A non-linear wave equation with fractional perturbation
Aurélien Deya'

Abstract: We study a d-dimensional wave equation model (d € {2,3}) with quadratic non-linearity and
stochastic forcing given by a space-time fractional noise. Two different regimes are exhibited, depending on
the Hurst parameter H = (Ho, ..., Hy) € (0,1)%! of the noise: if Zj:o H, >d— %, then the equation can
be treated directly, while in the case d — % < Z;i:o H; <d- %, the model must be interpreted in the Wick
sense, through a renormalization procedure.

Our arguments essentially rely on a fractional extension of the considerations of [14] for the two-dimensional
white-noise situation, and more generally follow a series of investigations related to stochastic wave models
with polynomial perturbation.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we propose to study the following non-linear stochastic wave equation:

O2u — Au+ p*u? =B, te[0,T], € R?, (1)
U(O, ) = ¢0 ) 6{&(0, ) = ¢1 s
where ¢o, 1 are (deterministic) initial conditions in an appropriate Sobolev space, p : R -5 R is a
smooth (deterministic) function with support included in a bounded domain D C R?, d € {2,3}, and B £
010z, - -+ Oz, B for some space-time fractional Brownian motion B = B of Hurst index H = (Ho, Hi, ..., Hy) €
(0,1)**!. For the sake of clarity, let us here recall the specific definition of this process:

Definition 1.1. Fiz a dimension parameter d > 1, as well as a complete filtered probability space (Q, F,P).
For any H = (Ho, Hi, ..., Hy) € (0,1)%*!, a centered Gaussian process B : Q x ([0,T] x R*) — R is called a
space-time fractional Brownian motion (or a fractional Brownian sheet) of Hurst index H if its covariance
function is given by the formula

d

E[B(s, 21, @) B(t,y1, -, ya)] = Bio (s, 8) [ [ Rers (@i, w0)

i=1

where .
Ry, (z,y) £ 5(\9€|2Hi + 1y = e -y
In particular, a space-time fractional Brownian motion of Hurst index
1 1
H=(=,...,=
(30:3)

is a Wiener process (and in this case the derivative B is a space-time white noise).

Since the pioneering works of Mandelbrot and Van Ness, fractional noises have been considered as very
natural stochastic perturbation models, that offer more flexibility than classical white-noise-driven equations.
The involvement of fractional inputs first occured in the setting of standard differential equations and, even
in this simple context, the procedure is known to raise numerous difficulties due to the non-martingale nature
of the process. Sophisticated alternatives to It6 theory must then come into the picture, whether fractional
calculus, Malliavin calculus or rough paths theory, to mention just the most standard methods.

More recently, fractional (multiparameter) noises have also appeared within SPDE models. A first widely-
used example is given by white-in-time colored-in-space Gaussian noises, that can be treated in the classical
framework of Walsh’s martingale-measure theory [27], or with Da Prato-Zabczyk’s infinite-dimensional ap-
proach to stochastic calculus [7]. Such noise models have thus been applied to a large class of PDE dynamics,

Unstitut Elie Cartan, Université de Lorraine, BP 70239, 54506 Vandoeuvre-lés-Nancy, France. Email:
aurelien.deya@univ-lorraine.fr



and the properties of the solutions to the resulting SPDEs are often well understood (see [7] and the numerous
references therein).

SPDEs involving a fractional-in-time noise are much more delicate to handle (Walsh and Da Prato-
Zabczyk theories no longer apply in this case), and the related literature is in fact very scarce:

e In the parabolic setting, one can first mention [26] for the study of a homogeneous equation with additive
fractional Brownian motion, and the series of papers [18; 19, 20] for the analysis of a linear multiplicative
perturbation of the heat equation. Pathwise approaches to the parabolic fractional problem have also been
considered in [11, 16] using rough-paths ideas, and in [8, 9] with the formalism of Hairer’s theory of regularity
structures.

e For the wave equation, and to the best of our knowledge, the results are so far limited to the analysis of
the specific one-dimensional (d = 1) situation [2, 6, 12, 22|, and to the study of affine models when d > 2:
the homogeneous equation with additive fractional noise in [3] and multiplicative linear noise in [1] (when
the time-fractional order satisfies Hy > 1/2 and the space covariance structure is given by a Riesz kernel of
order a > d — 2).

In brief, SPDEs, and especially stochastic hyperbolic equations, driven by a space-time fractional noise
remain a widely-open field at this point. Note in particular that the wave-equation case cannot be treated
within the recently-introduced framework of regularity structures ([17]), due to the lack of regularization
properties for the wave kernel with respect to space-time Sobolev topologies.

With this general background in mind, let us now go back to the consideration of equation (1). Our
approach to the model will directly follow a series of investigations [4, 5, 14, 21, 25] devoted to the study of
stochastic wave (or Schrodinger) equations involving a polynomial drift term. Our study can more specifically
be seen as a fractional extension of the results of [14] for the white-noise situation. In the last five references,
and in our study as well, the strategy to handle the equation relies on a central ingredient that is often
referred to as the Da Prato-Debussche’s trick. Roughly speaking, it consists in regarding the solution u of
(1) as some “perturbation” of the solution ¥ to the associated “free” equation

2V — AU = B, te[0,7], = € RY, @)
v(0,.)=0, 0:9(0,.) =0.
In fact, staying at a heuristic level, observe that the difference process v 2 u — ¥ satisfies (morally) the
equation
Ofv— Av+ p*(v? +20- U+ ¥?) =0, tel0,T], z € R?, 3)
’U(O, ) B (;50 5 811)(0, ) = (;51 .

The key of the method then lies in the fact that, once endowed with a good understanding of the pair
(¥, ¥?), equation (3) turns out to be much more tractable than the original equation (2), and can be solved
with pathwise arguments. The procedure thus emphasizes the following idea: to some extent, the difficulties
behind the analysis of equation (2) reduce to the difficulties in the study of the two processes ¥ and U2, Note
in particular that this general approach offers a clear splitting between the stochastic part of the analysis
(i.e., the study of (¥, ¥?)), and the deterministic part of the problem (i.e., the pathwise study of (3)). This
decomposition is very reminiscent of the spirit of rough paths (or regularity structures) theory, where the
solution of the problem is also built in a deterministic way around a stochastically-constructed object.

The solution ¥ of (2) is therefore expected to play a fundamental role in the analysis, and a first step
consists of course in providing a clear definition of this process (we recall that the space-time fractional
setting is not exactly standard). To this end, we will appeal to a natural approximation procedure and
construct ¥ as the limit of a sequence of (classical) solutions driven by a smooth approximation B, of B (or
equivalently a smooth approximation B, of B). Just as in [8, 9], the approximation that we will consider
here is derived from the so-called harmonizable representation of the space-time fractional Brownian motion
(see e.g. [24]), that is the formula (valid for every H = (Hy, ..., Hy) € (0,1)4T1)

e'LIi M __ 1

—~ e
B(t,x1,...,24) = cH/ W (dg, dn) < H
£€R JneERD
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where ¢y > 0 is a suitable constant and /I/I7 stands for the Fourier transform of a space-time white noise
in R defined on some complete filtered probability space (Q, F,P). The approximation (Bp)n>1 of B is

then defined as
Bn(t,x zq) £ c / / W (dé, dn) e —1 f[ et 1 (4)
n\tyL1,...,4d) — CH ) 1 R
lel<zn Jjnj<an [ Toxz ) [l it

It is readily checked that for all fixed H = (Ho, Hy,...,Hy) € (0,1)%" and n > 1, the so-defined process
B, indeed corresponds to a smooth function (almost surely). Accordingly, the associated equation
02w, — AV, = B, , tel0,T], = e R?, 5)
v,(0,.)=0, 6;:¥,(0,.) =0,
falls within the class of standard hyperbolic systems, for which a unique (global) solution ¥, is known to
exist. Our first result now reads as follows:

Proposition 1.2. Let d > 1 and p : R* — R be a smooth compactly-supported function. Then, for every
(Ho, Hi, ..., Hy) € (0,4 (pU,,)pn>1 is a Cauchy sequence in the space LP(S2; L= ([0, T]; W™*P(R))), for
allp > 2 and

oz>d—7—

(6)

||'M&

In particular, (p¥n)n>1 converges to a limit in LP(€; L°°([ ,T); W™>P(R?))), that we denote by pV.

This approach of a fractional equation via a regularization procedure is of course a standard strategy,
that is also used for instance in rough paths or regularity structure theory (observe that the interpretation
of the equation in [19] leans on an approximation method as well).

Remark 1.3. In [3], the authors tackle the fractional model (2) using a Malliavin-calculus approach, which
provides an interpretation and a solution of the equation that may be considered as more intrinsic (since it
does not depend on any approximation of the noise). In fact, we think that this Malliavin-calculus solution
to (2) could be identified with the limit process ¥ exhibited in Proposition 1.2, but we will not dwell on
this identification procedure, since we find it relatively removed from the purpose of our analysis and also
because it would require the introduction of the whole Malliavin-calculus framework. Observe however that
the results of [3] also highlight the threshold Ej:o H; = d— % (with the additional assumption Ho > 3) for
U to be either a function or a distribution.

Based on Proposition 1.2, the limit process ¥ will therefore be considered (almost surely) as a function
when Zj:o H; >d— % and as a distribution otherwise. In the latter situation, and when turning to the
study of the auxiliary equation (3), one must then face the problem of interpreting the product 2. Just as
in [14, 21], we will actually understand this product in the Wick sense, which, again, can be made rigorous
through an approximation method, combined with a renormalization procedure:

Proposition 1.4. Let d > 1 and p : RY — R be a smooth compactly-supported function. Also, let
(Ho, Hi,...,Hy) € (0,1)% such that

d
3 1
-2 Hi<d— >,

d—7 < Z_; <d- 3 (7)
and consider the Wick-renormalized product W2 (t,y) 2 W, (t,y)*> — on(t,y), with on(t,y) £ E [ ]
Then (p2@§)n21 is a Cauchy sequence in the space LF(Q; L> ([0, T}; W2*P(R%))), for allp > 2 a d

d
1
a>d—§—ZH¢. (8)
i=0

In particular, (pQ@i)nzl converges to a limit in LP(Q; L°° ([0, T); W™2*P(R%))), that we denote by P> W2

Two distinct treatments of the problem (corresponding to the two regimes d — % — Z?:o H <a<0
and d — % - Zj:o H; > o > 0 in Proposition 1.2) are thus to occur in our analysis, with a clear transition
phenomenon regarding the interpretation of the product ¥? and the need for renormalization. In order



to encompass these two regimes into a single framework, let us slightly extend the formulation of (3) and
consider the more general (deterministic) equation
07v — Av + p*v? + (pv) - TI* + TI% = 0, te[0,T], € R,
’U(O, ) = (]50 s 8{1)(0, ) = ¢1 )
where the two “parameters” TI* and II? will be either functions or distributions in suitable Sobolev spaces.
Our interpretation of the model (1) can now be expressed as follows:

(9)

Definition 1.5. Let U and U2 be the processes defined in Proposition 1.2 and Proposition 1.4.

(i) A stochastic process (u(t, ))iec(o,7),ccra 8 said to be a solution (on [0,T]) of the equation

2u — Au+ p*u’ = B, t€[0,7], = € RY, (10)
'LL(O, ) = ¢0 ) at'LL(O, ) = ¢1 ;
if, almost surely, ¥ is a function and the auziliary process v := u — V¥ is a mild solution (on [0,T]) of

Equation (9) with TI* £ 2p¥ and TI? £ p? T2,
(i1) A stochastic process (u(t,T));co,1),0erd 5 said to be a solution (on [0,T]) of the Wick-renormalized
equation
- d
) tG[O,T},xGR, (11)
u(07 ) = ¢0 ) 6tu(07 ) = ¢1 )

if, almost surely, the auziliary process v := u—V is a mild solution (on [0,T]) of Equation (9) with TI* £ 2p¥
and TI? £ p> W2,

{ OZu — Au + p? 1u* =

The results of Section 3 will in fact allow us to give a clear sense to the notion of a mild solution to (9)
(with values in a specific space), thus completing the above definition. With this setting in mind, we can
finally state the main results of our study.

Theorem 1.6. Let d € {2,3} and (¢o, ¢1) € H*(R?) x L*(R?). Then the following picture holds true:

(4) If Zj:() H;, >d- %, then, almost surely, there exists a time Ty > 0 such that the equation (10) admits a
unique solution u in the set

Sty 2 U+ X(Ty), where X(To) £ L=([0,To); H'(RY)). (12)

(i) If d — % < Zj:o H, <d- %, then, almost surely, there exists a time To > 0 such that the Wick-

renormalized equation (11) admits a unique solution u in the set

Spy 2 W+ X3(To), where X7 (To) 2 L0, To); H? (RY)), (13)

Using the continuity properties of the solution v of (9) with respect to (IT*, TI?), we will also be able to
“lift” the convergence statements for ¥ and ¥? (i.e., the results of Propositions 1.2 and 1.4) at the level of
the equation, which will offer the following alternative interpretation of the model:

Theorem 1.7. Let d € {2,3} and (¢o, 1) € H*(R?) x L*(R?). Then the following picture holds true:

(1) If Zj:o H; >d— %, consider the sequence (un)n>1 of (classical) solutions to the equation
8t2uanun+p2ui:Bn, t € [0,To], z € RY, (14)
u(0,.) = ¢o , Ou(0,.) = ¢1.

Then, almost surely, there exists a time To > 0 and a subsequence of (un) that converges in the space

L>=([0, To]; L*(D)) to the solution u exhibited in Theorem 1.6 (item (3)).

(i6) Ifd— 2 < Z?:o H; <d— 3%, set on(t) 2 E[¥n(t,2)?] and consider the sequence (un)n>1 of (classical)

solutions to the renormalized equation

Ofun(t, J)) - Aun(t’ I) + p2($)(un(t, x)Q - U”(t)) = B”(tf CI:) ’ (15)
un(0,.) = ¢o , Oun(0,.) = ¢1.
fort € [0,To],z € RE. Then
nd=3-5"% m, )
G'n(t) nzoo c}{t22 (d 2 Zi:OH) Zf ZZ:O HZ < d—% 3 (16)
c&tn if Yo Hi=d—3,



for some constants cy,c2y, and, almost surely, there exists a time To > 0 and a subsequence of (un) that
converges in the space L°°([0,To]; H™ (D)) to the solution u exhibited in Theorem 1.6 (item (i1)), for every
a>d-— % _Z?:OHi'

As far as we know, Theorems 1.6 and 1.7 are the first wellposedness results for a non-linear wave model
involving a space-time fractional noise (at least beyond the very specific one-dimensional situation). Observe
that the above change-of-regime phenomenon is especially relevant in the fractional setting, where the
roughness parameter H can be “continuously” modified in (0, 1)dJrl (contrary to the space parameter d €
{2,3,...}).

The rest of the paper is devoted to the proof of these successive statements. Let us just conclude this
introduction with a few additional remarks about Theorems 1.6 and 1.7.

Remark 1.8. The consideration of the linear combination Zj:o H; in the above splitting must be compared

with the role of the linear combination 2Hy + Zle H; in the study of the fractional heat equation (see e.g.
[8, Theorem 1.2]). These combinations naturally echo the hyperbolic and parabolic settings, with scaling
coefficient s = (1,1,...,1) and s = (2,1,..., 1), respectively.

Remark 1.9. Of course, the two situations (¢) and (i) in Theorem 1.6 and Theorem 1.7 do not cover the
whole range of possibilities for the Hurst index H = (Hy, ..., Hy) € (0,1)**! of the noise.

The restricting condition Z?:o H;,>d- % is first inherited from our computations towards Proposition
1.4 (as reported in (7)), where we lean on the possibility to pick a < § (see (32)), and, due to (8), this can

indeed be done only if ijo H;>d- %. We suspect that, at the price of a sophisticated refinement of the
estimations of Section 2.2 (starting from a refinement of the transition from (29) to (30)), the renormalization
result of Proposition 1.4 should in fact remain true up to the critical value Zj:o H; = d—1. This conjecture
is essentially based on the results of [10] for the particular dimension d = 2, where the Wick-renormalization
of ¥? is shown to be possible up to the critical situation Ho + H; + Hy = 1 (see [10, Propositions 1.3 and
1.4]).

On the other hand, and in light of the assumptions in the subsequent Proposition 3.5, it is clear that the
deterministic part of our analysis can only be applied if a < % Keeping condition (8) in mind, this would

here lead to the restriction Z?:o H; >d— %, and so, in brief, we think that the “second-order” results of
Theorems 1.6 and 1.7 should remain valid if d — % < Z‘Z:O H; <d-— %. To our opinion, extending such
properties to the case d — 1 < Zj:r) H, <d- % can only be done through the consideration of higher-order
expansions of the equation, as performed in [10] for the particular dimension d = 2.

Remark 1.10. The forthcoming proofs (and accordingly the above results) could certainly be extended to
more general covariance structures, such as the ones considered for instance in [3]. Our arguments are
indeed based on a Fourier-type analysis, which suggests that a suitable control on the Fourier transform of
the covariance function might be sufficient for the computations to remain valid. Besides, we think that, just
as in rough paths or regularity structures results, the above properties are in fact relatively independent of
the choice of the approximation B,,. For instance, using an appropriate Fourier transformation, the results
should be the same when starting from an approximation of the form B, £ ¢, * B, for a given mollifying
sequence (¢n)n>1 (the only possible difference may be the value of the constants c3;, c%; in (16), as classically
observed in regularity structures theory).

Remark 1.11. For d = 2, our results cover the white-noise situation Hy = H; = Hy = %, and so we can
consider Theorem 1.6 as a fractional extension of [14, Theorem 1.1] in the quadratic case (as far as the
non-linearity). Our study thus offers an additional illustration of the flexibility of the general two-step
procedure described above (i.e., we first study the free equation (2) and then the auxiliary equation (9)).
Observe that the white-noise situation for d = 2 corresponds here to a “border case”, that is a case for which

Zj:o H; = d — 3, with specific rate of divergence in (16).

Remark 1.12. As the reader may have guessed it, the involvement of the smooth function p in (1) is only
meant to bring the computations back to a compact space-time domain (which will be often esssential in
the sequel). Thus, our results should morally be read as local results, both in time and in space, for the



real “target” equation, that is the equation with p = 1. What refrained us to formulate the problem on a
torus (just as in [14, 21]) is the consideration of the fractional noise, which is more convenient to define and
handle on the whole Euclidean space.

As we already pointed it out, our analysis will be clearly divided into a stochastic and a deterministic
part. The organization of the paper will follow this splitting. Section 2 is first devoted to the stochastic
analysis, that is the study of ¥, and the proof of Propositions 1.2 and 1.4. The estimation (16) of the
renormalization constant (which is directly related to ¥, ) will also be carried out in this section. In Section
3, we will focus on the deterministic study of the auxiliary equation (9), first in the “regular” case where
II' and II' are functions (Proposition 3.3), and then in the distributional situation (Proposition 3.5). We
will finally combine these successive results in Section 4 in order to derive the proof of Theorem 1.6 and
Theorem 1.7.

Throughout the paper, and for any normed space E, the notation N[v; E] will refer to the norm of v € E.

Acknowledgements. I am deeply grateful to two anonymous reviewers for their careful reading and
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2. STUDY OF THE (STOCHASTIC) LINEAR EQUATION

We here propose to tackle the issues related to the solution ¥, of the regularized equation (5).

For a fixed dimension d > 1, let us denote by G the Green function associated with the standard d-
dimensional wave equation and recall that the (space) Fourier transform of G is explicitly given for all ¢ > 0

and z € R? by the formula
/ dy efl(z’th(y) _ sin(t|z|) )
Rd ||

Now, the solution ¥, of (5) can be written as

Uotz) — /ds Goo % Bu(s))(2)

_ 1€s z<n,y>
/n|<271 57 )‘é“HO+1 ‘77 ‘HL+2 / dS/ dyGt s 33 )

- / (de, dn) —~ "l‘:’fl &l ()
<2

1
\n|<2” |g[Fotz =T |n

where for all ¢ > 0, £ € R and r > 0, we define the quantity v:(§,r) as

ye(€,r) 2 e /dseﬂfsw. (18)

r

Let us also set vs,:(&,7) 2 v(&,7) — vs(&, 7).
With these notations in hand, our computations towards Proposition 1.2 and Proposition 1.4 will exten-
sively rely on the two following elementary estimates.

Lemma 2.1. For all0<s<t, §€R, r>0 and k, X € [0,1], it holds that

[t—s|  [t—s|"t [t —s[*"{r" + |§|”}t*(l’”))
1§ [ A R '

t .
peter)l 5 1= e [ auemeesnlen)
T
0

SOLERIE— st 4 |t — st

e (6, 7)] S mim (J€1°Je = o142  [¢ = slt, = + (19)

Proof. First, one has obviously

t .
. ‘ / P
T



Then observe that

t .
(tr)
V(&) = €' /dseﬂ&ssm(sr) — nlir) / dse™"** cos(sr) |
0

r r z&
which readily entails |vs (&, 7)| S ‘t s‘ + Lt ‘f‘ L Finally, it can be checked that
1 ezrt _ ezft e*’L’I‘t _ ez&t
- = _ 20
775(677’) 27"|: £—7’ £+T’ ) ( )
which easily leads to
st (6,7)] < [t — s|"{r" + |g|* A=)

rllgl =P =20

O
Corollary 2.2. Forall0<s<t<1, He (0,1),r>0,¢c€ (0,1) and s € [0,min(H, 15%)), it holds that

2
/dgw < |t — 5" min (1, L : ) :
R T

|¢[2H-1 242(H—r) | pl+2(H—r)—c

Proof. The two bounds follow from (19). First,

|’Ys 1(577‘)‘2 2Kk |:/ dg / dé :| 2K
dg DS <y S 5 | <|t-s
/]R et Sl et BP0 gy €200 e

Then consider the decomposition

[Ys.e (€, 1) ,/ [ys.e (€, 1) / [ys.e (€, 7) I
dg s 1 — dg Lot L dg s L
/R ¢ et llgl—r|> 15! e llgl—ri< 8! gt

5 <l
On the one hand, it holds that
/ L = e T I
(TS " Jesznogezany  EPTHIE -
|2t—s|2*”~ / de 1+ [€*" N .
e S ST E S e | B R
On the other hand, for any A € [0, 1], one has

A

/ dg ‘fysvt(€7 T)|2 < |t — S|2K / dé— TQH’ + ‘£|2H
[[€]=r|< % |£|2H_1 ~ r? 2r<jgl<ar |£|2H71||§| _T|272>\(17K)
o It / ¢
N r2t2(H—r)—2A(1—k) 2612 [E2HE-1|[¢] — 1[2-22(1—r)
and we get the conclusion by taking A = 2(11*'1) € [0,1]. O

2.1. Proof of Proposition 1.2. For the sake of clarity, we shall assume that 7" < 1 and set, for all m,n > 1,
‘Iln,m é \II"L - \IJ’VL'

Step 1: Let us show that forallm >n >1,0 < s <t <1 and € > 0 small enough, one has

/d dm]E“]—"l({l + P EF Rl (t,.) — W (s, .)]))(x)]ﬂ

-2 2

(21)

where the proportional constant only depends on p, a and p.

Using the hypercontractivity property of Gaussian variables, we can first assert that
— o 2
B[|F 7 ({14 LY 7 (el nm(t, ) = (s, D) @)] ]
p

< B[P {1+ LY EF T (t) — Tnn(s D) @)



where the constant ¢, only depends on p. Then write

E[|77 (L4 1P 2 F (ol (t, ) = T, »]))(mﬂ

/‘“/ dy/ dx/ dge' ™M {1+ AP} F e O e N 1 4 X2y 8
el(i,mp(y)p(g)]}z [{\D"»m(tay) - \Il"xm(&y)}{\p’”»m(tag) - \I/n’m(&g)}:l .

At this point, and with expression (17) in mind, note that

]E[{\I"n,m(ta y) - \Iln,m(sa y)}{\yn,m(t,?j) - \IJn,m(S,g)}]

d
1 1 )
=c dédn — s, (€, |n|)|2el<777y>6—1<77,y> 7 (22)
/(m)epm . [§[2Ho—t 1;[1 || 211

where D, , = (BL, x BL)\(BL x Bd), BF £ {\ € RF, |\| < 2%}, and accordingly

B[l ({1 + LY E F ot ) — B(s, 1) ()]

d
1 1
=c déd — [, (& D)
/(g’n)epm,n g 7 |§‘2H0—1 71;[1 |,’77;|2H1—1 | St( | D|

[oax [ ane =2 Rp0nam - {1+ AP} 14 37 E

which gives

E[|F ({14 1B} E Fplm(t.) — Tms, D)) @)

P

P 1 1 o
eI \@PH“HWPH el O
j=1"(&, m.n
/ AN [V NG00 )l X1+ VP VP (23)
R(

Now,

j=1
p
:/ de/ d”/ AN @ =N O p(= M) {1+ [ + N2} E {1+ | + N[}
R iy Re R4
p—1
[T [ v [ aV p00p(-3) 1+ In? 4 N} (L4 4 )8
R4 R4

/Rd dx”? ﬁ(A”)ﬁ(Z::(X’“ — k) Ap){l F P+ NP2 E
{rs T &0

The absolute value of this product can in fact be bounded by

P MRy

P
e[t + 1Py,
i=1



for some constant ¢ > 0, due to
AL+ [+ AP}
= [P+ I+ A E Lo 2oy + POV + I+ A5 L < a0y
< callP T giags g1ty + BOVKL + 102 #1411
< Capon {{1 F AP PY E L s gy + L P+ \77|2}7%1{|,\\<%\n\}}
< Cap{l + AP} {1+ *} (25)

for all \,n € R and & > 0.
Going back to (23), we get that

E[’f‘l({l + 2} EF (ol (t,.) — Upyn(s, .)]))(x)ﬂ

d P
1 1
S dédn [ — {1+ 0"} Py (&, [0 2)
(/(\5777)E'Dmyn |£‘2H071 41 |ni|2H171{ | | } | t( | |)‘

d P
1 1

< dg / dn [] .{1+|n|2}‘“|vs,t<£,|n|)2)
(/wgmgzm PR i B U i

d P
1 1
+ / d¢ dn — {1+ 0?6 (& 2)
( |g|<2m on<|n|<2m |¢[2Ho—1 };[1 \m\zHl’l{ I3 e & D)
é (ITﬂ77l(s7t))p + (II7TL,n(S7t))p . (26)

Let us focus on the estimation of I, ,(s,t) (the treatment of II,, ,,(s,t) can be done along similar
arguments). Using an elementary spherical change-of-variable for the 7;-coordinates, we get that for
any 0 < € < Hy,

—2n {142} 2
Imn S, t <2 s/ |§|2H0 %1 / dr p2(Hi+..+ Hg)—2d+1 ‘Vs,t(garﬂ

P

1
/[] - 1H\cos ;) PH [ sin(6;) [PHer i+ -+ ) —2a+ 241

and since max(2H; —1,2(H;41+ ...+ Hg) —2d+2i+1) < 1 for every ¢ € {1,...,d — 1}, this yields

_ > 1 {1472}«
2n
Lnn(s,t) <2 €/Rd5/0 dr € 2T R T 2T st (€, 7) 2

Now, by applying Corollary 2.2, we can assert that for all 0 < ¢ < min(Hy, 5) and 0 < Kk <

min(Hy — ¢, 3 — €),
o) 1 {1 +T2} a
/Rdf/o dr |€|2Ho—2=—1 2(Hi+...+ Ha)—2d+1 st (€, 7) 2
1 o]
dr 1
2K
=l {/0 r2(Hi+.. . 4+Hq)—2d+1 +/1 ar r2a+2(Hot...+Hq)—2d+2-2r—4e | ~ @7

The conclusion is straightforward: the two integrals involved in (27) are indeed finite as soon as
1 d
2et+ < a-— [d_z_;Hl} .

Step 2: We have thus shown that

E[Hqunvm(t’ )= PP, )3 2P(Rd)} S 27|t — s
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and we can now conclude by applying the classical Garsia-Rodemich-Rumsey estimate: for any
€og >0,

E [N [pWm: € ([0, T]; W=2P(R))] 2”}

// dsdt]E[Hp\Ij"’m(t’) PUnm(s HWW(M]
[0,1]2

t— 5|250p+2

< yorme / / dsdt
- fo,1]2 [t — s|72(Em=0)pt2 7

noting that the latter integral is finite for all 0 < g < € and p large enough.

A

2.2. Proof of Proposition 1.4. Due to condition (7), we can (and will) assume in the sequel that
o < 1, which will be of importance in our estimates (see (32)). Also, for the sake of clarity, we shall

again assume that 7" < 1. Finally, let us set, for all m,n > 1 and 0 < s,t < 1, \Iln,m 29, -0,
2 L W2 W2 and f(s,t;.) 2 f(t,.) — f(s,.) for f € {Up, Uy, B2, B2

n,m

Just as in [14], the success of the renormalization procedure essentially lies in the following
elementary property, which can be readily derived from the classical Wick formula:

Lemma 2.3. For allm,n>1, s,t >0 and y,7 € R, it holds that

~

E[2 (t,y) $2(s,§)] = 2E[Wn(t,9) V(5. 9)]

We can now turn to the proof of Proposition 1.4, that we present as a two-step procedure (just
as the proof of Proposition 1.2).

Step 1: Let us show that forallm >n >1,0<s <t <1 and € > 0 small enough, one has
[ B [l7 (1 Py PR . 0) )] S 2 e - s (28)
Rd

where the proportional constant only depends on p, a and p.

Using the hypercontractivity property of Wiener chaoses, we can first assert that

E[|F7 {1+ [Py F (0?82 (s, 4.0)) ()] ]

< GE[|F {1+ LY F PR (s ) @]

where the constant ¢, only depends on p. Then write

E[lF (14 L2 F (282, (5,1:.) ()]

:/ d/\/ dy/ d/\/ dg e’ @M {1 4 A2} et 0wl e
R4 Rd R4

{14+ N2y e DD 2(0) 2 (GE[®2 (s, t:9) P2, (s, £:5)]
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and, using Lemma 2.3, we can check that

SR, (5,100 82, 50)] = E[ Wt )T 6 E (W1, 0) (o + 0, (7,5

—HE[\I/nmty nmsy]E[‘l'mty{\I' + U, }(s, t )]

+E [V (6, 1) Ui (55 6 D) E [T (6, ) { Ui + Ui } (2, 7))

+E[W,,, (¢, nmsy]E[\If o (C W + UL} (s, 6 9)]

E[\Ilnm VW0 m (2, 83 )] [\Ilm(s {Vm + U, (s f/]

FE[W,m nmty]E[\Ilm(sy{\I/ + U, (¢, 53 9)]

[\I/n Ttsy]E[ (8, YW + U} (s, 7)]

+E[W,,, ( nmty]IE[ nmsy){\I!m—i-\Il}ts )]

(1>

Z,_ AL (s, 659,7) -
1=1,...,8

It turns out that the eight terms derived from A:’nm(s,t; y,9) (1 € {1,...,8}) can be handled with
the same arguments, and therefore we will only focus on the treatment of A:n)n(s, t;y, 7). In fact,
just as in (22), one has

E[\Ilnym(t,y)q/n,m(s,t;g})} = C/ d€dn |€|2H0 1 H I |2H ¢ et y>eﬂ<n’g>%(§a n1)7vs, (€, Inl)

(&1)EDm,n

and

d
E[W,(t, ) {¥m + ¥, } (7)) :C/R N dédi |£|2H H |2H — | (€, [7]) e e (7:0)
X

{Lemesy xps, + Lemesyxni) -

where Dy, ., = (BL, x B4)\(BL x BZ) and Bf £ {\ € R*, |\| < 2¢}. Besides, one has obviously

/ d\ dy/ d)\/ d 17)\){1+‘)\| } e —z(Ay) —7<TA)
Rd R4 R4
{1+ ‘)\| 1% 2g >p2(y)pZ@)elwme—z<n7§>62(ﬁ,y>e—l<ﬁ,ﬂ>

=[x [ R R R L 3P () = DF () 4 - D)
Rd Rd
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Using the same arguments as in the proof of Proposition 1.2 (see (23)-(25)), we end up with

/ dx
]Rd

/d)\ dy/ dx/ dj N1 4 AP} e A @)
R4 R4 Rd R4

- p

{1+|AP} e MDAL (s, t5y,9)

d

1 1
< d d ) S b
: (/@)D i et LL g e Il a6 D)

1

| ddn T s labP
RxRY |£|2Ho—1 bt |7 2Hi—1 tSs

p
)
{Lemens, xse, + Liemenss xsa H1+1n—1l"} Q)
d

1 1
(. L i ioms TT s (e Il )

i—1

/ POLEN | S SN ﬁ|)|2{1+|77—ﬁ|2}‘2“>p
RxRd |£|2H071 ey |77;|2H:—1 t\S»

7

d
1 1
+ /d£ dn || —|7:(&, InD)|[7s,¢ (€5 Im
( B Jpgzen €O 1 |77i|2H"1| (& InDllvee(, D)

d P
- 1 1 ~
dédi — | (&, |7] 21+n—ﬁ22°‘>
/ |§|2H0,1i1]1|m|2m,1| (VDL + I — %)

2 (I(s,1)" + (Ia(s,1)" .

As in the proof of Proposition 1.2, we will restrict our attention to I,,(s,t). For 0 < e < Hy, one has

R

In<s,t>52‘2’”/ drﬁdn/ dédi {1+ |n —a|*} 2"
xRA RxR4

d d

1 1 1 1 N2

|£|2(H075)71 H |7]i|2Hi_1 |ryt(§7 |77|)H75»t(€7 |77|)| ‘g|2H071 H |T~]i|2Hi_1 h/t(éa |77|)‘ (29)
=1 =1

527%/ dgdn/ dédii {1+ ||n| — |77} >
RxRd RxRd

d d

1 1 1 1 2

FECTE 11 T e & DI (& Il II Frt @ IE . (30)
=1 =1

Now let us split the integration domain as (R x R%)? = D; U Dy, with

N - . 3
D2 (eméi: W< < 20

and

c 7 ~ n . 3n
D2 = {(5377’@77)1 0< |77| < % or ‘T]| > %} )
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For (¢,1,€,7) € Dy, one has ||| — |7|| > max (|2—| |3i|), and so

dédndéds 1
/D2 {1 " ||n‘7] |n?|2}2a |£‘2(H0 -1 H |’I7 |2H ] |7t(£ |"7|)||’Ys t(g |77| ‘£|2H 0—1 H |,,7 |2H 1 h/t | D|

(] e e 121 = (& et )
(Lo 5 7 s H & i)
< </RXW I j_ﬁi?z}a |§|2(Hi_g)_1 };[1 |77i|2i1i_1 17 (&, |77|)|2>1/2
</Rde {1 iﬁi7|72}a |§|2(H1—s)—1 f[l |m|2{*{7¢_1 s, (€ |77)|2) 1/2

dédi
</]R><]Rd 1+ ‘,77|7 2}a ‘§|2H0 1 H |7 |2H -1 e (&, 1) ) (31)

At this point, observe that we are exactly in the same position as in the proof of Proposition 1.2
(see (26)), and so we can rely on the same arguments to assert that for € > 0 small enough, the
above integral (over Dj) is indeed bounded by c|t — s|¢, for some finite constant c.

In order to deal with the integral over the domain D, observe first that

dn
|% |
'/?<HM<3M{1‘FHU 7] |2 }2 H| AQH‘4

- d

- dn rd <1\ 12 1

|21t Ha) 42 / EWEAMITIED | -
ety TLE (= [7])2p% 1

=n

3

2 dr ~
< —2(H1+...+Hd)+2d/2 2
~ |77| 1 {1 I ‘77|2(1 — 7’)2}20‘ h’t(ga |77‘ )|
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and so

~ d d
dedndédiy 1 1 1 1 s

- — [7(&s [nD7s,(&5 Inl)] = —s—1 (& 17
o, T T — e et L s e bl € 1Dl iy 1 s o )

3
< dn f[ 1 2 dr
~ e |17|2(H1+4..+Hd)—2d p_— |m|2Hi—1 % {1+ |m2(1 _,,,)2}204
/d£ [ve (&, D [[vs,(€, D) I%£ n|r)

|€|2(H(] e)—1 ‘5‘2H0 1

< dn ﬁ 1 3 dr
~ - |7]|2(H1+...+Hd)—2d Pl |77i|2H,;—1 % {1 + |77‘2(1 77.)2}204
&, I 12\ s E DI\ 2 e, Inlr) 2
(/d§ |§|2(H0 £)— 1) /d§ |§|2(H0 e)—1 /}Rdﬁ Tg|2H071
S/o p4(H1+ +Hd) 4d+1ﬁ {1+ p? 1,7,) 120
o))\ 75,6 (£, p)] (€ pr)*
(/d5 |£|2t(Ho g)— 1) /d5 |§|2(tHO g)—1 / £ |£|2H0 1

1
St —sl” 4 [
o pA(H1+ .+ Hg)—4d+1 ) pA(Ho+ .. +Hd) 1d+3—8e—r 1 {1+,0 —r)2)Ra

for all 0 < & < min(Hy, %) and 0 < k < min(Hy — ¢, 3 — ¢), where we have used Corollary 2.2 to
derive the last inequality. Finally, since o < %, it is readily checked that for all 0 < ¢ < min(Hy, %)

and 0 < £ < min(Hy — €, 3 — ) such that 85+/<;<4(a7 [d*%*ZLon‘]),

/°° dp r
| pAHo+ FHy)—4d+3—8c—x s {1+ p2(1—r)2)2e

e dp 2 dr
S/l p4a+4(H0+...+Hd)—4d+3—85—,gﬁ (1 —r)la < oo . (32)
2

Going back to (30), we have thus shown (28).

Step 2: Once endowed with estimate (28), we can of course use the same arguments as in Step 2
of the proof of Proposition 1.2 to obtain that, for 0 < g9 < € and p large enough,

E[N[E2,,:c0([0, 7], W22 (D)) ] g 277

which completes the proof our assertion.

2.3. Estimation of the renormalization constant. Let us conclude this section with the as-
ymptotic analysis of the renormalization constant o,,(t) £ E[U,(t,2)?] at the core of the above
renormalization procedure. In other words, our aim here is to show (16). To this end, fix d > 2 and
(Ho, ..., Hg) € (0,1)?*! such that

3 & 1
d—"2 Hy<d-—=,
1< flisd=;
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and, with expression (17) in mind, write the renormalization constant as

on(t) = E[Tu(t,2)’]
d

dn;
= c — (& D)
/|g|<2n €12 [€[2Ho=1 /7,|<2n H |77 |2Hi~1

B on dg ,
= cf TQ(H1+,,‘+Hd)72d+1 e|<on |EPH0T 72 (&7)l

The abymptotic estimate (16) ib now a straightforward consequence of the following technical result
(take o & 2H € (0,2) and x = 2(d — ZZ o Hi) €0,1)):

Proposition 2.4. There exists a constant ¢ > 0 such that for all a € (0,2) and k € [0,1), one has,
as n tends to infinity,

> dr dg P ar
| eeenr et [ o). (33)

Proof. First, observe that using (19), we have

Lodr d¢
/0 7"_0‘_”/<2n |§‘a gt & nF

d¢ Lodr d¢
< {141 / / +t2/ / ,
{ } o T*ZH()*/{ l€]<1 |£|o<71 o poa—kK l€]>1 |§|1+a

and accordingly it suffices to focus on the estimation of the integral

2 ar d¢
[ P—o—K /<2n |§|a 1"715(57 )|

To this end, we will rely on the following expansion, which can be readily derived from (20):

o _ ¢ [l—cos(t(§ —r)) cos(tr){cos(tr) — cos(t&)}
|7t(€7r)| = T2{ (5—7“)2 (f—?‘)(f-ﬁ-r) }
+c{ 1 —cos(t({ + 1))  cos(tr){cos(tr) — cos(t§)} }
r2 (E+7)? (€ =7r)(E+r)

= Ty(& ) +ft(£,r) .

For obvious symmetry reasons, we have in fact

2 dr d¢
/1 roaTR /5<2" |l rhel&r P
2 ar d¢
2
/1 roaTr /§<2" [¢]e=T Fel&)

A T de *odr [P de
| e ) pen 2 [ s [ et

on on

dr d

+2/ _a_ﬁ/ f 1 Ly(=¢,r) = r%,t"_Jr?,t"_Jg,t' (34)
1 T o 1€l

Study of J,%’t. Let us introduce the additional notation

ren) = gl

cos(tr){cos(t&) — cos(tr)}
r2§—r)(§+r) ’

, Tigr) =

so that
Li(&,r) = e{Ty (&) +T7(6,m)} - (35)
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Now on the one hand, for any 0 < e < 1,

g Tode
[ = ] rten

/zn dr (Y d¢  cos(tr)(cos(tré) — cos(tr))
IV T b E-DE+D

- ts/“ dr /1 d¢
~ 1 rERTE Jo [T =€ R+ ¢

and the latter integrals are finite for any ¢ > 0 such that x + ¢ < 1, which shows that

S Tod
| == [ gerien =on.

On the other hand,

2 odar o [mode T dr [t ode 1 —cos(tr(l—€))
| w ) geten = [ e e

B /2" dr / d¢ 11— cos(tr)
L ey 1 =gfet £?

[N

N /2” dr /1 d¢ 11— cos(tr)
e 1 =glet &2
2 odr Y de 1 —cos(tr€) < g (' de
< < o0
‘/1 7"2‘”/; L —¢glet &2 ‘N/l TH/; [T —¢glot

/Qn dr /é dg 1 — cos(tr§)

R I e 3 e
B * dr [T de 1-—cos()
= t/l rl_m/(; |1 - %|a_1 62
B © 1—cos(&) (¥ dr
e A

2" dr El d¢ l—cos(§) [™ . 1-— cos(f)}
+t/1 rl—r |:/O |1 _ %|a—1 52 /0 df 52 .

By applying the below technical Lemma 2.5, we can easily conclude that

with

and

271
d
Tl = ct/l rl; +o(1) .

Study of Jit. We will here use the (readily-checked) decomposition

Lo(&r) = e{207(€,r) + T/ (€, 7)}
with “ )
3 L —cos(t(§—r
R KT
and

1 — cos(t(& —r)) — cos(tr)(cos(tr) — cos(tf))
PE=E+T) |

F?(ﬁ? T) =

9
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Now observe on the one hand that for every e € (0, 1),
2" 2" 2" oo
d d d d
[ S Y I L S
o e gl I AU 14 Ll [ a1 S Y
ta/"o dr /°° d¢
T SR 1 P e e F B Y

a). On the other hand,

A

N

and the latter integrals are finite provided 0 < & < min(1 — &

2m d 2m dé-
=] een

_ /2nd7’/2nr d¢ 1 — cos(t€)

I S e N N A

t / dr / JRETEGIN / r
2 )0 " & o reTeTn

[/Qn_r ilg l1—cos(tf) 1 /Oo d£1 — cos(t€) ] . (38)
0 € +rje e +2r] €2 2re Jo IS
Using Lemma 2.6, we can then assert that for € € (0, min(a, 1 — k)),
gy 2o d¢ l—cos(t§) 1 o dfl — cos(t€) |
e A A g |

tE

2 K—€E ) 711—!1|2n7/r-|1—€
1
dr
tE t 2= n(l—k—e¢) )
/ r2—r—¢ + 0 Tlfm‘l_r‘lfs

, we have thus shown that

Going back to (38
(39)

on
d
Tnr= ct/1 rlfm +0(1) .

Study of J2,. Using decomposition (35), it is readily checked that for ¢ € (0,1) and for all £&,r > 0,

1 1 (ad
|Ft(*§,r)| S 7“2L'f+7"|2 + |§+T||€—T|1_E}

and so
’ /2" dr /2" d¢ nen| < /2" dr /2" d¢ { L te ]
o Joo fglet ’ o e Joo fglertLIE |§+TIIE—TI1‘E

< /°° dr /°° dg { 1 ]
A A
The latter integrals being finite as soon as 0 < ¢ < min(1 — &, «), this shows that j3 = 0(1).
Injecting this result, together with (36) and (39), into (34) yields the expected decomposmo (3 )

(Il

Lemma 2.5. Given a € (0,2) and ¢ € (0,1), one has, for all > 0,

‘ / Locosd) /0 de* gos(’f)’ < Car [imfe} -

§|a 1 52
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Proof. Write the difference as

3 1 B 1 — cos(§) 1 —cos(§)
/odf[ll—flal 1} e +/ d§————= e .

2

5

Then observe that

> 1—cos(€ —cos(§)
d / d
’/g £ €2 ‘ f |¢[i+e
and
: 1 1- cos(@\ / ||r|a L= €l°Y 1= cos(€)
d -1 < d
’/0 §{|1_§|(X—1 :| 52 ~ 3 £|a 1 52
< / § —cos(& < 1+ [log 7| 1{rs1y 7
|r — €||€| r

hence the conclusion. O

Lemma 2.6. Given a € (0,2) and 0 < ¢ < min(c, 1), one has, for allt >0, n >0 and 1 <r < 2",

/2n_7. d¢ 1 —cos(t§) L/ dfl — cos(t€) <eo. e N e
T R A - <[ e

Proof. Let us decompose the difference as

/Qn_r d§[ 1 1 } 1 — cos(t€)
0 [E+ et remt e+ 2re

1 2o 1 171 — cos(t§) 1 [ 1 — cos(t€)
e T R e i Mt

Then observe that

/Qn_r d{[ 1 1 ] 1—cos(t§)| i/‘x’ d¢ 1 — cos(t£)
) e Bl S T
1 1 — cos(t€)
S rHT/o g
and
1 2o 1 1]1—cos(t)] 1 2o € 1—cos(t)
ro-l /0 dE[I& +2r] 27’} &2 ‘ T2 / d€|§ + 2r| £2

A

1 d fl — cos(t€) .
r +a—¢ |£‘1+5
Finally, one has of course

o0 1 — cos(t€) ‘ 1 1 — cos(t€)
d < d .
fo = s = | e

n—r

3. STUDY OF THE (DETERMINISTIC) AUXILIARY EQUATION

Let us now turn to the analysis of the deterministic equation associated with our quadratic model
(1), that is the equation
020 — Av + p?v? + (pv) - TIT + TI2 = 0, t€0,T], r € R,
U(Oa ) = (bO ) 8)51}(0, ) = ¢1 )
where IT!,TI? are two (fixed) elements living in appropriate Sobolev spaces. We are actually
interested in the exhibition of a unique (local) mild solution to (40), which will be achieved by

(40)
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means of a standard fixed-point argument. In other words, for fixed IT £ (IT*,TI2) and T > 0, we
will focus on the study of the map I'r ;1 defined as

Trm(v)e £ 0u(Gy %4 o) + Gy %4 b1 + (G *¢ 5 [p70? + IV - pv + T13)), |, (41)

where G stands for the Green function of the standard d-dimensional wave equation. Putting the
fixed components aside, this map is thus essentially built upon two successive operations: multi-
plication of v with itself or with II', and convolution with G. Accordingly, before we specify the
space in which we will study I'r 11, let us recall a few general results on pointwise multiplication and
convolution with the wave kernel.

3.1. Pointwise multiplication. Recall that, with the results of Section 2 in mind, one of our
purposes is to handle situations where the elements IT!, TI? involved in (41) are not functions but
only distributions. Thus, even if we expect the solution v itself to be a function, we will need to
control the (non-standard) multiplication of a function with a distribution at some point of the
procedure. To this end, we can rely on the following general statement, borrowed from [23, Section
4.5.1].

Proposition 3.1. Fixd > 1. Let a,s > 0 and 1 < p,p1,p2 < oo be such that

1 1 1
- =— 4+ — and 0<a<s.

PP P
If f e W=PL(RY) and g € W*P2(RY), then f-g € W™P(R?) and

1f - gllw=er S [[fllw-erallglhwera -

3.2. Regularization effect of the wave operator. The wave kernel G is known to satisfy specific
regularization properties in the scale of Sobolev spaces (see e.g. [13]). In the analysis of (40), we
will only rely on the following controls.

Proposition 3.2. Fix d > 2.
(i) For all0 <T <1, s>0 and w € L?([0,T); H*~*(R?)), it holds that

NG 0 w; L2([0, T]; 1 (RY)] S Nw; L2((0, T HH(R))] (42)
(i) For all0 <T <1, s> 0 and (¢o, ¢1) € H*(R?) x H*~H(R?), it holds that
NB:(Gr %5 60); L= ([0, T]; H*(RT)] < [I6o]ls (ra (43)

and

NGy #s ¢33 L([0, T H* (RY))] < 11

Hs—1(Rd) - (44)
Proof. Both (42) and (43) lean on elementary estimates.
(1) Observe first that

Fo([G #e0 w] () (€) =/O ds (FuGis) (&) (Fows)(§) ,

so that, for every ¢ € [0,T],

IN

e E (G [ s = lE)
Lty nuen©f < [ [ acperr G muw) @

A

AwLﬁwmwwmw@u

hence the conclusion.
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(i) The bound for N[G; *, ¢1; L=([0, T]; H*(R%))] follows from similar arguments as above. Then,
along the same idea, observe that

Fo(0u(G. %0 ¢0)(t, ) (§) = 0e(FuG)e () (Fuo) (§) = cos(té])(Fuco)(§)

and so, for every t € [0, T,

/RQ de {1+ 1€1)° | Fo (0(C. % 00)(1,)) (O] < /R dE {1+ [€P 1 (Fad0) () -
O

3.3. First situation. Let us first consider the situation where the pair IT = (IT*, II?) involved in
(40) (or in (41)) belongs to the space

£ £ {Il = (I, 1I1%) € L=([0,T]; L= (R"))* :
IT! and II? are both supported by a compact set D} .

Thus, for the moment, IT* and IT? are merely (bounded and compactly-supported) functions. When
going back to the stochastic model (1) and with the result of Proposition 1.2 in mind, this situation

will later correspond to the “regular” case Z:'l:o H, >d- % (along the splitting of Theorem 1.6 or
Theorem 1.7).

Proposition 3.3. Fiz d € {2,3} and set
X(T) & L=([0, T HY(RY)) .

Then, for all T > 0, (¢, 1) € HY(RY) x L2(RY), II; = (I1},11?) € &, I, = (I13,112) € £ and
v,v1,v9 € X(T), the following bounds hold true:

NIz, (0); X (D)) S ol + 6122+ T2N (o3 X (D) + T2 T | Nos X (D)) + T2 [T, (45)
and

Nz, (v1) = Tr, (v2); X(T)]
S TEN v — vg; X(T){N[vr; X(T)] + Nlva; X(T)]}
+ 3|0y — Ty | Vor: X (T)] + T% [ Ha| Moy — vo; X(T)] + T#||TL ~ Thy |, (46)

where the proportional constants only depend on s and the norm ||.|| is naturally defined as

L] = |[TXfle & AT L22([0, T); L (RY))] + NIE%; L([0, T]; L(RY)))] -

By combining the two bounds (45) and (46), it is now easy to see that for any fixed IT € £ and
any time Tp > 0 small enough, the map I'yy 1 : X(To) — X (7)) is a contraction on a appropriate
stable ball of X (Tp), which immediately yields the expected (local) well-posedness result:

Corollary 3.4. Under the assumptions of Proposition 3.8, and for all (fived) (¢o, 1) € H*(R?) x
L2(RY), II = (TI',T12) € &, there exists a time Ty > 0 such that Equation (40) admits a unique
solution in X (Tp).

Proof of Proposition 8.3. Using the estimates in Proposition 3.2, we obtain first
NCra, (0); X(T)] S I dollaer + o1l 22 + Np*v®; L*([0,T]; L*(RY))]
+ NI - po; L2([0, T]; L2(RY))] + N[IIF; L2([0, T]; L*(RT)] . (47)
In order to bound the last three quantities, we will merely appeal to the elementary continuous
embedding: for all compact domain D C R, py,p1 > 1 and sq > s,
d

Weoo (D) € WHPH(D) if sp — S > 5y — L (48)
Po P1
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Bound on N[p*v?; L%([0,T]; L2(R%))]. As p is supported by some fixed compact domain D, one
has

NI20%; 12((0,T); I (RY)] = N2 120, T); L(D))] S TN o; 15([0, T LY (D)
Since d € {2, 3}, we can assert, by (48), that #*(D) C L*(D), and thus
NTo; L([0,T); LY(D))] S Nv; X (T)].

Bound on N[IT} - pv; L2([0, T); L2(R%))]. One has of course
NIIL - po; L2([0, T); LA(RY))] S TEN I L((0, T); L (RY)] N [pv; L2 ([0, T); L2 (RY))],

and then
Nlpv; L=([0,T]; L*(R)] < Nv; L=([0,T; L*(R?))] < N[w; X(T)] .

Bound on N[I12%; L2([0,T]; L?*(R%))]. Since IT? is compactly-supported, we immediately have
NIE; L2((0,T); L2 (RY)) S T2NILE; L°([0, T); L (RY)) -

Injecting the above estimates into (47) provides us with (45). It is then clear that (46) can be
derived from similar arguments: for instance,

NTp? (v} —v3); L2([0,T); L2 (RY))] S T2N v} — v3; L<([0,T); L*(D))]
S T2N vy — vo; L2([0, T); LY(D))| N vy + vo; L([0, T); L*(D))]
Nvy — ve; X(T) N vy + ve; X (T)] -

=

[N

<T

~

O

3.4. Second situation. We now turn to the “irregular” case of our analysis, that will later corre-
spond to item (44) in Theorem 1.6 or Theorem 1.7. With the result of Proposition 1.4 in mind, we
are thus led to consider the situation where the pair IT = (IT*,II2) in (41) belongs to the space

Eap &I = (IT',T1%) € L>=([0, T; W *P(R?)) x L>=([0,T|; W2*P(RY)) :
IT! and II? are both supported by a compact set D} ,

for some positive coefficient o and some integer p > 2. In particular, II' and II? are now both
regarded as distributions. Our main result in this setting reads as follows.

Proposition 3.5. Fiz d € {2,3}, a € (0,1) and s € (0,1) such that

d
525—1 and a<s<1-2a. (49)

Set
X*(T) £ L>((0, T H* (R))
and let p > d be defined by the relation

I 1—(a+s)
PR (50)

Then, fO?” all T > 07 (¢0>¢1) € HS(Rd) X HS?I(Rd)} Hl = (H%,H%) € Eoz,p; H2 - (H%,Hg) € goéyp
and v,v1,v9 € X°(T), the following bounds hold true:

N7, (0); X)) S ol + |61 lle—1 + TENTo; X3(T)]2 + T3 ||TL | No; X5(T)] + T3 |14 |,
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and
Nz, (v1) = Py, (v2); X°(T)]
S TENTor = 2 X (T){N or; X*(T)] + Noz: X*(T)]}
+ TH|TL = oo | Nors X*(T)] + 7% [Thl| Aoy — va3 X*(T)] + T[T — T
where the proportional constants depending only on «, s, and where the norm ||.| understood as

ITE| = [T, , £ NI L([0, T W™ *P(RY)] + NI L([0, T); W2+ P (RY))] .

Remark 3.6. Let us briefly compare this result with the situation treated in [14, Proposition 3.5].
At the level of the process ¥ (and so at the level of IT in the above formulation), the situation in [14,
Proposition 3.5] corresponds to taking oo = ¢, for € > 0 as small as one wishes. The latter possibility
allows the authors of [14] to consider a general non-linearity of order & in the model (instead of the
quadratic non-linearity in (1)): morally, the condition 2a+s < 1 in (49) turns into ke+s < 1, which,
by taking e small enough, can indeed be satisfied. Our aim here, with the result of Proposition 1.4
in mind, is to handle situations where a may be close to i, which accounts for our restriction to a
non-linearity of low order.

Just as in the previous section, we easily deduce from Proposition 3.5:

Corollary 3.7. Under the assumptions of Proposition 3.5, and for all (fived) (¢o, 1) € H*(R?) x
HY(RY), TI = (TI, T12) € &,,p, there exists a time Ty > 0 such that Equation (40) admits a unique
solution in X*(Tp).

Proof of Proposition 3.5. Using the estimates in Proposition 3.2, we obtain first
NP (0): X¥(T)] S gollae + lonllaer + N o2 L2([0, 7] 1~ (RY))]
+ NI - po; L2([0, T HoH(RY)] + NI L2([0, T HoH(RD)]. - (51)
Let us now bound the last three quantities separately.

Bound on N[p?v?; L2([0, T]; H*~1(R%))]. Thanks to condition (49), and using the general embed-
ding result (48), one can easily check that for r := d%lzs > 1, one has both

L"(D) c #~Y(D) and H*(D)c L* (D), (52)
which allows us to write
Np?0? L2([0, T); 1Y (RY)] S T2 N [p*0?; L ([0, T); H* (D))
< T2 N[p*v?; L([0, T); L' (D))]
S TN L2((0, T); L2 (D))? S T2 N [o; X*(T))2.

Bound on NI} - pv; L2([0, T); H*~1(R9))]. Let us introduce the additional parameter 1 < 7 < 2
such that
1 1 1-(a+s)
P2t T a
Using (48), one can check that W=7 (D) C H*~}(D), and so
NI - pos L2(0, T H*~H(RY)] S TENILL - po; L2(0, T W=7(D))].
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We are now in a position to apply Proposition 3.1, which yields
NI - pos L=([0, TT; W=7 (RY))] S NILE; L([0, T WP (R))] N os X*(T)]
S ML [ Nv; X3(T)] -

Bound on N[IT1%; L2([0, T]; H*~1(R?))]. We know by (49) that s — 1 < —2a, and so, since 12 is
compactly supported, we get immediately
1

NI L2([0, T]; 1o~ (RY)) S TRNILS; L°([0, T WP (RY)] S T2 [T |-

4. PROOF OF THE MAIN RESULTS

It remains us to combine the (stochastic) results of Section 2 with the (deterministic) results of
Section 3 in order to derive the proof of our main theorems.

4.1. Proof of Theorem 1.6. Fix d € {2,3} and (¢g, ¢1) € H'(R?) x L?(R?). Now consider the
two situations of the statement:

(i) Since Z?:o H;, >d—- %, we can pick 0 < A < Z?:o H;,— d+% and then p large enough so that the
continuous embedding W*?(D) C L>(D) holds true. By Proposition 1.2, this puts us in a position
to apply Corollary 3.4 (almost surely) with TI* £ 2pW, TI2 £ p?¥2. The result immediately follows.

(#i) Pick @ > 0 such that d — % — Zf:o H <a< i, so that, using Proposition 1.2 and Proposition
1.4, one has, for every p > 2, pU € L*([0,T]; WP (R%)) and p?®2 € L>([0,T]; W~2P(R%)) a.s.
The result now follows from the application of Corollary 3.7 with II* £ 2pW¥, TI? £ p?W¥? and s = 1.

4.2. Proof of Theorem 1.7. Fix d € {2,3} and (¢, ¢1) € H'(R?) x L?(R?). Now consider the
two situations of the statement:

(i) Let (u,) be the sequence of classical solutions of (14) and set v, = u, — ¥, so that for each
fixed n > 1, v, clearly satisfies Equation (40) with TI* = IT} £ 2pW¥,, and 112 = T12 £ p2¥2. We
can thus apply (45) and assert that for every T > 0,

Nvn; X(T)] S llollzr + 61]l22 + TENon; X(T)]? + T3 | I, || N og; X (T)] + T3 |IL,| ,  (53)

where the proportional constant only depends on p. Besides, using a standard Sobolev embedding,
we know that for all A > 0 and p large enough (depending on \),

(T, — I0|| = [T, — Il < |p¥0 — p¥|| Lo o, wnn (D)) + [10°¥5 — 072 || Loc (0, 7703 0 (D)) » (54)
and so, using Proposition 1.2, we get that for a subsequence of (p¥,,) (that we still denote by (p¥,,)),

([T, — II|| — 0 almost surely. In particular, sup,, ||II,|| < co a.s. Going back to (53) and setting
fn(T) 2 Nvn; X(T)], we deduce that for all 0 < Ty <1 and 0 < T < Ty,

Fa(T) < CL{A+T,? ,(T)?}

for some (random) constant C; > 1, and where we have set A = 1+ ||¢o||5r + ||¢1]lz2. At this

point, let us fix the (random) time T} > 0 satisfying 1 — 4012AT11/ 2= %, in such a way that for every
0 < Ty < T, the equation ClT01/2x2 —z + C1 A = 0 admits two solutions 1 1,, 2 1, satisfying 0 <
x1,1, < T21,- As a result, for all 0 < Ty < inf(1,73) and 0 < T < Ty, one has either f,(T) < z1,1,
or fo(T) > xo,1,. In fact, due to the continuity of T+ f,(T) (a straighforward consequence of the
regularity of v,,), one has either SUPTe(o, 7] In(T) < w11, or infrejor) fu(T) > 22,1, Moreover, if

we define 75 > 0 as the largest time such that (supy<r<r, 2C, T2 | doll#,) < 1, it can be explicitly
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checked that for every 0 < Ty < inf(1,71,7%), fn(0) = ||¢ollxr < z1,1,, and we are therefore in a
position to assert that for such a time Ty (that we fix from now on),

sup N [vn; X(To)] =sup sup [fo(T) < 21,7 -

n>1 n>1T€[0,To]
By injecting this uniform bound into (46), we easily derive that, for some time 0 < Ty < Ty (uniform
in n),

Nlvn —v; X3(T0)] < | @ — ¥
where the proportional constant is also uniform in n. Finally,
Nlun —u; L2([0, To}; L2(D))] S N[¥, — W5 L([0, To; L*(D))] + N [vn, — v; X (Tp)]

and the convergence immediately follows.

(74) We can of course use the very same arguments as above, by noting that if (u,,) satisfies (15) and
Up 2 v, — W, then v, satisfies (40) with TI* = TIL £ 2pt),, and T12 = TI2 £ p?W2. The bound (54)
must then be replaced with

[T, — IO = |[TL, — IO]¢, , =
N2pW,, — 2pW; L((0, T); W=*P(D))] + N [p*®2 — p*®2; L([0, T); W2*7(D))] ,
which allows us to apply Proposition 1.2 and Proposition 1.4 in the procedure. Observe finally that
Nl = u; L([0, T}, H(D))] S N[W, — 3 L2([0, T); H~°(D))] + Non, — v X3 (T)]

which yields the expected convergence.

REFERENCES

[1] R.M. Balan: The Stochastic Wave Equation with Multiplicative Fractional Noise: A Malliavin Calculus Approach.
Potential Analysis, 36 (2012), no. 1, 1-34.

[2] R.M. Balan, M. Jolis and L. Quer-Sardanyons: SPDEs with affine multiplicative fractional noise in space with
index 1/4 < H < 1/2. Electron. J. Probab. 20 (2015), no. 54, 36 pp.
[3] R.M. Balan and C.A. Tudor: The stochastic wave equation with fractional noise: a random field approach. Stoch.
Proc. Their Appl. 120 (2010), 2468-2494.
[4] J. Bourgain: Invariant measures for the 2D-defocusing nonlinear Schréodinger equation. Comm. Math. Phys. 176
(1996), no. 2, 421-445.
[5] N. Burq and N. Tzvetkov: Random data Cauchy theory for supercritical wave equations I: local existence theory.
Invent. Math. 173 (2008), no. 3, 449-475.
[6] P. Caithamer: The stochastic wave equation driven by fractional Brownian noise and temporally correlated
smooth noise. Stoch. Dyn. 5 (2005), no. 1, 45-64.
[7] G. Da Prato and J. Zabczyk: Stochastic equations in infinite dimensions. Encyclopedia of Mathematics and its
Applications, 152. Cambridge University Press, Cambridge, 2nd edition, 2014.
[8] A. Deya: On a modelled rough heat equation. Probab. Theory Related Fields 166 (2016), no. 1, 1-65.
[9] A.Deya: Construction and Skorohod representation of a fractional K-rough path. Electron. J. Probab., 22 (2017),
no. 52.
[10] A. Deya: On a non-linear 2D fractional wave equation. Ann. Inst. H. Poincaré Probab. Statist., 56(1), 477-501,
2020.
. Deya, M. Gubinelli and S. Tindel: Non-linear rough heat equations. Probab. Theory Related Fields ,
11] A.D M. Gubinelli and S. Tindel: Non-li h h i Probab. Th Related Fields 153 (2012
no. 1-2, 97-147.
. Erraoui, Y. Ouknine an . Nualart: Hyperbolic Stochastic Partia ifferential Equations wit itive
12] M. E i, Y. Oukni d D. Nual H bolic Stochastic Partial Diffi ial E i ith Additi
Fractional Brownian Sheet. Stoch. Dyn. 3 (2003), no. 121.

[13] J. Ginibre and G. Velo: Generalized Strichartz inequalities for the wave equation, J. Funct. Anal. 133 (1995),
50-68.



[14]
[15]
[16]
7]
18]
[19]
[20]
[21]
[22]

23]

[24]
25]

[26]

27]

25

M. Gubinelli, H. Koch and T. Oh: Renormalization of the two-dimensional stochastic non linear wave equations.
Trans. Amer. Math. Soc. 370 (2018), 7335-7359.

M. Gubinelli, A. Lejay and S. Tindel: Young integrals and SPDEs. Pot. Anal. 25 (2006), no. 4, 307-326.

M. Gubinelli and S. Tindel: Rough evolution equations. Ann. Probab. 38 (2010), no. 1, 1-75.

M. Hairer: A theory of regularity structures. Invent. Math. 198 (2014), no. 2, 269-504.

Y. Hu: Heat equation with fractional white noise potentials. Appl. Math. Optim. 43 (2001), 221-243.

Y. Hu, F. Lu and D. Nualart: Feynman-Kac formula for the heat equation driven by fractional noise with Hurst
parameter H < 1/2. Ann. Probab. 40 (2012), 1041-1068.

Y. Hu, D. Nualart and J. Song: Feynman-Kac formula for heat equation driven by fractional white noise. Ann.
Probab. 39 (2011), 291-326.

T. Oh and L. Thomann: Invariant Gibbs measure for the 2-d defocusing nonlinear wave equations. Ann. Fac.
Sci. Toulouse Math. 6 29 (2020), no. 1, 1-26.

L. Quer-Sardanyons and S. Tindel: The 1-d stochastic wave equation driven by a fractional Brownian motion.
Stoch. Proc. Their Appl., 117 (2007), 1448-1472.

T. Runst and W. Sickel: Sobolev Spaces of Fractional Order, Nemytskij Operators, and Nonlinear Partial Dif-
ferential Equations. de Gruyter Series in Nonlinear Analysis and Applications 3, Berlin (1996).

G. Samorodnitsky and M. S. Taqqu: Stable non-Gaussian random processes. Chapman and Hall, 1994.

L. Thomann: Random data Cauchy problem for supercritical Schrédinger equations. Ann. I. H. Poincaré - AN,
26 (2009), no. 6, 2385-2402.

S. Tindel, C. Tudor and F. Viens: Stochastic evolution equations with fractional Brownian motion. Probab.
Theory Related Fields, 127 (2003) 186-204.

J.B. Walsh: An introduction to stochastic partial differential equations. In: Ecole d’été de probabilités de Saint-
Flour, XIV-1984. Lecture Notes in Mathematics, vol. 1180, pp. 265-439. Springer, Berlin (1986).



