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Abstract

We consider a dissipative quantum fluid on the whole space R? (d > 1) confined by an external
harmonic potential. The dynamics of the quantum fluid is described by the Quantum Navier-Stokes
(QNS) system which is a particular case of the Navier-Stokes-Korteweg systems. The goal of this
paper is to prove the existence of global weak solutions to the QNS system. To this end, we write the
evolution equations with respect to a Gaussian reference measure and follow the general strategy of
previous works [7, 11, 20, 24]. Nevertheless, several substantial modifications have to be done due to
our choice of the reference measure.
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1 Introduction

Quantum fluid models have attracted lots of attention in the physics literature in the last few decades,
due to the variety of applications. Among others, quantum fluid models can indeed be used to describe
superfluids [21], quantum semiconductors [14], weakly interacting Bose gases [16] and quantum trajectories
of Bohmian mechanics [25].

In this paper, we will be interested in a dissipative quantum fluid model, the so-called Quantum
Navier-Stokes (QNS) model, in the whole space R? (in any dimension d > 1) in the presence of a confining
external potential. This model has been derived in [9], starting with a quantum system satisfying the
Liouville-von Neumann equation, considering the associated Wigner equation and using a Chapman-
Enskog expansion around a quantum local equilibrium. Roughly speaking, the QNS system corresponds
to the classical Navier-Stokes system with a quantum correction term. The main difficulties encountered
in the mathematical analysis of this model lie in the highly nonlinear structure of the third order quantum
term, and the proof of the positivity (or non-negativity) of the particle density.

The system that we study in this paper reads, on the whole space R? (for d > 1 an integer):

Op +div(pu) = 0, (1.1a)

di(pu) +divipu @ u) = div(2vpD(u)) + 2k*pV <Ai/\gp)> —aVp — \pz, (1.1b)

where, as usual, p stands for the density of the fluid, u its velocity, v, a, Kk and A are positive constants, the
matrix D(u) is the symmetric part of Vu = (0ju;); ;, defined by D(u) = W%V“T (where, for every matrix
M, the matrix M T is the transpose of M ). This explicit form of the system that we consider follows from
particular choices for the pressure, viscosity, capillarity tensor and external potential.

The QNS model (1.1) indeed belongs to a more general class of models, the Navier-Stokes-Korteweg
models. Let us mention that the latter are widely used in theoretical physics to describe capillarity
phenomena in fluids with diffusing interfaces. The Navier-Stokes-Korteweg model are associated to the
system of equations

Op +div(pu) = 0, (1.2a)
Bulpw) + divipu w) = div(ur(p)D(w) + Ar(p) Te(D(w)L) — V(o) (1.20)

1
+pV <K(p)Ap + 2K’(p)|Vpl2> - pVV,

where p(p) = ap” is the pressure (a > 0 and v > 1 are two constants), K (p) is the function in the capillarity
tensor (Korteweg tensor), I; is the identity matrix, and pp(p) and Ap(p) are the fluid viscosities that satisfy
the Bresch-Desjardins condition, see [4],

Ar(p) = 2(pip(p) — nr(p))- (1.3)



Finally the potential V' is a function of the space variable = only, which represents the external forces
applied on the fluid. The QNS model is then given by the equations (1.2) in the particular case where pup,
Ar and p in (1.2) are given respectively by

pr(p) =vp, Ar(p) =0, p(p)=ap, (1.4)
with v > 0, a > 0 (note that upr, Ap then satisfy the Bresch-Desjardins condition (1.3)) and the external
potential is supposed to be harmonic,

A
V(z) = §|:E|2, z € RY, (1.5)

with A > 0. The assumption that V is harmonic leads to a simplification of several formulas below.
Finally, we also assume that

(2
K(p) =, (L6)
p
with £ > 0 a constant. Note that in this case the Korteweg tensor in (1.2) reduces indeed to pV (2&2%>

(see Appendix A).

As mentioned before, the system of equations (1.2) with K (p) given by (1.6) was derived in 9] as a
‘hydrodynamic limit’ (more precisely, a Chapman-Enskog expansion up to order 1 around a local quantum
equilibrium) of the Wigner equation describing the evolution of the density of a quantum model. Note that
the potential force associated to V' in (1.2) originates from the external potential applied to the quantum
system considered in [9]. We refer the reader to [9] and references therein for more details concerning the
physics associated to the Quantum-Navier-Stokes model.

General classes of Navier-Stokes-Korteweg systems have been studied since the last two decades, es-
pecially in the case of barotropic pressures (that is p(p) proportional to p? with v > 1), and in finite
volume domains (generally tori in two or three dimensions), without an external force, for different ex-
pressions of the Korteweg function K (p). Let us mention, among others, [19, 20, 22| when K(p) x %, 2]

when K(p) =1, [7] when K(p) and pp(p) satisfy an algebraic equation (namely \/pK(p) = pn(p)) with
K(p) x p°, or |8] for more general expressions of K (p).

In the whole space R?, fewer references exist. In [1], in dimension d = 2 or 3, the Quantum Navier-
Stokes system (K (p) o %, ur(p) < p, Ar(p) = 0) with non trivial far-field behavior p(xz) — 1 is

|z|—o00

considered. In [11], the quantum ‘isothermal fluid’ case (p(p) o p) without an external force is considered
in R? with d < 3, that is the system (1.1) with A = 0, by approaching R? by finite volume tori after
introducing auxiliary variables obtained thanks to a time-dependent rescaling (a similar rescaling was
already used in [10] hinted by the link between the Euler-Korteweg equations (when pp(p) = Ap(p) =0
and K (p) # 0) and the corresponding nonlinear Schrodinger equation through the Madelung transform).
Anticipating Section 4 below, we mention that the method developed in the present paper provides an
alternative proof of the result established in [11]|, without relying on an approximation of R by finite
volume tori.

In the previous references, either in tori or in the whole space, global existence of weak solutions
is proved for initial data of bounded initial energy and bounded initial Bresch-Dejardins Entropy (BD
Entropy). See Section 1.2 below for the definitions of the energy and BD entropy in our context. With an
added drag term —ropu (for r9 > 0), the authors in [8] prove the convergence of the global weak solution
to the equilibrium of the system with an exponential rate of convergence.

Note that most of, if not all, the previous references consider fluid viscosities pup and Ap satisfying the
BD relation (1.3).

Our main goal in this paper is to prove the existence of global weak solutions to (1.1). Before stating
our result in precise terms (see Theorem 1.6 below) we begin with stating some useful basic properties of
the system (1.1) and reformulating it in a more appropriate setting.



It would be interesting to extend the analysis presented in this paper to a more general setting with
pr, Ap functions satisfying the Bresch-Desjardins condition, p(p) = ap? with v > 1 and V' a suitable
confining potential.

1.1 Basic properties of the QNS system and change of reference measure

Mass conservation. We will assume that the initial mass of the fluid, mp = fRd pY, is finite. Therefore,
by the conservation of mass along the evolution, the following equality

/ p(t,x)de = mp (1.7)
Rd

is satisfied for all time ¢ > 0. Indeed, under suitable assumptions on solution (p, u), integrating equation
(1.1a) on R? leads to & [o4 p(t,2) dz = 0 for all time ¢ > 0.

Moreover, because of the particular expression of K(p), ur(p), Ar(p) and p(p), see (1.6) and (1.4),
the system (1.1) is homogeneous in the density. In other words, changing p to -2 —, one sees that (1.7)
simplifies to

/ p(,x)de =1 (1.8)
R4

and that <p,u> satisfies (1.1) whenever (p,u) does.
mg

We will then assume in the following that the initial density p° satisfies (1.8).

Relative energy. It is convenient to introduce the relative energy (with respect to the minimal energy)
of the QNS system (1.1) as we describe now. First, the energy associated to the system (1.1) is given by

1 K2 A
B(pu) = / plul? +a / pln(p) + = / PV In(p) + 2 / plaf?. (19)
2 Rd Rd 2 ]Rd 2 Rd

A direct computation (see Appendix A) then shows that F(p,u) has a unique global minimizer (p,, tm,)
in the set {(p,u) measurable such that p > 0, / p=1, E(p,u) < oo}, given by
R4

1 1 9 d
=— - =0 eR 1.10
(e) = o (el ) =0, w e ® (1.10)
with ¢ > 0 solution of the equation
2
a K
— 4+ —=A\ 1.11
2t oa (1.11)
The minimal energy is
kK a
E(pm,0) =d <02 -3 1n(27r02)> (1.12)

and one can then introduce the (relative) energy £(p,u) as

1 2 P K P
E(p,u) = E(p,u) = B(pm, 0) = 5 Rdﬁ!ﬂ\ +a deln g R Vin o

For a justification of the second equality, see again Appendix A.
It should be observed that the system satisfies the energy estimate

2 (1.13)

%5(,0, u) + D(p,u) =0,

where, as in the classical Navier-Stokes system, the dissipation is given by

D(p,u) = QV/de\D(u)\Q. (1.14)

4



Mean position and velocity. By a simple change of unknown variables, we can assume without loss
of generality that the mean position and mean velocity of the fluid vanish at time ¢t = 0, and therefore for
all time. This is a consequence of the following formal property: Let (p,u) be a solution to (1.1a)—(1.1b)
such that fRd p = 1. Denoting, for all time ¢t > 0, M, the mean position and M, the mean velocity of the
fluid,

M,(t) = /Rd p(t,z)xdx and M, (t) = /Rd p(t, z)u(t,z) dz,

we have

M (t) = M,(t) and M, (t) = —AM,(t).

This directly follows from (1.1). In particular, the mean position M, has a periodic trajectory if either
M, (0) or M,(0) is non zero. By setting p(t,x) = p(t,x + M,(t)) and u(t, x) = u(t, z + My (t)) — My(t), it
is then easy to see that the new unknowns (p, @) satisfy the same equations (1.1a)—(1.1b) as (p,u), with
vanishing mean position and mean velocity.

Change of reference measure. Our next concern is to rewrite the system (1.1) with a different
reference measure. This turns out to be more natural in our context. More precisely, instead of considering
the Lebesgue measure on R?, we aim at writing the system with respect to the measure s, such that
_ _ _ P
dpm = pmdz, pde =qdpm, ¢=-—.

Pm

For ¢ : R - R and v : R* — R?, we introduce the notations

divy,(v) = /jn div(pmv), div,(D(v)) = pi div(pmD(v)), Apmg = divy,(Vg).

These twisted derivatives encode the change of measure of reference, and simplify some integration by
parts formulae, see [15]. For instance, for v, w : R* — R, ¢ : R? — R such that all quantities below are
well-defined, we have

/Rd Vg -vdpm, = — /Rd qdiv,, (v) dpim, /Rd divy, (D(v)) - w dpy = — /Rd Tr (D(0) D(w)) dpim.

Straightforward computations (see Appendix A) show that the QNS system (1.1) rewrites in the new
reference measure as

0rq + divy,(qu) =0, (1.15a)
I (qu) + divi, (u ® qu) = divy, (2vgD(u)) + divy, (k°¢D*(In(q))) — Ao?qV (In(q)). (1.15b)

We emphasize that, firstly, in this new formulation the potential V' is absorbed into the different twisted
differential operators, see (A.1), and secondly that we will mainly consider this system in the following.

1.2 The QNS system with drag forces

Following [4, 11, 20, 24], we now introduce smoothing terms corresponding to ‘drag’ forces into the system.
As in these references, the smoothing terms will be crucial ingredients in our proof of the existence of global
solutions to (1.15). More precisely, we will first obtain the existence of solutions for a family of regularized
systems with drag terms depending on some positive parameters, and then show that these solutions
converge, in the limit where the parameters, and therefore the drag terms, vanish.



The drag forces. Our regularization consists in adding the three terms —rou, —r1q|u|?u and f%q|x|2:€
to the right-hand side of (1.15b), with 79 > 0, 71 > 0 and r4 > 0. The system then becomes

Orq + divyy(qu) = 0, (1.16a)
O(qu) + divin(qu@u) = divi, (20gD(u)) + divy, (k2¢D?*(In(q))) — Ao*Vg (1.16b)

T4
—rou — r1q|ul?u — Fq|x|2$.

The terms —rou and —r1q|u|?u are similar to those previously used in [20, 24]. We emphasize, however,
that the term —%q[w\% dit not appear previously in the literature, to our knowledge. As explained below,
this term is especially fitted to the model we consider.

Note that other ‘drag’ terms exist in the literature. First, in [5], the authors introduced the term
—riplulu (with 71 > 0) in lieu of —riplul?u. Second, the drag term —ropu (with ro > 0) is used in
[8] to prove the exponential convergence to equilibrium of the global weak solution to the compressible
Navier-Stokes-Korteweg equations in T?.

Energy identity. Asin (1.13)—(1.14), the QNS system with drag forces (1.16) enjoys (formally at this
stage) the following energy identity

d
&E(t) +D(t) =0, (1.17)
where the ‘regularized’ energy £ is now given by
1 r
£=E(g,u) = /R K [2 (lu* + #?VIn(g)]*) + aln(q)] A + - 1a(q) (1.18)

where I4(q), the fourth order moment of g, is given by

T |4
I4(q)=/ qH dftm (1.19)
R4 g

and the ‘regularized’ dissipation D is given by
D =D(q,u) = 2V/ q|D(uw)|* dpm + 7"0/ [u|? At + Tl/ qlul* dgir,. (1.20)
Rd Rd Rd

BD entropy identity. The Bresch-Desjardins entropy (BD entropy) is a fundamental tool to prove the
existence and study the solutions of a large class of compressible fluid systems, see [4, 6] for instance. In
our context, the BD entropy for the QNS system with drag forces (1.16) is given by

1
Esp = &Bp(q,u) = /d q [2 (Ju+ 20V In(q)|? + /@2|V1n(q)‘2) + aln(q)} dpem
R

ourg /R (g~ n(a)) dpm + " 14(0). (1.21)

Note that, by concavity of the function In, ¢ — In(q) is nonnegative and hence Epp is nonnegative.
The corresponding dissipation term is

Dpp = Dep(q,u) = 21// gl A(w)[? dpm + 21/A02/ q|VIn(q)* dpum + 2,@21// q| D*(In(q))[* dpm
Rd Rd R4

27’41/

+7“0/ ul? dpm, + 7"1/ qlul*dpim + = 1u(q), (1.22)
R R g

and we have the BD entropy equality

S enn(t) + Don(t) = R 1), (1.23)



where, denoting I5(q), the second order moment of g, by

T |2
Ir(q) = / q H dfim, (1.24)
R4 g
the right-hand side Rpp is given by
2rav(d + 2
Rep = Rep(q,u) = 422)12(61) — 2ury /d qlul?u - V1n(q) dpm,
R
2v
+z/ q(u+2vVin(q)) - u dpm. (1.25)
g Rd

Remark 1.1. Note that, we may also define a ‘modified’ BD Entropy, and the corresponding dissipation
and reaction terms satisfying (1.23) too, as follows:

1
Esp = /d q [2 (Ju+2vV In(p)|? + 52’V1n(q)|2) + aln(q)] dpem + %4[4((])
R

2
Den = 2 [ AP dyen+ 20 <A02+’2) [V 1@P dyen 2062 | alD (@)
Rd g Rd Rd

n 2;;"4 14(q) — (d+ 2)Ia(q)] + 2vAIx(q),

Rep = 2vAd.

In this case, the dissipation term Dpp above is non negative (for all q) whenever r4 > 0 satisfies A\ —
2vry(d+2)

2 > 0, which is the case in particular for r4 = 0.

(Renormalized) Second moment of the density. We conclude this section with the following ob-
servation that may be useful for some purpose, even if we do not use it in the present paper. Let us define
(recall that mp = 1)

Tola) = Ialg) — Ia(1) = /R | E[ (1.26)

Then _
dI1(q) / z
=2 c— dum,
dt Rd 7 o2 H

and E(q) is solution to the following ODE (obtained by taking the scalar product of (1.16b) by = and
integrating on R%):

2

d2 ~ 2vd ~ ~
z I>(q) +2 [A—I— :4] I>(q)

=7 il
e+ 5y

2 4v
= [/ qlul? dpt, + /<a2/ q|Vn(q)? d,um} + 2/ Vq-udpm,
R4 Rd g Rd

o2

2T0 2Tl 2 2T4
—— u-x dphy, — — ul“u - x — —I4(q).
= pm = — /qu’ \ 5 14(0)
This ODE is particularly interesting when the drag term coefficients rg, r1 and r4 vanish. In that case,
the right-hand side is bounded (thanks to the energy or BD-entropy eﬁtimates). Nevertheless, it seems
that we lack information to prove convergence (at exponential rate) of I5(q(¢)) to 0 when ¢ — oo.



1.3 Main result

We denote by LP(RY) (or simply LP) the classical Lebesgue space (of exponent p) with respect to the
Lebesgue measure on R?. In the same way, we denote by L%, (R?) (or simply L%, ) for p € [1,+oo] the
Lebesgue space of exponent p with respect to the measure du,,. For instance, r € L2 (Rd) if r: R — R
is measurable and [p4 7% dpy, < 00. We may also use the norm || - ||L2 (®9) (or sunply || HL2 ). Moreover,
we extend these notations for Sobolev spaces (of integer exponant) with obvious deﬁmtlons

We denote by D(R?) the set of smooth and compactly supported functions from R? to R, and likewise
for D((0,00) x R?). The dual spaces are denoted by D'(R?) and D’((0, 00) x R?), respectively.

Let us introduce the definition of weak solutions to the system (1.16). It corresponds to Definition 1.1
in [11, page 2246], adapted to our context. The functions A? and A appearing in the next definition are
related to the initial data (¢°, u") and a solution (g, u) to (1.16), respectively, by the expressions A = \/qu
and A0 = \/> u?; to snnphfy the presentatlon and following the convention used in previous works, we

do not introduce a notation for /g and 1/¢", but in principle we should replace 1/¢° and /g by functions

r and 0, respectively, everywhere in Deﬁnition 1.2, and then define ¢ := (7°)? and ¢ := 2.

Definition 1.2. Let (1/¢°,A%) € L2 x [Lim]d. A pair (q,u) is called a weak solution to (1.16) associated
to the initial data (1/q°, A°) if there exists a quadruplet (v, A, Sk, Tns) such that

1. The following reqularities are satisfied

Vi € ngc(o 00 L22 ),d ) Vg, A € loc(0 m,[Lém]Z),
TNSf SlK e Li.(0, oo,[Lum} xa), VTou € loc(o oo,[L#m] ),
rigiu € Ly (0,00 (L}, 1), ro(g —In(q)) € L{S(0,00;L}) ),
rigiz € L (0,005 (L4 1), aln(g) € L5 (0,005 Lj,,).
VD2 () € L} .(0,00,[L2 ]%x4), riV(gh) € Li(0,00; L1 19),
and; fOT P = 4pPm;
DA/p) € Lie(0,00, (L), 9 (pt) € L (0,00, [L41),

with the compatibility conditions
V3>0 ae. on(0,00) x RY, A=0 ae on {\/qg=0}.

The velocity u is then defined by
A

u=—1 .
NG {va>0}

2. The following equations are satisfied in D'((0,00) x R?), (see (1.16)),

/G + divin(Vu) = % Tr(Txs) — %‘2\/@ 1, (1.27a)
O (v/av/qu) + divin(Vau ® v/qu) = divi,(204/gSxs + 262y/qSk) — A\o?V (|v/a?) (1.27b)
—rou — riqlul*u — —q!wl2
with
Sns = Tvs +Tns ;FTIIS

and the compatibility conditions
ViTxs = V(Vay/qu) —2¢/qu@ V(/q),
ViSk = VaD(Vi) = V(i) & V() = - [VED(VP) ~ V(VA) & V() + 5egla].



3. For any v € D(R?),

tin [ VA = [V dn,
R4 Rd

t—0t

i [ VAV G = [ V)0,
R4 Rd

t—0t

Remark 1.3. Note that, following the lines of the proof of Lemma 2.2 in [10], if (\/q,\/qu) is a weak
solution in the sense of Definition 1.2, then q satisfies also (1.16a).

Indeed, from the reqularities of \/qu (which belongs to L>°(0, 00; [Lim]d)) and \/q (which belongs to
LOO(O,oo;Hlle)), mulliplying equation (1.27a) by \/q, we get

g + 2+/qdive, (Vqu) = /q Tr(Tns) — %\/cjﬂu - 2.

We then obtain from the definition of Txs on one hand and from the identity divp,(qu) = \/qdivy, (/qu) +
Vau - V/q on the other hand, that

. . x
VqTr(Tns) = —div, (qu) + 24/qdivy, (y/qu) + /g/qu - e
and thus, after simplification, it is not difficult to see that q satisfies (1.16a).

Remark 1.4. In the previous definition, the reqularities in 1. are dependent on the coefficients of the drag
forces in the sense that, if one coefficient vanishes then the corresponding reqularity is dropped.

Remark 1.5. Thanks to the Logarithmic Sobolev inequality (B.1), the fact that qIn(q) € L{%,(0,00; L}, )
is actually a consequence of V/q € Li$ (0, 0o; [Lim}d).

loc

We are now ready to state the main result of this paper.

Theorem 1.6. Let v > 0, k > 0, and let us consider non-negative drag force coefficientsrog > 0, r1 > 0 and
r4 > 0. Let ¢° > 0, u® be such that (\/q°, A°) € L;th X [Lim]d (with A° = /q%u°) satisfying furthermore
E(q°,u’) < oo and Esp(q®,u’) < oo and the compatibility condition

V>0 ae onRY A =0 ae on{\/q" =0}

/ ¢ dpm = 1.
Rd

Then, there exists a global weak solution (q,u) to (1.16) in the sense of Definition 1.2 associated to the
initial data (\/q°, \/q%u®) which satisfies

- the conservation of mass, that is, for allt > 0,

/qu(t) djiy = 1.

and

- the energy estimate, for a.e. t >0,

E(t) + /OtD(t’) dt’ < Cy (£(0)),

where the constant Cy depends on the initial reqularized energy (1.18) and the time t.



- the BD entropy estimate, for a.e. t >0,

EBD (t) + /Ot DBD(t/) dt’ < CBD,O (5(0), EBD(O)) ,

where the constant Cep depends on the initial reqularized energy (1.18), the initial reqularized BD
entropy (1.21) and the time t.

Remark 1.7. We can also consider system (1.16) with k = 0, that is the compressible (isothermal) Navier-
Stokes equations by taking the limit k — 0 in the previous definition and theorem, see Remark 3.3 for more
details.

The first (and main) step in the proof of Theorem 1.6 is the existence of solutions to the QNS system
(1.16) in the case where the coefficients rg, r1, r4 in front of the drag forces do not vanish and the initial
data are regular enough, in a sense to be made precise below. As in previous works [11, 13, 24|, our strategy
to establish this first step consists in introducing artificial smoothing terms into the system, depending
on some parameter §; > 0, prove the existence of solutions to the new, regularized system, using in
particular the Faedo-Galerkin method, and then show that the solutions survive in the limit §; — 0. Here
we emphasize that the regularization we choose is substantially simpler than that used in the previously
cited references, namely we only add a smoothing diffusion term into the continuity equation (and its
counterpart, for energy estimates, in the momentum equation). In [11, 24|, several further terms are
added, that are subsequently dealt with using, in particular, various Sobolev embeddings. In our context,
where the reference measure is the Gaussian measure ., Sobolev embeddings are not available, so that
we must rely on a simpler regularization procedure. We will show that the latter is indeed sufficient by
refining some of the arguments of [11, 13, 19, 24]. The first step of the proof will be the content of Section
2.

In a second step, in Section 3, we will conclude the proof of Theorem 1.6 by showing that the solutions
constructed in Section 2 survive for less regular initial data, and in the limit where some of the drag coef-
ficients rg, r1, 74 vanish. As in [11, Section 4], the main ingredient here will be the notion of renormalized
weak solutions introduced in [20].

As a direct consequence of Theorem 1.6 (and the strategy of its proof), we are able to recover Theorem
1.3 in [11] where, as mentioned above, the authors consider initially the system (1.1) without potential
(A = 0) and then use a rescaling to consider a new system in new unknowns. In order to keep this
introduction relatively short, we postpone to Section 4 a more detailed discussion, as well as a sketch of
the proof allowing us to recover the result of [11], as we need to introduce many notations (the rescaling
7, the new unknowns (R, U) and the new system) to be able to write a precise statement.

We conclude with two appendices. Appendix A contains the details of some calculations and estimates
in the setting of the Gaussian reference measure du,,, that we use in several places in our proof. Finally, we
gather in Appendix B several functional inequalities in the setting of Gaussian measure spaces, including
the logarithmic Sobolev inequality and the Poincaré inequalities. These inequalities play a crucial role
in our proof, in that they allow us to overcome the fact that we cannot rely on the Sobolev embeddings
usually employed in the euclidian setting.

In the remainder of this section, we introduce some notations that will be used in the sequel.

1.4 Notations

We use the notation N for the set of all nonnegative integers and denote by N* = N\ {0} the set of integers
greater than one.

We define Q7 = (0,T) x R?, for any 0 < T' < 00 (Qoo = (0,00) x R?).

Recall that ji,, is the measure on R? with density p,, given in (1.10).
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Recall also that the space of infinitely differentiable functions with compact support in R? is denoted
D(RY), and likewise for D((0,00) x RY). The dual spaces are denoted by D'(R?) and D’((0,00) x R%),
respectively.

For any normed vector spaces X, Y (denoting |- || x, respectively |||y their norm), we define L(X,Y) as
the normed vector space of continuous linear mapping from X to Y, endowed with the operator || - ||z(x v
defined, for any 7' € £(X,Y) by (and by the other equivalent definitions)

1T exyy= sup | T(z)lly-
zeX;||z||x <1
In particular, we denote by X’ = £(X,R) the dual space of X.
For 2 a measurable subset of R™ (m > 1), we define M(£;R) the space of finite signed measures
on . We consider the total variation as the norm on the space M(;R): for m € M(Q;R), we define

[mfl pmosr) = sup {/ fdm; fe L>(Q;R) and || f[| Lo r) < 1}. In the same way, we define M (Q;R9)
Q

the space of vector-valued (in R%) measures on  endowed with [*°-product norm.

Acknowledgements. We are grateful to K. Carrapatoso and A. Vasseur for useful discussions.

2 Global weak solutions to the QNS system with drag forces and regular
initial data

In this section, we prove Theorem 1.6 in the case where the coefficients rg, 71, 74 in front of the drag forces
in the QNS system (1.16) do not vanish and the initial data are regular in a sense to be made precise
below.

First, in Subsection 2.1, we introduce a regularized version of the QNS system (1.16) depending on a
parameter d; > 0 by adding a diffusion term §;A,,q in the right-hand side of (1.16a) and a corresponding
term 01 VuVq in the right-hand side of (1.16b). The precise formulation of the regularized QNS system
with drag forces is given in (2.1).

Technically, the main result of this section is stated in Theorem 2.3, which provides the existence
of global solutions for the regularized QNS system (2.1) for 4; > 0 and regular enough initial data (see
(2.11)—(2.12) for the precise regularity conditions that we require). Subsections 2.2 and 2.3 are devoted to
the proof of Theorem 2.3 in the case where d; > 0. We will closely follow the strategy presented in [13],
emphasizing the novelties in the argument due to the setting considered in this paper.

In Subsection 2.2, we introduce a suitable Faedo-Galerkin approximation and construct global solutions
(gn,upn) of the regularized QNS system with drag forces (2.1) within this approximation. Here it should
be noticed that, to simplify the notations, we only underline the dependence of the solutions (g, uxy) on
the Faedo-Galerkin parameter N, even if they of course also depend on the drag parameters rqo, 71, 74
and the regularizing parameter §;. Next, in Subsection 2.3, we show that the Faedo-Galerkin solutions
(gn,un) converge in the limit N — oo to weak solutions (gs, , us,) to (2.1) with 0 < d; < 1. Here again, to
simplify the notations, we only underline the dependence in d; on the solutions (gs,, us,) obtained in the
limit N — oo, even if they still depend on rg, 1, r4. Finally, in Subsection 2.4, we derive a priori estimates
for (gs,, us,) from the energy and BD entropy estimates, and use them to show that the existence of global
solutions persists in the limit 61 — 0 which completes the proof of Theorem 2.3. This leads to a proof of
our main result, Theorem 1.6, in the case where the drag forces coefficients g, 71 and r4 do not vanish
and the initial data satisfy the regularity conditions (2.11)—(2.12).

2.1 The regularized QNS system with drag forces

According to the first step of the strategy outlined in the introduction to this section, we add a diffusion
term 01A,,q in the right-hand side of the continuity equation, and a corresponding term (for energy
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estimates) 01 VuVq in the left-hand side of the momentum equation. This leads to considering the following
regularized QNS system (with ro >0, r; >0, r4 > 0 and §; € [0, 1]):

Oq + divy,(qu) = 01Ang, (2.1a)
O (qu) + divin(qu @ u) + 6:VuVg = divy, (2vgD(u)) + dive, (k*¢D?*(In(q))) — A\o?Vg  (2.1b)

T4
—rou — riqlul®u — ;q|x!2:ﬁ.

As mentioned above, this regularized QNS system should be compared to the corresponding ones in
[11, 13, 24], where various further terms are added in the right-hand side of the momentum equation
(1.1b), such as V(p~%), A%u, pVA2" 1 where s € (0,00), m € N are large enough parameters.

The formal energy identity (1.17)—(1.20) now becomes

S rl0) + Ducg(t) = Rucg(0), (2:2)

where the regularized energy &g is defined by

(see (1.18)), the regularized dissipation Dyeg is

Due = 2 [ aDWP din +600 [ oV i@ dp + 201 [ D) d
R R R

401
+7’0/ ul? dptm + 7"1/ qlul* dpm + — 1u(q),
R4 Rd 40'

and the right-hand side Ryeg in (2.2) is given by

r401(d + 2
Rireg = Lﬂ&(q)_
o
We recall that the second and fourth order momentum I5(q), I4(¢q) have been defined in (1.24) and (1.19),
respectively. Here it should be noticed that the regularizing terms d1A,,q, 1 VaVq induce the non-negative

term Ryeg. The latter can however be estimated, thanks to the Young inequality, as

7"451 27’4(51 (d + 2)2

Rucs < S0 Ia(g) + A5, (25)

g

(recall that mp = [p4 qdptm = 1 throughout the paper). The first term on the right-hand side can be
‘absorbed’ by the dissipation D,e¢e and we therefore see that the regularized energy should grow at most
linearly in time.

We similarly introduce the regularized BD entropy and dissipation by setting

EBD reg = €BD (2.6)

(see (1.21)) and (compare with (1.22)),

DBD,reg = 2V/d q‘A(U)P de + ((51 + 2V)AO'2/
R

|V In(q)|* dum
]Rd

+ [*(01 + 2v) + (21/)251]/ q|D*(In(q))|* dpr + 7“o/ Jul? dpm
R4 R4

7'4((51 + 2V)
o2

w2y [ (V100) P dun [ aluldpn + Ii(a). (27)
R R

12



We will see that the following formal identity is satisfied in a suitable sense:

d

&gBD,reg(t) + DBD,reg (t) = RBD,reg (1), (2.8)

where the remainder term, Rpp reg, that will be computed below (see (2.64)), satisfies an inequality similar
to (2.5) for Ryeg.

Recall the notation Qs = (0,00) x R% Our definition of global weak solutions to the regularized
system (2.1) is as follows.

Definition 2.1 (Global weak solutions to the regularized QNS system with drag forces). Let g > 0,
r1 >0, r4 >0 and §; > 0. Let (q uw) e L, x [L?]4. A couple (q,u) is a global weak solution to (2.1)
associated to the initial data (q°,u®) if

1. The couple (q,u) satisfies
0,00; L, ),
0,00; [L2 7).
0,00; [L2 7).
0,003 [L

0,003 [L 1%,

g, ¢In(q), ro(¢ —In(q)) € Li,

Vau, Vi/q Ly,

Vo, V/r001V In(q) 1oc

VaD(w), /aA(u), v/gD*(In(q)), \/EDQ(\/@) Liy J )
loc

1

)

1
ri
Ty

q4

o
foc
(
(
o
(

il iv, i 4 1d
rrgqtu 4v 4 loc 0 003 [L,um] )
2. For every ¢ € D([0,00) x RY),
/ ¢°0(0) dpi, + / q0rp dpimdt + / qu - Vo dpydt = & / (Amq)p dpmdt. (2.9)
R4 oo Qoo oo

3. For every ® € [D(]0, 00) x RY)]4,

/ ¢"u® - ®(0)dpy, + / qu - 0y ®dp,,dt + / qVPu - udp,dt — & VuVq - ®dp,,dt

= zy/ qD(u) : D(@)dumdt+2/<c2/ [VaD*(va) — V(v/a) @ V(y/a)] : D(®)dpmdt
Qoo Qoo

oo oo

+ \o? / Vq - du,dt + 7‘0/ - Dy, dt + 7 / q|u]2u - Odpu, dt
Qoo

+ T—i q|z|?x - ®dp,y,dt. (2.10)
o

oo

Remark 2.2. Note that, when 6; = 0, the terms /qD(u), \/qA(u) correspond to the symetric and skew-
adjoint parts respectively of Tns € L2 (0, co; [Lim]dXd) while \/gD*(In(q)) has to be understood as Sk €
L? (0, 00; [Lim]dXd), both satisfying the compatibility conditions

loc
ViTxs = V(i) - 217 (),
ViSi = Vi) = V(i) © V(i) = - [VED(VP) ~ V(VA) @ V() + 5e5la].

In that case, Definition 2.1 extends Definition 1.2. Indeed, when 61 = 0, solutions in the sense of Defintion
2.1 satisfy the same regularities as in the first point of Definition 1.2. Moreover, points 2 and 3 of Definition
1.2 follow from points 2 and 8 of Definition 2.1 (thanks to Remark 1.3 for equation (1.27a)).
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The main result of this section, Theorem 2.3, establishes the existence of global weak solutions to the
regularized QNS system (2.1). We consider here an initial data (¢°,u") satisfying, for some fixed constant

>0
on ]Rd, / qodum =1, I4(q0) = /
R4 Rd

u® € L34, pm@°|u’|? € LY, pmq u’ € [L2]%. (2.12)
Moreover, to simplify some estimates in the proof, we suppose that all the regularizing parameters rg, 71,
ry and 91 are less than 1.

4
Q@ e Hlm7 A< < E‘ ¢ < 00, (2.11)
o

and

Theorem 2.3 (Global weak solutions to the regularized QNS system with drag forces). Let 0 < ro, 71,74 <
1Land 0 <6 < 1. Let (¢°,u°) € L}Lm x [L?]¢ satisfying (2.11)~(2.12). There exists a global weak solution
(q,u) to (2.1) (in the sense of Definition 2.1), associated to the initial data (q°,u®), which satisfies the
conservation of mass, for all t > 0,

/ q(t) dpm =1 (2.13)
Rd

the energy estimate, for a.e. t >0,

1 t
Eunl®) + 5 [ Dueglt) At < Co (Eug(0),1), (2.14)
0

where the ‘constant’ Cy (Ereg(0),t) depends on the initial reqularized energy and the time t, and the BD
entropy estimate, for a.e. t > 0,

1 t
gBD,reg(t) + 5 / DBD,reg(t/) dt/ < CBD,O (greg(o), gBD,reg(O)a t) ) (2'15)
0

where the ‘constant’ Cgp o (Ereg(0), EBD reg(0),t) depends on the initial reqularized energy, the initial reg-
ularized BD entropy, and the time t.

Remark 2.4. The numerical factor % in front of the dissipation term in (2.14) comes from the estimate
of Rreg, see (2.5), and likewise for (2.15).

Remark 2.5. Using the reqularity properties stated in the previous remark, one can verify that Equation
(2.1a) is in fact satisfied in L} (O,oo;L}Lm) (in the sense that each term appearing in (2.1a) belongs to

loc
L}OC(O,OO;LLM)). See Proposition 2.19 below for more details. Likewise, Equation (2.1b) is satisfied in

L0, 003 [(Wyn®))%).
2.2 Global solutions in the Faedo-Galerkin approximation
2.2.1 The Faedo-Galerkin approximation.

We first introduce a Faedo-Galerkin approximation for the velocity. As usual, we consider a finite-
dimensional subspace Xy of the velocity Hilbert space [L2]d. In our context, where the Hilbert space
for the relative density is Lim = L*(R?, dpuy), with dj, = prmdz a Gaussian measure, it is natural to
choose Xy as the cartesian product of the vector space spanned by Hermite functions (associated to the
Gaussian function p,,). More precisely, we consider Xy the subspace of L? spanned by all the Hermite
functions of degree less or equal to IV,

1
XN:{f:]Rd—ﬂR;HPG’HNSUChthatf:PPv%@}a

equipped with the L2-norm, where # is the vector space spanned by the Hermite polynomials on R? and
Hy = {P € H s.t. deg(P) < N}. We then set

Xy = [Xn]%

14



Remark 2.6. For later purpose, we record here the following elementary properties:
(i) XN C L*> continuously.
(ii) For all « € N, the operator 0% : Xy + XNy|a| 15 bounded.

(i4i) For all B € N?, the operator 2° : Xy Xy 18 bounded.

Remark 2.6 in turn implies that div,, : Xy — X411 is bounded: There exists a constant Cy,(N) > 0
such that, for all uy € Xy,
[divem (un)[Lee < Cpo(N)[lun|l£2)a- (2.16)

For any N > 1, we introduce the initial data for the approximate velocity, u?v, as follows. Let Iy be
the orthogonal projection onto the vector space spanned by {pn¢®wy s.t. wy € Xn} in [L?]¢. We then
set u?v := I (u?). Equivalently, “9\7 is the unique element of X such that

/ qoug)v cwy Ay = / ¢ u’ - wy dp, for all wy € Xy. (2.17)
Rd Rd

Our goal in this subsection is to show that, for any initial data (¢, u?v) with ¢° satisfying (2.11) and
ul; € Xy, for any T > 0, the regularized system (2.1) has a global solution (gx,ux) with gy in a suitable
space (see Definition 2.9 below) and uy € C([0, T]; Xy ).

Recall that the regularized energy &op and dissipation Dy have been introduced in (2.3) and (2.4),
respectively. Recall also that the positive parameters rg, r1, 74, 01 are supposed to be less than 1 to simplify.
In this subsection we will prove the following proposition.

Proposition 2.7 (Solutions to the regularized QNS system with drag forces in the Faedo-Galerkin ap-
proximation). Let 0 < ro,7r1,74,61 < 1. Let N € N*, T > 0 and (¢°,u}) € Lim x Xy with ¢° satisfying
(2.11). There exists a unique global weak solution

(qnv,un) € [L*(0,T; Hy, )N C([0,T); Hy, )N H' (0,75 L% )] x C([0,T]; X) (2.18)
to (2.1) such that (gn(0),un(0)) = (¢°,u;), in the sense that
Oy + divin(gnun) = 61Amqy  in L(0,T; L ), (2.19)

and for all ®x € CY([0,T); Xn) such that ®x(T) = 0, (recall that Qr = (0,T) x R?),
/ g°uly - @ (0)dpm + / gnuy - 0P ndpy,dt + / gnVeNuN - undpm,dt
R4 Qr Qr

-0 VunVay - ® nydpm,dt
Qr

2 [ ayD(uy) s D(@x)dpindl + 24 /Q VanDA(/an) — V(y/an) © V(y/a)] : D(@x)dupndt

+ \o? Van - Dndp,dt + 7“0/ un - Pydp,dt + 71 / qN\uNIQUN - P ydpy,dt

Qr T T

.
+U‘f1/ v |72z - ®ndpmdt. (2.20)

T

The solution (qn,un) satisfies, for all 0 <t < T, the inequalities

& exp <— /Ot divn (une (7)) oo dT> < an(t) < cl—oexp (/Ot divn (1 (7)) oo dT> , (2.21)
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for some constant ¥ > 0, the conservation of mass

/ an(t) dpm =1 (2.22)
Rd

and the energy estimate,

greg(QN(t)v unN (t)) + % /0 Dreg (t/) dt/ < CO (5reg(QN(0)a UN(O))v t) )

where the ‘constant’ Cy depends on the initial reqularized energy and on the time t.
Remark 2.8. Asin Remark 2.4, the numerical factor% i front of the dissipation comes from the estimate

0f Rreg, see (2.5).

In order to establish Proposition 2.7, we follow the Faedo-Galerkin approach. First we assume that
uy € CL([0,T];Xy) is fixed and show that the Fokker-Planck equation (2.1a) has a unique solution

gy = S:(FQ) (un) (see Remark 2.11 for the precise definition of Sj(f])). Next we prove that a solution

uy € CH[0,T];Xy) to (2.1b) (with ¢ given by S:(Fq)(uN)) necessarily satisfies an ODE which can be
solved by a Banach fixed point argument. This allows us to construct a (local in time) solution to the
system (2.1) in the Faedo-Galerkin approximation. The global existence (on any time interval [0, T, with
T > 0) finally follows from a priori, energy estimates.

Throughout the remainder of this subsection, we assume that 0 < rg, 71, 74,1 < 1 are fixed.

2.2.2 The Fokker-Planck equation.

Assuming that an integer N > 1, a positive time 7" > 0 and a vector field uy € C!([0,T]; X)) such that
un(0) = u%; (for a given initial velocity ul; € Xy ) are fixed, we wish to construct a density gy associated
to un as a solution to the Fokker-Planck equation

drq + divy, (quy) = 61Amg  in (0,T) x RY, (2.23)
associated to an initial data ¢ satisfying (2.11). We introduce the following function space.
Definition 2.9. Let T > 0. We define the space H,%T}L(QT) as
H2 (Qr) =L*(0,T;H, YynC%([0,T); Hy )NH'(0,T; L, ),
equipped with the usual norm

lall 21 (@py = lallz2ormz, ) + ldllcoqoryimg,,) + 104l 20,1522, )-

In the next proposition, we only focus on the existence of local solutions, for simplicity of presentation
and since it is sufficient for our purpose. It would however not be difficult to extend the result to the
existence of global solutions.

Proposition 2.10 (Local solutions to the Fokker-Planck equation). Let N € N*, and (¢°,u};) € Lim x X
with ¢° satisfying (2.11). There exists T > 0 such that the following holds.

(i) Let uy € C([0,T); Xn) be such that uy(0) = ul,. The Fokker-Planck Equation (2.23) admits a
unique solution qy in Hyh (Qr) such that ¢(0) = ¢°, and there is a constant C([lunllzee,r;x5)) >0
such that

lanll 21 0y < Cllunlzomoan) ey, - (2.24)

Moreover, with &® > 0 as in (2.11), we have

Dep (~ [ avmtun(rlidr) <avtt) < e ([ lavnuxGlimar). @29

for all t € [0,T].
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(ii) Let u%, € C1([0,T); Xn), k = 1,2, be such that u%;(0) = u3,. Let ¢k € H2N(Qr) be the solution to
(2.23) associated to uﬁ“\, and the initial data ¢°. There exists a positive constant

k 0
C(g%é”uN”L‘x’(O,T;XN)a g HH;m)

)

such that

k
gk~ Billuzs @y < Clmacluk w10y, My — W limryy  (226)

Proof. (i) First, it follows from [23, Theorem 4.1 that the operator 6;A,, with domain Him is self-
adjoint in Lim and that the usual parabolic regularity holds for the associated evolution equation,
in the sense that the unique solution to

diq=01Ang in (0,T) xRY, ¢(0) = ¢’
is given by (t,z) — (e!18m¢0)(2) and satisfies

to1Am

lle QOHHE;}L(QT) < C||QOHH;M7 (2.27)

for some positive constant C' depending only on o, §; and the dimension d.

Next we consider the integral equation
t
an(t, ) = et18m0(z) — / =08 div, (qn (s, z)un (s, z))ds =: T(qn)(t, z). (2.28)
0

Using HetAmeH& < C’t_%HfHLi (which in turn follows from || f[| < C|(1 — Am)%fHLi )
together with (2.16), one easily deduces, in particular, that
1
1T (an) — T(QJQV)HLOO(O,T;H;m) < CT2|Jun|| o (o,mx ) AN — QJ2V||L°°(O,T;HI£m)' (2.29)

Using in addition (2.27), a standard fixed point argument shows that (2.28) has a unique solu-
tion in C°([0,T); Hj, ), for T > 0 small enough. Using then that HfHHﬁ <1 - Am)f”Lﬁ

(since the domain of A, coincides with Him), it is not difficult to deduce that ¢y also belongs to
L%(0,T; Hzm) N HY0,T; Lim). This establishes (2.24).

In order to prove the second inequality in (2.25), it suffices to proceed as follows (see also [13, Chapter
7.3.1]). Let

F(t,2) = aw(t,2) —  exp (/Ot it (7)) dT> .
Then one easily verifies that
O f + divin(fun) — 1A f <0
on (0,T) x R Taking the scalar product with f* = max(f,0), we obtain

Ld

1 1
+112 +112 < _Z +12 33 < 24 o +112
Sl W, 48V, <=5 [ 1 P )i < v )17

from which we can conclude, by Gronwall’s lemma, that the second inequality in (2.25) holds. The
proof of the first inequality in (2.25) is similar.
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(ii) By (2.28), we have
t
ah(t2) — Gi(tx) = / 9018 iy, (g — ¢3) (s, )uly (s, 2))ds
0

t
i /0 LI An iy, (R (s, 2) (uly — uly) (s, 2))ds.

The Hﬁi (Qr)-norm of the first term is bounded by CT:z luy |l Lo (0.7:x ) lay — q]2VHLoo(07T;H;1L ) ac-

cording to (2.29). Using similar arguments together with (2.24), the Hﬁnll (Qr)-norm of the second
term can be estimated by C(||U?VHL°°(O,T;XN))HqOHH}Lm luyy — ui |l (0,7:x ). For T’ small enough,
this proves (2.26).

0

Remark 2.11. Proposition 2.10 allows us to introduce, given T > 0 small enough and an initial data
(¢, ul) € Lim x X with ¢° satisfying (2.11), a map

SC(FQ) :CH([0,T); Xn) = H (Qr), UN > qN, (2.30)

which associates to any uy € C1([0,T]; Xn) the solution gy to (2.23). By (2.26), the map Sj(fl) is locally
Lipschitz continuous.

2.2.3 Ordinary differential equation for the velocity.

Now we wish to construct a solution uy to (2.20) with ¢y = S:(,,q)(uN) (see Remark 2.11 for the notation).
Following [13, Chapter 7.3.3], [19, section 3.1] or [24, page 1493] let us introduce, for ¢ € Lim, the
‘mass operator’ M[q] : Xy — X'y, defined, for all vy, wy € Xy, by

<m[CI]'UN7wN>X/N7XN =/ qUN - WN A,
Rd

Clearly, the operator M[q] is symmetric and satisfies
”fm[qmﬁ(xmx;v) < C(N)|’(JHL3M7

for some positive constant C(N). Moreover, if ¢ € L2 = satisfies ¢ > ¢ > 0 (with ¢ a constant), Mg] is
positive-definite in the sense that

n M[qlwn, w > ¢
wNexN,an”xN:l( laJwn, wN)xq xy 2

Hence, as Xy is finite-dimensional, the operator M[qg| is invertible and
19%g) "l 2o, ) < € (2.31)

In what follows we assume for simplicity that 7" < 1 (which allows us to estimate e.g. terms of order
T by terms of order T %) We introduce the notations

RM — {q € Lim such that ||qHLﬁ <M and ¢g>c> 0} ,

R?{T = {q€C(0,T; Lim) such that ¢(t) € RY forall te€[0,7]}.

We have the following easy lemma.
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Lemma 2.12. Let N € N*, ¢ > 0, M > 0. The mapping q — M[q]~! is Lipschitz continuous from RM
to L(X'y,Xn). Moreover, if 0 <T <1 and ¢*,q* € H?n’l(QT) N R%T,

920" = ) longo ry ey iy < COHEHIMTE N = Pllyza g, (2:32)
for some positive constant C(N,c™1).
Proof. Let ¢, ¢> € RM. We have
Mg'] ™ — Mg*) ™ = Mg'] " (Mg?] — Mq']) M[¢*]
and therefore, thanks to (2.31),

190" = M) | e 3y S OVt = Pllay,, < CONo e M)lgH = @Pllu, - (2:33)

In order to prove (2.32), it suffices to combine (2.33) with the fact that, if ¢ € Hp' (Qr) satisfies ¢(0) = 0,
then

1 1
lallcoqoryrz, ) < T2110wll 20502, ) < T2 HQHHE;}L(QT)' (2.34)
O

We introduce a few further notations. For any given q € Lim, the operator Alq] : Xy — Xy is defined
by

(Alg(un). 23 ), x, = 2 /

e qD(uN) . D((I)N) d,um — 7“0/

Un - q’N dﬂma
Rd

for all uy, @ € Xy. Similarly, for (¢,vy) € Hﬁm x X, we set
Nlg, vn](un), ®n)xr, xy = /d qun - (VON)undpm — 61 /d VunVg - ®n dpm
R R
—7’1/ qlonPun - @ dpim,
Rd
for all uy, @y € Xpy. Finally, for all ¢ € Hﬁm NRM, we define B[g] € Xy by

(Bla], ®x)xy xy = 24 /R ,[VaD*(vVa) = V(va) © V(va)] : D(@N)dpim — Ao /R  Va- exdp,

T4

- = | daPz- ®n dpm,
g Rd

for all Py € Xy.
Lemma 2.13. Let N e N, 0<T <1,¢>0, M >0, u} € Xy and ¢ € L} .
(i) For all (q,vn) € [Hum' (Qr) N RY:] x €°([0,T]; Xn), we have

Nla,vn) € L%(0,T; L(Xn, X)), Alg] € L*(0,T; L(Xw, X)), Bl € L*(0, T Xly).

(ii) Let (¢',vY), (¢*,v%) € [HZ(Qr) ﬂRé\’/[T] x CO([0,T]; Xn) be such that ¢*(0) = ¢°, v&(0) = v}, and
||U1]%||C0([0,T];XN) < M for k =1,2. Then we have the following estimates

1
IAlg" (8)] — A[q2(t)]HLoo(o,T;L(XN,x;V)) < C(N)MT?|q" - QQHHZ;}L(QT)a
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for some positive constant C(N),
IVIg" (1), vn (8)] = N1a?(®), o] (8)] [l oo (0,72 % X0
< C(N)M2 [qu - q2||H;2L;,11(QT) + ”U]l\f - UJQVHCO([O,T};XN)] )

and
1
1Bla"] = Bla*]llz20.ixy) < CON)M 1 +T2) 0" = [l 210,

Proof. Consider for instance the term A[g]. For ¢ € Hah (Qr) < C°([0, T); H}, ), we can estimate, for all
uy,®y € Xy, and all ¢ € [0, 7],

(A[q(t)](uN),CDN>X/N7XN‘ < 2v /Rd q(t)D(upn) : D(®n) dum‘ + 19 /]Rd uy - Py dum'

< Cllalleoqoryz, 1D )= D@ iz, + luwlzz, I@nllzz, )

< C(N) (llalleoqo,ry;ez, ) llun 2 @nllzz + llun 2 [ @nll22),

where we used in particular Remark 2.6 in the last inequality. This proves (i) for A[g]. The proof of (i7)
for A[g] is similar, using in addition (2.34). The other terms can be treated in an analogous way. O

Using the notations introduced above, one sees that the linearized equation corresponding to (2.20)

reads
% (Mgnlun) (t) = Algn ()] (un (t)) + Nan (t), un ()] (un (t)) + Blan ()], (2.35)

with initial condition M[gn](un)(0) = M[¢°](u). Here we recall that M[¢%](uQ;) € X'y is given, for all
wy € Xy, by
(M¢°)(u)s wn) g x, = / ¢"uly - wy dpn = / (pmq’uly) - wy da = / (pm@’u®) - wy da,
NN Rd Rd R4
where we used the definition (2.17) of u%; in the last equality.
2.2.4 Existence of solutions to the regularized QNS system with drag forces in the Faedo-

Galerkin approximation.

Local existence. Now we prove the local existence of solutions to the approximate system (2.19)—(2.20),
using in particular the Lipschitz continuity properties established in Lemmas 2.12 and 2.13.

Proposition 2.14 (Local existence of solutions to the approximate system (2.19)-(2.20)). Let N € N*
and (¢°,u%;) € Lim x X with q° satisfying (2.11). There exists T > 0 and a unique

(an,un) € Hi (Qr) x CH([0,T); Xn)

such that qn is a solution to (2.19) in L*(0,T; Lim), satisfying qn(0) = ¢° and (2.24)—(2.25), and uy is
a solution to (2.20), for all ®x € C1([0,T); Xn) such that ®n(T) = 0, with un(0) = ul.

Proof. The proof follows from standard arguments and is similar to that detailed in previous works, see
e.g. |13, Chapter 7.3.3]. We only sketch it. Recalling the notation S;Z) from Remark 2.11, we first solve
the integral equation

t

un(t) = MSD () (1)) [ (%) + /

[ (AISE @) ()] + NS () (5), un(9)]) (e ()

+ B[S (un)(5)]| ds = T (un)(2). (2.36)
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Let M > 0 and B be the closed ball centered at (the function independent of time) u%; and of radius M
in L>°(0,T;Xy). From Proposition 2.10, Remark 2.11, Lemmas 2.12 and 2.13, it is not difficult to deduce
that, for T > 0 small enough, the mapping 7 is a contraction from B into itself. Therefore the Banach
fixed point theorem gives the existence of a unique uy € B satisfying (2.36). In turn, it is not difficult
to deduce from (2.36) that uy € C*([0, T]; X ) by using again the results from Proposition 2.10, Remark
2.11, Lemmas 2.12 and 2.13.

To conclude the proof of the proposition, it suffices to apply Proposition 2.10 and set gy = S:(Fq) (un).
O

Global existence. Now we fix a time 7' > 0 and show that the local solution (gn,uy) constructed in
Proposition 2.14 above is in fact global on [0,7]. This is done by proving that (¢n,uy) is bounded in
H}Lm x Xy on [0,T] forall 0 < T < T.

Lemma 2.15. Let N € N*, T > 0 and let (qn,un) € Hy' (Q7) x CH([0,T); Xn), with0 <T < T, T
small enough, be a local-in-time solution to (2.19)—(2.20). Then (qn,un) satisfies the (regularized) energy
identity (2.2) and, in particular,

d&reg
dt

(d+2y], (2.37)

(qN (t)> un (t)) + %Dreg(QN (t), uUun (t)) < 2’/“451 |:0_2

where the regularized energy Eeg and the regularized dissipation Dyeg are given in (2.3) and (2.4), respec-

tively. Therefore, for almost all t € [0,T],

t 2
Euav (O, ux(0) + 5 [ Ducalan () un () < gl +20asy |5 23

Proof. The energy identity is obtained by applying (2.20) with ® 5y = uy together with a simple integration
by parts. One of the integration by parts reads, for instance:

1 1 )
—4/ glzfz - Vin(g) dpm = 4/ qdivy (|2]?2) dpm
0" JRrd % Jrd

4
= 2 [a(@ 2l - ) an, = 5200 - L1,
The other integrations by parts follow classical calculations, as the twisted operators offset the change of
reference measure.
Note that gy is positive and regular (see (2.24)-(2.25)) so that each term from the different integrals
make sense and the integrations by parts can be justified.
Integrating (2.37), we obtain (2.38). O

The existence of global solutions to the approximate system (2.19)—(2.20) stated in Proposition 2.7 is
now a direct consequence of the local existence and the energy estimates.

Proof of Proposition 2.7. For the global existence, it suffices to combine Proposition 2.14, Lemma 2.15
and a standard argument. The inequalities in (2.21) follow exactly as in the proof of Proposition 2.10.
The conservation of mass is an easy consequence of the fact that gy satisfies (2.19). The energy estimate
is proven in Lemma 2.15. O

2.3 Convergence of the Faedo-Galerkin approximation

In this subsection, we show that a global solution (gy, uy), constructed in Proposition 2.7, to the approx-
imate system (2.19)—(2.20) converges, in the limit N — oo, to a solution of the regularized system (2.1).
As in the previous subsection, the parameters 0 < rg,r1,74,91 < 1 are fixed throughout Subsection 2.3.
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2.3.1 Energy estimates.

We first deduce from the energy estimate stated in Lemma 2.15 the following a priori estimates for a
solution (gn,un) to (2.19)—(2.20).

Lemma 2.16. Let N € N*, T > 0 and (¢°,u};) € Lzm x X with ¢° satisfying (2.11). Let (qn,un) €

H2M(Qr) x CY([0,T); X ) be a global solution to (2.19)~(2.20) in the sense of Proposition 2.7. Then there
exists a positive constant C independent of N and the parameters ro,71,74,01 such that

IVan ez, ) + IVVanllzeorrz o + oy ()l Lo, ) < € (2.39a)
Vil llores, 10 + VAR un ez, 1o + il imorgs, 1o <G (2:390)
VIV D (nan)l oz, oy <O (239)
Pt Il oo, o + VAN D@l 2 oqas, yoesy + i lakunlsoris, o < (2394)
and )
radn [1D2(Vam) Bagorgza, ooy + 19 gz o | < € (2:390)

Proof. Estimates (2.39a)—(2.39d) directly follow from Lemma 2.15 and the expressions of &eg and Dieg
given in (2.3) and (2.4), respectively.

Estimate (2.39¢) is obtained by combining the last term in (2.39c), the first term in (2.39d) and Lemma
A4 O

Remark 2.17. Given a local solution (qn,un) as in Proposition 2.14, the reqularity and positivity of
qn (see (2.24)—(2.25)), together with the fact that uy € C1([0,T); Xn) imply that (\/qn,un) satisfies the
following equation in L?(0,T; Lﬁm),

o:(v/qn) + %divm(/unN) + 2(q]%uN) . V(q]%) =01An(VaN) + 4(51\V(q%\,)\2, (2.40)
with ) :
v () = divtyavun) - ( ok ) - o)

See the proof of Proposition 2.19 for the justification that all terms in (2.40) belong to L?(0,T; Lim),

2.3.2 Convergence of the approximate solutions in the limit N — oco.

The main tool to prove the convergence of a solution (gn,un) to (2.19)-(2.20) in the limit N — oo is the
well-known Aubin-Lions-Simon Lemma (see e.g. |3, Theorem I1.5.16]) which we now recall.

Lemma 2.18 (Aubin-Lions-Simon Lemma). Let B C By C B, be three Banach spaces. We assume that
the embedding of By in By is continuous and the embedding of B in By is compact.
Let p, py such that 1 < p,p, < oo. ForT >0, we define

d
W = {v € LP(0,T;B) ; d—: IS Lp*(O,T;B*)}.

Then
(i) If p < 0o, the embedding of W in LP(0,T; By) is compact.

(i) If p= oo and p. > 1, the embedding of W in C°([0,T]; By) is compact.
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The following proposition establishes, in particular, the existence of a global weak solution to the
regularized QNS system (2.1).

Proposition 2.19. Let T > 0 and (¢°,u°) € L2 =~ x [L?]? satisfying (2.11)~(2.12). For all N € N*, let

(g, un) € Ho(Qr) x CL([0,T); Xw) be a global solution to (2.19)~(2.20), associated to the initial data
(¢°,uQ) (with u® defined by (2.17)), in the sense of Proposition 2.7. Then

(i) The sequence (\/qn)n converges strongly (along some subsequence which will be denoted by the same
symbol) in L*(0,T; H, )NC([0,T]; L2, ). We set s =lim /gy
(

(i) The sequence (qnun)n converges strongly (along some subsequence which will be denoted by the same
symbol) in L*(0, T} [L}Am]d). We set J = limgnuy.

(1) Let ¢ = s and let u : (0,T) x R — R? be defined by

J(t, )
s2(t,x)

u(t,x) = for a.e. (t,xz) € (0,T) x R? such that s(t,z) # 0, wu(t,z) =0 elsewhere.

Then (g,u) is a solution to (2.1) in D'([0,T) x R?) x [D'([0,T) x R%)]4.

Proof. In this proof C denotes a positive constant dependent on the time 7" and the parameters 01, g, 71,
r4, but independent of V.
To prove (i), we first show that (y/gn)n converges strongly in L?(0,T; Hy ). Estimate (2.39¢) implies
that
I1AVan|lzzo7r2 ) < C,

uniformly in N. Together with the conservation of mass recalled in (2.39a), this shows that (\/qn)n is
uniformly bounded in L?(0,T; Hﬁm) The compact embedding H in — H im therefore shows that there
exists a subsequence of (,/gn)n (denoted with the same index) and an element s such that (\/gn)n
strongly converges to s in L?(0,T}; H}Lm)

Next we show that (\/gn)n strongly converges to s in C°([0,T]; L7 ). We recall from Remark 2.17
that

1 1

0u(v/aw) = — 5 (div(v/amun) = (S5ak) - (ahun)) = 2aie) - T(ad) + 0 An(VaN) +48 T (@) (241)

Each term of the right-hand side of the previous equation can be bounded in L?(0,T}; Lim) uniformly in
N, using the a priori estimates of Lemma 2.16. Indeed, using (2.39d), the second term can be bounded as

r = 1 r 1 1
H(ﬁqﬁ) : (qﬁ/uN)HL?(o,T;Lgm) S H;qﬁ/HL‘l(O,T;[Lﬁm}d)Hq;{fuNHL‘l(mT;[Lﬁm]d) <C.

1 1
The same holds for the term (g u) - V(qp), using in addition (2.39¢). To bound A,,(\/qn), we can use
Proposition B.3 together with (2.39a) and (2.39), writing,

HAm(\/‘]TV)HB(o,T;Lﬁm) < HA(\/‘]TV)HH(O,T;L%T”) +o7 - V\/‘JTVHL?(O,T;Lgm
< C(}lA(m)|’L2(O,T;Lﬁm) + HD2(\/‘TN)HLZ(O,T;[Lgm]dXd) + “vm“LQ(O,T;[Lﬁm]d)>
<C.

1
Using again (2.39¢), we have H|V(q]‘§,)\2||L2(07T;[LIQL 19y < C. It remains to estimate the term div(\/gnun).
By a direct computation, we can write, for a.e. t > 0,

ldiv(vavum)lZs < IV(Vavun)lE, joa < 20D(/avun) By o+ 0 2vavunliy o (242)
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see |12, Eq.(25)]); see also |12, Theorem 1| for general ‘weighted’ Korn-type inequalities). We have
(see [12, Eq g g ype ineq

Sym
H\/qNUNHLOO(O’T;[LEm]d) < C by (2.39b). Moreover, writing (see Remark A.3 below for the notation ® )

1 sym 1
D(vanun) = anD(un) + 2qpun ® V (qj{,) : (2.43)
and using (2.39d) and (2.39e), we deduce that

ID(Vanun)llLzo.r;z2, jaxay < C. (2.44)

Hm

It then follows from (2.42) that | diV(mUN)"LQ(O,T;Lﬁm) < C. Putting all together, we have shown that
di(\/qn) is uniformly bounded in L?(0,T; Lim). Since in addition (,/gn)n is also uniformly bounded in
L*>(0,T;H ﬁm) by (2.39a), the Aubin-Lions-Simon Lemma implies that (,/gn)n converges strongly to s
in C°([0, T7; Lim). This proves (7).

Now we prove (i7). We apply again the Aubin-Lions-Simon Lemma, showing that (0:(gyun))n is
uniformly bounded in L*(0, T; [(W1:2°)']%) (note that Wi>° = W2™) and (gyuy)y is uniformly bounded
in L1(0,T; [Wﬁi]d) First, (2.39a), (2.39b) and the Cauchy-Schwarz inequality imply that

lanunll Lo o7z, 1) < €, (2.45)
uniformly in N. Next we write
V(gnun) = (V/qn) ® Vanvun + /an V(V/anun)- (2.46)
The first term is estimated as
[(Vvaw) @ v QNUN‘}LM(O,T;[L;m]dxd) < Vv qN”Loo(o,T;[Lgm]d)H Vv QN“NHLoo(o,T;[Lgm]d) <0,

using (2.39a) and (2.39b). For the second term, using in addition (2.42) and (2.44), we obtain likewise
that

HmV(MUN)||L2(07T;[LLm}dXd) < C.
Eq. (2.46) together with the two previous estimates imply that

IV(anvun)llz2 .12y, jaxay < C, (2.47)
uniformly in NV, and it then follows from (2.45) and (2.47) that
”qNuN”L?(O,T;[Wﬁ;i]d) S C (248)

In order to bound the time derivative (0;(qyun))n in L2(0,T; [(Wﬁ;fo)’]d), we recall that (gn, un) satisfies
(2.20),

Or(gnun) - D ndpmdt

Qr
= / gnVOenun - undu,dt — &1 VunVay - @ndu,,di

T Qr

+ 2V/ gnvD(un) : D(®n)dp,dt + 2%2/ [\/qNDQ(\/qN) - V(H/qn) ® V(\/qN)] : D(®n)dpm,dt

Qr Qr
+ Ao® Van - @ ndpy,dt + To/ un - Pndpmdt + 1y / an|unPun - @ ndpmdt
Qr T T

+ 5 gnjaPr - Bydppdt. (2.49)

9" JQr
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For the first term in the right-hand side, we use (2.39a) which implies that ||gyun - UNHLOO(O’T;L}L y < C.
For the second term, we write

VunVay = 2V (yan)van Vuy = 2V(y/an) (V(\/quuN) C2qtuy®V <q}v>) ‘

Combining (2.39a), (2.42)—(2.43), (2.39d) and (2.39¢), we obtain that ||VUNVQN||L2(0,T;[L,5 oy < C.
The third term is estimated thanks to (2.39a) and (2.39d), which yield HQND(UN)HLQ(O,T;[L}L jaxay < C.
For the fourth term, it follows from (2.39a) and (2.39c) that ||w/QNDQ(w/QN)H[ﬂ((),T;[L}L jaxay < C and
from (2.39a) that [[V(\/qn) ® V(/qN)llee (o711, jaxay < C. For the fifth term, (2.39a) and (2.39d)
give quNHLoo(O’T;[LIIL ¢y < C. The sixth term is directly estimated thanks to (2.39b) which gives
HUNHL2(0,T;[L3 jay < C. The last two terms are estimated in the same way, combining (2.39b) and (2.39d),
which gives H‘JN|UN|2UNHL2(0,T;[L}L j0y < C and H‘IN‘37|233”L2(0,T;[L}L ay < C. These bounds together with
(2.49) show that

Hat(QNUN)||L2(0’T;[(Wﬁ£o)/]d) <C. (2.50)

From (2.48), (2.50), the compact embedding W,i.h < L, (see [18, Theorem 3.1]) and the Aubin-Lions-
Simon Lemma, we deduce that there exists a subsequence of (¢yun)n (denoted by the same symbol) and
an element J in L?(0,T;[L}, ]%) such that (gyun)y converges to J in L*(0,T;[L;, ]%). This establishes
(i1).

To verify (ui7), it suffices to observe that, by the uniform bounds proven in (i), each term of the
equation (2.41) satisfied by /gy is uniformly bounded in L?(0,T; Lim) and therefore converges weakly
to the corresponding term for (q,u) instead of (gn,un). The same holds for the equation (2.1b) in
L2(0,T; [(Wa2°)]%) by the estimates proven in (ii).

O

2.4 Convergence of the solutions to the regularized QNS system in the limit §; — 0

In order to prove the convergence of the solutions to the regularized QNS system (2.1) constructed in
Proposition 2.19, the main ingredients are the energy and BD entropy estimates (2.14) and (2.15) (with
91 > 0) in the statement of Theorem 2.3. Establishing (2.14) and (2.15) is the purpose of the following
two paragraphs. We begin with the energy estimate (2.14) which is easier to derive.

2.4.1 Energy estimates for solutions to the regularized QNS system

Proposition 2.20. Under the conditions of Proposition 2.19, let (q,u) be a solution to (2.1) constructed
as in Proposition 2.19. There exists a constant Co(Ereg(q°,u®), T) > 0 depending on Ereg(q®,u’) and T
(but independent of §1) such that, for almost every t € (0,T),

1 t
Eunl®) + 5 [ Duaglt) dt' < Collugle’ ). 7). 251)
0

Proof. Tt follows from (2.38), lower semicontinuity properties and the uniform bounds proven in the proof
of Proposition 2.19 that

' 2
Ereg(a(t), ult)) + ;/0 Dieg(q(t), u(t)) dt’ < 8reg(Q9V7 uly) + 7401 [M} t

202

Let us justify that Eeg(qR, u%) < Ereg(q®,u?). Recalling that ¢¥; = ¢", we see in the expression (2.3) of
Ereg that only the kinetic fluid energy % fRd q?\[|u(])\,|2 dp, depends on u?v. Recall that u(])v € Xy is defined
by (2.17) and thus, for all N > 1,

1 1
/ [ dpim = / i < / el i + / 1P din.
Rd R4 Rd R4
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Therefore )

1
2/ a|u? dpm < 2/ ¢°|u’? dpi,
R4 R4

which concludes the proof of (2.14). O

2.4.2 BD entropy estimates and conclusion of the proof of Theorem 2.3 for §; > 0.

Recall that the BD entropy and dissipation EBp reg, PBD reg for (¢, u) have been defined in (2.6)-(2.7). We
now aim at establishing the following estimate.

Proposition 2.21. Under the conditions of Proposition 2.19, let (q,u) be a solution to (2.1) constructed
as in Proposition 2.19. There exists a constant C’BD’O((‘,’reg(qO,uO),EBD’reg(qO,uo),T) > 0 depending on
Ereg(q°,u), EBD reg(q°, u®) and T (but independent of 0 < &1 < 1) such that, for almost every t € (0,T),

1 t
gBD,reg(t) + 2/ DBD,reg(t/) dt’ < CBD,O(greg(qoa UO)’ gBD,reg(q07 uO)’ T) (252)
0
Before turning to the proof of Proposition 2.21, let us compute the time-derivative of qnV In(gn)
(given an approximate solution (gy,uy) to (2.1)), analogously to what we did in Remark 2.17 for \/gn.

Remark 2.22. Given a sequence ((qn,un))n as in Proposition 2.19, one can verify that the following
equation is satisfied in L*(0,T; [(W,};fo)’]d):

0i(qnV1n(gn)) + divy, (VIn(gn) ® gn(uny — 61V In(gn)))
= 01divin(qy D2 In(gy)) — divi(gvVaulk) + %(“N — 5V In(gn)). (2.53)

In turn, using qn0:(VIn(qn)) = 0:(qnV In(qn)) — 0:(gn)V In(qn), this also yields, in L*(0,T; [(Wﬁ;so)’]d),

gn [8:(VIn(gn)) + D*(In(gn)) (un — 81V In(gn))]
— §1divim(qy D% In(qn)) — divi(gyVuk) + %(w — 5V In(qw)). (2.54)
See the proof of the next lemma for justifications that all terms of the previous equations belong to
LHO, T; [(Wi®)'1%).
The proof of Proposition 2.21 relies on the following two lemmas.

Lemma 2.23. Under the conditions of Proposition 2.19, let (q,u) be a solution to (2.1) associated to a
sequence ((qn,un))n as in Proposition 2.19. Then, for almost every t € (0,T),

d

dt Rd

+ (21/—1—51)/

R

gyun - V(In(gn)) dptm + 01 /d VunVan - V(In(gn)) ditm
R

avD(uy) : DX(ln(an) dpm + 2 [

gn|D*(In(gn))[? dptm
Rd

+ 4\o? /Rd ]V(w/qN)|2 dpm + 10 /Rd un - Vin(gn) dpgm + 71 /Rd |UN’2UN -Van dpm

1
= /Rd gNVuy : Vu% dptm + 2 /Rd gyun - (uy — 01V In(gn)) dpem. (2.55)
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Proof. Let (qn,un) be a sequence associated with (g, u) as in Proposition 2.19. From that proposition
and its proof, it follows that, for all ® € L%(0,T; W,};noo),

Oi(qnun) - dpy,dt
Qr

= / agnVOuy - undpy,dt — 61 / VunVaqy - @du,,dt
Qr Qr
+ 27// gnD(un) : D(®)dpmdt + 252/ [VanD*(van) — V(van) ® V(y/an)] : D(®)dpmdt
T QT

+ Ao Vaqn - @dpy,dt + ro/ un - Py, dt + rq / qN|uN\2uN - Od iy, dt

Qr T T

,
+ ;1/ gy |z)?x - ddpydt. (2.56)
T

Let x € D(0,T) be a test function only depending on time. We would like to apply (2.56) with

® = xV(In(qn)),
but the regularity properties satisfied by ¢ (see Proposition 2.7 and Lemma 2.16) are not enough to deduce
that V(In(qy)) belongs to L2(0,T; Wﬁ,fo) However we have that V(In(gy)) = Vq% € L>(0,T; Lim) by
Proposition 2.7, and we also observe that

1 1
_ D D? Vay ® Vax
aqN ayn aN VAN
by Proposition 2.7 and Lemma 2.16. For € > 0, let 1. be an approximation to the identity (n.(x) =
e~n(e~'z) with n € D(R?) and [pan(z)dz = 1), and let ®. = x(n. * VIn(gn)). We then have that

&, € L2(0,T; W,>°) and
d. — xVin(qy), V. = x(n.* D*(In(qn))) = xD*(In(qn)), & — 0, (2.57)

in L2(0,T; [Lim]d) and L2(0,T; [Lim]dXd), respectively. Now we apply (2.56) with & = &., and we
observe that all terms in (2.56) (with ® = ®.) integrated against ®., D(®.) or V(®.) belong either
to L2(0,T; [Lim]d) or L?(0,Ts; [Lim]dx‘i) (for instance, the term O0;(gnvun) = Oi(gn)un + gnO:(un) be-
)
)

€ L2(0, T3 [L7,, ™),

longs to L2(0,T; [Lim]d) because gy € H'(0,T;L2 ) and uy € C'([0,T]; L)) by Proposition 2.7; the
term /qn D?(,/qn) belongs to L2(0,T; [Lim]dx‘i) because gy € L*(0,T; L°° by Proposition 2.7 and
D%(/qN) € L?(0,T; [Lim]dXd) by Lemma 2.16; the term qy|z|?z belongs to L?(0,T; [Lim] ) because
gy € L>(0,T; LY ) and |z[*x € L*(0,T; [Lim]d), etc.). Therefore, since (2.57) holds, we can let € — 0,

obtaining

/ O(gnun) - xV In(gn)dpmdt

T

= / XqNDz(ln(qN))uN ~undpy,dt — 61 / xVunVan - Vin(gn)dp,dt

T T
26 [ [VIVDP (V) - V(i) © V(VaN)] D (n(aw)encl
T
+ 2V/ xanD(uy) : D*(In(qn))dpmdt + >\02/ xVan - VIn(gn)dpm,dt
Qr Qr
+ ro/ xun - VIn(gn)dpy,dt + r; / xan [unPuy - VIn(gy)dp,dt
T

T

+ Ti/ xqn |z - VIn(gn)dpmdt. (2.58)
9" Jor
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Similar computations as in [11, Appendix A| then lead to

1 1
/ avun - (0:(xVIn(gn)) + XDQ(ln(qN))u) dpdt — 1651/ XVanVunV (qﬁ,) -V (q,‘{,) dpmdt

T T

Y / (VD (ux)) : (VAN D ((qn)))dpmdt + 52 / xan | D2 () Pd it

T

+ )\02/ Xan | Van Pdpy,dt +47“0/ xun - VIn(gy)dpmdt
T

T
4 SlunPun ) -V (0F ) dudt + 24 e ) - v (of ) dud 2.59
+ 0. qylun|"uy an | dpmdt + —5 | x| aylzle a5 | dpmdt. (2.59)
T T

In order to justify the time integration by parts to deduce the last equation from (2.58), we write

O(gnun) = O(gn)un + qnOi(un) and integrate by parts the second term thanks to (2.53) (observing
that gv € L*°(0,T; L7 ), yielding

O(gnun) - xV In(gn)dpmdt = / un - xO(qn)V In(gn ) dpmdt — / un - 0 (xqV In(gn))dpmdt

Qr T T

= —/ uy - qnO (xV In(gn))dpmdt.
T

Next, using the differentiation in D’(0,7) (and denoting (-,-) the duality bracket on D’'(0,7)), we can
rewrite

[ i (@) + D2nan ) el

Qr

T <((iit </Rd gnun - VIn(gn) dﬂm> 7X> + /T xanun - (0:VIn(gn) + D*(In(gn))un) dumdt. (2.60)
The last term in the previous identity can be computed using (2.54) to obtain, almost everywhere in (0, 7),
/R Javun - (%Y In(gn) + D*(In(gx))un) ditm
= [ oo (D*0n(a))51V ) + 1w D In(g) = v Vo) + 55 (= 61V )
= /Rd anVun : Vuy dpig — 61 /Rd gn|D?(In(gn))|* dptm + % /Rd(\/quuN — 26, V(\/an)) - (Vanun)dgim

+01 [ (@) - (VDA (n(an))(4Vi}) di. (2.61)

Inserting (2.60)—(2.61) into (2.59) and using, in particular, that

d
7’0/ un - Vin(gn) dpm, = —rgd/ In(gn) dpem + 7’051/ \Vln(qN)]2 dim
R4 t Jrd Rd

d
=Ty (gn — In(gn)) dp + 7“051/ |V In(gn)|* dptm,
R4 Rd
(where we used the conservation of mass [pq gn dpt = 1), we obtain (2.55). O

Arguing in a similar way, we can establish the following:
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Lemma 2.24. Under the conditions of Proposition 2.19, let (q,u) be a solution to (2.1) associated to a
sequence ((gn,un))n as in Proposition 2.19. Then, for almost every t € (0,T"),

1d
sai L (V)P dun +81 [ an|DX(in(an)? dis
2dt Ra Rd
1
= /d gnVuy : D*(In(gw)) dpm + s /d (gvun — 01V In(gn)) - Vin(gn) dpm. (2.62)
R R
Proof. Tt suffices to proceed in the same way as in the proof of Lemma 2.23. O

Now we can prove Proposition 2.21.

Proof of Proposition 2.21. Adding (2.2) for (qn,un) (see Lemma 2.15), (2v) x (2.55) and (2v)? x (2.62),
straightforward computations lead to the following equality satisfied by the BD entropy:

d

agBD,reg(QNa un)(t) + DBD reg (qn, un) () = RBD reg (N, un)(t), (2.63)

where EBD reg (N, UN), DPBD reg(qn, un) (with (gn,un) instead of (¢,u)) are defined in (2.6)—(2.7) and
(compare to (1.25))

2
OLZNEED [ o |2[ g 2081 [ aDw) : D 0n(a)) dpn
o Rd (o} R4

— 206, | VuVg-Vin(q) dum — 2vr / qlul*u - Vin(q) dyum,
Rd R4

RBD,reg (q7 u) =

+ 2 [ alut 29 10@) - (= 51V (o) dpn (2.6

From the expression of Rpp reg and the a priori bounds on (g, un) stated in Lemma 2.16, it is not difficult
to verify, arguing as in the proof of Proposition 2.19, that there exists a constant Cgp > 0 (independent
of §1) and a positive constant C' independent of the parameters such that

1
RBD reg(an; un) < Cp + Cral[V(gy)ll s - (2.65)
Now from the expression (2.7) of Dgp reg We see that

v

T
20 [ an|DA 00 + 5t Ta(a) < Do ),
R

and therefore, by Lemma A.4, for a constant C' > 0 independent of 74

1
Cin(ra, 462) [|1D° VA, + I9(ablEy, | < Do eslan. uv).

Together with (2.63) and (2.65), this yields

d

1
&5BD,reg(QNa un)(t) + §DBD,reg(QNaUN)(t) < Chp,

for some positive constant Cp (which differs from that of (2.65)) independent of d;. Integrating from 0
to t, we obtain (2.52) with (qn,un) instead of (¢, u). We conclude the proof of the proposition by letting
N — o0 exactly as in the proof of Proposition 2.20. [

To conclude this subsection, we observe that, putting together the previous propositions, the proof of
Theorem 2.3 in the case where 1 > 0 is now complete.
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Proof of Theorem 2.3 for 61 > 0. Let (q,u) be a solution to (2.1), associated to a sequence ((gn,un))n,
as in Proposition 2.19. Since (y/qn)n strongly converges to /g in CO([0,T7; Lim), the conservation of mass
(2.13) for ¢ is a direct consequence of the conservation of mass for gy (see (2.22)).

The regularity properties for (¢, u) stated in Definition 2.1 directly follow from the conservation of
mass (2.13), the energy estimate (2.14) proven in Proposition 2.20 and the BD entropy estimate (2.15)
proven in Proposition 2.21. O

2.4.3 Passing to the limit §; — 0

Starting with a solution (gs,, us,) (with 6; > 0) to the regularized QNS system (2.1) and letting 6; — 0,
we now obtain the statement of Theorem 2.3 in the case where §; = 0.

Proof of Theorem 2.3 for 51 = 0. Let (gs,,us,) be a solution to (2.1) with d; > 0 constructed as in Propo-
sition 2.19. Similarly to the a priori estimates obtained for the Faedo-Galerkin solutions (g, uy) in
Lemma 2.16, the energy estimate (2.14), BD entropy estimate (2.15) and Lemma A.4 imply the following
bounds for (gs,,us, ):

g5, ”L°°(0,T;L}Lm) + [l gs, IH(QE1)||L°°(0,T;L;Lm) +7ollgs, — ln(q(ﬁ)”Lm(O,T;L}Lm) <C,
Iv/@s,usy | oo o,7y102, 10) + IV V@i [ Lo 0,722, 10) + VTollus, 20,122 10y < C,

Hm Hm

/s, Vus, || 20z, jaxey + v/ D (1(as)) | 2oz, jaxay + Vrall D*(Vas) |l 2o,riga, jixay < C,

Hm
1 1

1 11 1
rillas, @l peeoyza, 19y + 71 las, wll Lao, s, o) + i lIVas i miza, ja) < €

for some constant C' independent of 0 < rg,71,74,61 < 1. In particular, we see that (gs,,us, ) satisfy,
uniformly in 0 < §; < 1, the same a priori estimates that were satisfied by (g, un) uniformly in N (see
Lemma 2.16). Here it should be noted that the BD entropy estimate (2.15) allows us to the refine the

bounds on /g5, D*(In(gs,)) and qé:p and therefore, by Lemma A.4, those on D?(,/gs;) and V(qé), in the
sense that the corresponding bounds for (¢, uy) in Lemma 2.16, which depended on d;, are replaced by
uniform bounds in ¢; for (gs,, us, ).

Given these uniform a priori estimates for (gs,,us, ), we can now reproduce the argument used in
Proposition 2.19 to prove the convergence of the Faedo-Galerkin solutions (g, uy) in the limit N — oo.
The gives the existence of global weak solutions to (2.1) for 6; = 0. The conservation of mass, energy
estimate and BD entropy estimate are then obtained by following the argument used in the proof of
Proposition 2.20. O

3 Global weak solutions to the QNS system without drag terms

The goal of this section is to prove Theorem 1.6, using in particular the result established at the end
of the previous section, namely Theorem 2.3 with 61 = 0. To fix the ideas, we only consider here the
most difficult case in the statement of Theorem 1.6, namely when all the coefficients in front of the drag
forces vanish, rg = r1 = r4 = 0. One can easily adapt the proof to the general case where some of these
coefficients are non-negative. We recall that v > 0 and k > 0 are fixed.

Our aim is to construct global weak solutions to the system (1.15) which is, as mentioned in the
introduction, a reformulation of the system (1.1), the system of interest in this paper. To obtain such
a result, we will use the notion of renormalized weak solutions introduced in [20] and used in particular
in [11, Section 4|. More precisely, we will prove Theorem 3.2 below which in turn implies Theorem 1.6.
The proof is divided in several steps. Firstly, we show that there exist renormalized weak solutions to
the QNS system with drag forces (1.16). We use for that the result obtained in the previous section by
proving that a weak solution is also a renormalized solution. Secondly, we show that any renormalized
solution of (1.15) is also a weak solution. Finally, we prove a stability result which gives that a sequence
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of renormalized weak solutions of (1.16), converges, up to a subsequence, to a renomalized weak solution
of (1.15), when the drag coefficients tend to zero.
Let us now define what is called a renormalized weak solution for the system (1.16).

Definition 3.1. (Renormalized weak solution [11, Section 4]) Let ro > 0, r1 > 0, r4 > 0, K > 0 and
v > 0. Let (1/q° v/q"u®) € Hﬁm X [Lim]d satisfying :

/ (V@2 dp =1 and (compatibility conditions) \/q® > 0 a.e. in R?, /q°u® =0 a.e. on {\/qo = O} .
Rd

(3.1)
A couple (\/q,+/qu) is called a (global) renormalized weak solution to (1.16) in R? associated with the

initial data (\/q°, \/q%u®) if there exists a quadruplet (v, /qu, Tns, Sk) such that
1. The same reqularity properties as the ones stated in Definition 1.2 are satisfied.

2. There erxists a constant C' > 0 (depending on the initial data (/q°, /q°u®)) such that, for any
function © € W2 (RY), there ezist two measures my € M((0,00) x R%:R) and m2) € M((0,00) x
RY; RIXAXD) sych that

Im& | at((0,00) xRER) + 1MB | At((0,00) xRER X 10y < C[|D*(O)] L0

and the following equations are satisfied in D'((0,00) x R%) and [D'((0,00) x RH)]?, respectively,

. 1 1
On/q + divip (\/qu) = 5 Tr(Tns) — T‘Z\/au -z, (3.2a)

O (Vay/a©w)) + divi, (/gO(u)y/qu) = dive, ([2v4/gSns + 2%2\/§SK] (VO)(u)) (3.2b)
+f - (VO)(u) + mf

where ,
f = —rou — riqul*u — —iq!x\% — 2,/q\?V /g, (3.3)
o

and with Sxg = % (TNS + Tgs), the symmetric part of Tng, satisfying the compatibility conditions:

00 00 00 .
\/aax (’LL) [TNS]j,k = 8](: <q3m (’LL)UJ> - 2\/621“]87(,“)616\/6 + (m%)l,],k fOT' all 1,7, k= 17 27 37

ViSi = VaD(i) = Vi ® Vi = = [VADX(VE) = V(V5) © V(VP) + 7ld].
3. For any 1 € D(RY),

m [ At ) dpm = /R Vg,

t—0t JRrd

i [ VAo = [ P00
R4 R4

t—0t

Let us now state the main theorem of this section.

Theorem 3.2. Let (1/q% \/q%u®) € H) x [Lim]d satisfying (3.1).

1. For any rg > 0, r1 > 0 and r4 > 0, any weak solution to (1.16) in the sense of Definition 1.2 is a
renormalized solution to (1.16) in the sense of Definition 3.1, with initial data (1/q°, \/q"u®).

2. Any renormalized solution to (1.16) in the sense of Definition 3.1 is a weak solution to (1.16) in the
sense of Definition 1.2.
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8. Consider the sequences (\/@v \/@ug) uniformly bounded in H;le X [Lim]d, satisfying (3.1) and

converging to (\/qT), \/q>0u0), and the sequences 1o, T, and r4, converging to 0, all defined in
Section 3.2 below.
Denote (/Gn, /qntin) the sequence of associated weak renormalized solution to (1.16) (associated with
(TNSn, Sk ,n) ), with initial data (\/ﬂ, q®ul) and drag terms ron, 1 and ryn. Then there exist a
subsequence (\/qn, \/antin) (still denoted with n), tensors Tns, Sk in L2 (0, 0c; Lim) and (\/q, \/qu)
a renormalized solution to (1.15) (associated with (Tns,Sk)), with initial data (1/q°, \/q"u®), such
that

- V/n converges to \/q in L® (0, o0; Hﬁm);
- /Gnun converges to \/qu in L7 (0, 00; Lim);

- the sequences Tns,, and Sk, converge weakly in L?

IOC(O,OO;LZW) to Tns and Sk, respectively.

Moreover for every compactly supported function © € W>>®(R?), the sequence /qn®(uy) converges
strongly in LS. (0, 0o; Lim) to \/qO(u).

Remark 3.3. As in [11], it would also be possible to let k — 0 in our strategy of proof. As o (and thus
pm) depends on k by (1.11), it is convenient to do a change of unknows and variables, for § = %2 >0 (a
universal time where € > 0 is fized),

1 t x o t x
)= (5 2). e =0 (5.2)

to obtain the following equivalent system, where T = %, y==z,

8, R+ divy(RU) = 0,

200 . K202 9 af? 9
R(0;U +V,UU) = ?dlvy(RDyU) + 7d1vy (RD; In(R)) — ?vy In(R) — A\0°RV, In(R)
2v . K2 ao? Aot
= —divy(RD,U) + —div, (RDIn(R)) — —5 VyIn(R) = RV, In(R).

_l=?

Note that py, then becomes Ry, : x € R? s (271.)—% exp( T) € R, and that we can then easily track

the dependence in (ky), a sequence of positive real numbers converging to 0 (observe that, by (1.11), (oy,)
tends to /S when (k) tends to 0).

As mentioned before Theorem 3.2 implies Theorem 1.6 in the case where the drag coefficients rg, r1, r4
vanish. Indeed, the first point allows us to construct, for a fixed n, a renormalized solution to the system
(1.16) with drag coefficients rgp, 71, and r4,. This gives the existence of a sequence of renormalized
solutions. Thanks to the third point we obtain the existence of a renormalized weak solution for the
system without drag forces (1.15), which is also a global weak solution thanks to the second point of the
theorem.

Note that, the proof of the second point of Theorem 3.2 is not difficult and follows the lines of |20,
Section 4]. The details will be skipped here.

The remainder of this section is devoted to the proof of Theorem 3.2 and divided into three subsections.
In Subsection 3.1 we prove the first point of Theorem 3.2. In Subsection 3.2, we construct a smooth
sequence of initial data. Finally, Subsection 3.3 is devoted to the proof of the stability part, i.e. the third
point of Theorem 3.2.
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3.1 Proof of the first point of Theorem 3.2: Weak solutions are renormalized weak
solutions.

The goal of this section is to prove that, for ro > 0, r; > 0 and r4 > 0, any weak solution of (1.27) in the
sense of Definition 1.2 is also a renormalized weak solutions of (1.27) in the sense of Definition 3.1.

Note that the regularities and the equation (3.2a) of Definition 3.1 are the same as those of Definition
1.2. Likewise, point 3 concerning the initial data is the same in both definitions. It thus remains to prove
that Eq. (3.2b) is also satisfied for all © € W2 (R?).

Equation for ¢(q). Equation (1.27a) rewrites as
1 1 1 l/1x 1
O(V/@) +2(q*u) - V(gH) + 5 Te(Txs) = 5 (a7 55 ) - (a7u) = 0. (3.4)
Then 8,(\/q) € L*(0,T; Lim) thanks to the regularities of /g, q%u, qix, V(qi) and Tyg in Definition 1.2.
We also know from the conservation of mass that /g € L>(0, T’ Lim).

For any ¢ € C}(R;]0, 00[) (a cut-off of small and large values), from the equation (3.4), ¢(¢) = ¢((,/7)?)
satisfies

0u(0(a)) +u - V(6(g)) = —v/a#/ (@) Tr(Txs) + ¢'(a) (Va5 ) - (Vaw) -

Moreover, we can multiply the momentum equation (1.27b) with ¢(q) to obtain

9y (g (q)u)+divp, ($(q)u @ qu) = divy, ((9)v/4S)+0(0)f=/qSV(4(q)) +[0:(d(q)) + u - V((q))] qu (3.5)

where f is defined in (3.3) and S = 2vSns + 2k2Sk.

These calculations can be justified by rewriting the system in the original variables (p, u) where p = qpm,
and then by applying directly the strategy of [20] as p satisfies the same regularities with the addition of
Jga P, z)|z|? dz belongs to L2 (0, 0o; R) with bound depending only on the initial energy and BD entropy
(thanks to the strong Poincaré inequality, see Proposition B.1).

For, | > 1, let us consider ¢; a cut-off (Equation (3.1) in [20]) defined on [0, c0) by, for all y € [0, c0),

dily) = (2ly =11 n(y) +1p () + (2 - %) Lj.2n(y)-

21

The function ¢l(q)q_i belongs to L2 (0,00; L) and for 1 > 0, we have q%u e L} (O,OO;Lf‘Lm), thus

loc loc

v=a¢(qu = ((ﬁl(q)q_%) q%u c L (0, 00; Lﬁm). Then, for any © € W2>°(R%), using the ideas developped

loc

in [20], we obtain, taking the scalar product of (3.5) with (VO(v)),
94(qO(v)) + divi (B(v)qu) = divim (¢1(q)v/gSV(O(v))) + di(g)f - V(O(v)) — /4SV(di(q)) - V(O(v))
~V/adi(a) T(Txs)qu - V(O(0) + 61(0) (Vi ) - (Vau) qu- V(O ()
—Tr (¢1(9)vgSV(VO(v))) -

Because the sequence (¢;);>1 is an approximation of the constant function 1 in W27°°(]Rd), we can pass
to the limit I — oo in the previous identity to obtain (3.2b). In particular, we obtain (as ¢;(¢) — 0,

V(#i(g)) = 0 and \/gVv — Txs),
mg = — Tr (S(D?0)(u)Txs) € Liy(0,00; L, )
with the bound (see (1.18) and (1.21))

Im&llLr 000zt y < I1D*O)l SN2 ©oczz jexayITNSII L2 (00022 Jaxa)
loc Hm Hrm Hrm

loc loc

< 10?01~ (E(V% Vau®) + Eap (Va0 V/gou") )
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Still following the lines of [20] (or equivalently [11]), we can obtain the compatibility condition on the
tensor Txg by computing (for regularized /g and u) the following expression, for all i, j,k = 1,2, 3,

U5 2 w
ﬂgi (u)ﬁzgxi - ((ﬁ)? 22 (u)uj> —2/Gu, 2:2 ()% (/) — (ﬁuj)ai%)(u) duy

qawk '
Thus we obtain the expression of m% as follows, for all 4,5,k =1,...,d,

(M3 )ik = —(v/au;)[D*(©) (u) Tslix
which belongs to L%OC(O, o0; me) and satisfies, for all 4,5,k =1,...,d,

0oath,) < 10?0l (EG/v/a0) + Exn (VP V/au))

This proves the first point of Theorem 3.2.

()il

loc

3.2 Construction of sequences of smooth initial data and drag coefficients.

Let us construct, for a given (1/¢%, \/q°u’) as in Definition 3.1, a sequence (1/q9,/q%u2), satisfying
(2.11), for all n.

The sequence (1/q0),. Let x,¢ € D(R?) such that

Lig<i) SX < Lgjcay,  supp(¢) € B(Oga, 1) and (=1
—2 Rd

and define, for 1/qY as in Definition 3.1 and for all n > 1,

((\/‘.TO)XH + %) * Cn

VR (s 1) o

Ly,
with, for all z € R% and all n > 1,
z d
(@) =x () and Giw) = n’C (na).
Let us give a result follwing Proposition 4.2. in [11].

Proposition 3.4. The sequence (1/q3)n>1 satisfies

limsup/ IV dpam S/ IVV @ dpm.
R4 R4

n—oo

Note that this implies also, thanks to the Log-Sobolev inequality (see Appendix B), that
2/ g n(v/40) dptm, = / ¢n In(g) dpm
R¢ R¢

is bounded! independently of n.

1Recall that / (q2 ln(qg) -+ 1) dpm > 0 and thus [, @2 1n(q2) dgtr, is bounded from below independently of n.
Rd
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The sequence (\/q%u?),. Forn > 1, we define

0o_V ‘JOUOX

n - n-
Va

Note that u! satisfies (2.12) for all n > 1.

The sequences of drag terms. Still following [11, Section 4|, we consider such a sequence of initial
data and, in the same time, sequences (ron)n>1, (T1,n)n>1 and (rqy,)n>1 defined, for all n > 1, by

1 1 1

5y Tin = E and T4an = m
a(qn)
n+ (/Rd(QQ —In(qy)) dum>

allowing then both r4, — 0 and ry,I4(q2) — 0 (while the sequence (I4(q?)),>1 may not be bounded)

n—oo

Ton = (36)

and in the same way both rp, — 0 and T'(]’n/ (¢ —1In(¢°)) dpty — 0.

n—o0o Rd n—o00
Remark 3.5. In the simpler cases where ro > 0, r1 > 0 and/or rqy > 0, we can consider any sequences
(To.n)n, (T1,n)n and (ran)n converging to ro, 1 and r4, respectively. In this case, in particular, (1o,)n and
(ran)n do not need to depend on the sequence of initial data (\/q9)n-

3.3 Proof of the third point of Theorem 3.2: limits with respect to the drag terms

Let (v/¢% /") € H} x [Lim]d satisfying (3.1). Let us then define a sequence of initial data

\/i, q®u?) and drag terms (Ton,T1,m,Tan) s in Section 3.2.

For any n > 1, thanks to Theorem 2.3, as the initial data (1/q3, v/q%u2) satisfies (2.11) and (2.12),
there exists a global weak solution (y/Gn, \/ntn) to (2.1) with initial data (1/q3, /q9u%) and positive drag
terms (1o, 1,n, 74,,) in the sense of Definition 1.2 (see Remark 2.2).

Thanks to the first point of Theorem 3.2 (see Section 3.1), for any n > 1, (\/qn, /Gntn) is a renormalized
weak solution to (1.27) in the sense of Definition 3.1.

This sequence of solutions ((\/@n,\/Gntn))n>1 satisfies the system and energy and entropy estimates
of Subsection 2.4 and, thanks to Proposition 3.4, the right-hand side of the energy and entropy estimates
are themselves bounded independently of n.

More precisely, the sequences (\/Gn, /qnUn, TNSn: Sk n)n>1 satisfy
Van € Lﬁ?c((), 0, H;m)’ VnlUn € Lﬁfc(O, 0, Lim)7 TNS,m SK,n € L120c(07 05 [Lim]dXd)v
with bounds independent of n. Therefore, by compactness, there exists /g, \/qu, Tns and Sk such that

\/a € Lloc(o o0 Hum> \/au € Li):c(oa 007Li,,L)7 TN87 SK c L120c(07 3 [Lzm]dXd)a

and subsequences (without relabelling subsequences) such that

/Gn njo V4 in LIOC(O 0, H1 ) wH,
\/q>nun njo \/au in Lloc(o o0, [L2 ]d)
TnNsn n?o Tng in leoc( i [L i L]ZXZ)

SK.n njo Sk in Lloc( oo; [L im] xdy _

By the same type of argument as in the proof of Proposition 2.19 (namely a priori bounds obtained
from the energy and BD entropy estimates and the Aubin-Lions-Simon Lemma 2.18), we can pass to the
limit in the energy and BD entropy estimates and also in Equation (1.27a).
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Note that, going back to the original density p = gpm, and denoting, for each n > 1, pn, = ¢npm,
we infer from the bound on Sk ,, the compatibility condition in the definition of the renormalized weak
solutions and Lemmata A.1 and A.2 that (p,),>1 is bounded in L? such that (/pnD?*(In(pn)))n>1 is also
bounded in [L2]9*4.

1
Using also Lemma A.4, we conclude that (D?(,/p,))n>1 and <V <pﬁ;)> are bounded respectively in

n>1

L? (0, 00; [L*]9) and therefore weakly converge to D*(,/p) and V (p%> respectively

loc
in these spaces.
From the strong convergence of the sequence /p, to /p in C%([0,00); L?), we can pass to the limit in

the compatibility condition to obtain that

(0, 00; [L?]9%4) and L

loc

Vi = = [VADP(/5) = V(Y7 © V(5 + 551

in the space L};,,g

In order to prove that the compatibility condition for Tyg is satisfied, we can follow once again |20]
(see Lemma 5.1 and the proof of part (4) of Theorem 2.1 page 207). Let us state the last property we will
use.

Lemma 3.6. For any H € L®(R%), (\/@nH (un))n>1 converges strongly to \/qH (u) in L} (0,005 L2 )
where u is defined a.e. in R by u = %1{\/@0}, (V/qu) is the limit of the sequence (\/qntin)n>1 and \/q
is the limit of the sequence (\/qn)n>1 obtained above.

Proof. The proof of this property can be adapted from |20, Lemma 5.1 (4)]. O

Now, for any © € W2>®(R%), for any 4,5,k = 1,...,d, using Lemma 3.6 for H = g—I@i, the strong
convergence of (/Gn)n>1 to /g in C°([0,00); L2, ), the weak convergence of the sequence (Txgn)n>1 to
Tns in L2 (0, oc; [Lim]dXd), and the compactness of the bounded sequence of measures ({(m3)n}ijk)n>1,

we can pass to the limit in the compatibility condition

Vg )Tl = 01 (a0 G () )y ) = 2 o ()0 + {08 i (31

(2
Indeed, first ({(m),}ijx)n is bounded independently of n thanks to the definition of renormalized weak
solution and the definition of the sequences of initial data (which allow uniform in n bounds of the
initial energy and BD entropy), then up to a subsequence, the sequence ({(m2),}i x)n converges in
M((0,00) x R4 R) to an element (denoted {m3}; ;1 and satisfying the same bound as the sequence) and
second 06 06 S )
T2 ) Tashlie — VA2 (W)(Txsl i Li(0.00, Lk, ) — w,
2\/q7{un}jg—g(un)8k I — Qﬂujg—g(u)ak\/a in Llloc(O7 oo,L}Lm) —w,

O (0 Z2)funl;) — 0 (a82(ws) i M((0,00) x RR).

n—oo

The last convergence is a consequence of the identity (3.7) satisfied for every n and the convergences of
the others terms in this space. The convergence occurs a priori in a subspace of distribution of order 1 (in
space) as the sequence (qng—g(un){un}j)nzl converges weakly in L, (0,00; L}, ) by the arguments above.
Thus, for all ® € D(]0, 00) x RY),

(01 (g i) @) = = (g )00 )
- <q§2(u)uj,akq>> - <ak (qgi (u)uj) ,q>>.
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The same arguments allow us to pass to the limit in Equation (3.2b) (written for |/g,, \/@nun) to
obtain the corresponding equation satisfied by (,/g, \/qu).

This proves that indeed, up to subsequences, ((y/Gn»+/@ntn))n converges to (/q,/qu), renormalized
weak solution to (1.27) with ro =0, r; =0, r4 = 0.

This concludes the proof of Theorem 3.2.

4 The case without potential force: global weak solutions for a rescaled
QNS system similar to [11]

We would like in this section to show that our strategy of proof can be adapted to the Quantum Navier-
Stokes system without potential force in R? (for d > 1 an integer), that is the system studied in [11],
which corresponds to (1.1) with A = 0 in this paper, namely

Op +div(pu) = 0, (4.1a)

A
Or(pu) +div(pu®@u) = div(2vpD(u)) + 2k*pV (;@) —aVp. (4.1b)
As in [11], we can consider an equivalent problem obtained after a time-dependent space rescaling
Yy = % where 7 solves a nonlinear ODE. Let us introduce R and U defined by (recall that mp = 1)

1 x wlt. ) = 1 x ’f'(t)m
r0) = e (o) en) = 50 (65) + g 2

where 7 is a function of time that will be determined later on. The functions R and U will be the new

unknowns.
Putting the ansatz (4.2) into (4.1), and denoting y = % the new space variable, one can show that

the new unknowns (R, U) satisfy

1
R+ Zdivy(RU) = 0,

1 . 1 242 Ay(VR)
at(RU) + ﬁley(RU ® U) + RT'Ty = ﬁley(2VRDy(U)) + ?Rvy (y\/ﬁ

—aV,R+2-V,R.
T

We here look for 7 solution to the ODE (which exists, is unique and belongs to C?([0, oc); (0, c0)),

a R2

. T .

T = ; + ﬁ — Ql/ﬁ, T(O) =1 and T(O) =0. (43)
With such an expression for 7, we obtain a system that we will rewrite in the variables () = % and U,
denoting in this section the operators div,, and A,, with respect to the density R,, given in Figure 1 (and

which corresponds to p,, when o = 1), that is

divyy, = le div(Ry)  and Ay, = div (V) = le div(Rm V().
The new system reads
0Q + %divm(QU) = 0, (4.4a)
2
0,(QU) + T—Zdivm(QU QU) = %divm(QuQDy(U)) + %va (A"i%@> (4.4D)

(o= 22 v, (@)
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Remark 4.1. In [11], the parameter T satisfies, instead of (4.3), the following ODE (written in our
setting)

f==, 7(0)=1 and 7(0)=0. (4.5)

T

Note that the large time behavior of the solution to (4.5) and (4.3) are the same (and does not depend on
the initial data, see [10, Section 3, in particular Lemma 3.2/ for details). Here

T(t) ~ ty/2aln(t) 7(t) ~ +/2aln(t).

t—o00 t—o00

Let us summarize in Figure 1 the differences between our system and the one studied in [11].

’ Quantum Navier-Stokes equations H Equation (4.1) Equation (1.1) in [11] ‘
Pressure coefficient a 1
Quantum coefficient 2k2 %
Viscosity coefficient 2v v
Autosimilar parameter 7 ODE Equation (4.3) F=2 7(0)=1, 7(0)=0
Stationnary density Ry :y— (277)7% exp (—3[y[?) | T'(y) = exp(—|y[?)
System studied in the variables (R,U) | Equation (4.4) Equation (1.5) in [11]

Figure 1: Differences in notation between this paper and [11]

Solutions to system (4.4) satisfy a BD entropy identity. One can recover this identity by consid-
ering the system satisfied by W = U + 2vVIn(Q) the effective velocity, namely (denoting A(U) =
s (V,U-v,U"))

2 \Vy Yy )

8tQ+ dlvm(QU) = 0, (4.6a)
I€2
8t(QW)+ﬁdivm(W®QU) _ %divm(2uQA(U))+2T—2QVy <Am%@) (4.6b)

(a - 2’”) QV, In(Q).

Energy identity:
GEQUDQU) =T [ QU V@) dn,

where the energy and dissipation are given respectively by
2
EQU) = — / QIU? dpty + 4x2 / ‘v (m)‘ dfim +a/ QI(Q) dpim,
2T d R
T 2 2 2 2v 2
DQU) = ([ QUEdu+a? [ |V (VQ)[ duw )+ =5 [ QDU du
T Rd Rd T Rd

BD entropy identity:

d
& (@.U) + Din (@, V) / QU - 20V 10(Q)] djim,
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where the BD entropy and corresponding dissipation are given respectively by
T 2 2
QD) = 3 L (L i+ 4 [ (9 (VQ)[ i)+ [ Qui@) aen

D@ V) = 5 ([ QP dun 1 [ 9 (V)| )+ 2% [ Qiaw)? ap,

21/& / Q|D?(In(Q ))\Zdum‘FQV( )/ Q|VIn(Q)[* dprm.

This leads in particular to the following identity by summation:

d

e (E7(Q,U) +&5p(Q,U)) + D7 (Q,U) + Dpp(Q,U) = 0.

It is easy to see that (4.4) has the same structure as (1.15) (with coefficients depending on 7 (and 7))
and corresponds to the system (1.5) in [11|. Therefore, we can follow the strategy of proof developed in
the present paper, using the same energy £7(Q,U) and BD entropy E5,(Q,U) as in [10]. This leads to
the existence of global weak solutions to (4.4) in the sense of the following definition.

Definition 4.2. Let (1/Q°, AY) € Lzm X [Lim}d. A pair (Q,U) is a weak solution to (4.4) associated to
the initial data (1/QO, A®) if there exists a quadruplet (v/Q, A, Sk, Tns) such that

1. The following reqularities are satisfied

VQ € L2 (0,00,L2 ), VVQ,A € L (0,00,[L2 1%,

10(: loc
Txs, Sk € L2 (0,00, [LQW]dxd), QIn(Q) € L (OOOLl ),

loc loc

and, for R = QR

(0, 00, [L4)9),

loc

DX(VR) €L}(0,00,[1%%%),  V(Ri) e
with the compatibility conditions

VQ >0 ae on(0,00) x RY A=0 ae on {\/@:0}.

The velocity U is then defined by
A

ﬁl{\/@oy

2. The following equations are satisfied in D’((O, o) x R%),

U=

IQ+ Sdiva(/QU) = ; TH(Txs) + 55 V/QU - ¥, (1n(R))
8t(\/@\/@U)+T—12divm(\/@U®\/@U)+aVy (]\/@2> = 7diVm(2V\/@SNS+2H VQSk)
21/T (‘f‘)

with
Tns + Txg

Sns = 5

and the compatibility conditions

VQTns = V(VQVQU)—2/QU ® V(,/g),
V @Sk VRD*(V/Q) - V(VQ)® V(\/Q).
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8. For any 1 € D(RY),

lim \/> t,x) dz = y VQO (2)(z) d

t—0+

lim / @(t,mw@m(aw)w(mdx = [ V@A @) da.

t—0t JRd

One can then prove the following theorem by adapting the method developed in Sections 2 and 3 of
this paper.

Theorem 4.3. Let v > 0 and k > 0. Let (1/Q0,1/QU?) € L2 X [Lim]d satisfying furthermore
ET(Q°,U%) < 0o and EFH(Q°,U°) < oo and the compatzbzlzty condztzons

\/@20 a.e. on R%, \/@UO =0 a.e on {\/@:0}.

Then, there exists a global weak solution (v/Q,/QU) to (4.4) in the sense of Definition 4.2 satisfying the
energy and entropy inequalities, namely there exist absolute constants C' and Cp such that, for almost all
t>0,

5T(Q(t),U(t))+/ DT(Q),U))dt’ < CET(Q"U),

E50(Q / D (@Q(). U() A < Cip(E(Q%,U°), E5n(Q°, UY)).

A From the original system (1.1) to the new system (1.15) and vice versa

Minimal density p,,. Consider a small perturbation of the energy F(p,u) given by (1.9), through a
small variation of (p,u):

1 Ap  |Vp]*\ 1
E(p+dp,u+du) = E(p,u) +/ pu - 5u+/ <2]u\2 + aln(p) + x> <p _| p2| ) + 2)\]x|2> dp
Ré Rd

p 2p
+o ([|(dp, 0u)|?) .

Therefore, for (pp, tm) satisfying [pa pm =1, pm > 0 and E(ppm, ty,) > 0, to be minimizer of the energy,
this couple has to satisfy

Apy, |2 1
P _’vp | >+)\’$|2:C,

Pmum =0 and therefore aln(p,,) + K2 ( .
Pm 2Pm

where ¢ is a constant associated to the mass condition for p,, (Lagrange multiplier). This implies that p;,
is given by (1.10).

Potential force (Korteweg, pressure and potential). First, let us note that the Korteweg tensor,
when K (p) is given by (1.6), satisfies the Bohm identity

262 pV (%ﬁ) = k*pV (A In(p) + ;\Vln(p)\Q) = 1> div (pD*(In(p))) .

Recall that ¢ = pim. A simple computation, using div,,(v) = pim div(pmv) = div(v) + V In(ps,) - v and the
explicit expression of V In(p,,) = —23, leads to

2,.@2% _ %QW F IV +aln(pm)] — E(pm,0),
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where E(pm,0) is given by (1.12). Therefore, the last three terms in the right-hand side of the Navier-
Stokes Equation (1.1b) become

A\/ﬁ QAm(\/a)
pV (—alnp +2n2—V> =pV <—alnq + 27— . Al
() + 2622 F (@) + 2= (A1)
On the other hand, a direct calculation leads to:
2 3; 2 K &2 2 1
k7 divy, (¢D*(In(g))) — —24Vin(g) = o div (pD*(In(q))) — g
A\/ﬁ I{/2 ].
_ 2 =vr| _ T2
= 2k qV[ ¥ } —U4qV <2|x| >
A 2 A,
= qV [252\/5 - V} + aqV (1|x|2 ) = 2k2qV ( (\/ZI)> ,
\/ﬁ 20 \/q

where we used the definition of o, see (1.11), in the second line and (A.1) in the last one.
These two different expressions of the Korteweg tensor allow us to derive the energy and BD entropy
identities for system (1.15). Indeed, for the energy, we have

/Rd2qv (Am\([;/@) cudpy, = 2/Rd (W) % dpt, = 4 RdAm(\/g)agf dfim
4 1d

2 2
Ay, = — ~ — ] dpi,.
” /Rd\Vﬁ! 1 5 qu\V n(q)|” du

In the original variable p = qp;,, we have (recall that f]Rd q dpm = fRd pdx=1)

/ q|V1n(q)|* A, / p (IVIn(p)> —2V1n(p) - VIn(pm) + [VIn(pm)?) dz
Rd Rd

2d 1 x|?
= /p|V1n(p)]2da:—2+2/ p‘—‘ dz.
R4 02 0?2 Jpa lo

Using the expression of I5(q) defined in (1.26), we have

d 1 ~
[ avmede— 5 = [ aVin@P dun — 5 la)
Rd (o R4 g

For the BD entropy, we have
. 1 1
—/ [dlvm(qDQ(ln(q))) - QVQ] - Vin(q) dptm =/ g|D*(In(q))|* dptm + 2/ gV In(q)|* dpip.-
Rd g R4 g R4
This formula can be expressed in terms of the original density p = qp,, as follows
1
[ D@ [ V@)
R g Rd
1~ 1
= [ AP )P do+ B0 - 5 [ Vi) da,
R (o g Rd
that is
/ AAD? ()2 djim — 2 = / q|D*(In(q))|* dpim + 2/ A1V (@) dpims — 5 Tag).
Rd 0'4 R4 0'2 R4 0'4
These two calculations lead to the following result.
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Lemma A.1 (Link between p and q). For ¢ : R? — R nonnegative, we define p = qpm and vice versa.
Then, we have the following:

\/aéLfLms.t. /qud,umzl — Jpel?st /dedle.

Furthermore

Vi€ H, st /qudumzl — ﬁeHls.t./

pdr =1 and / plz)? < oco.
R R

Finally,
NGES Hlim s.t. / q dpy =1 and / q|D?*(In(q))|? dptm < o0
Rd Rd

— JpeH' st / pde =1, / plz)? < 0o and / p|D*(In(p))|?* dz < oo.
R4 R4 R4

We have in addition the following useful identities.

Lemma A.2. For q: R? — R nonnegative, we define p = qpym and vice versa. Then

2~ VWVO®V(ye) 1 2~ VPOV /P
D2(/) e N = Yol

In particular, assuming that \/q € Lﬁm (for instance such that fRd q dpy, = 1), we have

VaD* (/@) V(@) @ V(@) € LL, <= pD*(/p) - V(Vp) ® V() € L.

Proof. The proof of the lemma is straightforward by direct computations. The formulae used in the proof
are given in the following remark. O

Remark A.3. For smooth positive ¢ and p = qpp,, we have

s o [ oy YWDV VR e V()
VaD?(In(g)) = 2 [D (Va) = ] 4 pD(n(p)) = 2 [D (VP) = ]
but ) ‘ . .
D?(\/q) = T [DQ(\/E) + V(/p) ® % + [404x®x+ 202151] \/ﬁ]
and
vwa)jaavwa) L {vwfﬁvw R E S ﬁm} |

sym
We used here the notation ® to simplify the formulae, it reads, for a = (ax)k=1,...d, b = (bi)k=1,..d In

R, as follows
sym 1 1
0 @b=c(a@b+b®a)=7(arb + abe)k.

It corresponds to the symmetric part of the matrix a ® b.

From theses computations, it seems that we cannot control D2(\/§) (resp. W) mn Lim from

a control of D*(,/p) (resp. W) in L2(RY) only and vice versa. Some bound on I;(q) must also

be involved.

Finally the following estimates were used several times in the main text.
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Lemma A.4. There exists a positive constant Cy, > 0 (depending only on the dimension) such that for
any positive smooth function p : R* — R, we have

[Pl et [ 9Ghtde <, [ pnA )P
R4 R4 R4

There exists a positive constant Cy, « > 0 (depending only on the dimension) such that for any positive
smooth function q : R — R, we have

1 1 x |4
LI CR s + [ @ < Cone ([ a2 n@) P+ 5 [ a]Z] ).
Rd R4 R4 g R o

Proof. The proof follows (exactly for the first inequality and with the additional term from the density
pm, for the second) the different steps of the proof of [24, Lemma 2.1]. We prove here only the second one.
Denoting (following notations in [24])

1 x4
A= [ IPCDPdm, B= [ 12960 s D= [ aD(D) P, 1uta) = [ a] [ i,
Rd Rd Rd Rd g
(A.2)
we obtain after some integrations by parts and by using | Tr(M)|? < d||M||? for any M € Mgyq(R) that

1
A+ B <D+V3BD + —(Ii(q))1 Bt
o

This leads in particular to

1 3
A+-B<4D+ —1 .
* 2~ + 404 1(9)

B Inequalities in a Gaussian setting

B.1 Logarithmic Sobolev inequality

Let us denote dyy the normalized Gaussian measure on R?. Let f € H], then (see [17]) |f1*In(|f]) € L},
and furthermore

P @D du< [ VFEP dvat 1713 n(llzz,)
Rd Rd Yd Vd
In particular, for f = /g for which ||f||2, = [z ¢dpm =1, we have (after change of variables)
Hm

2
L@ din < 5 [ 19VaR dun (B.1)

B.2 Strong Poincaré Inequality

Proposition B.1. There exists a constant Csp > 0 such that, for all f € H}Lm,

(- o)

< Csp|[Vfllizz, ja-

2
Llhn

See [12, Proposition 5|. In particular, for f = /g, we obtain, using the Cauchy-Schwarz inequality to
bound the mean value

/ Va dpm <1
]Rd
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and

2
Vo] -
g

that

\//Rd 1+7 qdumé\/CSPHV\fH[H j@+v1+d.

B.3 Strong Poincaré-Korn Inequality

Proposition B.2. There exists a constant Cspk > 0 such that, for all u € [H}Lm]d,

(e o)

< Cspi||D(u), ll(zz jaxa

(L7 1

where P(u) is the orthogonal projection from [Lim]d

given by

onto R (the space of all the infinitesimal rotations)

R = {R sz € R s Az € R? with A € Myyq(R) s.t. AT = —A} .
See [12, Theorem 1]. The projection P can be computed, see [12, Appendix B, it is a continous

operator from [Lim}d into [H ﬁm]d.

B.4 Consequences of this inequalities.

Proposition B.3.

1. There exists a constant Csp y, > 0 such that, if r € H&m, then rx € [L? ]? and

P

lerlizs, < Cspl Vel 1o+ Cspanlirliza,

2. There exists a constant Cspg m > 0 such that, if u € [H;m]d, then x - u € Lim and

Iz ullz,, < Cori D)z, jocs + Copcmllulzs, o

3. Ifre Hﬁm, then rx € [Hjm]d and |z|*r € Lim and

z®rllza, + lerllg ja < CspllD*(r)lzz jexa + Comllrlla,
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