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Abstract

We show that cutoff in separation occurs for Brownian motion in some families of
compact harmonic manifolds. We compute the cutoff time and windows in four families
of compact harmonic manifold namely Sn, CPn, HPn and RPn (the first three families
are the only families of compact simply connected harmonic manifolds, see [19]). The
proof is based on sharp strong stationary times and sufficiently accurate asymptotic
expansions of their means and variances.
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1 Overview

1.1 Introduction
Consider a Markov process X. Suppose that it admits a unique invariant distribution
µ and that X converges in distribution to µ in large times. It is then natural to try
to quantify this convergence. This is particularly relevant when the cardinal or the
dimension d of the state space of X is considered to be large. In these cases a cutoff
phenomenon, i.e., an abrupt transition to equilibrium, can sometimes be observed and
the time for this transition as well as its abruptness (window) can be studied. We are
here interested in these phenomenons for X being a Brownian motion on the Rieman-
nian manifold M , M being the high dimensional sphere or a high dimensional projective
space KPn with K P tR,C,Hu. These manifolds are compact symmetric spaces of rank
one and they are harmonic manifolds, i.e., their volume forms and equivalently the
mean curvature of spheres are radial around any given point x0. The cutoff properties
of Brownian motions on these spaces, relative to the total variation distance and the
Lp-norms (p P r1,8s) have been well studied and extended to other compact symmetric
spaces by [18, 8, 15]. More recently, [17] produced a criteria for cutoff in total variation,
for non negatively curved diffusions, when an additional product condition hypothesis
is satisfied, using entropy and varentropy. In the present paper we consider cutoff rela-
tive to another way to measure the gap between the distribution of Xt and its invariant
measure: the separation distance. Even if total variation distance, separation distance
and L8-norm can be compared, there is no equivalence for the associated cutoff in gen-
eral [12]. The method used in this article is then quite different than for [18, 8, 15, 17].
We are using two tools: strong stationary times and dual processes.

Strong stationary times where first introduced in [1] by Aldous and Diaconis in
the context of card shuffling. A strong stationary time is a stopping time τ for X,
independent of Xτ and such that Xτ

L
„ µ. In particular it provides, in the discrete

case, upper-bounds for separation distance s (see [2]):

spLpXtq, µq ď Ppτ ą tq, @t ą 0. (1)

In [2], Aldous and Diaconis proved that there always exists at last one strong stationary
time such that (1) becomes an equality. Such stopping times are called sharp strong
stationary times. Even if sharp strong stationary times are well-adapted to the study
of separation cutoffs, they are not evident to construct and to study in general.

For the fundamental case of top at random card shuffling (described in [1]), where X
is a Markov chain in the permutations, their construction is elegant and quite straight-
forward. The constructed sharp strong stationary time can in fact be seen as the
absorption time of a dual Markov process D that takes values in the power set of the
permutations. Here the absorbing state of D is the full state space of X. In the same
spirit, Diaconis and Fill [11] proposed the study of strong stationary times in the case
of various Markov chains via the construction of dual processes intertwined with X
and the study of their absorption times. The theory has been extended by Miclo [16]
to study diffusion processes in R by considering dual diffusion processes whose values
are intervalls. In [10, 3] the authors considered the generalization of the theory to a
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Riemannian manifold M . In [10] the authors considered the construction and depiction
of a candidate for a dual diffusion process D whose values are domains of M . In [3] the
authors constructed several couplings pXt, Dtqtě0 to satisfy the intertwined relations.
To get exactly an intertwined relation in the sense of Diaconis and Fill and obtain
strong or sharp strong stationary times, one remaining condition is to be able to start
D from the singleton tX0u. The other one is that the absorption state of D must be
M , and the absorption time have to be a.s. finite.

In particular, the first condition is verified when M satisfies some radial properties
around X0. The dual process D can then be chosen taking values into geodesic balls
centred in X0 and can be described by its radius, bringing back the problem to the
study of a first hitting time for the radius pRtqtě0. The case of sphere and rotationally
symmetric manifolds (where the radial properties are satisfied at last around one point)
have been studied in [4, 9]. Note that projective spaces are not rotationally symmetric
manifolds in the sense of [9].

In this paper we use the radial properties of harmonic manifolds to extend the
method to high dimensional projective spaces and improve the results for the sphere
(especially the window). By studying both expectation and variance for the absorption
time, we obtain cutoff in separation results for Brownian motion with windows. For
the variance, we use a method inspired from the stationary phase approximation up to
a parametrization to obtain equivalents of multiple integrals.

Note that, in particular, the global method does not directly use the knowledge
of the spectrum of the Laplace Beltrami operator, contrary to the precedent result
concerning cutoff for Lp distance e.g. [18, 8, 15] .

1.2 Main Results
Set a family pMnqnPN of compact Riemannian manifolds with a dimension pdnqnPN.
For all n, denote by pXn

t qtě0 the Brownian motion on Mn and by Un its invariant
distribution, namely the uniform distribution on Mn. By ergodicity, for t Ñ 8, Xn

t

converges in distribution to Un. Our aim is to study the behaviour of this convergence
for n large. For this, we are using the distance in separation to evaluate the discrepancy
between the distributions LpXn

t q and Un:

Definition 1 For µ and ν two probability measures defined on the same measurable
space, the separation distance s between µ and ν is given by:

spµ, νq :“ ess sup
ν

ˆ

1 ´
dµ

dν

˙

where dµ{dν is the Radon-Nikodym derivative of the absolutely continuous part of µ
with respect to ν and ess sup

ν
is the essential supremum with respect to ν.

Remark 2 The separation distance takes values in r0, 1s. Note that s is not a distance
since it is not symmetric in its arguments.

Various definitions for the cutoff phenomenons and their windows can be found in
Definition 2.1. from [8]. In a similar way, in the case of the separation distance we will
use the following definition:
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Definition 3 The family pXnqn of Brownian motions on the growing dimensional fam-
ily pMnqn admits a cutoff in separation with cutoff time panqn, and window pbnqn if:
bn “ opanq and

• lim
rÑ8

lim sup
nÑ8

spLpXn
an`rbn

q,Unq “ 0

• lim
rÑ8

lim inf
nÑ8

spLpXn
an´rbn

q,Unq “ 1.

Our main result is about cutoff in separation results for the high dimensional spheres,
complex projective spaces and quaternionic projective spaces, i.e., compact simply con-
nected harmonic manifolds. We also obtain these results for real projective spaces.

Theorem 4 Denote by Mn one of the following families of Riemannian manifolds (with
the usual Riemannian metric):

• the sphere Sn of diameter π and of R-dimension dn “ n;

• the projective space KPn of diameter π with K P tR,C,Hu and of R-dimension
dn “ an, where a “ dimRpKq.

The (two-time accelerated) Brownian motion pXnqn on Mn, admits a cutoff in sepa-

ration with cutoff time an „

#

lnpdnq

dn
if Mn “ Sn

2 lnpdnq

dn
if Mn “ KPn

and a window bn of order 1
dn

.

More details about the cutoff will be detailed in Theorems 23, 25, 27, 31 depending of
the chosen families.

Remark 5 In the case of the sphere, the above results improve the window bn “

o

ˆ?
lnpnq

n

˙

obtained in [4].

Remark 6 If the diameter chosen for Mn in Theorem 4 is α ą 0, then for panqn and
pbnqn as in Theorem 4, there is a separation cutoff phenomenon with cutoff time

`

α
π

˘2
an

and window bn.

Remark 7 Saloff-Coste and Chen [18, 8] investigated these cases for cutoff with

• total variation distance:

dTV pµ, νq :“ sup
A measurable

|µpAq ´ νpAq|;

• for Lp-norms, for 1 ď p ď 8:

dppµ, νq “

›

›

›

›

dµ

dν
´ 1

›

›

›

›

Lppνq

.

If µ is not absolutely continuous with respect to ν, we take d1pµ, νq “ 2 and
dppµ, νq “ `8 for p ą 1.

Note that total variation cutoff and L1 cutoff are equivalent as the two quantities only
differ from a multiplicative constant. In general, even if Lp-norms and separation
distance can be compared, there is no equivalence between the associated cutoff phe-
nomenons in general (see [12] for counter examples). Table 1 sum up the obtained
results, in this work we are interested in completing the last column (Theorem 4):

4



Table 1: cutoff for (two-time accelerated) Brownian motions on harmonic manifolds

dTV , Lp-norm L8-norm Separation distance

Sn, dn “ n
an „

lnpdnq

2dn

bn of order 1
dn

optimal
an „

lnpdnq

dn

bn of order 1
dn

optimal
an „

lnpdnq

dn

bn of order 1
dn

CPn, dn “ 2n an „
2 lnpdnq

dn
an „

4 lnpdnq

dn

an „
2 lnpdnq

dn

bn of order 1
dn

HPn, dn “ 4n an „
2 lnpdnq

dn
an „

4 lnpdnq

dn

an „
2 lnpdnq

dn

bn of order 1
dn

RPn, dn “ n an „
2 lnpdnq

dn
an „

4 lnpdnq

dn

an „
2 lnpdnq

dn

bn of order 1
dn

1.3 Paper structure
In Section 2, we remind the duality and intertwining theory studied in [10] for Brownian
motions on Riemannian manifolds and make a presentation of harmonic manifolds. In
Section 3, we apply the duality theory to spheres and projective spaces to construct
sharp strong stationary times. In particular we give general formulae for the expecta-
tion and the variance of these sharp strong stationary times in function of the volume
form. In the rest of the paper, for each considered manifold, we compute expansions or
equivalences for the expectation and the variance of the sharp strong stationary time,
then use it to obtain detailed cutoff results. Section 4 deals with the complexe projec-
tive space, Section 5 with the quaternionic projective space, Section 6 with the sphere
and Section 7 with the real projective space.

2 Preliminaries

2.1 Dual process for Brownian motion
Let pM, gq be a d dimensional Riemannian manifold, ∆ the Laplace Beltrami operator,
and Vg the Riemannian volume measure. Let pXtqtě0 be the ∆ diffusion, namely the
Brownian motion on M accelerated by a factor 2, with invariant measure Vg. Denote
by D the set of non-empty compact and connected domains D in M such that its
boundary BD is smooth, as well as singletons of M . We are interested in studying
diffusion processes with values in D, with infinitesimal generator L (see [10]), such that
L satisfies the following algebraic intertwining relation :

LΛ “ Λ∆, (2)

where Λ is the Markov kernel defined as follows: for all D P D, i.e. domain or singleton
of M

@ A P BpMq, ΛpD,Aq B

#

VgpAXDq

VgpDq
, if µpDq ą 0

δxpAq , if D “ txu, with x P M.
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The general depiction of L and of an associated diffusion process pDtqtě0 has been
done in [10], we say that D is a dual processes for X.

Let us recall the evolution equation for D starting at a domain D0 :

dYt “

ˆ

?
2dBt `

ˆ

2
V̄gpBDtq

VgpDtq
´ σBDtpYtq

˙

dt

˙

NBDtpYtq @Yt P BDt (3)

where:

• V̄g is the pd ´ 1q´Hausdorff measure associated to Vg;

• pBtqtě0 is a one dimensional Brownian motion;

• NBDtpYtq is the exterior normal vector at point Yt on the boundary BDt;

• σBDtpYtq is the mean curvature at point Yt on the boundary BDt.

Note that in general D as a positive lifetime.
In general the above equation (3) is a partial stochastic differential equation, and is

quite difficult to study, see for example [5].

Remark 8 Nevertheless, if in the manifold M , the mean curvature at any point on all
geodesic spheres only depends on the radius, then the balls are preserved by (3), i.e. if
Equation (3) starts at a geodesic ball Bpr0, Rp0qq B D0 then Dt remains a geodesic ball.
It is then quite natural to apply this construction to manifolds satisfying this property,
namely harmonic manifolds, see (5) below.

2.2 Harmonic manifolds
Consider pM, gq a complete Riemannian manifold and 0̃ P M . Around this point, the
density of the Riemannian volume form dVg in polar coordinates can be described, at
least for r small enough, by:

Θ0̃pr, vq “ |det pTrv exp0̃q| rn´1

where v P T0̃M , }v} “ 1.
Harmonic manifolds are manifolds for which the volume form is radial. If such a

property can be considered locally (see [7]), we will here restraint ourselves to examples
where it is global:

Definition 9 pM, gq is globally harmonic if there exists θ : R` Ñ R, such that Θ0̃pr, vq “

θprq for all r ą 0, v P T0̃M , }v} “ 1.

Remark 10 The name "harmonic" comes from the fact that, on globally harmonic
manifolds, a function f is harmonic (in the sense that ∆f “ 0) if and only if the mean
value on geodesic sphere is equal to its value at the center of the sphere, see 6.20, 6.21
in [7] .

Basic examples of harmonic manifolds are the two point homogeneous spaces, in-
cluding the spheres as well as real, complexe and quaternionic projective spaces. The
Lichnerowicz conjecture, as an attempt to classify harmonic manifolds, assumes that
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the converse statement is true. It is in fact false in general (see [14] for more details
about the conjecture). Szabó proved in [19] that this is true for any compact simply
connected harmonic manifolds. In this case, harmonic manifolds are isometric either to
the spheres Sn, the projective spaces KPn with K P tC,Hu or the octonionic projective
space 0P2.

As in Theorem 4, we will consider Mn being either the sphere Sn either one of
the projective spaces KPn of diameter π with K P tR,C,Hu studying as well the real
projective space.

Proposition 11 For all 0̃ P Mn, v P T0̃Mn such that }v} “ 1 and r Ps0, πr, the volume
density at point exp0̃prvq is given by:

θprq “

#

sinn´1prq if Mn “ Sn

2an´1 sinan´1
`

r
2

˘

cosa´1
`

r
2

˘

if Mn “ KPn, a “ dimRpKq
. (4)

Proof
For the sphere, the result is well known, obtained by using polar coordinates [6].
The case of the projective spaces KPn is usually considered with half of the present
diameter and can be computed by using Jacobi fields. For 0 ď s ď π denote by
γpsq :“ exp0̃psvq the geodesic defined by arc length starting from 0̃ in direction v. Set
pXiq1ďiďan an orthonormal basis of T0̃KPn such that X1 “ v, and pX1psq, . . . , Xanpsqq

the orthonormal basis at TγpsqKPn obtained by parallel transport along γ. From [6],
Θ0̃pr, vq can be obtained by considering the Jacobi fields pYiq2ďiďan along γ such that
Yip0q “ 0 and 9Yip0q “ Xi for all 2 ď i ď an (here 9 denotes the covariant derivative of
the vector field along γ):

Θ0̃pr, vq “ det
tX2prq,...,Xanprqu

pY2prq, . . . Yanprqq .

Such Jacobi fields can be constructed from 3.34 in [7], up to a change of diameter and
a renormalisation of some of the Jacobi fields: supposing that pXiq1ďiďan is an adapted
basis (with respect to the projective structure, see 3.11 in [7]), we have:

Yipsq “

#

sin psqXipsq if 2 ď i ď a

2 sin
`

s
2

˘

Xipsq if a ` 1 ď i ď an

which gives the expected result.
■

From Proposition 11, we can compute the mean curvature on Mn.
Indeed, for 0 ă r ă π and v P T0̃M , }v} “ 1, the mean curvature at point exp0̃prvq

on the boundary of Bp0̃, rq can be obtained from the formula (from [19]):

σBBp0̃,rq pexp0̃prvqq “
BrΘ0̃pr, vq

Θ0̃pr, vq
. (5)

In particular note that a complete Riemannian manifold pM, gq is globally harmonic
if and only if its mean curvature is constant on geodesic spheres.
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Proposition 12 For all 0̃ P Mn, v P T0̃Mn such that }v} “ 1 and r Ps0, πr, the mean
curvature at point exp0̃prvq on the boundary of Bp0̃, rq is given by:

σprq “

#

pn ´ 1q cotprq if Mn “ Sn

1
2

`

pan ´ 1q cot
`

r
2

˘

´ pa ´ 1q tan
`

r
2

˘˘

if Mn “ KPn, a “ dimRpKq
. (6)

3 Strong stationary time on harmonic manifolds

3.1 Intertwined relations on harmonic manifolds
We now return to consideration of dual processes of the Brownian motion. Using the
radial properties of the volume form and of the mean curvature on harmonic manifolds
as well as (5), we get:

Proposition 13 On harmonic manifolds Mn, let r0 P Mn, for any R0 Ps0, πr, and
D0 “ Bp0̃, R0q, the process starting from D0 and satisfying (3) is Dt “ Bp0̃, Rtq where
pRtqtPr0,τns satisfies dRt “

?
2dBt ` bpRtqdt, and τn :“ inftt ą 0|Rt “ πu, with

bprq :“ 2
θprq

şr
0 θprqdr

´ σprq “ 2
θprq

şr
0 θpsqds

´
θ1prq

θprq
“

d

dr
ln

˜

`şr
0 θpsqds

˘2

θprq

¸

. (7)

Proof
Denote by dn the real dimension of the considered harmonic manifold Mn. Let r Ps0, πr,
recall that the cutlocus of r0 is equal to cutpr0q “ tx P Mn, s.t. dpr0, xq “ πu e.g
3.35 in [7], and as usual Vgpcutpr0qq “ 0. Hence the volume of a ball VgpBp0̃, rqq “

Cdn

şr
0 θpsqds where Cdn is the volume of Sdn´1, so V̄gpBBp0̃, rqq “ Cdnθprq, and σBBp0̃,rq “

θ1prq

θprq
. Hence (7) follow from the equation of (3).

■

Proposition 14 On Mn, the process starting from t0̃u and satisfying (3) is Dt “

Bp0̃, Rtq with pRtqt a diffusion process starting at 0 which infinitesimal generator is
Ln :“ B2

r ` bnprqBr where bnprq “ d
dr ln

´

Inprq2

I 1
nprq

¯

and In is given by

Inprq “

$

’

’

’

’

’

&

’

’

’

’

’

%

şr
0 sin

n´1psqds if Mn “ Sn

şr
0 sin

n´1
`

s
2

˘

ds if Mn “ RPn

şr
0 sin

2n´1
`

s
2

˘

cos
`

s
2

˘

ds “
sin2np r

2q
n if Mn “ CPn

şr
0 sin

4n´1
`

s
2

˘

cos3p s2q ds “
sin4np r

2qp1`2n cos2p r
2

qq

2np2n`1q
if Mn “ HPn

. (8)

Moreover, the first covering time τn :“ inftt ą 0|Rt “ πu of pDtqtPr0,τns is a.s. finite.

Proof
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From Proposition 11, (7) can be rewritten bnprq “ d
dr ln

´

Inprq2

I 1
nprq

¯

. Using the notations
from Section 6 in [13], to show that 0 is an entrance boundary, it is enough to show
that

Sp0, π{2q :“

ż π{2

0

I 1
nprq

I2nprq
dr “ `8 and Np0, π{2q :“

ż π{2

0

I2nprq

I 1
nprq

ż π{2

r

I 1
npsq

I2npsq
ds dr ă `8.

(9)
Using the fact that In is non decreasing, we can remark that

Np0, π{2q “

ż π{2

0

Inprq

I 1
nprq

Inpπ{2q ´ Inprq

Inpπ{2q
dr ď

ż π{2

0

Inprq

I 1
nprq

dr.

From (8), for CPn and HPn we directly get I 1
nprq

I2nprq
„

rÑ0

`

an
2

˘2 `

2
r

˘an`1 and Inprq

I 1
nprq

„
rÑ0

r
an

which is enough to show (9). For the real projective space it is enough to remark
that

şr
0 sin

n´1
`

s
2

˘

ds ď r sinn´1
`

r
2

˘

to obtain I 1
nprq

I2nprq
ě 1

r2 sinn´1p r
2q

and Inprq

I 1
nprq

ď r and to

conclude. The sphere case works in the same way. The last remark about the first
covering time is postponed to Remark 21.

■

Remark 15 Since τn is a.s. finite, we extend D after time τn, by Ds “ Dτn “ Mn for
τn ď s and consider pDtqtě0.

Let Xn be a Brownian motion in Mn started at 0̃ P Mn, and accelerated by a factor
2. In [3], several couplings of Xn and D were constructed, so that for any time t ě 0,
the conditional law of Xn

t knowing the trajectory Dr0,ts B pDsqsPr0,ts is the normalized
uniform law over Dt, which is ΛpDt, ¨q, i.e.

@ t ě 0, LpXt|Dr0,tsq “ ΛpDt, ¨q, (10)

where Λ is the corresponding Markov kernel defined in the beginning of Section 2.
In the following corollary we explicit a coupling that satisfies (10), which were con-

structed in [3] Theorems 3.5. Before stating it, we fix some notations. Recall that the
cut-locus of 0̃ is given by cutpr0q “ tx P Mn, s.t. dpr0, xq “ πu. For x P Mnztr0, cutpr0qu

we denote by N inpxq the unit vector at x normal to the sphere centred at r0 with ra-
dius dpr0, xq (where d is the distance in Mn) and pointing towards r0, i.e., N inpxq “

´∇dpr0, ¨qpxq.

Corollary 16 Consider the Brownian motion Xn B pXn
t qtě0 in Mn accelerated by a

factor 2.
Full coupling. Let Dp1q

t be the ball in Mn centred at r0 with radius R
p1q

t solution started
at 0 to the Itô equation

dR
p1q

t “ ´xN inpXn
t q, dXn

t qy `

„

2
I2
n

I 1
n

pdpr0, Xn
t qq ´

I2
n

I 1
n

pR
p1q

t q

ȷ

dt

This evolution equation is considered up to the hitting time τ
p1q
n of π by R

p1q

t .
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Let Dt be the ball in Mn centered at r0 with radius Rt defined in Proposition 14, and
let τn be the stopping time defined in Proposition 14.

Then we have:

(1) The coupling pXt, D
p1q

t q
0ďtďτ

p1q
n

is satisfying (10), changing t by any FDp1q-stopping

time τ ď τ
p1q
n ;

(2) the pairs
ˆ

τ
p1q
n , D

p1q

r0,τ
p1q
n s

˙

, and
`

τn, Dr0,τns

˘

have the same law.

Remark 17 Note that τ p1q
n is a stopping time for FDp1q and so for FX .

Due to these couplings and to general arguments from Diaconis and Fill [11] for
discrete case (for the continuous case see Proposition 18 below), τ p1q

n is a strong sta-
tionary time for Xn, meaning that τ p1q

n and Xn

τ
p1q
n

are independent and Xn

τ
p1q
n

is uniformly
distributed over Mn.

Proposition 18 If τn and so τ
p1q
n is finite almost surely, then τ

p1q
n is a strong stationary

time for Xn, and

@ t ě 0, spLpXn
t q,Unq ď Prτ p1q

n ą ts “ Prτn ą ts.

Proof
For simplicity write Xt :“ Xn

t . Let f : Mn Ñ R be a bounded measurable function,
apply (10) at τ

p1q
n , since D

p1q

τ
p1q
n

“ Bpr0, πq “ Mn we get :

ErfpX
τ

p1q
n

qs “ ErErfpX
τ

p1q
n

q|D
p1q

r0,τ
p1q
n s

ss

“ ErΛpD
p1q

τ
p1q
n

, fqs

“ ErΛpMn, fqs

“

ş

Mn
f dVg

VgpMnq
“ Unpfq.

Hence X
τ

p1q
n

is uniformly distributed over Mn, and clearly τ
p1q
n and X

τ
p1q
n

are independent

so τ
p1q
n is a strong stationary time for Xn.

Let f : Mn Ñ R` be a bounded positive measurable function, and 0 ă t, we have :

E
r0 rfpXtqs ě E

pr0,0q

”

fpXtq1τ
p1q
n ďt

ı

where p0̃, 0q is the starting point for pX,Dp1qq

“ E
pr0,0q

”

1
τ

p1q
n ďt

E
”

fpXtq|F
τ

p1q
n

ıı

“ E
pr0,0q

„

1
τ

p1q
n ďt

EX
τ

p1q
n

”

fpX
t´τ

p1q
n

q

ı

ȷ

Strong Markov property (11)

“ UnpfqP0

”

τ p1q
n ď t

ı

, (12)
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where in the last line we use that X
τ

p1q
n

„ Un is invariant under X and that X
τ

p1q
n

and

τ
p1q
n are independent.

Let y P Mn, ϵ ą 0. Let f “ 1Bpy,ϵq, and let ptpr0, xq be the heat kernel, i.e.,

Xtpr0q
L
„ ptpr0, xqUnpdxq, then (12) becomes

ş

ptpr0, xq1Bpy,ϵqpxqUnpdxq

UnpBpy, ϵqq
ě P0rτ p1q

n ď ts,

letting ϵ goes to 0, we obtain for all y P Mn,

ptpr0, yq ě P0rτ p1q
n ď ts,

hence
1 ´ ptpr0, yq ď P0rτ p1q

n ą ts.

and by definition of the separation discrepancy the result follows.
■

Remark 19 Note that for any t P r0, τ
p1q
n q, the “opposite pole” cutpr0q does not belong

to the support of ΛpD
p1q

t , ¨q. It follows from an extension of Remark 2.39 of Diaconis
and Fill [11] that τ p1q

n is even a sharp strong stationary time for Xn, meaning that

@ t ě 0, spLpXn
t q,Unq “ Prτ p1q

n ą ts. (13)

Thus for all Mn the understanding of the convergence in separation of Xn toward
Un amounts to understanding the tail distribution of τn.

3.2 Study of the first covering time
To study separation cutoff phenomenon we want to obtain good estimates for the ex-
pectation and the variance of the first covering time τn. As in [9], this can be done by
considering the Green operator Gn associated to the Poisson equation:

#

Lnϕn “ ´g, g P Cbpr0, πsq

ϕnpπq “ 0, ϕn is bounded
(14)

where Ln still denotes the infinitesimal generator defined in Proposition 14. The Green
operator is given by:

Gn : Cbpr0, πsq Ñ Cbpr0, πsq

g ÞÑ
şπ

¨

I 1
nptq
I2nptq

şt
0
I2npsq

I 1
npsq

gpsqdsdt
(15)

Note that the definition of Gn is ensured using the same arguments as for the finiteness
of Np0, π{2q in (9).

As for Propositions 7 and 9 in [9] the moments and the variance of τn can then be
expressed in function of this Green operator.
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Proposition 20 For k ě 0, set un,k “ k!G˝k
n r1s where G˝k

n denotes the k-th iteration
of Gn. Then, for all n ě 1 and k ě 0:

Erτkn s “ un,kp0q. (16)

In particular

Erτns “

ż π

0

Inptq

I 1
nptq

Inpπq ´ Inptq

Inpπq
dt (17)

Varpτnq “ 2

ż π

0

I 1
nptq

Inptq2

ż t

0

I2npsq

I 1
npsq

u1
n,1psq2dsdt (18)

“
2

Inpπq2

ż π

0

I2npuq

I 1
npuq

ż π

u

pInpπq ´ Inpsqq2

I 1
npsq

ds du. (19)

Proof
The proof for (16), (17) and (18) is the same than in [9]. For (19), we remark that

`

u1
n,1psq

˘2
“

ˆ

I 1
npsq

I2npsq

ż s

0

I2npuq

I 1
npuq

du

˙2

thus
ż t

0

I2npsq

I 1
npsq

`

u1
n,1psq

˘2
ds “

ż t

0

I 1
npsq

I2npsq

ˆ
ż s

0

I2npuq

I 1
npuq

du

˙2

ds

“

«

´1

Inpsq

ˆ
ż s

0

I2npuq

I 1
npuq

du

˙2
fft

0

` 2

ż t

0

Inpsq

I 1
npsq

ż s

0

I2npuq

I 1
npuq

duds

“
´2

Inptq

ż t

0

I2npsq

I 1
npsq

ż s

0

I2npuq

I 1
npuq

duds ` 2

ż t

0

Inpsq

I 1
npsq

ż s

0

I2npuq

I 1
npuq

duds

“ 2

ż t

0

Inpsq

I 1
npsq

ˆ

1 ´
Inpsq

Inptq

˙
ż s

0

I2npuq

I 1
npuq

du ds

Using Fubini’s theorem and integrating by parts:

Varpτnq “ 4

ż π

0

I 1
nptq

I2nptq

ż t

0

Inpsq

I 1
npsq

ˆ

1 ´
Inpsq

Inptq

˙
ż s

0

I2npuq

I 1
npuq

duds dt

“ 4

ż π

0

I2npuq

I 1
npuq

ż π

u

Inpsq

I 1
npsq

ˆ
ż π

s

I 1
nptq

I2nptq
´ Inpsq

ż π

s

I 1
nptq

I3nptq

˙

dtds du

“ 4

ż π

0

I2npuq

I 1
npuq

ż π

u

Inpsq

I 1
npsq

ˆ„

Inpsq ´ 2Inptq

2Inptq2

ȷπ

s

˙

ds du

“ 4

ż π

0

I2npuq

I 1
npuq

ż π

u

Inpsq

I 1
npsq

ˆ

Inpsq ´ 2Inpπq

2Inpπq2
`

1

2Inpsq

˙

ds du

“
2

Inpπq2

ż π

0

I2npuq

I 1
npuq

ż π

u

pInpπq ´ Inpsqq2

I 1
npsq

ds du.

■

Remark 21 In particular this proves that Erτns ă `8 and thus τn ă `8 a.s.
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4 Cutoff for the complex projective space
Proposition 22 On the complex projective space, the first covering time τn is satisfy-
ing:

Erτns “
1

n

n
ÿ

k“1

1

k
“

lnpnq

n
`

γ

n
`

1

2n2
` o

ˆ

1

n2

˙

Varpτnq “
π2

6n2
` o

ˆ

1

n2

˙

where γ is the Euler–Mascheroni constant.

This proposition will be proven in the two next subsections (Subsections 4.1 and 4.2).
From this and using (13), we get the following estimate for the cutoff :

Theorem 23 (For the complex projective space) Let Xn be the (two-times ac-
celerated) Brownian Motion in CPn and γ the Euler–Mascheroni constant. Let c P R
and tn “

lnpnq

n ` c
n :

• if c ą γ, lim sup
nÑ8

spLpXn
tnq,Unq ď π2

6pc´γq2

• if c ă γ then lim inf
nÑ8

spLpXn
tnq,Unq ě 1 ´ π2

6pc´γq2
.

Hence Xn has a cutoff in separation at time lnpnq

n with window 1
n , and we have the above

control.

Proof
For c ą γ, for n large enough, tn ´ Erτns ą 0, thus:

spLpXn
tnq,Unq “ Prτn ą tns

“ Prτn ´ Erτns ą tn ´ Erτnss

ď
Varpτnq

ptn ´ Erτnsq2

“

π2

6n2 ` o
`

1
n2

˘

`

c´γ
n ` op 1

nq
˘2

“

π2

6 ` o p1q

pc ´ γ ` op1qq
2 .

Hence, for c ą γ,

lim sup
nÑ8

spLpXn
tnq,Unq ď

π2

6pc ´ γq2
.

For c ă γ, tn ´ Erτns ă 0 for n large enough, thus:

spLpXn
tnq,Unq “ 1 ´ Prτn ď tns

“ 1 ´ Prτn ´ Erτns ď tn ´ Erτnss

13



“ 1 ´ P

„

τn ´ Erτns ď
c ´ γ

n
` o

ˆ

1

n

˙ȷ

ě 1 ´

π2

6n2 ` o
`

1
n2

˘

`

c´γ
n ` op 1

nq
˘2

“ 1 ´

π2

6 ` o p1q

pc ´ γ ` op1qq
2 .

Hence for c ă γ,

lim inf
nÑ8

spLpXn
tnq,Unq ě 1 ´

π2

6pc ´ γq2

■

4.1 Computation of the mean, first part of the proof of
Proposition 22
For the complex projective space (a “ 2), from (8) we remind that :

Inprq “
sin2n

`

r
2

˘

n
, I 1

nprq “ cos
´r

2

¯

sin2n´1
´r

2

¯

and Inpπq “
1

n
.

Then

Erτns “

ż π

0

sin2n
`

x
2

˘

n sin2n´1
`

x
2

˘

cos
`

x
2

˘

´

1 ´ sin2n
´x

2

¯¯

dx

“
2

n

ż π{2

0

sinpxq

cospxq

`

1 ´ sin2npxq
˘

dx

“
2

n

ż 1

0

y

1 ´ y2
`

1 ´ y2n
˘

dy “
2

n

ż 1

0

n´1
ÿ

k“0

y2k`1 dy “
1

n

n
ÿ

k“1

1

k
.

Recall that
n

ÿ

k“1

1

k
“ lnpnq ` γ `

1

2n
` o

ˆ

1

n

˙

(20)

where γ is the Euler–Mascheroni constant.
We deduce that :

Erτns “
lnpnq

n
`

γ

n
`

1

2n2
` o

ˆ

1

n2

˙

.

4.2 The computation of the variance, second part of the
proof of Proposition 22
From (19), we have

Varpτnq “
8

n2

ż π
2

0

sin2n`1puq

cos puq

ż π
2

u

`

1 ´ sin2npsq
˘2

sin2n´1psq cospsq
ds du.

14



After the following change of variables:

X “ sinpuq, Y “ sinpsq

we get :

Varpτnq “
8

n2

ż 1

0

X2n`1

1 ´ X2

ż 1

X

Y

1 ´ Y 2

ˆ

1 ´ Y 2n

Y n

˙2

dY dX

Also
ż 1

X

Y

1 ´ Y 2

ˆ

1 ´ Y 2n

Y n

˙2

dY

“

ż 1

X

1

Y 2n´1
p1 ´ Y 2nq

n´1
ÿ

k“0

Y 2k dY

“

n´1
ÿ

k“0

ż 1

X
Y 2pk´nq`1 ´ Y 2k`1 dY

“

n´2
ÿ

k“0

1

2pk ´ n ` 1q

´

1 ´ X2pk´n`1q
¯

´

n
ÿ

k“1

1

2k
p1 ´ X2kq ´ lnpXq

“ ´
1

2

n´1
ÿ

k“1

1

k

´

p1 ´ X´2kq ` p1 ´ X2kq

¯

´
1

2n
p1 ´ X2nq ´ lnpXq

“
1

2

n´1
ÿ

k“1

1

k

ˆ

1 ´ X2k

Xk

˙2

´
1

2n
p1 ´ X2nq ´ lnpXq

Varpτnq “
8

n2

ż 1

0

X2n`1

1 ´ X2

«

1

2

n´1
ÿ

k“1

1

k

ˆ

1 ´ X2k

Xk

˙2

´
1

2n
p1 ´ X2nq ´ lnpXq

ff

dX

“
4

n2

n´1
ÿ

k“1

1

k

ż 1

0

X2n`1

1 ´ X2

ˆ

1 ´ X2k

Xk

˙2

dX

loooooooooooooooooooooooomoooooooooooooooooooooooon

An

´
4

n3

ż 1

0

X2n`1

1 ´ X2
p1 ´ X2nqdX

looooooooooooooooomooooooooooooooooon

Bn

´
8

n2

ż 1

0

X2n`1

1 ´ X2
lnpXqdX

loooooooooooooomoooooooooooooon

Cn

.

Let us compute an asymptotic expansion of An:

An “
4

n2

n´1
ÿ

k“1

1

k

ż 1

0

X2n`1´2kp1 ´ X2kq2

1 ´ X2
dX

“
4

n2

n´1
ÿ

k“1

1

k

k´1
ÿ

l“0

ż 1

0
X2n`1´2kp1 ´ X2kqX2l dX
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“
4

n2

n´1
ÿ

k“1

1

k

k´1
ÿ

l“0

ż 1

0
X2n`1´2k`2l ´ X2l`2n`1 dX

“
2

n2

n´1
ÿ

k“1

1

k

k´1
ÿ

l“0

ˆ

1

n ` l ´ k ` 1
´

1

n ` l ` 1

˙

“
2

n2

n´1
ÿ

k“1

k´1
ÿ

l“0

1

k

ˆ

1

n ` l ´ k ` 1
´

1

n ` l ` 1

˙

“
2

n2

n´1
ÿ

k“1

k´1
ÿ

l“0

ˆ

1

pn ` l ´ k ` 1qpn ` l ` 1q

˙

“
2

n2

n´1
ÿ

k“1

k
ÿ

l“1

˜

1
`

1 ` l
n ´ k

n

˘ `

1 ` l
n

˘

1

n2

¸

Now notice that as a Riemann sum:
n´1
ÿ

k“1

k
ÿ

l“1

1
`

1 ` l
n ´ k

n

˘

p1 ` l
nq

1

n2
ÝÑ

ż 1

0

ż x

0

1

p1 ` y ´ xqp1 ` yq
dy dx as n Ñ 8

and
ż 1

0

ż x

0

1

p1 ` y ´ xqp1 ` yq
dy dx “

ż 1

0

ˆ
ż 1

y

1

p1 ` y ´ xq
dx

˙

1

1 ` y
dy “ ´

ż 1

0

lnpyq

1 ` y
dy

“ ´

8
ÿ

k“0

p´1qk
ż 1

0
lnpyqyk dy “

8
ÿ

k“0

p´1qk

pk ` 1q2
“

π2

12

where we used integration by parts (for all k ě 0) to obtain
ż 1

0
yk lnpyq dy “ ´

1

pk ` 1q2
. (21)

Hence, we conclude that:

An „
π2

6n2
as n Ñ 8.

Let us finally compute an asymptotic expansion of Bn:

Bn “
4

n3

ż 1

0

X2n`1

1 ´ X2

`

1 ´ X2n
˘

dX

“
4

n3

n´1
ÿ

k“0

ż 1

0
X2n`2k`1 dX

“
2

n3

n´1
ÿ

k“0

1

n ` k ` 1
“

2

n3

2n
ÿ

k“n`1

1

k
.

Hence, using the Euler–Mascheroni asymptotic we get

Bn „
2

n3
lnp2q.
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Let us finally compute the asymptotic expansion of Cn:

Cn “
8

n2

ż 1

0

X2n`1

1 ´ X2
lnpXq dX “

8

n2

8
ÿ

k“0

ż 1

0
X2n`1`2k lnpXq dX.

Using again (21):

Cn “ ´
8

n2

8
ÿ

k“0

1

p2n ` 2k ` 2q2
“ ´

2

n2

8
ÿ

k“n`1

1

k2
„ ´

2

n3

and we also have:

Varpτnq “
π2

6n2
` o

ˆ

1

n2

˙

.

5 Cutoff for the quaternionic projective space
Proposition 24 On the quaternionic projective space, the first covering time τn is
satisfying:

Erτns “
1

2n ` 1

2n`1
ÿ

k“1

1

k
“

lnp2n ` 1q

2n ` 1
`

γ

2n ` 1
`

1

2p2n ` 1q2
` o

ˆ

1

n2

˙

Varpτnq „
nÑ`8

N

p2n ` 1q2

where γ is the Euler–Mascheroni constant and

N “ 2

ż

0ďyďxă8

ey´x px ` 1q
2

x2
p1 ´ e´ypy ` 1qq

2

y2
dx dy.

As previously, the proof will be postponed to the two following subsections (Subsections
5.1 and 5.2). With the same method than for Theorem 23 we obtain the following result
for the cutoff:

Theorem 25 (For the quaternionic projective space) Let Xn be the (two-times
accelerated) Brownian motion in HPn, γ the Euler–Mascheroni constant and N the
constant obtained in Proposition 24. Let c P R and tn “

lnp2n`1q

2n`1 ` c
2n`1 :

• if c ą γ then lim sup
nÑ8

spLpXn
tnq,Unq ď N

pc´γq2

• if c ă γ then lim inf
nÑ8

spLpXn
tnq,Unq ě 1 ´ N

pc´γq2
.

Hence Xn has a cutoff in separation at time lnp2n`1q

2n`1 with window 1
2n`1 , and we have

the above control.
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5.1 Computation of the mean, first part of the proof of
Proposition 24
For the quaternionic projective space (a “ 4), (8) gives:

Inprq “
sin4n

`

r
2

˘

p1 ` 2n cos2p r2qq

2np2n ` 1q
and Inpπq “

1

2np2n ` 1q

I 1
nprq“ cos3

´r

2

¯

sin4n´1
´r

2

¯

.

(22)

Erτns “
1

2np2n ` 1q

ż π

0

sin
`

x
2

˘

cos3
`

x
2

˘

´

1 ` 2n cos2
´x

2

¯¯ ´

1 ´ sin4n
´x

2

¯

p1 ` 2n cos2
´x

2

¯¯

dx

“
1

2np2n ` 1q

ż 1

0

P pXq

p1 ´ Xq2
dX “

1

2np2n ` 1q

˜

„

P pXq

1 ´ X

ȷ1

0

´

ż 1

0

P 1pXq

1 ´ X
dX

¸

with the change of variable X “ sin2
`

x
2

˘

and

P pXq “ p1 ` 2np1 ´ Xqq
`

1 ´ X2np1 ` 2np1 ´ Xqq
˘

.

Note that
”

P pXq

1´X

ı1

0
“ ´p2n ` 1q. Since

P 1pXq “ ´2n
`

1 ´ X2np1 ` 2np1 ´ Xqq
˘

´ 2np2n ` 1qp1 ` 2np1 ´ XqqX2n´1p1 ´ Xq :

´

ż 1

0

P 1pXq

1 ´ X
dX “ 2n

ż 1

0

ˆ

1 ´ X2n

1 ´ X
´ 2nX2n ` p2n ` 1qp1 ` 2np1 ´ XqqX2n´1

˙

dX

“ 2n

˜

2n
ÿ

k“1

1

k
´

2n

2n ` 1
`

2n ` 1

2n
` 2np2n ` 1qp

1

2n
´

1

2n ` 1
q

¸

“ 2n

˜

2n
ÿ

k“1

1

k
´

2n

2n ` 1
`

2n ` 1

2n
` 1

¸

Finally

Erτns “
1

2np2n ` 1q

˜

´p2n ` 1q ` 2n

˜

2n
ÿ

k“1

1

k
´

2n

2n ` 1
`

2n ` 1

2n
` 1

¸¸

“
1

2np2n ` 1q

˜

2n

˜

2n
ÿ

k“1

1

k
´

2n

2n ` 1
` 1

¸¸

“
1

2n ` 1

2n`1
ÿ

k“1

1

k

“
lnp2n ` 1q

2n ` 1
`

γ

2n ` 1
`

1

2p2n ` 1q2
` o

ˆ

1

n2

˙

.
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5.2 The computation of the variance, second part of the
proof of Proposition 24
Applying (22) to (19), we have

Varpτnq “
8

p2np2n ` 1qq
2

ż π
2

0

sin4n`1puq
`

2n cos2puq ` 1
˘2

cos3puq

ˆ

ż π
2

u

`

1 ´ sin4npsq
`

2n cos2psq ` 1
˘˘2

sin4n´1psq cos3psq
ds du.

With the change of variables x “ 2n cos2puq and y “ 2n cos2psq:

Varpτnq “
2

p2n ` 1q
2

ż

r0,`8r2

Fnpx, yqdx dy.

with

Fnpx, yq :“

`

1 ´ x
2n

˘2n
px ` 1q

2

x2

´

1 ´
`

1 ´
y
2n

˘2n
py ` 1q

¯2

`

1 ´
y
2n

˘2n
y2

10ďyďxď2n.

To use the dominated convergence theorem, we want to upper-bound Fn independently
on n. Note that, for all 0 ď y ď 2n,

p1 ´ yq ď

´

1 ´
y

2n

¯2n
(23)

0 ď 1 ´

´

1 ´
y

2n

¯2n
py ` 1q ď 1 (24)

y P r0, 2ns ÞÑ

´

1 ´
y

2n

¯2n
ey is decreasing. (25)

In particular
´

1 ´
`

1 ´
y
2n

˘2n
py ` 1q

¯2

`

1 ´
y
2n

˘2n
y2

ď
p1 ´ p1 ´ yq py ` 1qq

2

`

1 ´
y
2n

˘2n
y2

“
y2

`

1 ´
y
2n

˘2n . (26)

Moreover y P r0, 2ns ÞÑ
`

1 ´
y
2n

˘2n is decreasing, thus, for y ď x, Fnpx, yq ď
px`1q2

x2 y2

which is integrable on t0 ď y ď x ď ϵu, for any 1 ą ϵ ą 0 set.
From the increasing of y P r0, 2ns ÞÑ

y2

p1´
y
2nq

2n , using (26), (25) and (23), for 0 ď y ď

ϵ ď x:

Fnpx, yq ď
ϵ2

1 ´ ϵ

e´xpx ` 1q2

x2

which is integrable on t0 ď y ď ϵ ď xu.
We now take ϵ ď y ď x ď 2n. From (24) and (25):

Fnpx, yq ď

`

1 ´ x
2n

˘2n

`

1 ´
y
2n

˘2n

px ` 1q2

x2
1

y2
ď

e´xpx ` 1q2

x2
ey

y2
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which is integrable on tϵ ď y ď xu using Fubini.
We now turn to the a.s. limit F of Fn:

F px, yq “ ey´x px ` 1q
2

x2
p1 ´ e´ypy ` 1qq

2

y2
10ďyďxă8 P L1pR2q.

By the dominated convergence theorem, we then obtain

Varpτnq „
nÑ`8

2

p2n ` 1q2

ż

F px, yqdxdy.

6 Cutoff for the sphere
Proposition 26 On the sphere, the first covering time τn is satisfying:

Erτns “
1

n ´ 1

n´1
ÿ

k“1

1

k
“

lnpn ´ 1q

n ´ 1
`

γ

n ´ 1
`

1

2pn ´ 1q2
` o

ˆ

1

n2

˙

Varpτnq „
nÑ`8

1

pn ´ 1q2

π2

6

where γ is the Euler–Mascheroni constant.

The proof is postponed to the two following subsections (Subsections 6.1 and 6.2). As
previously, we get the following:

Theorem 27 (For the sphere) Let Xn be the (two-times accelerated) Brownian Mo-
tion in Sn, and γ the Euler–Mascheroni constant. Let c P R and tn “

lnpn´1q

n´1 ` c
n´1 :

• if c ą γ then lim sup
nÑ8

spLpXn
tnq,Unq ď π2

6pc´γq2

• if c ă γ then lim inf
nÑ8

spLpXn
tnq,Unq ě 1 ´ π2

6pc´γq2
.

Hence Xn has a cutoff in separation at time lnpn´1q

n´1 with window 1
n´1 , and we have the

above control.

6.1 Computation of the mean, first part of the proof of
Proposition 26
For the n-dimensional sphere, we remind from (8):

Inprq “

ż r

0
sinn´1pxqdx and Inpπq “ 2Wn´1 (27)

where Wn´1 denotes the corresponding Wallis’ integral. As Inpπq ´ Inprq “ Inpπ ´ rq

for all r P r0, πs:

Erτns “
1

Inpπq

ż π

0

InpxqInpπ ´ xq

sinn´1pxq
dx. (28)
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Noticing that, for n ě 3

Inprq “

ż r

0
sinpxq sinn´2pxq dx

“ r´ sinn´2pxq cospxqsr0 ` pn ´ 2q

ż r

0
sinn´3pxq cos2pxqdx

“ ´ sinn´2prq cosprq ` pn ´ 2qIn´2prq ´ pn ´ 2qInprq,

we obtain the following recursive relations for pInqn:

Lemma 28 For all n ě 3:

Inprq “
1

n ´ 1

`

´ sinn´2prq cosprq ` pn ´ 2qIn´2prq
˘

Inpπ ´ rq “
1

n ´ 1

`

sinn´2prq cosprq ` pn ´ 2qIn´2pπ ´ rq
˘

.

In particular, we retrieve the recursive relation for Wallis’ integrals:

Inpπq “
n ´ 2

n ´ 1
In´2pπq.

By obtaining a recursive relation for ppn ´ 1qErτnsqn, we obtain an expression for Erτns

in function of the harmonic sums which proves the first part of Proposition 26:

Proposition 29 For n ě 3,

pn ´ 1qErτns “ pn ´ 3qErτn´2s `
1

n ´ 1
`

1

n ´ 2
.

In particular Erτ2s “ 1 and Erτ3s “ 3
4 .

Proof
For n ě 3, we have:

InpπqErτns “

ż π

0

1

sin2pxq

InpxqInpπ ´ xq

sinn´3pxq
dx

“

„

´ cotpxq
InpxqInpπ ´ xq

sinn´3pxq

ȷπ

0

(29)

`

ż π

0
cotpxq

sinn´1pxq pInpπ ´ xq ´ Inpxqq

sinn´3pxq
dx (30)

´ pn ´ 3q

ż π

0
cotpxq

cospxq

sinn´2pxq
InpxqInpπ ´ xqdx. (31)

As
ˇ

ˇ

ˇ

Inpxq

sinn´2pxq

ˇ

ˇ

ˇ
ď x sinpxq ÝÝÝÑ

xÑ0
0, by symmetry of the sinus function, (29) vanishes. For

(30), we get:
ż π

0
cotpxq

sinn´1pxq pInpπ ´ xq ´ Inpxqq

sinn´3pxq
dx
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“

ż π

0
cospxq sinpxq pInpπ ´ xq ´ Inpxqq dx

“
1

2

“

sin2pxq pInpπ ´ xq ´ Inpxqq
‰π

0
`

ż π

0
sinn`1pxqdx

“ In`2pπq “
n

n ` 1
Inpπq.

We now turn to (31). We have:
ż π

0
cotpxq

cospxq

sinn´2pxq
InpxqInpπ ´ xqdx “ InpπqErτns ´

ż π

0

InpxqInpπ ´ xq

sinn´3pxq
dx.

Applying Lemma 28 on InpxqInpπ ´ xq:
ż π

0

InpxqInpπ ´ xq

sinn´3pxq
dx

“

ˆ

n ´ 2

n ´ 1

˙2 ż π

0

In´2pxqIn´2pπ ´ xq

sinn´3pxq
dx ´

1

pn ´ 1q2

ż π

0

cos2pxq sin2pn´2qpxq

sinn´3pxq
dx

`
n ´ 2

pn ´ 1q2

ż π

0

sinn´2pxq cospxq pIn´2pxq ´ In´2pπ ´ xqq

sinn´3pxq
dx

“

ˆ

n ´ 2

n ´ 1

˙2

In´2pπqErτn´2s ´
1

pn ´ 1q2

ż π

0
p1 ´ sin2pxqq sinn´1pxqdx

`
n ´ 2

pn ´ 1q2

ż π

0
sinpxq cospxq pIn´2pxq ´ In´2pπ ´ xqq dx

“
n ´ 2

n ´ 1
InpπqErτn´2s ´

1

pn ´ 1q2
pInpπq ´ In`2pπqq

`
n ´ 2

pn ´ 1q2

ˆ„

sin2pxq

2
pIn´2pxq ´ In´2pπ ´ xqq

ȷπ

0

´

ż π

0
sinn´1pxqdx

˙

“ Inpπq

ˆ

n ´ 2

n ´ 1
Erτn´2s ´

1

pn ´ 1q2

ˆ

1 ´
n

n ` 1

˙

´
n ´ 2

pn ´ 1q2

˙

.

Thus (31) is equal to pn´3qInpπq

´

´Erτns ` n´2
n´1Erτn´2s ´ 1

pn´1q2pn`1q
´ n´2

pn´1q2

¯

. Com-
bining (29),(30) and (31), we obtain:

pn ´ 2qErτns “
n

n ` 1
`

pn ´ 2qpn ´ 3q

n ´ 1
Erτn´2s ´

n ´ 3

pn ´ 1q2pn ` 1q
´

pn ´ 2qpn ´ 3q

pn ´ 1q2

“
pn ´ 2qpn ´ 3q

n ´ 1
Erτn´2s `

2n ´ 3

pn ´ 1q2

“
n ´ 2

n ´ 1

ˆ

pn ´ 3qErτn´2s `
1

n ´ 1
`

1

n ´ 2

˙

.

This proves the recursive relation. We now compute the first terms. As I2prq “
şr
0 sinpxqdx “ 1 ´ cosprq,

Erτ2s “
1

I2pπq

ż π

0

p1 ´ cosprqqp1 ` cosprqq

sinprq
dr “

1

I2pπq

ż π

0

1 ´ cos2prq

sinprq
dr

22



“
1

I2pπq

ż π

0
sinprqdr “ 1

We also obtain

Erτ3s “
1

I3pπq

ż π

0

I3pxqI3pπ ´ xq

sin2pxq
dx

“
1

I3pπq

ˆ

r´ cotpxqI3pxqI3pπ ´ xqs
π
0 `

ż π

0
cotpxq sin2pxqpI3pπ ´ xq ´ I3pxqqdx

˙

“
1

I3pπq

ˆ„

sin2pxq

2
pI3pπ ´ xq ´ I3pxqq

ȷπ

0

`

ż π

0
sin4pxqdx

˙

“
I5pπq

I3pπq
“

3

4
.

■

6.2 The computation of the variance, second part of the
proof of Proposition 26
Using (19) and the symmetry of the volume form density we have:

Varpτnq “
2

Inpπq2

ż π

0

Inpuq2

In
1puq

ż π

u

Inpπ ´ sq2

In
1psq

ds du

“
2

Inpπq2

˜

ż π
2

0

Inpuq2

In
1puq

˜

ż π
2

u

Inpπ ´ sq2

In
1psq

ds `

ż π

π
2

Inpπ ´ sq2

In
1psq

ds

¸

du

`

ż π

π
2

Inpuq2

In
1puq

ż π

u

Inpπ ´ sq2

In
1psq

ds du

¸

“
2

Inpπq2

˜

ż π
2

0

Inpuq2

In
1puq

˜

ż π
2

u

Inpπ ´ sq2

In
1psq

ds `

ż π
2

0

Inpsq2

In
1psq

ds

¸

du

`

ż π
2

0

Inpπ ´ uq2

In
1puq

ż u

0

Inpsq2

In
1psq

ds du

¸

“
2

Inpπq
2

¨

˝2

ż π
2

0

Inpuq
2

In
1puq

ż π
2

u

Inpπ ´ sq2

In
1psq

ds du `

˜

ż π
2

0

Inpuq2

In
1puq

du

¸2
˛

‚.

Developing Inpπ ´ sq2 “ pInpπq ´ Inpsqq
2, we get:

Varpτnq “
4

Inpπq2

ż π
2

0

Inpuq2

In
1puq

ż π
2

u

Inpπq pInpπq ´ 2Inpsqq

In
1psq

ds du

` 4

˜

1

Inpπq

ż π
2

0

Inpuq
2

In
1puq

du

¸2

“ 8Kn ` 4K̃2
n
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where

Kn :“
1

Inpπq

ż π
2

0

Inpuq2

In
1puq

ż π
2

u

In
`

π
2

˘

´ Inpsq

In
1psq

ds du (32)

and

K̃n :“
1

Inpπq

ż π
2

0

Inpuq
2

In
1puq

du. (33)

We now look for the asymptotic behavior of Kn and K̃n, using a reparametrization and
an asymptotic expansion to make appear the equivalents 1

n2 and 1
n respectively. We

first look for Kn:

Kn “
1

Inpπq

ż

0ďu1,u2ďuďsďrďπ
2

sinn´1pu1q sinn´1pu2q sinn´1prq

sinn´1puq sinn´1psq
du ds du1 du2 dr.

Use now the following change of variables

sinpuiq “

ˆ

1 ´
hi

n ´ 1

˙

sinpuq, i P t1, 2u

sinpuq “

ˆ

1 ´
h3

n ´ 1

˙

sinpsq

sinpsq “

ˆ

1 ´
h4

n ´ 1

˙

sinprq.

In particular, as the Jacobian matrix is triangular, the corresponding Jacobian deter-
minant is Jnph1, h2, h3, h4, rq “ α1α2α3α4 with

αi “ ´

´

1 ´ h3
n´1

¯ ´

1 ´ h4
n´1

¯

sinprq

pn ´ 1q

b

cos2prq `
δnphi,h3,h4q

n´1 sin2prq

“ ´

´

1 ´ h3
n´1

¯ ´

1 ´ h4
n´1

¯

?
n ´ 1

a

pn ´ 1q cot2prq ` δnphi, h3, h4q
, i P t1, 2u

α3 “ ´

´

1 ´ h4
n´1

¯

?
n ´ 1

a

pn ´ 1q cot2prq ` δnp0, h3, h4q
,

α4 “ ´
1

?
n ´ 1

a

pn ´ 1q cot2prq ` δnp0, 0, h4q

where δnpa1, a2, a3q :“ pn ´ 1q

ˆ

1 ´

´

1 ´ a1
n´1

¯2 ´

1 ´ a2
n´1

¯2 ´

1 ´ a3
n´1

¯2
˙

. We get:

Kn “
1

Inpπq

ż

0ďh1,h2,h3,h4ďn´1
0ďrďπ

2

ˆ

1 ´
h1

n ´ 1

˙n´1 ˆ

1 ´
h2

n ´ 1

˙n´1 ˆ

1 ´
h3

n ´ 1

˙n´1
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ˆ sinn´1prqJnph1, h2, h3, h4, rqdh1 dh2 dh3 dh4 dr.

We also make the change of variable x “
?
n ´ 1 cotprq. In particular we have sinprq “

´

x2

n´1 ` 1
¯´ 1

2 and dx “ ´
?
n ´ 1

´

x2

n´1 ` 1
¯

dr. Thus:

Kn “
1

pn ´ 1q2` 1
2

1

Inpπq

ż

0ďh1,h2,h3,h4ďn´1
0ďxď`8

Fnph1, h2, h3, h4, xqdh1 dh2 dh3 dh4 dx

where

Fnph1, h2, h3, h4, xq “

´

1 ´ h1
n´1

¯n´1 ´

1 ´ h2
n´1

¯n´1 ´

1 ´ h3
n´1

¯n`1

a

x2 ` δnph1, h3, h4q
a

x2 ` δnph2, h3, h4q
a

x2 ` δnp0, h3, h4q

´

1 ´ h4
n´1

¯3 ´

1 ` x2

n´1

¯´
pn´1q

2
´1

a

x2 ` δnp0, 0, h4q
.

Using equivalences for the Wallis integral, we have Inpπq „
nÑ`8

b

2π
n´1 . Note that,

for a1, a2, a3 P r0, n ´ 1s, δnpa1, a2, a3q ě maxpa1, a2, a3q. For n ě 3, we also have

ˆ

1 `
x2

n ´ 1

˙n´1

ě 1 ` x2 `
n ´ 2

2pn ´ 1q
x4 ě

ˆ

1 `
x2

2

˙2

. (34)

Thus Fnph1, h2, h3, h4, xq can be upper bounded by

e´h1e´h2e´h3

?
h1

?
h2

?
h3

?
h4

´

1 ` x2

2

¯

which is integrable for h4 ď ϵ with ϵ ą 0 set. It can also be upper bounded by

e´h1e´h2e´h3

h24

´

1 ` x2

2

¯

which is integrable for h4 ě ϵ. Moreover, δnpa1, a2, a3q ÝÝÝÝÑ
nÑ`8

2pa1 ` a2 ` a3q. Using
dominated convergence, we obtain:

Kn „
nÑ`8

1

pn ´ 1q2
?
2π

ż

r0,`8r5

e´h1e´h2e´h3e´x2

2

a

x2 ` 2ph1 ` h3 ` h4q
a

x2 ` 2ph2 ` h3 ` h4q

ˆ
dh1 dh2 dh3 dh4 dx

a

x2 ` 2ph3 ` h4q
?
x2 ` 2h4

„
nÑ`8

K

pn ´ 1q2
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with

K :“
1

?
2π

ż

0ďxďh̃4ďh̃3ďh̃1,h̃2ă`8

e´
h̃21
2 e´

h̃22
2 e

h̃23
2 e

h̃24
2 e´x2

2 dh̃1 dh̃2 dh̃3 dh̃4 dx

where we used the change of variables

h̃2i “ x2 ` 2phi ` h3 ` h4q, i “ 1, 2

h̃23 “ x2 ` 2ph3 ` h4q

h̃24 “ x2 ` 2h4.

For K̃n “ 1
Inpπq

ş

0ďu1,u2ďuďπ
2

sinn´1pu1q sinn´1pu2q

sinpuq
du1du2du, we use similar change of vari-

ables:

sinpuiq “

ˆ

1 ´
hi

n ´ 1

˙

sinpuq, i P t1, 2u

x “
?
n ´ 1 cotpuq.

We get:

K̃n “
1

pn ´ 1q1` 1
2

1

Inpπq

ż

0ďh1,h2ďn´1
0ďxď`8

F̃nph1, h2, xqdh1 dh2 dx

with

F̃nph1, h2, xq “

´

1 ´ h1
n´1

¯n´1 ´

1 ´ h2
n´1

¯n´1 ´

1 ` x2

n´1

¯´
pn´1q

2
´1

a

x2 ` δnph1, 0, 0q
a

x2 ` δnph2, 0, 0q

ď
e´h1e´h2

?
h1

?
h2

´

1 ` x2

2

¯

which is integrable. From the dominated convergence theorem, we obtain

K̃n „
nÑ`8

1

pn ´ 1q
?
2π

ż

r0,`8r3

e´h1e´h2e´x2

2

?
x2 ` 2h1

?
x2 ` 2h2

dh1 dh2 dx “
K̃

pn ´ 1q

with
K̃ “

1
?
2π

ż

0ďxďh̃1,h̃2ă`8

e´
h̃21
2 e´

h̃22
2 e

x2

2 dh̃1 dh̃2 dx.

Finally, we obtain

Varpτnq „
nÑ`8

1

pn ´ 1q2

´

8K ` 4K̃2
¯

.
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We now make the computations for K and K̃. First notice that, using polar coordinates,
for x ě 0,

ż

xďh̃1,h̃2

e´
h̃21`h̃22

2 dh̃1 dh̃2 “ 2

ż π
4

0

ż 8

x
sinpθq

re´ r2

2 drdθ “ 2

ż π
4

0
e

´ x2

2 sin2pθqdθ. (35)

Then

K̃ “

c

2

π

ż π
4

0

ż `8

0
e´x2

2
cot2pθqdxdθ “

c

2

π

ż π
4

0
tanpθqdθ

ż `8

0
e´x2

2 dx

“ r´ lnpcospθqqs
π
4
0 “

lnp2q

2
.

We begin the same way for computing K:

K “

c

2

π

ż π
4

0

ż

0ďxďh̃4ďh̃3

e´
h̃23
2

cot2pθqe
h̃24
2 e´x2

2 dx dh̃4 dh̃3 dθ.

Using the change of variables h̃4 “ ρ sinpϕq, h̃3 “ ρ cospϕq, we get:

K “

c

2

π

ż π
4

0

ż `8

0
e´x2

2

ż π
4

0

ż `8

x
sinpϕq

ρe´
ρ2

2 pcos2pϕq cot2pθq´sin2pϕqqdρ dϕ dx dθ

“

c

2

π

ż π
4

0

ż π
4

0

ż `8

0
e´x2

2
e

´ x2

2 sin2pϕq
pcos2pϕq cot2pθq´sin2pϕqq

`

cos2pϕq cot2pθq ´ sin2pϕq
˘ dx dϕ dθ

“

c

2

π

ż π
4

0

ż π
4

0

ż `8

0

e
´ x2

2 tan2pϕq tan2pθq

pcot2pϕq cot2pθq ´ 1q sin2pϕq
dx dϕ dθ

“

ż π
4

0

ż π
4

0

tanpϕq tanpθq

pcot2pϕq cot2pθq ´ 1q sin2pϕq
dϕ dθ

“

ż π
4

0

ż π
4

0

tanpϕq tan3pθq

p1 ´ tan2pϕq tan2pθqq cos2pϕq
dϕ dθ.

Setting y “ tan2pϕq tan2pθq, we get:

K “
1

2

ż π
4

0

ż tan2pθq

0

tanpθq

1 ´ y
dy dθ “

1

2

ż π
4

0
tanpθq rlnp1 ´ yqs

tan2pθq

0 dθ

“ ´
1

2

ż π
4

0
tanpθq lnp1 ´ tan2pθqqdθ “ ´

1

4

ż 1

0

lnp1 ´ uq

1 ` u
du

“
1

4

ż 1

0

ÿ

jě1

uj

j

ÿ

kě0

p´uqkdu “ ´
1

4

ÿ

jě1

ÿ

kě0

p´1qjp´1qk`j`1

jpk ` j ` 1q

“ ´
1

8

¨

˝

ÿ

j,kě1

p´1qjp´1qk

jk
´

ÿ

jě1

1

j2

˛

‚
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“
1

8

ˆ

π2

6
´ lnp2q2

˙

.

Finally, we get:

Varpτnq „
nÑ`8

1

pn ´ 1q2

π2

6
.

7 Cutoff for the real projective space
Proposition 30 On the real projective space, the first covering time τn is satisfying:

Erτns “
2 lnpn ´ 1q

n ´ 1
`

2pγ ´ lnp2qq

n ´ 1
` o

ˆ

1

n

˙

Varpτnq „
nÑ`8

4N

pn ´ 1q2

where γ is the Euler–Mascheroni constant and

N “
24

π

ż `8

0
e

h̃24
2

˜

ż h̃4

0
e

´x2

2 dx

¸2
ż `8

h̃4

e
h̃23
2

ˆ
ż `8

h̃3

e
´h̃21
2 dh̃1

˙2

dh̃3dh̃4.

To prove this proposition, we use the closeness between the volume on the spheres
and the real projective space. The proof is detailed in the two following subsections
(Subsections 7.1 and 7.2). Again, following the proof of Theorem 23, we obtain:

Theorem 31 (For the real projective space) Let Xn be the (two-times acceler-
ated) Brownian Motion in RPn, and γ the Euler–Mascheroni constant. Let c P R and
tn “

2 lnpn´1q

n´1 ` 2c
n´1 :

• if c ą γ ´ lnp2q then lim sup
nÑ8

spLpXn
tnq,Unq ď N

pc´pγ´lnp2qqq2

• if c ă γ ´ lnp2q then lim inf
nÑ8

spLpXn
tnq,Unq ě 1 ´ N

pc´pγ´lnp2qqq2
.

Hence Xn has a cutoff in separation at time 2 lnpn´1q

n´1 with window 2
n´1 , and we have

the above control.

7.1 Computation of the mean, first part of the proof of
Proposition 30
For the real projective space RPn (a “ 1), the expression for Inprq given by (8) is quite
close to the one for the sphere. Some of the results obtained in Section 6 will then be
useful to study the first covering time on RPn. In this section we will use the notations
IS
n and τS

n when the quantities relate to the the sphere and keep the notations In and
τn when they relate to the real projective space. We have:

Inprq “

ż r

0
sinn´1

´x

2

¯

dx “ 2

ż r
2

0
sinn´1 pxq dx “ 2IS

n

´r

2

¯

. (36)

28



In particular, Inpπq “ 2IS
n

`

π
2

˘

“ 2Wn´1 “ IS
n pπq. Thus,

Erτns “
1

Inpπq

ż π

0

Inpxq pInpπq ´ Inpxqq

I 1
npxq

dx

“
2

Wn´1

ż π

0

IS
n

`

x
2

˘ `

IS
n

`

π
2

˘

´ IS
n

`

x
2

˘˘

IS
n

1
`

x
2

˘ dx

“
4

Wn´1

ż π
2

0

IS
n pxq

`

1
2I

S
n pπq ´ IS

n pxq
˘

IS
n

1
pxq

dx

“
4

Wn´1

ż π
2

0

IS
n pxq

`

IS
n pπq ´ IS

n pxq
˘

IS
n

1
pxq

dx ´ 4

ż π
2

0

IS
n pxq

IS
n

1
pxq

dx

From (28), noticing that

ż π

π
2

IS
n pxqIS

n pπ ´ xq

IS
n

1
pxq

dx “

ż π
2

0

IS
n pπ ´ xqIS

n pxq

IS
n

1
pxq

dx,

the mean for the sphere is given by:

ErτS
n s “

1

Wn´1

ż π
2

0

IS
n pxq

`

IS
n pπq ´ IS

n pxq
˘

IS
n

1
pxq

dx.

Thus, for the projective space, we have:

Erτns “ 4ErτS
n s ´ 4En.

where En :“
ş

π
2
0

IS
npxq

IS
n

1
pxq

dx. We are now left to compute En. As for the computation of
the mean for the sphere we use a recursive relation:

Lemma 32 For n ě 3, we have

pn ´ 1qEn “
1

n ´ 2
` pn ´ 3qEn´2

and
E2 “ lnp2q , E3 “

1

2
.

In particular,

En “
1

n ´ 1

n´1
ÿ

k“1
k odd

1

k
`

Rn

n ´ 1
(37)

where

Rn “

$

&

%

ř

kěn

p´1qk`1

k “ O
´

1
n´1

¯

if n even

0 if n odd

From Lemma 32 and Proposition 29, we then obtain:
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Lemma 33 For the real projective space of dimension n, the mean satisfies

Erτns “
4

n ´ 1

tn´1
2 u

ÿ

k“1

1

2k
´ 4

Rn

n ´ 1
.

In particular, this proves the first part of Proposition 30.

Proof of Lemma 32
Set n ě 3. Using integration by part as for Proposition 29, we get:

En “

ż π
2

0

1

sin2prq

IS
n prq

sinn´3prq
dr

“

„

´ cotprq
IS
n prq

sinn´3prq

ȷ

π
2

0

´ pn ´ 3q

ż π
2

0
cotprq

cosprq

sinn´2prq
IS
n prqdr

`

ż π
2

0

cotprq

sinn´3prq
sinn´1prqdr.

As for (29), the first term vanishes. Thus:

En “ ´pn ´ 3q

ż π
2

0

cos2prq

sinn´1prq
IS
n prqdr `

ż π
2

0
cosprq sinprqdr

“ ´pn ´ 3q

ż π
2

0

1 ´ sin2prq

sinn´1prq
IS
n prqdr `

„

sin2prq

2

ȷ

π
2

0

“ ´pn ´ 3qEn ` pn ´ 3q

ż π
2

0

IS
n prq

sinn´3prq
dr `

1

2
.

Gathering the terms with En and using Lemma 28, we get:

pn ´ 2qEn “ ´
n ´ 3

n ´ 1

ż π
2

0

sinn´2prq cosprq

sinn´3prq
dr `

pn ´ 2qpn ´ 3q

n ´ 1
En´2 `

1

2

“ ´
n ´ 3

n ´ 1

„

sin2prq

2

ȷ

π
2

0

`
pn ´ 2qpn ´ 3q

n ´ 1
En´2 `

1

2

“ ´
n ´ 3

2pn ´ 1q
`

pn ´ 2qpn ´ 3q

n ´ 1
En´2 `

1

2

“
1

n ´ 1
`

pn ´ 2qpn ´ 3q

n ´ 1
En´2.

This provides the expected recursive relation. In particular we get:

pn ´ 1qEn “

$

’

’

’

&

’

’

’

%

ř

2ďkďn´1
k even

1
k ` E2 if n even

ř

2ďkďn´1
k odd

1
k ` 2E3 if n odd

.
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We now turn to the computation of the first terms:

E2 “

ż π
2

0

şr
0 sinpsqds

sinprq
dr “

ż π
2

0

1 ´ cosprq

sinprq
dr “

ż π
2

0

sin
`

r
2

˘

cos
`

r
2

˘dr

“

”

´2 ln
´

cos
´r

2

¯¯ı
π
2

0
“ lnp2q.

In particular, using the series expression lnp2q “
ř

kě1

p´1qk`1

k and noticing that

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kěn

p´1qk`1

k

ˇ

ˇ

ˇ

ˇ

ˇ

ď
1

n
,

we obtain (37) for n even. For E3, still using the fact that IS
nprq

sinn´2prq
ÝÝÝÑ
rÑ0

0 we get:

E3 “

ż π
2

0

şr
0 sin

2psqds

sin2prq
dr “

„

´ cotprq

ż r

0
sin2psqds

ȷ
π
2

0

`

ż π
2

0
cotprq sin2prqdr

“

ż π
2

0
cosprq sinprqdr “

1

2
.

This gives (37) for n odd.
■

7.2 The computation of the variance, second part of the
proof of Proposition 30
From (19), we have:

Varpτnq “
8

Inpπq2

ż π
2

0

I2np2uq

I 1
np2uq

ż π
2

u

pInpπq ´ Inp2sqq2

I 1
np2sq

ds du

“
8

IS
n pπq2

ż π
2

0

4IS
n puq2

IS
n

1
puq

ż π
2

u

p2IS
n

`

π
2

˘

´ 2IS
n psqq2

IS
n

1
psq

ds du

“
27

IS
n pπq2

ż π
2

0

IS
n puq2

IS
n

1
puq

ż π
2

u

pIS
n

`

π
2

˘

´ IS
n psqq2

IS
n

1
psq

ds du

“
28

IS
n pπq2

ż

0ďu1,u2ďuďsďr1ďr2ďπ
2

sinn´1pu1q sinn´1pu2q sinn´1pr1q sinn´1pr2q

sinn´1puq sinn´1psq

du ds du1 du2 dr1 dr2.

As for the computation of Kn and K̃n in Subsection 6.2, we make the change of variables:

sinpuiq “

ˆ

1 ´
hi

n ´ 1

˙

sinpuq, i P t1, 2u

sinpuq “

ˆ

1 ´
h3

n ´ 1

˙

sinpsq
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sinpsq “

ˆ

1 ´
h4

n ´ 1

˙

sinpr1q

sinpr1q “

ˆ

1 ´
h5

n ´ 1

˙

sinpr2q

x “
?
n ´ 1 cotpr2q.

Then,

Varpτnq “
28

IS
n pπq2pn ´ 1q3

ż

0ďh1,h2,h3,h4,h5ďn´1
0ďxď`8

Gnph1, h2, h3, h4, h5, xqdh1 dh2 dh3 dh4 dh5 dx

with

Gnph1, h2, h3, h4, h5, xq “

´

1 ´ h1
n´1

¯n´1 ´

1 ´ h2
n´1

¯n´1 ´

1 ´ h3
n´1

¯n`1 ´

1 ´ h4
n´1

¯3

a

x2 ` δnph1, h3, h4, h5q
a

x2 ` δnph2, h3, h4, h5q
a

x2 ` δnp0, h3, h4, h5q

ˆ

´

1 ´ h5
n´1

¯n`3 ´

1 ` x2

n´1

¯´pn´1q´1

a

x2 ` δnp0, 0, h4, h5q
a

x2 ` δnp0, 0, 0, h5q

where this time

δnpa1, a2, a3, a4q :“ pn´1q

˜

1 ´

ˆ

1 ´
a1

n ´ 1

˙2 ˆ

1 ´
a2

n ´ 1

˙2 ˆ

1 ´
a3

n ´ 1

˙2 ˆ

1 ´
a4

n ´ 1

˙2
¸

.

As previously, for any ϵ ą 0, n ě 3, Gn can be upper bounded by an integrable function:

Gnph1, h2, h3, h4, h5, xq ď
e´h1e´h2e´h3e´h5

?
h1h2h3h4h5

´

1 ` x2

2

¯210ăh4ăϵ `
e´h1e´h2e´h3e´h5

h24
?
h5

´

1 ` x2

2

¯2 1ϵăh4 .

From dominated convergence and the previous equivalents for IS
n pπq, we obtain:

Varpτnq „
nÑ`8

28

2πpn ´ 1q2

ż

0ďh1,h2,h3,h4,h5,xď`8

e´h1e´h2e´h3e´h5e´x2

a

x2 ` 2ph1 ` h3 ` h4 ` h5q

ˆ
dh1 dh2 dh3 dh4 dh5 dx

a

x2 ` 2ph2 ` h3 ` h4 ` h5q
a

x2 ` 2ph3 ` h4 ` h5q
a

x2 ` 2ph4 ` h5q
?
x2 ` 2h5

„
nÑ`8

N

pn ´ 1q2

with

N “
28

2π

ż

0ďxďh̃5ďh̃4ďh̃3ďh̃1,h̃2ď`8

e´
h̃21
2 e´

h̃22
2 e

h̃23
2 e

h̃24
2 e´

h̃25
2 e´ x̃2

2 dh̃1 dh̃2 dh̃3 dh̃4 dh̃5 dx

“
27

2π

ż `8

0
e

h̃24
2

˜

ż h̃4

0
e

´x2

2 dx

¸2
ż `8

h̃4

e
h̃23
2

ˆ
ż `8

h̃3

e
´h̃21
2 dh̃1

˙2

dh̃3dh̃4.
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