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1 Introduction

Consider a family of Brownian motion X" in a family of compact Riemannian manifolds M™ of
real dimension n starting at some point. For fixed n, this diffusion process approaches the uniform
distribution Uy overs M™ as t goes to infinity. In this paper we are interested in family of manifolds
M™ which are flat torus, spheres, real complex and quaternionic projective spaces. A natural question
is to estimate the corresponding speeds of convergence, or mixing times, for large n, and it depends
on how the distance between the time marginal and the uniform distribution is measured. In what
follows we measure the difference to equilibrium in term of separation discrepancy. The separation
discrepancy between two probability measures p and v defined on the same measurable space is given
by

d
s(p,v) = ess Sup (1- d—/:) (1)
where dpu/dv is the Radon-Nikodym derivative of the absolute continuous part of p with respect to v.
In a previous work [6], we describe the behavior of s(L£(X"(t),Uy) where M™ is the sphere or
projective spaces (normalized in order to have the same diameter m). We obtain the following result,
Theorem 4 in [6]:
aln(n) ¢

lim limsup s(£(X"( + 50),U) =0, 2)

c—0 pn_5p n n

lim Tim inf s(£(X"(s(£(x" (X2 €y 10y 1,

c—00 N—00 n n

where £(X"™(t)) is the law of the Brownian motion at time ¢ and a = 1 for the spheres case and
a = 2 for projective cases. This result prove that around the time alnT(n) the separation discrepancy
between X™ to the uniform distribution abruptly drop from the largest value 1 to the smallest value

0 during a window of size % This phenomenon is the so called cutoff phenomenon.

Definition 1 The family of diffusion processes (X")pen (13 with invariant measure Uy, has a cutoff in
separation with cutoff times (an)pem (1} of

o Vr >0, limy, 00 S(L(X™((1 + 7)ay)),Un) =0
o Vre(0,1), limy, 00 s(L(X™((1 — 7)ay)),Un) =1

Definition 2 (c3 and w3 in [12]) The family of diffusion processes (X")pen (13 with invariant mea-
sure Uy, has an (an,by) cutoff in separation with cutoff times (ay), and window (by)y if

e b, = o(ay)

o lim limsups(L(X"™(an + rby)),Un) =0

rT—=%0 n—oo

e lim liminfs(L(X™(a, — rbn)),Uyp) = 1.

r—00 mn—00

Moreover we say that the windows (by,)y, is strongly optimal if for all v >0

0 < liminfs(L(X"(an + rby)),Uy) < limsups(L(X" (an —rby)), Uy) < 1.

n—00 n—00

The cutoff phenomenon was discovered by Diaconis and Shahshahani [I4] and Aldous and Diaconis [I]
in the context of card shuffling. Afterward, the cutoff phenomenon has been proven for a large variety
of finite Markov chains, see e.g. Diaconis [13], Diaconis and Fill [I6], Levin, Peres and Wilmer [23].
The cutoff phenomenon for Markov processes on a continuous state space have been proved, e.g. Chen



and Saloff-Coste [26], [12] proved the cutoff phenomenon in total variation distance for the Brownian
motions on the spheres.

Note that is shown by Hermon, Lacoin and Peres [20] that total variation and separation cutoff
are not equivalent and neither one implies the other. See also Méliot [24] for cutoff phenomenon in
total variation distance in classical compact symmetric spaces. For cutoff is separation for rotationally
symmetric compact manifolds see [4] and [5].

The aim of this paper is to refines by deriving the shape of the relaxation to equilibrium. More
precisely we are interested in proving the existence and finding the limiting profile:

1
aln(n) %))),un) , for all ce R.

lim s(L(X"(

n—ao
We are also interested in the cutoff in separation together with the profile for Brownian motion in
the flat torus. Questions like these have been addressed in the literature e.g. Diaconis, Graham, and
Morrison in [I5] compute the cutoff profile (in total variation) for the random walk in hypercube and
Lacoin in [22] compute the cutoff profile (in total variation) for the simple exclusion process on circle.
The general strategy of the proof is to build a dual process of the Brownian motion, and derive a
sharp strong stationary time. This permit to translate the separation discrepancy between the law of
the Brownian motion and it’s invariant measure in term of the tail distribution function of the covering
time of the duals process and then analyze carefully this distribution using again intertwining with
radial Laplacian. Note that we do not use representation theory, only relation on Jacobi’s polynomials.

The paper is organized as follows:

In section 2, we describe a rectangular dual process of the Brownian motion on the flat torus T".
The sharp strong stationary time is them express as a maximum of n independent and identically
distributed random variables 7;. This random variables 7; have the law of the hitting time of a Bessel
3 process. We recall some known results on the tail distribution of the hitting time of the Bessel
process, with the aim of comparing them to the point of view of section 2.3, using intertwining, which
we believe to be new. We show that the cutoff time is 21%52(@ see Theorem (9, Using contour integral we
compute the asymptotic of the tail distribution, and since the cutoff times goes to infinity we obtain
an asymptotic profile of Gumbel type see Theorem that is natural as the law of a maximum of iid
random variables. In subsection 2.3, using intertwining we compute the law of 7; using the Neumann
spectrum of the Laplacian in [—1, 1], this alternative point of view will be applicable in Section 3.

In Section 3 we computes the cutoff in separation profile function for Brownian motion in M™, where
M™ is a n dimensional spheres S”, real, complex, and quaternionic projective space resp. P*(R), P"*(C)
and P"(H). It was seen in [10] and [3], that X, can be intertwined with a dual process taking values
in the closed balls of M™ whose boundary evolution is a modified stochastic mean curvature flow, and
whose ray generator is L, see section 3 for the definition. We use this dual process to construct a sharp
and strong stationary time 7ps~». Using another intertwining with the radial Laplacian see subsection
3.2, we obtain a correspondence between the spectrum of the radial Laplacian and the Green operator
associated to L,, see Proposition [24] This correspondence allows us to compute large moments of 7y/n
see Theorem [27] and so the tail distribution of 7p/» see Theorem [28 This allows us to give a unified
proof of the cutoff phenomenon for Brownian motion in M" see Remark [36] Contrary to the Torus
case the cutoff times goes to 0, hence all the tail distribution function of 7jsn, is needed to compute
the asymptotic cutoff profile, this is donne in subsection 3.4. see Theorem [37] and Theorem [39] We
obtain the main theorem of the paper :

Theorem 3 For M" = S, P"(C),P"(H) or P*"(R), the separation discrepancy to equilibrium for the
Brownian motion X™ in M™ has the following asymptotic profile: for all c € R

e

+ E)),uMn) =1l—-¢e o,

S](s}

aln(n)

lim s(L(X,(

n—0o0
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where a = 1 for the spheres case and a = 2 for projective cases.

The windows of the cutoff sequence (‘LIHT(”) 1

, ) 1s strongly optimal in the sens of definition @ More-
over the above convergence is uniform on all compact.

2 Cutoff in separation and profile for flat torus

The goal of this section is to show a cutoff phenomenon for the Brownian motion on the flat torus
T™ := (R/2Z)™, which we identify with the set (—1,1]". Let € T" and B} (z) the Brownian motion in
T" that starts at & = (21, ..., ¥,). This Brownian motion could be describe as B (z) = (B +x1, ..., B"+
r,) mod 27, where (B},...,B") is the usual Brownian motion in R”. Using the invariance by
translation we will assume that z = (0, ...,0). The invariant measure for B" is the Lebesgue measure
on the torus pn (dat, ..., da™)) = pr_q1 17(dz') ® ... ® pip—1,17(da™).

It is well known (e.g. Pitman [25], or [10] ) that each B* can be intertwined with a process (D*(t))i=0 =
[~ Besst, Besst] taking values in the closed interval of R, starting at {0}, where (Bess')jef1.ny is a
family of n independent Bessel 3 process. In [3], several couplings of B* and D" were constructed, so
that for any time ¢ > 0, the conditional law of X(t) knowing the trajectory D([0,]) = (Di(s))se[o,t]
is the normalized uniform law over D*(t), which will be denoted A(D"(t), ) in the sequel. Furthermore,
D' is progressively measurable with respect to B, in the sense that for any ¢ > 0, D*([0,¢]) depends on
Bt only through B([0,t]), one example of such coupling is the famous 2Maz — X Pitman’s Theorem.
Let 7; = inf{t > 0, Bess! = 1}, and 7, := max{7;,i = 1..n}.

Using the independence of the coordinate, it appears that 7,, is a strong stationary time for B™,
meaning that 7, is a F© stopping time, 7, and B are independent, and B is uniformly distributed
over T". Let D(t) := DY(t A 1) x ... x D"(t A 7,) = T, then D(t) is a dual process of B" in the
following sense :

Vi=0,  LBYD[0,t]) = An(D(1),), (3)
and (D(t)i=0 can be constructed from (B} );>¢ in an adapted way,
Vi=0, L(D[0,¢]B") = L(D[0,t][By ), (4)

where the Markov kernel A,, is the restriction of the uniform measure prn, i.e. for all D domain
or singleton of T"

prn (D)

VAeB(T), Au(D,A) =
& B(T") D, 4) 5.(A) ,if D = {z}, with z € T"

{ prn(A0D) e (D) > 0 )

As a consequence of such a dual and it’s coupling, we have (see also Proposition [17)),
VE20,  S(LE'D),pm) < PlF, > 1]

where the Lh.s. is the separation discrepancy between the law of B"(¢) := B} and the uniform distri-
bution p» over T".

Note that for any ¢ € [0,7,,), the “opposite pole” (1,...,1) € T™ does not belong to the support of
An(D(t),-). It follows from an extension of Remark 2.39 of Diaconis and Fill [16] that 7, is even a
sharp strong stationary time for B”, meaning that in fact

Vt>0,  s(CBY(),pm) = P[> 1. (6)

Thus the understanding of the convergence in separation of B™ toward pr-» amounts to understand-
ing the tail distribution of 7.



2.1 Hitting time of Bessel 3 process

Let X;(z) be the usual Bessel 3 process that starts at z € RT, it is the L = $0? + 10, diffusion, and 0
is an entrance boundary for the process X. Let 7 := inf{¢t > 0, X;(0) = 1}, in this section we will be
interested in the two sides estimate of the tail distribution of P[7 > t]. We recall well known results,
with the aim of comparing them to the following section 2.3. The following well know identity in law
(e.g. (4.21) in []]), is also a consequence of below.

)
J1
1

5 5
J1 J1
where em(ij) are independent standard exponential variables with parameter QT’m, and ji . is the
2 b

zero of the Bessel function J 1 of the first kind

%OO )m Tyom  [2sin(z)
Z:m'Fm+1+ )(2) _\/;\/5’

m=1

NJ\»—\

for the last equality use that I'(z + 1) = ().
So J1, = m, and we obtain the following lower bound :
2 I

2 J

exp(=5-t) = Pler (-

Sy > £ < P[r > ). (7)

[NIES

2

For an upper bound, let L := %(82 + %87«) be the generator of X, we will compute all moments of
7, and their equivalent.

Proposition 4 Given g € Cy([0,1]), the bounded solution ¢ € CZ of the Poisson equation

{ Ly = —g
¢(1) = 0
s given by:

vrelo1],  é(r) — f 1;2 Ut 2529(s)ds> dt. (8)

So the Green operator G associated to L is given by

VgeCy(0,1]),Vref0,1],  Glg](r) = QJ ) <

r

Proof

It is a straight forward computation.
Let ug = 1, the constant function taking the value 1 on [0, 1], and consider the following sequence
(u)ken, defined inductively by bounded solution of

Luk = —kuk,1

VEkeN, {uk(l) _ o )

We have for all ke Z,

U

2~ G = GIGL - [GI]) 1) = 2567 ],



Proposition 5 For any k€ 7™,

E[7*] = ur(0) = kIG*[1](0) = k128G°*[1](0)
- (- (2:)% +0((27r1)2k))
= k!Qk%(l — 2172k ¢ (2k)
~k kl?(%)k,

where ¢ is the Riemann zeta function.

Proof
Suppose by induction that ug(x) = E.[7*]. This is clearly satisfied for k = 0. Let X = = € [0, 1],
using [t6’s formula, we have for all 0 <t < 7,

s (X0) = s (2) = —(k +1) L (X ds + M,

where (My)e0,r] is a martingale. Consider this equality with ¢ = 7, take expectation and use the
Markov property to get

ups+1(z) = (k+ 1)E, JT uk(Xs)ds]
= (k+ DE, JT Ex, [Tk]ds]

= (k+ E, J (1 — s)kds} = E,[rF1].
Note that

and for all me Z*

! m 1 m
fos% ds) = (m+3)(m+2)(1_r T2y,

Let b, = G°*[1](0), using the above formula we obtain the following recursive formula by = 1 and for
1<k:

m

k
Z: 2m+1))

ie. for 1 <k,

(=n™

em+1)

k
bo=1, and ) bp_m
0

We identify this recursive equation as follows for z € C

2 (10)

7 o oy
n=0 (2n+1)! n



namely

.Z = - = Z an (11)
sin 2z Z mz 2n

Since Sirllz is a meromorphic function and the five first poles are {—2m, —m,0, 7,27}, let 7 < R < 2,

and for 6 € [0,27] and define the following contours for 0 < 1 small enough

v1(0) = 7 + n(cos(—0) + isin(—0))
v2(0) = —7 + n(cos(—0) + i sin(—0))
( ) = R(cos() + isin(h)).

Note that ~3 is anticlockwise whereas 1,2 are clockwise, using Cauchy formula, for all n > 1:

1 z
b = — — a1
"= 9in SRR sin(z)z2n+1
1 z 1
= et @t Onl5amg
2 L1u72 sin(z)z2n+1 “ n(RQ"_l)
z o !
- _Tes(m, ) — res(W, —m) + On(W)
—T 7I' 1
= el e e e T Ol
2 1
= 2+ OnlgEe)
2
~n o

where in the forth line we have used that sin(z) ~,~, —(z — 7) and sin(z) ~,~_r —(z + 7). Adding
two clockwise contours around the second pole of —27 and 27 and take as in the above computation
21 < R < 3w, and the equivalent of sin at —27 and 27 , we obtain

2 2 1
bn = ﬁ - (27-‘-)271 + 0( (2w)2n),Vn = 1 and b[) =1.
With similar argument we have in fact :
0 k+1 2

- 71_7 Z kgn Qn (1 - 21_2”)((2”’)7

where ( is the Riemann zeta function.

Proposition 6 For all0 < A\ < %2 and t > 0:
2

exp(— 1) < B[r > ] < 6, (A) exp(—M),

where ¢-(N\) = Elexp (A7)] is the moment generating function of T.

Proof



We have for 0 < A, ¢-(A) = Do A\ [ ‘] , using Proposition |5| we write

= )\ 1 1
= Z 7 T (2% +0((2)2k))

and ¢, (A) is convergent for 0 < A < %2 Hence we have the following upper bound, using Markov

inequality, for all 0 < A\ < %2 and t > 0:
Plr > t] = P[A1 > At] < ¢+ () exp(—At)

Remark 7 Using the moment generating function of 7, Proposition , , and the following

Weierstrass decomposition :
o0
. z
sin(rz) = ﬂzﬂ (1 - (5)2)’

we get

d+(\) = Elexp (A1)] 2 )EGF[1](0)
3 :/ﬁ o 1
 sin 2>\_H1—(2)‘)'

n=1 m2n2

x>
Il
o

(12)

After identification we get

l\D

o0
L
£ ™

m=1

m2m?2
2

”2?2) are independent standard exponential variables with parameter

where €, (

Remark 8
Using the above Proposition [5| we get E[7*] = k!2k(w—§,€ — (23)% + 0((273)% )), and Stirling formula,
we get

[m]

We get the following cutoff phenomenon, in the sens of definition [I} for Brownian motion on the torus.

Theorem 9 There is a cutoff in separation for the Brownian motion on the flat torus T" := (R/2Z)",
with cutoff time 21%52(71).

Proof
Using the upper bound in Proposition |§| we get for all 0 <t and 0 < A < %, we have :
P, <t] = (Pr<t])" = (1—¢-(N)exp(—At))".
For all r > 0, let A, %(Hl%r) < %2 and 1’ = 2(%%) > 0 we have %(1+7r) = %(1 + r’) and



pir > 2800 ) = i, = B0
- (=B < )
< 1= (1 - (bT()\T) exp log(n)(1+r") )"
= 102y o

Using the lower bound in Proposition [6] we get for 0 < r <1

2log(n)
2

(1-r] = <2800y

P[7, <

= @z 2y

T
< (1 —exp~ log(n)(lfr))n
1 n
= (]_ — nl—?“) — 0

Using the two computations above and @ we get the conclusion.

2.2 The profile function for torus
Let ¢(\) = E[exp (—A7)] be the Laplace transform of 7, using we get the well known formula :

60 = Y (P 3 canym,
n=0 '

n=0

1 _ V2
Zf:(] m(2)\)n Sinh( V 2)\)

(13)

Since the poles of ¢ are —#, n € Z*}. Using formula (Theorem 8.1 [29]) for the inverse of the
Laplace transform we have Yx > 0

1+iR
Plr < z] = lim J e”Mdz.
R—o0 201 1—iR z
Let Dr = D(0,R) n {Re(z) < 1}, and P := {7#, n € Z} be the set of poles of @ , we have
by Cauchy formula

- 2(—1)"e" 3T 4 1, (14)



where we use in the last equality that Res(¢(2); —”2”2) m2n?(—1)"*! for n > 0 and Res(%; (2) ;0) =

2 , =
Let Cr = C(0, R) n{Re(z) < 1} the left boundary of Dy, and let z := Re® for 6 € [arccos ), 27
1 . _ A/ 2|z _ _
arccos(g)], since [o(2)] = \Joint? (/o] Re(2)) +sin? (v/Isl-Re(z) 19(2)], we have for all > 0

i cos(h)

arccos( %) \/sinhQ(\/ﬁ cos(6/2) + sin?(v/2R sin(6/2)

de.

\ e”Mdz\ < 2V2R
Cr z

Chose R such that V2R = 2mm + §, and cut the integral in the left hand side of the above equation
into three parts

/2 eR:ccos(O)
Il (R) = f d@,
arccos() o [sinh? (v/2R cos(6/2)) + sin?(v2R sin(9/2))
T— A Rz cos(0)
Ib(R) := f Ve ¢ do,
w2 fsinh®(V2R cos(6/2)) + sin?(v2Rsin(6/2))
T €Raccos(@)
I3(R) == f de.

5% \/sinhQ(\/ﬁcos(H/Z)) + sin?(+v/2Rsin(6/2))
We have :

1 /2 T
I, (R) < f Rxcos(@)de < 763:,
1(R) sinh(v R) arccos( %) 2sinh(vVR)
1

also since for 0 € [ — NeTk 7], 3 < |sin(v2Rsin(0/2)| we have for large R

I3(R) <2 J eRrcos®) g < 9o Ra/V2,

ViR
For the last one, we have
1
1 TTAF peos(o
IL(R) < eftecos®) gg
2(R) sinh(v2R sin( m)) L/z
1 1 ,—(Ra)y L o= (Ra)y
< - dy = O(l)f ——dy,
sinh(+/ 04/1—y 0 v/1—19y?
and
J VR ,—(Ra)y 1 e—(Rz)y
dy =
\V1—y 0 \/1— 1/f\/1—

1

<—|-—ij 7d =0(=).
Ren/T 1R © o VIO

Hence I1(R) + I(R) + I;(R) = O(4) and for all z > 0 we have
1
lim J ezdez =0. (15)
R—0 2271' Cr z

10



Hence passing to the limit in and using we get the following well know formula for all x > 0

2n2 2 2

2 T — 26_%96 + 0(6_%96), (16)

Plr > z] = i 2(—1)"te~
n=1

The aim of this section is to complete Theorem [9] by the shape of the relaxation in separation to
equilibrium. In particular, we are interested in proving existence of optimal window and computing
the limiting profile.

Theorem 10 The separation to equilibrium for the Brownian motion on the flat torus T" := (R/2Z)",
has the following asymptotic profile, for any c € R we have :

, n2log(n) g
lim s(B"(——=— +c¢),um) =1—ce ,
n—00 T
the above convergence is uniform on all compact and the windows of the cutoff sequence (21(;%%("), 1) is

strongly optimal in the sens of definition [

Proof
Let c e R. Using @ and we have :

n, 2log(n _ 2log(n
s(cB" (28 1)), pr) =B, > 2B
_ 21log(n)
=1-P[7, < 2 )]
2log(n n
=1—(P[r < 2( ) o))
S (120 T | ()
1 (1-2 ; Fo(Z) 12 T

and the convergence is uniform on all compact.

Remark 11 The above computation shows that we have the following convergence in law :

Tn — Zhlgn) £, Gumbel (
T n—-+0o0

2In(2) 2

' =3)

2

where Gumbel is the Gumbel distribution.

2.3 An alternative point of view for hitting time using intertwining

The goal of this section is to give an alternative approach of the precedent sections that will be
interesting for finding the cutoff profile for the Brownian motion on spheres and projective spaces in
the next section. The precedent approach need at some place an explicit computation of the moment
generated function and it’s factorizations or an explicit Laplace transform for the computation of
the poles , and in the forthcoming section the Laplace transform will be not so explicit.

Let B be a one dimensional Brownian motion that start at 0, i.e. a A := %% diffusion. Let X be
the usual Bessel 3 process that starts at 0, i.e. the L = %(93 + %87« diffusion. It is well known that e.g.

11



Theorem 3 in [I0] that the generator of B can be intertwined with the generator of X in the following
sens :

LA = AA (17)
where for r > 0, A(f)(r) = LT};&, note that in this case also follows by direct computation.
Let Z4 := {0,1,2,3...} and Z" := {1,2,3,...}. Let p,(z) = cos(nmz) for n € Z, be the Neumann

eigenfunctions of A in C?[—1,1] associated to the eigenvalues A, —@. The eigenfunctions

{©0/V2, pp neZ*} form an orthonormal system of functions in L?([—1;1],dz). Using we get
that Ay, for n € Z* is an eigenfunction of L associated to \,,, with boundary conditions f(0) = 1 and

£(1) = 0.

Proposition 12 The family {nmv/2A¢,, n e Z*} is an orthonormal complete system of functions
in L*([0;1], 22dx) where x%dx is the invariant measure of L. Also {Ag, := nmv/2Ap,,n € Z*} are an

Hilbert basis of eigenfunction of G associated respectively to the eigenvalue ;—1

Proof

For ne Z*, Apy(r) = Siné::r), so for n,me Z*

sin(nzr) sin(mmr) 24
redr

nmr mmnr

1
-
onmm2 "M

1
<A(Pn7A(Pm>L2([O;1],x2da:) = L

hence {nmv2Ap,, n € ZT} is an orthonormal system of functions. For the completness, let f €
L?([0; 1], x%dz) such that for all n e Z*, (f, Aen)r2(01],22dz) = 0 then

(xf,sin(nmz))r2((0;1],de) =0 VN € AN

Since sin(nmz) for n € Z* is a complete system of functions in L2([0; 1], dx), we get that f = 0.
Since by we have LAy, = \Ap,, so for ne Z™*

_&\D’n —
=-—A n
My 14

L

and by definition of G in Proposition [4] we have

For f e L*([0;1], z*dz) we have
(D ~—
GOk Z ( ) Agon )<f7 A(pn>L2([();1]7x2dx).

Corollary 13 The hitting time of the Bessel 3 process T := inf{t > 0, X;(0) = 1} have the following
density :

& (n7r)2z
Z )" (nr)%e” 2 Ljo oo (@)-

3
—_

12



Proof

The Laplace transform of 7,

< +E[*] < k ok
A = 2, (=N == = 2 (=06 (1)(0)
k=0 : k=0
oe LNk .
=1+ Z (_)\)k Z T) A(pn(0)<]17A¢N>L2([O;1],x2dx)
k=1 n=1 """
=1+ ) (-0 <*> 2(nm)* (L, Apn)r2([0:1],22dx);
k=1 n=1 """
0 0
A 1 1
=142) (-1)"1 = =12 ) (=)t
#2 3T =1 DD
0
=1-A2 Z( DL (z — M) (N)
n=1
o0
= 1= AL(x—2 ) (=)™ leMT)(N)
n=1
where in the fourth equality we use that (1, Apn)r2((0;1],22d2) = % and Fubini Tonelly Theorem

(for |A] < 1 and holomorphic prolongation), and where £ is the Laplace transform. From e.g. Lemma

below, we get :

0¢]
Plr > ] = Z 2(—1)" et

n=1
and the result after differentiation for x > 0.

Remark 14 The above result gives another proof of that only use the Neumann spectrum.
The hitting time of the Bessel 3 process that start at 0 <y < 1, 7, := inf{t > 0, X;(y) = 1} have
the following density :

o (nw)2x

INCESS <—1>”“m(;””’)<m>e gy or(@).
1

n=

3 The cutoff profile in separation for Spheres and projec-
tive spaces

3.1 Intertwining

In this section we will be specially interested in computing the cutoff in separation profile function
for Brownian motion in n dimensional spheres S™, real, complex, and quaternionic projective space
resp. P"(R), P*(C) and P"(H). Where the metric come from writing the manifold as homogeneous
space see [21], all of them are normalized in order to have the same diameter 7, and n will be the real
dimension. We will be particularly interested in this type of manifold since their are compact two-point
homogeneous spaces and hence harmonics manifolds in the sens that all sphere in this spaces have
constant mean curvature. A compact Riemannian manifold (M, g) with distance d,(.,.) is two-point
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homogeneous if for all z1,z2,y1,y2 € M, such that dy(x1,22) = dg(y1,y2) their exist an isometry
I: M — M such that I(z1) = I(y1) and I(z2) = I(y2). These space were fully characterized by Wang
[28]. The complete list of then are (where we drop the Cayley projective plane since their no varying
dimension to look cutoff phenomenon) :

1. the n dimensional sphere S, n= 1,2,3, ...,

2. the real projective space P*(R), n= 2,3 4,...,

3. the complex projective space P*(C), n= 4,6,8,...,

4. the quaternionic projective space P"(H), n= 8,12,16,...,

In the following, M™ will be one of the following space : S", P*(R), P*(C) or P"(H). Let A be
Laplace-Beltrami operator in M™, and let A,, the radial part of the Laplace-Beltrami operator A. It
acts on function defined over [0, 7] (recall that all M™ have been normalized to have the same diameter
7), and it’s well know e.g. Section 3 in [21] that

Ap = &+ In(Lhyn (1)),

where I}, (r) have the following general expression (defined up to some multiplicative constant) :

Iyn(r) = sin (%)U sin(yr)?, (18)

where the parameter depend one M™ as follow :
L.S":0=0, p=n—-1, =1, I (r)=sin""'(r)
):o=0, p=n—-1~y= %, Iﬂgn(R)(r) =sin"*1(%)
3. P"(C):0=n—-2, p=1 ~=1, I[’Pm((c)(r) = sin(r) sin”_z(%)
) (

ro=n— 47 p= 37 Y= 17 II/PM(H)(T’) = Sing(T’> sin”_4 %)

g2 (19)

The eigenvalue of the radial part of the Laplace-Beltrami operator A,, are (after a change of variable
t = cos(v0)):

{)\k = —k(k+a+B+1), keZy if M"#P"(R) (20)

Ao = —k(k+253), keZ, if M"=P"(R)

Definition 15 For any n € N\{1}, X, := (X,,(t))¢>0 stands for the Brownian motion on M"™ started
at 0 e M™ (an arbitrary point ) and time-accelerated by a factor 2, i.e. the A-diffusion in M™. So the
generator of X, is the Laplacian A and not the Laplacian divided by 2 as it is sometimes more usual
in Probability Theory.

[m]

As a consequence of the construction in [10], X,, can be intertwined with a process D = (D(¢))=0
taking values in the closed balls of M™ centered at 0, starting at {6} and absorbed in finite time T/mn
in the whole set M"™. In fact the general intertwined process that starts at a domaine Dy satisfy the
following equation (44) in [10] :

Vtel0,7),V xedDy, doDy(x) = <\/§dBt + Q‘i((aDDtt)) dt — pop, (a:)dt) vep,(z)  (21)
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where B is a one dimensional Brownian motion, vgp,(z) is the exterior normal vector of 0D, at
x, pop,(z) is the mean curvature of 0D; at x, p is the Riemannian measure of M"™ and p is the
(n — 1)—dimensional Hausdorff measure.

Since all the manifold M™ are harmonic, the mean curvature of sphere are constant and depend
only on the ray, then if equation (21)) start at a ball B(0, R(0)) := D(0) then D; := D(t) remains a
ball. Writing B(0, R(t)) := D(t) for t € [0, Tpsm], equation become an equation on the radius, and
R = (R(t))se[0,rpyn] 18 solution of the following stochastic differential equation :

Vite (0,7yn(Ro)),  dR(t) = ~2dB(t)+b,(R(t))dt R(0) = Ry €]0,n[ (22)
and
mun(Ro) = inf{t >0 : R(t) = 7} (23)
where the mapping b, is given by

_ Qu0BOr)
Vre (0,7), ba(r) = 2 W(BO.1)) PoB(@®,r)
Lhyn(r) T4 (r)

- (i) @)

since the volume of the geodesic ball B(0,r) in M™ centered at 0 of radius r €]0, 7] is given by (e.g.
page 8 of [21])

r

u(B(B, r)) = an Iy (8)ds = cplpym (1),

for some constant c¢,,, the area of the geodesic sphere
w(@B(0,r)) = cplym(r)

and the mean curvature p, B0, of any point in 0B (6, r) is given by

Iy (1)

PaB@.r) I (r) :

We could check that as r goes to 04

n+1
T

bp(r) ~

and this is sufficient to insure that 0 is an entrance boundary for R, so that starting from 0, it will
never return to 0 at positive times. Until to now, 7p» will stand for 73/ (0). Let

Ly := 02 + bu(r)0,

be the generator of R defined in , in order to clarify the notation we don’t write explicitly the
dependence in M™ when their are no possible confusions.

In [3], several couplings of X,, and D were constructed, so that for any time ¢ > 0, the conditional
law of X, (t) knowing the trajectory D([0,t]) := (D(s))seo,] is the normalized uniform law over D(t),
which will be denoted A,,(D(t),-) in the sequel, i.e.

Viz 07 ‘C(Xt|D[0,t]) = An(Dtv ')7 (25)
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where A,, is Markov kernel defined as follows : for all D domain or singleton of M"

{ wAND) e (DY >

w(D)

VAeB(M"), An(D,A) =
() ( ) 0z(A) ,if D = {z}, with z € M.

(26)

Furthermore, D is progressively measurable with respect to X,,, in the sense that for any ¢ > 0,
D([0,t]) depends on X,, only through X, ([0,¢]).

In the following corollary we explicit two intertwining relations, which were constructed in [3]
Theorems 3.5 and 4.1, enabling to deduce 7j/~ from the Brownian motion X, (and independent
randomness for the second construction). Note that the cutlocus of 0, cut(ﬁ) ={xe M", s.t. d(ﬁ, x) =

~.

7} e.g 3.35 in[7], and as usual p(cut(0)) = 0.
Corollary 16 Consider the Brownian motion X, = (Xn(1))e=0 in M} described in Definition .
For x € M™\{0, cut(0)}, let N(x) = —Vd(0,-)(x), where d is the Riemannian distance in M™.

(1) Full coupling. Let D (t) be the ball in M™ centered at 0 with radius Ry(t) solution started at 0
to the Ité equation

AR() = —(NCX0).dX, (1) + | 2742 0. X)) — 20|

This evolution equation is considered up to the hitting time 7721) of m by Ry(t).

(2) Full decoupling, reflection of D on X,,. Let Do(t) be the ball in M™ centered at 0 with radius
Ry(t) solution started at O to the Ité equation

- I” n
dRy(t) = —/2dW; + 2dLI2[d(0, X,,(t))] — IV
M’rL

((Ra(t)) dt

where (W) =0 is a real-valued Brownian motion independent of (X, (t))¢=o0 and (LI2[d(0, X”)Dte[o oy

1s the local time at 0 of the process Ro —d(ﬁ7 X,,). These considerations are valid up to the hitting
time 32 of ™ by Ro(t).

Then for the above coupling we have

(1) (Xt,Dt(l) y and (Xt’Dt@))ogtgr,(f) satisfies ([25)).

)0<t<n§1
(2) (Tr(Ll), (Dl(t))te[()’T’,(ll)]), (TT(L2), (Dz(t))te[o,f,(f)]) and (Tarn, (D(1))sefo,ryn]) have the same law.

In particular nS” and TT(LQ) satisfies P’roposz'tion Theorem and Theorem below.

Due to these couplings and to general arguments from Diaconis and Fill [16] for discrete case and

(1)

for the continuous case see Proposition |17|below, 7a;» has the same law as a strong stationary time 7,
for X,,, meaning that: 7V is an FXn_stopping time, 7Y and Xy (7_1)) are independent and Xn(TT(Ll))

is uniformly distributed over M™. As a consequence we have
V=0,  s(L(Xu(t),Unn) < PR > 1] = Plrym > 1]

where the Lh.s. is the separation discrepancy between the law of X,,(¢) and the uniform distribution

Unpgn over M™. Notice that Uygn (B (0,7)) = iz\v{r:((;)) for any r € [0, 7].
1)

Note that in the above equation it is possible to change ¢t by any stopping time 7 < 7'72 e.g.
[3] Theorems 3.5 and 4.1, for completeness let us recall the following proof.

(1)

Proposition 17 If Tél) is finite almost surely, then 7’ is a strong stationary time for X,,, and

V=0,  s(L(Xa(t),Uyn) < Pz > 1]
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Proof
For simplicity write X; := X,,(t). Let f: M™ — R be a bounded measurable function, apply at
7'79), since D(l(z) — B(0,7) = M™ we get :

E[f(X, )] = E[E[f(X )| D) )]

[0,74"]
= E[As(D{). )]
= E[An(Mn7 f)]
Sarn J dp
=0 Unrn (f)

(1)

Hence X e is uniformly distributed over M™, and clearly 7,/ and X A1 are independent. Also let

f:M"— ]R+ be a bounded positive measurable function, and 0 < ¢, we " have :

Ea[f(Xt)] FXDL )

1 <1><t E[f (Xt)\]:ﬂgn]]

T

ol
ol
Eo) []l I [f(Xt—T,(ll))]] Strong Markov property

= UM"(f)Po[TT(L ) < t],

(1)

where in the last line we use that XT<1> ~ Upsn is invariant under X and XT(1) and 7,
Let y € M"™, e > 0. Let f = 1 (), and let p:(0, 2) be the heat kernel i.e. X;(0) ~ p;(0, z)Unpsn (dz),

then the above inequality become

are independent.

Spt(aa x)]lB(y,e)(x)uM"(dx) > [
Unin (B(y, o)) -

letting € goes to 0, we obtain for all y € M™,

hence
1—pi(0,y) < Po[r{M) > ¢].

and by definition of the separation discrepancy the result follows.

Remark 18
Note that for any ¢ € [0,7‘,&1))7 the “opposite pole” cut(0 ) does not belong to the support of

A(DM(t),-). Tt follows from an extension of Remark 2.39 of Diaconis and Fill [I6] that 7V is even a
sharp strong stationary time for X,,, meaning that

Vi=0,  s(L(X,(1),Uyn) = P[r) >

Thus for all M™ the understanding the convergence in separation of X,, toward Uym amounts to

(1)

understanding the distribution of 7,/ and due to the equality in law the distribution of 7asn.
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3.2 Covering time of the dual process using intertwining
In this section, we will compute the cumulative distribution function of 7.

Proposition 19 Given g € Cy([0,7]), the bounded solution ¢, of the Poisson equation

{Ln¢n = —9g
O () 0

s given by:

Vre[on],  én(r) — f L (t) <Jt Iﬁ”(s)g(s)ds> dt. (27)

I (8) \Jo Tyn(s)

So the Green operator G, associated to L, is given by

Ve O[O, Vre0a],  Galgl(r) F Thy (1) (f Iﬁ”(s)g(s)ds> dt (28)
b y 1) y T, n = .
r L () \Jo Tipn(s)
Proof
PP - D (@) ¢t 12,n(s)
Let us justify integrability of [0, 7] 3¢ — 7 : g(s) at 0 and 7.
Tyn (t) 90 Iy n (s)
Since up to some constant ¢ that could change from one line to the other, I, (s) ~s-0, ¢s" !

b)
. . 12, (s

where n be the real dimension of M", we have Iy (s) ~so, c¢s”, so IV:ES; ~s04 es™t hence

v

D (@) ¢t 13n(s) ;. .
t— Ign(t) 0 I%n(s) ds is integrable at 0.

At 7, Ipyn(m) is finite, and ijn( ) som— c(m — s)* for some a € {0;1;3;n — 1} depending on M™.
For a € {3;n — 1} we have Se T )ds ~pne o(m— )17 and so I}, (t) Sé i ( T8 ~tone c(m—1).

For o = 1 we have I, (t) §; 7 ( 7548 ~tor— c(m—t) In(m—t), hence in any case t —

is integrable at 7.
For the function defined in , we clearly have, ¢, (7) = 0, and for any r € [0, 7],

() =~ D [ D9

Tyn () tlim(s)d
Iign (8) 90 Tyn (s)

Ba(r) Jo T3
"ir) = — I}M” /7“ TIJZ\J"(S) s)ds — alr
o) == (P2 ) ) [ S teas = gto)

It follows that

Luintr) = o)~ (1) ) [ syt + () @yt
(5

() 0 B (5 (0 et

As in the proof of Proposition [5| let u, o = 1, the constant function taking the value 1 on [0, 7],
and consider the following sequence (up i)ren, defined inductively by bounded solution of

Lnun,k = _kun,k—l

U (1) = 0. (29)

YV keN, {

We have for alln > 2 , and k€ Z,,

Uk GH[1) = GalGl-- [Galt]] -]
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Proposition 20 For any ke Z,, n > 2, and all M™,
E[rya] = KIGF[1](0)

where the explicit dependence of Gy, in term of M™ is given by

Gnlg](r) = f: Ui0) <Jt Iﬁ"(s)g(s)ds) dt.

I () \Jo LTyyn(s)

Proof
The proof is similar to the proof of Proposition

Remark 21 Using Proposition and 20 we have
E[ran] = Ga[1](0) = [Gn[1][e0 < o0,

this is enough to apply Proposition
Moreover we have

E[ri] < KGal1]]5, = KE[7ar]".

(]

2
Let p,(ds) := 2}5:8 ds be the invariant measure of L,,. The operator GG,, could be write, using Fubini,

kn(r,s) := fﬁ Ly (t) dt,

in term of symmetric kernel

where r v s = max{r, s} and

&mm=fmmm@Mm> (30)

Contrary to the torus case, 1 ¢ L%([0,7], i), (for M™ # P"(R)) nevertheless we have the following
Proposition.

Proposition 22 For all k > [§] + 2, we have

is bounded in [0, 7], and

Proof

1) For g € Cp([0,7]), we want to get sufficient condition to have g(s)+ ounded in |0, 7| an
For g € C ff d have g(s) 722 bounded d

g€ L*([0,7], pun), Le. §5 g% (s)pn(ds) = §3 g §,ds < o0. Since at 0 their are no problem of
integrability and boundedness as in the proof of Proposfcion we have to look the integrability
and boundedness at 7.

At m, since Ipn(m) is finite, and Ijm(s) ~sor— c(m — s)® for some a € {0;1;3;n — 1}, to
get g € L2([0,7], pup,) it is enough to have g ~yr— c(m — s)? with 231 < 3, in all case it is

2
enough to have [§] < f, and in order to get boundedness of g(s)g‘;:gz; it is enough to have

g ~som c(m—8) withn —1 < 6.

19



(ii) In what follows we will look at the worst case i.e. the sphere case @ = n — 1 the others will done
in the same way.

In this case I} (8) ~sor— (m—8)" L if g ~5ne c(m — )7 with v < n — 2. Since

GAQ&%=£””“”(fIﬂ“$¢$¢)ﬁ,

I () \Jo Tiyn(s)

t 12,,(s) t 1
and SO Igw" ) (s)ds ~ts— CSO mds ~Nt—T— (7r—t)+2*7’ hence

Galg)1) ~renm [ (=t

v+2
T (7T - S)n7277 .

dt ~4sp— c(m—1)

If vy =n —2 then

and G22[g](r) ~rom_ c(m — 7)™
If v > n — 2 then
Gnlgl(r) ~ron— c(m—1)".
Hence, using (i) recursively since 1(r) ~,_,_ (7 — r)°, we get that if 28 > n — 2 then
Gl [1](r) ~p—r— c(m —7)". Hence if & > [§] + 2 then Gk [1](r) ~r—n— c(m — 7)™ and so

. . o(k) 2 o(k) 112\/["(8) . .
using i) we have G, [1] € L*([0, 7], 1) and G [1](s) 7 ) is bounded in [0, 7].
MM

Proposition 23 The operator Gy, is also an operator acting on L*([0, 7], tin):
Gn : L*([0, 7], i) — L*([0, 7], pin).

Moreover Gy, is self-adjoint and compact, and so there exists a countably infinite orthonormal basis of
L2([0, 7], un) consisting of eigenvectors of G, with corresponding eigenvalues vy, € R¥.

Proof
We will show that G, is an Hilbert—Schmidt operator. Recall that

%mm=fmmM@wa

0

where

kn(r,s) = JW Ly (®) dt.

Hence

(on(r, 5))? < (r Iy (2) d”(f Iy (t) ).

I (t)
It follows that

Jy Iyt tmtamntan < [ [ Mngg ([ 5 a0
(J, [ )

<J; 23:@v~[ 5%225dtdr>2
() e L)
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= (Ga(1)(0))%,

where we use Fubini’s Theorem. It follows that G, is an Hilbert-Schmidt operator on L2([0, 7], ftn)
and so G, is a compact operator. Since k, is symmetric G, is also self dual. Hence by Spectral
Theorem, there exists a countably infinite orthonormal basis of L?([0, 7], it,) formed by eigenvectors
of G,,, with corresponding eigenvalues v € R is such that ZZO:O V,% < o0 and 80 Y —k_o 0. Note also
by , 0 could not be an eigenvalue of G,, and so v € R*.

Recall that A,, be the radial part of the Laplace-Beltrami operator A in M™. It acts on function
over [0, 7] and

A, = 2+ In(Ihm(r)) o,

If 0 is an arbitrary point in M", and d the Riemannian distance in M™ a C? function f : M™ — R is
called radial at 0 if their exist F' € C%([0,7]) such that f(z) = F(d(0,x)), and for such function we
have

Af(x) = An(F)(d(D, 2)) (31)
Let fin,(dr) = Iy (r)dr be the invariant measure of A,, in [0, 7], and consider as in [10] the link

A, :C%([0,7]) — C*([0,n])
§) F(s)fin(ds) 5 Fls)fin(ds)
[n [0, 7] Iyn(r)

F — r—

As a remarque it could be noted that we have the following commutating diagram :

C*(M™)|raq —=> C2(M™)])|rad

| |0

C2([0, 7]) —=2— ([0, 7])

] 1.

CQ([Oa 77]) T)C2([Ov W])?

. d
where C2(M™)|,qq is the space of function over M" that are radial, Ag(f)(r) = %

orbital integral, note that if f is radial such that f(z) = F(d(0,)), then Ag(f)(r) = F(r) and the
upper part commutative diagram follows from . By direct computation or as application of [10]
we have the commutation of the lower part of the diagram i.e. LA, = A A,.

After a change of variables (t = cos(yr)) the spectral decomposition of A, in L?([0, 7], i,) is express
in term of Jacobi polynomial Pk‘f‘ B , we refer as example to section 2 and 3 of [2I] . Let us receptively
called ({(¢k, \k)k, Kk € Z} the eigenfunction and eigenvalue of A,,, and recall that {y, k € Z}
form a complete orthogonal system of L2([0, 7], [i,,), where

1s an

oi(r) = P’ (cos(yr))

for k € Z (and for projective space ¢y (r) = Py (cos(yr))), and A is given by (20)).

The following proposition characterize the spectral decomposition of G,, in terms of the spectral
decomposition of A,, except we have to remove the contribution of g = 1 the eigenfunction associated
to )\0 =0.

21



Proposition 24 The family {A,pr, k € ZT} is an orthogonal complete system of functions in

L2([0; 7], pn (dr)) where pp(dr) is the invariant measure of Ly. Also {Aypp = W,k €
n L=([0;7],pum

Z*} are an Hilbert basis of eigenfunction of G, associated respectively to the eigenvalue ;—kl, where
HAnapkH%Q([Om]’un) = —%k“sok“%z([o;ﬂ]’ﬁn) for k € ZT and X\ is given by (20). We have the following
spectral decomposition, for all g € L*([0, 7], un) and for all m € Z.,

Proof
Let k € Z*, recall that —\; > 0. At first step we will compute A, (r) = M

Iy (1)
f o) 7in(ds) = fo k() oy () ds

0
1 T
)\f An@k(s)ﬁ\/[”(s)ds
k Jo

[ () + (T () () Ty ()
k Jo

1

- | @) as

1
— A T (1)
k

where in the last line we have used that I}, (0) = 0. It follows that

L @4 (r) I ().

An@k(r) = Yk’ Ty (T)

(33)

Now we show that A,¢r € L2([0;7], in), and (Appk)rez+ is an orthogonal system of functions in
L2([0; 7], i) - Let k,j € Z7F,

T I2 nls

- o |, A (o)
1 /
_ W([@k@gﬂ\/]ﬂ fo 1(5) (¢} () Tay () ds)
B _A:Aj G ) (] () + In(Iypm () @ (5)) T (s) ds
- _Akl/\j Dﬂ 1) A () Lyyn (5) ds

1
—Yk@k, P L2 (03] jin)

where we use in the second line and in the forth line we use that :
o I}n(0) = Ijn(m) =0 for M™ # P*(R),

o I}n(0) = 0 and ¢j(m) = 0 (for M™ = P"(R), since in this case @;(r) = P;“(cos(3)) and
(P5;%)'(0) = 0 using e.g. (2.9) in [21]).

22



Since (¢ )kez+ is orthogonal in L2([0; 7], fi,,) we get that (A,@g)gez+ is an orthogonal system of
functions in L2([0; 7], pn(dr)), also :

1
[AnorlZ2 it i = =5 VorI 20 1) (34)
By the commutation of the above diagram we have for k € Z™,
LnAn(;Ok; = AnLnSDk = AkAnQOk

hence
1

Ly ( "

Anpr) = —Anpy.

Since Appp(m) = So r(@)itm(ds) _ (this is not true for k& = 0), and A, € Cp([0,7]) we have by

IM'rL(Tl')

Proposition [19] that

1
Gn(AnQOk) = _TkAnSOk

and so A, are eigenfunction of G, associated with eigenvalue —/\i.

Let us shows that all eigenvector of G,, are of the type A, for ¢ an eigenfunction of A,. Let
¢ € L?([0;7],fi,) and v € R* such that G,(v) = v, then using 1 is enough regular and
L, (vy) = —1 and so

Ln(¢) = —%w. (35)
Let
Sy = L @U@) s D)
Y(r) = 70 = (r) + %(T)w( ), (36)

since fin,(dr) = I (r)dr and Ipm(0) = 0 we have

(0 (T) = Ani(r) :

Now we show that 1; is an eigenvector of A,, with eigenvalue —

; .

/
Recall that L, := 02 + (ln (IIQW” m)) Or, so for all r € [0, 7] become

Iyn (T)

o0+ (m (P2 v = Lot

We have by derivation of

F(r) = 20/0) + P = PO )
oo ol )i
s A
and
F(0) = = (90 + () = D ),
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It follows that

A (r) = 4" (r) + (I (r) ' (r)

_ _l r IM"(T) "y
(v0) + 72590

L1 (1) ()
v Ty () (1))
W)

_ T (r) Ly ()
(L (7))?

v(r))

1 I n(T)
AL e

= —3(r)

Hence all the eigenfunction of G,, are of the type A, with eigenvalue —i with k € Z* (we have
to remove ¢q ). By Proposition we know that there exist a countably infinite orthonormal basis

Anr

2 . . .
of L*([0, 7], ) consisting of eigenvectors of G, so <An<PkL2([o;w],un>

) is an orthonormal basis
keZt

of L2([0, 7], 1) of eigenvectors of G,, with associated eigenvalue —i ez It follows that for all
S
g€ L*([0,7], i) and for all m € Z,

| 1
G,)"(9) = (=)™ Aokl AnsPres 90 L2 ([057] 1)
DN VRl TV “
& 1o 1
= Z(—/\*) WAWKAM%9>L2([o;7r],un)
—1 7k PEIL2 ([05] i)

Remark 25 In order to compute compute E[7}}.] as in Proposition we could be tempted to
evaluate G°™ at 1, unfortunately 1 ¢ L?([0; 7], pn) if M™ # P*(R). Nevertheless by Proposition
we know that G°™ (1) € L*([0; 7], un) for sufficiently large m’.

m]

Since k,, € L2([0,7]%, ptn ® p1r,) We also have

0

1 1

bn(r,s) = Y —— Ao () Anpi(s)
kZl 2 O

and for all m e Z,

-, 1 1
k?&m) (7'7 3) = (_7>m An@k(T)An¢k(s)7
;1 Ak HAn(PkH%Q([O;ﬂ.]”un)
<N R 1
. PEIL2 ([0;m) i)
where k™ are the iterated kernel of ky, defined recursively as k,(ll)(r, s) = ky(r,s) and k;ﬁf”“)(r, s) =

Skﬁlm)(r, $1)kn (81, 8)un(ds1). Note that kﬁlm)(r, s) is the kernel associated to G°™. In the next Propo-
sition we will use some properties of Jacobi polynomials to deduce spectral formula for E[7}}.] for
large enough m.
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Proposition 26 For all m > [§] + 2 the following series convergence uniformly and absolutely (in
the two variables) :

o0
1
Es) = S A oA (s).
k=1 k HLP’“HLQ([O;W],;?TL)

Proof

Recall that, we could express (¢k)r an orthonormal basis of eigenvectors of A, in term of Jacobi
polynomials as
pr(r) = P (cos(vr),

for k € Zy (and for real projective space ¢i(r) = Py*(cos(yr))). Note that the definition of
fn(dr) = I (r)dr is up to a multiplicative constant, also changing fi,(dr) by a multiplica-
tive constant change pu, by the same constant and the product k, (r, s)un,(ds) does not change, hence
for the computation of Gy or for the convergence of the series k, (7, s) we would change fi,,(dr) by a
multiplicative constant such that

2
w122 01 ) = 1P W22 (4 1=ty 11yt (38)
where «, 8 are defined in and we use a change of variable ¢ = cos(yr), and

By - {[_1,1] if M™ £ PM(R)

[0,1] if M"™=P"R)
Since Appp(r) = %)%:)(ds)’ and a = %52 > 3 = %1 > —1, using (e.g. equation (2.10) in [21]) we
get
MNk+a+1)
_ | pxB _ paBiqy —
lnorls < loele = LBE9,, Lo = PP = e 2 (39)
and by (e.g. equation (2.7) and (2.8) in [2I] ) we have
20+ B+ (k4 a+1)T'(k+54+1) . n n
HP ,ﬁ| _ E'(2k+a+B+1)T(k+a+5+1) it M™#P (R) (40)
) (dkt 2at DT (2k+2a+1) =

We will now derive a condition on m to assure the uniform (in the two variables) and the absolute

(m)(

convergence of the series of ky
line to the others.

If M™ # P"(R), we have using , and :

A i (1) A (s) <C 'k+a+1)2k+a++1)I'(k+a+p+1)

loxlZeqom RID(k+ 8 + 1)
Nk+a+1)Nk+a+p4+1)

(k—DI(k+p8+1)

N o FNk+a+1)lNk+a+p+1)

ko0 ~o.f T(k)T(k+ B8+ 1)

(k+a+ 1)V (k4 o+ B+ 1)ktethts

~k—o0 Caﬁ

’ (k)2 (k + B + 1)k+0+2
k20¢+1’

r,s). In what follows, C, g are some constant that could varying a

I

~k—ow0 Ca,B

~k—ow0 Ca,B
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where we have used that I'(x) ~, 27z 2e~%. Recall that by , —\; ~ k2. Hence

1 k20¢+1

— | < Chg—=——.
oo < Gt fatmD
([0s7],Fin )

(3" Anr () Anioi(s)
Ak sHn

It follows that if m > [5] 4 2 the series of k:r(lm) (r,s) convergence uniformly and absolutely in the two
variables. With similar computation we have the same conclusion if M™ = P"(R).

Theorem 27 For alln > 2, and for all m > [§] + 2,

E[T}} ~
Mn Z A k+1Ck(Mn,Oé,,8),
k
k=1
where
gy - B v
) - (4k+2a+1)I'(2k+2a+1)(a+1) n __ on
22FEIT (k+at 1) T (204 2) if M"=P"(R)
Proof
Using Proposition |20 we have for all m > [5] + 2
E.[m4
Bl g
m!

- | "k (7, 8)an (d)
0

&, 1 1
- [ S5 o Ao Ann (a0,
0o = Mk ok i)
&, 1, 1 4
Z(_Y) 12An¢k(r)f An@k(s)un(d‘s)a
o M ekl o i) 0

where we use similar computation as in the proof of Proposition |26 together with ’ , and
Ieklle < I(EE?)], oo < ch™*?
g. (2.11) in [21], to get

2 2a+3
1 Iiw(S)‘ <C k
”SDkHLz( 0y, fim) IMn(S)

(30" Ao () Aupi(s) i

in order to justify the dominated convergence Theorem used in the fourth line. From we also get
after integration by part that for all k € Z*

™ B I}W‘n .
[ uentmtas = L [TEDE, g

1
Ak
1

= -— In dS
)\kfosl? M
i 7T
A

i <S0kIM" - @k(s)I}m(s)ds>
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or(m) Ly (1)

Ak
B,a
_ (—ala)kp’“T(l)IMn(w) if M™% Pn(R)
B O 1y () if M" = PY(R)

where in the fourth equality we use that In (0) = 0 as well as §§ @x(s) 130 (5)ds = @k, 0)L2([0:7] jin) =
0. In the last equality we use that:

1. if M™ # P*(R), since pi(r) = PP (cos(yr)), v = 1, and PP (—t) = (=1)*PP*(t) c.f. (2.9) of
[21], then o (7) = (—1)’“P£’a(1). Note that Pg’a(l) = % for all a, 8 > —1 e.g. equation
(4.21.2) in |27], it is also a consequence of the following Rodrigues Formula.

2. if M™ = P*(R), since @i(r) = Py (cos(yr)), v = 3, ¢r(m) = Py®(0). Let us compute Py (0)
for the real projective case. Using Rodrigues Formula (e.g. page 4 [21I] ) we obtain

o0 1 d** 2\2k+a
PO = omiapyiaer, 1 1)
()% 2k + )2k +a—1)...(k+a+1)
22k k!
(—)* T2k + a+ 1)
22k ED(k+a+1)

From the normalization of fi,(dr) in (B8], we have using

I () Nn

Il
C,%

7ﬂ
1B 122 (Bagm (1—t)e (1442t
{ 2°‘+B+1F(a+1)f‘(,3+1) if Mm£ ]P)n(R)

a+ﬁ+1 (a+B+1)

4°T2(a+1) .
(2a+1)T a2+a+1 if M"=P"(R)

(41)
From the above computation we get :
(=1)F 20+ BHID (k4 B+ 1T (1) if M" #P*(R)

" _ X Kl(atB+1)I(ath+1
J Anpr(s)pn(ds) = = F(2I(~c+a+1)) (4‘1F2(a1-1)
0 22 R (kta+1) 2at T (2ar1)

if M"=PM(R)

Also by (B9) if M" # P*(R)

lim Ancpk(r)
SO Spk Mn (ds)

= i
P50 Iy (r)
Fk+a+1)
_ _ poB) -
= O =B = G

and if M™ = P"(R) change k by 2k in the above formula.
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Putting the above computations together we obtain :

- 20 BHIT (k4 B+ 1) (k+a+1) . n "
A A g — V) TETetp s it M" #P"(R)
n¢k(0) n Pk (8)n(ds) = b\ 4°T2(2k+a+1)T (a+1) £ M — PR
0 k 2R R (kta+1)(2a+ ) 2at]) =P*(R)
and so
- (2k+a+B+1)I'(k+a+B+1) . n n
2;An%(o) f Anpre(8)pin(ds) = ﬂ { (4kki(§++,6’14)r1%2rlgigﬁil1))r( " if M™# P*"(R)
k12 (om0 0 Ak PFRT (ot D@arDi@ary o M =P"(R)
It’s follows that if M™ # P™(R) then
Elr] i( 1 )m(_l)k+1(2k+a+ﬁ+1)1“(k:+a+[3+1)
m! =M Ela+p+ 1) (a+8+1)
and if M™ = P"*(R) then
E[ TMn i ym( k+1(4k—|—2a+ DI(2k 4 2a + 1)T(a + 1)
= —)\k 226EN(k+a+1)2a+ 1) T(2a+ 1)

Let us compute the tail distribution of 7n

Theorem 28 With the same notation of Theorem [27, we have for all x > 0

o0
Pl > 2] = 3 (—1)FHeMeC, (M", a, B). (42)

k=1

Proof

We compute the Laplace transform of 7y, from Theorem ﬂ we have for [\ < 1:

dn(A) = Elexp (—=A1pm)]

k=1 m=[2]+2 Ak
(kL WNTET
= P+ X (DM 0 B) ()R ()
k=1 K =%
. [2]+2 = k+1 n 1 [F1+2 1
= P+ AE2 Y ) (M, 0, B) () ()
k=1 k =%
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N\:

i k+1c , ’6)< ) % +2£(x - )\ke)\kx> ()\)
e

)

where P is a polynomial with degree [§] 4 1 such that P(0) = 1, £ is the Laplace transform and

N\:

(43)

e¢]
Uo(z) = ) (~DFCu(M™, ,B)( ) B,
k=1
Using Lemma [29| we get for z > 0:
o0
TMn Z k’+1€)\kxck(Mn’a,5)‘

Lemma 29 If L(u)(A) = P(A)+A"L(g)(N\), where p is a probability distribution and P is a polynomial
of degree at most m — 1, such that P(0) =1 and m € N* then for x > 0 we have

[ty = =g

xT

Proof
Let P(\) = Y7 a, A", P(0) = ap = 1 and

Loy = LBO K

Am = Am—n

I N TN s G 1Y
e ~ n=0

_ g(f:dxlfl__.Lﬂ(dy)—j::an(Zf;ff(l)>>(A),
b

after m — 1 derivations we get

g V() = f u(dy) —ag = — foo n(dy)

0 x

Remark 30 Without using representation theory, it appears that Cy(S", «, 3) is the dimension of the
space of spherical harmonics of degree k, hence one can used a result from Cheeger and Yau Lemma
2.3 in [11] see also [2], which states that the heat kernel is radially decreasing one the sphere. This
result is not so easy to proof but is physically reasonable. Hence one can get another analytical proof
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of Theorem using the first definition of the separation together with the series expansion of the
heat kernel.

[m]

In the proof of Theorem [28 it appear that first [5] + 1 moments of 7y~ is contain in P(A) and
Lemma 9says in some sens that these first [5 ]+ 1 moments are not necessary to characterize the law
of Tasn. In fact this first moments are determined by the moments after [§]+2. In the next subsection
we will compute the mean of Tj/» and it’s variance as example, technics could be use to compute
the others moment. This mean and variance characterize the cutoff time of the respective family of
Brownian motions. In [6] we compute E[73/m] using different methods according to the geometries
of M™, as example Proposition 22, 24, 26 and 30 in [6]. It was intriguing to note that this mean
have the same form, in what follows we compute these means in an unified way, and remark that this
coincidence is due to the uniqueness of some different Abel type summations see Lemma

3.3 Computation of the cutoff time E[7;/»] and the variance of 7~

Let us compute E[rpn], and the variance of 7p/» when M™ # P"(R). On one hand we have using
Theorem

E[ram] = Joo Plram = z]dx
0 o0
= 11{‘1(1) 6 Plrym = x]dx
oo 0
= 11\14% e D (=DFeM e (M™, a, B)da. (44)

Let 6 =a+ S+ 1€Z,, and let us write
Ao = —k(k+9), keZy if M"™#P"(R)

and by Theorem

(2k + 6)T'(k + 0)
Mk+ DI+ 1)
since Cx(M™, o, 3) is polynomial in k we have in (44)),

Cr(M", a,5) = it M" #P"(R),

o0] 2 0
E[ryn] = 11\1% Z (_1)k+1 (2k +6)I'(k +9) f o—k(k+)z g,

= I'(k+ 106+ 1)
= 2k +6)  T(k+96)
i 1y h(ktd)e
e{%k;( G EO) TG ITE 1)
o0
= lim Z akefk(kw)e, (45)
eN,0 =1

where

i1 (2k +0) I'(k +9)

k(k+0)T(k+1DI'(6+1)
Note that we could no pass the limit inside the sum, nevertheless we know that the limit when € \, 0
exists. In the terminology of [19] page 72, >} ay is summable (A, A\x) with sum E[7pm].

Inspirited by Cartwright Theorem’s, specially Theorem II page 82 in [9] we will look another series.
Note that Theorem II [9] is not directly applicable in our situation.

ar, = (—1)
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For |X| < 1, let

© G (2k+08)  T(k+96)
F(X) = ), (=X)* 1k(k+5)F(k+1)F(5+1)

i1
B ;i(_X)M G+ 55 Ik i(f);<f5)+ 1)

_ é(_x)k—l(ﬂu +10)tkdt) T(k S_Uf)—fi‘_((?-i- 1)

B ;Ll (é(_Xt)HM)(l + 1) dt
:gﬂlﬂgym%“+mﬁ’ "

where we use dominated convergence Theorem and (1 +z)~% = ﬁ Yo o(—x)k FEZI? for |x| < 1 and
6 > 0, in the two last equalities. Hence, since § > 1

Ly(t1—-(1+tx)7? Lal—(1+tX)™
”X*UKLH<“+Lttde

:1(JX1—<3jY> P _st (vt <Ym1+}ﬁﬁyﬂﬁ
0

L (Y1-(1+Y)79) 1 1 (X, Y 51
“xl), T s w ] ) )

Ly 1—-(1+Y)9) 1, v i1
B 5<L —y e 0 (1+Y) *dy>’ (47)
B

A

where we use Beppo Levi Theorem in the last line. Let us compute A, recall that § € Z,

~(14+Y)7? 1
A= Y 4+ =
J 1—1+Y )ﬂ+Yﬂ "5

:J (1+Y)—’de+—
0 k=1

Let us compute B, after a change of variable Z = 1+Lyv

1/2251 1/2 ® © 11
0—1+k
b= f f ZZ dz Zg;kf
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Putting , in , we obtain,

k=1
Note that
o0
Z are % = e F(e™)
k=1
and so
= 11
1 The =) = 50
El\r‘% 1;1 e Y kz—zl k o0

hence ] ay, is summable (A, X)) with sum %22:1 . where A} = k.
In the following we will show a Cartwright type Theorem’s, that we need to identify E[ram]. We
will give an alternative proof that contain our situation.

Lemma 31 If )} ay is summable (A, ) with sum s1, and if Y ay is summable (A, \,) with sum s2
then
sl = s2.

Proof

Let us recall the following Lévy’s formula :

* a @ V2)
e~ e Mt = 7V,
fo \ 27t3

Using the above formula we get :

o0

—ke _ e3¢ —(k+5)%
e e 4te dt
C2vTh VB
= e3¢ f K. (t)e~k+3) gy (51)
0
2
where K (t) = 5 Fe T is positive, SO t)dt = 1 and as the density of hitting time of standard

Brownian motion at level ¢/4/2 and it concentrates at 0 as € goes to 0. Let

& 542 52,
_ Z ape— b9 _ o~ 5t Z ape—FEEOt o1,
1 t\.0

Also since G is clearly continuous in |0, o[ and G(t) b 0 (by uniform convergence), G is extendable
—00

by a bounded and continuous function on [0, o[ that we also note G.

Hence using ,
0 6 0
Zake_’“: s Z J K. (t)e g
k=1 k=1
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where in the second equality we separate even and odd k£ and we use the positivity of K. as well
as Beppo Levi Theorem for the commutation of sum and integral, in the last equality we use the
concentration of K, ?; do. The result follows since by hypothesis

€

oo
2 ape Fe — 52.
k=1

Proposition 32 If M™ # P*(R) then E[Tym] = %Zi:l %, where

d=a+p+1

Proof
Use , together with Lemma

Corollary 33 We have the following equivalent :

In(n
Efrsn] ~nosse .
n
2In(n
and 2In(n)
n(n
]E[TIP’"(H)] ~n—00 "
Proof

If M™ = S™ then § = n — 1, and the result follows. More precise equivalent could be deduce by
Euler-Mascheroni. The other case follows in the same way.

Remark 34 The preceding Corollary give the leading term t}"(c) in the next section.

In a Similar way we could compute the variance of 7py». We have using Theorem [28] that :

0
E[r3.] = QJ aP[rpm = x]dx
0
oo O
= 2lim | 3 (-1 e (M, 0, B)dr.
€ k=1
00 )\kee 6’\’“6
= 2lim Y (—1)F (1 C (M q,
E\okzl( ) ( VDY ) kl A)
ks 2%k + 6) T'(k+6)
_ 91 1 k—1 ( —k(k+9d)e
J\I,Icl)k_l( S GG ORI ITG D"
@ (2k+06)  T(k+0)

=2lim ) (—e )" (k(k+0))>T(k + DT(d + 1)
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=2 g(—x )’H (15(2: - ;)))2 Ik i(f);(?+ 1)

= i}?}ﬂ g(_X)H (% R i 5)2> Tk £<lf);(f5)+ )

=§}39§ X0 1( k+5)< +ki5)r(k5—(f)}r(?+1)

= g}é i X 1(J A7~ t)dn ) (Ll A7+ ) Tk i(f);(?+ )
- E}Q% ]ifo JO (~ht2 X)L = 1)1+ tg)r(k E(f);(?+ ) dadt:

_ ?}1{1511 01 Ll i (_t1t2X)k_1F(k i(f);(?Jr 50— )1 + t8)dty dt

where in the fourth equality we use , in fifth equality we use Lemma [31| (since in what follows we
guarantee the existence of the limit of the second series and we compute the limit), and in the last

equality we use the uniformity of the convergence for
for |x| <1 and 0 > 0, it follows that
f J (1—19)

(5
2 oo
2 (o
t1
52j tlj

where we use dominated convergence Theorem in

lim

E [TM" 62 X

B (k45
|X| < 1. From (142z)7% = ﬁzzo:o(_@krgki&
1— ﬁ
1 t6 1+t1t2X)° dt+ dt
) 12X 1ats
L - (1+t t2)8
t2) 12 dtldtz
Mdtldh
B 1
T (42
drdty (52)

X

the second equality, the symmetry in the third

equality for the cancellation of the other term and change of variable in the last equality. By direct

computation we have :

1

t1 1—7 tll 7&7 t6 t1 51
f(l_xa)wdxzf EENELE +J ( z >fdx,
0 x 0 x 5 o M+xz/ =
t1 1 —
1+x
[ e 2 [
6—1
1 1 k
=1In(l1+¢ —(1-— 53
n( +1)+k_11<;< (7)) (53)
6—1
1 1 k
In(1+¢ — _
(1+1t1) — P k(1+t1) + 51,



0—11

where Hs 1 = > ;7  and after a change of variable
Jtl ( T >61dm _ flﬂl Z(S 1+]€dZ
0 1 +x xr 0
0
1 t1
- 54
- 344 ()
Since

Yn(1 4 t4) > 1 72
— W =N (- =
Jo t ! ];)( S ETE T 1

together with ,, and , it follows that

51 k-1 0 4 o
ool = 5 (5 L0+ 50-530) 5+ 55 L)
k=1 m=1 k=6 m=k
:2(7r2+5‘11’“‘11+5‘11 ISR R S
?2\12 - Ak Hm Ak A om2m 20 Ak A om2m
:2(7rz+“1’”1_1+§1 s LLy
0?\12 Ak Hm ¢ Ak A maom
9 -1, k-1 o
SIS
k=1  m=1 m=1
:2(&‘”1’“‘11_ ) (55)
N6 Ak A om0
where in the second equality we use In(2) = —In(1/2) = >,°_| L and in the fourth one we use

Fubini Theorem and in the last one

0 0 1
11 11 1—-tm
——H, = —— dt
mZ:m2m mn ZQOJ 1-—t

0 x 12

We are now ready to compute the variance of 7j/» in an unified manner, note that in [6] using
different stationary phase method, we where only able to compute the equivalent up to some constant
e.g. Proposition 22, 24, and 26 in [6].

Proposition 35 If M™ # P"(R) then

1 1 23,1
Varlnel = 5(5 - X a5 2 5)



2 2In(6 1-2
W_n()_’_ 'Ye_’_

62 7 o)
~
602
where e is the Fuler constant and
d=a+5+1.
Proof
Using Proposition |32| and we have
Var[ryn] = E[r3] — E[ran]?
12 SifEr 2 &,
_52(3 22 % L 52_(ZE))
k=1 m=1 k=1
12 S1far 2 91
e NE SIS ) S
2 2
(5(3 =k m 0 =k ) )
1 (nZ 2 &1 2H5_1)
529 52 2
2\3 0 = k 4]
172 &1 2H;
#(F-Xr-%)
k=1
Since
26: S &
2= 5 To5)
=k 6
and Hs (o) 1
§ n Ve
5 =5 T o)
where 7, is the Euler constant, it follows that :
72 2In(8) 1—2v 1

Remark 36 All the asymptotic development could be known using the existing results for Hs and
22:1 22. Moreover Propositions [32] and [35 show that Var(ram) = o((E[7ar»]?), which is enough to
shows the cutoff see [6], and justify that at time t}" (c) = E[rpn] + ~ something could happen.

(]

3.4 The profile function for spheres and projective spaces

In the following section we will compute the limiting profile as well as optimal windows for cutoff in
separation for family of Brownian motion in sphere, and projective spaces.

Theorem 37 For M"™ = S", the separation discrepancy to equilibrium for the Brownian motion has
the following asymptotic profile: for all c € R we have

In(n)

c

lim s(L(Xp (4 %)),usn) —1-e,

n—0oo n
and the windows of the cutoff sequence (hl(Tn), %) 1s strongly optimal in the sens of deﬁnition@. Moreover

the above convergence is uniform on all compact.
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Proof

Let M™ = S™, it follows from asymptotic study of the two first moments of 7p/» in [6] that their
are a cutoff phenomenon with cutoff time () with windows 1 Solet ce R, and let &5 (c) = In(n) | -
We are interested in the profile of the cutoff, hence we are interested in the asymptotic behavior

in n of

S(L(Xn(th(€):Unrn) = Plrarm > 1o (0)].
We then want to pass to a limit in n in when z = t5(c).

From , let
JE(n) = (—1)M1 MRS, o, B).

_ n—2

Recall that for the sphere case « 5= = [ and so A
Cr(M™, «, 3) in Theorem and for n large enough such that % +

—k(k +n — 1), from the definition of
C < 1

n

I3 (n)] = K- ) 2R A —kw’; +n-1)
< ckeklkrm) (e ey (2k)(n — DT(k +n — 1)
kT (n)

In(n) | e M'k+n-1)
(k—1)T(n—1)

_ 2ehke o oy 1 T(k 40— 1)

BT T(n—1)

2eF R jamon oy (k1 —2)..(n— 1)

_ 9k e—k(k+n)(

nk

k—1)°
2€k—k’c
(k—1)
Zekfkc

k- 1)1°
2€k—k’c

_kQ( lnsln) +

!6

SRR

X

_ —k2(lnlm)
= e n
(k—1)!
2ek‘fkc
k- 1)°

26k(1—c)

In(n)

n

—k:2(

N

w1+
W (1
£)Xiiiin

+ £

nk
k—2
—)..

+ %)...(

—_

(1+5)

1

na) L sinceVa >0 In(l+z) <z

A

W , for n large enough,

hence J%(n) is uniformly bounded by an integrable series. Also for fixed ,

1 k)t l(k+n—1)

oo g€ T(n—1)

e T(k+n—1)
k! n*T(n—1)

e—ke (/{7 +n— 1)(k+n717%)e—(k+n—1)
k! nk(n — 1)71—1—%67(1171)

e—kc

k!

|75 (n)|

~n—ao0

~n—o0

~n—o0

37



It follows from , and Lebesgue’s dominated convergence theorem that

Tim s(£(X,(£3(e))).Uar) = lim Blrage > £5(0)]

n—a0

oo
_ k-‘rl AtS (c) n
75&;; e Cr(M", a, B)

0 —kc
_ k+1¢

The above computation also shows that the windows % is in fact strongly optimal in the sens of

definition [2} For the uniformity in all compact, let ¢ € [—A, 4],

‘ —k(k+n— 1)(1n(n)+ )(2k:+n—1) (k:—i—n—l) G_kc

e—kc

k:!|_

_ e ke e e 1y e )(Qk—l—n—l) (k+n-1) Y (58)
k! nkT (n) ’
Since for all z = 0 )
r—— <In(l+2x)

we have as in that for k > 2

k+n—DI'(k+n—1) (n+2k—1)(n+k—2)..(n) R C < D)2

nk‘l—‘(n) - nk s e 2n 2717
and
2k+n—-1I'(k+n—1) S (m+k—-1)(n+k—2)..(n) . ek(gﬁl)—ﬁzf L ek(g’;l)_m%(k_l)g'
nkT(n) nk
It follows that for £ > 2 and for n large enough and uniformly in ¢ € [—A, A], (such that % +o= % >
In(n) A _ 3 > 0)
n n 2n =
nkT (n)
and so since for z > 0, [e™ — 1| <z
’ —k(k— 1)(1n(n)+ )(Qk' +n— 1) (k‘ +n— 1) B 1| < ‘ —k(k—l)(ln(n)+%—ﬁ)—2ni2(k—l)3 1’
nkT(n)
In(n) ¢ 1 1 3
<k(k—-1 - — — —(k—1
( ) n n 2n) * 2n2( )
In(n) A 1 1
<k(k-1 == )+ k-1
k- 2Ly Lk 1P (59

Since for k = 1, [J¥(n) — 47| < &1 |™t — 1|, the uniform convergence on all compact follows from

n
(8) and (59).
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Remark 38 The above computation shows that we have the following convergence in law :

nrsn — In(n) £, Gumbel (0,1)

n——+0o0

where Gumbel is the Gumbel distribution.

Theorem 39 For M"™ = P"*(C),P"(H) or P*(R), the separation discrepancy to equilibrium for the
Brownian motion has the following asymptotic profile: for all c € R we have

21 3
lim s(L(X,( n(n) + E),Z/an) =1—e 2,
n—>00 n n
and the windows of the cutoff sequence (ZIHT(M,%) 1s strongly optimal in the sens of definition @

Moreover the above convergence is uniform on all compact.

Proof

The proof is very similar to the above proof. Let M"™ = P"*(C), it follows from asymptotic study of
2ln(n) _ .
with

the two first moments of 73/» as in [6] that their are a cutoff phenomenon with cutoff time ===

windows %, for ce R, let tE(C)(C) = 2lnT(n) + =, let

HOm) = (—)FHesT 00 (P (C), a, B).

Recall that for the complex projective case a = ”T_z and 3 = 0 and so A\, = —k(k + §), using Theorem

and the same computation as we get that JE(C) (n) is uniformly bounded by an integrable
series, and for fixed k,

B(C)( \| _ —k(kt 2)(20) | ey (2K + 5)T(K + 5)
il = e KO3 +1)
N 1 hamyrg T+ 5)
Tk r'(%)
ef% F(k + %)
T2k (5)RT(3)
e (k+ )52 (hts)
T 9k (%)k(%)%fé((%)
_ ke
e 2
T kRl

It follows that .
. P(C) —e 2
lim s(L(Xn(t," (), Upnc)) =1 —e" 2 .

n—00

Recall that for the quaternionic projective case a = "T_Q and 8 =1 and so \j, = —k(k+ § + 1)
and the cutoff time is the same as the complex projective case [6], let tE(H)(c) = 21r1T(n)

have in a similar way

+  and we

lim 5(L(X,(t5™(€))), Upngny) =1 —e 2 .

n—o0

NIo
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Let M™ = P"(R), from [0] their are a cutoff phenomenon with cutoff time

windows %, for ce R, let tE(R)(c) = mnT(n) + =, and let

QIHT(n) with optimal

P(R)
LB ) = (DN, B (R), 0, 9)

Recall that for the complex projective case o = 252 = 3 and so Ay, = —k(k + 25%) (recall that the

diameter is 7 ), using Theorem and the same computation as we get that JE(R) (n) is uniformly
bounded by an integrable series, and for fixed k,

P(R)

k =

22kEIT (k + 2)T(n)
e % T(2k+n—1I(L)
"2k kT (n — D)D(k + 2)

TP Rk nk(n — 1)"1=3e~(n=1) (k + %)k+%—%€—(k+;‘)
1
2

eF (2k +n— 1) lmg ()25 -

n—00 22k’k| nk(n _ 1)”—1—%(]{ + %)k—i—%—%

_ ke
e 2

T okl

It follows that

lim 5(L(X,(t5®(c))), Upn()) =1 — e 7,

n—0o0

(e}

also the windows % is in fact strongly optimal. The uniform convergence in all compact follows with

the same proof as in Theorem [37]

Remark 40 If M™ = P"(C),P"(H) or P"(R) we have the following convergence in law :

ntym — 21n(n) £, Gumbel ( — 21n(2),2).

n—+ao0
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