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Abstract

We show that cutoff in separation occurs for Brownian motion in some families of
compact harmonic manifolds. We compute the cutoff time and windows in four families
of compact harmonic manifold namely S™, CP™, HP™ and RP" (the first three families
are the only families of compact simply connected harmonic manifolds, see [19]). The
proof is based on sharp strong stationary times and sufficiently accurate asymptotic
expansions of their means and variances.
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1 Overview

1.1 Introduction

Consider a Markov process X. Suppose that it admits a unique invariant distribution
w and that X converges in distribution to p in large times. It is then natural to try
to quantify this convergence. This is particularly relevant when the cardinal or the
dimension d of the state space of X is considered to be large. In these cases a cutoff
phenomenon, i.e., an abrupt transition to equilibrium, can sometimes be observed and
the time for this transition as well as its abruptness (window) can be studied. We are
here interested in these phenomenons for X being a Brownian motion on the Rieman-
nian manifold M, M being the high dimensional sphere or a high dimensional projective
space KP™ with K € {R,C,H}. These manifolds are compact symmetric spaces of rank
one and they are harmonic manifolds, i.e., their volume forms and equivalently the
mean curvature of spheres are radial around any given point xy. The cutoff properties
of Brownian motions on these spaces, relative to the total variation distance and the
LP-norms (p € [1,0]) have been well studied and extended to other compact symmetric
spaces by [18] 8, [I5]. More recently, [17] produced a criteria for cutoff in total variation,
for non negatively curved diffusions, when an additional product condition hypothesis
is satisfied, using entropy and varentropy. In the present paper we consider cutoff rela-
tive to another way to measure the gap between the distribution of X; and its invariant
measure: the separation distance. Even if total variation distance, separation distance
and L®-norm can be compared, there is no equivalence for the associated cutoff in gen-
eral [12]. The method used in this article is then quite different than for [I8| [§, [I5] [17].
We are using two tools: strong stationary times and dual processes.

Strong stationary times where first introduced in [I] by Aldous and Diaconis in
the context of card shuffling. A strong stationary time is a stopping time 7 for X,

independent of X, and such that X, £ . In particular it provides, in the discrete

case, upper-bounds for separation distance s (see [2]):
s(L(Xy),pu) < P(r>t), ¥t > 0. (1)

In [2], Aldous and Diaconis proved that there always exists at last one strong stationary
time such that becomes an equality. Such stopping times are called sharp strong
stationary times. Even if sharp strong stationary times are well-adapted to the study
of separation cutoffs, they are not evident to construct and to study in general.

For the fundamental case of top at random card shuffling (described in [1]), where X
is a Markov chain in the permutations, their construction is elegant and quite straight-
forward. The constructed sharp strong stationary time can in fact be seen as the
absorption time of a dual Markov process D that takes values in the power set of the
permutations. Here the absorbing state of D is the full state space of X. In the same
spirit, Diaconis and Fill [T1] proposed the study of strong stationary times in the case
of various Markov chains via the construction of dual processes intertwined with X
and the study of their absorption times. The theory has been extended by Miclo [16]
to study diffusion processes in R by considering dual diffusion processes whose values
are intervalls. In |10, [3] the authors considered the generalization of the theory to a



Riemannian manifold M. In [10] the authors considered the construction and depiction
of a candidate for a dual diffusion process D whose values are domains of M. In [3] the
authors constructed several couplings (X, D¢)¢>0 to satisfy the intertwined relations.
To get exactly an intertwined relation in the sense of Diaconis and Fill and obtain
strong or sharp strong stationary times, one remaining condition is to be able to start
D from the singleton {Xp}. The other one is that the absorption state of D must be
M, and the absorption time have to be a.s. finite.

In particular, the first condition is verified when M satisfies some radial properties
around Xg. The dual process D can then be chosen taking values into geodesic balls
centred in Xy and can be described by its radius, bringing back the problem to the
study of a first hitting time for the radius (R¢)¢>0. The case of sphere and rotationally
symmetric manifolds (where the radial properties are satisfied at last around one point)
have been studied in [4, [9]. Note that projective spaces are not rotationally symmetric
manifolds in the sense of [9].

In this paper we use the radial properties of harmonic manifolds to extend the
method to high dimensional projective spaces and improve the results for the sphere
(especially the window). By studying both expectation and variance for the absorption
time, we obtain cutoff in separation results for Brownian motion with windows. For
the variance, we use a method inspired from the stationary phase approximation up to
a parametrization to obtain equivalents of multiple integrals.

Note that, in particular, the global method does not directly use the knowledge
of the spectrum of the Laplace Beltrami operator, contrary to the precedent result
concerning cutoff for LP distance e.g. [18] 8, [15] .

1.2 Main Results

Set a family (Mp)nen of compact Riemannian manifolds with a dimension (d,)nen-
For all n, denote by (X{");>0 the Brownian motion on M, and by U, its invariant
distribution, namely the uniform distribution on M,,. By ergodicity, for ¢ — oo, X/
converges in distribution to U,. Our aim is to study the behaviour of this convergence
for n large. For this, we are using the distance in separation to evaluate the discrepancy
between the distributions £(X}") and U,:

Definition 1 For p and v two probability measures defined on the same measurable
space, the separation distance s between p and v is given by:

du
= 1——
s(u,v) essysup < y)

where du/dv is the Radon-Nikodym derivative of the absolutely continuous part of

with respect to v and esssup is the essential supremum with respect to v.
14

Remark 2 The separation distance takes values in [0,1]. Note that s is not a distance
since it 15 not symmetric in its arguments.

Various definitions for the cutoff phenomenons and their windows can be found in
Definition 2.1. from [§]. In a similar way, in the case of the separation distance we will
use the following definition:



Definition 3 The family (X™),, of Brownian motions on the growing dimensional fam-
ily (My)n admits a cutoff in separation with cutoff time (an)n, and window (by), if:
by, = o(ay) and

. hm limsups(L(X] | ),Un) =0
n—ao0
o hrélo hmlnfs(ﬁ(Xg _pp, )i Un) = 1.

Our main result is about cutoff in separation results for the high dimensional spheres,
complex projective spaces and quaternionic projective spaces, i.e., compact simply con-
nected harmonic manifolds. We also obtain these results for real projective spaces.

Theorem 4 Denote by My, one of the following families of Riemannian manifolds (with
the usual Riemannian metric):

e the sphere S™ of diameter m and of R-dimension d,, = n;

e the projective space KP™ of diameter m with K € {R,C,H} and of R-dimension
d,, = an, where a = dimg(K).

The (two-time accelerated) Brownian motion (X™), on M,, admits a cutoff in sepa-

In dn) f M —gn
ration with cutoff time a, ~ 2111 21n{dy) if M, — KP" and a window b, of order i

More details about the cutoff will be detailed in Theorems [23], 23, [27, [3]] depending of
the chosen families.

Remark 5 In the case of the sphere, the above results improve the window b, =
In(n) . .
0 <n> obtained in []).

Remark 6 If the diameter chosen for M, in Theorem is a > 0, then for (ap), and

(bn)n as in Theorem there is a separation cutoff phenomenon with cutoff time (%)2 an
and window by,.

Remark 7 Saloff-Coste and Chen [18, (8] investigated these cases for cutoff with

e total variation distance:

dry(u,v):=  sup  |u(A)—rv(A);

A measurable

e for LP-norms, for 1 < p < oo:

2=,

Lp(

If p is not absolutely continuous with respect to v, we take dy(u,v) = 2 and
dy(p,v) = 400 forp > 1.

Note that total variation cutoff and L' cutoff are equivalent as the two quantities only
differ from a multiplicative constant. In general, even if LP-norms and separation
distance can be compared, there is no equivalence between the associated cutoff phe-
nomenons in general (see [12] for counter examples). Table |1l sum up the obtained
results, in this work we are interested in completing the last column (Theorem :
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Table 1: cutoff for (two-time accelerated) Brownian motions on harmonic manifolds

dry, LP-norm L*-norm Separation distance
 In(dn)  In(dn) _ In(dn)
Sn dn =n CLTL 2d,, an dn CLn dn
b . .
b,, of order di optimal | b, of order di optimal | b, of order di
1 i T
2In(dy)
n 21n(d 41n(d Ap ~ —g—
n n b, of order -
n(dn)
a, ~ ="
HPn, dn = 4n a, ~ 21n(dn) a, ~ 41n(dy) n dn
d d 1
n n b, of order -~
In(dy)
n 21n(dn 41n(dp, Ap ~ —g—
m m by, of order —-

1.3 Paper structure

In Section 2 we remind the duality and intertwining theory studied in [10] for Brownian
motions on Riemannian manifolds and make a presentation of harmonic manifolds. In
Section [3| we apply the duality theory to spheres and projective spaces to construct
sharp strong stationary times. In particular we give general formulae for the expecta-
tion and the variance of these sharp strong stationary times in function of the volume
form. In the rest of the paper, for each considered manifold, we compute expansions or
equivalences for the expectation and the variance of the sharp strong stationary time,
then use it to obtain detailed cutoff results. Section [4] deals with the complexe projec-
tive space, Section [b] with the quaternionic projective space, Section [6| with the sphere
and Section [7] with the real projective space.

2 Preliminaries

2.1 Dual process for Brownian motion

Let (M, g) be a d dimensional Riemannian manifold, A the Laplace Beltrami operator,
and V, the Riemannian volume measure. Let (X¢)i>0 be the A diffusion, namely the
Brownian motion on M accelerated by a factor 2, with invariant measure V,. Denote
by D the set of non-empty compact and connected domains D in M such that its
boundary 0D is smooth, as well as singletons of M. We are interested in studying
diffusion processes with values in D, with infinitesimal generator £ (see [10]), such that
£ satisfies the following algebraic intertwining relation :

LA = AA, 2)

where A is the Markov kernel defined as follows: for all D € D, i.e. domain or singleton
of M

V(D)

VAeBM), AD,A) = S it (D) > 0
’ T 6:(A) ,if D = {z}, with z € M.




The general depiction of £ and of an associated diffusion process (D;);>o has been
done in [I0], we say that D is a dual processes for X.
Let us recall the evolution equation for D starting at a domain Dy :

2, - (\/idBt . (2‘3((83 _ aaDtm)) dt) Nop,(Yy) V¥ieaD,  (3)

where:
e V, is the (d — 1)—Hausdorff measure associated to Vj;
e (By)i>0 is a one dimensional Brownian motion;
e Nyp,(Y:) is the exterior normal vector at point Y; on the boundary 0D;
e osp, (Y1) is the mean curvature at point Y; on the boundary oD;.

Note that in general D as a positive lifetime.
In general the above equation is a partial stochastic differential equation, and is
quite difficult to study, see for example [5].

Remark 8 Nevertheless, if in the manifold M, the mean curvature at any point on all
geodesic spheres only depends on the radius, then the balls are preserved by , i.e. if
Equation starts at a geodesic ball B(0, R(0)) := Dgy then Dy remains a geodesic ball.
It is then quite natural to apply this construction to manifolds satisfying this property,
namely harmonic manifolds, see below.

2.2 Harmonic manifolds

Consider (M, g) a complete Riemannian manifold and 0 € M. Around this point, the
density of the Riemannian volume form dV, in polar coordinates can be described, at
least for r small enough, by:

Oy(r,v) = |det (T, expg)| el

where v e T5M, |jv| = 1.

Harmonic manifolds are manifolds for which the volume form is radial. If such a
property can be considered locally (see [7]), we will here restraint ourselves to examples
where it is global:

Definition 9 (M, g) is globally harmonic if there exists 0 : RT — R, such that O(r,v) =
O(r) for allr >0, ve TzM, |v|| = 1.

Remark 10 The name "harmonic” comes from the fact that, on globally harmonic
manifolds, a function f is harmonic (in the sense that Af = 0) if and only if the mean
value on geodesic sphere is equal to its value at the center of the sphere, see 6.20, 6.21
in [7] .

Basic examples of harmonic manifolds are the two point homogeneous spaces, in-
cluding the spheres as well as real, complexe and quaternionic projective spaces. The
Lichnerowicz conjecture, as an attempt to classify harmonic manifolds, assumes that



the converse statement is true. It is in fact false in general (see [14] for more details
about the conjecture). Szabo6 proved in [19] that this is true for any compact simply
connected harmonic manifolds. In this case, harmonic manifolds are isometric either to
the spheres S™, the projective spaces KP™ with K € {C,H} or the octonionic projective
space OP2.

As in Theorem [4], we will consider M, being either the sphere S™ either one of
the projective spaces KP™ of diameter © with K € {R,C,H} studying as well the real
projective space.

Proposition 11 For all 0 € M,,, v € TyM,, such that |v| = 1 and r €]0, 7|, the volume
density at point expg(rv) is given by:
sin"1(r) if My, =S"
Q(T) - an—1 g an—1 (T a—1(r ; n ; ' (4)
2 sin (5)cos® 1 (5)  if M,, = KP™, a = dimg(K)

Proof

For the sphere, the result is well known, obtained by using polar coordinates [6].

The case of the projective spaces KP™ is usually considered with half of the present
diameter and can be computed by using Jacobi fields. For 0 < s < 7 denote by
v(s) := expy(sv) the geodesic defined by arc length starting from 0 in direction v. Set
(Xi)1<i<an an orthonormal basis of T;KP™ such that X; = v, and (X1(s),..., Xan(s))
the orthonormal basis at T, KP™ obtained by parallel transport along . From [6],
©g(r,v) can be obtained by considering the Jacobi fields (Y;)2<i<an along 7 such that
Y;(0) = 0 and Y;(0) = X; for all 2 < i < an (here ~ denotes the covariant derivative of
the vector field along ~):

O (r,v) = det Yo(r), ... Yan(r)).

o(rv) {XQ(T),...7XM(T)}( 2(r), -+ Yan(r))

Such Jacobi fields can be constructed from 3.34 in [7], up to a change of diameter and
a renormalisation of some of the Jacobi fields: supposing that (X;)1<i<an is an adapted
basis (with respect to the projective structure, see 3.11 in [7]), we have:

Yi( sin (s) X;(s) if2<i<a
2sin (3) Xi(s) ifa+1<i<an

which gives the expected result.
|

From Proposition we can compute the mean curvature on M,.
Indeed, for 0 < 7 < 7 and v € Ty M, |jv| = 1, the mean curvature at point expg(rv)
on the boundary of B(0,r) can be obtained from the formula (from [19]):

0rO:(r,v
o exp(ra)) = AT, o)

In particular note that a complete Riemannian manifold (M, g) is globally harmonic
if and only if its mean curvature is constant on geodesic spheres.



Proposition 12 For all 0 € M,,, v € T5M,, such that |v| = 1 and r €]0, [, the mean
curvature at point expy(rv) on the boundary of B(0,r) is given by:

o(r) = {(n — 1) cot(r) if M, = S" o

2 ((an—1)cot (5) — (a—1)tan (§)) if M, = KP™, a = dimg(K)

3 Strong stationary time on harmonic manifolds

3.1 Intertwined relations on harmonic manifolds

We now return to consideration of dual processes of the Brownian motion. Using the
radial properties of the volume form and of the mean curvature on harmonic manifolds
as well as , we get:

Proposition 13 On harmonic manifolds M, let 0 € M,, for any Ry €]0, [, and
Do = B(0, Ry), the process starting from Do and satisfying is Dy = B(0, R;) where
(Rt)te[o,r] Satisfies dRy = v/2dBy + b(Ry)dt, and 7, := inf{t > 0| Ry = ©}, with

g 0 0w 0) _d (5 0()ds)”
)= 2rga O S T ds o) ar! ( 00r) ) ()

Proof

Denote by d, the real dimension of the considered harmonic manifold M,,. Let r €]0, x|,
recall that the cutlocus of 0 is equal to cut(0) = {z € M,, s.t. d(0,z) = 7} eg
3.35 in [7], and as usual Vj(cut(0)) = 0. Hence the volume of a ball V,(B(0,r)) =
Cy, §, 0(s)ds where Cy, is the volume of S~ s0 V(0B(0,r)) = Cy,0(r), and OB =
%) Hence follow from the equation of .

o(r) "
|

Proposition 14 On M,,, the process starting from {6} and satisfying s Dy =
B(0, R;) with (Ry)¢ a diffusion process starting at 0 which infinitesimal generator is

Ly := 02 + b, ()0, where by(r) = d% In (I"(T)2) and I, is given by

1;,(r)
§osin™!(s)ds if M, =S"
(o sin™ 1 (£) ds if M,, = RP"
ey = {0 sn(5) | . ®
So sin“" (%) cos (%) ds = 2 if M,, = CP"
r o An—1 (s s sin?” (L) (1+2n cos? (% . n
So sin?n—1 (5) COS3(§) ds = <22)n((2tl+1) (2) if M, = HP

Moreover, the first covering time 1, := inf{t > 0| Ry = 7} of (Dt)se[0,7,] i a.s. finite.

Proof



I5,(r)
from Section 6 in [13], to show that 0 is an entrance boundary, it is enough to show
that

From Proposition can be rewritten b, (r) = d% In (I"(T)Z) Using the notations

/2 71 r /2 T2 r /2 71 s
S(0,7/2) := L ﬁgET;dr = +o0 and N(0,7/2) := J;) :;Zgri J; ——%ES; dsdr < +o0.
(9)

Using the fact that I,, is non decreasing, we can remark that

"2 I (r) In(7/2) = Tn(r) "2 I (r)

N(0,7/2) = nn R ldr <J n
O = | o L)
From (8], for CP™ and HP™ we directly get %E:; o~ (%)2 (%)(mJrl and fzg:g o an

which is enough to show @ For the real projective space it is enough to remark

r o n—1 s -1 - I (1) 1 In(r)
that §)sin"~! (5)ds < rsin”! (%) to obtain By = 3 () and 775 < r and to

conclude. The sphere case works in the same way. The last remark about the first
covering time is postponed to Remark

Remark 15 Since 7, is a.s. finite, we extend D after time 1, by Ds = D, = M, for
Tn < 8 and consider (D¢)i>0.

Let X™ be a Brownian motion in M,, started at 0 € M, and accelerated by a factor
2. In [3], several couplings of X™ and D were constructed, so that for any time ¢ > 0,
the conditional law of X* knowing the trajectory Djo = (Ds)se[oy is the normalized
uniform law over Dy, which is A(Dy, ), i.e.

Vi=0, ﬁ(Xt|D[0,t]) = A(Dta ')7 (10)

where A is the corresponding Markov kernel defined in the beginning of Section

In the following corollary we explicit a coupling that satisfies , which were con-
structed in [3] Theorems 3.5. Before stating it, we fix some notations. Recall that the
cut-locus of 0 is given by cut(0) = {z € M, s.t. d(0,2) = n}. For z € M,\{0, cut(0)}
we denote by N**(x) the unit vector at  normal to the sphere centred at 0 with ra-
dius d(0,z) (where d is the distance in M,) and pointing towards 0, i.e., N"(z) =
—vd(0,-)(z).

Corollary 16 Consider the Brownian motion X" = (X[")i=0 in M, accelerated by a
factor 2.

Full coupling. Let Dgl) be the ball in M, centred at 0 with radius RED solution started
at 0 to the Ité equation

. . . .~ I a
dR\" = —(N (Xt),dXt)>+[ZP(d(07Xt))—_,,(R§ )| dt

(1)

This evolution equation is considered up to the hitting time T,(Ll) of m by R,



Let Dy be the ball in M,, centered at 0 with radius R, defined in Proposz'tion and
let 7, be the stopping time defined in Proposition [1]}
Then we have:

(1) The coupling (X, Dt(l))0<t<7<1> is satisfying , changing t by any FbW -stopping
(1)

time T < Tp 'y

(2) the pairs <T7(11),DE;)T(1)]>, and (Tn,D[OJH]) have the same law.

Remark 17 Note that 77(11) is a stopping time for FPY and so for FX.

Due to these couplings and to general arguments from Diaconis and Fill [II] for

(1)

discrete case (for the continuous case see Proposition below), 7, ’ is a strong sta-
(1)

tionary time for X" meaning that Tnl and X", are independent and X", is uniformly
Tn Tn
distributed over M,,.

Proposition 18 If 7, and so Tr(Ll) 18 finite almost surely, then TT(LI) is a strong stationary

time for X™, and

Vi=0,  s(LXP)U) < P[rY>t]=Plr, >t].

Proof
For simplicity write X; := X}*. Let f : M, — R be a bounded measurable function,
apply at qul), since D(g) = B(ﬁ,ﬂ) = M, we get :

T

Hence XT(1) is uniformly distributed over M,,, and clearly T,(LI) and Xr(l) are independent

(1)

SO Tn ’ is a strong stationary time for X".
Let f: M™ — Ry be a bounded positive measurable function, and 0 < ¢, we have :

Ey [f(Xe)] = E®.0) :f(Xt)]lﬂ(Ll)St:l where (0,0) is the starting point for (X, DM)
— Ego |10 L E[FX01F 0|

= E(ﬁ,o) ]ln(fktEX " [f(th(ll))H Strong Markov property (11)

= Un(f)Po |7V < t]. (12)

10



where in the last line we use that X (1) ~ Uy is invariant under X and that X ) and

T,(L ) are independent.
Let y € My, € > 0. Let f = lp(,,), and let p;(0,x) be the heat kernel, i.e.,

X,(0) £ pe(0, 2) Uy, (dz), then becomes

§pe(0,2) 1 p(y o) (2)Un (dz)
Un(B(y,€))

letting € goes to 0, we obtain for all y € M,

p:(0,9) = Po[r{t < 1],

> Po[r{M) < ],

hence
1—pi(0,y) < Po[r{V > 1].

and by definition of the separation discrepancy the result follows.

Remark 19 Note that for any t € [0,7'721)), the “opposite pole” cut(a) does not belong
to the support of A(Dgl), ). It follows from an extension of Remark 2.39 of Diaconis
and Fill [11] that 77(11) is even a sharp strong stationary time for X™, meaning that

Vi=0,  s(LXP)U) = P[>t (13)

Thus for all M, the understanding of the convergence in separation of X" toward
Uy, amounts to understanding the tail distribution of T,.

3.2 Study of the first covering time

To study separation cutoff phenomenon we want to obtain good estimates for the ex-
pectation and the variance of the first covering time 7,,. As in [9], this can be done by
considering the Green operator (g, associated to the Poisson equation:

{ Lyén =—g,9¢€ .Cb([o,ﬂ']) 14)
on(m) =0, ¢y is bounded

where L,, still denotes the infinitesimal generator defined in Proposition The Green
operator is given by:
Gn : G([0,7]) — Cb([ , 7))
I/
g — S“ 0 7 (zgg(s)dsdt

Note that the definition of G,, is ensured using the same arguments as for the finiteness
of N(0,7/2) in (9).

As for Propositions 7 and 9 in [9] the moments and the variance of 7, can then be
expressed in function of this Green operator.

(15)

11



Proposition 20 For k > 0, set u, ; = k!GS*[1] where G2F denotes the k-th iteration
of Gn. Then, for alln > 1 and k = 0:

E[7¥] = w1 (0). (16)
In particular
- [ .
T 7/ t 712 s
Var(m,) = 2L II:((;))Q Jo :;ngiu;’l(s)zdsdt (18)
2 R [T ) - L)
e b s |, e 1)

Proof
The proof for (16)), and is the same than in [9]. For (19)), we remark that

(a6 = (15 [ 22t d“>2

js I%(u) duds

_ 2f: Zi; <1 - Z(ﬁ) o I (u)

Using Fubini’s theorem and integrating by parts:

Var(ry) = 4r [ (?) Jt In(s) (1 - I”(S)> f 5208 s at

o 20 )y 1) \' " L0 ) by B
T 72 U T 7/ T 7/

“1f, e L. e (L g5 - o [ ) e
0 1n\U) Jy InlS s n s n

_ " I,%(u) T In(s) In(s) — 21 (t) "

ol ael (e~ e DR
T 12(u) (™ I(s) (In(s) — 2@,(7)

= 4J n J < + ) ds du
o In(w) Ju In(s 21 (m)? 2In(s)

_ 2 " I?z(“) " (In(m) — In(3)>2ds du

In(m)? Jo I}(w) Ju I5,(s)

Remark 21 In particular this proves that E[1,,] < 40 and thus 1, < +0 a.s.

12



4  Cutoff for the complex projective space

Proposition 22 On the complex projective space, the first covering time T, is satisfy-
mg:

1wl In(n) v 1 1
Efr]=—-Y -=—2 4+ —ho(=
(7] nzk n +n+2n2+0<n2>

where 7y is the Euler—Mascheroni constant.

This proposition will be proven in the two next subsections (Subsections and .
From this and using (13), we get the following estimate for the cutoff :

Theorem 23 (For the complex projective space) Let X" be the (two-times ac-
celerated) Brownian Motion in CP™ and ~ the Euler—Mascheroni constant. Let ¢ € R

and t, = In(n) | <.

n n

o ifc >, limsups(L(X]!),Uy) < 5.

—~)2
00 6(c—v)

o if c < then liminf s(L(X.),Up) > 1 — m

6(c—)?"
In(n)

Hence X™ has a cutoff in separation at time == with window %, and we have the above
control.

Proof
For ¢ > ~, for n large enough, ¢, — E[7,] > 0, thus:

s(L(XP), Un) = Plmn > ty]

P[7n — E[1n] > tn — E[74]]
- Var(7,)

= (ta — E[m])?

Hence, for ¢ > ,

li LOXM)Uy) < ———.
lnmjgpﬁ( (X)), Un) 6lc— )2

For ¢ < ~, t, — E[7,] < 0 for n large enough, thus:
s(L(XY),Up) = 1—Plr, <ty]
= 1—Plr, —E[m] < tn — E[1]]

13



— 1P{TnE[Tn]<c;’Y+O<;>]

= 1 - s
(5 +0(3))
o ™ +o(1)
(c—v+o(1))*
Hence for ¢ < v, )
lim inf s(L(X7. ), Up) > 1~ ﬁ

4.1 Computation of the mean, first part of the proof of
Proposition

For the complex projective space (a = 2), from we remind that :

s 2n (1
In(r) = Smn(Q), I/ (r) = cos <%) sin?" 1 <%> and I,(7) = %
Then
" Sin2n (%) . om [T
Elma] = fo n sin?"~! (%) cos (%) <1 - <§>> dr
2 (/2 sin(x) on
== JO cos(2) (1 —sin®"(z)) dx
2 1 Y 9 2 J‘l n—1 ok 1 n 1
= - 1—y")dy = — gy = = -
e S SR et B
Recall that
’g:lk.zln(n)‘i"Y“‘Qn-l-O(n) (20)

where v is the Euler—-Mascheroni constant.

We deduce that :
In(n) =~ 1 1
E = -4+ — — .
[70] T tgato <n2>

4.2 The computation of the variance, second part of the
proof of Proposition

From , we have

2n+1 z 1 —si 2n 2
Var(n,) 8J*2 sin (u) J2 ( i jm (s)) s du
n?Jo cos(u) J, sin®"71(s)cos(s)

14



After the following change of variables:
X =sin(u), Y = sin(s)

we get :

8 1 X2n+1 1 Y 1_y2n 2
VM@J:nng_ngl_Y2< WL) dy dX

Also

1 2n\ 2
Y 1-Y
dY
Jow ()

X k=0
n—1
_ f YQ(k‘—n)-‘rl Y2k+1 dY
k=0+X
B n—2 1 ( X2(k—n+1)> _ i i(l _ XQk) In(X)
= 2(k—n+1) = 2k

8 1 X2n+1 1n71 1 1_X2k 2 1 on
Var(Tn):ﬁ 0 1— X2 [22143()(]‘3> —%(1—){ )—IH(X) dX

4 "=l el x2n+l o gq o x2k 2
==Y - dX
a2 2i ] e ()

A,

4 1 X2n+1 5
‘nsfo Toxz(I - XX
Bn

8 1 X2n+1
Cn

Let us compute an asymptotic expansion of A,:

4 n—1 1 1 X2n+1—2k 1— X2k 2
A== > < ( ) ix
n2 — k 0 1-— X2

k—1 A1
1
_ E Z JO X2n+172k(1 o XQk)XQZ adx
=0

15



X2n+1 2k+21 X21+2TL+1 dX

3”)4;
Ml
x| =
M|

T
_ =
Il
o

??‘\H
(l\u‘
—

3

3 >
Il
Il
o

I

—_ e
?‘?‘

—

|
Tl v
[

[
3[\3‘[\9
s
N
~ =
sl
Y o

1
<n+l—k+1 n+l+1>

1
n+l—k+1 n+l+1)

3 =
I
~
|
=)

_

1
(n+l—k+1)(n+l+1)>

1 1
)

b
I
—
~
Il
—

I
3|
=

Now notice that as a Riemann sum:

n—1 1
I;l;(l+l_ﬁ)( JJ 1_|_y_x)(1_’_y)dyd$ as n — 0

! 1 " In(y)
dydx = —dy=—| —=d
jf 1+y—x (1+y) yar= L(J 1—|—y—x >1—|—yy fol—i—yy
0 0 k 2
(1) ™
d ) D
Z:: f ()" dy = Z;)(kJrl)Q 12
where we used integration by parts (for all £ > 0) to obtain
L 1
1 dy=——"—.
L y" In(y) dy e
Hence, we conclude that:

7T2

A, ~— asn — oo.
6n2

Let us finally compute an asymptotic expansion of B,,:

4 1 X2n+1 5
Bn = , T (1—X7") dX
4 n—1 1
_ 2n+2k+1
= Z f x2n dX
k=00
n—1 2n

2 1 2 Z 1
) L a1 3 1.
n k:0n+k+1 n k:nJrlk

Hence, using the Euler-Mascheroni asymptotic we get

2

16



Let us finally compute the asymptotic expansion of C,:

8 1X2n+1 8 = ! 2n+1+2k
n= "5 ———In(X)dX = — X" In(X)dX
Cu= s | T ™) MZOL n(X)

Using again :

8 « 1
D ——— -2
" 2; 2n + 2k + 2)? k;ﬂkﬂ n?

w2 1
Var(r,) = 62 +o0 <n2> .

5 Cutoff for the quaternionic projective space

and we also have:

Proposition 24 On the quaternionic projective space, the first covering time T, is
satisfying:

E[r.] =

W1 m@2n+1) Loy 1
0 JE—
2n+ 1 ¢ k: 2n +1 2n+1  2(2n+1)2 n?

N

Var(m) | o (2n + 1)2

where v is the Fuler—Mascheroni constant and

_ 2
N — QJ\ ey—x (.’13 + ]‘)2 (1 —€ y(y + 1)) dx dy
O<y<a<w ZE2 y2

As previously, the proof will be postponed to the two following subsections (Subsections
and . With the same method than for Theorem [23| we obtain the following result
for the cutoff:

Theorem 25 (For the quaternionic projective space) Let X™ be the (two-times

accelerated) Brownian motion in HP™, ~ the Euler—Mascheroni constant and N the
In(2n+1)

constant obtained in Proposition % LetceR and t, = =557 + 5757

o if c >~y then limsups(L(X]),U,) < #
n—ao0

e if c <~ then limioglfs(E(XZ;),Un) >1- #

In(2n+1)
2n+1

Hence X™ has a cutoff in separation at time
the above control.

with window =~ , and we have
2n+1’

17



5.1 Computation of the mean, first part of the proof of
Proposition

For the quaternionic projective space (a = 4), gives:

sin®™ (%) (1 + 2ncos?(%)) 1
- 22n(2n+1) = and In(m) = o 2n+1) (22)

I’ (r)= cos® (g) sin?" ! (g)

o= || o (14 2nee () (1 (2) 0+ 2mest ()

0
B 1 L P(X) B 1 Px)1t ' P(X)
B 2n(2n+1)f0 (1—X)2dX_ o2n(2n + 1) ([I—X]O_L l—XdX>

with the change of variable X = sin® (%) and
P(X)=(1+2n(1-X))(1-X>"(1+2n(1 - X))).

Note that [ (X)]o —(2n + 1). Since

P'(X)=-2n(1-X"(1+2n(l—X))) —2n(2n + 1)(1 +2n(l - X)) X* (1 - X):

P/(X> 1 1 X'Qn 9 o1

_2n< IS SPPIYE S ))

M

ko 2n—|—1 2n 2n  2n+1

9 1 2n 2n—i—1_|_1
n -
k=1k 2n—|—1 2n

[\

Finally

1 51 2 2n+1
E[r] = == (—(2n+1) - 1
(7] 2n(2n+1)< (2n+1) (Z_:k I+l 2m ))

2n
1 1 2
-2 - 1
2n(2n + 1) (”(;lk 1 ))

2n+1

2n+1 k‘

In(2n + 1) LYy N 1
= ol = |-
2n+1 2n+1  2(2n+1)2 n?

18



5.2 The computation of the variance, second part of the
proof of Proposition

Applying (22) to , we have

8 Jg sin**1(u) (2n cos?(u) + 1)2
(2n(2n +1))* Jo

Var(ra) = cos?(u)

2

2 (1 —sin®(s) (2ncos?(s) + 1))
X f — 1 3 ds du.
u sin (s) cos3(s)
With the change of variables = 2n cos?(u) and y = 2n cos?(s):
2
Var(r,) = ——— J F,(z,y)dx dy.
(2n+1)
(0, +00[?
with
Foley) = (L7 30) a1y (1 (- #)" 0+ D)
n\T,Y) = 2 on O<y<z<n-
v (1-32)" ¢

To use the dominated convergence theorem, we want to upper-bound F;, independently
on n. Note that, for all 0 < y < 2n,

| A 23
— < - =
G-y <(1-2) (23)
0<i—(1-2Y" w+1<1 24
<1-— - = <
(1-5) @+1) (24)
y 2n
y € [0,2n] — (1 - 2—) e’ is decreasing. (25)
n
In particular
(1- (1—i)2”(y+1)>2 > )
5 B IR o)
2n == 2n - 2n*
(1—35)" (1—35)" (1-35)
Moreover y € [0,2n] — (1 — " is decreasing, thus, for y < z, F,(z,9) < (93;[?721)2y2

2)
2n
which is integrable on {0 < y < x < €}, for any 1 > € > 0 set.

From the increasing of y € [0,2n] — ﬁ, using , and , for 0 <y <
o

e e *(z+1)2
1—e¢ x?

e < T

Fo(z,y) <

which is integrable on {0 <y < e < z}.
We now take € < y < z < 2n. From and :

2n _
P )<(1f%) (m+1)2i<em(ﬂs+1)2£
n\T,Y) = ¥ \2n 2 2 2 2

=27 = v oy

19



which is integrable on {¢ < y < x} using Fubini.
We now turn to the a.s. limit F of Fj,:
(x+1)?(1—e¥(y+1))°

2 y2 10<y<1<00 € Ll(RQ)

F — VT
(r,y) =e .

By the dominated convergence theorem, we then obtain

2

Var(7,) e enyi2

f F(z,y)dady.

6 Cutoff for the sphere

Proposition 26 On the sphere, the first covering time T, is satisfying:

1 "S1 In(n-1 ~ 1
E[ra] = ==
)= T 25" T T 212 \n2
k=1
2
Var(m,) ~ ———

where v s the Fuler—Mascheroni constant.

The proof is postponed to the two following subsections (Subsections and [6.2). As
previously, we get the following:

Theorem 27 (For the sphere) Let X" be the (two-times accelerated) Brownian Mo-

tion in S", and vy the Euler—Mascheroni constant. Let c€ R and t,, = 1n7(1n_—11) +

c
n—1-°

e if ¢ > then limsups(L(X]),Un) < o

ot = 6(c—)?
‘ o n 72
o if c <~ then hTILI_l)lOIOle(E(th),un) =1 -5

In(n—1)
n—1

Hence X™ has a cutoff in separation at time with window ﬁ, and we have the

above control.

6.1 Computation of the mean, first part of the proof of
Proposition
For the n-dimensional sphere, we remind from :
I,(r) = J sin" ! (z)dx and I,,(7) = 2W,_1 (27)
0
where W,,_; denotes the corresponding Wallis’ integral. As I,(7) — L,(r) = In(m —r)

for all r € [0, 7]:
E[r] = — f In(@n(r —2) . (28)

I,(m) Jo sin 1 (z)

20



Noticing that, for n > 3

I,(r) = | sin(z)sin" %(z)dz

= [~ sin""%(x) cos(z)]} + (n — 2) JOT sin™ 3 (z) cos?(x)da
= —sin""2(r) cos(r) + (n — 2)I,,_o(r) — (n — 2) (1),

we obtain the following recursive relations for (I,)n:

Lemma 28 For alln > 3:

In(r) = — (=5 2(r) cos(r) + (n — 2) (1)

1
n—1

In(m—r) = (sin”2(r) cos(r) + (n — 2)I—o(m — 1)) .

In particular, we retrieve the recursive relation for Wallis’ integrals:

In(m) = = iln_g(w).

By obtaining a recursive relation for ((n — 1)E[7,]),,, we obtain an expression for E[7,]
in function of the harmonic sums which proves the first part of Proposition [26}

Proposition 29 Forn > 3,

(n— DE[ra] = (n — 3)E[7_o] + ﬁ + - ! -

In particular E[2] = 1 and E[73] = 2.

Proof

For n = 3, we have:

T 1 I(x)Iy(7m—x)
I, (m)E|T.]| = d
(m)Elm] fo sin?(x)  sin"3(x) !
- { COt(I)W} (29)
sin" > (z) ],
T san—1 _ _
+ J cot(x) sin™” () (In(i?) 2) = In(@)) dx (30)
0 sin" > (z)
—(n—3) f cot(x)%fn(x)fn(w — z)dz. (31)
0 sin” ™ (x)
As silfgﬁizx)‘ < zsin(z) — 0, by symmetry of the sinus function, (29)) vanishes. For

, we get:

j” cot(m)sjnn_ (x) (Inr(Lﬂ'gz x)) - I"(x))da:
0 sin” % (x
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= j: cos(z) sin(x) (I(m — ) — Iy (x)) dz

_! [sin®(z) (In(m — z) — In(rc))]z)r + JW sin" ™ (z)dx

2 0
I, (7).

We now turn to . We have:

f " cot(@) =S 1 VL (r — w)d = Tn(m)E[m] — f
0

sin"~2(x)
Applying Lemma 28/ on I,,(x) I, (7 — x):
T Ly(x) Ly (m —
J (@) In(m — )

o sin"3(x)

_ <n — 2)2 f’r In—o(x)L—o(m — x)dx 1 J’T cos?(x) sin?"=2) (:c)dx
0

n—1 - sin” 3 (z) C(n—1)2 ), sin” 3 ()
(:__12) 2 f sin"2(z) cos(x)sfiz_ggi Lsfr )
_ (Z = f)z Lo o(m)E[rn_s] — m_11)2 Lﬂu _ sin?(z)) sin"(z)da
(:__12)2 L " sin(@) cos(z) (In_a(x) — L_s(7 — 2)) dz
— B I (mEluna] = gy () = Dasa()

™

4 (:_—12)2 ([sinZ(x) (In_o(2) — Ln_o(m — x))L _ JO i Sin"‘l(g;)dx>

— () (Z—fE[T"‘Q] " . ik <1 S 1) B <:—12>2> |

Thus is equal to (n—3)I,(m) (—E[Tn] + 222 [7,—9] — (n—l)%(n-'rl) - (£:12)2>. Com-
bining , and , we obtain:

n (n—2)(n—3) n—3 (n—2)(n—3)
(n = 2)E[m] = nrl n—1 Elrn2] = (n—12m+1)  (n—1)?
(n—2)(n—3) 2n—3
BT R R PR
- Z:i ((n—S)E[Tn_g]+ni1+ni2>.

This proves the recursive relation. We now compute the first terms. As Iy(r) =
§o sin(z)dz = 1 — cos(r),

1 7 (1 —cos(r))(1 + cos(r)) . 1 ™1 — cos?(r)
Elm] = IQ(T[‘)JO sin(r) dr = IQ(W)L sin(r) d

r
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[327r ( cot(z)I3(z)I3(m — z)] +L cot(z) sin? () (I3(m — z) — (x))dx)
13271' <{Sm (Is(m — x) — I3(x ))}Z + Lﬂ sint(x )dg;>
I5(7T §
 Iy(m) 4
|

6.2 The computation of the variance, second part of the
proof of Proposition

Using and the symmetry of the volume form density we have:

2 T In(u)? (™ Iy(m —s)?
Var(r,) = In(ﬂ')QJ;) In/(U)L ds du

2 2 I,(u)? [ (2 L(m — s)? . T In(m —s)? <\ du
GE <fo 1/ (u) ( AR N 5 d>d

Developing I, (7 — s)2 = (In(7) — I,(s))?, we get:
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where

1 (LR (PG -hG),
JQ’MWLJWML RO (32
and
o1 [(FLw
R 5 L T (33)

We now look for the asymptotic behavior of K,, and K,, using a reparametrization and

an asymptotic expansion to make appear the equivalents n—lz and % respectively. We

first look for K,,:

1 f sin® 1 (u1) sin® ! (ug) sin® 1 (r)

du ds duy dug dr.
sin™ ! (u) sin" () s at duzar

0<u1,ue<uss<r<

Wl

Use now the following change of variables

sin(uy) = (1 - nh1> sin(u), i€ {1,2}

In particular, as the Jacobian matrix is triangular, the corresponding Jacobian deter-
minant is J,(hq1, ha, hs, ha, r) = agasagay with

(1= 22) (1= 1)

a; =
(n— 1)\/(:052(7“) + 75"(h£fi"h4) sin?(r)
(1= 5tm) (1= ) -
= — y )
Vn—14/(n — 1) cot?(r) + 8,(hi, ha, hy)
(=)
a3 = — 5
S Vn—1/(n— 1) cot2(r) + 0,(0, hs, ha)
ay = — 1

Vi = 1/(n = 1) eot(r) + 5,0, 0, k)

where 0y, (a1, a2,a3) := (n—1) (1 - (1 - n‘fl)g < — %)2 (1 - n”‘j”1>2>. We get:

1 h n—1 n—1 n—1
K, = f 1- — - 2 - s
I, (m) n—1 n—1 n—1
0<hi,h2,h3,ha<n—1
osr<t

=72
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X sin”_l(T)Jn(hl, hg, hg, h4, T)dhl dhg dh5 dh4 dr.

We also make the change of variable z = 4/n — 1 cot(r). In particular we have sin(r) =

_1
(anI + 1) % and dz = —/n—1 (n‘”—fl + 1) dr. Thus:

1 1
Kn = (n B 1)2+% In(ﬂ') f Fn(hl,hg,hg,h4,l‘)dh1 dhg dhg dh4 dx
0<hi,h2,h3,ha<n—1
0<z<+w
where
(1) ()" (=)
Fn(hl,hQ,h3,h4,33) = - - =
Va2 + 6 (1, ha, ha)\/2? + 0n(ha, hs, ha)\/2% + 6,(0, hs, ha)

_(n—1) -1

3
h 2 2
(1) (1+5)

A/ 22+ 6,(0,0, hy)

1/ 2= Note that
n—1 )

n——+0oo
for ai, as,as € [0,n — 1], d,(a1,az2,as) = max(ay, az,as). For n > 3, we also have

22 \"! n—2 22\ 2
1 >14+22+ —at>(1+=—) . 34
( +n—1> +x +2(n_1)a: ( —1—2) (34)

Using equivalences for the Wallis integral, we have I,, ()

Thus F,,(h1, he, hs, hy, z) can be upper bounded by
e Me=h2p=hs

ViV (14 %)

which is integrable for hy < € with € > 0 set. It can also be upper bounded by
e heh2ehs
2
n(1+%)

which is integrable for hy > €. Moreover, d, (a1, as, as) = (a1 + ag + a3). Using
n—-+0o0

dominated convergence, we obtain:

1 J e*hle*th*h"’e_%
n—+o0 (n — 1)24/27 - A2+ 2(hy + hs + ha)y/22 + 2(ha + h3 + hy)
7+w

Ky

» dh1 dhg dh3 Clh4 dx
\/{L‘2 + 2(h3 + h4)\/x2 + 2hy

K

n—>~+oo (n - 1)2
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with
1 PR3 B3 ARG
K= — J eT e STesere T dh1 dhgdhgdh4d1:
0<z<ha<hs<
where we used the change of variables

h? = 22 + 2(hy + h3 + hy), i =1,2
h2 = 2% 4 2(hs + hy)

ili = g2 + 2hy.
For K, = %(W) S Sinn_l(gg(s;)ln_l(w)duldquu, we use similar change of vari-
" 0<u1,u2<u<g
ables:
Iy
sin(u;) = <1 - n—zl> sin(u), i€ {1,2}
x =+/n—1cot(u).
We get:
- 1 1 .
K, = F,(hi,h dhy dhso d
OShl,hzgnfl
0<z<+00
with

n—1
(n-1)_,

~ (1) (1) (e )
Fp(hi,ha,x) = \/;2 + 6, (h,0, 01)\/332 + 5n(h2,10,0)
e—hi1g—h2

gmm(uw;)

which is integrable. From the dominated convergence theorem, we obtain

X e et dhy dhy d ;
K, =
—— (n—l V21 J \/x2+2h1\/x2+2h2 L a2 ar (n—1)
[0,+00[3
with
- 1 R R 2 o
K= \ﬁ e 2¢e 2e2dhydhodr.
0<Z‘<h1 h2<+00
Finally, we obtain
1 2
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We now make the computations for K and K. First notice that, using polar coordinates,

for x = 0,

2 jus
j 1 dhl dh2 = QJ J re”z drdQ = 2f e 2sm2(9> de.
s 0

Then

B 2 jus +00 12 2 z +00 12
i— \[J j e~ 00 gy — \[F tan(@)d@f e do
m™Jo Jo ™ Jo 0

In(2)
5

— [ In(cos(0))]; =
We begin the same way for computing K:

2 % _ﬁ t29 24 L
K= J f ez O3 =% dx dhy dhs db.
™ Jo

Using the change of variables hy = psin(¢), hs = pcos(¢), we get:

+00 0
. \/’JJ JJ %cosz(¢)cot2(9)—SiH2(¢))dpd¢dxd@

sln(¢
cos?(¢) cot?(6)—sin? (¢>))

© 2
\/7f J er 7 coszz(i;)cotQ(G)*sinz(gb)) do dp df

22

\f +OO T ) dz d d6
f J f (cot2(¢) cot?(#) — 1) sin%(¢) @ dg

1 tan(¢) tan(6)

f J (cot?(¢) cot2(A) — 1) sin%(¢) apdo

J‘ J tan(¢) tan(6) do db.

(1 — tan?(¢) tan?(0)) cos2(¢)

Setting y = tan?(¢) tan?(0), we get:

T ~tan2(9) z
K = 1J4 j ta,n(&)d df = - f4 tan(d) [In(1 — y)](t)an2(9) do
2Jo Jo 1 - 0

1 (% 1 (' In(1 —u)
_ In(1 — tan? - ==
5 L tan(f) In(1 — tan*(0))d0 4J0 T u du

(1) (-1t

0 =17 k>0 Slisy Jk+i+1)
1 (—1)7(—1)F 1
Y - )

8\t J =17

(35)



Finally, we get:

1 2
Var(7,) ot =126

7  Cutoff for the real projective space
Proposition 30 On the real projective space, the first covering time 7, is satisfying:

E[r] = 2In(n —1) N 2(y —In(2)) ‘o <1>

n—1 n—1 n

4N
VaI‘(Tn) n—:i-oo (7’L — 1)2

where v is the Fuler—Mascheroni constant and

94 [t 32 ha a2 2 oo h3 RICSI 2
N = j ez f e 2 dx J ez <J eZdh1> dhsdhy.
m™ Jo 0 h h

To prove this proposition, we use the closeness between the volume on the spheres
and the real projective space. The proof is detailed in the two following subsections
(Subsections and [7.2). Again, following the proof of Theorem [23| we obtain:

Theorem 31 (For the real projective space) Let X™ be the (two-times acceler-
ated) Brownian Motion in RP", and ~ the Fuler—Mascheroni constant. Let ¢ € R and

tn = 2 g
e if c >~ —1n(2) then li;njgpﬁ(ﬁ(Xﬁl),Un) < W
e if c <y —1n(2) then liﬂiorolfs(ﬁ(X[:),Un) >1- W
Hence X™ has a cutoff in separation at time % with window %, and we have

the above control.

7.1 Computation of the mean, first part of the proof of
Proposition

For the real projective space RP™ (a = 1), the expression for I,,(r) given by is quite
close to the one for the sphere. Some of the results obtained in Section [6] will then be
useful to study the first covering time on RP™. In this section we will use the notations
IS and 72 when the quantities relate to the the sphere and keep the notations I,, and
T, when they relate to the real projective space. We have:

I,(r) = for sin ! (g) dx = 2fog sin" 1 (z) dx = 2I% (5) . (36)
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1y L
T IS (z S(m)y _7S(z
_ Wj—lJ;) fn(2)(f;§/2()§) L (3)) .
f S (118 7S
_ Wi—l Li I (x)(QII%/(Z) Iy (@) . |
_ Wj—l f; I; (z) (Ifg(’?x)_ Iy ( ))dx_4f02 Ilg’(? "

From , noticing that

")y —x) (% IR (w —a)[3(x)
L I,?l(ac) dr = L dx

the mean for the sphere is given by:

Elry] = W

~N (S o
3 (Q —~
—~

8
SN— |

Thus, for the projective space, we have:

E[r.] = 4E[7>] — 4E,,.

where F, SO IS’ dx. We are now left to compute E,,. As for the computation of

the mean for the sphere we use a recursive relation:

Lemma 32 For n = 3, we have

1
(n = 1)Ep = —— + (n~3)Ey

n —
and ]
E; =1n(2),FE5 = 3
In particular,
n—1
1 1 R,
En:n—lzg—}_n—l (37)
k=1
k odd
where .
>, % = O(ﬁ) if n even
R, = < k=n
0 if n odd

From Lemma [32| and Proposition we then obtain:
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Lemma 33 For the real projective space of dimension n, the mean satisfies

| "5+
4 1 n
4 R

n—1 4 2 n-1

E[r.] =

In particular, this proves the first part of Proposition[30

Proof of Lemma [32]
Set n > 3. Using integration by part as for Proposition 29| we get:

z S
En = JQ ! In (T> dr

o sin?(r)sin®3(r)

_ [_(Dtmofﬁxr>]g<—<n-—3>ﬁfcmto».cafr>Iso»dr

sin"3(r) |, sin®2(r) "
2 COt( ) son—1
+ J;) S5 sin" ™ (r)dr.

As for , the first term vanishes. Thus:

2 cos?(r 2
E,=—-(n—- 3)f0 4[2(7“)& + L cos(r) sin(r)dr

W sin~ (r) =
-3 Lz mjg(r)dr + [SinZ(T)]:

I3(r) 1
d _
r+2

=—(n—3)En+(n—3)fg

o sin™3(r)

Gathering the terms with E,, and using Lemma [28] we get:

o 2E, _n_gr sinn—2 rgcos( Vg =20 =3) 1

n—1]J) n"°(r) n—1
n — 3 [sin?(r ) 2 (n—2)(n—3) 1
- E, o+~
n—1[ 2 ]0+ n—1 273
-3 —2)(n—3 1
L ne3 (e, 1
2(n—1) n—1 2
1 —2)(n —
_ L =)=,
n—1 n—1

This provides the expected recursive relation. In particular we get:

> t+Eyifneven
2<k<n—1
(n—l)EnZ k even . .
> % +2Esifnodd
2<k<n—1
k odd
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We now turn to the computation of the first terms:
B, _J SOSIH s)d jQ 1—'Cos(r)d,r:f2 sin (%) dr
sin(r) o  sin(r) o cos (%)

- [am(es ()] -

(_1)k+1

k=n

we obtain (37)) for n even. For Fj3, still using the fact that — (2) — 0 we get:
(r)

By = J Sosm $)d [cot bm?(s)dsr +F cot(r) sin?(r)dr

sin?(r) 0 0

1
=J cos(r) sin(r)dr = —.
0 2
This gives (37) for n odd.
|

7.2 The computation of the variance, second part of the
proof of Proposition

From , we have:

8 2 I2(2u) (2 (I,(7) — I,(25))?
Var(m) = wwfo L@@u)L Les
8 2 4IS(u)? (2 (2I35 () — 215(s))?
IS (m)? fo 13 (u) Ju 213,(3) o
2T (R IS(w)? (3 (IS (5) - IS(s))?
ol Al My e
_ 28 J sin™ ! (ug) sin® ! (ug) sin® "t (ry) sin® (o)
IS()2 sin™ ! (u) sin® 1 (5s)

0<u1,up SUSs<r1<r2< g

du ds duy dus dri drs.

As for the computation of K,, and K, in Subsection we make the change of variables:

h 1) sin(u), i € {1,2}

n—
n}f 1> sin(s)
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sin(u;) = (1 -
sin(u) = (1 -




x =+/n — 1cot(rg).

Then,
28
Var(7,) = I5(n)2(n — 1)3 Gy(h1, ha, hs, ha, hs, z)dhy dho dhs dhy dhs da
! 0<hi,h2,h3,ha,hs<n—1
0<z<+00
with
e D ()
Gn(h1, ha, hs3, hq, hs, x) n— n— po P

B V@2 + 8, (b, hg, ha, hs)\/x? + 0n(ha, hg, ha, hs)y/22 + 04,(0, hs, ha, hs)

hs n+3 5 \ —(n—1)—1
(1-am) (e )

X
22+ 6,(0,0, ha, hs)A/z% + 6,(0,0,0, hs)

where this time

Sn(ar, as, az, aq) i= (n—1) <1 _ <1 o 1)? <1 - 1)? <1 - 1)? <1 ~ na_41>2> .

As previously, for any € > 0, n > 3, GG,, can be upper bounded by an integrable function:

—h1 ,—h2 ,—h3 ,—hs —h1 ,—ha ,—h3 ,—hs
e Mem 273 e Mem 2T
Gn(h17h2)h37h47h’57x) g 5 2]]-0<h4<€ + 5 2 <h4'
Vhihahshahs (1 + %) h3v/hs (1 + %)
From dominated convergence and the previous equivalents for Ig’(ﬂ'), we obtain:
28 e—hle—hge—hge—h5e—x2

Var(r,) ~ P et

n—-+o0 27T(n — 1) \/xQ + Q(hl + hg + hg + h5)

0<hi,h2,h3,hq,h5,2<+00
y dhl dhg dh3 dh4 dh5 dx
\/1'2 + 2(h2 + hs + hg + h5)\/x2 + 2(h3 + hy + h5)\/:1:2 + 2(h4 + h5)\/$‘2 + 2hs
N

n—+00 (n - 1)2
with

98 R2OR3 R OR2 R a2 .

N= f e Ze Terere 2e 2dhydhydhsdhydhsda
T
0<z<hs<hs<hs<hi,ha<+o0
97 [+ 32 ha g2 2 +© i3 to Rz 2
= — ez f e 2 dx J ez <f e2dh1) dhsdhy.
2 Jo 0 ha h
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