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ONE-DIMENSIONAL REFLECTED ROUGH DIFFERENTIAL EQUATIONS
AURELIEN DEYA, MASSIMILIANO GUBINELLI, MARTINA HOFMANOVA, AND SAMY TINDEL

ABSTRACT. We prove existence and uniqueness of the solution of a one-dimensional rough
differential equation driven by a step-2 rough path and reflected at zero. The whole difficulty of
the problem (at least as far as uniqueness is concerned) lies in the non-continuity of the Skorohod
map with respect to the topologies under consideration in the rough case. Our argument to
overcome this obstacle is inspired by some ideas we introduced in a previous work dealing with
rough kinetic PDEs [arXiv:1604.00437].

1. INTRODUCTION

In its original formulation [19], Lyons’ rough paths theory aimed at the study of the standard
differential model
dys = fy)dee , yo=acR?, te0,T], (1.1)
where f : R? — L(RY;RY) is a smooth enough application and z : [0,T] — RY, y : [0, 7] — R?
are (typically non-differentiable) continuous paths. In order to deal with the lack of regularity
one has to drop both the classical differential or integral formulation of the problem and turn to
a description of the motion on arbitrarily small, but finite scales. Eq. (1.1) can be interpreted
as the requirement that increments of y should behave locally as some “germ” given by a
Taylor-like polynomial approximation of the right hand side. A rough path X constructed
above the irregular signal x is the given of the appropriate monomials with which such a local
approximation is constructed. One of the key results of the rough paths theory is that, under
appropriate conditions, only one continuous function ¢ can satisfy all these local constraints. In
this case we say that the path y satisfies the rough differential equations (RDEs) (1.1).

While the approach of Lyons [19, 21, 20] stresses more the control theoretic sides of the
theory, and in particular the mapping from rough paths over x to rough path over y, it has been
Davie [4] who observed the usefulness of these local expansions. Following Davie’s insight, one
of the author of the present paper [12] introduced a suitable Banach space where these local
expansions can be studied efficiently. The work of Friz and Victoir [11] showed also how to
systematically generate and analyse the local expansions for (1.1) leading to a very complete
theory for RDEs.

It later turned out that these principles, or at least some adaptation of them, remain valid
for other - less standard - differential models, such as delay [22] or Volterra [6] rough equations
and homogenization of fast/slow systems [17]. The basic idea of local coherent expansions as
effective description of rough dynamical systems has been developed more recently in numerous
PDE settings (see e.g. [13, 14, 15], to mention but a few spin-offs amongst a flourishing literature)
leading to the development of the general framework of regularity structures by Hairer [16], which
allows to handle local expansions of a large class of distributions. For a recent nice introduction
to rough paths theory and some applications see [10].
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This being said, in the vast majority of the situations so far covered by rough paths analysis,
and especially in all the above quoted references, the success of the method lies in an essential way
on fixed-point and contraction mapping methods to establish existence and more importantly
uniqueness of the object under consideration. Unfortunately, the existence of such a contraction
property is not known in the case of the reflected rough differential equation, which we propose
to study in this paper. To be more precise, we will focus on the one-dimensional RDE reflected at
0, which can be described as follows: given a time T' > 0, a smooth function f: R — £(IRN ;R)
and a p-variation N-dimensional rough path X with 2 < p < 3 (see Definition 1), find an
R>o-valued path y € V¥([0,7]) and an Rx(-valued increasing function (or “reflection measure”)
m € Vi([0,T]) that together satisfy

dy(t) = f(y(t))dX; +dmy , yedmy =0 . (1.2)

Thus, the idea morally is to exhibit a path y that somehow follows the dynamics in (1.1), but is
also forced to stay positive thanks to the intervention of some regular “local time” m at 0. Of
course, at this point, it is not exactly clear how to understand the right hand side of (1.2), and
we shall later give a more specific interpretation of the system, based on rough paths principles
(see Definition 2).

The stochastic counterpart of (1.2), where X is a standard N-dimensional Brownian motion
and the right hand side is interpreted as an It0 integral, has been receiving a lot of attention
since the 60’s (see e.g. [18, 23, 25, 26]), with several successive generalizations regarding the
(possibly multidimensional) containment domain of y. This Brownian reflected equation has
also been investigated more recently through the exhibition of Wong-Zakai-type approximation
algorithms [3].

When 1 < p < 2, Problem (1.2) can be naturally interpreted and analyzed by means of
Young integration techniques. This situation was first considered by Ferrante and Rovira in
9] for the d-dimensional positive domain R%,, with exhibition of an existence result therein.
Using some sharp p-variation estimates for the Skorohod map, Falkowski and Slominski [7, 8]
have recently provided a full treatment of the Young case (at least when considering reflection
on hyperplanes), by proving both existence and uniqueness of the solution.

The more complex rough (or step-2) version of (1.2), which somehow extends the Brownian
model, has been first considered by Aida in [1], and further analysed by the same author in [2] for
more general multidimensional domains. Nevertheless, in these two references, only ezistence of
a solution to (1.2) can be established and the uniqueness issue is left open. The lack of regularity
of the Skorohod map clearly appears as the main obstacle towards a uniqueness result in the
approach followed in [1, 2] (see Section 3.1 for more details on the problem).

Our aim in this study is to complete the above picture in the one-dimensional situation, that
is to prove uniqueness of a solution to the problem (1.2). Actually, for the reader’s convenience,
we will also provide a detailed proof of the existence of a solution in this setting, and simplify at
the same time some of the arguments used by Aida in [1, 2]. The subsequent analysis accordingly
offers a thorough - and totally self-contained - proof of well-posedness of the problem (1.2).

The strategy is inspired by the recent results on rough conservation laws [5]. Indeed, there is
an analogy between (1.2) and the kinetic formulation of conservation laws where the so-called
kinetic measure appears. As for (1.2), this measure is unknown and becomes part of the solution
which brings significant difficulties, especially in the proof of uniqueness. The latter is then
based on a tensorization-type argument, also known as doubling of variables, and subsequent
estimation of the difference of two solutions.
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In the case of (1.2), we put forward a fairly simple proof of uniqueness based on a direct
estimation of a difference of two solutions. In particular, in this finite dimensional setting no
technical tensorization method is needed. The existence is then derived from a compactness
result, starting from a smooth approximation of the rough path X. In both cases, the key of
the procedure consists in deriving sharp estimates for the remainder term which measures the
difference between the (explicit) local expansion and the unknown of the problem. The strategy
thus heavily relies on the so-called sewing lemma at the core of the rough paths machinery (see
Lemma 1). The estimates on the remainder are then converted via a rough Gronwall lemma (see
Lemma 2) into estimates for the unknown (resp. for some function thereof) in order to establish
existence (resp. uniqueness).

The paper is organized along a very simple division. In Section 2, we start with a few reminders
on the rough paths setting and topologies, which allows us to give a rigorous interpretation of
the problem (1.2), as well as the statement of our well-posedness result (Theorem 4). We also
introduce the two main technical ingredients of our analysis therein, namely the above-mentioned
sewing and Gronwall lemmas, with statements borrowed from [5]. Section 3 is devoted to the
uniqueness issue: we first elaborate on the difficulties raised by the rough case (with respect
to the “Young” case) and then display our solution to the problem (Theorem 9). Section 4
closes the study with the proof of existence: we will first provide an exhaustive treatment of
the problem in the one-dimensional situation (the main topic of the paper), and then give a
few details on possible extensions of our arguments to more general multidimensional domains
(Section 4.2).

2. SETTING AND MAIN RESULT

To settle our analysis, we will need the following notations and definitions taken from rough
paths theory. First of all, let us recall the definition of the increment operator, denoted by §. If
g is a path defined on [0, 7] and s,t € [0, 7] then dgs; := g — gs, if g is a 2-index map defined on
[0, T)? then 6gsut *= gst — gsu — Gut- For g : [0,T] — E and ¢ : E — F (with E, F two Banach
spaces), we will also use the convenient notations

1 1 T
)0 = [ drola+r@a) « Mell@he= [ ar [ doplor oo . (21)
Observe in particular that if ¢ is a smooth enough mapping, then

6p(9)st = [Vel(9)stdgse  and  [@](9)st — ¢(gs) = [[Vell(9)stdgst - (2.2)

In the sequel, given an interval I we call a control on I (and denote it by w) any superadditive
map on Sy := {(s,t) € I? : s < t}, that is, any map w : S; — [0, 00[ such that,
w(s,u) +w(u,t) < w(s,t), s<u <t

We will say that a control w is regular if lim,__,ow(s,t) = 0. Also, given a control w on a time
interval I = [a, b], we will use the notation w(I) := w(a,b).

Now, given a time interval I, a parameter p > 0, a Banach space E and a function g : St — F,
we define the p-variation seminorm of g as

1
P
||g||1_/2p(I;E) = Sup([) (Z gtiti+1|p> )
%

(t;)eP
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where P(I) denotes the set of all partitions of the interval I, and we denote by V3 (I; E) the set
of maps g : S — E for which this quantity is finite. In this case,

wg(S, t) = ||g||1‘)_/2p([s,t];E)

defines a control on I, and we denote by V¥'(I; E) the set of elements g € V3'(I; E) for which
wy is regular on I. We then denote by VP(I; E), resp. VI(I; E), the set of paths g : I — E
such that dg € Vy'(I; E), resp. dg € Vy'(I; E). Finally, we define the space V' (I; E) of maps

g : S — E such that there exists a countable covering {Ij}x, of I satisfying g € VI (Iy; E) for
every k. We write g € V3 (I; E) if the related controls can be chosen regular.

Definition 1. Fiz a time T > 0 and let N > 1, 2 < p < 3. Then we call a continuous
N-dimensional p-variation rough path on [0,T] any pair

X = (X1, X2) € VP ([0, 71 RY) x V372 ([0, T RYY) (2:3)
that satisfies the relation
X2 XXM . s<u<tel0,T), i,j€{l,...,N}. (2.4)

Such a rough path X is said to be geometric if it can be obtained as the limit, for the p-variation
topology involved in (2.3), of a sequence of smooth rough paths (X¢)e~o, that is with X¢ =
(X1, X2) explicitly defined as

S

XGH = oa X5 = / ozt da?
S
for some smooth path 2° : [0,T] — RN.

We are now in a position to provide a clear interpretation of the problem (1.2).
Definition 2. Given a time T > 0, a real a > 0, a differentiable function f : R — L(RV;R)
and a p-variation N-dimensional rough path X with 2 < p < 3, a pair (y,m) € VF([0,T]; Rxo) x
V[0, T]; Rso) s said to solve the problem (1.2) on [0,T] with initial condition a if there exists
a 2-index map 3y € V;?l/i([O,T];IR) such that for all s < t € [0,T], we have

Syst = filys)X o' + foj (ys) X257 + dme + vl (2.5)

Yyo=a and m;= fg 1y, —0ydmy,

where we have set f2;5(§) := f{(£)f;(§) and m([0,t]) := my.

Remark 3. Eq. (2.5) should be read as the given of a local expansion of the function y: it says
that around each time point s the function can be approximated by the germ

t—ys + f(?JS)X;t + fg(ys)th + 0mst

up to terms of order w(s,t)P/® where w is a control. The term dmg; is characteristic for this
reflected problem: the measure m increases only at times u where y,, = 0 effectively “kicking” the
path y away from the negative axis. In some sense it can be considered as a Lagrange multiplier
enforcing the constraint y,, > 0 for all u € [0,T].

With this interpretation in hand, our well-posedness result reads as follows:

Theorem 4. LetT > 0 and a > 0. If f € C3(R; LRY;R)), that is if f is 3-time differentiable,
bounded with bounded derivatives, and if X is a continuous geometric N -dimensional p-variation
rough path, then Problem (1.2) admits a unique solution (y,m) on [0,T] with initial condition
a.



ONE-DIMENSIONAL REFLECTED ROUGH DIFFERENTIAL EQUATIONS 5

Let us conclude this preliminary section with a presentation of the two main technical results
that will be used in our analysis, and the proofs of which are elementary and can be found e.g.
in [5] (Lemma 2.1 and Lemma 2.7, respectively).

Lemma 1 (Sewing lemma). Fiz an interval I, a Banach space E and a parameter { > 1.
Consider a map G : I* — E such that G € {§H; H : I> — E} and for every s <u <t € I,

|Gsut‘ g W(S,t)C,

for some regular control w on I. Then there exists a unique element AG € V21/C(I; E) such that
0(AG) = G and for every s <tel,

[(AG)st| < Cew(s,t)S, (2.6)
for some universal constant C¢.

Lemma 2 (Rough Gronwall Lemma). Fiz a time horizon T > 0 and let g : [0,T] — [0,00) be
a path such that for some constants C,L > 0, k > 1 and some controls wi,wy on [0,T] with wy
being reqular, one has
1
6g8t < C( sup gT)wl(Sat)E + wQ(Sat)7 (27)
0<r<t

for every s < t € [0, T] satisfying wi(s,t) < L. Then it holds

sup gy < 2e°0<1(07) {go + sup (wa(0,t)e” %= M(O,t))} ;

0<t<T 0<t<T

where cr, ,;, 15 defined as

CLx = SUp (% (2062)“) . (2.8)

3. UNIQUENESS

In this section we shall first briefly review (essentially following [7]) the contraction method
which allows to get uniqueness for reflected equations when equation (1.2) can be interpreted
in the Young sense. Then we will show why one cannot expect to extend directly this simple
contraction principle to the rough case. Eventually our main result is shown in Section 3.2,
thanks to the new ingredients alluded to in the introduction.

3.1. Illustration of the difficulty. As we already pointed it out in the introduction, proving
uniqueness of a solution to the rough reflected equation (2.5) is the most intricate part of the
study. In order to illustrate this difficulty, let us briefly go back here to the strategy in the
so-called Young situation, i.e. we assume for the moment that the driving path x is of finite
p-variation for 1 < p < 2 (we set X1 := 627, in the sequel). In this case, the corresponding
notion of a solution to (1.2) consists of a pair (y,m) € VF([0,T];R=0) x Vi1([0,T]; R>o) such
that yo = a and for all s < ¢,

5yst = fl(ys)Xizl + omg + yit (31)
VP/2

2,loc

for some path yf € ([0,7];R) and with m satisfying the additional constraint

t
my —/ 1{yu:0}dmu . (32)
0

Let us also recall the general definition of the Skorohod map.
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Definition 5. Let g be a continuous R-valued path defined on some interval I = [€1,03]. The
Skorohod problem in the domain Rxq associated with g consists in finding a pair (y,m) €
C(I;Rso) x VH(I;Rso) such that for all s < t with s,t € I we have:

5yst = 59815 +dmg

t
Yo, = Gy » Mt = [y Liyu—ordmy

The application g — (y, m) is called Skorohod map.

It turns out that the uniqueness issue associated with (3.1) can be readily handled by using
the regularity property of the (one-dimensional) Skorohod map, as developped in [7]. Namely,
it is well known that for every g € VF(I), there exists a unique pair (y,m) € VP (I) x V}}{(I)
satisfying Definition 5.

Now the key point towards uniqueness for (3.1) lies in the fact that for 1 < p < 2, according

to [7, Theorem 2.2],

the map @ : V/(I) = VP(I), g~ m is Lipschitz-continuous (3.3)

for any finite interval I. Based on this property, we can easily prove the following uniqueness
result:

Proposition 6. Consider a finite horizon T > 0 and an initial condition a > 0. We consider
a function f € C3(R; L(RY;R)) and a N-dimensional p-variation path x with 1 < p < 2. Then
uniqueness holds for equation (3.1) on [0,T].

Proof. We shall implement the usual contraction argument for differential equations to our
system (3.1). In order to ease notations throughout this proof, we use the convention a < b if
there exists a constant ¢ such that a < ¢b.

Step 1: Bounding the remainders. Let (y, ) and (z,v) be two solutions of problem (3.1).
We set A :=y —z, Al :=yf — 2% and

wy(s,t) HyHVp([st ) WA(S>t) T ”y - Z“%f’([&t]) ) WX(S’t) = ||l.||:€7f’([s7t])

Then writing decomposition (3.1) for y and z and invoking elementary inequalities for the
rectangular increment 6(f;(y) — fi(2))su, it holds that

683l = 16(i(y) — fi(@)suXui | S [y = 2llosfsnuieoy (5,0 + wa s, u) Pl (u, )17
which, by Lemma 1 and since 1 < p < 2, yields that
AL S [y = 2llocsfs.wy (5, )77 + wa(s, ) P (s, ) /7 . (3.4)

Step 2: Bounding the measures. Since y (resp. z) can be seen as the solution of a Skorohod
problem, let us call g (resp. h) the corresponding non reflected path. Then according to (3.1),
the respective decompositions of the increments of g and h can be written for 0 < s <t < T as:

0gst = f@(ys)Xst + yita and dhg = f@(zs)Xst + th
In particular, if the initial condition for both y and z is a > 0, we get:
= fi(@)X, + 4y, and D = fi(a)XG, + 5, (3.5)
forall r <T. Besides, due to (3.3), we can assert that for all 0 <s <t <T:

I =vlor s S lg = hllor s,y - (3.6)
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Step 3: Conclusion. Observe that owing to (3.5) we have:
6(9 - h’)TU = A[h)u - A(h)r = 5A(h)ru + AE“'LL = 5(f2(y) - fl(z))OTX:“u + Aau )
so, by (3.4) and (3.6), for all 0 <Tp < T and 0 < s <t < Ty,

e = vllv sy S [y = 2llocsiozmo) + 19 = 2lloosiozoiwy (s, 6)7P + wals, )P]wxc (s, )7 . (3.7)
Going back to expansion (3.1) (for both y and z), we know that

18y = 2)stl < Ifilys) = filzo)l XL + 160 = v)at] + [ AL
and thus, using (3.4)-(3.7), we get, for any 0 < Ty < T,
wa(0.70) 5 [IAIZ, o 1y (0. T0)]wx (0. T0)

which easily leads us to the expected uniqueness result by a standard contraction and patching
argument. O

Remark 7. Note that the arguments in the proof of Proposition 6 could also provide us with a
reqularity property for the corresponding “Ito” map X — y.

Let us now turn to the rough situation 2 < p < 3, with associated reflected problem (2.5).
We use the same notations (y, i), (z,v) and A? as in the proof of Proposition 6. Then thanks
to (2.2) and (2.4) it can be shown (see (3.11) for similar computations) that

SA%,, = AL XY+ 0(foii(y) — foij(2)suXii? (3.8)

where we recall that fo;; = f/f; and where we have set
Aéu = (fi/(?JS)ijk(?JS) - fi/(zS)fQ,jk(ZS))ngk + (fz/(ys) - fz’l(zS))((S/v‘su + ygu)
+ [ (2) [0 (1 = v)su + Aiu] + ([[[[fz//]”](?J)é>’U(5ll/s>’U)2 - [H[fz”]]]](z)su(‘szsu)Q) .

With the conditions of Lemma 1 in mind, the latter expression clearly emphasizes the need for a
control of ||t —v||ya(jo,77), With ¢ such that %—!—% > 1, in terms of ||y — z[|y»((o,77)- In light of the
above strategy for the Young situation, we would expect this control to be (again) a consequence
of some Lipschitz-continuity property for the Skorohod map.

This is where the whole difficulty of the rough case arises: when p > 2, the following result
indeed annihilates any hope for such a regularity statement.

Proposition 8. For all p > q > 1, the Skorohod map ® : g — m defined by (3.3) is not
Holder-continuous when considered as an application from V' ([0,1];R) to V(]0,1]; R).

Proof. Assume that there exist constants A € (0,1] and Cp g4 > 0 such that for all f,g €
V[0, 1]; R),

Hq)(f) - Q(Q)HVI‘I([OJ];R) < Cp,q)\Hf - 9”%\711’([071};11@) : (3~9)
In particular, we would have, for all increasing functions f, g : [0,1] — R,
If = gllvaqogry = (f=f(0) = (g —9(0)lva(o,um)

[®(~F + £(0)) — ®(~g + 90D vsonm) < Cranlf — 913 orm -
and so, for every function F' : [0,1] — R with bounded variation,

HFHVI‘Z([OJ};R) < Cp,q,/\||F||\>’>lp([o,1];R) . (3-10)
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We now show that relation (3.10) is impossible, by exhibiting a simple counter example. Indeed,
consider the sequence (F,) of step-functions given by the formula: for every ¢ € [0, 1],

1 1
Fn(t)=Z{ 1{t?”<t<t§:‘+1}_ 1{t%?+15t<tm+2}}

i>0 27’“’

where we have set {7 = % It is readily checked that

2n 1
1 \"\» 1
1 llvp (fo,11%) = (Z (1) > =2r
=1

ne

and in the same way we get the following relation for g < p:

2n 1 \¢ é 1 1 1 O
1 Enllva o,:r) = (Z <1> ) =2ips » — o0,
i=1

ne

which of course contradicts (3.10). O

3.2. Main result. Proposition 8 shows that one cannot use Holder continuity properties of the
Skorohod map in order to get uniqueness for equation (1.2) in the rough case. The current
section shows how to circumvent this problem thanks to the full implementation of rough paths
methods and our rough Gronwall Lemma 2.

Theorem 9. Let T > 0 and a > 0. If f € C}(R; L(RY;R)) and X is an N-dimensional
p-variation rough path, then Problem (1.2) admits at most one solution (y,m) on [0,T] with
wmitial condition a.

Proof. Let (y,p1) and (z,v) be two solutions for (2.5). Set Y := (y, 2) € VP([0,T]; R?) and with
decomposition (2.5) in mind, write

§Yar = Fi(YO)XY + Foij(YOXET 4+ 6My + Y,  0<s<t<T. (3.11)

where we use the shorthands F;(Y) := (fi(v), fi(2)), F2,i;(Y) := (f2,i; (), f2,5(2)), M := (p,v) €

VE([0,T);R?) and Y7 := (yf, 2%) € V;l/jc([o T]; R?). From now on and until the end of the proof,

we fix an interval I C [0,7] such that Y% € VI / 3([ :IR?) and consider the following controls on
I

3
v (5:0) = 1V Ipegy oo, t) = IV s

by /3

WA(Svt) = ||y v ZHI‘Z/lP([S’t]) ) wA,h(Svt) = ||yh -z Vp/3 [5,¢]) )

wr (s, 1) = [Mllgas) = llellvp sy + IV19p sy -

Without loss of generality, we will assume that wx (1) < 1, where wx is a fixed control such that

XL+ X2, V2 Swx(s, )P, 0<s<t<T.

Now, consider a smooth function ¢ : R — Rx¢ and set h(z1, x2) := p(x1 —22) for all 1,29 € R.
A direct computation via Taylor expansion, combined with (3.11), shows that

t
Sh(Y ) = [VAI(Y)st 8Yer = Hi(Yo) XY + Ho gy (V) X5 + / & (o~ ) (dpt — i) 1, (3.12)
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where h? is a map in VQP/S(I; R), and where we have set, for all Y = (y, 2) € R2,
Hy(Y) = VMY)F(Y)=¢'(y—2)(fily) - fi(2)) (3.13)
Hy,ii(Y) VH;(Y)F;(Y)
= 'y = 2)(f2i5(W) = f2ii(2) + " (y — 2)(fiy) = fi(2))(fi () — fi(2)) (3.14)

Step 1: A general estimate on h!. Given that h? is a remainder term, we wish to use the
sewing map to estimate it. Applying d to eq. (3.12) and using (2.4), we get, for 0 < s < u <t <
T:

5hY

sut

SH; (Y )Xyt — Haij (Vo) XEIX0 + 0Ho i (V)0 X507
= (6H;(Y)su — Hoij(Yo)X 1) X0 + 0Hoij (V) su X, “. (3.15)
We need to expand the quantity §H;(Y)s, — Hgﬂ'j(Ys)Xsh in (3.15), in order to show that h® is

suitably small and depends in a very precise way on ¢ and on the difference A := y — z. In fact,
by Taylor expansion and using (3.11) we get

SH;(Y)su — Hoij(Yo) XL = [VH](Y)su0Ysu — Ho i (Ye)XLI
= [VHIY)uFj(YOX3 + [VHIY ) suFoju (YO X2 + [VH(Y) V2,
HIVH](Y)su0 Mgy — Hoij(Ys)XL
= (IVHI(Y )su = VHi (Yo)) Fj (Yo) X3 + [VH(Y )su ok (Yo) X2
HIVHD(Y )su Vi, + [VHI](Y) 5ud M,

since Hy;;(Y) = VH;(Y)F;(Y). Plugging this identity back into equation (3.15) and neglecting
to write down explicitly the time indexes, we end up with:

onF = ([VH](Y) = VH(Y))F;(Y)X XY 4 [VH](Y) Fa (V) XP7EXH
HIVH]Y)Y* XY 4 [VH](Y) M XY+ §Hy 45 (Y)X39. (3.16)
Using elementary algebraic manipulations, as well as the relation Hy;;(Y) = VH;(Y)F;(Y), we
obtain:
(IVH](Y)su — VHi(Ys)) Fj(Y5)

= ([H2i](V)su — Ha,ij(Ys)) + (IVH] (V) s F5(Ys) = [H2,i5] (Y ) su)

= [[VH245]1(Y)su0Ysu — [VHi () [VE;(: )]]]]( ) su0You
where the identity [Ho](Y)su — H2,ij(Ys) = [[VH2,;]1(Y)su0Ysy directly stems from (2.2),
and where we define:

[VH () VE LY o = /0 CHY + 76) /0 "V E(Ya 4 06Ya) dodr |

Therefore, we can rewrite eq. (3.16) as
ohf = [[VHaJ1(Y)8Y XWXV — [VH,()[VE (L)Y )ey XX
HIVH](Y) Py (V) X2IEXD 4 [VH](Y)YEX
HIVH](Y)SM XY 4 [V Hy i) (Y)Y X2 (3.17)

In order to further evaluate the rhs of this relation in terms of the test function ¢, let us write
explicit expressions for the gradients VH;(Y) and VHa,;;(Y) computed at (a,b) € R*:

VH;(Y)(a,b) = ¢"(y = 2)(fi(y) = fi(2)(a = b) + ¢'(y = 2)(fi(y) = fi(2))a
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+¢'(y — 2)fi(2)(a —b)
and
VHyi5(Y)(a,b) = " (y — 2)(foi5(y) — f2ii(2))(a — b) + ¢/ (y — 2)(f2,1(y)a — fa,(2)b)
+o"(y — 2)(fily) - (z))(f] (y) — fi(2))(a —b)
+2¢"(y = 2)(fi(y) = fi(2))(fj(y)a — fj(2)b) .
At this point, consider the quantity

ui

(y=2)) - (3.18)

Then, denoting by C; any quantity that only depends on f, we have for all 1 <4, j,k < N and
s<tel,

lell := Su%(\w’(y —2)+ly =2l (y = 2) + |y — 2l
Y,z€

(IVHI](Y)st| + [[VH2,i5](Y)stl < Crllell
IIVH](Y)seFoju(Ys)l < Crllell 1y — 2llooysig
IVH:OIVE I (Y)sdYal < Crlloll (wals, )P+ [y = 2l scis gy (5,6)'/P)
IIIVH2 50 (YV)st0Yet] < Cplloll (wals, )7 + |y — 2]l oosjs.qwy (5, 8)/P)
IVH(Y )Yl < Crllell (was(s, 8P + lly = 2llocys ovs(s £)*7) -

Going back to (3.17), we get that for all s <u <t € I,

(088, < Cf gl [ws(5,8) + wic (5, )7 Pwa (5,)/° + wc (s, ) Pwa y (s, £)] 7

where wy is the control on I given for every s <t € I by

wils,1) 1= war (5, ) wx (5,001 + [ly = 2|23, qwxy (5,8)
with

wxy (5,8) == wx(s,8) + wy (s,8)Pwx (5,0)%° + wyy(s, t) .
We are therefore in a position to apply the sewing lemma and conclude that for all s <t € I,

B8] < Crp ol [we(s, ) + wxc (5,82 wa (5, 8) 3 + wx (s, ) Pwn y (s, 1)) (3.19)

for some quantity Cy, that only depends on f and p.

Step 2: A first application. Our aim now is to apply the previous bound to the non-smooth
function p(§) = ¢o(§) := [€|. To this end, we will rely on the smooth approximation ¢. defined
for e > 0 as p(§) = /e2+|€]? for all £ € R. Let us denote the associated objects with
he, hE-, H.;, H:2;j,.... In this case

OIS, QO <SYVE+IER, o€ <3/ +[¢P)
<

and so, with the notation (3.18), we have the uniform estimate ||¢.||
into (3.19), we get:

3. Plugging this estimate

3
B2 1l < Cryp [wa(s, ) + wc(s, )2 Pwa (s, 8)3 + wx (s, 1) Vwn (s, 1)) /7. (3.20)
Furthermore, explicit elementary computations show that
limge =|-|,  limgl =sign, and  lim 7 = b, (3.21)

where the first two limits are simple limits of functions, and the last one is understood in the
weak sense. Notice that we also use the convention sign(0) = 0 above.
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With those preliminaries in mind, let us take limits in (3.12). To begin with, as ¢ — 0, a
standard dominated convergence argument and relation (3.21) yield:

/ Spls(yu - Zu)d(ﬂu - Vu) — / Sign(yu - Zu)d(,uu - Vu)- (3'22)

In addition, owing to the fact that ¢ > 0, z; > 0, we have

t
/ Sign(yu - Zu)d<,uu - Vu)

t t t t
= / l{yu>zu20}d:uu - / 1{21,,>yu>0}dﬂu - / 1{yu>z“;0}d7/u + / 1{zu>yu,20}d’/u-
S S S S

Hence, using the conditions p; = fg Ly, =0y dpbu, v = fg 1(.,=0}dvy, we end up with:

t t i
/ Sign(yu - Zu)d(uu - ’/u) == [/ l{zu>yu20}d/1’u +/ l{yu>zu20}dyu}
t t
= - |:/ 1{zu>yu20}d(.uu + l/u) + / 1{yu>zu>0}d(:uu + Vu)i|

t t
= / 1{yu7&zu}d(ﬂu+Vu) = wM(s,t)Jr/ l{yu:zu}d(,uu+l/u) . (3.23)

Recall that H; and Hp ;; are defined respectively by (3.13) and (3.14). Thanks to (3.21), it thus
clearly holds that
lim H57i(Y) = \IIZ(Y) y and lim Hagﬂ'j(Y) = \Ifg’ij(Y) y (324)
e—0 e—0

where the limits are simple limits of functions and where we have:

Wi (Y) :=sign(y — 2)(fily) = fi(z)) , Wau(V) = sign(y — 2)(fo5(y) — f245(2)) -
Taking relations (3.22), (3.23) and (3.24) into account, we can now take limits as ¢ — 0 in

(3.12). This ensures the convergence of the quantity hi’st to some limit CIDE,t (for all s <t e ),
and using (3.19) we get that the path ®(Y') := |y — z| satisfies the following equation:

4 N t
0D(Y)st = WilYe) X' + o (Yo X3 —wna(s,t) + / Ly =)l + ) + @5 . (3.25)
Moreover, invoking relation (3.20), we have for all s <t € I:

|¢>it| < Cyp [w*(s, t) + wx (s, t)z/gwA(s, t)1/3 + wx(s,t)l/?’wAm(s, t)]3/p . (3.26)
Here and in the sequel, we denote by Cy, any quantity that only depends on f and p.

Step 3: Bounds for wa and wa . Let us now estimate wa and wa y in terms of wy. To this
end, we can first use the fact that the path A := y — z is (obviously) given by A(Y") with the
choice (&) := £. In this case h? = 3% — 28, ||¢|| = 1, so that (3.19) becomes

|y5t — z§t| < Cyyp [w*(s, t) + wx (s, t)2/3wA(s, t)1/3 + wx(s, t)l/gwA,u(s,t)]S/p
for all s <t € I, and accordingly we have

wa (s, t) < CJ(CB [wi(s, 1) + wx (s, H2Bwa(s, )3 4+ wx (s, t)Y3wa (s, t)]
for some fixed constant C’}}IZ. As a result, for any interval Iy C I satisfying

W wx (In)? < 172, (3.27)
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and for all s <t € Iy, we have
wa(s,t) < 20}2 [wi(s,t) + wx(s,t)Q/?’wA(s,t)l/s] . (3.28)

Besides, going back to the equation satisfied by A (again, take ¢(¢) = £ in (3.12)), we easily
obtain that for all s <t € I,

08t < Cpllly = 21y gy yeox(,8) + wnr (5,6 + wag(s:0)*]7
so that the following inequality holds true:
wa(s,t) < Cppllly — z||go;[svt]wx(s,t) +wpr(s, ) +way(s, t)?].
Therefore for any interval Iy C I satisfying (3.27), we get by (3.28)
wa(s,t) < C](eiz [y — Z||£o;[s7t]wx(s, t) +war(s, )P + wi(s,t)* + wx(s,1)’wals, b)]
for some constant C'](ciz. Finally, for any interval Iy C I satisfying both (3.27) and

CPwx (lo)? < 1/2, (3.29)
and for all s <t € Iy, we have

wa(s,t) < 20 [ly = 2|7 gwxc (5, 1) +wnr (5,07 + wu(s, 1)°] . (3.30)

Step 4: Conclusion. By injecting (3.28) and (3.30) into (3.26), we can derive the following

assertion: for any interval Iy C I satisfying (3.27) and (3.29), and all s < ¢ € Iy, it holds that
|02, < Crplwn(s, )P + Iy = 2llocyfs.geoxc (5, )7 + wna (s, hwxc (5, 1))

which, by the definition of wy, gives

8%, < Crpllly — 2lloosfs.qwsc,v (5, 8)>P + war (s, H)wx (5, 8)/7] .

Going back to eq. (3.25) and observing that ||y — z[[oe;[s,) = supjs 4 P(Y), We obtain that for any
such interval Iy and for all s < t € I,

t
SO(Y)st+wnr (s, t) < Crp (sup (Y ) +wis (s, t)) [wx(s,t)erx,y(s,t)?’]l/er/ 1iy,=z, (dpy+dey) .
[s,t] s

We are finally in a position to apply the Rough Gronwall Lemma 2 with w; := wx + wg’&y and
wa(s,t) = fst 14y,=2,) (diy + dvy), and assert that for every s <t € Iy,

t
s[uI]) (YY) +wm(s, t) < Crpxy [@(YS) —|—/ 1iy,—z (dpy + dyu)} ,
s,t s

that is

t
Sl[lp] |yr 2 Zrl + WM(S’t) < Cf,p,X,Y [|ys - Zs| + / 1{yu:zu}(dUu + qu)} ) (3'31)
TE|s,t s

for some constant C'y ) x v .

Assume now that [s, t] is an interval where y # z in (s,t) but y(s) = z(s). Then relation (3.31)
yields

sup |y, — zp| + war(s,t) <0,
rE[s,t]

which implies that sup,.c(, 4 [yr — 2| = 0 everywhere so we find a contradiction and such interval
cannot exist. This concludes the proof of uniqueness. O
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Remark 10. The key point of the above proof thus consists in the close follow-up of the “mea-
sure” control wps throughout the reasoning. The argument thus differs from the contraction strat-
egy that usually prevails in rough analysis, and in particular regularity properties of the solution
with respect to the driving rough path X can no longer be obtained as an almost-straightforward
consequence of the procedure. Studying this reqularity issue would actually mean facing the same
non-continuity problems as those raised in Section 3.1 (recall the involvement of the difference
w — v in decomposition (3.8)), and accordingly this question seems to be out of reach for the
moment.

Remark 11. As the reader can see, one of the cornerstones of our computations lies in the
possibility to expand the integral fst sign(Yy, — 2u)d(py, — 1) as in (3.23), that is as the sum of
—wpr(s,t) and an integral from s to t that vanishes as soon as y, # z, for everyr € [s,t]. Unfor-
tunately, when turning to more general multidimensional reflection domain (see the forthcoming
Definition 13 for a description of the rough equation in this context), a similar decomposi-
tion is certainly much more difficult to exhibit (if this exists), and therefore we currently fail
to extend our arguments to multidimensional domains. To be more specific, using the nota-
tions of Definition 13, it is not hard to see that the d-dimensional analog of the above integral

fst sign(yy — 2u)d(ftu — V) is given by

/ |yu - Zu| TR ny(u)d|Mu B nz(u)d|y|u> )

and this expression happens to be much less flexible as soon as d > 2.

4. EXISTENCE

Although the existence issue for equation (1.2) in very general domains has been considered
n [1, 2], we wish to present here a self-contained and hopefully simpler treatment in our 1-
dimensional setting. We then briefly sketch what is needed in order to extend our considerations
to higher dimensional situations.

4.1. The one-dimensional case. Our existence result in the domain R>o can be read as
follows.

Theorem 12. Let T >0,2>p <3 and a > 0. If f € C3(R; L(RY,R)) and X is a geometric
N-dimensional p-variation rough path in the sense of Definition 1, then Problem (1.2) admits
at least one solution (y, m) on [0,T] with initial condition a.

Just as in [1, 2], our strategy towards existence will appeal to some a priori bound on the
measure term of the (approximated) equation. The result more generally applies to the so-called
Skorohod problem and it can be read as follows in the one-dimensional case.

Lemma 3. Let g be a continuous R-valued path defined on some interval I = [{1,¢2]. Consider
a solution (y,m) € C(I;Rso) x Vi (I;Rxo) of the Skorohod problem associated with g in the
domain R, as given in Definition 5. Then for all s <t € I it holds that

dmg < 8 ”gHO,[s,t] ’ (41)

where ||gllo,(s,1) = SUPs<u<v<t [0guv]-
The proof of (4.1) can be easily derived from the arguments of the proof of [3, Lemma 2.3]
(namely, the same arguments as those leading to the forthcoming general Lemma 4). Let us

provide some details though, not least to give the non-initiated reader an insight on how the
specific constraints of the reflecting problem can be exploited.
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Proof of Lemma 3. For all s <t € I, one has
t t
|5yst|2 = |5gst|2 + |57nst‘|2 + 25gst5mst = |5gst|2 + 2/ 5msu dm,, + 2/ 5gst dmy,

t t
= |5gst|2—|—2/ 5ysudmu+2/ 0Gus dmy,
S S

where we have just used the fact that dmg, = dysy — 0gsy for the last identity. Moreover, since
t t
[; yudmay = [} yu1qy,—oydm, = 0 and y, > 0, we get:

t
|5yst|2 < |6gst|2 + 2/ 5gut dm,, .
s

Therefore,
2 2 2 L 2
|0yst|” < ”9||o,[s,t] +2|gllo,s,y Omst <5 HQHO,[s,t] =3 1 |omest|”
and 50 [[yllos.q < 3 19llo s + 3 S Finally,
1
omse < [yllo,fs.g + 190050 < 4llgllo s + 5 0mse
and the result follows. O

Proof of Theorem 12. We start from a sequence of smooth rough paths X¢ converging to X as
¢ — 0, in the space of continuous p-variation geometric rough paths. We can then find a regular
control wx such that, for all s,t € [0, 77,

XL+ X212 < wx (s, )17, sup (X5 + X7 1Y2) < wx(s, )P
15

For every € > 0, let X¢ be the path which corresponds to X® and consider the solution y* to
reflected ODEs starting from yq:

dyi = f(y;) dX7 + dm;

¢
Yo =yo and mi = [) 1e_gydmg,

Recall that the existence (and uniqueness) of such a solution is a standard result, based on the
Lipschitz regularity of the Skorohod map with respect to the supremum norm. Then by Taylor
expansion it is not difficult to show that these solutions correspond to rough solutions (y%, m®)
in the sense of (2.5), namely:

SyS = fiy)XGM + foij (WX 4 oms, + 450 st €[0,T] (4.2)

where 3> € Vzp/g([O,T]; R). Let us set from now on

p/3
V23 ([s,8):E)

)

e (5,8) = 19 B oy o) = Iy
W (8, 1) = ng‘|\711([s,t];E) = omg = m*([s,1]) ,
and observe that from eq. (4.2) we have
0y, | < Crlwx(5,8)YP 4 wx (5, )P) + wine (5,) + wey(s,1)%/7 . (4.3)

Here and in the sequel, we denote by Cy, resp. Cy,, any quantity that only depends on f, resp.
(f,p)-
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Step 1: Bounds on the approximate solutions. We would like to pass to the limit in ¢
and obtain solutions of the limiting problem. In order to do so we need uniform estimates for
y;’th. They are obtained via an application of the sewing map.

To this end, one can proceed as in the proof of Theorem 9, Step 1. Specifically, we can just
replace Y by y, H by f and Hs by fs in relation (3.15). We then repeat all the steps up to
relation (3.17), which yields the following relation for Syef (for more simplicity, we neglect to
write down the time indexes explicitly):

oyt = [V F2ull(y)oy" XEIXEY — [V ()Y f()I1(y7) oy X=X
[V Fil(W°) fa g (y*) XX 4 [V ] (57 )y X
HIVA(y7)om® XN 4 [V fo,i] (y°)0y* X529 (4.4)

Combining this expansion with (4.3), we get, for every interval I C [0,7] such that wx(I) <1
and all s<u<tel,

0ySh] < Cplwye(s,8)Pwxc(5,8)2/P + (wic(5, )27 + wine (s, 1) + we y(5,1) ¥ P)wxc (s, 1) /7]
< Cpplwx(s,t) + wx (s, £)Buwme (s, )P/ + w (5, 8) 3wy (5,8)] 7 .

We are therefore in a position to apply the sewing lemma and assert that for every interval
I C [0,T] such that wx(I) < 1 and all s <t € I, we have

VS| < Cpplwxc(s,1) + wxc (5, )Y wpme (5, 7% + wxe (5, )P (5, 1))
which immediately entails that
We(5,1) < OF) [wx (5,8) + wxc(5,8)Pwme (5, )2 + wx (1) Pwe y(5,1)]
for some constant C](c’l;. As a result, for every interval I C [0, 7] such that
1
wx(I) <1 and Cllux(DV3<1/2, (4.5)

one has
we (s, 1) < 20}2 [wx (s,) + wx(s,t)l/?’wms(s,t)p/?’} , s<tel. (4.6)

Step 2: Control of the approximate measures. Consider the path ¢° : [0,7] — R defined
as g; := y; —mj, and observe that (y%, m?) is then a solution of the Skorohod problem in R>q
associated with ¢°, in the sense of Lemma 3. Therefore, by (4.1), it holds that

wime(8,1) < 81g%l0,s,4 - (4.7)
On the other hand, from eq. (4.2), we have
0gs = X + oy (WOXTY 49 0<s<t<T,
and so
197110, < C [wx(5,6)P + wx (5, 8)/P + wey(s,8))7] . (4.8)

Injecting successively (4.8) and (4.6) into (4.7) yields that for every interval I satisfying the
conditions in (4.5) and every s <t € I,

Wme (57 t) < 01(07213 [WX(S7 t)l/p + wX(I)l/pme (57 t)] )
(2)

for some constant C' I and so, if we assume in addition that

CPlwx (VP < 1/2 | (4.9)
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we obtain
wme (5,1) < 2000wxc (s,)/P | s<tel. (4.10)
From here we can easily conclude that

wme (10,T)) < Cppx (4.11)

for some quantity Cy, x independent from e.

Step 3: Passage to the limit for the measure. With all the bounds in place we can now
pass to the limit as ¢ — 0 via subsequences. We start with the measure. Using (4.11) we can
assert that there exists a weakly convergent subsequence of measures (m**));~; on [0,77], and
we will denote by m their limit. Then it holds that

m([0,4]) = lim mf®(0,t]) tec (4.12)

where € C [0,7] is the (dense) set of continuity points of the function ¢ — m([0,¢]). Now
consider any interval I satisfying both the conditions in (4.5) and in (4.9), and for s < t € I,
introduce a sequence sy, resp. ty, of points in € decreasing to s, resp. increasing to t, and such
that s < tx. Using (4.10), we have

m(]se, te]) = lilglms(k)(]Se,te]) < Crpuwx(s,t)'/?

and so m([s,t]) < C},wx(s,t)/P, which proves that the function my := m([0,[) is continuous
and accordingly that m € Vi}([0,7]; Rxo), as expected.

Step 4: Passage to the limit for the path. Consider the subsequence (y‘f(’“),mg(k))k as
defined in the previous step. Using (4.3) we have, for all s,t € [0, 7],

lim sup ]5y§§ < Cf(wx(s,t)l/p + wx (5, 8)%P) 4+ wp (s, t) + lim supwg(k)m(s,t)?’/p )
k k

and for every interval I satisfying both the conditions in (4.5) and in (4.9) (we denote J the
family of such intervals), we have
lim sup w, () 4(s,1) < Cplwx(s,t) + wx(s,t)1/3wm(s,t)p/3] , s<tel.
k
From this bound we can choose a further subsequence, still called (ya(k), me (k)) i so that y=®) — y

in C([0,T]; Rxp). It is easy now to pass to the limit in eq. (4.2) and conclude that there exists
a map 37 : Apo,r) — R such that

0y = fi(y)XY 4 fo i ()XY 4 om + ¢
and

|y§t| < Cpplwx(s,t) +wx(s,t)l/?’wm(s,t)p/g]g/p, s<teleJ.

The fact that m; = fot 14y,—0y dmy, (for all t) follows immediately from the relation mj =
fg 1{ye—oy dmg,, and finally the pair (y,m) does define a solution to the RRDE (2.5). O
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4.2. Generalization to multidimensional domains. We conclude this study with a few
details on possible extensions of the previous arguments (towards existence) to more general
multidimensional domains. Together, these results will thus offer a simplification of some of the
arguments and topologies used in [1, 2].

Let us first extend Definition 2 of a reflected rough solution to more general settings, along
the classical approach of the reflected problem. Let D C R? be a connected domain and for
every x € 0D, denote by N, the set of inward unit normal vectors at x, that is

Nx = Ur>ONz7r s Nx,r = {n € ]Rd : |TL| =1, B($ - TTL,?") nD= (b}
where B(z,r) :={y € R?: |y — 2| <r}, for z € R% and r > 0.
Definition 13. Given a time T > 0, an element a € D, a differentiable function f : R —
L(RN:RY) and a p-variation N-dimensional rough path X with 2 < p < 3, a pair (y,m) €
VP([0,T); D) x Vi{([0, T); RY) is said to solve the reflected rough equation in D with initial con-
dition a if there exists a 2-index map y* € VP/B([O,T];IRd) such that for all s,t € [0,T], we

2,loc
have

5yst = f'L(yS)Xi’l + f2,i (?JS)X?W + 5mst + yi
t J t t ? (4.13)

Yyo=a and my= f(f 1{yueaD}nyud|m|u

where we have set f3,5(€) ==V fi(§) f;(&), Imle := [|m|lpa(jo,q;re) and for eachy € D, ny € N,.

The existence of a solution for (4.13) can actually be derived from the same arguments as in the
one-dimensional situation. The only step of the procedure needing for a revision is the so-called
Step 2, since it involves the a priori bound (4.1) which is specific to the one-dimensional Skorohod
problem. To this end, we shall exploit the following (sophisticated) substitute, borrowed from
[1, Lemma 2.2].

Lemma 4. Let D C R? be connected domain that satisfies the two following assumptions:
(A) There exists a constant ro > 0 such that Ny = Ny, # 0 for any x € 0D ;

(B) There exist constants 69 > 0 and 8 > 1 satisfying: for every x € 0D, there exists a unit
vector I, such that (l;,n) = 1/B for every n € Uyep(zs0)napNy -

Let g € VI(I;RY), for some interval I = [¢1, (2], such that g, € D, and consider a solution
(y,m) € C(I; D) x V}(I;RY) of the Skorohod problem associated with g in the domain D, that
is (y,m) satisfies for all s <tel

5yst = 5gst +dmg

Y

t
Yoo, = 9oy 5 Mt = fo l{yuZO}nyud’m’u
where |mle := ||m|[g1(j0,g;rey and for each y € 0D, ny € Ny. Then for all s <t € I it holds that

0,[s,t] » (414)

where Cy,Cy are constants depending only on the domain and ||gllo (s = SUPs<u<v<t [0Guv]-

Il 1s,0) <€ Crler @0 gllgp s ) + 1] (3 HWl0ra) 4 1)]1g]

Theorem 14. Let D C R? be a connected domain satisfying Conditions (A) and (B) of
Lemma 4. Then there exists at least one solution (y,m) to the reflection problem (4.13) in D.
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Remark 15. Of course, Theorem 12 can retrospectively be obtained as a particular application
of Theorem 14. Nevertheless, we have found it important, for didactic reasons, to first provide
a full and self-contained treatment of the one-dimensional situation.

Proof of Theorem 14. As mentionned above, and apart from minor changes of notation due to
the vectorial character of the equation, Steps 1, 3 and 4 of the proof of Theorem 12 can be
readily transposed to this setting, and thus we only need to focus on the extension of Step 2.

In fact, with the same notations as in the one-dimensional proof and considering only those
intervals I = [sg, to] satisfying the two conditions in (4.5), we have by (4.14), (4.8) and (4.6)
that for all s <t € I,

Wine (8,1) < W(wge e(s,1)) < U(Crplwx(s,t) + wx(s, t)wme (s, 1)), (4.15)

where
W(N) i= Oy [ePC2HNT) N 4 1) (eC20HA7) ) \L/P

and Cy,, is a fixed constant. Eq. (4.15) implies in particular that the control wy,: is regular if
wx is regular, which is our case. Let G be the function

G1(N) == W(Cpp(1 +wx(1)W)).

By choosing tp near to sp we can have both (4.5) and G(3G(0)) < 2G1(0), since wx(I) — 0 as
to 4 so. This choice of ty depends only on wx and G7(0) (which is actually independent of ).
Now eq. (4.15) implies also that

Wme (80, 1) < Gr(wme(s0,t)) tel.

We want to establish that wy,:(I) < 2G;(0) and to this end we can apply the method of
continuity. Let A C I be the set of t € I such that the property wpms(so,t) < 2G1(0) is true.
Note that [sg, so + d] C A for 6 small enough by the continuity of the control wy,:. Moreover A
is closed in I since if (¢,), C A is a sequence converging to t, then, again by regularity of wyy,e
we have wpe (S0, tx) = limy, wpe (S0, tn) < 2G1(0). Finally A is also open in [ since if ¢, € A then
for ¢ small enough wye(so,t) < 3G(0) for all ¢t € (t, — 0,t + ) N I. But then our choice of I
guarantee that

Wme (50, 1) < Gr(wme(s0,t)) < Gr(3G1(0)) < 2G(0) , te(te—0d,t+0)NI,

from which we see that (t, — d,t« + ) NI C A and that A is open in I. We can then conclude
that A = I, namely that wpe(]) < 2G1(0). Now we can reason in this way for any nonempty
interval I; s = (t—0,t+0)N[0, T] by choosing 6 = §(¢) > 0 small enough to satisfy our conditions.
In this way we construct an open covering Uil 5 of [0, 7] from which we can extract a finite
covering (Ij)x independent of ¢ and such that

Wime (Ik) < QG](O)

for all Ij in the covering. This bound provides us with the expected substitute for (4.11), and
we can then follow Steps 3 and 4 of the proof of Theorem 12 to get the conclusion. O
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