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We consider a broad class of strongly interacting quantum lattice gases, including the Fermi-
Hubbard and Bose-Hubbard models. We focus on macroscopic particle clusters of size θN , with
θ ∈ (0, 1) and N the total particle number, and we study the quantum probability that such a cluster
is transported across a distance r within time t. Conventional effective light cone arguments yield
a bound of the form exp(vt− r). We report a substantially stronger bound exp(θN(vt− r)), which
provides exponential suppression that scales with system size. Our result establishes a universal
dynamical large deviation principle: macroscopic suppression of supersonic macroscopic transport
(MASSMAT).

Lieb and Robinson [1] famously discovered that
quantum lattice systems exhibit an “effective light
cone” reminscient of relativistic systems. Their
Lieb-Robinson bound (LRB) controls the proba-
bility that quantum information travels a distance
r > 0 in time t > 0 by

exp(C(vLRt− r)) (1)

for constants C, vLR > 0. This establishes an effec-
tive light cone vLRt = r beyond which information
propagation is exponentially suppressed. The Lieb-
Robinson velocity vLR is an O(1) quantity propor-
tional to the strength of local interactions.
As one of the few rigorous tools for analyzing

strongly interacting quantum many-body systems,
the LRB has proven remarkably powerful. Follow-
ing breakthroughs of Hastings in the early 2000s [2–
4], it was decisive in resolving fundamental prob-
lems across condensed matter physics, quantum in-
formation theory, and high-energy physics. Appli-
cations of LRBs include exponential clustering for
gapped systems [2, 5], the definition and stabil-
ity of topological quantum phases [2, 3, 6–10], the
area law for the entanglement entropy [4], the con-
trol of dynamical entanglement generation [11, 12],
the many-body adiabatic theorem [13, 14], quantum
simulation algorithms [15–19], bounds on quantum
messaging [20], and the fast scrambling conjecture
[21–25]. Given the broad utility of LRBs, a large
and continually growing body of research is con-
cerned with extending them and related propaga-
tion bounds to new settings, e.g., to long-range in-
teractions [2, 5, 12, 23, 26, 27], open quantum sys-
tems [28–31], bosonic lattice gases [16, 19, 32–41],
and continuum systems [42–44]. Improved LRB es-
tablishing finer control (e.g., slow transport for dis-
ordered systems) have also been proved [9, 45–50].

LRBs have also been observed experimentally [51–
54], e.g., with ultra-cold atoms in optical lattices.
For a comprehensive review of progress up to 2023,
see [55].

Ordinarily, it is considered a strength of the stan-
dard LRB (1) that it is independent of system size,
making it well-suited for analyzing quantum dy-
namics on microscopic scales, where all relevant pa-
rameters are O(1). However, many physically rel-
evant problems concern the collective transport of
macroscopic numbers of quantum particles, start-
ing with Ohm’s law and ranging to the separation
of timescales that is the basis of quantum hydro-
dynamics [56–58] and prethermalization phenomena
[59–61]. Controlling macroscopic particle transport
poses unique challenges — particularly in bosonic
systems [37, 62–66] which can exhibit large local par-
ticles numbers even within regions of O(1) size.
In this Letter, we establish a new type of dynam-

ical bound on the transport of macroscopic parti-
cle clusters in strongly interacting quantum lattice
systems. Specifically, we show that such transport
is suppressed by an exceptionally rapid and macro-
scopically large decay rate outside of a light cone:
the bound takes the form

exp(CN(vt− r)), (2)

where N is the total particle number. Figure 1
compares the standard light cone to the new light
cone given by (2). What sets the latter apart is
the N -factor in the exponent in (2). Consequently,
the exponential decay rate outside of the light cone
r > vt grows extensively with the system size N .
We refer to the bound (2) as a manifestation of a
new quantum-dynamical large deviation principle:
macroscopic suppression of supersonic macroscopic
transport (MASSMAT). It significantly strengthens
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FIG. 1. Our main result establishes the green light cone
∼ vt, with v given by (6), outside of which the expo-
nential decay rate becomes ∝ N , i.e., extensive. Since
v is larger than the quantity κ in (9) that bounded the
speed of macroscopic clusters in prior work [37, 63], there
is a separation of the new macroscopic MASSMAT light
cone and the usual O(1) light cone (yellow region). Note
that we establish the MASSMAT light cone for short-
ranged hopping terms, whereas [37, 62–66] considered
long-ranged hopping terms as well.

prior bounds on the macroscopic particle transport
problem [37, 62–66] for a broad class of quantum
many-body Hamiltonians with short-ranged hop-
ping.

A key conceptual consequence of MASSMAT is
that the effective light cone r = vt established by
(2) becomes extremely sharp already for moderate
N -values and mathematically exact (meaning free
from errors) in the thermodynamic limit N → ∞
— all while r and t are held fixed. This stands in
contrast to the standard Lieb-Robinson light cone of
the form (1), which is rougher because it allows for
O(1) leakage. Hence, MASSMAT establishes that
the transport of macroscopic particle cluster is uni-
versally governed by an unforeseen emergent strict
causality. The well-known analogy connecting LRBs
and special relativity through the shared concept of
the light cone is thus shown to become an exact
correspondence for thermodynamically large particle
clusters thanks to MASSMAT. The precise, rigorous
statement is given in Theorem 1 below.

Our proof of MASSMAT applies broadly to many
strongly interacting quantum lattice gases, includ-
ing the Fermi-Hubbard and Bose-Hubbard Hamil-
tonians with short-range hopping [67]. Therefore,
MASSMAT is a universal dynamical principle that
places unforeseen constraints on quantum many-
body systems out of equilibrium.

Example: non-interacting chain. For illustration,
we present a simple situation where MASSMAT ob-
viously holds, while the decay provided by the LRB
(1) is far too pessimistic. Consider the dynamics of a
chain of free (i.e., non-interacting) bosons with only

nearest-neighbor hopping, i.e., the Hamiltonian

Hfree =

L−1∑
x=1

(a†xax+1 + a†x+1ax), (3)

where {a†x, ax}x∈Λ are the bosonic creation and an-
nihilation operators. For simplicity, consider the
initial state where all particles are localized at site
1, i.e., ψ0 = (a†1)

NΩ where Ω is the vacuum. We
capture macroscopic transport via the projection
PN{r,...,L}≥θN onto the eigenspaces of N{r,...,L} =∑L

x=r nx (the number of particles sitting on sites
{r, . . . , L}) with eigenvalues at least θN , 0 < θ < 1.
Using that the particles are non-interacting, one eas-
ily finds that for all t, r ≥ 1 (see [68] for the details)

⟨ψt|PN{r,...,L}≥θN |ψt⟩ ≤ eθNC(vt−r), (4)

which proves that the MASSMAT principle holds for
the non-interacting chain.

For non-interacting particles, the power N in (4)
arises because the particles are statistically indepen-
dent. Of course, this argument breaks down com-
pletely for strongly interacting particles. Surpris-
ingly, as we show, MASSMAT holds nonetheless. We
are able to achieve this by devising a new way of de-
riving many-body propagation bounds that we coin
geometric exponential tilting, which is different from
prior approaches to bounding macroscopic transport
[37, 62–66]. We explain the core idea of geometric
exponential tilting after we present the main result.

Setup and main result. We consider a finite graph
(Λ, EΛ) with vertex set Λ ⊂ RD, D ≥ 1, such that
nearest-neighbors all have Euclidean distance = 1.

We consider a system of indistinguishable quan-
tum particles living on the graph Λ — the result and
its proof are identical for fermions and bosons and so
we treat both cases in parallel. We take {a†x, ax}x∈Λ

to be a collection of fermionic/bosonic creation and
annihilation operators satisfying the usual canonical
anticommutation/commutation relations.

The model. On the fermionic/bosonic Fock space
over the one-body Hilbert space ℓ2(Λ), we consider
Hamiltonians of the form

H = H0 + V ({nx}x∈Λ), H0 =
∑

x,y∈Λ

Jxya
†
xay. (5)

Here, Jxy represents short-range particle hopping
and V ({nx}x∈Λ) represents a general density-density
interaction.

Our assumptions on the Hamiltonian (5) are as
follows:
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(i) The hopping matrix is Hermitian, i.e., Jxy =
J̄yx for x, y ∈ Λ, and satisfies, for a parameter
a > 0, the short-range condition that

v = max
x∈Λ

∑
y∈Λ

|Jxy|
sinh(a|x− y|)

a
(6)

is bounded independently of |Λ|.

(ii) V : {0, 1, 2, . . .}|Λ| → R is a real-valued func-
tion of |Λ| variables.

Under these assumptions, H is a self-adjoint opera-
tor on the Fock space F(ℓ2(Λ)); see, e.g., [36].
The class of Hamiltonians of the form (5) satis-

fying these assumptions is very broad. In particu-
lar, it includes the paradigmatic Fermi-Hubbard and
Bose-Hubbard Hamiltonians. We call Condition (i)
the short-range condition because

sinh(a|x− y|) ∼ 1

2
exp(a|x− y|), |x− y| ≫ 1

and so v in (6) is bounded independently of Λ pre-
cisely when the hopping matrix Jxy decays exponen-
tially at large distances |x− y|. (We use the sinh in
(6) instead of the exponential because it gives the
asymptotically sharp value of v in the limit a → 0,
as we explain after the main result.) In particular,
Condition (i) holds for the physically most impor-
tant case of nearest-neighbor hopping on the integer
lattice Λ ⊂ ZD, i.e.,

Jxy = Jδ|x−y|=1,

in which case the the short-range condition (6) holds
for any a > 0 with v = 2DJ sinh a

a .
Assumption (ii) on V is extremely weak. In par-

ticular, long-range and k-body interactions for any
k are allowed as long as they are of density-density
type. Typical examples of V ({nx}x∈Λ) are poly-
nomials. E.g., for the paradigmatic Bose-Hubbard
Hamiltonian, one has

V ({nx}x∈Λ) =
∑
x∈Λ

(nx(nx − 1)− µnx) .

We remark that it is easy to include local spin de-
grees of freedom in our setup and we only refrain
from doing so to keep the notation simple. Spin
degrees of freedom appear, e.g., in the standard
Fermi-Hubbard Hamiltonian. We can also treat
time-dependent Hamiltonians, i.e., Jxy = Jxy(t) and
V = V (t). In this case, we simply require that As-
sumptions (i) and (ii) hold uniformly in t.

The main result. Since the Hamiltonian (5) pre-
serves the total particle number NΛ =

∑
x∈Λ nx, we

henceforth work on a fixed eigenspace of NΛ = N
for a fixed N ≥ 1. To state our main result, we in-
troduce some notation. For any subset S ⊂ Λ, we
define

NS =
∑
x∈S

nx, N̄S =
NS

N
. (7)

For 0 ≤ c ≤ 1, we write PN̄S≥c for the associated
spectral projector of N̄S . Finally, given two subsets
of the lattice X,Y ⊂ Λ, we write dXY for their Eu-
clidean distance.

Our main result is the following:

Theorem 1 (MASSMAT principle). Consider a
Hamiltonian H of the form (5) satisfying Assump-
tions (i)–(ii) with v, a > 0.

Then, for any 0 ≤ α < β ≤ 1, and any disjoint
subsets X, Y ⊂ Λ, the following estimate holds on
each N -particle sector:

∥PN̄X≥β e
−itHPN̄Y ≥1−α∥ ≤ e−aN((β−α)dXY −v|t|).

(8)

This theorem is proved in [68]. The bound (8)
implies a strong light cone estimate on the quantum
probability that a macroscopic cluster comprised of
(β−α)N particles traverses the distance dXY in time
t. Indeed, consider two disjoint regions X,Y ⊂ Λ
and an initial N -particle density operator ρ0 that
has at least (1 − α)N particles in Y and thus sat-
isfies Tr(PN̄Y ≥1−αρ0) = 1. Consequently, there are
at most αN < βN particles in X initially and so
Tr(PN̄X≥βρ0) = 0. We denote the time-evolved state

by ρt = e−itHρ0e
itH . Then Tr(PN̄X≥βρt) is the prob-

ability that after time t, at least (β − α)N particles
are transported from region Y to the region of in-
terest X. Thanks to (8), this probability is bounded
by

Tr(PN̄X≥βρt)

=Tr(PN̄X≥βe
−itHPN̄Y ≥1−αρ0PN̄Y ≥1−αe

itHPN̄X≥β)

≤∥PN̄X≥βe
−itHPN̄Y ≥1−α∥2 Tr(ρ0)

≤e−2aN((β−α)dXY −v|t|). (*)

In words, (8) implies that a macroscopic cluster of
(β − α)N particles move at most at speed v

β−α , up
to errors that are exponentially small in N and thus
effectively completely negligible.

A few remarks about the bound (8) are in order.
First, since it is an operator norm bound, it provides
state-independent constants. Second, as mentioned
above, the propagation speed (i.e., the slope of the
MASSMAT light cone) is given by v

β−α . The con-
stant v is related to previous velocity bounds on par-
ticle transport [37, 63] as follows. Since sinh z

z ≥ 1
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for z ≥ 0, we have that Assumption (6) implies

κ = max
x∈Λ

∑
y∈Λ

|Jxy||x− y| < v. (9)

This κ is exactly the first moment of the hopping ma-
trix which was used to bound the propagation speed
in our prior works [37, 63]. Thus (9) shows that the
maximal velocity / light cone slope v for our light
cone here is slightly larger than the slope κ obtained
in [37, 63]. This shows that the macroscopic de-
cay rate outside of the MASSMAT light cone (which
has slope v) sets on slightly later than the standard
O(1) decay (compare (1)) that was proved in [37, 63].
This is shown in Figure 1. In fact, our choice of v
in Condition (i) is sharp in the limit of arbitrarily
slow decay a → 0: Using sinh(a|x − y|) ∼ a|x − y|,
we see that v in (6) converges to κ as a → 0. Com-
pared to [37, 63], we see that by slightly increasing
the light cone slope, we are able to boost the micro-
scopic error estimate outside of the light cone to an
unprecedented, macroscopic one.
For finite-range hopping, Assumption (ii) holds

for any a > 0, and so it is possible to optimize the
choice of a depending on the other parameters. Con-
sider, e.g., nearest neighbor hopping on an integer
lattice, i.e, Jxy = Jδ|x−y|=1. Then, the minimizer is

a∗ = cosh−1
(

(β−α)dXY

2DJ|t|

)
and it yields an improved

bound of the form
(

|t|
(β−α)dXY

)N(β−α)dXY

. This is

a MASSMAT strengthening of the refined LRB of
the form (t/d)d which recently played a crucial role
in achieving refined control over dynamical entan-
glement generation [69].
Incorporating physical units in our theorem

amounts to replacing J → J
ℏ and dXY → ℓr0 with

r0 the lattice spacing and ℓ an O(1) number. Let us
consider a typical 1D optical lattice experiment real-
izing the Bose-Hubbard Hamiltonian, e.g., [51, 54],
which features N = 18 atoms with an effective hop-
ping amplitude J/ℏ ≈ 500s−1 between neighboring
lattice sites that are spaced r0 ≈ 500nm apart, ob-
served up to time tmax ≈ 3ℏ/J . We aim to bound,
say, the quantum probability that 1/3 of the N = 18
particles are transported across ℓ lattice sites in time
t. We apply our theorem with the dimensionally cor-
rect choice a = 1/r0 and use sinh(1) ≤ 6/5 to obtain
the bound

exp

(
−N

(
ℓ

3
− 3J

ℏ
t

))
.

Experimentally, the interior quantity ℓ
3 − 3J

ℏ t is of
order one; e.g., taking ℓ = 6 and t = 1

9 tmax = 1
3ℏ/J ,

we have ℓ
3 − 3J

ℏ t = 1. Then the extra factor of N =

18 improves the probability bound from e−1 ≈ 0.37
to e−18 ≈ 1.52× 10−8.
Description of the proof method. Our proof of

Theorem 1 rests on an approach which we call geo-
metric exponential tilting. Here, we give a high-level
overview and compare the approach to other ones
in the literature. The full proof is deferred to [68].
Geometric exponential tilting is completely differ-
ent to the approaches used in prior works to bound
transport of macroscopic boson clusters, namely the
second-order adiabatic spacetime localization ob-
servables (ASTLO) method [37, 63] and the opti-
mal transport method [65]. The overarching idea
of geometric exponential tilting is simple: We intro-
duce a suitably chosen, invertible (but not unitary)
many-body similarity transformation T , and then
we bound the left-hand side of (8) by

∥PN̄X≥β e
−itHPN̄Y ≥1−α∥

≤∥PN̄X≥βT
−1∥∥Te−itHT−1∥TPN̄Y ≥1−α∥.

(10)

The first and third norms will produce the spatial de-
cay e−aN(β−α)dXY . The middle norm of Te−itHT−1

(which we call the deformed propagator) will pro-
duce the growth in time eaNv|t| for t ∈ R, and so (8)
follows.

The crux, of course, lies in choosing the right sim-
ilarity transformation T . We construct a T that ex-
ponentially weights the local particle numbers in a
site-dependent way, i.e., T = exp(

∑
x F (x)nx) for

a suitable real-valued function F (x). The function
F (x) interpolates continuously between being 1 on
the region X and = −1 on the region Y . Thus, T
gives large weight to configurations with many par-
ticles in X and small weight to configurations with
many particles in Y . The bound ∥Te−itHT−1∥ ≤
eaNv|t| shows that the exponential weights in T grow
at most exponentially in time under the dynamics.

The geometric exponential tilting method is si-
multaneously conceptually simple (recall (10)), flex-
ible (one can adapt the similarity transform T to the
problem at hand) and powerful (it is so far the only
method that yields MASSMAT).

The method has various links to prior works.
First, it is inspired by a recent complex analysis
argument for deriving transport bounds on non-
interacting particles in [70]; see also [71]. The con-
nection to complex analysis arises through Paley-
Wiener theory [72], which in particular says that
it is equivalent to have exponential decay in posi-
tion space and to have an analytic extension of the
Fourier transform to a complex strip [73]. From a
broader perspective, using suitable similarity trans-
forms with locally varying exponential weights to
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adapt the geometry to the question at hand has a
long history in mathematical physics, perhaps most
famously in Witten’s proof of the Morse inequal-
ities [74]. In the context of propagation bounds
on quantum many-body systems, related uses of
spatially varying weights have recently appeared in
Yin-Lucas [35], Osborne-Yin-Lucas [75], and Fresta-
Porta-Schlein [76] for different quantum-dynamical
problems.

Conclusions. In this work, we have identified
and rigorously proven a conceptually novel, uni-
versal bound on the nonequilibrium dynamics of
strongly interacting quantum lattice models: the
macroscopic suppression of supersonic macroscopic
transport (MASSMAT). MASSMAT is an unfore-
seen dynamical large deviation principle, which es-
tablishes that the quantum probability of supersonic
propagation of macroscopic particle numbers actu-
ally decays exponentially at a macroscopic rate pro-
portional to the total particle number N . This is
in stark contrast to what one obtains from Lieb-
Robinson bounds, which give an O(1) decay rate
that does not grow with N . MASSMAT substan-
tially strengthens the decay rate achieved on macro-
scopic boson transport in prior works [37, 63–66].

The MASSMAT principle is universal in scope:
It applies to both bosons and fermions (as well as
mixtures) and holds across general geometries. Our
proof is based on a new analytical technique — ge-
ometric exponential tilting — that is inspired by
complex analysis methods from one-body quantum
mechanics and developed here for the first time in a
many-body context. We anticipate that this method
will find broader applications in macroscopic trans-
port problems, especially in regimes characterized
by slow transport of large clusters, such as hydrody-
namic limits [56–58] or prethermalization phenom-
ena [59–61].

Our work opens several avenues for future explo-
ration. One key question is the experimental ob-
servation of MASSMAT, e.g., in ultracold quantum
gases on optical lattices. This requires observation
of particle numbers that are large enough so that the
improved decay outside of the MASSMAT light cone
becomes observable. Another important avenue is
to investigate if the MASSMAT principle extends
to systems with long-range hopping, as studied in
[37, 63–66].
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Supplemental Material:
Macroscopic suppression of supersonic quantum transport

Jérémy Faupin, Marius Lemm, Israel Michael Sigal, and Jingxuan Zhang

This appendix has two parts. In Part I, we give the short proof of MASSMAT for the special case of a
chain of non-interacting bosons (3), which was displayed in the main text as (4). In Part II, we introduce
the geometric exponential tilting method and give the full proof of our main result, Theorem 1.

I. DIRECT PROOF OF MASSMAT FOR NON-INTERACTING BOSONS

In this appendix, we prove that (4) holds for the non-interacting Hamiltonian (3) by a short calculation.
We consider the more general initial state ψ0 = (a†(f))NΩ where Ω is the vacuum and f : {1, . . . , L} → C
is a one-body wave function which is localized around the origin. Since the particles are non-interacting,

ψt = e−itHψ0 = (a†(e−it∆Lf))NΩ

and so,

⟨ψt|PN{r,...,L}≥θN |ψt⟩ =
N∑

N ′=⌈θN⌉

(
N

N ′

)( L∑
x=r

|⟨e−it∆Lf, δx⟩|2
)N ′ (

1−
L∑

x=r

|⟨e−it∆Lf, δx⟩|2
)N−N ′

≤2N

(
L∑

x=r

|⟨e−it∆Lf, δx⟩|2
)⌈θN⌉

,

(S1)

where the last line follows since
∑N

N ′=0

(
N
N ′

)
= 2N . For the one-body Laplacian ∆L, it is easy to check from

Fourier theory that |⟨e−it∆Lf, δx⟩|2 ≤ eC̃(ṽt−x) for suitable constants C̃, ṽ > 0. Therefore,

⟨ψt|PN{r,...,L}≥θN |ψt⟩ ≤ e⌈θN⌉C(v′t−r). (S2)

Here we used that, since we assume t ≥ 1, various time-independent prefactors including 2N can be absorbed
in the velocity v′.
The derivation can be adapted to include on-site external fields, i.e., to treat Hamiltonians of the form

Hfree =

L−1∑
x=1

(a†xax+1 + a†x+1ax + vxnx),

with vx given by a bounded sequence. For this, one uses the one-body propagation bound of the form
|⟨e−it(∆L+V )f, δx⟩|2 ≤ eC

′(vt−x), which follows, e.g., from [70, 71].

II. PROOF OF THEOREM 1

The proof of Theorem 1 is organized as follows.

• In Step 1, we render the relative geometry of two disjoint subsets X and Y effectively one-dimensional
by constructing a “separation function” s(x) that incorporates the relevant geometry.

• In Step 2, we introduce the exponential tilting operator T , which involves a similarity transformation
that exponentially weighs the local particle numbers in a site-dependent way. The relative geometry
between X and Y is fully taken into account through the function s(x) defined in (S3), resp. (S6).

• In Step 3, we derive the spatial decay from the first and third terms in (10).

• In Step 4, we bound the tilted deformed propagator, i.e., the middle term in (10) and conclude the
proof.
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FIG. S1. Schematic diagram for the decomposition (S4).

Step 1: Separating functions

Simple geometry: disjoint convex hulls. To fix ideas, we first consider the simplified scenario of two subsets
X, Y ⊂ Λ whose convex hulls, X̃ = conv(X) and Ỹ = conv(Y ), are disjoint. With a slight modification of
the argument, the results extend to complete general disjoint subsets; see the construction (S5) and (S6).
Let x0 ∈ X̃, y0 ∈ Ỹ be such that dX̃Ỹ = |x0 − y0|, and introduce the “center of mass” coordinates

w0 =
1

2
(x0 + y0), b =

x0 − y0
|x0 − y0|

.

By construction, the hyperplane
{
z ∈ RD : (z − w0) · b = 0

}
separates X̃ and Ỹ to two different sides. Below

we project the relative geometry of X̃ and Ỹ onto the line joining the points x0 and y0.
We introduce the separating function s : RD → R,

s(x) = b · (x− w0) (S3)

and define the following subsets of Λ (see Figure S1)

Y∞ =
{
x ∈ Λ | s(x) ≤ −1

2
dX̃Ỹ

}
,

W 0 =
{
x ∈ Λ | − 1

2
dX̃Ỹ < s(x) <

1

2
dX̃Ỹ

}
,

X∞ =
{
x ∈ Λ | 1

2
dX̃Ỹ ≤ s(x)

}
.

(S4)

For the simple geometry, we have the following easy lemma.

Lemma 2. Assuming X, Y have disjoint convex hulls, we have X̃ ⊂ X∞ and Ỹ ⊂ Y∞.

Proof. Let x ∈ X̃. We have

s(x) =b · (x− x0) + b · (x0 − w0)

=
x0 − y0
|x0 − y0|

· (x− x0) +
1

2
|x0 − y0|.

The second term equals 1
2dX̃Ỹ by the choice of x0, y0, while the first term is non-negative by the separating

plane theorem for disjoint convex sets [77]. This shows that s(x) ≥ 1
2dX̃Ỹ and hence that X̃ ⊂ X∞. The

proof that Ỹ ⊂ Y∞ is analogous.

Extension to general geometry. Consider now arbitrary disjoint subsets X,Y ⊂ Λ. Let g(x) = distY (x)−
distX(x). The separating hyperplane is now replaced by the separating hypersurface

S = {g(x) = 0} , Ω± = {±g(x) > 0} . (S5)

Indeed, the hypersurface S is equidistant to X and Y , with X ⊂ Ω+, Y ⊂ Ω−; see Figure S2.
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FIG. S2. Schematic diagram for S and Ω±.

In this more general case, we take the separating function s(x) to be the signed distance function to S
with the sign chosen such that ±s(x) > 0 on Ω±. Explicitly,

s(x) = sgn(g(x)) distS(x). (S6)

(This reduces to (S3) in the simplified scenario considered before.) We note for later reference that this
function is 1-Lipschitz continuous, i.e.,

|s(x)− s(y)| ≤ |x− y| , x, y ∈ Λ. (S7)

Indeed, on the same side of S, the function s(x) coincides with the distance function up to a sign, which is
1-Lipschitz by the following standard argument. For any z ∈ S and x, y ∈ Λ, we have distS(x) ≤ |x− z| ≤
|x− y|+ |y− z| for any S. By taking infz∈S , we obtain distS(x) ≤ |x− y|+distS(y). If x, y fall on different
sides of S, then we join them with a line segment passing S at, say, z, and then apply the triangle inequality
to distS(x) ≤ |x− z| to conclude.

Similarly to (S4), we decompose Λ with s(x) from (S6) as follows:

Y∞ =
{
x ∈ Λ | s(x) ≤ −1

2
dXY

}
,

W 0 =
{
x ∈ Λ | − 1

2
dXY < s(x) <

1

2
dXY

}
,

X∞ =
{
x ∈ Λ | 1

2
dXY ≤ s(x)

}
,

(S8)

As in Lemma 2, we have

Lemma 3. We have X ⊂ X∞ and Y ⊂ Y∞.

Proof. Consider any x ∈ X. On the one hand, we have s(x) = distS(x) by Definition (S6) and the fact that
X ⊂ Ω+. On the other hand, since S is equidistant to X and Y , we have dSX = 1

2dXY . This shows that
s(x) ≥ dSX = 1

2dXY and hence that X ⊂ X∞. The proof of Y ⊂ Y∞ is analogous.

Step 2: Exponential tilting operator

In this section, we introduce the exponential tilting operator T ; see (S15) below.
For brevity, we fix disjoint X, Y ⊂ Λ throughout and denote

d = dXY . (S9)

We define the function f : R → R by

f(s) = 1s≥1/2 − 1s≤−1/2 + 2s1|s|<1/2 (S10)
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FIG. S3. The function f(s).

as shown in Figure S3. (Here, 1... is the indicator function which equals 1 if condition . . . is satisfied and
which equals zero otherwise.)

We use the function f to truncate the signed distance function s(x) in (S6) to f( s(x)d ), with d > 0 as in

(S9). Notice that f( s(x)d ) = 1 on X and f( s(x)d ) = −1 on Y ; hence f only acts as a distance in the white
region in Figure S2. For this truncated distance function, we introduce, for all x ∈ Λ,

qµ(x) =exp
(
µf( s(x)d )

)
> 0, (S11)

µ =
da

2
, (S12)

where the constant a comes from the short range condition (6). As usual, qµ is identified with the corre-
sponding multiplication operator.
To lift qµ to the Fock space F(ℓ2(Λ)), it is convenient to introduce the following standard notation for the

second quantization functor; see, e.g., [78, p. 8] and [79].

Definition 4 (Second quantization functor). Given a one-body operator A = (Axy)x,y∈Λ, we set

dΓ(A) =
∑

x,y∈Λ

Axya
†
xay,

and we set

Γ(eA) = exp(dΓ(A)).

Note the following special case of this definition: If Axy = q(x)δxy is a multiplication operator by a function
q(x), then

dΓ(q) =
∑
x∈Λ

q(x)nx.

The reason for introducing the second quantization functor is that it allows to state various algebraic
properties succinctly. Indeed, we will use the following properties which follow directly from the CAR/CCR
[78, 79].

Proposition 5 (Properties of dΓ and Γ).

(i) If A ≤ B, then dΓ(A) ≤ dΓ(B). In particular, on each N -particle sector, we have dΓ(A) ≤ ∥A∥N .

(ii) For any function q : Λ → C and any x ∈ Λ, we have the pull-through formulas

Γ(q)a†x = q(x)a†xΓ(q), axΓ(q) = Γ(q)q̄(x)ax. (S13)
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We can now define the central object of the proof.

Definition 6 (Exponential tilting operator). Set

T =Γ(qµ) = exp(µdΓ(f( sd ))). (S14)

Writing this out explicitly,

T = exp

(
µ
∑
x∈Λ

f
(

s(x)
d

)
nx

)
. (S15)

Observe that T is self-adjoint and invertible; see (S11).

We recall the setup of Theorem 1. In particular, we fix the total particle number to be N and we fix two
numbers 0 ≤ α < β ≤ 1. The central idea in the exponential tilting method is to simply write

PN̄X≥βe
−iHtPN̄Y ≥1−α

=PN̄X≥βT
−1Te−iHtT−1TPN̄Y ≥1−α,

which leads to the inequality ∥∥PN̄X≥βe
−iHtPN̄Y ≥1−α

∥∥
≤
∥∥PN̄X≥βT

−1
∥∥∥∥Te−iHtT−1

∥∥∥∥TPN̄Y ≥1−α

∥∥ . (S16)

We will now estimate each term of the right-hand-side separately.

Bound on PN̄X≥βT
−1 and TPN̄Y ≥1−α

In this section, we prove the following two bounds.

Lemma 7. On the N -particle sector, we have∥∥PN̄X≥βT
−1
∥∥ ≤eµ(1−2β)N , (S17)∥∥TPN̄Y ≥1−α

∥∥ ≤eµ(2α−1)N . (S18)

Proof. By Definition (S10), the function f( s(x)d ) is a regularized version of the map x 7→ 2
ds(x) in the

sense that it coincides with x 7→ 2
ds(x) on W

0 and continuously becomes constant on X∞ ∪ Y∞ = (W 0)c.
Explicitly,

f

(
s(x)

d

)
= 1X∞(x)− 1Y ∞(x) +

2

d
s(x)1W 0(x).

Hence, by the Definition (S14) of T ,

T =exp
(
µ(NX∞ −NY ∞) +

2µ

d
dΓ(s(x)1W 0(x))

)
.

We now aim to prove the first estimate (S17). Using that −s(x) ≤ d
2 for x ∈W 0, we find

−2µ

d
dΓ(s(x)1W 0(x)) = −2µ

d

∑
x∈W 0

s(x)nx ≤ µNW 0 .

As both sides of this operator inequality commute (both operators are diagonal in the occupation basis),
this implies

T−1 =exp
(
µ(NY ∞ −NX∞)− 2µ

d
dΓ(s(x)1W 0(x))

)
≤eµ(NY ∞∪W0−NX∞ ).
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Recall from Lemma 3 that X ⊂ X∞ and Y ⊂ Y∞. Hence, on the subspace Ran(PN̄X≥β), we have NX∞ ≥
NX ≥ βN and NY ∞∪W 0 ≤ NXc ≤ (1−β)N , where Sc = Λ\S denotes the complement of S in Λ. Combining
these estimates, we deduce that∥∥T−1PN̄X≥β

∥∥ ≤
∥∥∥eµ(NY ∞∪W0−NX∞ )PN̄X≥β

∥∥∥
≤eµ(1−2β)N .

Since PN̄X≥β and T−1 are self-adjoint, we have
∥∥PN̄X≥βT

−1
∥∥ =

∥∥T−1PN̄X≥β

∥∥ and so (S17) follows.
The second estimate (S18) is proven in the same way, using that NY ∞ ≥ NY ≥ (1−α)N and NX∞∪W 0 ≤

NY c ≤ αN on Ran(PN̄Y ≥1−α), together with s(x) ≤ d
2 for x ∈W 0.

Bound on the deformed propagator

To bound (S16), it remains to estimate the norm of the deformed propagator Te−iHtT−1.

Lemma 8. Suppose that Assumptions (i)–(ii) on the Hamiltonian hold. Then, on the N -particle sector, we
have, for all t ∈ R, ∥∥Te−iHtT−1

∥∥ ≤ eaNv|t|. (S19)

Proof. For any bounded operator A, we abbreviate Ã = TAT−1. Since V ({nx}) commutes with T , we have
H̃ = H̃0 + V and so

Ũt = Te−iHtT−1 = e−itH̃ = e−it(H̃0+V ).

For a bounded operator A, we also denote ImA = A−A†

2i , which is always self-adjoint. Given any state ψ
in the N -particle sector, we compute

∂t

∥∥∥Ũtψ
∥∥∥2 =2

〈
Ũtψ, (ImH̃0)Ũtψ

〉
≤2 sup spec (ImH̃0)

∥∥∥Ũtψ
∥∥∥2 . (S20)

Here, for a self-adjoint operator A, sup spec(A) refers to the supremum over the spectrum of A.
Using Gronwall’s lemma and taking the supremum over normalized N -particle states ψ, it follows that

∥Ũt∥ ≤

{
et sup spec (ImH̃0), t > 0,

e−t inf spec (ImH̃0), t < 0,

and so

∥Ũt∥ ≤ e|t|∥ImH̃0∥. (S21)

It thus remains to bound ∥ImH̃0∥. We first calculate ImH̃0 by using Proposition 5 (ii) with q = qµ from
(S11). This gives

H̃0 =TH0T
−1

=Γ(qµ)

 ∑
x,y∈Λ

Jxya
†
xay

Γ(q−1
µ )

=
∑

x,y∈Λ

Jxyqµ(x)q
−1
µ (y)a†xay

=
∑

x,y∈Λ

Jxy exp(µ(f(
s(x)
d )− f( s(y)d )))a†xay.
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Since Jxy = J̄yx, we find

ImH̃0 =dΓ(J̃),

for J̃xy =
1

i
Jxy sinh(µ(f(

s(x)
d )− f( s(y)d ))).

By Proposition 5 (i), we have

∥ImH̃0∥ = ∥dΓ(J̃)∥ ≤ N∥J̃∥ (S22)

and so it remains to bound the norm of the deformed hopping matrix, ∥J̃∥.
To this end, observe that f(s) satisfies |f(s)− f(s′)| ≤ min(2, 2 |s− s′|) for all s, s′ ∈ R (see (S10)). Using

this and the fact that s(x) is 1-Lipschitz, cf. (S7), we have∣∣∣f( s(x)d )− f( s(y)d )
∣∣∣ ≤ min(2, 2d |x− y|), x, y ∈ Λ.

Recalling that µ = da
2 , this implies ∣∣∣J̃xy∣∣∣ ≤ |Jxy| sinh(amin{d, |x− y|}). (S23)

By the Schur test for matrix norms and the short-range Assumption (i),

∥J̃∥ ≤ max
x∈Λ

∑
y∈Λ

|Jxy| sinh(a|x− y|) ≤ av.

Combining this estimate with (S21) and (S22) proves the lemma.

We now have all the ingredients in place to prove our main result.

Proof of Theorem 1. Combining (S16), (S17), (S18) and (S19) and recalling that µ = a
2dXY , we find that∥∥PN̄X≥βUtPN̄Y ≥1−α

∥∥
≤ exp(2µ(β − α)N) exp(−|t|vaN)

=exp
(
− aN

[
(β − α)dXY − v|t|

])
,

which proves (8).

We remark that for time-dependent Hamiltonian H(t) satisfying Assumptions (i) and (ii) uniformly for all
times, inequalities (S21) – (S22) remain valid, and therefore Lemma 8 generalizes to H(t), upon replacing
e−iHt by the usual time-ordered propagator

U(t, 0) = T exp

(∫ t

0

H(s)ds

)
.

Since Lemma 8 is the only place where propagator estimate is involved (see (S16)), the conclusion of Theo-
rem 1 extends to H(t), with e−iHt replaced by U(t, 0) in eq. (8).
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