrating (B.8) against |y\_(p+1). Using that n(y/ (x)) = 0 for |y| > (x) and
e(y/ (x)) = 0 for |y[ < (z) or [y| = 2 (), we find

(B.11) G(x) §/|y§<r> (|Vy|:1’;!n (é) dy‘f(”“)(x)‘

S y \ P
B. PAVAEaS Y |
e " kz::o /<w><|y<2<w> 7 (<$>> k! 4 ‘ (x) Fo)

Since 0 < n(u) < 1 and v > p, the integral in line (B.11)) converges and can be
bounded as

v— v—p+1
yl”™" 2 (x)" "

(B43) /|yS<w) p+1" ((Z)) % ’f(pm(x)‘ SES ‘f(pﬁ)(m)"

To bound line (B.12)), we use that o(y/ (z)) < v/ and |y|" P~ < (2)" P~ for

(z) < |yl <2(x), 0 <k <p+1 (see (B.9)). Thus each integral in line (B.I2) can
be bounded as

v+1 y |y‘k:—p—1 1w
7 dy | —
,;)/(x)<y|<2(x) v <<x>> k! Y ‘ <9C>f (=)

p+1 45 k—p—1 v+l V5 - 2k—p+1 k—p
(B.14) Skzﬂ%‘f(’“)(x)h 3 k!<x>

Combining (B.13)—(B.14) in (B.12), we conclude that

k=p+1

v+2
(B.15) G(@) < CP), Ple)i= Y @)™ 1),

m=0

Let Gy (z) := 1|y y)G(x) with A > 0. Then G € L' and |Gy ()| < CF(x) for

any A. By assumption (B.4) and definition(B.I)), we have ||[F| . = N(f,p) < oo
and so F' € L'. Therefore, sending A — oo and using the dominated convergence

theorem yields G € L' with

(B.16) Gl < CIF L -
Recalling Definition (B.10]), we find (27)~! [|G||. =Lh.s. of (B.7). Thus we con-
clude (B.7) from (B.16). O

Lemma [B:3] and Corollary [B:2] together imply the following results:

Corollary B.4. Let p and l be two integers withvy >p >1>0. If f € COO(I@) and
FUY has compact support, then there exists C > 0 such that the extension f from
(B.5) satisfies the remainder estimate (B.7]).
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Corollary B.5. Let p and l be two integers with v > p > 1 > 0. Let P(x) be
a polynomial with deg < I. Let f € C*°(R) have compactly supported derivatives.
Then there exists C > 0 such that the extension [ from (B.D) satisfies

(B.17) / [47() )| Im(e) ) <

Proof. Let fi(x) := Pi(z)x(x). Observe that since 9;:P;(z) = 0, we have by
that

(B.18) P(2)df(z) = dfi(2).
We compute
L1+
1+1 I+1 k _
(B.19) fl(+):]3l(+)f+];)< i )Pz( ) pUH1I—F).

The term leading term on the r.h.s. vanishes since degp < [. Each term in the sum
lies in C° since f(9) € C° for ¢ > 1. Thus f; verifies the condition of Corollary

and so (B.17)) follows. O

APPENDIX C. COMMUTATOR EXPANSIONS

In this appendix, we take f(z), df(z) to be as in (B-5)-(B-6).
We frequently use the following result, taken from [22] Lemma B.2]:

Lemma C.1. Let f € C"*2(R) satisfy (B.4) for some p > 0. Then for any
self-adjoint operator A on H,

(1) Z%f(p)(A) - /C df (2)( — A)~ D),

where the integral converges absolutely in operator norm and is uniformly bounded
in A.

Remark 12. Note that (B.4) ensures f) is bounded independent of A and the
remainder estimate in Lemma [B-3] ensures the norm convergence of the r.h.s. of

(.

We call Equation the Helffer-Sjostrand (HS) representation. It is possible
to obtain stronger results with less regularity assumption on f using some technical
estimates from [2, Sec. 5]. We do not pursue this generality here, as the assumption
(B.4)) already suffices for our purposes.

The HS representation , together with the remainder estimate , implies
the following commutator expansion:

Lemma C.2. Let n > 1. Let f € C""3(R) satisfy (B.4) with p = 1. Let A be
an operator on H. Let ® be a lower semi-bounded self-adjoint operator on H. Let
fs = f(s71(®—q)) for some fized o and all s > 0. Suppose there exists ¢ > 0 such
that

(C.2) (®+¢)"'D(A) C D(A),
and

(C.3) By :=adh(A) e BH) (1<k<n+1).
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Then [A, fs] € B(H), and we have the expansion

n -k
S
(04) [Aa fs] = Z Fkag(k) — 57(”+1)Remle&(s)
k=1
n —k
s —(n
(C.5) = Z(—l)kﬁfgk)Bk + (1) s (D Remyig(s),

1

where the remainders are defined by these relations and given explicitly by (C.13[)-
(C.14). Moreover, there exists ¢ > 0 depending only on n and N(f,n + 1), such
that

(C.6) [[Remiets (5) |y, + [Remuign ()|, < [[Bnall-

Proof. Within this proof we write R = (z—x) ™! with s = s71(®—«). Hypothesis

shows that
R=@+c) ' (2(®+c) =z (®+c) H!

maps D(A) into itself for z with large |Im(z)| and therefore for all z with Im(z) # 0.
It follows that

(C.7) [A,R] = —R[z,, A]R = —s" 'Rade(A)R

holds in the sense of quadratic forms on D(A). Since R is bounded and adg(A) is
bounded by assumption, the r.h.s. of is bounded and so [A, R] extends to a
bounded operator on H.

Using 7 we proceed by commuting successively the commutators By :=
adk (A) to the left to obtain

[A,R] = — s 'ade(A)R?* — s *Radg(A)R?
= -5 'BiR?> — s 2RB,R?

(CS) — Z skakRkJrl . 87(n+1)RBn+1Rn+1
k=1
Similarly, commuting By’s to the right or taking adjoint of (C.8), we find
(C.9) [A,R] =) (=1)*s *RF By + (—1)" s " TUR™ B, R,
k=1

which hold on all of A since By’s are bounded operators by assumption ((C.3]).

Since f may not decay at oo, we cannot directly express f; = f(s71(® — a))
using the HS representation We therefore introduce a cutoff as follows. Let
n* € CX(R), A > 0 be cutoff functions with n*(z) = 1 for |z| < A, n(x) = 0 for
lul > A+ 1, and ||| onys < O for all Ao Set f* := np*f. Since f* € CPF3, it
satisfies (B.4) for all p > 0. Thus the HS representation holds with p = 0 and
SO

(C.10) (A, 1] = / df(2)[A.R],

which holds a priori on D(A).
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Plugging expansions ((C.8)—(C.9) into (C.10]) yields

[4, 2]
©1) =3 B [ AP R s Ren o),
2 h
(C.12) 3 (—1)k5‘k!k/d}?(z)Rk“BH(—nmls<”+1>Remgght(s),
where .
(C.13) Rl (s) = [ () RBui RO,
(C.14) Rem?y (s) = / AP )R B, R,

Since the operator B, 41 is bounded independent of A, z, and ||R|| < [Im(z)|™", we
have

[Remii ()| +[[Rembu ()]
<2||By | / | (2)| R
(C.15) <2|| By | / | (2) | m(z)|~ (2.

Similarly we could bound the sums in (C.11)-(C.12). Thus we see [A, f2] extends
to a bounded operator on H for each .

By and the assumption N (f,1) < O, f satisfies condition (B.4) with
p=1,...,n+ 1. Hence, sending A — oo in 1' and usin for
p

= 1,...,n and the remainder estimate (B.7) for p = n + 1, we conclude that

[A, fs] € B(H) and expansions (C.4)—(C.5|) and estimate (C.6) hold. O
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