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1 Introduction
Consider a family of Brownian motion Xn in a family of compact Riemannian manifolds Mn of
real dimension n starting at some point. For fixed n, this diffusion process approaches the uniform
distribution UMn overs Mn as t goes to infinity. In this paper we are interested in family of manifolds
Mn which are flat torus, spheres, real complex and quaternionic projective spaces. A natural question
is to estimate the corresponding speeds of convergence, or mixing times, for large n, and it depends
on how the distance between the time marginal and the uniform distribution is measured. In what
follows we measure the difference to equilibrium in term of separation discrepancy. The separation
discrepancy between two probability measures µ and ν defined on the same measurable space is given
by

spµ, νq “ ess sup
ν

`

1 ´
dµ

dν

˘

(1)

where dµ{dν is the Radon-Nikodym derivative of the absolute continuous part of µ with respect to ν.
In a previous work [6], we describe the behavior of spLpXnptq,Unq where Mn is the sphere or

projective spaces (normalized in order to have the same diameter π). We obtain the following result,
Theorem 4 in [6]:

lim
cÑ8

lim sup
nÑ8

spLpXnp
a lnpnq

n
`
c

n
qqq,Unq “ 0, (2)

lim
cÑ8

lim inf
nÑ8

spLpXnpspLpXnp
a lnpnq

n
´
c

n
qq,Unq “ 1,

where LpXnptqq is the law of the Brownian motion at time t and a “ 1 for the spheres case and
a “ 2 for projective cases. This result prove that around the time a lnpnq

n the separation discrepancy
between Xn to the uniform distribution abruptly drop from the largest value 1 to the smallest value
0 during a window of size 1

n . This phenomenon is the so called cutoff phenomenon.

Definition 1 The family of diffusion processes pXnqnPNzt1u with invariant measure Un has a cutoff in
separation with cutoff times panqnPNzt1u if

• @ r ą 0, limnÑ8 spLpXnpp1 ` rqanqq,Unq “ 0

• @ r P p0, 1q, limnÑ8 spLpXnpp1 ´ rqanqq,Unq “ 1

Definition 2 (c3 and w3 in [12]) The family of diffusion processes pXnqnPNzt1u with invariant mea-
sure Un has an pan, bnq cutoff in separation with cutoff times panq, and window pbnqn if

• bn “ opanq

• lim
rÑ8

lim sup
nÑ8

spLpXnpan ` rbnqq,Unq “ 0

• lim
rÑ8

lim inf
nÑ8

spLpXnpan ´ rbnqq,Unq “ 1.

Moreover we say that the windows pbnqn is strongly optimal if for all r ą 0

0 ă lim inf
nÑ8

spLpXnpan ` rbnqq,Unq ď lim sup
nÑ8

spLpXnpan ´ rbnqq,Unq ă 1.

The cutoff phenomenon was discovered by Diaconis and Shahshahani [14] and Aldous and Diaconis [1]
in the context of card shuffling. Afterward, the cutoff phenomenon has been proven for a large variety
of finite Markov chains, see e.g. Diaconis [13], Diaconis and Fill [16], Levin, Peres and Wilmer [23].
The cutoff phenomenon for Markov processes on a continuous state space have been proved, e.g. Chen
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and Saloff-Coste [26], [12] proved the cutoff phenomenon in total variation distance for the Brownian
motions on the spheres.

Note that is shown by Hermon, Lacoin and Peres [20] that total variation and separation cutoff
are not equivalent and neither one implies the other. See also Méliot [24] for cutoff phenomenon in
total variation distance in classical compact symmetric spaces. For cutoff is separation for rotationally
symmetric compact manifolds see [4] and [5].

The aim of this paper is to refines (2) by deriving the shape of the relaxation to equilibrium. More
precisely we are interested in proving the existence and finding the limiting profile:

lim
nÑ8

spLpXnp
a lnpnq

n
`
c

n
qqq,Unq , for all c P R.

We are also interested in the cutoff in separation together with the profile for Brownian motion in
the flat torus. Questions like these have been addressed in the literature e.g. Diaconis, Graham, and
Morrison in [15] compute the cutoff profile (in total variation) for the random walk in hypercube and
Lacoin in [22] compute the cutoff profile (in total variation) for the simple exclusion process on circle.

The general strategy of the proof is to build a dual process of the Brownian motion, and derive a
sharp strong stationary time. This permit to translate the separation discrepancy between the law of
the Brownian motion and it’s invariant measure in term of the tail distribution function of the covering
time of the duals process and then analyze carefully this distribution using again intertwining with
radial Laplacian. Note that we do not use representation theory, only relation on Jacobi’s polynomials.

The paper is organized as follows:

In section 2, we describe a rectangular dual process of the Brownian motion on the flat torus Tn.
The sharp strong stationary time is them express as a maximum of n independent and identically
distributed random variables τi. This random variables τi have the law of the hitting time of a Bessel
3 process. We recall some known results on the tail distribution of the hitting time of the Bessel
process, with the aim of comparing them to the point of view of section 2.3, using intertwining, which
we believe to be new. We show that the cutoff time is 2 logpnq

π2 see Theorem 9. Using contour integral we
compute the asymptotic of the tail distribution, and since the cutoff times goes to infinity we obtain
an asymptotic profile of Gumbel type see Theorem 10, that is natural as the law of a maximum of iid
random variables. In subsection 2.3, using intertwining we compute the law of τi using the Neumann
spectrum of the Laplacian in r´1, 1s, this alternative point of view will be applicable in Section 3.

In Section 3 we computes the cutoff in separation profile function for Brownian motion inMn, where
Mn is a n dimensional spheres Sn, real, complex, and quaternionic projective space resp. PnpRq, PnpCq

and PnpHq. It was seen in [10] and [3], that Xn can be intertwined with a dual process taking values
in the closed balls of Mn whose boundary evolution is a modified stochastic mean curvature flow, and
whose ray generator is Ln see section 3 for the definition. We use this dual process to construct a sharp
and strong stationary time τMn . Using another intertwining with the radial Laplacian see subsection
3.2, we obtain a correspondence between the spectrum of the radial Laplacian and the Green operator
associated to Ln see Proposition 24. This correspondence allows us to compute large moments of τMn

see Theorem 27 and so the tail distribution of τMn see Theorem 28. This allows us to give a unified
proof of the cutoff phenomenon for Brownian motion in Mn see Remark 36. Contrary to the Torus
case the cutoff times goes to 0, hence all the tail distribution function of τMn , is needed to compute
the asymptotic cutoff profile, this is donne in subsection 3.4. see Theorem 37 and Theorem 39. We
obtain the main theorem of the paper :

Theorem 3 For Mn “ Sn;PnpCq,PnpHq or PnpRq, the separation discrepancy to equilibrium for the
Brownian motion Xn in Mn has the following asymptotic profile: for all c P R

lim
nÑ8

spLpXnp
a lnpnq

n
`
c

n
qq,UMnq “ 1 ´ e´ e

´ c
a

a ,
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where a “ 1 for the spheres case and a “ 2 for projective cases.
The windows of the cutoff sequence p

a lnpnq

n , 1nq is strongly optimal in the sens of definition 2. More-
over the above convergence is uniform on all compact.

2 Cutoff in separation and profile for flat torus
The goal of this section is to show a cutoff phenomenon for the Brownian motion on the flat torus
Tn :“ pR{2Zqn, which we identify with the set p´1, 1sn. Let x P Tn and Bn

t pxq the Brownian motion in
Tn that starts at x “ px1, ..., xnq. This Brownian motion could be describe as Bn

t pxq “ pB1
t `x1, ..., B

n`

xnq mod 2Z, where pB1
t , ..., B

n
t q is the usual Brownian motion in Rn. Using the invariance by

translation we will assume that x “ p0, ..., 0q. The invariant measure for Bn is the Lebesgue measure
on the torus µTnpdx1, ..., dxnqq “ µr´1,1spdx

1q b ...b µr´1,1spdx
nq.

It is well known (e.g. Pitman [25], or [10] ) that each Bi can be intertwined with a process pDiptqqtě0 “

r´Bessit, Bess
i
ts taking values in the closed interval of R, starting at t0u, where pBessiqiPt1..nu is a

family of n independent Bessel 3 process. In [3], several couplings of Bi and Di were constructed, so
that for any time t ě 0, the conditional law of Xiptq knowing the trajectory Dipr0, tsq B pDipsqqsPr0,ts

is the normalized uniform law over Diptq, which will be denoted ΛpDiptq, ¨q in the sequel. Furthermore,
Di is progressively measurable with respect to Bi, in the sense that for any t ě 0, Dipr0, tsq depends on
Bi only through Bipr0, tsq, one example of such coupling is the famous 2Max´X Pitman’s Theorem.
Let τi “ inftt ą 0, Bessit “ 1u, and τn :“ maxtτi, i “ 1..nu.

Using the independence of the coordinate, it appears that τn is a strong stationary time for Bn,
meaning that τn is a FBn stopping time, τn and Bn

τn
are independent, and Bn

τn
is uniformly distributed

over Tn. Let Dptq :“ D1pt ^ τ1q ˆ ... ˆ Dnpt ^ τnq Ă Tn, then Dptq is a dual process of Bn in the
following sense :

@ t ě 0, LpBn
t |Dr0, tsq “ ΛnpDptq, ¨q, (3)

and pDptqtě0 can be constructed from pBn
t qtě0 in an adapted way,

@ t ě 0, LpDr0, ts|Bnq “ LpDr0, ts|Bn
r0,tsq, (4)

where the Markov kernel Λn is the restriction of the uniform measure µTn , i.e. for all D domain
or singleton of Tn

@ A P BpTnq, ΛnpD,Aq B

#

µTn pAXDq

µTn pDq
, if µTnpDq ą 0

δxpAq , if D “ txu, with x P Tn
(5)

As a consequence of such a dual and it’s coupling, we have (see also Proposition 17),

@ t ě 0, spLpBnptqq, µTnq ď Prτn ą ts

where the l.h.s. is the separation discrepancy between the law of Bnptq :“ Bn
t and the uniform distri-

bution µTn over Tn.
Note that for any t P r0, τnq, the “opposite pole” p1, ..., 1q P Tn does not belong to the support of

ΛnpDptq, ¨q. It follows from an extension of Remark 2.39 of Diaconis and Fill [16] that τn is even a
sharp strong stationary time for Bn, meaning that in fact

@ t ě 0, spLpBnptqq, µTnq “ Prτn ą ts. (6)

Thus the understanding of the convergence in separation of Bn toward µTn amounts to understand-
ing the tail distribution of τn.
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2.1 Hitting time of Bessel 3 process
Let Xtpxq be the usual Bessel 3 process that starts at x P R`, it is the L “ 1

2B2
r ` 1

rBr diffusion, and 0
is an entrance boundary for the process X. Let τ :“ inftt ą 0, Xtp0q “ 1u, in this section we will be
interested in the two sides estimate of the tail distribution of Prτ ą ts. We recall well known results,
with the aim of comparing them to the following section 2.3. The following well know identity in law
(e.g. (4.21) in [8]), is also a consequence of (12) below.

τ
L
“

8
ÿ

m“1

ϵmp

j21
2
,m

2
q,

where ϵmp
j21
2 ,m

2 q are independent standard exponential variables with parameter
j21
2 ,m

2 , and j 1
2
,m is the

zero of the Bessel function J 1
2

of the first kind

J 1
2
pxq “

`x

2

˘
1
2

8
ÿ

m“1

p´1qm

m!Γpm` 1 ` 1
2q

`x

2

˘2m
“

c

2

π

sinpxq
?
x
,

for the last equality use that Γpx` 1q “ xΓpxq.
So J 1

2
,1 “ π, and we obtain the following lower bound :

expp´
π2

2
tq “ Prϵ1p

j 1
2
,1

2
q ą ts ď Prτ ą ts. (7)

For an upper bound, let L :“ 1
2pB2

r ` 2
rBrq be the generator of X, we will compute all moments of

τ , and their equivalent.

Proposition 4 Given g P Cbpr0, 1sq, the bounded solution ϕ P C2
b of the Poisson equation

"

Lϕ “ ´g
ϕp1q “ 0

is given by:

@ r P r0, 1s, ϕprq “

ż 1

r

1

t2

ˆ
ż t

0
2s2gpsqds

˙

dt. (8)

So the Green operator G associated to L is given by

@ g P Cbpr0, 1sq, @ r P r0, 1s, Grgsprq “ 2

ż 1

r

1

t2

ˆ
ż t

0
s2gpsqds

˙

dt “ 2 rGrgsprq

Proof
It is a straight forward computation.

Let u0 B 1, the constant function taking the value 1 on r0, 1s, and consider the following sequence
pukqkPN, defined inductively by bounded solution of

@ k P N,
"

Luk “ ´kuk´1

ukp1q “ 0.
(9)

We have for all k P Z`,

uk
k!

“ G˝kr1s B GrGr¨ ¨ ¨ rGr1ss ¨ ¨ ¨ ss “ 2k rG˝kr1s.
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Proposition 5 For any k P Z`,

Erτks “ ukp0q “ k!G˝kr1sp0q “ k!2k rG˝kr1sp0q

“ k!2k
` 2

π2k
´

2

p2πq2k
` op

1

p2πq2k
q
˘

“ k!2k
2

π2k
p1 ´ 21´2kqζp2kq

„k k!2p
2

π2
qk,

where ζ is the Riemann zeta function.

Proof
Suppose by induction that ukpxq “ Exrτks. This is clearly satisfied for k “ 0. Let X0 “ x P r0, 1s,

using Itô’s formula, we have for all 0 ď t ď τ ,

uk`1pXtq ´ uk`1pxq “ ´pk ` 1q

ż t

0
ukpXsqds`Mt

where pMtqtPr0,τ s is a martingale. Consider this equality with t “ τ , take expectation and use the
Markov property to get

uk`1pxq “ pk ` 1qEx

„
ż τ

0
ukpXsqds

ȷ

“ pk ` 1qEx

„
ż τ

0
EXsrτksds

ȷ

“ pk ` 1qEx

„
ż τ

0
pτ ´ sqkds

ȷ

“ Exrτk`1s.

Note that
rGr1sprq “

ż 1

r

1

t2

ˆ
ż t

0
s21psqds

˙

“
1

6
p1 ´ r2q

and for all m P Z`

rGrx ÞÑ xmsprq “

ż 1

r

1

t2

ˆ
ż t

0
s2smds

˙

“
1

pm` 3qpm` 2q
p1 ´ rm`2q.

Let bk “ rG˝kr1sp0q, using the above formula we obtain the following recursive formula b0 “ 1 and for
1 ď k :

bk “ ´
`

k
ÿ

m“1

bk´m
p´1qm

p2m` 1q!

˘

,

i.e. for 1 ď k,

b0 “ 1, and
k

ÿ

m“0

bk´m
p´1qm

p2m` 1q!
“ 0.

We identify this recursive equation as follows for z P C

1
ř8

n“0
p´1qn

p2n`1q!z
n

“

8
ÿ

n“0

bnz
n, (10)
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namely

z

sin z
“

1
ř8

n“0
p´1qn

p2n`1q!z
2n

“

8
ÿ

n“0

bnz
2n. (11)

Since 1
sin z is a meromorphic function and the five first poles are t´2π,´π, 0, π, 2πu, let π ă R ă 2π,

and for θ P r0, 2πs and define the following contours for 0 ă η small enough

γ1pθq “ π ` ηpcosp´θq ` i sinp´θqq

γ2pθq “ ´π ` ηpcosp´θq ` i sinp´θqq

γ3pθq “ Rpcospθq ` i sinpθqq.

Note that γ3 is anticlockwise whereas γ1, γ2 are clockwise, using Cauchy formula, for all n ě 1:

bn “
1

2iπ

ż

γ1Yγ2Yγ3

z

sinpzqz2n`1
dz

“
1

2iπ

ż

γ1Yγ2

z

sinpzqz2n`1
dz `Onp

1

R2n´1
q

“ ´resp
z

sinpzqz2n`1
, πq ´ resp

z

sinpzqz2n`1
,´πq `Onp

1

R2n´1
q

“ ´resp
´π

pz ´ πqπ2n`1
, πq ´ resp

π

pz ` πqp´πq2n`1
,´πq `Onp

1

R2n´1
q

“
2

π2n
`Onp

1

R2n´1
q

„n
2

π2n
,

where in the forth line we have used that sinpzq „z„π ´pz ´ πq and sinpzq „z„´π ´pz ` πq. Adding
two clockwise contours around the second pole of ´2π and 2π and take as in the above computation
2π ă R ă 3π, and the equivalent of sin at ´2π and 2π , we obtain

bn “
2

π2n
´

2

p2πq2n
` op

1

p2πq2n
q,@n ě 1 and b0 “ 1.

With similar argument we have in fact :

bn “
2

π2n

8
ÿ

k“1

p´1qk`1

k2n
“

2

π2n
p1 ´ 21´2nqζp2nq,

where ζ is the Riemann zeta function.

Proposition 6 For all 0 ď λ ă π2

2 and t ą 0:

expp´
π2

2
tq ď Prτ ą ts ď ϕτ pλq expp´λtq,

where ϕτ pλq “ Erexp pλτqs is the moment generating function of τ .

Proof
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We have for 0 ď λ, ϕτ pλq “
ř8

k“0 λ
k Erτks

k! , using Proposition 5 we write

ϕτ pλq “ 1 ` 2
8
ÿ

k“1

`2λ

π2
˘k`

1 ´
1

p2q2k
` op

1

p2q2k
q
˘

and ϕτ pλq is convergent for 0 ď λ ă π2

2 . Hence we have the following upper bound, using Markov
inequality, for all 0 ď λ ă π2

2 and t ą 0:

Prτ ą ts “ Prλτ ą λts ď ϕτ pλq expp´λtq

Remark 7 Using the moment generating function of τ , Proposition 5, (11), and the following
Weierstrass decomposition :

sinpπzq “ πz
8

ź

n“1

´

1 ´ p
z

n
q2

¯

,

we get

ϕτ pλq “ Erexp pλτqs “

8
ÿ

k“0

p2λqk rG˝kr1sp0q

“

8
ÿ

k“0

p2λqkbk “

?
2λ

sin
?
2λ

“

8
ź

n“1

1

1 ´ p 2λ
π2n2 q

.

(12)

After identification we get

τ
L
“

8
ÿ

m“1

ϵmp
π2m2

2
q,

where ϵmpπ
2m2

2 q are independent standard exponential variables with parameter π2m2

2 .
˝

Remark 8
Using the above Proposition 5 we get Erτks “ k!2k

`

2
π2k ´ 2

p2πq2k
` op 1

p2πq2k
q
˘

, and Stirling formula,
we get

pErτksq
1
k „

2

π2
pk!q

1
k „

2k

π2e
.

˝

We get the following cutoff phenomenon, in the sens of definition 1, for Brownian motion on the torus.

Theorem 9 There is a cutoff in separation for the Brownian motion on the flat torus Tn :“ pR{2Zqn,
with cutoff time 2 logpnq

π2 .

Proof
Using the upper bound in Proposition 6 we get for all 0 ď t and 0 ď λ ă π2

2 , we have :

Prτn ď ts “ pPrτ ď tsqn ě
`

1 ´ ϕτ pλq expp´λtq
˘n
.

For all r ą 0, let λr “ π2

2

`

1
1` 1

2
r

˘

ă π2

2 and r1 “ r
2p1` 1

2
rq

ą 0 we have 2
π2 p1 ` rq “ 1

λr
p1 ` r1q and
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Prτn ą
2 logpnq

π2
p1 ` rqs “ Prτn ą

logpnq

λr
p1 ` r1qs

“ p1 ´ Prτn ď
logpnq

λr
p1 ` r1qsq

ď 1 ´
`

1 ´ ϕτ pλrq exp´ logpnqp1`r1q
˘n

“ 1 ´ p1 ´
ϕτ pλrq

n1`r1 qn Ñ 0

Using the lower bound in Proposition 6 we get for 0 ă r ă 1

Prτn ă
2 logpnq

π2
p1 ´ rqs “ pPrτ ă

2 logpnq

π2
p1 ´ rqsqn

“ p1 ´ Prτ ě
2 logpnq

π2
p1 ´ rqsqn

ď p1 ´ exp´ logpnqp1´rqqn

“ p1 ´
1

n1´r
qn Ñ 0

Using the two computations above and (6) we get the conclusion.

2.2 The profile function for torus
Let ϕpλq “ Erexp p´λτqs be the Laplace transform of τ , using (10) we get the well known formula :

ϕpλq “

8
ÿ

n“0

p´λqn
Erτns

n!
“

8
ÿ

n“0

p´2λqnbn

“
1

ř8
n“0

1
p2n`1q!p2λqn

“

?
2λ

sinhp
?
2λq

. (13)

Since the poles of ϕ are t´π2n2

2 , n P Z˚u. Using formula (Theorem 8.1 [29]) for the inverse of the
Laplace transform we have @x ě 0

Prτ ď xs “ lim
RÑ8

1

2iπ

ż 1`iR

1´iR
ezx

ϕpzq

z
dz.

Let DR “ Dp0, Rq X tRepzq ď 1u, and P :“ t´π2n2

2 , n P Zu be the set of poles of ϕpzq

z , we have
by Cauchy formula

1

2iπ

ż

BDR

ezx
ϕpzq

z
dz “

ÿ

αPDRXP
Respezx

ϕpzq

z
;αq

“
ÿ

αPDRXP
eαxResp

ϕpzq

z
;αq

“

t

b

2R
π2 u

ÿ

n“1

e´π2n2

2
xResp

ϕpzq

z
;´

π2n2

2
q ` 1

“

t

b

2Rq

π2 u
ÿ

n“1

2p´1qne´π2n2

2
x ` 1, (14)
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where we use in the last equality that Respϕpzq;´π2n2

2 q “ π2n2p´1qn`1 for n ą 0 and Respϕpzq

z ; 0q “ 1.
Let CR “ Cp0, RqXtRepzq ď 1u the left boundary of DR, and let z :“ Reiθ for θ P rarccosp 1

Rq, 2π´

arccosp 1
Rqs, since |ϕpzq| “

?
2|z|

b

sinh2p
?

|z|`Repzqq`sin2p
?

|z|´Repzqq
“ |ϕpz̄q|, we have for all x ą 0

|

ż

CR

ezx
ϕpzq

z
dz| ď 2

?
2R

ż π

arccosp 1
R

q

eRx cospθq

b

sinh2p
?
2R cospθ{2q ` sin2p

?
2R sinpθ{2q

dθ.

Chose R such that
?
2R “ 2mπ ` π

2 , and cut the integral in the left hand side of the above equation
into three parts

I1pRq :“

ż π{2

arccosp 1
R

q

eRx cospθq

b

sinh2p
?
2R cospθ{2qq ` sin2p

?
2R sinpθ{2qq

dθ,

I2pRq :“

ż π´ 1?
2R

π{2

eRx cospθq

b

sinh2p
?
2R cospθ{2qq ` sin2p

?
2R sinpθ{2qq

dθ,

I3pRq :“

ż π

π´ 1?
2R

eRx cospθq

b

sinh2p
?
2R cospθ{2qq ` sin2p

?
2R sinpθ{2qq

dθ.

We have :

I1pRq ď
1

sinhp
?
Rq

ż π{2

arccosp 1
R

q

eRx cospθqdθ ď
π

2 sinhp
?
Rq
ex,

also since for θ P rπ ´ 1?
2R
, πs, 1

2 ď | sinp
?
2R sinpθ{2q| we have for large R

I3pRq ď 2

ż π

π´ 1?
2R

eRx cospθqdθ ď 2e´Rx{
?
2.

For the last one, we have

I2pRq ď
1

sinhp
?
2R sinp 1

2
?
2R

qq

ż π´ 1?
2R

π{2
eRx cospθqdθ

ď
1

sinhp
?
2R sinp 1

2
?
2R

qq

ż 1

0

e´pRxqy

a

1 ´ y2
dy “ Op1q

ż 1

0

e´pRxqy

a

1 ´ y2
dy,

and
ż 1

0

e´pRxqy

a

1 ´ y2
dy “

ż 1{
?
R

0

e´pRxqy

a

1 ´ y2
dy `

ż 1

1{
?
R

e´pRxqy

a

1 ´ y2
dy

ď
1

Rx
a

1 ´ 1{R
` e´

?
Rx

ż 1

0

1
a

1 ´ y2
dy “ Op

1

R
q.

Hence I1pRq ` I2pRq ` I1pRq “ Op 1
Rq and for all x ą 0 we have

lim
RÑ8

1

2iπ

ż

CR

ezx
ϕpzq

z
dz “ 0. (15)

10



Hence passing to the limit in (14) and using (15) we get the following well know formula for all x ą 0

Prτ ě xs “

8
ÿ

n“1

2p´1qn`1e´π2n2

2
x “ 2e´π2

2
x ` ope´π2

2
xq. (16)

The aim of this section is to complete Theorem 9 by the shape of the relaxation in separation to
equilibrium. In particular, we are interested in proving existence of optimal window and computing
the limiting profile.

Theorem 10 The separation to equilibrium for the Brownian motion on the flat torus Tn :“ pR{2Zqn,
has the following asymptotic profile, for any c P R we have :

lim
nÑ8

spBnp
2 logpnq

π2
` cq, µTnq “ 1 ´ e´2e´ π2

2 c

,

the above convergence is uniform on all compact and the windows of the cutoff sequence p
2 logpnq

π2 , 1q is
strongly optimal in the sens of definition 2.

Proof
Let c P R. Using (6) and (16) we have :

spLpBnp
2 logpnq

π2
` cqqq, µTnq “Prτn ą

2 logpnq

π2
` cqs

“1 ´ Prτn ď
2 logpnq

π2
` cqs

“1 ´ pPrτ ď
2 logpnq

π2
` cqsqn

“1 ´ p1 ´ 2e´π2

2
p
2 logpnq

π2 `cq
` ope´π2

2
p
2 logpnq

π2 `cq
qqn

“1 ´ p1 ´ 2
e´π2

2
c

n
` op

1

n
qqn Ñ 1 ´ e´2e´ π2

2 c

,

and the convergence is uniform on all compact.

Remark 11 The above computation shows that we have the following convergence in law :

τn ´
2 lnpnq

π2
L

ÝÑ
nÑ`8

Gumbel
`2 lnp2q

π2
,
2

π2
˘

where Gumbel is the Gumbel distribution.
˝

2.3 An alternative point of view for hitting time using intertwining
The goal of this section is to give an alternative approach of the precedent sections that will be
interesting for finding the cutoff profile for the Brownian motion on spheres and projective spaces in
the next section. The precedent approach need at some place an explicit computation of the moment
generated function and it’s factorizations (12) or an explicit Laplace transform for the computation of
the poles (13), and in the forthcoming section the Laplace transform will be not so explicit.

Let B be a one dimensional Brownian motion that start at 0, i.e. a ∆ :“ 1
2

B2

B2x
diffusion. Let X be

the usual Bessel 3 process that starts at 0, i.e. the L “ 1
2B2

r ` 1
rBr diffusion. It is well known that e.g.

11



Theorem 3 in [10] that the generator of B can be intertwined with the generator of X in the following
sens :

LΛ “ Λ∆ (17)

where for r ě 0, Λpfqprq “

şr
´r fpxqdx

2r , note that in this case (17) also follows by direct computation.
Let Z` :“ t0, 1, 2, 3...u and Z` :“ t1, 2, 3, ...u. Let φnpxq “ cospnπxq for n P Z`, be the Neumann
eigenfunctions of ∆ in C2r´1, 1s associated to the eigenvalues λn “ ´

pnπq2

2 . The eigenfunctions
tφ0{

?
2, φn n P Z`u form an orthonormal system of functions in L2pr´1; 1s, dxq. Using (17) we get

that Λφn for n P Z` is an eigenfunction of L associated to λn, with boundary conditions fp0q “ 1 and
fp1q “ 0.

Proposition 12 The family tnπ
?
2Λφn, n P Z`u is an orthonormal complete system of functions

in L2pr0; 1s, x2dxq where x2dx is the invariant measure of L. Also t ĄΛφn :“ nπ
?
2Λφn, n P Z`u are an

Hilbert basis of eigenfunction of G associated respectively to the eigenvalue ´1
λn

.

Proof
For n P Z`, Λφnprq “

sinpnπrq

nπr , so for n,m P Z`

xΛφn,ΛφmyL2pr0;1s,x2dxq “

ż 1

0

sinpnπrq

nπr

sinpmπrq

mπr
r2dr

“
1

2nmπ2
δnm,

hence tnπ
?
2Λφn, n P Z`u is an orthonormal system of functions. For the completness, let f P

L2pr0; 1s, x2dxq such that for all n P Z`, xf,ΛφnyL2pr0;1s,x2dxq “ 0 then

xxf, sinpnπxqyL2pr0;1s,dxq “ 0 @n P Z`.

Since sinpnπxq for n P Z` is a complete system of functions in L2pr0; 1s, dxq, we get that f “ 0.
Since by (17) we have LĄΛφn “ λn ĄΛφn, so for n P Z`

L
´ ĄΛφn

λn
“ ´ ĄΛφn,

and by definition of G in Proposition 4 we have

Gp ĄΛφnq “
´1

λn
ĄΛφn.

For f P L2pr0; 1s, x2dxq we have

G˝kpfqprq “

8
ÿ

n“1

´

´1

λn

¯k
ĄΛφnprqxf, ĄΛφnyL2pr0;1s,x2dxq.

Corollary 13 The hitting time of the Bessel 3 process τ :“ inftt ą 0, Xtp0q “ 1u have the following
density :

fτ pxq “

8
ÿ

n“1

p´1qn`1pnπq2e´
pnπq2x

2 1r0,8rpxq.

12



Proof
The Laplace transform of τ ,

ϕpλq “

8
ÿ

k“0

p´λqk
Erτks

k!
“

8
ÿ

k“0

p´λqkG˝kp1qp0q

“ 1 `

8
ÿ

k“1

p´λqk
8
ÿ

n“1

´

´1

λn

¯k
ĄΛφnp0qx1, ĄΛφnyL2pr0;1s,x2dxq

“ 1 `

8
ÿ

k“1

p´λqk
8
ÿ

n“1

´

´1

λn

¯k
2pnπq2x1,ΛφnyL2pr0;1s,x2dxq,

“ 1 ` 2
8
ÿ

n“1

p´1qn`1 λ

λn

1

1 ´ λ
λn

“ 1 ´ λ2
8
ÿ

n“1

p´1qn`1 1

λ´ λn
,

“ 1 ´ λ2
8
ÿ

n“1

p´1qn`1Lpx ÞÑ eλnxqpλq

“ 1 ´ λLpx ÞÑ 2
8
ÿ

n“1

p´1qn`1eλnxqpλq

where in the fourth equality we use that x1,ΛφnyL2pr0;1s,x2dxq “
p´1qn`1

pnπq2
and Fubini Tonelly Theorem

(for |λ| ă 1 and holomorphic prolongation), and where L is the Laplace transform. From e.g. Lemma
29 below, we get :

Prτ ě xs “

8
ÿ

n“1

2p´1qn`1eλnx,

and the result after differentiation for x ą 0.

Remark 14 The above result gives another proof of (16) that only use the Neumann spectrum.
The hitting time of the Bessel 3 process that start at 0 ď y ă 1, τy :“ inftt ą 0, Xtpyq “ 1u have

the following density :

fτypxq “

8
ÿ

n“1

p´1qn`1 sinpnπyq

y
pnπqe´

pnπq2x
2 1r0,8rpxq.

˝

3 The cutoff profile in separation for Spheres and projec-
tive spaces

3.1 Intertwining
In this section we will be specially interested in computing the cutoff in separation profile function
for Brownian motion in n dimensional spheres Sn, real, complex, and quaternionic projective space
resp. PnpRq, PnpCq and PnpHq. Where the metric come from writing the manifold as homogeneous
space see [21], all of them are normalized in order to have the same diameter π, and n will be the real
dimension. We will be particularly interested in this type of manifold since their are compact two-point
homogeneous spaces and hence harmonics manifolds in the sens that all sphere in this spaces have
constant mean curvature. A compact Riemannian manifold pM, gq with distance dgp., .q is two-point
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homogeneous if for all x1, x2, y1, y2 P M , such that dgpx1, x2q “ dgpy1, y2q their exist an isometry
I :M Ñ M such that Ipx1q “ Ipy1q and Ipx2q “ Ipy2q. These space were fully characterized by Wang
[28]. The complete list of then are (where we drop the Cayley projective plane since their no varying
dimension to look cutoff phenomenon) :

1. the n dimensional sphere Sn, n= 1,2,3, ...,

2. the real projective space PnpRq, n= 2,3,4,...,

3. the complex projective space PnpCq, n= 4,6,8,...,

4. the quaternionic projective space PnpHq, n= 8,12,16,...,

In the following, Mn will be one of the following space : Sn, PnpRq, PnpCq or PnpHq. Let ∆ be
Laplace-Beltrami operator in Mn, and let ∆n the radial part of the Laplace-Beltrami operator ∆. It
acts on function defined over r0, πs (recall that all Mn have been normalized to have the same diameter
π), and it’s well know e.g. Section 3 in [21] that

∆n “ B2
r ` lnpI 1

Mnprqq1Br,

where I 1
Mnprq have the following general expression (defined up to some multiplicative constant) :

I 1
Mnprq “ sin

`γr

2

˘σ
sinpγrqρ, (18)

where the parameter depend one Mn as follow :

1. Sn : σ “ 0, ρ “ n´ 1, γ “ 1, I 1
Snprq “ sinn´1prq

2. PnpRq : σ “ 0, ρ “ n´ 1, γ “ 1
2 , I 1

PnpRq
prq “ sinn´1p r2q

3. PnpCq : σ “ n´ 2, ρ “ 1, γ “ 1, I 1
PnpCq

prq “ sinprq sinn´2p r2q

4. PnpHq : σ “ n´ 4, ρ “ 3, γ “ 1, I 1
PnpHq

prq “ sin3prq sinn´4p r2q

With respect to the above list, define :

α “
n´ 2

2
, β “

ρ´ 1

2
. (19)

The eigenvalue of the radial part of the Laplace-Beltrami operator ∆n are (after a change of variable
t “ cospγθq):

"

λk “ ´kpk ` α ` β ` 1q, k P Z` if Mn ‰ PnpRq

λk “ ´kpk ` n´1
2 q, k P Z` if Mn “ PnpRq

(20)

Definition 15 For any n P Nzt1u, Xn B pXnptqqtě0 stands for the Brownian motion on Mn started
at r0 P Mn (an arbitrary point ) and time-accelerated by a factor 2, i.e. the ∆-diffusion in Mn. So the
generator of Xn is the Laplacian ∆ and not the Laplacian divided by 2 as it is sometimes more usual
in Probability Theory.

˝

As a consequence of the construction in [10], Xn can be intertwined with a process D B pDptqqtě0

taking values in the closed balls of Mn centered at r0, starting at tr0u and absorbed in finite time τMn

in the whole set Mn. In fact the general intertwined process that starts at a domaine D0 satisfy the
following equation (44) in [10] :

@ t P r0, τq, @ x P BDt, dBDtpxq “

ˆ

?
2dBt ` 2

µpBDtq

µpDtq
dt´ ρBDtpxqdt

˙

νBDtpxq (21)

14



where B is a one dimensional Brownian motion, νBDtpxq is the exterior normal vector of BDt at
x, ρBDtpxq is the mean curvature of BDt at x, µ is the Riemannian measure of Mn and µ is the
pn´ 1q´dimensional Hausdorff measure.

Since all the manifold Mn are harmonic, the mean curvature of sphere are constant and depend
only on the ray, then if equation (21) start at a ball Bpr0, Rp0qq B Dp0q then Dt B Dptq remains a
ball. Writing Bpr0, Rptqq B Dptq for t P r0, τMns, equation (21) become an equation on the radius, and
R B pRptqqtPr0,τMn s is solution of the following stochastic differential equation :

@ t P p0, τMnpR0qq, dRptq “
?
2dBptq ` bnpRptqqdt Rp0q “ R0 Ps0, πr (22)

and

τMnpR0q “ inftt ě 0 : Rptq “ πu (23)

where the mapping bn is given by

@ r P p0, πq, bnprq B 2
µpBBpr0, rqq

µpBpr0, rqq
´ ρ

BBpr0,rq

“ 2
I 1
Mnprq

IMnprq
´
I2
Mnprq

I 1
Mn

“
d

dr
ln

ˆ

I2Mnprq

I 1
Mnprq

˙

(24)

since the volume of the geodesic ball Bpr0, rq in Mn centered at r0 of radius r Ps0, πs is given by (e.g.
page 8 of [21])

µpBpr0, rqq “ cn

ż r

0
I 1
Mnpsqds “ cnIMnprq,

for some constant cn, the area of the geodesic sphere

µpBBpr0, rqq “ cnI
1
Mnprq

and the mean curvature ρ
BBpr0,rq

of any point in BBpr0, rq is given by

ρ
BBpr0,rq

“
I2
Mnprq

I 1
Mnprq

.

We could check that as r goes to 0`

bnprq „
n` 1

r

and this is sufficient to insure that 0 is an entrance boundary for R, so that starting from 0, it will
never return to 0 at positive times. Until to now, τMn will stand for τMnp0q. Let

Ln :“ B2
r ` bnprqBr

be the generator of R defined in (22), in order to clarify the notation we don’t write explicitly the
dependence in Mn when their are no possible confusions.

In [3], several couplings of Xn and D were constructed, so that for any time t ě 0, the conditional
law of Xnptq knowing the trajectory Dpr0, tsq B pDpsqqsPr0,ts is the normalized uniform law over Dptq,
which will be denoted ΛnpDptq, ¨q in the sequel, i.e.

@ t ě 0, LpXt|Dr0,tsq “ ΛnpDt, ¨q, (25)
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where Λn is Markov kernel defined as follows : for all D domain or singleton of Mn

@ A P BpMnq, ΛnpD,Aq B

#

µpAXDq

µpDq
, if µpDq ą 0

δxpAq , if D “ txu, with x P Mn.
(26)

Furthermore, D is progressively measurable with respect to Xn, in the sense that for any t ě 0,
Dpr0, tsq depends on Xn only through Xnpr0, tsq.

In the following corollary we explicit two intertwining relations, which were constructed in [3]
Theorems 3.5 and 4.1, enabling to deduce τMn from the Brownian motion Xn (and independent
randomness for the second construction). Note that the cutlocus of 0̃, cutpr0q “ tx P Mn, s.t. dpr0, xq “

πu e.g 3.35 in[7], and as usual µpcutpr0qq “ 0.

Corollary 16 Consider the Brownian motion Xn B pXnptqqtě0 in Mn
f described in Definition 15.

For x P Mnztr0, cutpr0qu, let Npxq “ ´∇dpr0, ¨qpxq, where d is the Riemannian distance in Mn.

(1) Full coupling. Let D1ptq be the ball in Mn centered at r0 with radius R1ptq solution started at 0
to the Itô equation

dR1ptq “ ´xNpXnptqq, dXnptqqy `

„

2
I2
Mn

I 1
Mn

pdpr0, Xnptqqq ´
I2
Mn

I 1
Mn

pR1ptqq

ȷ

dt

This evolution equation is considered up to the hitting time τ p1q
n of π by R1ptq.

(2) Full decoupling, reflection of D on Xn. Let D2ptq be the ball in Mn centered at r0 with radius
R2ptq solution started at 0 to the Itô equation

dR2ptq “ ´
?
2dWt ` 2dLR2

t rdpr0, Xnptqqs ´
I2
Mn

I 1
Mn

ppR2ptqq dt

where pWtqtě0 is a real-valued Brownian motion independent of pXnptqqtě0 and pLR2
t rdpr0, Xnqsq

tPr0,τ
p2q
n s

is the local time at 0 of the process R2 ´dpr0, Xnq. These considerations are valid up to the hitting
time τ p2q

n of π by R2ptq.

Then for the above coupling we have

(1) pXt, D
p1q

t q
0ďtďτ

p1q
n

and pXt, D
p2q

t q
0ďtďτ

p2q
n

satisfies (25).

(2) pτ
p1q
n , pD1ptqq

tPr0,τ
p1q
n s

q, pτ
p2q
n , pD2ptqq

tPr0,τ
p2q
n s

q and pτMn , pDptqqtPr0,τMn sq have the same law.

In particular τ p1q
n and τ p2q

n satisfies Proposition 20, Theorem 27, and Theorem 28 below.

Due to these couplings and to general arguments from Diaconis and Fill [16] for discrete case and
for the continuous case see Proposition 17 below, τMn has the same law as a strong stationary time τ p1q

n

for Xn, meaning that: τ p1q
n is an FXn-stopping time, τ p1q

n and Xnpτ
τ

p1q
n

q are independent and Xnpτ
p1q
n q

is uniformly distributed over Mn. As a consequence we have

@ t ě 0, spLpXnptqq,UMnq ď Prτ p1q
n ą ts “ PrτMn ą ts

where the l.h.s. is the separation discrepancy between the law of Xnptq and the uniform distribution
UMn over Mn. Notice that UMnpBMnpr0, rqq “

IMn prq

IMn pπq
for any r P r0, πs.

Note that in the above equation (25) it is possible to change t by any stopping time τ ď τ
p1q
n e.g.

[3] Theorems 3.5 and 4.1, for completeness let us recall the following proof.

Proposition 17 If τ p1q
n is finite almost surely, then τ

p1q
n is a strong stationary time for Xn, and

@ t ě 0, spLpXnptqq,UMnq ď Prτ p1q
n ą ts

16



Proof
For simplicity write Xt :“ Xnptq. Let f :Mn Ñ R be a bounded measurable function, apply (25) at
τ

p1q
n , since Dp1q

τ
p1q
n

“ Bpr0, πq “ Mn we get :

ErfpX
τ

p1q
n

qs “ ErErfpX
τ

p1q
n

q|D
p1q

r0,τ
p1q
n s

s

“ ErΛnpD
p1q

τ
p1q
n

, fqs

“ ErΛnpMn, fqs

“

ş

Mn f dµ

µpMnq
“ UMnpfq.

Hence X
τ

p1q
n

is uniformly distributed over Mn, and clearly τ
p1q
n and X

τ
p1q
n

are independent. Also let
f :Mn Ñ R` be a bounded positive measurable function, and 0 ď t, we have :

E
r0rfpXtqs ě E

pr0,0q
rfpXtq1τ

p1q
n ďt

s

“ E
pr0,0q

r1
τ

p1q
n ďt

ErfpXtq|F
τ

p1q
n

ss

“ E
pr0,0q

r1
τ

p1q
n ďt

EX
τ

p1q
n

rfpX
t´τ

p1q
n

qss Strong Markov property

“ UMnpfqP0rτ p1q
n ď ts,

where in the last line we use that X
τ

p1q
n

„ UMn is invariant under X and X
τ

p1q
n

and τ p1q
n are independent.

Let y P Mn, ϵ ą 0. Let f “ 1Bpy,ϵq, and let ptpr0, xq be the heat kernel i.e. Xtpr0q „ ptpr0, xqUMnpdxq,
then the above inequality become

ş

ptpr0, xq1Bpy,ϵqpxqUMnpdxq

UMnpBpy, ϵqq
ě P0rτ p1q

n ď ts,

letting ϵ goes to 0, we obtain for all y P Mn,

ptpr0, yq ě P0rτ p1q
n ď ts,

hence
1 ´ ptpr0, yq ď P0rτ p1q

n ą ts.

and by definition of the separation discrepancy (1) the result follows.

Remark 18
Note that for any t P r0, τ

p1q
n q, the “opposite pole” cutpr0q does not belong to the support of

ΛpDp1qptq, ¨q. It follows from an extension of Remark 2.39 of Diaconis and Fill [16] that τ p1q
n is even a

sharp strong stationary time for Xn, meaning that

@ t ě 0, spLpXnptqq,UMnq “ Prτ p1q
n ą ts

Thus for all Mn the understanding the convergence in separation of Xn toward UMn amounts to
understanding the distribution of τ p1q

n and due to the equality in law the distribution of τMn .
˝
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3.2 Covering time of the dual process using intertwining
In this section, we will compute the cumulative distribution function of τMn .

Proposition 19 Given g P Cbpr0, πsq, the bounded solution ϕn of the Poisson equation
"

Lnϕn “ ´g
ϕnpπq “ 0

is given by:

@ r P r0, πs, ϕnprq “

ż π

r

I 1
Mnptq

I2Mnptq

ˆ
ż t

0

I2Mnpsq

I 1
Mnpsq

gpsqds

˙

dt. (27)

So the Green operator Gn associated to Ln is given by

@ g P Cbpr0, πsq, @ r P r0, πs, Gnrgsprq “

ż π

r

I 1
Mnptq

I2Mnptq

ˆ
ż t

0

I2Mnpsq

I 1
Mnpsq

gpsqds

˙

dt. (28)

Proof
Let us justify integrability of r0, πs Q t ÞÑ

I 1
Mn ptq

I2Mn ptq

şt
0

I2Mn psq

I 1
Mn psq

gpsq at 0 and π.

Since up to some constant c that could change from one line to the other, I 1
Mnpsq „sÑ0`

csn´1,

where n be the real dimension of Mn, we have IMnpsq „sÑ0`
csn, so I2Mn psq

I 1
Mn psq

„sÑ0`
csn`1 hence

t ÞÑ
I 1
Mn ptq

I2Mn ptq

şt
0

I2Mn psq

I 1
Mn psq

ds is integrable at 0.
At π, IMnpπq is finite, and I 1

Mnpsq „sÑπ´ cpπ ´ sqα for some α P t0; 1; 3;n´ 1u depending on Mn.
For α P t3;n´1u we have

şt
ϵ

1
I 1
Mn psq

ds „tÑπ´ cpπ´ tq1´α and so I 1
Mnptq

şt
ϵ

1
I 1
Mn psq

ds „tÑπ´ cpπ´ tq.

For α “ 1 we have I 1
Mnptq

şt
ϵ

1
I 1
Mn psq

ds „tÑπ´ cpπ´tq lnpπ´tq, hence in any case t ÞÑ
I 1
Mn ptq

I2Mn ptq

şt
0

I2Mn psq

I 1
Mn psq

ds

is integrable at π.
For the function defined in (27), we clearly have, ϕnpπq “ 0, and for any r P r0, πs,

ϕ1
nprq “ ´

I 1
Mnprq

I2Mnprq

ż r

0

I2Mnpsq

I 1
Mnpsq

gpsqds

ϕ2
nprq “ ´

ˆ

I 1
Mn

I2Mn

˙1

prq

ż r

0

I2Mnpsq

I 1
Mnpsq

gpsqds´ gprq.

It follows that

Lnϕnprq “ ´gprq ´

ˆ

I 1
Mn

I2Mn

˙1

prq

ż r

0

I2Mnpsq

I 1
Mnpsq

gpsqds`

ˆ

ln
I2Mn

I 1
Mn

˙1

prqϕ1
nprq

“ ´gprq ´

ˆ

I 1
Mn

I2Mn

˙1

prq

ż r

0

I2Mnpsq

I 1
Mnpsq

gpsqds´

ˆ

ln
I 1
Mn

I2Mn

˙1

prq

ˆ

´
fn´1prq

I2Mnprq

ż r

0

I2Mnpsq

I 1
Mnpsq

gpsqds

˙

“ ´gprq.

As in the proof of Proposition 5 let un,0 B 1, the constant function taking the value 1 on r0, πs,
and consider the following sequence pun,kqkPN, defined inductively by bounded solution of

@ k P N,
"

Lnun,k “ ´kun,k´1

un,kpπq “ 0.
(29)

We have for all n ě 2 , and k P Z`,
un,k
k!

“ G˝k
n r1s B GnrGnr¨ ¨ ¨ rGnr1ss ¨ ¨ ¨ ss.
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Proposition 20 For any k P Z`, n ě 2, and all Mn,

ErτkMns “ k!G˝k
n r1sp0q

where the explicit dependence of Gn in term of Mn is given by

Gnrgsprq “

ż π

r

I 1
Mnptq

I2Mnptq

ˆ
ż t

0

I2Mnpsq

I 1
Mnpsq

gpsqds

˙

dt.

Proof
The proof is similar to the proof of Proposition 5.

■

Remark 21 Using Proposition 19, and 20 we have

ErτMns “ Gnr1sp0q “ }Gnr1s}8 ă 8,

this is enough to apply Proposition 17.
Moreover we have

ErτkMns ď k!}Gnr1s}k8 “ k!ErτMnsk.

˝

Let µnpdsq :“
I2Mn psq

I 1
Mn psq

ds be the invariant measure of Ln. The operator Gn could be write, using Fubini,
in term of symmetric kernel

knpr, sq :“

ż π

r_s

I 1
Mnptq

I2Mnptq
dt,

where r _ s “ maxtr, su and

Gnrgsprq “

ż π

0
knpr, sqgpsqµnpdsq. (30)

Contrary to the torus case, 1 R L2pr0, πs, µnq, (for Mn ‰ PnpRq) nevertheless we have the following
Proposition.

Proposition 22 For all k ě rn2 s ` 2, we have

s ÞÑ G˝pkq
n r1spsq

I2Mnpsq

I 1
Mnpsq

is bounded in r0, πs, and
G˝k

n r1s P L2pr0, πs, µnq.

Proof

(i) For g P Cbpr0, πsq, we want to get sufficient condition to have gpsq
I2Mn psq

I 1
Mn psq

bounded in r0, πs and

g P L2pr0, πs, µnq, i.e.
şπ
0 g

2psqµnpdsq “
şπ
0 g

2psq
I2Mn psq

I 1
Mn psq

, ds ă 8. Since at 0 their are no problem of
integrability and boundedness as in the proof of Proposition 20 we have to look the integrability
and boundedness at π.
At π, since IMnpπq is finite, and I 1

Mnpsq „sÑπ´ cpπ ´ sqα for some α P t0; 1; 3;n ´ 1u, to
get g P L2pr0, πs, µnq it is enough to have g „sÑπ´ cpπ ´ sqβ with α´1

2 ă β, in all case it is

enough to have rn2 s ď β, and in order to get boundedness of gpsq
I2Mn psq

I 1
Mn psq

it is enough to have

g „sÑπ´ cpπ ´ sqβ with n´ 1 ď β.

19



(ii) In what follows we will look at the worst case i.e. the sphere case α “ n´ 1 the others will done
in the same way.
In this case I 1

Mnpsq „sÑπ´ pπ ´ sqn´1, if g „sÑπ´ cpπ ´ sqγ with γ ă n´ 2. Since

Gnrgsprq “

ż π

r

I 1
Mnptq

I2Mnptq

ˆ
ż t

0

I2Mnpsq

I 1
Mnpsq

gpsqds

˙

dt,

and
şt
0

I2Mn psq

I 1
Mn psq

gpsqds „tÑπ´ c
şt
0

1
pπ´sqn´1´γ ds „tÑπ´

c
pπ´tqn´2´γ , hence

Gnrgsprq „rÑπ´ c

ż π

r
pπ ´ tqn´1 1

pπ ´ sqn´2´γ
dt „tÑπ´ cpπ ´ rqγ`2.

If γ “ n´ 2 then
Gnrgsprq „rÑπ´ ´cpπ ´ rqn lnpπ ´ rq,

and G˝2
n rgsprq „rÑπ´ cpπ ´ rqn.

If γ ą n´ 2 then
Gnrgsprq „rÑπ´ cpπ ´ rqn.

Hence, using piiq recursively since 1prq „rÑπ´ pπ ´ rq0, we get that if 2β ě n ´ 2 then
G

˝pβ`2q
n r1sprq „rÑπ´ cpπ ´ rqn. Hence if k ě rn2 s ` 2 then G

˝pkq
n r1sprq „rÑπ´ cpπ ´ rqn and so

using iq we have G˝pkq
n r1s P L2pr0, πs, µnq and G˝pkq

n r1spsq
I2Mn psq

I 1
Mn psq

is bounded in r0, πs.

Proposition 23 The operator Gn is also an operator acting on L2pr0, πs, µnq:

Gn : L2pr0, πs, µnq Ñ L2pr0, πs, µnq.

Moreover Gn is self-adjoint and compact, and so there exists a countably infinite orthonormal basis of
L2pr0, πs, µnq consisting of eigenvectors of Gn, with corresponding eigenvalues νk P R˚.

Proof
We will show that Gn is an Hilbert–Schmidt operator. Recall that

Gnrgsprq “

ż π

0
knpr, sqgpsqµnpdsq,

where
knpr, sq :“

ż π

r_s

I 1
Mnptq

I2Mnptq
dt.

Hence
pknpr, sqq2 ď

`

ż π

r

I 1
Mnptq

I2Mnptq
dt

˘`

ż π

s

I 1
Mnptq

I2Mnptq
dt

˘

.

It follows that
ż π

0

ż π

0
pknpr, sqq2µnpdsqµnpdrq ď

ż π

0

ż π

0

`

ż π

r

I 1
Mnptq

I2Mnptq
dt

˘`

ż π

s

I 1
Mnptq

I2Mnptq
dt

˘

µnpdsqµnpdrq

“

´

ż π

0

ż π

r

I 1
Mnptq

I2Mnptq
dtµnpdrq

¯2

“

´

ż π

0

I2Mnprq

I 1
Mnprq

ż π

r

I 1
Mnptq

I2Mnptq
dt dr

¯2

“

´

ż π

0

I 1
Mnptq

I2Mnptq

ż t

0

I2Mnprq

I 1
Mnprq

dr dt
¯2
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“ pGnp1qp0qq2,

where we use Fubini’s Theorem. It follows that Gn is an Hilbert–Schmidt operator on L2pr0, πs, µnq

and so Gn is a compact operator. Since kn is symmetric Gn is also self dual. Hence by Spectral
Theorem, there exists a countably infinite orthonormal basis of L2pr0, πs, µnq formed by eigenvectors
of Gn, with corresponding eigenvalues νk P R is such that

ř8
k“0 ν

2
k ă 8 and so νk ÑkÑ8 0. Note also

by (28), 0 could not be an eigenvalue of Gn and so νk P R˚.
Recall that ∆n be the radial part of the Laplace-Beltrami operator ∆ in Mn. It acts on function

over r0, πs and
∆n “ B2

r ` lnpI 1
Mnprqq1Br.

If r0 is an arbitrary point in Mn, and d the Riemannian distance in Mn a C2 function f : Mn Ñ R is
called radial at r0 if their exist F P C2pr0, πsq such that fpxq “ F pdpr0, xqq, and for such function we
have

∆fpxq “ ∆npF qpdpr0, xqq (31)

Let rµnpdrq “ I 1
Mnprqdr be the invariant measure of ∆n in r0, πs, and consider as in [10] the link

Λn : C2pr0, πsq Ñ C2pr0, πsq

F ÞÑ r ÞÑ

şr
0 F psqrµnpdsq

rµnr0, rs
“

şr
0 F psqrµnpdsq

IMnprq
.

As a remarque it could be noted that we have the following commutating diagram :

C2pMnq|rad
∆ //

Λ0

��

C2pMnqsq|rad

Λ0

��
C2pr0, πsq

∆n //

Λn

��

C2pr0, πsq

Λn

��
C2pr0, πsq

Ln

// C2pr0, πsq,

where C2pMnq|rad is the space of function over Mn that are radial, Λ0pfqprq “

ş

Spr0,rq
fpxqdσ

σpSpr0,rqq
is an

orbital integral, note that if f is radial such that fpxq “ F pdpr0, xqq, then Λ0pfqprq “ F prq and the
upper part commutative diagram follows from (31). By direct computation or as application of [10]
we have the commutation of the lower part of the diagram i.e. LnΛn “ Λn∆n.
After a change of variables (t “ cospγrq) the spectral decomposition of ∆n in L2pr0, πs, rµnq is express
in term of Jacobi polynomial Pα,β

k , we refer as example to section 2 and 3 of [21] . Let us receptively
called ptpφk, λkqk, k P Z`u the eigenfunction and eigenvalue of ∆n, and recall that tφk, k P Z`u

form a complete orthogonal system of L2pr0, πs, rµnq, where

φkprq “ Pα,β
k pcospγrqq,

for k P Z` (and for projective space φkprq “ Pα,α
2k pcospγrqq), and λk is given by (20).

The following proposition characterize the spectral decomposition of Gn in terms of the spectral
decomposition of ∆n except we have to remove the contribution of φ0 “ 1 the eigenfunction associated
to λ0 “ 0.
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Proposition 24 The family tΛnφk, k P Z`u is an orthogonal complete system of functions in
L2pr0;πs, µnpdrqq where µnpdrq is the invariant measure of Ln. Also tČΛnφk :“ Λnφk

}Λnφk}L2pr0;πs,µnq

, k P

Z`u are an Hilbert basis of eigenfunction of Gn associated respectively to the eigenvalue ´1
λk

, where
}Λnφk}2L2pr0;πs,µnq

“ ´ 1
λk

}φk}2L2pr0;πs,rµnq
for k P Z` and λk is given by (20). We have the following

spectral decomposition, for all g P L2pr0, πs, µnq and for all m P Z`

G˝m
n pgq “

8
ÿ

k“1

p´
1

λk
qm

1

}Λnφk}2
L2pr0;πs,µnq

ΛnφkxΛnφk, gyL2pr0;πs,µnq (32)

Proof
Let k P Z`, recall that ´λk ą 0. At first step we will compute Λnφkprq “

şr
0 φkpsqrµnpdsq

IMn prq
.

ż r

0
φkpsqrµnpdsq “

ż r

0
φkpsqI 1

Mnpsqds

“
1

λk

ż r

0
∆nφkpsqI 1

Mnpsqds

“
1

λk

ż r

0

`

φ2
kpsq ` lnpI 1

Mnpsqq1φ1
kpsq

˘

I 1
Mnpsqds

“
1

λk

ż r

0
pφ1

kpsqI 1
Mnpsqq1ds

“
1

λk
φ1
kprqI 1

Mnprq

where in the last line we have used that I 1
Mnp0q “ 0. It follows that

Λnφkprq “
1

λk

φ1
kprqI 1

Mnprq

IMnprq
. (33)

Now we show that Λnφk P L2pr0;πs, µnq, and pΛnφkqkPZ` is an orthogonal system of functions in
L2pr0;πs, µnq . Let k, j P Z`,

xΛnφk,ΛnφjyL2pr0;πs,µnq “

ż π

0
ΛnφkpsqΛnφjpsq

I2Mnpsq

I 1
Mnpsq

ds

“
1

λkλj

ż π

0
φ1
kpsqφ1

jpsqI
1
Mnpsq ds

“
1

λkλj

´

“

φkφ
1
jI

1
Mn

‰π

0
´

ż π

0
φkpsq

`

φ1
jpsqI

1
Mnpsq

˘1
ds

¯

“ ´
1

λkλj

ż π

0
φkpsq

`

φ2
j psq ` lnpI 1

Mnpsqq1φ1
jpsq

˘

I 1
Mnpsq ds

“ ´
1

λkλj

ż π

0
φkpsq∆nφjpsqI

1
Mnpsq ds

“ ´
1

λk
xφk, φjyL2pr0;πs,rµnq,

where we use (33) in the second line and in the forth line we use that :

• I 1
Mnp0q “ I 1

Mnpπq “ 0 for Mn ‰ PnpRq,

• I 1
Mnp0q “ 0 and φ1

jpπq “ 0 (for Mn “ PnpRq, since in this case φjprq “ Pα,α
2j pcosp r2qq and

pPα,α
2j q1p0q “ 0 using e.g. (2.9) in [21]).
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Since pφkqkPZ` is orthogonal in L2pr0;πs, rµnq we get that pΛnφkqkPZ` is an orthogonal system of
functions in L2pr0;πs, µnpdrqq, also :

}Λnφk}2L2pr0;πs,µnq “ ´
1

λk
}φk}2L2pr0;πs,rµnq. (34)

By the commutation of the above diagram we have for k P Z`,

LnΛnφk “ ΛnLnφk “ λkΛnφk

hence
Lnp´

1

λk
Λnφkq “ ´Λnφk.

Since Λnφkpπq “

şπ
0 φkpsqrµnpdsq

IMn pπq
“ 0 (this is not true for k “ 0), and Λnφk P Cbpr0, πsq we have by

Proposition 19 that

GnpΛnφkq “ ´
1

λk
Λnφk

and so Λnφk are eigenfunction of Gn associated with eigenvalue ´ 1
λk
.

Let us shows that all eigenvector of Gn are of the type Λnφ for φ an eigenfunction of ∆n. Let
ψ P L2pr0;πs, rµnq and ν P R˚ such that Gnpψq “ νψ, then using (28) ψ is enough regular and
Lnpνψq “ ´ψ and so

Lnpψq “ ´
1

ν
ψ. (35)

Let

rψprq “

`

IMnprqψprq
˘1

I 1
Mnprq

“ ψprq `
IMnprq

I 1
Mnprq

ψ1prq, (36)

since rµnpdrq “ I 1
Mnprqdr and IMnp0q “ 0 we have

ψprq “ Λn
rψprq.

Now we show that rψ is an eigenvector of ∆n with eigenvalue ´ 1
ν .

Recall that Ln :“ B2
r `

´

ln
´

I2Mn prq

I 1
Mn prq

¯¯1

Br, so for all r P r0, πs (35) become

ψ2prq `

ˆ

ln
´I2Mnprq

I 1
Mnprq

¯

˙1

ψ1prq “ ´
1

ν
ψprq.

We have by derivation of (36)

rψ1prq “ 2ψ1prq `
IMnprq

I 1
Mnprq

ψ2prq ´
IMnprqI2

Mnprq

pI 1
Mnprqq2

ψ1prq

“ 2ψ1prq `
IMnprq

I 1
Mnprq

ˆ

´
1

ν
ψprq ´ 2

I 1
Mnprq

IMnprq
ψ1prq `

I2
Mnprq

I 1
Mnprq

ψ1prq

˙

´
IMnprqI2

Mnprq

pI 1
Mnprqq2

ψ1prq

“ ´
1

ν

IMnprq

I 1
Mnprq

ψprq

and

rψ2prq “ ´
1

ν

´

ψprq `
IMnprq

I 1
Mnprq

ψ1prq ´
IMnprqI2

Mnprq

pI 1
Mnprqq2

ψprq

¯

.
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It follows that

∆n
rψprq “ rψ2prq ` lnpI 1

Mnprqq1
rψ1prq

“ ´
1

ν

´

ψprq `
IMnprq

I 1
Mnprq

ψ1prq ´
IMnprqI2

Mnprq

pI 1
Mnprqq2

ψprq

¯

´
1

ν

I2
Mnprq

I 1
Mnprq

IMnprq

I 1
Mnprq

ψprq

“ ´
1

ν

´

ψprq `
IMnprq

I 1
Mnprq

ψ1prq

¯

“ ´
1

ν
rψprq

Hence all the eigenfunction of Gn are of the type Λnφk with eigenvalue ´ 1
λk

with k P Z` (we have
to remove φ0 ). By Proposition 23 we know that there exist a countably infinite orthonormal basis

of L2pr0, πs, µnq consisting of eigenvectors of Gn, so
ˆ

Λnφk
}Λnφk}L2pr0;πs,µnq

˙

kPZ`

is an orthonormal basis

of L2pr0, πs, µnq of eigenvectors of Gn with associated eigenvalue
´

´ 1
λk

¯

kPZ`
. It follows that for all

g P L2pr0, πs, µnq and for all m P Z`

G˝m
n pgq “

8
ÿ

k“1

p´
1

λk
qm

1

}Λnφk}2
L2pr0;πs,µnq

ΛnφkxΛnφk, gyL2pr0;πs,µnq

“

8
ÿ

k“1

p´
1

λk
qm´1 1

}φk}2
L2pr0;πs,rµnq

ΛnφkxΛnφk, gyL2pr0;πs,µnq

Remark 25 In order to compute compute ErτmMns as in Proposition 20 we could be tempted to
evaluate G˝m at 1, unfortunately 1 R L2pr0;πs, µnq if Mn ‰ PnpRq. Nevertheless by Proposition 22
we know that G˝m1

p1q P L2pr0;πs, µnq for sufficiently large m1.
˝

Since kn P L2pr0, πs2, µn b µnq we also have

knpr, sq “

8
ÿ

k“1

´
1

λk

1

}Λnφk}2
L2pr0;πs,µnq

ΛnφkprqΛnφkpsq

and for all m P Z`

kpmq
n pr, sq “

8
ÿ

k“1

p´
1

λk
qm

1

}Λnφk}2
L2pr0;πs,µnq

ΛnφkprqΛnφkpsq,

“

8
ÿ

k“1

p´
1

λk
qm´1 1

}φk}2
L2pr0;πs,rµnq

ΛnφkprqΛnφkpsq, (37)

where kpmq
n are the iterated kernel of kn, defined recursively as kp1q

n pr, sq “ knpr, sq and kpm`1q
n pr, sq “

ş

k
pmq
n pr, s1qknps1, sqµnpds1q. Note that kpmq

n pr, sq is the kernel associated to G˝m. In the next Propo-
sition we will use some properties of Jacobi polynomials to deduce spectral formula for ErτmMns for
large enough m.
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Proposition 26 For all m ě rn2 s ` 2 the following series convergence uniformly and absolutely (in
the two variables) :

kpmq
n pr, sq “

8
ÿ

k“1

p´
1

λk
qm´1 1

}φk}2
L2pr0;πs,rµnq

ΛnφkprqΛnφkpsq,

Proof
Recall that, we could express pφkqk an orthonormal basis of eigenvectors of ∆n in term of Jacobi

polynomials as
φkprq “ Pα,β

k pcospγrqq,

for k P Z` (and for real projective space φkprq “ Pα,α
2k pcospγrqq). Note that the definition of

rµnpdrq “ I 1
Mnprqdr (18) is up to a multiplicative constant, also changing rµnpdrq by a multiplica-

tive constant change µn by the same constant and the product knpr, sqµnpdsq does not change, hence
for the computation of G˝m

n or for the convergence of the series knpr, sq we would change rµnpdrq by a
multiplicative constant such that

}φk}2L2pr0;πs,rµnq “ }Pα,β
k }2L2pEMn ,p1´tqαp1`tqβqdtq, (38)

where α, β are defined in (19) and we use a change of variable t “ cospγrq, and

EM “

"

r´1, 1s if Mn ‰ PnpRq

r0, 1s if Mn “ PnpRq

Since Λnφkprq “

şr
0 φkpsqrµnpdsq

IMn prq
, and α “ n´2

2 ě β “
ρ´1
2 ą ´1

2 , using (e.g. equation (2.10) in [21]) we
get

}Λnφk}8 ď }φk}8 “ }Pα,β
k |EM

}8 “ Pα,β
k p1q “

Γpk ` α ` 1q

k!Γpα ` 1q
(39)

and by (e.g. equation (2.7) and (2.8) in [21] ) we have

}Pα,β
k }2L2pEMn ,p1´tqαp1`tqβqdtq “

#

2α`β`1Γpk`α`1qΓpk`β`1q

k!p2k`α`β`1qΓpk`α`β`1q
if Mn ‰ PnpRq

4αΓ2p2k`α`1q

p2kq!p4k`2α`1qΓp2k`2α`1q
if Mn “ PnpRq

(40)

We will now derive a condition on m to assure the uniform (in the two variables) and the absolute
convergence of the series of kpmq

n pr, sq. In what follows, Cα,β are some constant that could varying a
line to the others.

If Mn ‰ PnpRq, we have using (38) , (39) and (40) :

|p
ΛnφkprqΛnφkpsq

}φk}2
L2pr0;πs,rµnq

| ď Cα,β
Γpk ` α ` 1qp2k ` α ` β ` 1qΓpk ` α ` β ` 1q

k!Γpk ` β ` 1q

„kÑ8 Cα,β
Γpk ` α ` 1qΓpk ` α ` β ` 1q

pk ´ 1q!Γpk ` β ` 1q

„kÑ8 Cα,β
Γpk ` α ` 1qΓpk ` α ` β ` 1q

ΓpkqΓpk ` β ` 1q

„kÑ8 Cα,β
pk ` α ` 1qk`α` 1

2 pk ` α ` β ` 1qk`α`β` 1
2

pkqk´ 1
2 pk ` β ` 1qk`β` 1

2

,

„kÑ8 Cα,βk
2α`1,
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where we have used that Γpxq „xÑ8

?
2πxx´ 1

2 e´x. Recall that by (20), ´λk „ k2. Hence

|p´
1

λk
qm´1ΛnφkprqΛnφkpsq

1

}φk}2
L2pr0;πs,rµnq

| ď Cα,β
k2α`1

k2pm´1q
.

It follows that if m ě rn2 s ` 2 the series of kpmq
n pr, sq convergence uniformly and absolutely in the two

variables. With similar computation we have the same conclusion if Mn “ PnpRq.

Theorem 27 For all n ě 2, and for all m ě rn2 s ` 2,

ErτmMns

m!
“

8
ÿ

k“1

p
1

´λk
qmp´1qk`1CkpMn, α, βq,

where

CkpMn, α, βq “

#

p2k`α`β`1qΓpk`α`β`1q

k!Γpα`β`2q
if Mn ‰ PnpRq

p4k`2α`1qΓp2k`2α`1qΓpα`1q

22kk!Γpk`α`1qΓp2α`2q
if Mn “ PnpRq

Proof
Using Proposition 20 we have for all m ě rn2 s ` 2

ErrτmMns

m!
“ G˝m

n r1sprq

“

ż π

0
kpmq
n pr, sqµnpdsq

“

ż π

0

8
ÿ

k“1

p´
1

λk
qm´1 1

}φk}2
L2pr0;πs,rµnq

ΛnφkprqΛnφkpsqµnpdsq,

“

8
ÿ

k“1

p´
1

λk
qm´1 1

}φk}2
L2pr0;πs,rµnq

Λnφkprq

ż π

0
Λnφkpsqµnpdsq,

where we use similar computation as in the proof of Proposition 26 together with (39), (40), (33) and

}φ1
k}8 ď }

`

Pα,β
k

˘1

|EM

}8 ď ckα`2

e.g. (2.11) in [21], to get

|p´
1

λk
qm´1ΛnφkprqΛnφkpsq

1

}φk}2
L2pr0;πs,rµnq

I2Mnpsq

I 1
Mnpsq

| ď Cα,β
k2α`3

k2pmq

in order to justify the dominated convergence Theorem used in the fourth line. From (33) we also get
after integration by part that for all k P Z`

ż π

0
Λnφkpsqµnpdsq “

1

λk

ż π

0

φ1
kpsqI 1

Mnpsq

IMnpsq
µnpdsq

“
1

λk

ż π

0
φ1
kpsqIMnpsqds

“
1

λk

ˆ

rφkIMnsπ0 ´

ż π

0
φkpsqI 1

Mnpsqds

˙
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“
φkpπqIMnpπq

λk

“

$

&

%

p´1qk
Pβ,α
k p1q

λk
IMnpπq if Mn ‰ PnpRq

Pα,α
2k p0q

λk
IMnpπq if Mn “ PnpRq

where in the fourth equality we use that IMnp0q “ 0 as well as
şπ
0 φkpsqI 1

Mnpsqds “ xφk, φ0yL2pr0;πs,rµnq “

0. In the last equality we use that:

1. if Mn ‰ PnpRq, since φkprq “ Pα,β
k pcospγrqq, γ “ 1, and Pα,β

k p´tq “ p´1qkP β,α
k ptq c.f. (2.9) of

[21], then φkpπq “ p´1qkP β,α
k p1q. Note that P β,α

k p1q “
Γpk`β`1q

k!Γpβ`1q
for all α, β ą ´1 e.g. equation

(4.21.2) in [27], it is also a consequence of the following Rodrigues Formula.

2. if Mn “ PnpRq, since φkprq “ Pα,α
2k pcospγrqq, γ “ 1

2 , φkpπq “ Pα,α
2k p0q. Let us compute Pα,α

2k p0q

for the real projective case. Using Rodrigues Formula (e.g. page 4 [21] ) we obtain

Pα,α
2k p0q “

1

22kp2kq!

d2k

dt2k |t“0

p1 ´ t2q2k`α

“
p´1qk

22k
p2k ` αqp2k ` α ´ 1q...pk ` α ` 1q

k!

“
p´1qk

22k
Γp2k ` α ` 1q

k!Γpk ` α ` 1q

From the normalization of rµnpdrq in (38), we have using (40)

IMnpπq “

ż π

0
rµnpdrq

“ }Pα,β
0 }2L2pEMn ,p1´tqαp1`tqβqdtq

“

#

2α`β`1Γpα`1qΓpβ`1q

pα`β`1qΓpα`β`1q
if Mn ‰ PnpRq

4αΓ2pα`1q

p2α`1qΓp2α`1q
if Mn “ PnpRq

(41)

From the above computation we get :

ż π

0
Λnφkpsqµnpdsq “

$

&

%

p´1qk

λk

2α`β`1Γpk`β`1qΓpα`1q

k!pα`β`1qΓpα`β`1q
if Mn ‰ PnpRq

p´1qk

λk22k
Γp2k`α`1q

k!Γpk`α`1q

4αΓ2pα`1q

p2α`1qΓp2α`1q
if Mn “ PnpRq

Also by (39) if Mn ‰ PnpRq

Λnφkp0q “ lim
rÑ0

Λnφkprq

“ lim
rÑ0

şr
0 φkpsqrµnpdsq

IMnprq

“ φkp0q “ Pα,β
k p1q “

Γpk ` α ` 1q

k!Γpα ` 1q

and if Mn “ PnpRq change k by 2k in the above formula.
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Putting the above computations together we obtain :

Λnφkp0q

ż π

0
Λnφkpsqµnpdsq “

p´1qk

λk

$

&

%

2α`β`1Γpk`β`1qΓpk`α`1q

pk!q2pα`β`1qΓpα`β`1q
if Mn ‰ PnpRq

4αΓ2p2k`α`1qΓpα`1q

22kp2kq!k!Γpk`α`1qp2α`1qΓp2α`1q
if Mn “ PnpRq

and so

1

}φk}2
L2pr0;πs,rµnq

Λnφkp0q

ż π

0
Λnφkpsqµnpdsq “

p´1qk

λk

#

p2k`α`β`1qΓpk`α`β`1q

k!pα`β`1qΓpα`β`1q
if Mn ‰ PnpRq

p4k`2α`1qΓp2k`2α`1qΓpα`1q

22kk!Γpk`α`1qp2α`1qΓp2α`1q
if Mn “ PnpRq

It’s follows that if Mn ‰ PnpRq then

ErτmMns

m!
“

8
ÿ

k“1

p
1

´λk
qmp´1qk`1 p2k ` α ` β ` 1qΓpk ` α ` β ` 1q

k!pα ` β ` 1qΓpα ` β ` 1q
,

and if Mn “ PnpRq then

ErτmMns

m!
“

8
ÿ

k“1

p
1

´λk
qmp´1qk`1 p4k ` 2α ` 1qΓp2k ` 2α ` 1qΓpα ` 1q

22kk!Γpk ` α ` 1qp2α ` 1qΓp2α ` 1q
.

Let us compute the tail distribution of τMn

Theorem 28 With the same notation of Theorem 27, we have for all x ą 0

PrτMn ě xs “

8
ÿ

k“1

p´1qk`1eλkxCkpMn, α, βq. (42)

Proof
We compute the Laplace transform of τMn , from Theorem 27 we have for |λ| ă 1:

ϕnpλq “ Erexp p´λτMnqs

“

8
ÿ

m“0

p´λqm
ErrτmMns

m!

“

rn
2

s`1
ÿ

m“0

p´λqm
ErrτmMns

m!
`

8
ÿ

m“rn
2

s`2

p´λqm
ErrτmMns

m!

“ P pλq `

8
ÿ

m“rn
2

s`2

p´λqm
8
ÿ

k“1

p
1

´λk
qmp´1qk`1CkpMn, α, βq

“ P pλq `

8
ÿ

k“1

p´1qk`1CkpMn, α, βq

8
ÿ

m“rn
2

s`2

p
λ

λk
qm

“ P pλq `

8
ÿ

k“1

p´1qk`1CkpMn, α, βqp
λ

λk
qrn

2
s`2

` 1

1 ´ λ
λk

˘

“ P pλq ` λrn
2

s`2
8
ÿ

k“1

p´1qk`1CkpMn, α, βqp
1

λk
qrn

2
s`2

` 1

1 ´ λ
λk

˘
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“ P pλq ` λrn
2

s`2
8
ÿ

k“1

p´1qk`1CkpMn, α, βqp
1

λk
qrn

2
s`2L

´

x Ñ ´λke
λkx

¯

pλq

“ P pλq ` λrn
2

s`2L
´

Ψn

¯

pλq

(43)

where P is a polynomial with degree rn2 s ` 1 such that P p0q “ 1, L is the Laplace transform and

Ψnpxq “

8
ÿ

k“1

p´1qkCkpMn, α, βqp
1

λk
qrn

2
s`1eλkx.

Using Lemma 29 we get for x ą 0:

PrτMn ě xs “

8
ÿ

k“1

p´1qk`1eλkxCkpMn, α, βq.

Lemma 29 If Lpµqpλq “ P pλq`λmLpgqpλq, where µ is a probability distribution and P is a polynomial
of degree at most m´ 1, such that P p0q “ 1 and m P N˚ then for x ą 0 we have

ż 8

x
µpdyq “ ´gpm´1qpxq.

Proof
Let P pλq “

řm´1
n“0 anλ

n, P p0q “ a0 “ 1 and

Lpgqpλq “
Lpµqpλq

λm
´

m´1
ÿ

n“0

an
λm´n

“ Lp

ż x

0
dx1

ż x1

0
....

ż .

0
looooooooomooooooooon

m

µpdyqqpλq ´

m´1
ÿ

n“0

anL
´xm´n´1Hpxq

pm´ n´ 1q!

¯

pλq

“ L
´

ż x

0
dx1

ż x1

0
...

ż .

0
looooooooomooooooooon

m

µpdyq ´

m´1
ÿ

n“0

an
xm´n´1Hpxq

pm´ n´ 1q!

¯

pλq,

where Hpxq “ 1r0,8r. Hence

gpxq “

ż x

0
dx1

ż x1

0
...

ż .

0
looooooooomooooooooon

m

µpdyq ´

m´1
ÿ

n“0

an
xm´n´1Hpxq

pm´ n´ 1q!
,

after m´ 1 derivations we get

gpm´1qpxq “

ż x

0
µpdyq ´ a0 “ ´

ż 8

x
µpdyq

Remark 30 Without using representation theory, it appears that CkpSn, α, βq is the dimension of the
space of spherical harmonics of degree k, hence one can used a result from Cheeger and Yau Lemma
2.3 in [11] see also [2], which states that the heat kernel is radially decreasing one the sphere. This
result is not so easy to proof but is physically reasonable. Hence one can get another analytical proof
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of Theorem 28 using the first definition of the separation together with the series expansion of the
heat kernel.

˝

In the proof of Theorem 28, it appear that first rn2 s ` 1 moments of τMn is contain in P pλq and
Lemma 29 says in some sens that these first rn2 s `1 moments are not necessary to characterize the law
of τMn . In fact this first moments are determined by the moments after rn2 s`2. In the next subsection
we will compute the mean of τMn and it’s variance as example, technics could be use to compute
the others moment. This mean and variance characterize the cutoff time of the respective family of
Brownian motions. In [6] we compute ErτMns using different methods according to the geometries
of Mn, as example Proposition 22, 24, 26 and 30 in [6]. It was intriguing to note that this mean
have the same form, in what follows we compute these means in an unified way, and remark that this
coincidence is due to the uniqueness of some different Abel type summations see Lemma 31.

3.3 Computation of the cutoff time ErτMns and the variance of τMn

Let us compute ErτMns, and the variance of τMn when Mn ‰ PnpRq. On one hand we have using
Theorem 28

ErτMns “

ż 8

0
PrτMn ě xsdx

“ lim
ϵŒ0

ż 8

ϵ
PrτMn ě xsdx

“ lim
ϵŒ0

ż 8

ϵ

8
ÿ

k“1

p´1qk`1eλkxCkpMn, α, βqdx. (44)

Let δ “ α ` β ` 1 P Z`, and let us write

λk “ ´kpk ` δq, k P Z` if Mn ‰ PnpRq

and by Theorem 27

CkpMn, α, βq “
p2k ` δqΓpk ` δq

Γpk ` 1qΓpδ ` 1q
if Mn ‰ PnpRq,

since CkpMn, α, βq is polynomial in k we have in (44),

ErτMns “ lim
ϵŒ0

8
ÿ

k“1

p´1qk`1 p2k ` δqΓpk ` δq

Γpk ` 1qΓpδ ` 1q

ż 8

ϵ
e´kpk`δqxdx

“ lim
ϵŒ0

8
ÿ

k“1

p´1qk´1 p2k ` δq

kpk ` δq

Γpk ` δq

Γpk ` 1qΓpδ ` 1q
e´kpk`δqϵ

“ lim
ϵŒ0

8
ÿ

k“1

ake
´kpk`δqϵ, (45)

where
ak “ p´1qk´1 p2k ` δq

kpk ` δq

Γpk ` δq

Γpk ` 1qΓpδ ` 1q
.

Note that we could no pass the limit inside the sum, nevertheless we know that the limit when ϵ Œ 0
exists. In the terminology of [19] page 72,

ř

ak is summable pA, λkq with sum ErτMns.
Inspirited by Cartwright Theorem’s, specially Theorem II page 82 in [9] we will look another series.

Note that Theorem II [9] is not directly applicable in our situation.
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For |X| ă 1, let

F pXq “

8
ÿ

k“1

p´Xqk´1 p2k ` δq

kpk ` δq

Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“

8
ÿ

k“1

p´Xqk´1
`1

k
`

1

k ` δ

˘ Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“

8
ÿ

k“1

p´Xqk´1
`

ż 1

0
p1 ` tδqtk´1dt

˘ Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“
1

δ

8
ÿ

k“1

ż 1

0
p1 ` tδqp´Xtqk´1 Γpk ` δq

Γpk ` 1qΓpδq
dt

“
1

δ

ż 1

0

`

8
ÿ

k“1

p´Xtqk´1 Γpk ` δq

Γpk ` 1qΓpδq

˘

p1 ` tδqdt

“
1

δ

ż 1

0

1 ´ p1 ` tXq´δ

tX
p1 ` tδqdt, (46)

where we use dominated convergence Theorem and p1` xq´δ “ 1
Γpδq

ř8
k“0p´xqk

Γpk`δq

Γpk`1q
for |x| ă 1 and

δ ą 0, in the two last equalities. Hence, since δ ě 1

F pXq “
1

δ

´

ż 1

0

1 ´ p1 ` tXq´δ

tX
dt`

ż 1

0
tδ
1 ´ p1 ` tXq´δ

tX
dt

¯

“
1

δX

´

ż X

0

1 ´ p1 ` Y q´δ

Y
dY `

1

Xδ

ż X

0

`

Y δ´1 ´
pY {p1 ` Y qqδ

Y

˘

dY
¯

“
1

δX

´

ż X

0

1 ´ p1 ` Y q´δq

Y
dY `

1

δ
´

1

Xδ

ż X

0

` Y

1 ` Y

˘δ 1

Y
dY

¯

ÝÑXÑ1´

1

δ

´

ż 1

0

1 ´ p1 ` Y q´δq

Y
dY `

1

δ
loooooooooooooooomoooooooooooooooon

A

´

ż 1

0

` Y

1 ` Y

˘δ 1

Y
dY

looooooooooomooooooooooon

B

¯

, (47)

where we use Beppo Levi Theorem in the last line. Let us compute A, recall that δ P Z`,

A “

ż 1

0

1 ´ p1 ` Y q´δ

p1 ´ p1 ` Y q´1qp1 ` Y q
dY `

1

δ

“

ż 1

0

δ
ÿ

k“1

p1 ` Y q´kdY `
1

δ

“ logp2q `

δ´1
ÿ

k“1

1

k
p1 ´

1

2k
q `

1

δ

“ logp2q `

δ
ÿ

k“1

1

k
´

δ´1
ÿ

k“1

1

k

1

2k
. (48)

Let us compute B, after a change of variable Z “ Y
1`Y ,

B “

ż 1{2

0

Zδ´1

1 ´ Z
dZ “

ż 1{2

0

8
ÿ

k“0

Zδ´1`kdZ “

8
ÿ

k“δ

1

k

1

2k
.
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(49)

Putting (47), (48) in (46), we obtain,

lim
XÑ1´

F pXq “
1

δ

δ
ÿ

k“1

1

k
.

Note that
8
ÿ

k“1

ake
´kϵ “ e´ϵF pe´ϵq

and so

lim
ϵŒ0

8
ÿ

k“1

ake
´kϵ “

1

δ

δ
ÿ

k“1

1

k
(50)

hence
ř

ak is summable pA, λ1
kq with sum 1

δ

řδ
k“1

1
k , where λ1

k “ k.
In the following we will show a Cartwright type Theorem’s, that we need to identify ErτMns. We

will give an alternative proof that contain our situation.

Lemma 31 If
ř

ak is summable pA, λkq with sum s1, and if
ř

ak is summable pA, λ1
kq with sum s2

then
s1 “ s2.

Proof
Let us recall the following Lévy’s formula :

ż 8

0

a
?
2πt3

e´a2

2t e´λtdt “ e´a
?
2λ.

Using the above formula we get :

e´kϵ “
e

δ
2
ϵ

2
?
π

ż 8

0

ϵ
?
t3
e´ ϵ2

4t e´pk` δ
2

q2tdt

“ e
δ
2
ϵ

ż 8

0
Kϵptqe

´pk` δ
2

q2tdt (51)

where Kϵptq “ ϵ
2

?
πt3
e´ ϵ2

4t is positive,
ş8

0 Kϵptqdt “ 1 and as the density of hitting time of standard
Brownian motion at level ϵ{

?
2 and it concentrates at 0 as ϵ goes to 0. Let

Gptq “

8
ÿ

k“1

ake
´pk` δ

2
q2t “ e´ δ2

4
t

8
ÿ

k“1

ake
´kpk`δqt ÝÑ

tŒ0
s1.

Also since G is clearly continuous in s0,8r and Gptq ÝÑ
tÑ8

0 (by uniform convergence), G is extendable
by a bounded and continuous function on r0,8r that we also note G.

Hence using (51),

8
ÿ

k“1

ake
´kϵ “ e

δ
2
ϵ

8
ÿ

k“1

ak

ż 8

0
Kϵptqe

´pk` δ
2

q2tdt
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“ e
δ
2
ϵ

ż 8

0
Kϵptq

8
ÿ

k“1

ake
´pk` δ

2
q2tdt

“ e
δ
2
ϵ

ż 8

0
KϵptqGptqdt ÝÑ

ϵŒ0
Gp0q “ s1,

where in the second equality we separate even and odd k and we use the positivity of Kϵ as well
as Beppo Levi Theorem for the commutation of sum and integral, in the last equality we use the
concentration of Kϵ ÝÑ

ϵŒ0
δ0. The result follows since by hypothesis

8
ÿ

k“1

ake
´kϵ ÝÑ

ϵŒ0
s2.

Proposition 32 If Mn ‰ PnpRq then ErτMns “ 1
δ

řδ
k“1

1
k , where

δ “ α ` β ` 1.

Proof
Use (45), (50) together with Lemma 31.

Corollary 33 We have the following equivalent :

ErτSns „nÑ8

lnpnq

n
,

ErτPnpCqs „nÑ8

2 lnpnq

n
,

and
ErτPnpHqs „nÑ8

2 lnpnq

n
.

Proof
If Mn “ Sn then δ “ n ´ 1, and the result follows. More precise equivalent could be deduce by

Euler–Mascheroni. The other case follows in the same way.

Remark 34 The preceding Corollary give the leading term tM
n

n pcq in the next section.
˝

In a Similar way we could compute the variance of τMn . We have using Theorem 28 that :

Erτ2Mns “ 2

ż 8

0
xPrτMn ě xsdx

“ 2 lim
ϵŒ0

ż 8

ϵ

8
ÿ

k“1

p´1qk`1xeλkxCkpMn, α, βqdx.

“ 2 lim
ϵŒ0

8
ÿ

k“1

p´1qk´1
´eλkϵϵ

´λk
`
eλkϵ

λ2k

¯

CkpMn, α, βq

“ 2 lim
ϵŒ0

8
ÿ

k“1

p´1qk´1 p2k ` δq

pkpk ` δqq2

Γpk ` δq

Γpk ` 1qΓpδ ` 1q
e´kpk`δqϵ

“ 2 lim
ϵŒ0

8
ÿ

k“1

p´e´ϵqk´1 p2k ` δq

pkpk ` δqq2

Γpk ` δq

Γpk ` 1qΓpδ ` 1q
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“ 2 lim
XÕ1

8
ÿ

k“1

p´Xqk´1 p2k ` δq

pkpk ` δqq2

Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“
2

δ
lim
XÕ1

8
ÿ

k“1

p´Xqk´1
´ 1

k2
´

1

pk ` δq2

¯ Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“
2

δ
lim
XÕ1

8
ÿ

k“1

p´Xqk´1
´1

k
´

1

k ` δ

¯´1

k
`

1

k ` δ

¯ Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“
2

δ
lim
XÕ1

8
ÿ

k“1

p´Xqk´1
´

ż 1

0
tk´1
1 p1 ´ tδ1qdt1

¯´

ż 1

0
tk´1
2 p1 ` tδ2qdt2

¯ Γpk ` δq

Γpk ` 1qΓpδ ` 1q

“
2

δ
lim
XÕ1

8
ÿ

k“1

ż 1

0

ż 1

0
p´t1t2Xqk´1p1 ´ tδ1qp1 ` tδ2q

Γpk ` δq

Γpk ` 1qΓpδ ` 1q
dt1dt2

“
2

δ
lim
XÕ1

ż 1

0

ż 1

0

8
ÿ

k“1

p´t1t2Xqk´1 Γpk ` δq

Γpk ` 1qΓpδ ` 1q
p1 ´ tδ1qp1 ` tδ2qdt1dt2

where in the fourth equality we use (50), in fifth equality we use Lemma 31 (since in what follows we
guarantee the existence of the limit of the second series and we compute the limit), and in the last
equality we use the uniformity of the convergence for |X| ă 1. From p1`xq´δ “ 1

Γpδq

ř8
k“0p´xqk

Γpk`δq

Γpk`1q

for |x| ă 1 and δ ą 0, it follows that

Erτ2Mns “
2

δ2
lim
XÕ1

ż 1

0

ż 1

0
p1 ´ tδ1qp1 ` tδ2q

1 ´ 1
p1`t1t2Xqδ

t1t2X
dt1dt2

“
2

δ2

ż 1

0

ż 1

0
p1 ´ tδ1qp1 ` tδ2q

1 ´ 1
p1`t1t2qδ

t1t2
dt1dt2

“
2

δ2

ż 1

0

ż 1

0
p1 ´ pt1t2qδq

1 ´ 1
p1`t1t2qδ

t1t2
dt1dt2

“
2

δ2

ż 1

0

1

t1

ż t1

0
p1 ´ xδq

1 ´ 1
p1`xqδ

x
dxdt1 (52)

where we use dominated convergence Theorem in the second equality, the symmetry in the third
equality for the cancellation of the other term and change of variable in the last equality. By direct
computation we have :

ż t1

0
p1 ´ xδq

1 ´ 1
p1`xqδ

x
dx “

ż t1

0

1 ´ 1
p1`xqδ

x
dx´

tδ1
δ

`

ż t1

0

´ x

1 ` x

¯δ 1

x
dx,

ż t1

0

1 ´ 1
p1`xqδ

x
dx “

δ
ÿ

k“1

ż t1

0

´ 1

1 ` x

¯k
dx

“ lnp1 ` t1q `

δ´1
ÿ

k“1

1

k

´

1 ´
` 1

1 ` t1

˘k
¯

(53)

“ lnp1 ` t1q ´

δ´1
ÿ

k“1

1

k

` 1

1 ` t1

˘k
`Hδ´1,
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where Hδ´1 “
řδ´1

k“1
1
k and after a change of variable

ż t1

0

´ x

1 ` x

¯δ 1

x
dx “

ż

t1
1`t1

0

Zδ´1

1 ´ Z
dZ “

8
ÿ

k“0

ż

t1
1`t1

0
Zδ´1`kdZ

“

8
ÿ

k“δ

1

k
p

t1
1 ` t1

qk. (54)

Since
ż 1

0

lnp1 ` t1q

t1
dt1 “

8
ÿ

k“0

p´1qk
1

pk ` 1q2
“
π2

12
,

together with (52),(53), and (54), it follows that

Erτ2Mns “
2

δ2

´π2

12
`

δ´1
ÿ

k“1

1

k

´

lnp2q `

k´1
ÿ

m“1

1

m
p1 ´

1

2m
q

¯

´
1

δ2
`

8
ÿ

k“δ

1

k

8
ÿ

m“k

1

m

1

2m

¯

“
2

δ2

´π2

12
`

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
`

δ´1
ÿ

k“1

1

k

8
ÿ

m“k

1

m

1

2m
´

1

δ2
`

8
ÿ

k“δ

1

k

8
ÿ

m“k

1

m

1

2m

¯

“
2

δ2

´π2

12
`

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
´

1

δ2
`

8
ÿ

k“1

1

k

8
ÿ

m“k

1

m

1

2m

¯

“
2

δ2

´π2

12
`

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
´

1

δ2
`

8
ÿ

m“1

1

m

1

2m
Hm

¯

“
2

δ2

´π2

6
`

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
´

1

δ2

¯

(55)

where in the second equality we use lnp2q “ ´ lnp1{2q “
ř8

m“1
1
m

1
2m , and in the fourth one we use

Fubini Theorem and in the last one

8
ÿ

m“1

1

m

1

2m
Hm “

8
ÿ

m“1

1

m

1

2m

ż 1

0

1 ´ tm

1 ´ t
dt

“

ż 1

0

lnp2q ` lnp1 ´ t
2q

1 ´ t
dt

“

ż 1

0

lnp2 ´ tq

1 ´ t
dt “

ż 1

0

lnp1 ` xq

x
dx “

π2

12

We are now ready to compute the variance of τMn in an unified manner, note that in [6] using
different stationary phase method, we where only able to compute the equivalent up to some constant
e.g. Proposition 22, 24, and 26 in [6].

Proposition 35 If Mn ‰ PnpRq then

V arrτMns “
1

δ2

´π2

3
´

δ
ÿ

k“1

1

k2
´

2

δ

δ
ÿ

k“1

1

k

¯
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“
π2

6δ2
´

2 lnpδq

δ3
`

1 ´ 2γe
δ3

` op
1

δ3
q

„
π2

6δ2

where γe is the Euler constant and
δ “ α ` β ` 1.

Proof
Using Proposition 32 and (55) we have

V arrτMns “ Erτ2Mns ´ ErτMns2

“
1

δ2

´π2

3
` 2

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
´

2

δ2
´ p

δ
ÿ

k“1

1

k
q2

¯

“
1

δ2

´π2

3
` 2

δ´1
ÿ

k“1

1

k

k´1
ÿ

m“1

1

m
´

2

δ2
´ p

δ´1
ÿ

k“1

1

k
`

1

δ
q2

¯

“
1

δ2

´π2

3
´

2

δ2
´

δ
ÿ

k“1

1

k2
´

2Hδ´1

δ

¯

“
1

δ2

´π2

3
´

δ
ÿ

k“1

1

k2
´

2Hδ

δ

¯

Since
δ

ÿ

k“1

1

k2
“
π2

6
´

1

δ
` op

1

δ
q,

and
Hδ

δ
“

lnpδq

δ
`
γe
δ

` op
1

δ
q,

where γe is the Euler constant, it follows that :

V arrτMns “
π2

6δ2
´

2 lnpδq

δ3
`

1 ´ 2γe
δ3

` op
1

δ3
q.

Remark 36 All the asymptotic development could be known using the existing results for Hδ and
řδ

k“1
1
k2

. Moreover Propositions 32 and 35 show that V arpτMnq “ oppErτMns2q, which is enough to
shows the cutoff see [6], and justify that at time tMn

n pcq “ ErτMns ` c
n something could happen.

˝

3.4 The profile function for spheres and projective spaces
In the following section we will compute the limiting profile as well as optimal windows for cutoff in
separation for family of Brownian motion in sphere, and projective spaces.

Theorem 37 For Mn “ Sn, the separation discrepancy to equilibrium for the Brownian motion has
the following asymptotic profile: for all c P R we have

lim
nÑ8

spLpXnp
lnpnq

n
`
c

n
qq,USnq “ 1 ´ e´e´c

,

and the windows of the cutoff sequence p
lnpnq

n , 1nq is strongly optimal in the sens of definition 2. Moreover
the above convergence is uniform on all compact.
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Proof
Let Mn “ Sn, it follows from asymptotic study of the two first moments of τMn in [6] that their

are a cutoff phenomenon with cutoff time lnpnq

n with windows 1
n . So let c P R, and let tSnpcq “

lnpnq

n ` c
n .

We are interested in the profile of the cutoff, hence we are interested in the asymptotic behavior
in n of

spLpXnptSnpcqqq,UMnq “ PrτMn ě tSnpcqs.

We then want to pass to a limit in n in (42) when x “ tSnpcq.
From (42), let

JS
k pnq “ p´1qk`1eλkt

S
npcqCkpSn, α, βq.

Recall that for the sphere case α “ n´2
2 “ β and so λk “ ´kpk ` n ´ 1q, from the definition of

CkpMn, α, βq in Theorem 27, and for n large enough such that lnpnq

n ` c
n ď 1

|JS
k pnq| “ e´kpk`n´1qp

lnpnq

n
` c

n
q p2k ` n´ 1qΓpk ` n´ 1q

k!Γpnq

ď eke´kpk`nqp
lnpnq

n
` c

n
q p2kqpn´ 1qΓpk ` n´ 1q

k!Γpnq

“ 2eke´kpk`nqp
lnpnq

n
` c

n
q Γpk ` n´ 1q

pk ´ 1q!Γpn´ 1q

“
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
q 1

nk
Γpk ` n´ 1q

Γpn´ 1q
(56)

“
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
q pk ` n´ 2q...pn´ 1q

nk

“
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
qp1 `

k ´ 2

n
q...p1 ´

1

n
q

ď
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
qp1 `

k ´ 2

n
q...p1 `

1

n
q

“
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
qe

řk´2
j“1 lnp1`

j
n

q

ď
2ek´kc

pk ´ 1q!
e´k2p

lnpnq

n
` c

n
´ 1

2n
q , since @x ě 0 lnp1 ` xq ď x

ď
2ekp1´cq

pk ´ 1q!
, for n large enough,

hence JS
k pnq is uniformly bounded by an integrable series. Also for fixed k,

|JS
k pnq| „nÑ8

1

k!
e´kplnpnq`cqΓpk ` n´ 1q

Γpn´ 1q

„nÑ8

e´kc

k!

Γpk ` n´ 1q

nkΓpn´ 1q

„nÑ8

e´kc

k!

pk ` n´ 1qpk`n´1´ 1
2

qe´pk`n´1q

nkpn´ 1qn´1´ 1
2 e´pn´1q

„nÑ8

e´kc

k!
. (57)

37



It follows from (56), (57) and Lebesgue’s dominated convergence theorem that

lim
nÑ8

spLpXnptSnpcqqq,UMnq “ lim
nÑ8

PrτMn ě tSnpcqs

“ lim
nÑ8

8
ÿ

k“1

p´1qk`1eλkt
S
npcqCkpMn, α, βq

“

8
ÿ

k“1

p´1qk`1 e
´kc

k!

“ 1 ´ e´e´c
.

The above computation also shows that the windows 1
n is in fact strongly optimal in the sens of

definition 2. For the uniformity in all compact, let c P r´A,As,

|JS
k pnq ´ p´1qk`1 e

´kc

k!
| “ |e´kpk`n´1qp

lnpnq

n
` c

n
q p2k ` n´ 1qΓpk ` n´ 1q

k!Γpnq
´
e´kc

k!
|

“
e´kc

k!
|e´kpk´1qp

lnpnq

n
` c

n
q p2k ` n´ 1qΓpk ` n´ 1q

nkΓpnq
´ 1|. (58)

Since for all x ě 0

x´
x2

2
ď lnp1 ` xq ď x,

we have as in (56) that for k ě 2:

p2k ` n´ 1qΓpk ` n´ 1q

nkΓpnq
“

pn` 2k ´ 1qpn` k ´ 2q...pnq

nk
ď e

kpk´1q

2n
` k

n ď ekpk´1q 3
2n ,

and

p2k ` n´ 1qΓpk ` n´ 1q

nkΓpnq
ě

pn` k ´ 1qpn` k ´ 2q...pnq

nk
ě e

kpk´1q

2n
´ 1

2n2

řk´1
j“1 j2

ě e
kpk´1q

2n
´ 1

2n2 pk´1q3 .

It follows that for k ě 2 and for n large enough and uniformly in c P r´A,As, (such that lnpnq

n ` c
n ´ 3

2n ě
lnpnq

n ´ A
n ´ 3

2n ě 0)

e´kpk´1qp
lnpnq

n
` c

n
q p2k ` n´ 1qΓpk ` n´ 1q

nkΓpnq
ď e´kpk´1qp

lnpnq

n
` c

n
´ 3

2n
q ď 1

and so since for x ě 0, |e´x ´ 1| ď x

|e´kpk´1qp
lnpnq

n
` c

n
q p2k ` n´ 1qΓpk ` n´ 1q

nkΓpnq
´ 1| ď |e´kpk´1qp

lnpnq

n
` c

n
´ 1

2n
q´ 1

2n2 pk´1q3
´ 1|

ď kpk ´ 1qp
lnpnq

n
`
c

n
´

1

2n
q `

1

2n2
pk ´ 1q3

ď kpk ´ 1qp
lnpnq

n
`
A

n
´

1

2n
q `

1

2n2
pk ´ 1q3. (59)

Since for k “ 1, |JS
1 pnq ´ e´c

1! | ď e´c

1! |n`1
n ´ 1|, the uniform convergence on all compact follows from

(58) and (59).
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Remark 38 The above computation shows that we have the following convergence in law :

nτSn ´ lnpnq
L

ÝÑ
nÑ`8

Gumbel
`

0, 1
˘

where Gumbel is the Gumbel distribution.
˝

Theorem 39 For Mn “ PnpCq,PnpHq or PnpRq, the separation discrepancy to equilibrium for the
Brownian motion has the following asymptotic profile: for all c P R we have

lim
nÑ8

spLpXnp
2 lnpnq

n
`
c

n
q,UMnq “ 1 ´ e´ e

´ c
2

2 ,

and the windows of the cutoff sequence p
2 lnpnq

n , 1nq is strongly optimal in the sens of definition 2.
Moreover the above convergence is uniform on all compact.

Proof
The proof is very similar to the above proof. Let Mn “ PnpCq, it follows from asymptotic study of

the two first moments of τMn as in [6] that their are a cutoff phenomenon with cutoff time 2 lnpnq

n with
windows 1

n , for c P R, let tPpCq
n pcq “

2 lnpnq

n ` c
n , let

J
PpCq

k pnq “ p´1qk`1eλkt
PpCq
n pcqCkpPnpCq, α, βq.

Recall that for the complex projective case α “ n´2
2 and β “ 0 and so λk “ ´kpk` n

2 q, using Theorem
27 and the same computation as (56) we get that JPpCq

k pnq is uniformly bounded by an integrable
series, and for fixed k,

|J
PpCq

k pnq| “ e´kpk`n
2

qp
2 lnpnq

n
` c

n
q
p2k ` n

2 qΓpk ` n
2 q

k!Γpn2 ` 1q

„nÑ8

1

k!
e´kplnpnq` c

2
q
Γpk ` n

2 q

Γpn2 q

„nÑ8

e´ kc
2

2kk!

Γpk ` n
2 q

pn2 qkΓpn2 q

„nÑ8

e´ kc
2

2kk!

pk ` n
2 qpk`n

2
´ 1

2
qe´pk`n

2
q

pn2 qkpn2 q
n
2

´ 1
2 e´pn

2
q

„nÑ8

e´ kc
2

2kk!
.

It follows that
lim
nÑ8

spLpXnptPpCq
n pcqqq,UPnpCqq “ 1 ´ e´ e

´ c
2

2 .

Recall that for the quaternionic projective case α “ n´2
2 and β “ 1 and so λk “ ´kpk ` n

2 ` 1q

and the cutoff time is the same as the complex projective case [6], let tPpHq
n pcq “

2 lnpnq

n ` c
n and we

have in a similar way

lim
nÑ8

spLpXnptPpHq
n pcqqq,UPnpHqq “ 1 ´ e´ e

´ c
2

2 .
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Let Mn “ PnpRq, from [6] their are a cutoff phenomenon with cutoff time 2 lnpnq

n with optimal
windows 1

n , for c P R, let tPpRq
n pcq “

2 lnpnq

n ` c
n , and let

J
PpRq

k pnq “ p´1qk`1eλkt
PpRq
n pcqCkpPnpRq, α, βq.

Recall that for the complex projective case α “ n´2
2 “ β and so λk “ ´kpk ` n´1

2 q (recall that the
diameter is π ), using Theorem 27 and the same computation as (56) we get that JPpRq

k pnq is uniformly
bounded by an integrable series, and for fixed k,

|J
PpRq

k pnq| “ e´kpk`n´1
2

qp
2 lnpnq

n
` c

n
q
p4k ` n´ 1qΓp2k ` n´ 1qΓpn2 q

22kk!Γpk ` n
2 qΓpnq

„nÑ8

e´ kc
2

22kk!

Γp2k ` n´ 1qΓpn2 q

nkΓpn´ 1qΓpk ` n
2 q

„nÑ8

e´ kc
2

22kk!

p2k ` n´ 1q2k`n´1´ 1
2 e´p2k`n´1qpn2 q

n
2

´ 1
2 e´n

2

nkpn´ 1qn´1´ 1
2 e´pn´1qpk ` n

2 qk`n
2

´ 1
2 e´pk`n

2
q

„nÑ8

e´ kc
2

22kk!

p2k ` n´ 1q2k`n´1´ 1
2 e´pkqpn2 q

n
2

´ 1
2

nkpn´ 1qn´1´ 1
2 pk ` n

2 qk`n
2

´ 1
2

„nÑ8

e´ kc
2

2kk!
.

It follows that
lim
nÑ8

spLpXnptPpRq
n pcqqq,UPnpRqq “ 1 ´ e´ e

´ c
2

2 ,

also the windows 1
n is in fact strongly optimal. The uniform convergence in all compact follows with

the same proof as in Theorem 37.

Remark 40 If Mn “ PnpCq,PnpHq or PnpRq we have the following convergence in law :

nτMn ´ 2 lnpnq
L

ÝÑ
nÑ`8

Gumbel
`

´ 2 lnp2q, 2
˘

.

˝
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