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Abstract

We consider a dissipative quantum fluid on the whole space Rd (d ≥ 1) confined by an external
harmonic potential. The dynamics of the quantum fluid is described by the Quantum Navier-Stokes
(QNS) system which is a particular case of the Navier-Stokes-Korteweg systems. The goal of this
paper is to prove the existence of global weak solutions to the QNS system. To this end, we write the
evolution equations with respect to a Gaussian reference measure and follow the general strategy of
previous works [7, 11, 20, 24]. Nevertheless, several substantial modifications have to be done due to
our choice of the reference measure.
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1 Introduction

Quantum fluid models have attracted lots of attention in the physics literature in the last few decades,
due to the variety of applications. Among others, quantum fluid models can indeed be used to describe
superfluids [21], quantum semiconductors [14], weakly interacting Bose gases [16] and quantum trajectories
of Bohmian mechanics [25].

In this paper, we will be interested in a dissipative quantum fluid model, the so-called Quantum
Navier-Stokes (QNS) model, in the whole space Rd (in any dimension d ≥ 1) in the presence of a confining
external potential. This model has been derived in [9], starting with a quantum system satisfying the
Liouville-von Neumann equation, considering the associated Wigner equation and using a Chapman-
Enskog expansion around a quantum local equilibrium. Roughly speaking, the QNS system corresponds
to the classical Navier-Stokes system with a quantum correction term. The main difficulties encountered
in the mathematical analysis of this model lie in the highly nonlinear structure of the third order quantum
term, and the proof of the positivity (or non-negativity) of the particle density.

The system that we study in this paper reads, on the whole space Rd (for d ≥ 1 an integer):

∂tρ+ div(ρu) = 0, (1.1a)

∂t(ρu) + div(ρu⊗ u) = div(2νρD(u)) + 2κ2ρ∇
(
∆(

√
ρ)

√
ρ

)
− a∇ρ− λρx, (1.1b)

where, as usual, ρ stands for the density of the fluid, u its velocity, ν, a, κ and λ are positive constants, the
matrix D(u) is the symmetric part of ∇u = (∂jui)i,j , defined by D(u) = ∇u+∇u⊤

2 (where, for every matrix
M , the matrix M⊤ is the transpose of M). This explicit form of the system that we consider follows from
particular choices for the pressure, viscosity, capillarity tensor and external potential.

The QNS model (1.1) indeed belongs to a more general class of models, the Navier-Stokes-Korteweg
models. Let us mention that the latter are widely used in theoretical physics to describe capillarity
phenomena in fluids with diffusing interfaces. The Navier-Stokes-Korteweg model are associated to the
system of equations

∂tρ+ div(ρu) = 0, (1.2a)
∂t(ρu) + div(ρu⊗ u) = div(2µF (ρ)D(u) + λF (ρ) Tr(D(u))Id)−∇p(ρ) (1.2b)

+ρ∇
(
K(ρ)∆ρ+

1

2
K ′(ρ)|∇ρ|2

)
− ρ∇V,

where p(ρ) = aργ is the pressure (a > 0 and γ ≥ 1 are two constants), K(ρ) is the function in the capillarity
tensor (Korteweg tensor), Id is the identity matrix, and µF (ρ) and λF (ρ) are the fluid viscosities that satisfy
the Bresch-Desjardins condition, see [4],

λF (ρ) = 2(ρµ′F (ρ)− µF (ρ)). (1.3)
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Finally the potential V is a function of the space variable x only, which represents the external forces
applied on the fluid. The QNS model is then given by the equations (1.2) in the particular case where µF ,
λF and p in (1.2) are given respectively by

µF (ρ) = νρ, λF (ρ) = 0, p(ρ) = aρ, (1.4)

with ν > 0, a > 0 (note that µF , λF then satisfy the Bresch-Desjardins condition (1.3)) and the external
potential is supposed to be harmonic,

V (x) =
λ

2
|x|2, x ∈ Rd, (1.5)

with λ > 0. The assumption that V is harmonic leads to a simplification of several formulas below.
Finally, we also assume that

K(ρ) =
κ2

ρ
, (1.6)

with κ > 0 a constant. Note that in this case the Korteweg tensor in (1.2) reduces indeed to ρ∇
(
2κ2

∆
√
ρ√
ρ

)
(see Appendix A).

As mentioned before, the system of equations (1.2) with K(ρ) given by (1.6) was derived in [9] as a
‘hydrodynamic limit’ (more precisely, a Chapman-Enskog expansion up to order 1 around a local quantum
equilibrium) of the Wigner equation describing the evolution of the density of a quantum model. Note that
the potential force associated to V in (1.2) originates from the external potential applied to the quantum
system considered in [9]. We refer the reader to [9] and references therein for more details concerning the
physics associated to the Quantum-Navier-Stokes model.

General classes of Navier-Stokes-Korteweg systems have been studied since the last two decades, es-
pecially in the case of barotropic pressures (that is p(ρ) proportional to ργ with γ > 1), and in finite
volume domains (generally tori in two or three dimensions), without an external force, for different ex-
pressions of the Korteweg function K(ρ). Let us mention, among others, [19, 20, 22] when K(ρ) ∝ 1

ρ , [2]
when K(ρ) = 1, [7] when K(ρ) and µF (ρ) satisfy an algebraic equation (namely

√
ρK(ρ) = µ′F (ρ)) with

K(ρ) ∝ ρs, or [8] for more general expressions of K(ρ).
In the whole space Rd, fewer references exist. In [1], in dimension d = 2 or 3, the Quantum Navier-

Stokes system (K(ρ) ∝ 1
ρ , µF (ρ) ∝ ρ, λF (ρ) = 0) with non trivial far-field behavior ρ(x) −→

|x|→∞
1 is

considered. In [11], the quantum ‘isothermal fluid’ case (p(ρ) ∝ ρ) without an external force is considered
in Rd with d ≤ 3, that is the system (1.1) with λ = 0, by approaching Rd by finite volume tori after
introducing auxiliary variables obtained thanks to a time-dependent rescaling (a similar rescaling was
already used in [10] hinted by the link between the Euler-Korteweg equations (when µF (ρ) = λF (ρ) = 0
and K(ρ) ̸= 0) and the corresponding nonlinear Schrödinger equation through the Madelung transform).
Anticipating Section 4 below, we mention that the method developed in the present paper provides an
alternative proof of the result established in [11], without relying on an approximation of Rd by finite
volume tori.

In the previous references, either in tori or in the whole space, global existence of weak solutions
is proved for initial data of bounded initial energy and bounded initial Bresch-Dejardins Entropy (BD
Entropy). See Section 1.2 below for the definitions of the energy and BD entropy in our context. With an
added drag term −r2ρu (for r2 > 0), the authors in [8] prove the convergence of the global weak solution
to the equilibrium of the system with an exponential rate of convergence.

Note that most of, if not all, the previous references consider fluid viscosities µF and λF satisfying the
BD relation (1.3).

Our main goal in this paper is to prove the existence of global weak solutions to (1.1). Before stating
our result in precise terms (see Theorem 1.6 below) we begin with stating some useful basic properties of
the system (1.1) and reformulating it in a more appropriate setting.
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It would be interesting to extend the analysis presented in this paper to a more general setting with
µF , λF functions satisfying the Bresch-Desjardins condition, p(ρ) = aργ with γ ≥ 1 and V a suitable
confining potential.

1.1 Basic properties of the QNS system and change of reference measure

Mass conservation. We will assume that the initial mass of the fluid, mF =
∫
Rd ρ

0, is finite. Therefore,
by the conservation of mass along the evolution, the following equality∫

Rd

ρ(t, x) dx = mF (1.7)

is satisfied for all time t ≥ 0. Indeed, under suitable assumptions on solution (ρ, u), integrating equation
(1.1a) on Rd leads to d

dt

∫
Rd ρ(t, x) dx = 0 for all time t ≥ 0.

Moreover, because of the particular expression of K(ρ), µF (ρ), λF (ρ) and p(ρ), see (1.6) and (1.4),
the system (1.1) is homogeneous in the density. In other words, changing ρ to ρ

mF
, one sees that (1.7)

simplifies to ∫
Rd

ρ(·, x) dx = 1 (1.8)

and that
(

ρ

mF
, u

)
satisfies (1.1) whenever (ρ, u) does.

We will then assume in the following that the initial density ρ0 satisfies (1.8).

Relative energy. It is convenient to introduce the relative energy (with respect to the minimal energy)
of the QNS system (1.1) as we describe now. First, the energy associated to the system (1.1) is given by

E(ρ, u) =
1

2

∫
Rd

ρ|u|2 + a

∫
Rd

ρ ln(ρ) +
κ2

2

∫
Rd

ρ|∇ ln(ρ)|2 + λ

2

∫
Rd

ρ|x|2. (1.9)

A direct computation (see Appendix A) then shows that E(ρ, u) has a unique global minimizer (ρm, um)

in the set
{
(ρ, u) measurable such that ρ > 0,

∫
Rd

ρ = 1, E(ρ, u) <∞
}

, given by

ρm(x) =
1

(2πσ2)
d
2

exp

(
− 1

2σ2
|x|2
)
, um(x) = 0, x ∈ Rd, (1.10)

with σ > 0 solution of the equation
a

σ2
+
κ2

σ4
= λ. (1.11)

The minimal energy is

E(ρm, 0) = d

(
κ2

σ2
− a

2
ln(2πσ2)

)
(1.12)

and one can then introduce the (relative) energy E(ρ, u) as

E(ρ, u) = E(ρ, u)− E(ρm, 0) =
1

2

∫
Rd

ρ|u|2 + a

∫
Rd

ρ ln

(
ρ

ρm

)
+
κ2

2

∫
Rd

ρ

∣∣∣∣∇ ln

(
ρ

ρm

)∣∣∣∣2 . (1.13)

For a justification of the second equality, see again Appendix A.
It should be observed that the system satisfies the energy estimate

d

dt
E(ρ, u) +D(ρ, u) = 0,

where, as in the classical Navier-Stokes system, the dissipation is given by

D(ρ, u) = 2ν

∫
Rd

ρ|D(u)|2. (1.14)
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Mean position and velocity. By a simple change of unknown variables, we can assume without loss
of generality that the mean position and mean velocity of the fluid vanish at time t = 0, and therefore for
all time. This is a consequence of the following formal property: Let (ρ, u) be a solution to (1.1a)–(1.1b)
such that

∫
Rd ρ = 1. Denoting, for all time t ≥ 0, Mx the mean position and Mu the mean velocity of the

fluid,

Mx(t) =

∫
Rd

ρ(t, x)x dx and Mu(t) =

∫
Rd

ρ(t, x)u(t, x) dx,

we have
Ṁx(t) =Mu(t) and Ṁu(t) = −λMx(t).

This directly follows from (1.1). In particular, the mean position Mx has a periodic trajectory if either
Mx(0) or Mu(0) is non zero. By setting ρ(t, x) = ρ(t, x+Mx(t)) and u(t, x) = u(t, x+Mx(t))−Mu(t), it
is then easy to see that the new unknowns (ρ, u) satisfy the same equations (1.1a)–(1.1b) as (ρ, u), with
vanishing mean position and mean velocity.

Change of reference measure. Our next concern is to rewrite the system (1.1) with a different
reference measure. This turns out to be more natural in our context. More precisely, instead of considering
the Lebesgue measure on Rd, we aim at writing the system with respect to the measure µm such that

dµm = ρm dx, ρdx = q dµm, q =
ρ

ρm
.

For q : Rd → R and v : Rd → Rd, we introduce the notations

divm(v) =
1

ρm
div(ρmv), divm(D(v)) =

1

ρm
div(ρmD(v)), ∆mq = divm(∇q).

These twisted derivatives encode the change of measure of reference, and simplify some integration by
parts formulae, see [15]. For instance, for v, w : Rd → Rd, q : Rd → R such that all quantities below are
well-defined, we have∫

Rd

∇q · v dµm = −
∫
Rd

qdivm(v) dµm,

∫
Rd

divm(D(v)) · w dµm = −
∫
Rd

Tr (D(v)D(w)) dµm.

Straightforward computations (see Appendix A) show that the QNS system (1.1) rewrites in the new
reference measure as

∂tq + divm(qu) = 0, (1.15a)

∂t(qu) + divm(u⊗ qu) = divm (2νqD(u)) + divm
(
κ2qD2(ln(q))

)
− λσ2q∇ (ln(q)) . (1.15b)

We emphasize that, firstly, in this new formulation the potential V is absorbed into the different twisted
differential operators, see (A.1), and secondly that we will mainly consider this system in the following.

1.2 The QNS system with drag forces

Following [4, 11, 20, 24], we now introduce smoothing terms corresponding to ‘drag’ forces into the system.
As in these references, the smoothing terms will be crucial ingredients in our proof of the existence of global
solutions to (1.15). More precisely, we will first obtain the existence of solutions for a family of regularized
systems with drag terms depending on some positive parameters, and then show that these solutions
converge, in the limit where the parameters, and therefore the drag terms, vanish.
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The drag forces. Our regularization consists in adding the three terms −r0u, −r1q|u|2u and − r4
σ4 q|x|2x

to the right-hand side of (1.15b), with r0 > 0, r1 > 0 and r4 > 0. The system then becomes

∂tq + divm(qu) = 0, (1.16a)
∂t(qu) + divm(qu⊗ u) = divm (2νqD(u)) + divm

(
κ2qD2(ln(q))

)
− λσ2∇q (1.16b)

−r0u− r1q|u|2u− r4
σ4
q|x|2x.

The terms −r0u and −r1q|u|2u are similar to those previously used in [20, 24]. We emphasize, however,
that the term − r4

σ4 q|x|2x dit not appear previously in the literature, to our knowledge. As explained below,
this term is especially fitted to the model we consider.

Note that other ‘drag’ terms exist in the literature. First, in [5], the authors introduced the term
−r1ρ|u|u (with r1 > 0) in lieu of −r1ρ|u|2u. Second, the drag term −r2ρu (with r2 > 0) is used in
[8] to prove the exponential convergence to equilibrium of the global weak solution to the compressible
Navier-Stokes-Korteweg equations in T3.

Energy identity. As in (1.13)–(1.14), the QNS system with drag forces (1.16) enjoys (formally at this
stage) the following energy identity

d

dt
E(t) +D(t) = 0, (1.17)

where the ‘regularized’ energy E is now given by

E = E(q, u) =
∫
Rd

q

[
1

2

(
|u|2 + κ2|∇ ln(q)|2

)
+ a ln(q)

]
dµm +

r4
4
I4(q) (1.18)

where I4(q), the fourth order moment of q, is given by

I4(q) =

∫
Rd

q
∣∣∣x
σ

∣∣∣4 dµm (1.19)

and the ‘regularized’ dissipation D is given by

D = D(q, u) = 2ν

∫
Rd

q|D(u)|2 dµm + r0

∫
Rd

|u|2 dµm + r1

∫
Rd

q|u|4 dµm. (1.20)

BD entropy identity. The Bresch-Desjardins entropy (BD entropy) is a fundamental tool to prove the
existence and study the solutions of a large class of compressible fluid systems, see [4, 6] for instance. In
our context, the BD entropy for the QNS system with drag forces (1.16) is given by

EBD = EBD(q, u) =

∫
Rd

q

[
1

2

(
|u+ 2ν∇ ln(q)|2 + κ2|∇ ln(q)|2

)
+ a ln(q)

]
dµm

+2νr0

∫
Rd

(q − ln(q)) dµm +
r4
4
I4(q). (1.21)

Note that, by concavity of the function ln, q − ln(q) is nonnegative and hence EBD is nonnegative.
The corresponding dissipation term is

DBD = DBD(q, u) = 2ν

∫
Rd

q|A(u)|2 dµm + 2νλσ2
∫
Rd

q|∇ ln(q)|2 dµm + 2κ2ν

∫
Rd

q|D2(ln(q))|2 dµm

+r0

∫
Rd

|u|2 dµm + r1

∫
Rd

q|u|4dµm +
2r4ν

σ2
I4(q), (1.22)

and we have the BD entropy equality

d

dt
EBD(t) +DBD(t) = RBD(t), (1.23)
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where, denoting I2(q), the second order moment of q, by

I2(q) =

∫
Rd

q
∣∣∣x
σ

∣∣∣2 dµm, (1.24)

the right-hand side RBD is given by

RBD = RBD(q, u) =
2r4ν(d+ 2)

σ2
I2(q)− 2νr1

∫
Rd

q|u|2u · ∇ ln(q) dµm

+
2ν

σ2

∫
Rd

q (u+ 2ν∇ ln(q)) · u dµm. (1.25)

Remark 1.1. Note that, we may also define a ‘modified’ BD Entropy, and the corresponding dissipation
and reaction terms satisfying (1.23) too, as follows:

EBD =

∫
Rd

q

[
1

2

(
|u+ 2ν∇ ln(ρ)|2 + κ2|∇ ln(q)|2

)
+ a ln(q)

]
dµm +

r4
4
I4(q)

DBD = 2ν

∫
Rd

q|A(u)|2 dµm + 2ν

(
λσ2 +

κ2

σ2

)∫
Rd

q|∇ ln(q)|2 dµm + 2νκ2
∫
Rd

q|D2(ln(q))|2 dµm

+
2νr4
σ2

[I4(q)− (d+ 2)I2(q)] + 2νλI2(q),

RBD = 2νλd.

In this case, the dissipation term DBD above is non negative (for all q) whenever r4 ≥ 0 satisfies λ −
2νr4(d+2)

σ2 ≥ 0, which is the case in particular for r4 = 0.

(Renormalized) Second moment of the density. We conclude this section with the following ob-
servation that may be useful for some purpose, even if we do not use it in the present paper. Let us define
(recall that mF = 1)

Ĩ2(q) = I2(q)− I2(1) =

∫
Rd

q
∣∣∣x
σ

∣∣∣2 dµm − d. (1.26)

Then
dĨ2(q)

dt
= 2

∫
Rd

qu · x
σ2

dµm

and Ĩ2(q) is solution to the following ODE (obtained by taking the scalar product of (1.16b) by x
σ2 and

integrating on Rd):

d2

dt2
Ĩ2(q) +

2ν

σ2
d

dt
Ĩ2(q) + 2

[
λ+

κ2

σ4

]
Ĩ2(q)

=
2

σ2

[∫
Rd

q|u|2 dµm + κ2
∫
Rd

q|∇ ln(q)|2 dµm
]
+

4ν

σ2

∫
Rd

∇q · u dµm

−2r0
σ2

∫
Rd

u · x dµm − 2r1
σ2

∫
Rd

q|u|2u · x− 2r4
σ2

I4(q).

This ODE is particularly interesting when the drag term coefficients r0, r1 and r4 vanish. In that case,
the right-hand side is bounded (thanks to the energy or BD-entropy estimates). Nevertheless, it seems
that we lack information to prove convergence (at exponential rate) of Ĩ2(q(t)) to 0 when t→ ∞.
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1.3 Main result

We denote by Lp(Rd) (or simply Lp) the classical Lebesgue space (of exponent p) with respect to the
Lebesgue measure on Rd. In the same way, we denote by Lp

µm(Rd) (or simply Lp
µm) for p ∈ [1,+∞] the

Lebesgue space of exponent p with respect to the measure dµm. For instance, r ∈ L2
µm

(Rd) if r : Rd 7→ R
is measurable and

∫
Rd r

2 dµm <∞. We may also use the norm ∥ · ∥L2
µm

(Rd) (or simply ∥ · ∥L2
µm

). Moreover,
we extend these notations for Sobolev spaces (of integer exponant) with obvious definitions.

We denote by D(Rd) the set of smooth and compactly supported functions from Rd to R, and likewise
for D((0,∞)× Rd). The dual spaces are denoted by D′(Rd) and D′((0,∞)× Rd), respectively.

Let us introduce the definition of weak solutions to the system (1.16). It corresponds to Definition 1.1
in [11, page 2246], adapted to our context. The functions Λ0 and Λ appearing in the next definition are
related to the initial data (q0, u0) and a solution (q, u) to (1.16), respectively, by the expressions Λ =

√
qu

and Λ0 =
√
q0u0; to simplify the presentation, and following the convention used in previous works, we

do not introduce a notation for √q and
√
q0, but in principle we should replace

√
q0 and √

q by functions
r and r0, respectively, everywhere in Definition 1.2, and then define q0 := (r0)2 and q := r2.

Definition 1.2. Let (
√
q0,Λ0) ∈ L2

µm
× [L2

µm
]d. A pair (q, u) is called a weak solution to (1.16) associated

to the initial data (
√
q0,Λ0) if there exists a quadruplet (√q,Λ,SK,TNS) such that

1. The following regularities are satisfied
√
q ∈ L∞

loc(0,∞, L2
µm

), ∇√
q,Λ ∈ L∞

loc(0,∞, [L2
µm

]d),

TNS, SK ∈ L2
loc(0,∞, [L2

µm
]d×d),

√
r0u ∈ L2

loc(0,∞, [L2
µm

]d),

r
1
4
1 q

1
4u ∈ L4

loc(0,∞; [L4
µm

]d), r0(q − ln(q)) ∈ L∞
loc(0,∞;L1

µm
),

r
1
4
4 q

1
4x ∈ L∞

loc(0,∞; [L4
µm

]d), q ln(q) ∈ L∞
loc(0,∞;L1

µm
),

√
r4D

2(
√
q) ∈ L2

loc(0,∞, [L2
µm

]d×d), r
1
4
4 ∇(q

1
4 ) ∈ L4

loc(0,∞; [L4
µm

]d),

and, for ρ = qρm,

D2(
√
ρ) ∈ L2

loc(0,∞, [L2]d×d), ∇
(
ρ

1
4

)
∈ L4

loc(0,∞, [L4]d),

with the compatibility conditions
√
q ≥ 0 a.e. on (0,∞)× Rd, Λ = 0 a.e. on {√q = 0} .

The velocity u is then defined by

u =
Λ
√
q
1{√q>0}.

2. The following equations are satisfied in D′((0,∞)× Rd), (see (1.16)),

∂t
√
q + divm(

√
qu) =

1

2
Tr(TNS)−

1

2σ2
√
qu · x, (1.27a)

∂t(
√
q
√
qu) + divm(

√
qu⊗√

qu) = divm(2ν
√
qSNS + 2κ2

√
qSK)− λσ2∇

(
|√q|2

)
(1.27b)

−r0u− r1q|u|2u− r4
σ4
q|x|2x

with

SNS =
TNS +T⊤

NS

2
and the compatibility conditions

√
qTNS = ∇(

√
q
√
qu)− 2

√
qu⊗∇(

√
q),

√
qSK =

√
qD2(

√
q)−∇(

√
q)⊗∇(

√
q) =

1

ρm

[√
ρD2(

√
ρ)−∇(

√
ρ)⊗∇(

√
ρ) +

ρ

2σ2
Id

]
.
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3. For any ψ ∈ D(Rd),

lim
t→0+

∫
Rd

√
q(t, ·)ψ dµm =

∫
Rd

√
q0ψ dµm,

lim
t→0+

∫
Rd

√
q(t, ·)(√qu)(t, ·)ψ(x) dµm =

∫
Rd

√
q0(
√
q0u0)ψ dµm.

Remark 1.3. Note that, following the lines of the proof of Lemma 2.2 in [10], if (
√
q,
√
qu) is a weak

solution in the sense of Definition 1.2, then q satisfies also (1.16a).
Indeed, from the regularities of √

qu (which belongs to L∞(0,∞; [L2
µm

]d)) and √
q (which belongs to

L∞(0,∞;H1
µm

)), multiplying equation (1.27a) by √
q, we get

∂tq + 2
√
qdivm(

√
qu) =

√
qTr(TNS)−

1

σ2
√
q
√
qu · x.

We then obtain from the definition of TNS on one hand and from the identity divm(qu) =
√
qdivm(

√
qu)+√

qu · ∇√
q on the other hand, that

√
qTr(TNS) = −divm(qu) + 2

√
qdivm(

√
qu) +

√
q
√
qu · x

σ2

and thus, after simplification, it is not difficult to see that q satisfies (1.16a).

Remark 1.4. In the previous definition, the regularities in 1. are dependent on the coefficients of the drag
forces in the sense that, if one coefficient vanishes then the corresponding regularity is dropped.

Remark 1.5. Thanks to the Logarithmic Sobolev inequality (B.1), the fact that q ln(q) ∈ L∞
loc(0,∞;L1

µm
)

is actually a consequence of ∇√
q ∈ L∞

loc(0,∞; [L2
µm

]d).

We are now ready to state the main result of this paper.

Theorem 1.6. Let ν > 0, κ > 0, and let us consider non-negative drag force coefficients r0 ≥ 0, r1 ≥ 0 and
r4 ≥ 0. Let q0 ≥ 0, u0 be such that (

√
q0,Λ0) ∈ L2

µm
× [L2

µm
]d (with Λ0 =

√
q0u0) satisfying furthermore

E(q0, u0) <∞ and EBD(q
0, u0) <∞ and the compatibility condition√
q0 ≥ 0 a.e. on Rd, Λ0 = 0 a.e. on {

√
q0 = 0}

and ∫
Rd

q0 dµm = 1.

Then, there exists a global weak solution (q, u) to (1.16) in the sense of Definition 1.2 associated to the
initial data (

√
q0,
√
q0u0) which satisfies

- the conservation of mass, that is, for all t ≥ 0,∫
Rd

q(t) dµm = 1.

- the energy estimate, for a.e. t ≥ 0,

E(t) +
∫ t

0
D(t′) dt′ ≤ C0 (E(0)) ,

where the constant C0 depends on the initial regularized energy (1.18) and the time t.
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- the BD entropy estimate, for a.e. t ≥ 0,

EBD(t) +

∫ t

0
DBD(t

′) dt′ ≤ CBD,0 (E(0), EBD(0)) ,

where the constant CBD,0 depends on the initial regularized energy (1.18), the initial regularized BD
entropy (1.21) and the time t.

Remark 1.7. We can also consider system (1.16) with κ = 0, that is the compressible (isothermal) Navier-
Stokes equations by taking the limit κ→ 0 in the previous definition and theorem, see Remark 3.3 for more
details.

The first (and main) step in the proof of Theorem 1.6 is the existence of solutions to the QNS system
(1.16) in the case where the coefficients r0, r1, r4 in front of the drag forces do not vanish and the initial
data are regular enough, in a sense to be made precise below. As in previous works [11, 13, 24], our strategy
to establish this first step consists in introducing artificial smoothing terms into the system, depending
on some parameter δ1 > 0, prove the existence of solutions to the new, regularized system, using in
particular the Faedo-Galerkin method, and then show that the solutions survive in the limit δ1 → 0. Here
we emphasize that the regularization we choose is substantially simpler than that used in the previously
cited references, namely we only add a smoothing diffusion term into the continuity equation (and its
counterpart, for energy estimates, in the momentum equation). In [11, 24], several further terms are
added, that are subsequently dealt with using, in particular, various Sobolev embeddings. In our context,
where the reference measure is the Gaussian measure µm, Sobolev embeddings are not available, so that
we must rely on a simpler regularization procedure. We will show that the latter is indeed sufficient by
refining some of the arguments of [11, 13, 19, 24]. The first step of the proof will be the content of Section
2.

In a second step, in Section 3, we will conclude the proof of Theorem 1.6 by showing that the solutions
constructed in Section 2 survive for less regular initial data, and in the limit where some of the drag coef-
ficients r0, r1, r4 vanish. As in [11, Section 4], the main ingredient here will be the notion of renormalized
weak solutions introduced in [20].

As a direct consequence of Theorem 1.6 (and the strategy of its proof), we are able to recover Theorem
1.3 in [11] where, as mentioned above, the authors consider initially the system (1.1) without potential
(λ = 0) and then use a rescaling to consider a new system in new unknowns. In order to keep this
introduction relatively short, we postpone to Section 4 a more detailed discussion, as well as a sketch of
the proof allowing us to recover the result of [11], as we need to introduce many notations (the rescaling
τ , the new unknowns (R,U) and the new system) to be able to write a precise statement.

We conclude with two appendices. Appendix A contains the details of some calculations and estimates
in the setting of the Gaussian reference measure dµm, that we use in several places in our proof. Finally, we
gather in Appendix B several functional inequalities in the setting of Gaussian measure spaces, including
the logarithmic Sobolev inequality and the Poincaré inequalities. These inequalities play a crucial role
in our proof, in that they allow us to overcome the fact that we cannot rely on the Sobolev embeddings
usually employed in the euclidian setting.

In the remainder of this section, we introduce some notations that will be used in the sequel.

1.4 Notations

We use the notation N for the set of all nonnegative integers and denote by N∗ = N\{0} the set of integers
greater than one.

We define QT = (0, T )× Rd, for any 0 < T ≤ ∞ (Q∞ = (0,∞)× Rd).
Recall that µm is the measure on Rd with density ρm given in (1.10).
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Recall also that the space of infinitely differentiable functions with compact support in Rd is denoted
D(Rd), and likewise for D((0,∞) × Rd). The dual spaces are denoted by D′(Rd) and D′((0,∞) × Rd),
respectively.

For any normed vector spacesX, Y (denoting ∥·∥X , respectively ∥·∥Y their norm), we define L(X,Y ) as
the normed vector space of continuous linear mapping from X to Y , endowed with the operator ∥ · ∥L(X,Y )

defined, for any T ∈ L(X,Y ) by (and by the other equivalent definitions)

∥T∥L(X,Y ) = sup
x∈X;∥x∥X≤1

∥T (x)∥Y .

In particular, we denote by X ′ = L(X,R) the dual space of X.
For Ω a measurable subset of Rm (m ≥ 1), we define M(Ω;R) the space of finite signed measures

on Ω. We consider the total variation as the norm on the space M(Ω;R): for m ∈ M(Ω;R), we define

∥m∥M(Ω;R) = sup

{∫
Ω
f dm ; f ∈ L∞(Ω;R) and ∥f∥L∞(Ω;R) ≤ 1

}
. In the same way, we define M(Ω;Rd)

the space of vector-valued (in Rd) measures on Ω endowed with l∞-product norm.

Acknowledgements. We are grateful to K. Carrapatoso and A. Vasseur for useful discussions.

2 Global weak solutions to the QNS system with drag forces and regular
initial data

In this section, we prove Theorem 1.6 in the case where the coefficients r0, r1, r4 in front of the drag forces
in the QNS system (1.16) do not vanish and the initial data are regular in a sense to be made precise
below.

First, in Subsection 2.1, we introduce a regularized version of the QNS system (1.16) depending on a
parameter δ1 > 0 by adding a diffusion term δ1∆mq in the right-hand side of (1.16a) and a corresponding
term δ1∇u∇q in the right-hand side of (1.16b). The precise formulation of the regularized QNS system
with drag forces is given in (2.1).

Technically, the main result of this section is stated in Theorem 2.3, which provides the existence
of global solutions for the regularized QNS system (2.1) for δ1 ≥ 0 and regular enough initial data (see
(2.11)–(2.12) for the precise regularity conditions that we require). Subsections 2.2 and 2.3 are devoted to
the proof of Theorem 2.3 in the case where δ1 > 0. We will closely follow the strategy presented in [13],
emphasizing the novelties in the argument due to the setting considered in this paper.

In Subsection 2.2, we introduce a suitable Faedo-Galerkin approximation and construct global solutions
(qN , uN ) of the regularized QNS system with drag forces (2.1) within this approximation. Here it should
be noticed that, to simplify the notations, we only underline the dependence of the solutions (qN , uN ) on
the Faedo-Galerkin parameter N , even if they of course also depend on the drag parameters r0, r1, r4
and the regularizing parameter δ1. Next, in Subsection 2.3, we show that the Faedo-Galerkin solutions
(qN , uN ) converge in the limit N → ∞ to weak solutions (qδ1 , uδ1) to (2.1) with 0 < δ1 ≤ 1. Here again, to
simplify the notations, we only underline the dependence in δ1 on the solutions (qδ1 , uδ1) obtained in the
limit N → ∞, even if they still depend on r0, r1, r4. Finally, in Subsection 2.4, we derive a priori estimates
for (qδ1 , uδ1) from the energy and BD entropy estimates, and use them to show that the existence of global
solutions persists in the limit δ1 → 0 which completes the proof of Theorem 2.3. This leads to a proof of
our main result, Theorem 1.6, in the case where the drag forces coefficients r0, r1 and r4 do not vanish
and the initial data satisfy the regularity conditions (2.11)–(2.12).

2.1 The regularized QNS system with drag forces

According to the first step of the strategy outlined in the introduction to this section, we add a diffusion
term δ1∆mq in the right-hand side of the continuity equation, and a corresponding term (for energy
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estimates) δ1∇u∇q in the left-hand side of the momentum equation. This leads to considering the following
regularized QNS system (with r0 > 0, r1 > 0, r4 > 0 and δ1 ∈ [0, 1]):

∂tq + divm(qu) = δ1∆mq, (2.1a)
∂t(qu) + divm(qu⊗ u) + δ1∇u∇q = divm (2νqD(u)) + divm

(
κ2qD2(ln(q))

)
− λσ2∇q (2.1b)

−r0u− r1q|u|2u− r4
σ4
q|x|2x.

As mentioned above, this regularized QNS system should be compared to the corresponding ones in
[11, 13, 24], where various further terms are added in the right-hand side of the momentum equation
(1.1b), such as ∇(ρ−s), ∆2u, ρ∇∆2m+1ρ, where s ∈ (0,∞), m ∈ N are large enough parameters.

The formal energy identity (1.17)–(1.20) now becomes

d

dt
Ereg(t) +Dreg(t) = Rreg(t), (2.2)

where the regularized energy Ereg is defined by

Ereg = E , (2.3)

(see (1.18)), the regularized dissipation Dreg is

Dreg = 2ν

∫
Rd

q|D(u)|2 dµm + δ1λσ
2

∫
Rd

q|∇ ln(q)|2 dµm + κ2δ1

∫
Rd

q|D2(ln(q))|2 dµm

+r0

∫
Rd

|u|2 dµm + r1

∫
Rd

q|u|4 dµm +
r4δ1
4σ2

I4(q),
(2.4)

and the right-hand side Rreg in (2.2) is given by

Rreg =
r4δ1(d+ 2)

σ2
I2(q).

We recall that the second and fourth order momentum I2(q), I4(q) have been defined in (1.24) and (1.19),
respectively. Here it should be noticed that the regularizing terms δ1∆mq, δ1∇u∇q induce the non-negative
term Rreg. The latter can however be estimated, thanks to the Young inequality, as

Rreg ≤ r4δ1
8σ2

I4(q) +
2r4δ1(d+ 2)2

σ2
, (2.5)

(recall that mF =
∫
Rd qdµm = 1 throughout the paper). The first term on the right-hand side can be

‘absorbed’ by the dissipation Dreg and we therefore see that the regularized energy should grow at most
linearly in time.

We similarly introduce the regularized BD entropy and dissipation by setting

EBD,reg = EBD (2.6)

(see (1.21)) and (compare with (1.22)),

DBD,reg = 2ν

∫
Rd

q|A(u)|2 dµm + (δ1 + 2ν)λσ2
∫
Rd

q|∇ ln(q)|2 dµm

+ [κ2(δ1 + 2ν) + (2ν)2δ1]

∫
Rd

q|D2(ln(q))|2 dµm + r0

∫
Rd

|u|2 dµm

+ 2νr0δ1

∫
Rd

|∇ ln(q)|2 dµm + r1

∫
Rd

q|u|4dµm +
r4(δ1 + 2ν)

σ2
I4(q). (2.7)
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We will see that the following formal identity is satisfied in a suitable sense:

d

dt
EBD,reg(t) +DBD,reg(t) = RBD,reg(t), (2.8)

where the remainder term, RBD,reg, that will be computed below (see (2.64)), satisfies an inequality similar
to (2.5) for Rreg.

Recall the notation Q∞ = (0,∞) × Rd. Our definition of global weak solutions to the regularized
system (2.1) is as follows.

Definition 2.1 (Global weak solutions to the regularized QNS system with drag forces). Let r0 > 0,
r1 > 0, r4 > 0 and δ1 ≥ 0. Let (q0, u0) ∈ L1

µm
× [L2]d. A couple (q, u) is a global weak solution to (2.1)

associated to the initial data (q0, u0) if

1. The couple (q, u) satisfies

q, q ln(q), r0(q − ln(q)) ∈ L∞
loc(0,∞;L1

µm
),

√
qu, ∇√

q ∈ L∞
loc(0,∞; [L2

µm
]d),

√
r0u,

√
r0δ1∇ ln(q) ∈ L2

loc(0,∞; [L2
µm

]d),
√
qD(u),

√
qA(u),

√
qD2(ln(q)),

√
r4D

2(
√
q) ∈ L2

loc(0,∞; [L2
µm

]d×d),

r
1
4
4 q

1
4x ∈ L∞

loc(0,∞; [L4
µm

]d),

r
1
4
1 q

1
4u, r

1
4
4 ∇q

1
4 ∈ L4

loc(0,∞; [L4
µm

]d).

2. For every φ ∈ D([0,∞)× Rd),∫
Rd

q0φ(0) dµm +

∫
Q∞

q∂tφdµmdt+

∫
Q∞

qu · ∇φdµmdt = δ1

∫
Q∞

(∆mq)φdµmdt. (2.9)

3. For every Φ ∈ [D([0,∞)× Rd)]d,∫
Rd

q0u0 · Φ(0)dµm +

∫
Q∞

qu · ∂tΦdµmdt+

∫
Q∞

q∇Φu · udµmdt− δ1

∫
Q∞

∇u∇q · Φdµmdt

= 2ν

∫
Q∞

qD(u) : D(Φ)dµmdt+ 2κ2
∫
Q∞

[√
qD2(

√
q)−∇(

√
q)⊗∇(

√
q)
]
: D(Φ)dµmdt

+ λσ2
∫
Q∞

∇q · Φdµmdt+ r0

∫
Q∞

u · Φdµmdt+ r1

∫
Q∞

q|u|2u · Φdµmdt

+
r4
σ4

∫
Q∞

q|x|2x · Φdµmdt. (2.10)

Remark 2.2. Note that, when δ1 = 0, the terms √
qD(u),

√
qA(u) correspond to the symetric and skew-

adjoint parts respectively of TNS ∈ L2
loc(0,∞; [L2

µm
]d×d) while √

qD2(ln(q)) has to be understood as SK ∈
L2
loc(0,∞; [L2

µm
]d×d), both satisfying the compatibility conditions

√
qTNS = ∇(

√
q
√
qu)− 2

√
qu⊗∇(

√
q),

√
qSK =

√
qD2(

√
q)−∇(

√
q)⊗∇(

√
q) =

1

ρm

[√
ρD2(

√
ρ)−∇(

√
ρ)⊗∇(

√
ρ) +

ρ

2σ2
Id

]
.

In that case, Definition 2.1 extends Definition 1.2. Indeed, when δ1 = 0, solutions in the sense of Defintion
2.1 satisfy the same regularities as in the first point of Definition 1.2. Moreover, points 2 and 3 of Definition
1.2 follow from points 2 and 3 of Definition 2.1 (thanks to Remark 1.3 for equation (1.27a)).
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The main result of this section, Theorem 2.3, establishes the existence of global weak solutions to the
regularized QNS system (2.1). We consider here an initial data (q0, u0) satisfying, for some fixed constant
c0 > 0

q0 ∈ H1
µm
, c0 ≤ q0 ≤ 1

c0
on Rd,

∫
Rd

q0dµm = 1, I4(q
0) =

∫
Rd

∣∣∣x
σ

∣∣∣4 q0dµm <∞, (2.11)

and
u0 ∈ [L2]d, ρmq

0|u0|2 ∈ L1, ρmq
0u0 ∈ [L2]d. (2.12)

Moreover, to simplify some estimates in the proof, we suppose that all the regularizing parameters r0, r1,
r4 and δ1 are less than 1.

Theorem 2.3 (Global weak solutions to the regularized QNS system with drag forces). Let 0 < r0, r1, r4 ≤
1 and 0 ≤ δ1 ≤ 1. Let (q0, u0) ∈ L1

µm
× [L2]d satisfying (2.11)–(2.12). There exists a global weak solution

(q, u) to (2.1) (in the sense of Definition 2.1), associated to the initial data (q0, u0), which satisfies the
conservation of mass, for all t ≥ 0, ∫

Rd

q(t) dµm = 1 (2.13)

the energy estimate, for a.e. t ≥ 0,

Ereg(t) +
1

2

∫ t

0
Dreg(t

′) dt′ ≤ C0 (Ereg(0), t) , (2.14)

where the ‘constant’ C0 (Ereg(0), t) depends on the initial regularized energy and the time t, and the BD
entropy estimate, for a.e. t ≥ 0,

EBD,reg(t) +
1

2

∫ t

0
DBD,reg(t

′) dt′ ≤ CBD,0 (Ereg(0), EBD,reg(0), t) , (2.15)

where the ‘constant’ CBD,0 (Ereg(0), EBD,reg(0), t) depends on the initial regularized energy, the initial reg-
ularized BD entropy, and the time t.

Remark 2.4. The numerical factor 1
2 in front of the dissipation term in (2.14) comes from the estimate

of Rreg, see (2.5), and likewise for (2.15).

Remark 2.5. Using the regularity properties stated in the previous remark, one can verify that Equation
(2.1a) is in fact satisfied in L1

loc(0,∞;L1
µm

) (in the sense that each term appearing in (2.1a) belongs to
L1
loc(0,∞;L1

µm
)). See Proposition 2.19 below for more details. Likewise, Equation (2.1b) is satisfied in

L2
loc(0,∞; [(W 1,∞

µm )′]d).

2.2 Global solutions in the Faedo-Galerkin approximation

2.2.1 The Faedo-Galerkin approximation.

We first introduce a Faedo-Galerkin approximation for the velocity. As usual, we consider a finite-
dimensional subspace XN of the velocity Hilbert space [L2]d. In our context, where the Hilbert space
for the relative density is L2

µm
= L2(Rd,dµm), with dµm = ρmdx a Gaussian measure, it is natural to

choose XN as the cartesian product of the vector space spanned by Hermite functions (associated to the
Gaussian function ρm). More precisely, we consider XN the subspace of L2 spanned by all the Hermite
functions of degree less or equal to N ,

XN =

{
f : Rd → R ; ∃P ∈ HN such that f = Pρ

1
2
m

}
,

equipped with the L2-norm, where H is the vector space spanned by the Hermite polynomials on Rd and
HN = {P ∈ H s.t. deg(P ) ≤ N}. We then set

XN = [XN ]d.
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Remark 2.6. For later purpose, we record here the following elementary properties:

(i) XN ⊂ L∞ continuously.

(ii) For all α ∈ Nd, the operator ∂α : XN 7→ XN+|α| is bounded.

(iii) For all β ∈ Nd, the operator xβ : XN 7→ XN+|β| is bounded.

Remark 2.6 in turn implies that divm : XN 7→ XN+1 is bounded: There exists a constant Cm(N) > 0
such that, for all uN ∈ XN ,

∥divm(uN )∥L∞ ≤ Cm(N)∥uN∥[L2]d . (2.16)

For any N ≥ 1, we introduce the initial data for the approximate velocity, u0N , as follows. Let ΠN be
the orthogonal projection onto the vector space spanned by {ρmq0wN s.t. wN ∈ XN} in [L2]d. We then
set u0N := ΠN (u0). Equivalently, u0N is the unique element of XN such that∫

Rd

q0u0N · wN dµm =

∫
Rd

q0u0 · wN dµm for all wN ∈ XN . (2.17)

Our goal in this subsection is to show that, for any initial data (q0, u0N ) with q0 satisfying (2.11) and
u0N ∈ XN , for any T > 0, the regularized system (2.1) has a global solution (qN , uN ) with qN in a suitable
space (see Definition 2.9 below) and uN ∈ C1([0, T ];XN ).

Recall that the regularized energy Ereg and dissipation Dreg have been introduced in (2.3) and (2.4),
respectively. Recall also that the positive parameters r0, r1, r4, δ1 are supposed to be less than 1 to simplify.
In this subsection we will prove the following proposition.

Proposition 2.7 (Solutions to the regularized QNS system with drag forces in the Faedo-Galerkin ap-
proximation). Let 0 < r0, r1, r4, δ1 ≤ 1. Let N ∈ N∗, T > 0 and (q0, u0N ) ∈ L2

µm
×XN with q0 satisfying

(2.11). There exists a unique global weak solution

(qN , uN ) ∈ [L2(0, T ;H2
µm

) ∩ C0([0, T ];H1
µm

) ∩H1(0, T ;L2
µm

)]× C1([0, T ];XN ) (2.18)

to (2.1) such that (qN (0), uN (0)) = (q0, u0N ), in the sense that

∂tqN + divm(qNuN ) = δ1∆mqN in L2(0, T ;L2
µm

), (2.19)

and for all ΦN ∈ C1([0, T ];XN ) such that ΦN (T ) = 0, (recall that QT = (0, T )× Rd),∫
Rd

q0u0N · ΦN (0)dµm +

∫
QT

qNuN · ∂tΦNdµmdt+

∫
QT

qN∇ΦNuN · uNdµmdt

− δ1

∫
QT

∇uN∇qN · ΦNdµmdt

=2ν

∫
QT

qND(uN ) : D(ΦN )dµmdt+ 2κ2
∫
QT

[√
qND

2(
√
qN )−∇(

√
qN )⊗∇(

√
qN )
]
: D(ΦN )dµmdt

+ λσ2
∫
QT

∇qN · ΦNdµmdt+ r0

∫
QT

uN · ΦNdµmdt+ r1

∫
QT

qN |uN |2uN · ΦNdµmdt

+
r4
σ4

∫
QT

qN |x|2x · ΦNdµmdt. (2.20)

The solution (qN , uN ) satisfies, for all 0 ≤ t ≤ T , the inequalities

c0 exp

(
−
∫ t

0
∥divm(uN (τ))∥L∞ dτ

)
≤ qN (t) ≤ 1

c0
exp

(∫ t

0
∥divm(uN (τ))∥L∞ dτ

)
, (2.21)
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for some constant c0 > 0, the conservation of mass∫
Rd

qN (t) dµm = 1 (2.22)

and the energy estimate,

Ereg(qN (t), uN (t)) +
1

2

∫ t

0
Dreg(t

′) dt′ ≤ C0 (Ereg(qN (0), uN (0)), t) ,

where the ‘constant’ C0 depends on the initial regularized energy and on the time t.

Remark 2.8. As in Remark 2.4, the numerical factor 1
2 in front of the dissipation comes from the estimate

of Rreg, see (2.5).

In order to establish Proposition 2.7, we follow the Faedo-Galerkin approach. First we assume that
uN ∈ C1([0, T ];XN ) is fixed and show that the Fokker-Planck equation (2.1a) has a unique solution
qN = S(q)

T (uN ) (see Remark 2.11 for the precise definition of S(q)
T ). Next we prove that a solution

uN ∈ C1([0, T ];XN ) to (2.1b) (with q given by S(q)
T (uN )) necessarily satisfies an ODE which can be

solved by a Banach fixed point argument. This allows us to construct a (local in time) solution to the
system (2.1) in the Faedo-Galerkin approximation. The global existence (on any time interval [0, T ], with
T > 0) finally follows from a priori, energy estimates.

Throughout the remainder of this subsection, we assume that 0 < r0, r1, r4, δ1 ≤ 1 are fixed.

2.2.2 The Fokker-Planck equation.

Assuming that an integer N ≥ 1, a positive time T > 0 and a vector field uN ∈ C1([0, T ];XN ) such that
uN (0) = u0N (for a given initial velocity u0N ∈ XN ) are fixed, we wish to construct a density qN associated
to uN as a solution to the Fokker-Planck equation

∂tq + divm(quN ) = δ1∆mq in (0, T )× Rd, (2.23)

associated to an initial data q0 satisfying (2.11). We introduce the following function space.

Definition 2.9. Let T > 0. We define the space H2,1
µm(QT ) as

H2,1
µm

(QT ) = L2(0, T ;H2
µm

) ∩ C0([0, T ];H1
µm

) ∩H1(0, T ;L2
µm

),

equipped with the usual norm

∥q∥
H2,1

µm (QT )
= ∥q∥L2(0,T ;H2

µm
) + ∥q∥C0([0,T ];H1

µm
) + ∥∂tq∥L2(0,T ;L2

µm
).

In the next proposition, we only focus on the existence of local solutions, for simplicity of presentation
and since it is sufficient for our purpose. It would however not be difficult to extend the result to the
existence of global solutions.

Proposition 2.10 (Local solutions to the Fokker-Planck equation). Let N ∈ N∗, and (q0, u0N ) ∈ L2
µm

×XN

with q0 satisfying (2.11). There exists T > 0 such that the following holds.

(i) Let uN ∈ C1([0, T ];XN ) be such that uN (0) = u0N . The Fokker-Planck Equation (2.23) admits a
unique solution qN in H2,1

µm(QT ) such that q(0) = q0, and there is a constant C(∥uN∥L∞(0,T ;XN )) > 0
such that

∥qN∥
H2,1

µm (QT )
≤ C(∥uN∥L∞(0,T ;XN ))∥q0∥H1

µm
. (2.24)

Moreover, with c0 > 0 as in (2.11), we have

c0 exp

(
−
∫ t

0
∥divm(uN (τ))∥L∞ dτ

)
≤ qN (t) ≤ 1

c0
exp

(∫ t

0
∥divm(uN (τ))∥L∞ dτ

)
, (2.25)

for all t ∈ [0, T ].
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(ii) Let ukN ∈ C1([0, T ];XN ), k = 1, 2, be such that ukN (0) = u0N . Let qkN ∈ H2,1
µm(QT ) be the solution to

(2.23) associated to ukN and the initial data q0. There exists a positive constant

C(max
k=1,2

∥ukN∥L∞(0,T ;XN ), ∥q0∥H1
µm

)

such that

∥q1N − q2N∥
H2,1

µm (QT )
≤ C(max

k=1,2
∥ukN∥L∞(0,T ;XN ), ∥q0∥H1

µm
)∥u1N − u2N∥L∞(0,T ;XN ). (2.26)

Proof. (i) First, it follows from [23, Theorem 4.1] that the operator δ1∆m with domain H2
µm

is self-
adjoint in L2

µm
and that the usual parabolic regularity holds for the associated evolution equation,

in the sense that the unique solution to

∂tq = δ1∆mq in (0, T )× Rd, q(0) = q0,

is given by (t, x) 7→ (etδ1∆mq0)(x) and satisfies

∥etδ1∆mq0∥
H2,1

µm (QT )
≤ C∥q0∥H1

µm
, (2.27)

for some positive constant C depending only on σ, δ1 and the dimension d.

Next we consider the integral equation

qN (t, x) = etδ1∆mq0(x)−
∫ t

0
e(t−s)δ1∆mdivm(qN (s, x)uN (s, x))ds =: T (qN )(t, x). (2.28)

Using ∥et∆mf∥H1
µm

≤ Ct−
1
2 ∥f∥L2

µm
(which in turn follows from ∥f∥H1

µm
≤ C∥(1 − ∆m)

1
2 f∥L2

µm
)

together with (2.16), one easily deduces, in particular, that

∥T (q1N )− T (q2N )∥L∞(0,T ;H1
µm

) ≤ CT
1
2 ∥uN∥L∞(0,T ;XN )∥q1N − q2N∥L∞(0,T ;H1

µm
). (2.29)

Using in addition (2.27), a standard fixed point argument shows that (2.28) has a unique solu-
tion in C0([0, T̄ ];H1

µm
), for T̄ > 0 small enough. Using then that ∥f∥H2

µm
≤ C∥(1 − ∆m)f∥L2

µm

(since the domain of ∆m coincides with H2
µm

), it is not difficult to deduce that qN also belongs to
L2(0, T ;H2

µm
) ∩H1(0, T ;L2

µm
). This establishes (2.24).

In order to prove the second inequality in (2.25), it suffices to proceed as follows (see also [13, Chapter
7.3.1]). Let

f(t, x) = qN (t, x)− 1

c0
exp

(∫ t

0
∥divm(uN (τ))∥L∞ dτ

)
.

Then one easily verifies that

∂tf + divm(fuN )− δ1∆mf ≤ 0

on (0, T )× Rd. Taking the scalar product with f+ = max(f, 0), we obtain

1

2

d

dt
∥f+∥2L2

µm
+ δ1∥∇f+∥2L2

µm
≤ −1

2

∫
Rd

|f+|2divm(uN )dµm ≤ 1

2
∥divm(uN )∥L∞∥f+∥2L2

µm
,

from which we can conclude, by Gronwall’s lemma, that the second inequality in (2.25) holds. The
proof of the first inequality in (2.25) is similar.
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(ii) By (2.28), we have

q1N (t, x)− q2N (t, x) =

∫ t

0
e(t−s)δ1∆mdivm((q1N − q2N )(s, x)u1N (s, x))ds

+

∫ t

0
e(t−s)δ1∆mdivm(q2N (s, x)(u1N − u2N )(s, x))ds.

The H2,1
µm(QT )-norm of the first term is bounded by CT

1
2 ∥u1N∥L∞(0,T ;XN )∥q1N − q2N∥L∞(0,T ;H1

µm
) ac-

cording to (2.29). Using similar arguments together with (2.24), the H2,1
µm(QT )-norm of the second

term can be estimated by C(∥u2N∥L∞(0,T ;XN ))∥q0∥H1
µm

∥u1N − u2N∥L∞(0,T ;XN ). For T small enough,
this proves (2.26).

Remark 2.11. Proposition 2.10 allows us to introduce, given T > 0 small enough and an initial data
(q0, u0N ) ∈ L2

µm
×XN with q0 satisfying (2.11), a map

S(q)
T : C1([0, T ];XN ) → H2,1

µm
(QT ), uN 7→ qN , (2.30)

which associates to any uN ∈ C1([0, T ];XN ) the solution qN to (2.23). By (2.26), the map S(q)
T is locally

Lipschitz continuous.

2.2.3 Ordinary differential equation for the velocity.

Now we wish to construct a solution uN to (2.20) with qN = S(q)
T (uN ) (see Remark 2.11 for the notation).

Following [13, Chapter 7.3.3], [19, section 3.1] or [24, page 1493] let us introduce, for q ∈ L2
µm

, the
‘mass operator’ M[q] : XN → X′

N , defined, for all vN , wN ∈ XN , by

⟨M[q]vN , wN ⟩X′
N ,XN

=

∫
Rd

qvN · wN dµm.

Clearly, the operator M[q] is symmetric and satisfies

∥M[q]∥L(XN ,X′
N ) ≤ C(N)∥q∥L2

µm
,

for some positive constant C(N). Moreover, if q ∈ L2
µm

satisfies q ≥ c > 0 (with c a constant), M[q] is
positive-definite in the sense that

inf
wN∈XN , ∥wN∥XN

=1
⟨M[q]wN , wN ⟩X′

N ,XN
≥ c.

Hence, as XN is finite-dimensional, the operator M[q] is invertible and

∥M[q]−1∥L(X′
N ,XN ) ≤ c−1. (2.31)

In what follows we assume for simplicity that T ≤ 1 (which allows us to estimate e.g. terms of order
T by terms of order T

1
2 ). We introduce the notations

RM
c =

{
q ∈ L2

µm
such that ∥q∥L2

µm
≤M and q ≥ c > 0

}
,

RM
c,T =

{
q ∈ C(0, T ;L2

µm
) such that q(t) ∈ RM

c for all t ∈ [0, T ]
}
.

We have the following easy lemma.
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Lemma 2.12. Let N ∈ N∗, c > 0, M > 0. The mapping q 7→ M[q]−1 is Lipschitz continuous from RM
c

to L(X′
N ,XN ). Moreover, if 0 < T ≤ 1 and q1, q2 ∈ H2,1

m (QT ) ∩RM
c,T ,∥∥M[q1]−1 −M[q2]−1

∥∥
C0([0,T ];L(X′

N ,XN ))
≤ C(N, c−1)MT

1
2 ∥q1 − q2∥

H2,1
m (QT )

, (2.32)

for some positive constant C(N, c−1).

Proof. Let q1, q2 ∈ RM
c . We have

M[q1]−1 −M[q2]−1 = M[q1]−1
(
M[q2]−M[q1]

)
M[q2]−1,

and therefore, thanks to (2.31),∥∥M[q1]−1 −M[q2]−1
∥∥
L(X′

N ,XN )
≤ C(N)c−2∥q1 − q2∥L1

µm
≤ C(N, c−1,M)∥q1 − q2∥L2

µm
. (2.33)

In order to prove (2.32), it suffices to combine (2.33) with the fact that, if q ∈ H2,1
m (QT ) satisfies q(0) = 0,

then
∥q∥C0([0,T ];L2

µm
) ≤ T

1
2 ∥∂tq∥L2(0,T ;L2

µm
) ≤ T

1
2 ∥q∥

H2,1
µm (QT )

. (2.34)

We introduce a few further notations. For any given q ∈ L2
µm

, the operator A[q] : XN → X′
N is defined

by

⟨A[q](uN ),ΦN ⟩X′
N ,XN

= −2ν

∫
Rd

qD(uN ) : D(ΦN ) dµm − r0

∫
Rd

uN · ΦN dµm,

for all uN ,ΦN ∈ XN . Similarly, for (q, vN ) ∈ H1
µm

×XN , we set

⟨N [q, vN ](uN ),ΦN ⟩X′
N ,XN

=

∫
Rd

qvN · (∇ΦN )uNdµm − δ1

∫
Rd

∇uN∇q · ΦN dµm

− r1

∫
Rd

q|vN |2uN · ΦNdµm,

for all uN ,ΦN ∈ XN . Finally, for all q ∈ H2
µm

∩RM
c , we define B[q] ∈ X′

N by

⟨B[q],ΦN ⟩X′
N ,XN

= −2κ2
∫
Rd

[√
qD2(

√
q)−∇(

√
q)⊗∇(

√
q)
]
: D(ΦN )dµm − λσ2

∫
Rd

∇q · ΦNdµm

− r4
σ4

∫
Rd

q|x|2x · ΦN dµm,

for all ΦN ∈ XN .

Lemma 2.13. Let N ∈ N∗, 0 < T ≤ 1, c > 0, M > 0, u0N ∈ XN and q0 ∈ L2
µm

.

(i) For all (q, vN ) ∈ [H2,1
m (QT ) ∩RM

c,T ]× C0([0, T ];XN ), we have

N [q, vN ] ∈ L∞(0, T ;L(XN ,X
′
N )), A[q] ∈ L∞(0, T ;L(XN ,X

′
N )), B[q] ∈ L2(0, T ;X′

N ).

(ii) Let (q1, v1N ), (q2, v2N ) ∈ [H2,1
m (QT )∩RM

c,T ]×C0([0, T ];XN ) be such that qk(0) = q0, vkN (0) = u0N and
∥vkN∥C0([0,T ];XN ) ≤M for k = 1, 2. Then we have the following estimates

∥A[q1(t)]−A[q2(t)]∥L∞(0,T ;L(XN ,X′
N )) ≤ C(N)MT

1
2 ∥q1 − q2∥

H2,1
µm (QT )

,
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for some positive constant C(N),

∥N [q1(t), v1N (t)]−N [q2(t), v2N (t)]∥L∞(0,T ;L(XN ,X′
N ))

≤ C(N)M2
[
∥q1 − q2∥

H2,1
µm (QT )

+ ∥v1N − v2N∥C0([0,T ];XN )

]
,

and
∥B[q1]− B[q2]∥L2(0,T ;X′

N ) ≤ C(N)M(1 + T
1
2 )∥q1 − q2∥

H2,1
m (QT )

.

Proof. Consider for instance the term A[q]. For q ∈ H2,1
µm(QT ) ⊂ C0([0, T ];H1

µm
), we can estimate, for all

uN ,ΦN ∈ XN , and all t ∈ [0, T ],∣∣∣⟨A[q(t)](uN ),ΦN ⟩X′
N ,XN

∣∣∣ ≤ 2ν

∣∣∣∣∫
Rd

q(t)D(uN ) : D(ΦN ) dµm

∣∣∣∣+ r0

∣∣∣∣∫
Rd

uN · ΦN dµm

∣∣∣∣
≤ C

(
∥q∥C0([0,T ];L2

µm
)∥D(uN )∥L∞∥D(ΦN )∥L2

µm
+ ∥uN∥L2

µm
∥ΦN∥L2

µm

)
≤ C(N)

(
∥q∥C0([0,T ];L2

µm
)∥uN∥L2∥ΦN∥L2 + ∥uN∥L2∥ΦN∥L2

)
,

where we used in particular Remark 2.6 in the last inequality. This proves (i) for A[q]. The proof of (ii)
for A[q] is similar, using in addition (2.34). The other terms can be treated in an analogous way.

Using the notations introduced above, one sees that the linearized equation corresponding to (2.20)
reads

d

dt
(M[qN ]uN ) (t) = A[qN (t)](uN (t)) +N [qN (t), uN (t)](uN (t)) + B[qN (t)], (2.35)

with initial condition M[qN ](uN )(0) = M[q0](u0N ). Here we recall that M[q0](u0N ) ∈ X′
N is given, for all

wN ∈ XN , by〈
M[q0](u0N ), wN

〉
X′

N ,XN
=

∫
Rd

q0u0N · wN dµm =

∫
Rd

(ρmq
0u0N ) · wN dx =

∫
Rd

(ρmq
0u0) · wN dx,

where we used the definition (2.17) of u0N in the last equality.

2.2.4 Existence of solutions to the regularized QNS system with drag forces in the Faedo-
Galerkin approximation.

Local existence. Now we prove the local existence of solutions to the approximate system (2.19)–(2.20),
using in particular the Lipschitz continuity properties established in Lemmas 2.12 and 2.13.

Proposition 2.14 (Local existence of solutions to the approximate system (2.19)–(2.20)). Let N ∈ N∗

and (q0, u0N ) ∈ L2
µm

×XN with q0 satisfying (2.11). There exists T > 0 and a unique

(qN , uN ) ∈ H2,1
µm

(QT )× C1([0, T ];XN )

such that qN is a solution to (2.19) in L2(0, T ;L2
µm

), satisfying qN (0) = q0 and (2.24)–(2.25), and uN is
a solution to (2.20), for all ΦN ∈ C1([0, T ];XN ) such that ΦN (T ) = 0, with uN (0) = u0N .

Proof. The proof follows from standard arguments and is similar to that detailed in previous works, see
e.g. [13, Chapter 7.3.3]. We only sketch it. Recalling the notation S(q)

T from Remark 2.11, we first solve
the integral equation

uN (t) = M[S(q)
T (uN )(t)]−1

[
M[q0](u0N ) +

∫ t

0

(
A[S(q)

T (uN )(s)] +N [S(q)
T (uN )(s), uN (s)]

)
(uN (s))

+ B[S(q)
T (uN )(s)]

]
ds =: T (uN )(t). (2.36)
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Let M > 0 and B̄ be the closed ball centered at (the function independent of time) u0N and of radius M
in L∞(0, T ;XN ). From Proposition 2.10, Remark 2.11, Lemmas 2.12 and 2.13, it is not difficult to deduce
that, for T > 0 small enough, the mapping T is a contraction from B̄ into itself. Therefore the Banach
fixed point theorem gives the existence of a unique uN ∈ B̄ satisfying (2.36). In turn, it is not difficult
to deduce from (2.36) that uN ∈ C1([0, T ];XN ) by using again the results from Proposition 2.10, Remark
2.11, Lemmas 2.12 and 2.13.

To conclude the proof of the proposition, it suffices to apply Proposition 2.10 and set qN = S(q)
T (uN ).

Global existence. Now we fix a time T > 0 and show that the local solution (qN , uN ) constructed in
Proposition 2.14 above is in fact global on [0, T ]. This is done by proving that (qN , uN ) is bounded in
H1

µm
×XN on [0, T ] for all 0 < T ≤ T .

Lemma 2.15. Let N ∈ N∗, T > 0 and let (qN , uN ) ∈ H2,1
m (QT ) × C1([0, T ];XN ), with 0 < T ≤ T , T

small enough, be a local-in-time solution to (2.19)–(2.20). Then (qN , uN ) satisfies the (regularized) energy
identity (2.2) and, in particular,

dEreg
dt

(qN (t), uN (t)) +
1

2
Dreg(qN (t), uN (t)) ≤ 2r4δ1

[
(d+ 2)2

σ2

]
, (2.37)

where the regularized energy Ereg and the regularized dissipation Dreg are given in (2.3) and (2.4), respec-
tively. Therefore, for almost all t ∈ [0, T ],

Ereg(qN (t), uN (t)) +
1

2

∫ t

0
Dreg(qN (t′), uN (t′)) dt′ ≤ Ereg(q0N , u0N ) + 2r4δ1

[
(d+ 2)2

σ2

]
t. (2.38)

Proof. The energy identity is obtained by applying (2.20) with ΦN = uN together with a simple integration
by parts. One of the integration by parts reads, for instance:

− 1

σ4

∫
Rd

q|x|2x · ∇ ln(q) dµm =
1

σ4

∫
Rd

qdivm(|x|2x) dµm

=
1

σ4

∫
Rd

q

(
(d+ 2)|x|2 − |x|4

σ2

)
dµm =

d+ 2

σ2
I2(q)−

1

σ2
I4(q).

The other integrations by parts follow classical calculations, as the twisted operators offset the change of
reference measure.

Note that qN is positive and regular (see (2.24)–(2.25)) so that each term from the different integrals
make sense and the integrations by parts can be justified.

Integrating (2.37), we obtain (2.38).

The existence of global solutions to the approximate system (2.19)–(2.20) stated in Proposition 2.7 is
now a direct consequence of the local existence and the energy estimates.

Proof of Proposition 2.7. For the global existence, it suffices to combine Proposition 2.14, Lemma 2.15
and a standard argument. The inequalities in (2.21) follow exactly as in the proof of Proposition 2.10.
The conservation of mass is an easy consequence of the fact that qN satisfies (2.19). The energy estimate
is proven in Lemma 2.15.

2.3 Convergence of the Faedo-Galerkin approximation

In this subsection, we show that a global solution (qN , uN ), constructed in Proposition 2.7, to the approx-
imate system (2.19)–(2.20) converges, in the limit N → ∞, to a solution of the regularized system (2.1).
As in the previous subsection, the parameters 0 < r0, r1, r4, δ1 ≤ 1 are fixed throughout Subsection 2.3.
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2.3.1 Energy estimates.

We first deduce from the energy estimate stated in Lemma 2.15 the following a priori estimates for a
solution (qN , uN ) to (2.19)–(2.20).

Lemma 2.16. Let N ∈ N∗, T > 0 and (q0, u0N ) ∈ L2
µm

×XN with q0 satisfying (2.11). Let (qN , uN ) ∈
H2,1

µm(QT )×C1([0, T ];XN ) be a global solution to (2.19)–(2.20) in the sense of Proposition 2.7. Then there
exists a positive constant C independent of N and the parameters r0, r1, r4, δ1 such that

∥√qN∥L∞(0,T ;L2
µm

) + ∥∇√
qN∥L∞(0,T ;[L2

µm
]d) + ∥qN ln(qN )∥L∞(0,T ;L1

µm
) ≤ C, (2.39a)

√
r0∥uN∥L2(0,T ;[L2

µm ]d) + ∥√qNuN∥L∞(0,T ;[L2
µm ]d) + r

1
4
4 ∥q

1
4
Nx∥L∞(0,T ;[L4

µm ]d) ≤ C, (2.39b)√
δ1∥

√
qND

2(ln(qN ))∥L2(0,T ;[L2
µm

]d×d) ≤ C, (2.39c)

r
1
4
4 δ

1
4
1 ∥q

1
4
Nx∥L4(0,T ;[L4

µm
]d) + ∥√qND(uN )∥L2(0,T ;[L2

µm
]d×d) + r

1
4
1 ∥q

1
4
NuN∥L4(0,T ;[L4

µm
]d) ≤ C, (2.39d)

and
r4δ1

[
∥D2(

√
qN )∥2L2(0,T ;[L2

µm
]d×d) + ∥∇q

1
4
N∥4L4(0,T ;[L4

µm
]d)

]
≤ C. (2.39e)

Proof. Estimates (2.39a)–(2.39d) directly follow from Lemma 2.15 and the expressions of Ereg and Dreg

given in (2.3) and (2.4), respectively.
Estimate (2.39e) is obtained by combining the last term in (2.39c), the first term in (2.39d) and Lemma

A.4.

Remark 2.17. Given a local solution (qN , uN ) as in Proposition 2.14, the regularity and positivity of
qN (see (2.24)–(2.25)), together with the fact that uN ∈ C1([0, T ];XN ) imply that (√qN , uN ) satisfies the
following equation in L2(0, T ;L2

µm
),

∂t(
√
qN ) +

1

2
divm(

√
qNuN ) + 2(q

1
4
NuN ) · ∇(q

1
4
N ) = δ1∆m(

√
qN ) + 4δ1|∇(q

1
4
N )|2, (2.40)

with
divm(

√
qNuN ) = div(

√
qNuN )−

(
x

σ2
q

1
4
N

)
· (q

1
4
NuN ).

See the proof of Proposition 2.19 for the justification that all terms in (2.40) belong to L2(0, T ;L2
µm

).

2.3.2 Convergence of the approximate solutions in the limit N → ∞.

The main tool to prove the convergence of a solution (qN , uN ) to (2.19)–(2.20) in the limit N → ∞ is the
well-known Aubin-Lions-Simon Lemma (see e.g. [3, Theorem II.5.16]) which we now recall.

Lemma 2.18 (Aubin-Lions-Simon Lemma). Let B ⊂ B0 ⊂ B∗ be three Banach spaces. We assume that
the embedding of B0 in B∗ is continuous and the embedding of B in B0 is compact.

Let p, p∗ such that 1 ≤ p, p∗ ≤ ∞. For T > 0, we define

W =

{
v ∈ Lp(0, T ;B) ;

dv

dt
∈ Lp∗(0, T ;B∗)

}
.

Then

(i) If p <∞, the embedding of W in Lp(0, T ;B0) is compact.

(ii) If p = ∞ and p∗ > 1, the embedding of W in C0([0, T ];B0) is compact.
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The following proposition establishes, in particular, the existence of a global weak solution to the
regularized QNS system (2.1).

Proposition 2.19. Let T > 0 and (q0, u0) ∈ L2
µm

× [L2]d satisfying (2.11)–(2.12). For all N ∈ N∗, let
(qN , uN ) ∈ H2,1

µm(QT ) × C1([0, T ];XN ) be a global solution to (2.19)–(2.20), associated to the initial data
(q0, u0N ) (with u0N defined by (2.17)), in the sense of Proposition 2.7. Then

(i) The sequence (
√
qN )N converges strongly (along some subsequence which will be denoted by the same

symbol) in L2(0, T ;H1
µm

) ∩ C0([0, T ];L2
µm

). We set s = lim
√
qN .

(ii) The sequence (qNuN )N converges strongly (along some subsequence which will be denoted by the same
symbol) in L2(0, T ; [L1

µm
]d). We set J = lim qNuN .

(iii) Let q = s2 and let u : (0, T )× Rd 7→ Rd be defined by

u(t, x) =
J(t, x)

s2(t, x)
for a.e. (t, x) ∈ (0, T )× Rd such that s(t, x) ̸= 0, u(t, x) = 0 elsewhere.

Then (q, u) is a solution to (2.1) in D′([0, T )× Rd)× [D′([0, T )× Rd)]d.

Proof. In this proof C denotes a positive constant dependent on the time T and the parameters δ1, r0, r1,
r4, but independent of N .

To prove (i), we first show that (√qN )N converges strongly in L2(0, T ;H1
µm

). Estimate (2.39e) implies
that

∥∆√
qN∥L2(0,T ;L2

µm
) ≤ C,

uniformly in N . Together with the conservation of mass recalled in (2.39a), this shows that (
√
qN )N is

uniformly bounded in L2(0, T ;H2
µm

). The compact embedding H2
µm

↪→ H1
µm

therefore shows that there
exists a subsequence of (

√
qN )N (denoted with the same index) and an element s such that (

√
qN )N

strongly converges to s in L2(0, T ;H1
µm

).
Next we show that (

√
qN )N strongly converges to s in C0([0, T ];L2

µm
). We recall from Remark 2.17

that

∂t(
√
qN ) = −1

2

(
div(

√
qNuN )−

( x
σ2
q

1
4
N

)
· (q

1
4
NuN )

)
− 2(q

1
4
Nu) · ∇(q

1
4
N ) + δ1∆m(

√
qN ) + 4δ1|∇(q

1
4
N )|2. (2.41)

Each term of the right-hand side of the previous equation can be bounded in L2(0, T ;L2
µm

) uniformly in
N , using the a priori estimates of Lemma 2.16. Indeed, using (2.39d), the second term can be bounded as∥∥( x

σ2
q

1
4
N

)
· (q

1
4
NuN )

∥∥
L2(0,T ;L2

µm
)
≤
∥∥ x
σ2
q

1
4
N

∥∥
L4(0,T ;[L4

µm
]d)

∥∥q 1
4
NuN

∥∥
L4(0,T ;[L4

µm
]d)

≤ C.

The same holds for the term (q
1
4
Nu) · ∇(q

1
4
N ), using in addition (2.39e). To bound ∆m(

√
qN ), we can use

Proposition B.3 together with (2.39a) and (2.39e), writing,∥∥∆m(
√
qN )
∥∥
L2(0,T ;L2

µm
)
≤
∥∥∆(

√
qN )
∥∥
L2(0,T ;L2

µm
)
+ σ−2

∥∥x · ∇√
qN
∥∥
L2(0,T ;L2

µm
)

≤ C
(∥∥∆(

√
qN )
∥∥
L2(0,T ;L2

µm
)
+
∥∥D2(

√
qN )
∥∥
L2(0,T ;[L2

µm
]d×d)

+
∥∥∇√

qN
∥∥
L2(0,T ;[L2

µm
]d)

)
≤ C.

Using again (2.39e), we have ∥|∇(q
1
4
N )|2∥L2(0,T ;[L2

µm
]d) ≤ C. It remains to estimate the term div(

√
qNuN ).

By a direct computation, we can write, for a.e. t ≥ 0,

∥ div(√qNuN )∥2L2
µm

≤ ∥∇(
√
qNuN )∥2[L2

µm
]d×d ≤ 2∥D(

√
qNuN )∥2[L2

µm
]d×d + σ−2∥√qNuN∥2[L2

µm
]d , (2.42)
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(see [12, Eq.(25)]); see also [12, Theorem 1] for general ‘weighted’ Korn-type inequalities). We have

∥√qNuN∥L∞(0,T ;[L2
µm ]d) ≤ C by (2.39b). Moreover, writing (see Remark A.3 below for the notation

sym
⊗ )

D(
√
qNuN ) =

√
qND(uN ) + 2q

1
4
NuN

sym
⊗ ∇

(
q

1
4
N

)
, (2.43)

and using (2.39d) and (2.39e), we deduce that

∥D(
√
qNuN )∥L2(0,T ;[L2

µm
]d×d) ≤ C. (2.44)

It then follows from (2.42) that ∥ div(√qNuN )∥L2(0,T ;L2
µm

) ≤ C. Putting all together, we have shown that
∂t(

√
qN ) is uniformly bounded in L2(0, T ;L2

µm
). Since in addition (

√
qN )N is also uniformly bounded in

L∞(0, T ;H1
µm

) by (2.39a), the Aubin-Lions-Simon Lemma implies that (
√
qN )N converges strongly to s

in C0([0, T ];L2
µm

). This proves (i).
Now we prove (ii). We apply again the Aubin-Lions-Simon Lemma, showing that (∂t(qNuN ))N is

uniformly bounded in L1(0, T ; [(W 1,∞
µm )′]d) (note that W 1,∞

µm =W 1,∞
x ) and (qNuN )N is uniformly bounded

in L1(0, T ; [W 1,1
µm ]d). First, (2.39a), (2.39b) and the Cauchy-Schwarz inequality imply that

∥qNuN∥L∞(0,T ;[L1
µm

]d) ≤ C, (2.45)

uniformly in N . Next we write

∇(qNuN ) = (∇√
qN )⊗√

qNuN +
√
qN ∇(

√
qNuN ). (2.46)

The first term is estimated as∥∥(∇√
qN )⊗√

qNuN
∥∥
L∞(0,T ;[L1

µm
]d×d)

≤
∥∥∇√

qN
∥∥
L∞(0,T ;[L2

µm
]d)

∥∥√qNuN∥∥L∞(0,T ;[L2
µm

]d)
≤ C,

using (2.39a) and (2.39b). For the second term, using in addition (2.42) and (2.44), we obtain likewise
that

∥√qN ∇(
√
qNuN )∥L2(0,T ;[L1

µm
]d×d) ≤ C.

Eq. (2.46) together with the two previous estimates imply that

∥∇(qNuN )∥L2(0,T ;[L1
µm

]d×d) ≤ C, (2.47)

uniformly in N , and it then follows from (2.45) and (2.47) that

∥qNuN∥
L2(0,T ;[W 1,1

µm ]d)
≤ C. (2.48)

In order to bound the time derivative (∂t(qNuN ))N in L2(0, T ; [(W 1,∞
µm )′]d), we recall that (qN , uN ) satisfies

(2.20),∫
QT

∂t(qNuN ) · ΦNdµmdt

=

∫
QT

qN∇ΦNuN · uNdµmdt− δ1

∫
QT

∇uN∇qN · ΦNdµmdt

+ 2ν

∫
QT

qND(uN ) : D(ΦN )dµmdt+ 2κ2
∫
QT

[√
qND

2(
√
qN )−∇(

√
qN )⊗∇(

√
qN )
]
: D(ΦN )dµmdt

+ λσ2
∫
QT

∇qN · ΦNdµmdt+ r0

∫
QT

uN · ΦNdµmdt+ r1

∫
QT

qN |uN |2uN · ΦNdµmdt

+
r4
σ4

∫
QT

qN |x|2x · ΦNdµmdt. (2.49)
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For the first term in the right-hand side, we use (2.39a) which implies that ∥qNuN · uN∥L∞(0,T ;L1
µm

) ≤ C.
For the second term, we write

∇uN∇qN = 2∇(
√
qN )

√
qN∇uN = 2∇(

√
qN )

(
∇(

√
qNuN )− 2q

1
4
NuN ⊗∇

(
q

1
4
N

))
.

Combining (2.39a), (2.42)–(2.43), (2.39d) and (2.39e), we obtain that ∥∇uN∇qN∥L2(0,T ;[L1
µm

]d) ≤ C.
The third term is estimated thanks to (2.39a) and (2.39d), which yield ∥qND(uN )∥L2(0,T ;[L1

µm
]d×d) ≤ C.

For the fourth term, it follows from (2.39a) and (2.39c) that ∥√qND2(
√
qN )∥L2(0,T ;[L1

µm
]d×d) ≤ C and

from (2.39a) that ∥∇(
√
qN ) ⊗ ∇(

√
qN )∥L∞(0,T ;[L1

µm
]d×d) ≤ C. For the fifth term, (2.39a) and (2.39d)

give ∥∇qN∥L∞(0,T ;[L1
µm ]d) ≤ C. The sixth term is directly estimated thanks to (2.39b) which gives

∥uN∥L2(0,T ;[L2
µm

]d) ≤ C. The last two terms are estimated in the same way, combining (2.39b) and (2.39d),
which gives ∥qN |uN |2uN∥L2(0,T ;[L1

µm
]d) ≤ C and ∥qN |x|2x∥L2(0,T ;[L1

µm
]d) ≤ C. These bounds together with

(2.49) show that
∥∂t(qNuN )∥

L2(0,T ;[(W 1,∞
µm )′]d) ≤ C. (2.50)

From (2.48), (2.50), the compact embedding W 1,1
µm ↪→ L1

µm
(see [18, Theorem 3.1]) and the Aubin-Lions-

Simon Lemma, we deduce that there exists a subsequence of (qNuN )N (denoted by the same symbol) and
an element J in L2(0, T ; [L1

µm
]d) such that (qNuN )N converges to J in L2(0, T ; [L1

µm
]d). This establishes

(ii).
To verify (iii), it suffices to observe that, by the uniform bounds proven in (i), each term of the

equation (2.41) satisfied by √
qN is uniformly bounded in L2(0, T ;L2

µm
) and therefore converges weakly

to the corresponding term for (q, u) instead of (qN , uN ). The same holds for the equation (2.1b) in
L2(0, T ; [(W 1,∞

µm )′]d) by the estimates proven in (ii).

2.4 Convergence of the solutions to the regularized QNS system in the limit δ1 → 0

In order to prove the convergence of the solutions to the regularized QNS system (2.1) constructed in
Proposition 2.19, the main ingredients are the energy and BD entropy estimates (2.14) and (2.15) (with
δ1 > 0) in the statement of Theorem 2.3. Establishing (2.14) and (2.15) is the purpose of the following
two paragraphs. We begin with the energy estimate (2.14) which is easier to derive.

2.4.1 Energy estimates for solutions to the regularized QNS system

Proposition 2.20. Under the conditions of Proposition 2.19, let (q, u) be a solution to (2.1) constructed
as in Proposition 2.19. There exists a constant C0(Ereg(q0, u0), T ) > 0 depending on Ereg(q0, u0) and T
(but independent of δ1) such that, for almost every t ∈ (0, T ),

Ereg(t) +
1

2

∫ t

0
Dreg(t

′) dt′ ≤ C0(Ereg(q0, u0), T ). (2.51)

Proof. It follows from (2.38), lower semicontinuity properties and the uniform bounds proven in the proof
of Proposition 2.19 that

Ereg(q(t), u(t)) +
1

2

∫ t

0
Dreg(q(t

′), u(t′)) dt′ ≤ Ereg(q0N , u0N ) + r4δ1

[
(d+ 2)2

2σ2

]
t.

Let us justify that Ereg(q0N , u0N ) ≤ Ereg(q0, u0). Recalling that q0N = q0, we see in the expression (2.3) of
Ereg that only the kinetic fluid energy 1

2

∫
Rd q

0
N |u0N |2 dµm depends on u0N . Recall that u0N ∈ XN is defined

by (2.17) and thus, for all N ≥ 1,∫
Rd

q0N |u0N |2 dµm =

∫
Rd

q0u0 · u0N dµm ≤ 1

2

∫
Rd

q0|u0N |2 dµm +
1

2

∫
Rd

q0|u0|2 dµm.
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Therefore
1

2

∫
Rd

q0N |u0N |2 dµm ≤ 1

2

∫
Rd

q0|u0|2 dµm,

which concludes the proof of (2.14).

2.4.2 BD entropy estimates and conclusion of the proof of Theorem 2.3 for δ1 > 0.

Recall that the BD entropy and dissipation EBD,reg, DBD,reg for (q, u) have been defined in (2.6)–(2.7). We
now aim at establishing the following estimate.

Proposition 2.21. Under the conditions of Proposition 2.19, let (q, u) be a solution to (2.1) constructed
as in Proposition 2.19. There exists a constant CBD,0(Ereg(q0, u0), EBD,reg(q

0, u0), T ) > 0 depending on
Ereg(q0, u0), EBD,reg(q

0, u0) and T (but independent of 0 < δ1 ≤ 1) such that, for almost every t ∈ (0, T ),

EBD,reg(t) +
1

2

∫ t

0
DBD,reg(t

′) dt′ ≤ CBD,0(Ereg(q0, u0), EBD,reg(q
0, u0), T ). (2.52)

Before turning to the proof of Proposition 2.21, let us compute the time-derivative of qN∇ ln(qN )
(given an approximate solution (qN , uN ) to (2.1)), analogously to what we did in Remark 2.17 for √

qN .

Remark 2.22. Given a sequence ((qN , uN ))N as in Proposition 2.19, one can verify that the following
equation is satisfied in L1(0, T ; [(W 1,∞

µm )′]d):

∂t(qN∇ ln(qN )) + divm (∇ ln(qN )⊗ qN (uN − δ1∇ ln(qN )))

= δ1divm(qND
2 ln(qN ))− divm(qN∇u⊤N ) +

qN
σ2

(uN − δ1∇ ln(qN )). (2.53)

In turn, using qN∂t(∇ ln(qN )) = ∂t(qN∇ ln(qN ))−∂t(qn)∇ ln(qN ), this also yields, in L1(0, T ; [(W 1,∞
µm )′]d),

qN
[
∂t(∇ ln(qN )) +D2(ln(qN ))(uN − δ1∇ ln(qN ))

]
= δ1divm(qND

2 ln(qN ))− divm(qN∇u⊤N ) +
qN
σ2

(uN − δ1∇ ln(qN )). (2.54)

See the proof of the next lemma for justifications that all terms of the previous equations belong to
L1(0, T ; [(W 1,∞

µm )′]d).

The proof of Proposition 2.21 relies on the following two lemmas.

Lemma 2.23. Under the conditions of Proposition 2.19, let (q, u) be a solution to (2.1) associated to a
sequence ((qN , uN ))N as in Proposition 2.19. Then, for almost every t ∈ (0, T ),

d

dt

∫
Rd

qNuN · ∇(ln(qN )) dµm + δ1

∫
Rd

∇uN∇qN · ∇(ln(qN )) dµm

+ (2ν + δ1)

∫
Rd

qND(uN ) : D2(ln(qN )) dµm + κ2
∫
Rd

qN |D2(ln(qN ))|2 dµm

+ 4λσ2
∫
Rd

|∇(
√
qN )|2 dµm + r0

∫
Rd

uN · ∇ ln(qN ) dµm + r1

∫
Rd

|uN |2uN · ∇qN dµm

=

∫
Rd

qN∇uN : ∇u⊤N dµm +
1

σ2

∫
Rd

qNuN · (uN − δ1∇ ln(qN )) dµm. (2.55)
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Proof. Let (qN , uN ) be a sequence associated with (q, u) as in Proposition 2.19. From that proposition
and its proof, it follows that, for all Φ ∈ L2(0, T ;W 1,∞

µm ),∫
QT

∂t(qNuN ) · Φdµmdt

=

∫
QT

qN∇ΦuN · uNdµmdt− δ1

∫
QT

∇uN∇qN · Φdµmdt

+ 2ν

∫
QT

qND(uN ) : D(Φ)dµmdt+ 2κ2
∫
QT

[√
qND

2(
√
qN )−∇(

√
qN )⊗∇(

√
qN )
]
: D(Φ)dµmdt

+ λσ2
∫
QT

∇qN · Φdµmdt+ r0

∫
QT

uN · Φdµmdt+ r1

∫
QT

qN |uN |2uN · Φdµmdt

+
r4
σ4

∫
QT

qN |x|2x · Φdµmdt. (2.56)

Let χ ∈ D(0, T ) be a test function only depending on time. We would like to apply (2.56) with

Φ = χ∇(ln(qN )),

but the regularity properties satisfied by qN (see Proposition 2.7 and Lemma 2.16) are not enough to deduce
that ∇(ln(qN )) belongs to L2(0, T ;W 1,∞

µm ). However we have that ∇(ln(qN )) = ∇qN
qN

∈ L∞(0, T ;L2
µm

) by
Proposition 2.7, and we also observe that

D2(ln(qN )) =
D2(qN )

qN
− ∇qN ⊗∇qN

q2N
=
D2(qN )

qN
− 16

∇q
1
4
N ⊗∇q

1
4
N√

qN
∈ L2(0, T ; [L2

µm
]d×d),

by Proposition 2.7 and Lemma 2.16. For ε > 0, let ηε be an approximation to the identity (ηε(x) =
ε−dη(ε−1x) with η ∈ D(Rd) and

∫
Rd η(x)dx = 1), and let Φε = χ(ηε ∗ ∇ ln(qN )). We then have that

Φε ∈ L2(0, T ;W 1,∞
µm ) and

Φε → χ∇ ln(qN ), ∇Φε = χ(ηε ∗D2(ln(qN ))) → χD2(ln(qN )), ε→ 0, (2.57)

in L2(0, T ; [L2
µm

]d) and L2(0, T ; [L2
µm

]d×d), respectively. Now we apply (2.56) with Φ = Φε, and we
observe that all terms in (2.56) (with Φ = Φε) integrated against Φε, D(Φε) or ∇(Φε) belong either
to L2(0, T ; [L2

µm
]d) or L2(0, T ; [L2

µm
]d×d) (for instance, the term ∂t(qNuN ) = ∂t(qN )uN + qN∂t(uN ) be-

longs to L2(0, T ; [L2
µm

]d) because qN ∈ H1(0, T ;L2
µm

) and uN ∈ C1([0, T ];L∞
µm

) by Proposition 2.7; the
term √

qND
2(
√
qN ) belongs to L2(0, T ; [L2

µm
]d×d) because qN ∈ L∞(0, T ;L∞

µm
) by Proposition 2.7 and

D2(
√
qN ) ∈ L2(0, T ; [L2

µm
]d×d) by Lemma 2.16; the term qN |x|2x belongs to L2(0, T ; [L2

µm
]d) because

qN ∈ L∞(0, T ;L∞
µm

) and |x|2x ∈ L2(0, T ; [L2
µm

]d), etc.). Therefore, since (2.57) holds, we can let ε → 0,
obtaining ∫

QT

∂t(qNuN ) · χ∇ ln(qN )dµmdt

=

∫
QT

χqND
2(ln(qN ))uN · uNdµmdt− δ1

∫
QT

χ∇uN∇qN · ∇ ln(qN )dµmdt

+ 2κ2
∫
QT

χ
[√
qND

2(
√
qN )−∇(

√
qN )⊗∇(

√
qN )
]
: D2(ln(qN ))dµmdt

+ 2ν

∫
QT

χqND(uN ) : D2(ln(qN ))dµmdt+ λσ2
∫
QT

χ∇qN · ∇ ln(qN )dµmdt

+ r0

∫
QT

χuN · ∇ ln(qN )dµmdt+ r1

∫
QT

χqN |uN |2uN · ∇ ln(qN )dµmdt

+
r4
σ4

∫
QT

χqN |x|2x · ∇ ln(qN )dµmdt. (2.58)
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Similar computations as in [11, Appendix A] then lead to∫
QT

qNuN ·
(
∂t(χ∇ ln(qN )) + χD2(ln(qN ))u

)
dµmdt− 16δ1

∫
QT

χ
√
qN∇uN∇

(
q

1
4
N

)
· ∇
(
q

1
4
N

)
dµmdt

= 2ν

∫
QT

χ(
√
qND(uN )) : (

√
qND

2(ln(qN )))dµmdt+ κ2
∫
QT

χqN |D2(ln(qN ))|2dµmdt

+ λσ2
∫
QT

χqN |∇qN |2dµmdt+ 4r0

∫
QT

χuN · ∇ ln(qN )dµmdt

+ 4r1

∫
QT

χ

(
q

3
4
N |uN |2uN

)
· ∇
(
q

1
4
N

)
dµmdt+

4r4
σ4

∫
QT

χ

(
q

3
4
N |x|2x

)
· ∇
(
q

1
4
N

)
dµmdt. (2.59)

In order to justify the time integration by parts to deduce the last equation from (2.58), we write
∂t(qNuN ) = ∂t(qN )uN + qN∂t(uN ) and integrate by parts the second term thanks to (2.53) (observing
that qN ∈ L∞(0, T ;L∞

µm
)), yielding∫

QT

∂t(qNuN ) · χ∇ ln(qN )dµmdt =

∫
QT

uN · χ∂t(qN )∇ ln(qN )dµmdt−
∫
QT

uN · ∂t(χqn∇ ln(qN ))dµmdt

= −
∫
QT

uN · qN∂t(χ∇ ln(qN ))dµmdt.

Next, using the differentiation in D′(0, T ) (and denoting ⟨·, ·⟩ the duality bracket on D′(0, T )), we can
rewrite∫

QT

qNuN ·
(
∂t(χ∇ ln(qN )) +D2(ln(qN ))uN

)
dµmdt

= −
〈

d

dt

(∫
Rd

qNuN · ∇ ln(qN ) dµm

)
, χ

〉
+

∫
QT

χqNuN ·
(
∂t∇ ln(qN ) +D2(ln(qN ))uN

)
dµmdt. (2.60)

The last term in the previous identity can be computed using (2.54) to obtain, almost everywhere in (0, T ),∫
Rd

qNuN ·
(
∂t∇ ln(qN ) +D2(ln(qN ))uN

)
dµm

=

∫
Rd

uN ·
(
D2(ln(qN ))δ1∇ ln(qN ) + δ1divm(qND

2 ln(qN ))− divm(qN∇u⊤N ) +
qN
σ2

(uN − δ1∇ ln(qN ))
)
dµm

=

∫
Rd

qN∇uN : ∇u⊤N dµm − δ1

∫
Rd

qN |D2(ln(qN ))|2 dµm +
1

σ2

∫
Rd

(
√
qNuN − 2δ1∇(

√
qN )) · (√qNuN )dµm

+ δ1

∫
Rd

(q
1
4
NuN ) · (√qND2(ln(qN )))(4∇q

1
4
N ) dµm. (2.61)

Inserting (2.60)–(2.61) into (2.59) and using, in particular, that

r0

∫
Rd

uN · ∇ ln(qN ) dµm = −r0
d

dt

∫
Rd

ln(qN ) dµm + r0δ1

∫
Rd

|∇ ln(qN )|2 dµm

= r0
d

dt

∫
Rd

(qN − ln(qN )) dµm + r0δ1

∫
Rd

|∇ ln(qN )|2 dµm,

(where we used the conservation of mass
∫
Rd qN dµm = 1), we obtain (2.55).

Arguing in a similar way, we can establish the following:
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Lemma 2.24. Under the conditions of Proposition 2.19, let (q, u) be a solution to (2.1) associated to a
sequence ((qN , uN ))N as in Proposition 2.19. Then, for almost every t ∈ (0, T ),

1

2

d

dt

∫
Rd

qN |∇(ln(qN ))|2 dµm + δ1

∫
Rd

qN |D2(ln(qN ))|2 dµm

=

∫
Rd

qN∇u⊤N : D2(ln(qN )) dµm +
1

σ2

∫
Rd

(qNuN − δ1∇ ln(qN )) · ∇ ln(qN ) dµm. (2.62)

Proof. It suffices to proceed in the same way as in the proof of Lemma 2.23.

Now we can prove Proposition 2.21.

Proof of Proposition 2.21. Adding (2.2) for (qN , uN ) (see Lemma 2.15), (2ν)× (2.55) and (2ν)2 × (2.62),
straightforward computations lead to the following equality satisfied by the BD entropy:

d

dt
EBD,reg(qN , uN )(t) +DBD,reg(qN , uN )(t) = RBD,reg(qN , uN )(t), (2.63)

where EBD,reg(qN , uN ), DBD,reg(qN , uN ) (with (qN , uN ) instead of (q, u)) are defined in (2.6)–(2.7) and
(compare to (1.25))

RBD,reg(q, u) =
r4(δ1 + 2ν)(d+ 2)

σ2

∫
Rd

q
∣∣∣x
σ

∣∣∣2 dµm − 2νδ1

∫
Rd

qD(u) : D2(ln(q)) dµm

− 2νδ1

∫
Rd

∇u∇q · ∇ ln(q) dµm − 2νr1

∫
Rd

q|u|2u · ∇ ln(q) dµm

+
2ν

σ2

∫
Rd

q (u+ 2ν∇ ln(q)) · (u− δ1∇ ln(q)) dµm. (2.64)

From the expression of RBD,reg and the a priori bounds on (qN , uN ) stated in Lemma 2.16, it is not difficult
to verify, arguing as in the proof of Proposition 2.19, that there exists a constant CBD > 0 (independent
of δ1) and a positive constant C independent of the parameters such that

RBD,reg(qN , uN ) ≤ CBD + Cr4∥∇(q
1
4
N )∥L4

µm
. (2.65)

Now from the expression (2.7) of DBD,reg we see that

2νκ2
∫
Rd

qN |D2(ln(qN ))|2 + νr4
2σ4

I4(qN ) ≤ DBD,reg(qN , uN ),

and therefore, by Lemma A.4, for a constant C > 0 independent of r4

Cmin(r4, 4κ
2)

[
∥D2(

√
qN )∥2L2

µm
+ ∥∇(q

1
4
N )∥4L4

µm

]
≤ DBD,reg(qN , uN ).

Together with (2.63) and (2.65), this yields

d

dt
EBD,reg(qN , uN )(t) +

1

2
DBD,reg(qN , uN )(t) ≤ CBD,

for some positive constant CBD (which differs from that of (2.65)) independent of δ1. Integrating from 0
to t, we obtain (2.52) with (qN , uN ) instead of (q, u). We conclude the proof of the proposition by letting
N → ∞ exactly as in the proof of Proposition 2.20.

To conclude this subsection, we observe that, putting together the previous propositions, the proof of
Theorem 2.3 in the case where δ1 > 0 is now complete.
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Proof of Theorem 2.3 for δ1 > 0. Let (q, u) be a solution to (2.1), associated to a sequence ((qN , uN ))N ,
as in Proposition 2.19. Since (

√
qN )N strongly converges to √

q in C0([0, T ];L2
µm

), the conservation of mass
(2.13) for q is a direct consequence of the conservation of mass for qN (see (2.22)).

The regularity properties for (q, u) stated in Definition 2.1 directly follow from the conservation of
mass (2.13), the energy estimate (2.14) proven in Proposition 2.20 and the BD entropy estimate (2.15)
proven in Proposition 2.21.

2.4.3 Passing to the limit δ1 → 0

Starting with a solution (qδ1 , uδ1) (with δ1 > 0) to the regularized QNS system (2.1) and letting δ1 → 0,
we now obtain the statement of Theorem 2.3 in the case where δ1 = 0.

Proof of Theorem 2.3 for δ1 = 0. Let (qδ1 , uδ1) be a solution to (2.1) with δ1 > 0 constructed as in Propo-
sition 2.19. Similarly to the a priori estimates obtained for the Faedo-Galerkin solutions (qN , uN ) in
Lemma 2.16, the energy estimate (2.14), BD entropy estimate (2.15) and Lemma A.4 imply the following
bounds for (qδ1 , uδ1):

∥qδ1∥L∞(0,T ;L1
µm

) + ∥qδ1 ln(qδ1)∥L∞(0,T ;L1
µm

) + r0∥qδ1 − ln(qδ1)∥L∞(0,T ;L1
µm

) ≤ C,

∥√qδ1uδ1∥L∞(0,T ;[L2
µm ]d) + ∥∇√

qδ1∥L∞(0,T ;[L2
µm ]d) +

√
r0∥uδ1∥L2(0,T ;[L2

µm ]d) ≤ C,

∥√qδ1∇uδ1∥L2(0,T ;[L2
µm

]d×d) + ∥√qδ1D2(ln(qδ1))∥L2(0,T ;[L2
µm

]d×d) +
√
r4∥D2(

√
qδ1)∥L2(0,T ;[L2

µm
]d×d) ≤ C,

r
1
4
4 ∥q

1
4
δ1
x∥L∞(0,T ;[L4

µm
]d) + r

1
4
1 ∥q

1
4
δ1
u∥L4(0,T ;[L4

µm
]d) + r

1
4
4 ∥∇q

1
4
δ1
∥L4(0,T ;[L4

µm
]d) ≤ C,

for some constant C independent of 0 < r0, r1, r4, δ1 ≤ 1. In particular, we see that (qδ1 , uδ1) satisfy,
uniformly in 0 < δ1 ≤ 1, the same a priori estimates that were satisfied by (qN , uN ) uniformly in N (see
Lemma 2.16). Here it should be noted that the BD entropy estimate (2.15) allows us to the refine the

bounds on √
qδ1D

2(ln(qδ1)) and q
1
4
δ1
x and therefore, by Lemma A.4, those on D2(

√
qδ1) and ∇(q

1
4
δ1
), in the

sense that the corresponding bounds for (qN , uN ) in Lemma 2.16, which depended on δ1, are replaced by
uniform bounds in δ1 for (qδ1 , uδ1).

Given these uniform a priori estimates for (qδ1 , uδ1), we can now reproduce the argument used in
Proposition 2.19 to prove the convergence of the Faedo-Galerkin solutions (qN , uN ) in the limit N → ∞.
The gives the existence of global weak solutions to (2.1) for δ1 = 0. The conservation of mass, energy
estimate and BD entropy estimate are then obtained by following the argument used in the proof of
Proposition 2.20.

3 Global weak solutions to the QNS system without drag terms

The goal of this section is to prove Theorem 1.6, using in particular the result established at the end
of the previous section, namely Theorem 2.3 with δ1 = 0. To fix the ideas, we only consider here the
most difficult case in the statement of Theorem 1.6, namely when all the coefficients in front of the drag
forces vanish, r0 = r1 = r4 = 0. One can easily adapt the proof to the general case where some of these
coefficients are non-negative. We recall that ν > 0 and κ > 0 are fixed.

Our aim is to construct global weak solutions to the system (1.15) which is, as mentioned in the
introduction, a reformulation of the system (1.1), the system of interest in this paper. To obtain such
a result, we will use the notion of renormalized weak solutions introduced in [20] and used in particular
in [11, Section 4]. More precisely, we will prove Theorem 3.2 below which in turn implies Theorem 1.6.
The proof is divided in several steps. Firstly, we show that there exist renormalized weak solutions to
the QNS system with drag forces (1.16). We use for that the result obtained in the previous section by
proving that a weak solution is also a renormalized solution. Secondly, we show that any renormalized
solution of (1.15) is also a weak solution. Finally, we prove a stability result which gives that a sequence
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of renormalized weak solutions of (1.16), converges, up to a subsequence, to a renomalized weak solution
of (1.15), when the drag coefficients tend to zero.

Let us now define what is called a renormalized weak solution for the system (1.16).

Definition 3.1. (Renormalized weak solution [11, Section 4]) Let r0 ≥ 0, r1 ≥ 0, r4 ≥ 0, κ > 0 and
ν > 0. Let (

√
q0,
√
q0u0) ∈ H1

µm
×
[
L2
µm

]d satisfying :∫
Rd

(
√
q0)2 dµm = 1 and (compatibility conditions)

√
q0 ≥ 0 a.e. in Rd,

√
q0u0 = 0 a.e. on

{√
q0 = 0

}
.

(3.1)
A couple (

√
q,
√
qu) is called a (global) renormalized weak solution to (1.16) in Rd associated with the

initial data (
√
q0,
√
q0u0) if there exists a quadruplet (√q,√qu,TNS,SK) such that

1. The same regularity properties as the ones stated in Definition 1.2 are satisfied.

2. There exists a constant C > 0 (depending on the initial data (
√
q0,
√
q0u0)) such that, for any

function Θ ∈ W 2,∞(Rd), there exist two measures m1
Θ ∈ M((0,∞)× Rd;R) and m2

Θ ∈ M((0,∞)×
Rd;Rd×d×d) such that

∥m1
Θ∥M((0,∞)×Rd;R) + ∥m2

Θ∥M((0,∞)×Rd;Rd×d×d) ≤ C∥D2(Θ)∥L∞

and the following equations are satisfied in D′((0,∞)× Rd) and [D′((0,∞)× Rd)]d, respectively,

∂t
√
q + divm(

√
qu) =

1

2
Tr(TNS)−

1

2σ2
√
qu · x, (3.2a)

∂t(
√
q
√
qΘ(u)) + divm (

√
qΘ(u)

√
qu) = divm

([
2ν

√
qSNS + 2κ2

√
qSK

]
(∇Θ)(u)

)
(3.2b)

+f · (∇Θ)(u) +m1
Θ

where
f = −r0u− r1q|u|2u− r4

σ4
q|x|2x− 2

√
qλσ2∇√

q, (3.3)

and with SNS = 1
2

(
TNS +T⊤

NS

)
, the symmetric part of TNS, satisfying the compatibility conditions:

√
q
∂Θ

∂xi
(u)[TNS]j,k = ∂k

(
q
∂Θ

∂xi
(u)uj

)
− 2

√
quj

∂Θ

∂xi
(u)∂k

√
q + (m2

Θ)i,j,k for all i, j, k = 1, 2, 3,

√
qSK =

√
qD2(

√
q)−∇√

q ⊗∇√
q =

1

ρm

[√
ρD2(

√
ρ)−∇(

√
ρ)⊗∇(

√
ρ) +

ρ

2σ2
Id

]
.

3. For any ψ ∈ D(Rd),

lim
t→0+

∫
Rd

√
q(t, ·)ψ dµm =

∫
Rd

√
q0ψ dµm,

lim
t→0+

∫
Rd

√
q(t, ·)(√qu)(t, ·)ψ dµm =

∫
Rd

√
q0(
√
q0u0)ψ dµm.

Let us now state the main theorem of this section.

Theorem 3.2. Let (
√
q0,
√
q0u0) ∈ H1

µm
×
[
L2
µm

]d satisfying (3.1).

1. For any r0 > 0, r1 > 0 and r4 > 0, any weak solution to (1.16) in the sense of Definition 1.2 is a
renormalized solution to (1.16) in the sense of Definition 3.1, with initial data (

√
q0,
√
q0u0).

2. Any renormalized solution to (1.16) in the sense of Definition 3.1 is a weak solution to (1.16) in the
sense of Definition 1.2.

31



3. Consider the sequences (
√
q0n,
√
q0nu

0
n) uniformly bounded in H1

µm
×
[
L2
µm

]d, satisfying (3.1) and
converging to (

√
q0,
√
q0u0), and the sequences r0,n, r1,n and r4,n converging to 0, all defined in

Section 3.2 below.

Denote (
√
qn,

√
qnun) the sequence of associated weak renormalized solution to (1.16) (associated with

(TNS,n,SK,n)), with initial data (
√
q0n,
√
q0nu

0
n) and drag terms r0,n, r1,n and r4,n. Then there exist a

subsequence (
√
qn,

√
qnun) (still denoted with n), tensors TNS, SK in L2

loc(0,∞;L2
µm

) and (
√
q,
√
qu)

a renormalized solution to (1.15) (associated with (TNS,SK)), with initial data (
√
q0,
√
q0u0), such

that

- √
qn converges to √

q in L∞
loc(0,∞;H1

µm
);

- √
qnun converges to √

qu in L∞
loc(0,∞;L2

µm
);

- the sequences TNS,n and SK,n converge weakly in L2
loc(0,∞;L2

µm
) to TNS and SK, respectively.

Moreover for every compactly supported function Θ ∈ W 2,∞(Rd), the sequence √
qnΘ(un) converges

strongly in L∞
loc(0,∞;L2

µm
) to √

qΘ(u).

Remark 3.3. As in [11], it would also be possible to let κ → 0 in our strategy of proof. As σ (and thus
ρm) depends on κ by (1.11), it is convenient to do a change of unknows and variables, for θ = σ2

ε > 0 (a
universal time where ε > 0 is fixed),

ρ(t, x) =
1

σd
R

(
t

θ
,
x

σ

)
, u(t, x) =

σ

θ
U

(
t

θ
,
x

σ

)
to obtain the following equivalent system, where τ = t

θ , y = x
σ ,

∂τR+ divy(RU) = 0,

R (∂τU +∇yUU) =
2νθ

σ2
divy(RDyU) +

κ2θ2

σ4
divy

(
RD2

y ln(R)
)
− aθ2

σ2
∇y ln(R)− λθ2R∇y ln(R)

=
2ν

ε
divy(RDyU) +

κ2

ε2
divy

(
RD2

y ln(R)
)
− aσ2

ε2
∇y ln(R)−

λσ4

ε2
R∇y ln(R).

Note that ρm then becomes Rm : x ∈ Rd 7→ (2π)−
d
2 exp

(
− |x|2

2

)
∈ R, and that we can then easily track

the dependence in (κn), a sequence of positive real numbers converging to 0 (observe that, by (1.11), (σn)
tends to

√
a
λ when (κn) tends to 0).

As mentioned before Theorem 3.2 implies Theorem 1.6 in the case where the drag coefficients r0, r1, r4
vanish. Indeed, the first point allows us to construct, for a fixed n, a renormalized solution to the system
(1.16) with drag coefficients r0,n, r1,n and r4,n. This gives the existence of a sequence of renormalized
solutions. Thanks to the third point we obtain the existence of a renormalized weak solution for the
system without drag forces (1.15), which is also a global weak solution thanks to the second point of the
theorem.

Note that, the proof of the second point of Theorem 3.2 is not difficult and follows the lines of [20,
Section 4]. The details will be skipped here.

The remainder of this section is devoted to the proof of Theorem 3.2 and divided into three subsections.
In Subsection 3.1 we prove the first point of Theorem 3.2. In Subsection 3.2, we construct a smooth
sequence of initial data. Finally, Subsection 3.3 is devoted to the proof of the stability part, i.e. the third
point of Theorem 3.2.
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3.1 Proof of the first point of Theorem 3.2: Weak solutions are renormalized weak
solutions.

The goal of this section is to prove that, for r0 > 0, r1 > 0 and r4 > 0, any weak solution of (1.27) in the
sense of Definition 1.2 is also a renormalized weak solutions of (1.27) in the sense of Definition 3.1.

Note that the regularities and the equation (3.2a) of Definition 3.1 are the same as those of Definition
1.2. Likewise, point 3 concerning the initial data is the same in both definitions. It thus remains to prove
that Eq. (3.2b) is also satisfied for all Θ ∈W 2,∞(Rd).

Equation for ϕ(q). Equation (1.27a) rewrites as

∂t(
√
q) + 2(q

1
4u) · ∇(q

1
4 ) +

1

2
Tr(TNS)−

1

2

(
q

1
4
x

σ2

)
·
(
q

1
4u
)
= 0. (3.4)

Then ∂t(
√
q) ∈ L2(0, T ;L2

µm
) thanks to the regularities of √q, q

1
4u, q

1
4x, ∇(q

1
4 ) and TNS in Definition 1.2.

We also know from the conservation of mass that √
q ∈ L∞(0, T ;L2

µm
).

For any ϕ ∈ C1
c (R; ]0,∞[) (a cut-off of small and large values), from the equation (3.4), ϕ(q) = ϕ((

√
q)2)

satisfies
∂t(ϕ(q)) + u · ∇(ϕ(q)) = −√

qϕ′(q) Tr(TNS) + ϕ′(q)
(√

q
x

σ2

)
· (√qu) .

Moreover, we can multiply the momentum equation (1.27b) with ϕ(q) to obtain

∂t(qϕ(q)u)+divm (ϕ(q)u⊗ qu) = divm (ϕ(q)
√
qS)+ϕ(q)f−√

qS∇(ϕ(q))+[∂t(ϕ(q)) + u · ∇(ϕ(q))] qu (3.5)

where f is defined in (3.3) and S = 2νSNS + 2κ2SK.
These calculations can be justified by rewriting the system in the original variables (ρ, u) where ρ = qρm

and then by applying directly the strategy of [20] as ρ satisfies the same regularities with the addition of∫
Rd ρ(·, x)|x|2 dx belongs to L∞

loc(0,∞;R) with bound depending only on the initial energy and BD entropy
(thanks to the strong Poincaré inequality, see Proposition B.1).

For, l ≥ 1, let us consider ϕl a cut-off (Equation (3.1) in [20]) defined on [0,∞) by, for all y ∈ [0,∞),

ϕl(y) = (2ly − 1)1[ 1
2l
, 1
l ]
(y) + 1[ 1l ,l]

(y) +
(
2− y

l

)
1[l,2l](y).

The function ϕl(q)q
− 1

4 belongs to L∞
loc(0,∞;L∞) and for r1 > 0, we have q

1
4u ∈ L4

loc(0,∞;L4
µm

), thus

v = ϕl(q)u =
(
ϕl(q)q

− 1
4

)
q

1
4u ∈ L4

loc(0,∞;L4
µm

). Then, for any Θ ∈W 2,∞(Rd), using the ideas developped
in [20], we obtain, taking the scalar product of (3.5) with (∇Θ(v)),

∂t(qΘ(v)) + divm(Θ(v)qu) = divm (ϕl(q)
√
qS∇(Θ(v))) + ϕl(q)f · ∇(Θ(v))−√

qS∇(ϕl(q)) · ∇(Θ(v))

−√
qϕ′l(q) Tr(TNS)qu · ∇(Θ(v)) + ϕ′l(q)

(√
q
x

σ2

)
· (√qu) qu · ∇(Θ(v))

−Tr (ϕl(q)
√
qS∇(∇Θ(v))) .

Because the sequence (ϕl)l≥1 is an approximation of the constant function 1 in W 2,∞(Rd), we can pass
to the limit l → ∞ in the previous identity to obtain (3.2b). In particular, we obtain (as ϕ′l(q) → 0,
∇(ϕl(q)) → 0 and √

q∇v → TNS),

m1
Θ = −Tr

(
S(D2Θ)(u)TNS

)
∈ L1

loc(0,∞;L1
µm

)

with the bound (see (1.18) and (1.21))

∥m1
Θ∥L1

loc(0,∞;L1
µm ) ≤ ∥D2Θ∥L∞∥S∥L2

loc(0,∞:[L2
µm ]d×d)∥TNS∥L2

loc(0,∞:[L2
µm ]d×d)

≤ ∥D2Θ∥L∞

(
E(
√
q0,
√
q0u0) + EBD(

√
q0,
√
q0u0)

)
.
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Still following the lines of [20] (or equivalently [11]), we can obtain the compatibility condition on the
tensor TNS by computing (for regularized √

q and u) the following expression, for all i, j, k = 1, 2, 3,

√
q
∂Θ

∂xi
(u)

√
q
∂uj
∂xk

= ∂k

(
(
√
q)2

∂Θ

∂xi
(u)uj

)
− 2

√
quj

∂Θ

∂xi
(u)∂k(

√
q)− (

√
quj)

∂2Θ

∂xi∂xp
(u)

√
q
∂up
∂xk

.

Thus we obtain the expression of m2
Θ as follows, for all i, j, k = 1, . . . , d,

(m2
Θ)i,j,k = −(

√
quj)[D

2(Θ)(u)TNS]ik

which belongs to L1
loc(0,∞;L1

µm
) and satisfies, for all i, j, k = 1, . . . , d,

∥(m2
Θ)i,j,k∥L1

loc(0,∞;L1
µm

) ≤ ∥D2Θ∥L∞

(
E(
√
q0,
√
q0u0) + EBD(

√
q0,
√
q0u0)

)
.

This proves the first point of Theorem 3.2.

3.2 Construction of sequences of smooth initial data and drag coefficients.

Let us construct, for a given (
√
q0,
√
q0u0) as in Definition 3.1, a sequence (

√
q0n,
√
q0nu

0
n)n satisfying

(2.11), for all n.

The sequence (
√
q0n)n. Let χ, ζ ∈ D(Rd) such that

1{|x|≤ 1
2} ≤ χ ≤ 1{|x|<1}, supp(ζ) ⊂ B(0Rd , 1) and

∫
Rd

ζ = 1

and define, for
√
q0 as in Definition 3.1 and for all n ≥ 1,

√
q0n =

(
(
√
q0)χn + 1

n

)
∗ ζn∥∥∥((√q0)χn + 1

n

)
∗ ζn

∥∥∥
L2
µm

with, for all x ∈ Rd and all n ≥ 1,

χn(x) = χ
(x
n

)
and ζn(x) = ndζ (nx) .

Let us give a result follwing Proposition 4.2. in [11].

Proposition 3.4. The sequence (
√
q0n)n≥1 satisfies

lim sup
n→∞

∫
Rd

|∇
√
q0n|2 dµm ≤

∫
Rd

|∇
√
q0|2 dµm.

Note that this implies also, thanks to the Log-Sobolev inequality (see Appendix B), that

2

∫
Rd

q0n ln(
√
q0n) dµm =

∫
Rd

q0n ln(q
0
n) dµm

is bounded1 independently of n.

1Recall that
∫
Rd

(q0n ln(q0n)− q0n + 1) dµm ≥ 0 and thus
∫
Rd q

0
n ln(q0n) dµm is bounded from below independently of n.
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The sequence (
√
q0nu

0
n)n. For n ≥ 1, we define

u0n =

√
q0u0√
q0n

χn.

Note that u0n satisfies (2.12) for all n ≥ 1.

The sequences of drag terms. Still following [11, Section 4], we consider such a sequence of initial
data and, in the same time, sequences (r0,n)n≥1, (r1,n)n≥1 and (r4,n)n≥1 defined, for all n ≥ 1, by

r0,n =
1

n+

(∫
Rd

(q0n − ln(q0n)) dµm

)2 , r1,n =
1

n
and r4,n =

1

n+ I4(q0n)
2

(3.6)

allowing then both r4,n −→
n→∞

0 and r4,nI4(q0n) −→
n→∞

0 (while the sequence (I4(q
0
n))n≥1 may not be bounded)

and in the same way both r0,n −→
n→∞

0 and r0,n
∫
Rd

(q0n − ln(q0n)) dµm −→
n→∞

0.

Remark 3.5. In the simpler cases where r0 > 0, r1 > 0 and/or r4 > 0, we can consider any sequences
(r0,n)n, (r1,n)n and (r4,n)n converging to r0, r1 and r4, respectively. In this case, in particular, (r0,n)n and
(r4,n)n do not need to depend on the sequence of initial data (

√
q0n)n.

3.3 Proof of the third point of Theorem 3.2: limits with respect to the drag terms

Let (
√
q0,
√
q0u0) ∈ H1

µm
×
[
L2
µm

]d satisfying (3.1). Let us then define a sequence of initial data
(
√
q0n,
√
q0nu

0
n) and drag terms (r0,n, r1,n, r4,n) as in Section 3.2.

For any n ≥ 1, thanks to Theorem 2.3, as the initial data (
√
q0n,
√
q0nu

0
n) satisfies (2.11) and (2.12),

there exists a global weak solution (
√
qn,

√
qnun) to (2.1) with initial data (

√
q0n,
√
q0nu

0
n) and positive drag

terms (r0,n, r1,n, r4,n) in the sense of Definition 1.2 (see Remark 2.2).
Thanks to the first point of Theorem 3.2 (see Section 3.1), for any n ≥ 1, (√qn,

√
qnun) is a renormalized

weak solution to (1.27) in the sense of Definition 3.1.
This sequence of solutions ((

√
qn,

√
qnun))n≥1 satisfies the system and energy and entropy estimates

of Subsection 2.4 and, thanks to Proposition 3.4, the right-hand side of the energy and entropy estimates
are themselves bounded independently of n.

More precisely, the sequences (
√
qn,

√
qnun,TNS,n,SK,n)n≥1 satisfy

√
qn ∈ L∞

loc(0,∞, H1
µm

),
√
qnun ∈ L∞

loc(0,∞, L2
µm

), TNS,n,SK,n ∈ L2
loc(0,∞; [L2

µm
]d×d),

with bounds independent of n. Therefore, by compactness, there exists √
q, √qu, TNS and SK such that

√
q ∈ L∞

loc(0,∞, H1
µm

),
√
qu ∈ L∞

loc(0,∞, L2
µm

), TNS,SK ∈ L2
loc(0,∞; [L2

µm
]d×d),

and subsequences (without relabelling subsequences) such that
√
qn −→

n→∞
√
q in L∞

loc(0,∞, H1
µm

)− w∗,
√
qnun −→

n→∞
√
qu in L∞

loc(0,∞, [L2
µm

]d)− w∗,
TNS,n −→

n→∞
TNS in L2

loc(0,∞; [L2
µm

]d×d)− w,

SK,n −→
n→∞

SK in L2
loc(0,∞; [L2

µm
]d×d)− w.

By the same type of argument as in the proof of Proposition 2.19 (namely a priori bounds obtained
from the energy and BD entropy estimates and the Aubin-Lions-Simon Lemma 2.18), we can pass to the
limit in the energy and BD entropy estimates and also in Equation (1.27a).
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Note that, going back to the original density ρ = qρm, and denoting, for each n ≥ 1, ρn = qnρm,
we infer from the bound on SK,n, the compatibility condition in the definition of the renormalized weak
solutions and Lemmata A.1 and A.2 that (ρn)n≥1 is bounded in L2 such that (√ρnD2(ln(ρn)))n≥1 is also
bounded in [L2]d×d.

Using also Lemma A.4, we conclude that (D2(
√
ρn))n≥1 and

(
∇
(
ρ

1
4
n

))
n≥1

are bounded respectively in

L2
loc(0,∞; [L2]d×d) and L4

loc(0,∞; [L4]d) and therefore weakly converge to D2(
√
ρ) and ∇

(
ρ

1
4

)
respectively

in these spaces.
From the strong convergence of the sequence √

ρn to √
ρ in C0([0,∞);L2), we can pass to the limit in

the compatibility condition to obtain that

√
qSK =

1

ρm

[√
ρD2(

√
ρ)−∇(

√
ρ)⊗∇(

√
ρ) +

ρ

2σ2
Id

]
in the space L1

µm
.

In order to prove that the compatibility condition for TNS is satisfied, we can follow once again [20]
(see Lemma 5.1 and the proof of part (4) of Theorem 2.1 page 207). Let us state the last property we will
use.

Lemma 3.6. For any H ∈ L∞(Rd), (
√
qnH(un))n≥1 converges strongly to √

qH(u) in L2
loc(0,∞;L2

µm
)

where u is defined a.e. in Rd by u =
√
qu√
q 1{

√
q>0}, (

√
qu) is the limit of the sequence (

√
qnun)n≥1 and √

q

is the limit of the sequence (
√
qn)n≥1 obtained above.

Proof. The proof of this property can be adapted from [20, Lemma 5.1 (4)].

Now, for any Θ ∈ W 2,∞(Rd), for any i, j, k = 1, . . . , d, using Lemma 3.6 for H = ∂Θ
∂xi

, the strong
convergence of (√qn)n≥1 to √

q in C0([0,∞);L2
µm

), the weak convergence of the sequence (TNS,n)n≥1 to
TNS in L2

loc(0,∞; [L2
µm

]d×d), and the compactness of the bounded sequence of measures ({(m2
Θ)n}i,j,k)n≥1,

we can pass to the limit in the compatibility condition

√
qn
∂Θ

∂xi
(un)[{TNS}n]j,k = ∂k

(
qn
∂Θ

∂xi
(un){un}j

)
− 2

√
qn{un}j

∂Θ

∂xi
(un)∂k

√
qn + {(m2

Θ)n}i,j,k. (3.7)

Indeed, first ({(m2
Θ)n}i,j,k)n is bounded independently of n thanks to the definition of renormalized weak

solution and the definition of the sequences of initial data (which allow uniform in n bounds of the
initial energy and BD entropy), then up to a subsequence, the sequence ({(m2

Θ)n}i,j,k)n converges in
M((0,∞)×Rd;R) to an element (denoted {m2

Θ}i,j,k and satisfying the same bound as the sequence) and
second √

qn
∂Θ
∂xi

(un)[{TNS}n]j,k −→
n→∞

√
q ∂Θ
∂xi

(u)[TNS]j,k in L1
loc(0,∞, L1

µm
)− w,

2
√
qn{un}j ∂Θ

∂xi
(un)∂k

√
qn −→

n→∞
2
√
quj

∂Θ
∂xi

(u)∂k
√
q in L1

loc(0,∞, L1
µm

)− w,

∂k

(
qn

∂Θ
∂xi

(un){un}j
)

−→
n→∞

∂k

(
q ∂Θ
∂xi

(u)uj

)
in M((0,∞)× Rd;R).

The last convergence is a consequence of the identity (3.7) satisfied for every n and the convergences of
the others terms in this space. The convergence occurs a priori in a subspace of distribution of order 1 (in
space) as the sequence (qn

∂Θ
∂xi

(un){un}j)n≥1 converges weakly in L1
loc(0,∞;L1

µm
) by the arguments above.

Thus, for all Φ ∈ D([0,∞)× Rd),〈
∂k

(
qn
∂Θ

∂xi
(un){un}j

)
,Φ

〉
= −

〈
qn
∂Θ

∂xi
(un){un}j , ∂kΦ

〉
−→
n→∞

−
〈
q
∂Θ

∂xi
(u)uj , ∂kΦ

〉
=

〈
∂k

(
q
∂Θ

∂xi
(u)uj

)
,Φ

〉
.
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The same arguments allow us to pass to the limit in Equation (3.2b) (written for √
qn, √

qnun) to
obtain the corresponding equation satisfied by (

√
q,
√
qu).

This proves that indeed, up to subsequences, ((√qn,
√
qnun))n converges to (

√
q,
√
qu), renormalized

weak solution to (1.27) with r0 = 0, r1 = 0, r4 = 0.
This concludes the proof of Theorem 3.2.

4 The case without potential force: global weak solutions for a rescaled
QNS system similar to [11]

We would like in this section to show that our strategy of proof can be adapted to the Quantum Navier-
Stokes system without potential force in Rd (for d ≥ 1 an integer), that is the system studied in [11],
which corresponds to (1.1) with λ = 0 in this paper, namely

∂tρ+ div(ρu) = 0, (4.1a)

∂t(ρu) + div(ρu⊗ u) = div(2νρD(u)) + 2κ2ρ∇
(
∆(

√
ρ)

√
ρ

)
− a∇ρ. (4.1b)

As in [11], we can consider an equivalent problem obtained after a time-dependent space rescaling
y = x

τ(t) where τ solves a nonlinear ODE. Let us introduce R and U defined by (recall that mF = 1)

ρ(t, x) =
1

(τ(t))d
R

(
t,

x

τ(t)

)
, u(t, x) =

1

τ(t)
U

(
t,

x

τ(t)

)
+
τ̇(t)

τ(t)
x (4.2)

where τ is a function of time that will be determined later on. The functions R and U will be the new
unknowns.

Putting the ansatz (4.2) into (4.1), and denoting y = x
τ(t) the new space variable, one can show that

the new unknowns (R,U) satisfy

∂tR+
1

τ2
divy(RU) = 0,

∂t(RU) +
1

τ2
divy(RU ⊗ U) +Rτ̈τy =

1

τ2
divy(2νRDy(U)) +

2κ2

τ2
R∇y

(
∆y(

√
R)√
R

)

−a∇yR+ 2ν
τ̇

τ
∇yR.

We here look for τ solution to the ODE (which exists, is unique and belongs to C2([0,∞); (0,∞)),

τ̈ =
a

τ
+
κ2

τ3
− 2ν

τ̇

τ2
, τ(0) = 1 and τ̇(0) = 0. (4.3)

With such an expression for τ̈ , we obtain a system that we will rewrite in the variables Q = R
Rm

and U ,
denoting in this section the operators divm and ∆m with respect to the density Rm given in Figure 1 (and
which corresponds to ρm when σ = 1), that is

divm =
1

Rm
div(Rm·) and ∆m = divm(∇·) = 1

Rm
div(Rm∇(·)).

The new system reads

∂tQ+
1

τ2
divm(QU) = 0, (4.4a)

∂t(QU) +
1

τ2
divm(QU ⊗ U) =

1

τ2
divm(2νQDy(U)) +

2κ2

τ2
Q∇y

(
∆m(

√
Q)√

Q

)
(4.4b)

−
(
a− 2ντ̇

τ

)
Q∇y ln(Q).
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Remark 4.1. In [11], the parameter τ satisfies, instead of (4.3), the following ODE (written in our
setting)

τ̈ =
a

τ
, τ(0) = 1 and τ̇(0) = 0. (4.5)

Note that the large time behavior of the solution to (4.5) and (4.3) are the same (and does not depend on
the initial data, see [10, Section 3, in particular Lemma 3.2] for details). Here

τ(t) ∼
t→∞

t
√

2a ln(t) τ̇(t) ∼
t→∞

√
2a ln(t).

Let us summarize in Figure 1 the differences between our system and the one studied in [11].

Quantum Navier-Stokes equations Equation (4.1) Equation (1.1) in [11]
Pressure coefficient a 1

Quantum coefficient 2κ2 ϵ2

2

Viscosity coefficient 2ν ν

Autosimilar parameter τ ODE Equation (4.3) τ̈ = 2
τ , τ(0) = 1, τ̇(0) = 0

Stationnary density Rm : y 7→ (2π)−
d
2 exp

(
−1

2 |y|
2
)

Γ(y) = exp(−|y|2)
System studied in the variables (R,U) Equation (4.4) Equation (1.5) in [11]

Figure 1: Differences in notation between this paper and [11]

Solutions to system (4.4) satisfy a BD entropy identity. One can recover this identity by consid-
ering the system satisfied by W = U + 2ν∇ ln(Q) the effective velocity, namely (denoting A(U) =
1
2

(
∇yU −∇yU

⊤)),
∂tQ+

1

τ2
divm(QU) = 0, (4.6a)

∂t(QW ) +
1

τ2
divm(W ⊗QU) =

1

τ2
divm(2νQA(U)) +

2κ2

τ2
Q∇y

(
∆m(

√
Q)√

Q

)
(4.6b)

−
(
a− 2ντ̇

τ

)
Q∇y ln(Q).

Energy identity:
d

dt
Eτ (Q,U) +Dτ (Q,U) =

τ̇

τ3

∫
Rd

QU · [2ν∇ ln(Q)] dµm,

where the energy and dissipation are given respectively by

Eτ (Q,U) =
1

2τ2

(∫
Rd

Q|U |2 dµm + 4κ2
∫
Rd

∣∣∣∇(√Q)∣∣∣2 dµm

)
+ a

∫
Rd

Q ln(Q) dµm,

Dτ (Q,U) =
τ̇

τ3

(∫
Rd

Q|U |2 dµm + 4κ2
∫
Rd

∣∣∣∇(√Q)∣∣∣2 dµm

)
+

2ν

τ4

∫
Rd

Q|D(U)|2 dµm.

BD entropy identity:

d

dt
Eτ
BD(Q,U) +Dτ

BD(Q,U) = − τ̇

τ3

∫
Rd

QU · [2ν∇ ln(Q)] dµm,
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where the BD entropy and corresponding dissipation are given respectively by

Eτ
BD(Q,U) =

1

2τ2

(∫
Rd

Q|W |2 dµm + 4κ2
∫
Rd

∣∣∣∇(√Q)∣∣∣2 dµm

)
+ a

∫
Rd

Q ln(Q) dµm,

Dτ
BD(Q,U) =

τ̇

τ3

(∫
Rd

Q|U |2 dµm + 4κ2
∫
Rd

∣∣∣∇(√Q)∣∣∣2 dµm

)
+

2ν

τ4

∫
Rd

Q|A(U)|2 dµm

+
2νκ2

τ4

∫
Rd

Q|D2(ln(Q))|2 dµm + 2ν

(
a

τ2
+
κ2

τ4

)∫
Rd

Q|∇ ln(Q)|2 dµm.

This leads in particular to the following identity by summation:

d

dt
(Eτ (Q,U) + Eτ

BD(Q,U)) +Dτ (Q,U) +Dτ
BD(Q,U) = 0.

It is easy to see that (4.4) has the same structure as (1.15) (with coefficients depending on τ (and τ̇))
and corresponds to the system (1.5) in [11]. Therefore, we can follow the strategy of proof developed in
the present paper, using the same energy Eτ (Q,U) and BD entropy Eτ

BD(Q,U) as in [10]. This leads to
the existence of global weak solutions to (4.4) in the sense of the following definition.

Definition 4.2. Let (
√
Q0,Λ0) ∈ L2

µm
× [L2

µm
]d. A pair (Q,U) is a weak solution to (4.4) associated to

the initial data (
√
Q0,Λ0) if there exists a quadruplet (

√
Q,Λ,SK,TNS) such that

1. The following regularities are satisfied
√
Q ∈ L∞

loc(0,∞, L2
µm

), ∇
√
Q,Λ ∈ L∞

loc(0,∞, [L2
µm

]d),

TNS, SK ∈ L2
loc(0,∞, [L2

µm
]d×d), Q ln(Q) ∈ L∞

loc(0,∞;L1
µm

),

and, for R = QRm,

D2(
√
R) ∈ L2

loc(0,∞, [L2]d×d), ∇
(
R

1
4

)
∈ L4

loc(0,∞, [L4]d),

with the compatibility conditions√
Q ≥ 0 a.e. on (0,∞)× Rd, Λ = 0 a.e. on

{√
Q = 0

}
.

The velocity U is then defined by

U =
Λ√
Q
1{

√
Q>0}.

2. The following equations are satisfied in D′((0,∞)× Rd),

∂t
√
Q+

1

τ2
divm(

√
QU) =

1

2τ2
Tr(TNS) +

1

2τ2

√
QU · ∇y(ln(Rm)),

∂t(
√
Q
√
QU) +

1

τ2
divm(

√
QU ⊗

√
QU) + a∇y

(
|
√
Q|2
)

=
1

τ2
divm(2ν

√
QSNS + 2κ2

√
QSK)

+
2ντ̇

τ
∇y

(
|
√
Q|2
)

with

SNS =
TNS +T⊤

NS

2

and the compatibility conditions√
QTNS = ∇(

√
Q
√
QU)− 2

√
QU ⊗∇(

√
q),√

QSK =
√
QD2(

√
Q)−∇(

√
Q)⊗∇(

√
Q).
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3. For any ψ ∈ D(Rd),

lim
t→0+

∫
Rd

√
Q(t, x)ψ(x) dx =

∫
Rd

√
Q0(x)ψ(x) dx,

lim
t→0+

∫
Rd

√
Q(t, x)(

√
QU)(t, x)ψ(x) dx =

∫
Rd

√
Q0(x)Λ0(x)ψ(x) dx.

One can then prove the following theorem by adapting the method developed in Sections 2 and 3 of
this paper.

Theorem 4.3. Let ν > 0 and κ > 0. Let (
√
Q0,

√
Q0U0) ∈ L2

µm
× [L2

µm
]d satisfying furthermore

Eτ (Q0, U0) <∞ and Eτ
BD(Q

0, U0) <∞ and the compatibility conditions√
Q0 ≥ 0 a.e. on Rd,

√
Q0U0 = 0 a.e. on {

√
Q0 = 0}.

Then, there exists a global weak solution (
√
Q,

√
QU) to (4.4) in the sense of Definition 4.2 satisfying the

energy and entropy inequalities, namely there exist absolute constants C and CBD such that, for almost all
t ≥ 0,

Eτ (Q(t), U(t)) +

∫ t

0
Dτ (Q(t′), U(t′)) dt′ ≤ C(Eτ (Q0, U0)),

Eτ
BD(Q(t), U(t)) +

∫ t

0
Dτ

BD(Q(t′), U(t′)) dt′ ≤ CBD(Eτ (Q0, U0), Eτ
BD(Q

0, U0)).

A From the original system (1.1) to the new system (1.15) and vice versa

Minimal density ρm. Consider a small perturbation of the energy E(ρ, u) given by (1.9), through a
small variation of (ρ, u):

E(ρ+ δρ, u+ δu) = E(ρ, u) +

∫
Rd

ρu · δu+

∫
Rd

(
1

2
|u|2 + a ln(ρ) + κ2

(
∆ρ

ρ
− |∇ρ|2

2ρ2

)
+

1

2
λ|x|2

)
δρ

+ o
(
∥(δρ, δu)∥2

)
.

Therefore, for (ρm, um) satisfying
∫
Rd ρm = 1, ρm ≥ 0 and E(ρm, um) > 0, to be minimizer of the energy,

this couple has to satisfy

ρmum = 0 and therefore a ln(ρm) + κ2
(
∆ρm
ρm

− |∇ρm|2

2ρ2m

)
+

1

2
λ|x|2 = c,

where c is a constant associated to the mass condition for ρm (Lagrange multiplier). This implies that ρm
is given by (1.10).

Potential force (Korteweg, pressure and potential). First, let us note that the Korteweg tensor,
when K(ρ) is given by (1.6), satisfies the Bohm identity

2κ2ρ∇
(
∆
√
ρ

√
ρ

)
= κ2ρ∇

(
∆ ln(ρ) +

1

2
|∇ ln(ρ)|2

)
= κ2 div

(
ρD2(ln(ρ))

)
.

Recall that q = ρ
ρm

. A simple computation, using divm(v) = 1
ρm

div(ρmv) = div(v) +∇ ln(ρm) · v and the
explicit expression of ∇ ln(ρm) = − x

σ2 , leads to

2κ2
∆
√
ρ

√
ρ

= 2κ2
∆m(

√
q)

√
q

+ [V + a ln(ρm)]− E(ρm, 0),
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where E(ρm, 0) is given by (1.12). Therefore, the last three terms in the right-hand side of the Navier-
Stokes Equation (1.1b) become

ρ∇
(
−a ln(ρ) + 2κ2

∆
√
ρ

√
ρ

− V

)
= ρ∇

(
−a ln(q) + 2κ2

∆m(
√
q)

√
q

)
. (A.1)

On the other hand, a direct calculation leads to:

κ2divm
(
qD2(ln(q))

)
− κ2

σ2
q∇ ln(q) =

κ2

ρm

[
div
(
ρD2(ln(q))

)
− 1

σ4
ρx

]
= 2κ2q∇

[
∆
√
ρ

√
ρ

]
− κ2

σ4
q∇
(
1

2
|x|2
)

= q∇
[
2κ2

∆
√
ρ

√
ρ

− V

]
+ aq∇

(
1

2

|x|2

σ2

)
= 2κ2q∇

(
∆m(

√
q)

√
q

)
,

where we used the definition of σ, see (1.11), in the second line and (A.1) in the last one.
These two different expressions of the Korteweg tensor allow us to derive the energy and BD entropy

identities for system (1.15). Indeed, for the energy, we have∫
Rd

2q∇
(
∆m(

√
q)

√
q

)
· u dµm = 2

∫
Rd

(
∆m(

√
q)

√
q

)
∂q

∂t
dµm = 4

∫
Rd

∆m(
√
q)
∂
√
q

∂t
dµm

= −2
d

dt

∫
Rd

|∇√
q|2 dµm = −1

2

d

dt

∫
Rd

q|∇ ln(q)|2 dµm.

In the original variable ρ = qρm, we have (recall that
∫
Rd q dµm =

∫
Rd ρ dx = 1)∫

Rd

q|∇ ln(q)|2 dµm =

∫
Rd

ρ
(
|∇ ln(ρ)|2 − 2∇ ln(ρ) · ∇ ln(ρm) + |∇ ln(ρm)|2

)
dx

=

∫
Rd

ρ|∇ ln(ρ)|2 dx− 2d

σ2
+

1

σ2

∫
Rd

ρ
∣∣∣x
σ

∣∣∣2 dx.

Using the expression of Ĩ2(q) defined in (1.26), we have∫
Rd

ρ|∇ ln(ρ)|2 dx− d

σ2
=

∫
Rd

q|∇ ln(q)|2 dµm − 1

σ2
Ĩ2(q).

For the BD entropy, we have

−
∫
Rd

[
divm(qD2(ln(q)))− 1

σ2
∇q
]
· ∇ ln(q) dµm =

∫
Rd

q|D2(ln(q))|2 dµm +
1

σ2

∫
Rd

q|∇ ln(q)|2 dµm.

This formula can be expressed in terms of the original density ρ = qρm as follows∫
Rd

q|D2(ln(q))|2 dµm +
1

σ2

∫
Rd

q|∇ ln(q)|2 dµm

=

∫
Rd

ρ|D2(ln(ρ))|2 dx+
1

σ4
Ĩ2(q)−

1

σ2

∫
Rd

ρ|∇ ln(ρ)|2 dx,

that is ∫
Rd

ρ|D2 ln(ρ)|2 dµm − d

σ4
=

∫
Rd

q|D2(ln(q))|2 dµm +
2

σ2

∫
Rd

q|∇ ln(q)|2 dµm − 2

σ4
Ĩ2(q).

These two calculations lead to the following result.
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Lemma A.1 (Link between ρ and q). For q : Rd 7→ R nonnegative, we define ρ = qρm and vice versa.
Then, we have the following:

√
q ∈ L2

µm
s.t.

∫
Rd

q dµm = 1 ⇐⇒ √
ρ ∈ L2 s.t.

∫
Rd

ρ dx = 1.

Furthermore

√
q ∈ H1

µm
s.t.

∫
Rd

q dµm = 1 ⇐⇒ √
ρ ∈ H1 s.t.

∫
Rd

ρ dx = 1 and
∫
Rd

ρ|x|2 <∞.

Finally,

√
q ∈ H1

µm
s.t.

∫
Rd

q dµm = 1 and
∫
Rd

q|D2(ln(q))|2 dµm <∞

⇐⇒ √
ρ ∈ H1 s.t.

∫
Rd

ρ dx = 1,

∫
Rd

ρ|x|2 <∞ and
∫
Rd

ρ|D2(ln(ρ))|2 dx <∞.

We have in addition the following useful identities.

Lemma A.2. For q : Rd 7→ R nonnegative, we define ρ = qρm and vice versa. Then

D2(
√
q)−

∇(
√
q)⊗∇(

√
q)

√
q

=
1

√
ρm

[
D2(

√
ρ)−

∇(
√
ρ)⊗∇(

√
ρ)

√
ρ

+

√
ρ

2σ2
Id

]
.

In particular, assuming that √q ∈ L2
µm

(for instance such that
∫
Rd q dµm = 1), we have

√
qD2(

√
q)−∇(

√
q)⊗∇(

√
q) ∈ L1

µm
⇐⇒ √

ρD2(
√
ρ)−∇(

√
ρ)⊗∇(

√
ρ) ∈ L1.

Proof. The proof of the lemma is straightforward by direct computations. The formulae used in the proof
are given in the following remark.

Remark A.3. For smooth positive q and ρ = qρm, we have

√
qD2(ln(q)) = 2

[
D2(

√
q)−

∇(
√
q)⊗∇(

√
q)

√
q

]
and

√
ρD2(ln(ρ)) = 2

[
D2(

√
ρ)−

∇(
√
ρ)⊗∇(

√
ρ)

√
ρ

]
but

D2(
√
q) =

1
√
ρm

[
D2(

√
ρ) +∇(

√
ρ)

sym
⊗ x

σ2
+

[
1

4σ4
x⊗ x+

1

2σ2
Id

]
√
ρ

]
and

∇(
√
q)⊗∇(

√
q)

√
q

=
1

√
ρm

[
∇(

√
ρ)⊗∇(

√
ρ)

√
ρ

+∇(
√
ρ)

sym
⊗ x

σ2
+

√
ρ

4σ4
x⊗ x

]
.

We used here the notation
sym
⊗ to simplify the formulae, it reads, for a = (ak)k=1,...,d, b = (bk)k=1,...,d in

Rd, as follows

a
sym
⊗ b =

1

2
(a⊗ b+ b⊗ a) =

1

2
(akbl + albk)k,l.

It corresponds to the symmetric part of the matrix a⊗ b.
From theses computations, it seems that we cannot control D2(

√
q)
(
resp. ∇(

√
q)⊗∇(

√
q)√

q

)
in L2

µm
from

a control of D2(
√
ρ)
(
resp. ∇(

√
ρ)⊗∇(

√
ρ)√

ρ

)
in L2(Rd) only and vice versa. Some bound on I4(q) must also

be involved.

Finally the following estimates were used several times in the main text.
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Lemma A.4. There exists a positive constant C∗ > 0 (depending only on the dimension) such that for
any positive smooth function ρ : Rd 7→ R, we have∫

Rd

|D2(
√
ρ)|2 dx+

∫
Rd

|∇(ρ
1
4 )|4 dx ≤ C∗

∫
Rd

ρ|D2(ln(ρ))|2 dx.

There exists a positive constant Cm,∗ > 0 (depending only on the dimension) such that for any positive
smooth function q : Rd 7→ R, we have∫

Rd

|D2(
√
q)|2dµm +

∫
Rd

|∇(q
1
4 )|4dµm ≤ Cm,∗

(∫
Rd

q|D2(ln(q))|2dµm +
1

σ4

∫
Rd

q
∣∣∣x
σ

∣∣∣4 dµm) .
Proof. The proof follows (exactly for the first inequality and with the additional term from the density
ρm for the second) the different steps of the proof of [24, Lemma 2.1]. We prove here only the second one.
Denoting (following notations in [24])

A =

∫
Rd

|D2(
√
q)|2dµm, B =

∫
Rd

|2∇(q
1
4 )|4dµm, D =

∫
Rd

q|D2(ln(
√
q))|2dµm, I4(q) =

∫
Rd

q
∣∣∣x
σ

∣∣∣4 dµm,
(A.2)

we obtain after some integrations by parts and by using |Tr(M)|2 ≤ d∥M∥2 for any M ∈ Md×d(R) that

A+B ≤ D +
√
3BD +

1

σ
(I4(q))

1
4B

3
4 .

This leads in particular to

A+
1

2
B ≤ 4D +

3

4σ4
I4(q).

B Inequalities in a Gaussian setting

B.1 Logarithmic Sobolev inequality

Let us denote dγd the normalized Gaussian measure on Rd. Let f ∈ H1
γd

, then (see [17]) |f |2 ln(|f |) ∈ L1
γd

and furthermore ∫
Rd

|f(x)|2 ln(|f(x)|) dγd ≤
∫
Rd

|∇f(x)|2 dγd + ∥f∥2L2
γd

ln(∥f∥L2
γd
).

In particular, for f =
√
q for which ∥f∥2L2

µm
=
∫
Rd q dµm = 1, we have (after change of variables)∫

Rd

q ln(q) dµm ≤ 2

σ2

∫
Rd

|∇√
q|2 dµm. (B.1)

B.2 Strong Poincaré Inequality

Proposition B.1. There exists a constant CSP > 0 such that, for all f ∈ H1
µm

,∥∥∥∥√1 + |x|2
(
f −

∫
Rd

f dµm

)∥∥∥∥
L2
µm

≤ CSP∥∇f∥[L2
µm

]d .

See [12, Proposition 5]. In particular, for f =
√
q, we obtain, using the Cauchy-Schwarz inequality to

bound the mean value ∫
Rd

√
q dµm ≤ 1
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and ∥∥∥∥∥
√
1 +

|x|2
σ2

∥∥∥∥∥
L2
µm

=
√
1 + d,

that √∫
Rd

(
1 +

|x|2
σ2

)
q dµm ≤

√
CSP∥∇

√
q∥[L2

µm
]d +

√
1 + d.

B.3 Strong Poincaré-Korn Inequality

Proposition B.2. There exists a constant CSPK > 0 such that, for all u ∈ [H1
µm

]d,∥∥∥∥√1 + |x|2
(
u−

∫
Rd

u dµm − P(u)

)∥∥∥∥
[L2

µm ]d
≤ CSPK∥D(u), ∥[L2

µm ]d×d

where P(u) is the orthogonal projection from [L2
µm

]d onto R (the space of all the infinitesimal rotations)
given by

R =
{
R : x ∈ Rd 7→ Ax ∈ Rd with A ∈Md×d(R) s.t. A⊤ = −A

}
.

See [12, Theorem 1]. The projection P can be computed, see [12, Appendix B], it is a continous
operator from [L2

µm
]d into [H1

µm
]d.

B.4 Consequences of this inequalities.

Proposition B.3.

1. There exists a constant CSP,m > 0 such that, if r ∈ H1
µm

, then rx ∈ [L2
µm

]d and

∥xr∥L2
µm

≤ CSP∥∇r∥[L2
µm

]d + CSP,m∥r∥L2
µm
.

2. There exists a constant CSPK,m > 0 such that, if u ∈ [H1
µm

]d, then x · u ∈ L2
µm

and

∥x · u∥L2
µm

≤ CSPK∥D(u)∥[L2
µm

]d×d + CSPK,m∥u∥[L2
µm

]d .

3. If r ∈ H2
µm

, then rx ∈ [H1
µm

]d and |x|2r ∈ L2
µm

and

∥|x|2r∥L2
µm

+ ∥xr∥[H1
µm ]d ≤ CSPK∥D2(r)∥[L2

µm ]d×d + Cm∥r∥L2
µm
.
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