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RIEMANNIAN FLOWS AND ADIABATIC LIMITS

GEORGES HABIB AND KEN RICHARDSON

ABSTRACT. We show the convergence properties of the eigenvalues of the Dirac operator on a spin manifold
with a Riemannian flow when the metric is collapsed along the flow.
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1. INTRODUCTION

Many researchers have studied the spectrum of the Laplacian and Dirac-type operators on families of
manifolds where the metric is collapsed. We point out in particular the references [9], [12], [I8], where the
behavior of the spectrum of Laplacians on Riemannian submersions are noted under collapse of the fiber
metrics. In [22], R. R. Mazzeo and R. B. Melrose related the properties of the Laplace eigenvalues under
adiabatic limits in a Riemannian fiber bundle to the Leray spectral sequence, and J. A. Alvarez—Lépez and
Y. Kordyukov extended this analysis in [2] to the more general case of Riemannian foliations; see [20] for an
exposition and further references. Adiabatic limits of the eta invariants of Dirac operators have also been
considered, as in [27], [6], and [10].

In [], B. Ammann and C. Bér examined the eigenvalues of the Dirac operator of circle bundles over a
closed Riemannian manifold M S, such that the bundle projection is a Riemannian submersion. They
found that as the metric is changed such that the lengths of the circles collapse to zero, the eigenvalues
separate into two categories: those that converge to the eigenvalues of the base (quotient) manifold which
correspond to the projectable spinors — for which the Lie derivative is zero in the direction of the fibers
— and those eigenvalues that go to infinity, corresponding to non-projectable spinors. The main idea is to
decompose the Lie derivative of any spinor field on M into finite-dimensional eigenspaces Vi, (k € Z), and
such a decomposition is preserved by the Dirac operator. This comes from the representation of the Lie
group S' on the spinor bundle on M. In a second step, they decompose the Dirac operator of the whole
manifold M into a horizontal and vertical Dirac operator and a zero'® order term. It turns out that the
horizontal Dirac operator commutes with the Lie derivative, while the vertical part anticommutes. This
allows the researchers to compute explicitly the eigenvalues of the Dirac operator on M on each eigenspace
V;, in terms of k. Here the zero™ order term does not contribute in the adiabatic limit, since it is a bounded
operator and tends to zero with the length of the fibers. In [3], B. Ammann extended the result above
to the case where the circles form a more general Riemannian submersion with projectable spin structures
over a base manifold. Also, in [24], F. Pféffle studied the degeneration of Dirac eigenvalues in a sequence
of compact spin hyperbolic manifolds in the case the limit has discrete Dirac spectrum. We also mention
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the work of J. Lott in [2I], where the limit of a general Dirac-type operator is studied under a collapse for
which the diameter and sectional curvature are bounded. In this case, the spectrum of the Dirac operator
converges to the spectrum of a limiting first order operator.

In this paper, we consider a particular case of foliations, namely Riemannian flows. On a Riemannian
manifold (M, g), a Riemannian flow is a foliation of 1-dimensional leaves given by the integral curves of a
unit vector field £ such that g is a bundle-like metric. This means the Lie derivative of the transverse metric
in the direction of £ vanishes. Examples of such flows are those given by Killing vector fields and Sasakian
manifolds. Those are called taut (meaning the mean curvature form is exact), but examples of nontaut
Riemannian flows exist (see, for example, [g]).

We now take the adiabatic limit of the Riemannian flow, and in our situation it is often not the case that
the limit is a manifold. This means we consider the bundle-like metric

g = 7€ @& + ger,

where f is a positive basic function on M, and we prove that the eigenvalues of the Dirac operator on (M, gy)
corresponding to basic sections tend to those of the basic Dirac operator Dy, which is morally the Dirac
operator of the local quotients in the foliation charts; see the next section for details. We point out that
our case does not require the leaves to be circles, unlike the situation in [4] or in [3]. Also, we prove that
when the flow is taut, the eigenvalues from the L?-orthogonal complement of the space of basic sections of
the spinor bundle go to +o0o. The main difference between our case and the one in [4] is that there is not
necessarily a circle action on the manifold M, which mainly means that the L?-decomposition of the Lie
derivative in the direction of the flow cannot carry over. Moreover, the leafwise Dirac operator could fail to
have discrete spectrum. We also mention the work of P. Jammes in [T9], where he considered adiabatic limits
of Riemannian flows, similar to our setting, and examined their effect on the eigenvalues of the Laplacian.

In Section 2] we provide preliminary details on spin Riemannian flows and in particular define the leafwise
Dirac operator Dy and the symmetric transversal Dirac operator Dy (Q = ¢t = NF). In Lemma 28 we
express the anticommutator of these operators in terms of the mean curvature. We show the operator
Dx is symmetric, and its kernel is the L2-closure of the space of basic sections (see Proposition 2L7). In
Corollary 229 we prove that when the flow is minimal, the spectrum of Dx contains a countable number
of real eigenvalues, and there exists a complete orthonormal basis of the L? spinors consisting of smooth
eigensections of Dr .

Our main result is Theorem B.2] where we show that the eigenvalues behave as stated above in the
adiabatic limit. In Section @] we exhibit examples which show interesting behavior of the operators D and
Dg. In these examples, which are not fibrations, the operator Dr does not have discrete spectrum, but
nonetheless the conclusion of the main theorem is made clear.

2. DIRAC OPERATORS ON RIEMANNIAN FLOWS

Let (M, g) be a closed (n + 1)-dimensional Riemannian manifold, endowed with an oriented Riemannian
flow. This means that there exists a unit vector field £ on M such that the Lie derivative of the transverse

metric vanishes: L (g|£L) =0 (see [25], [8], [26]). Suppose in addition that M is spin, and let Dy be the

Dirac operator associated to the spin structure acting on sections of the spinor bundle ¥ M, which has a
given hermitian metric and metric spin connection.

We wish to construct the basic Dirac operator associated to the induced spin structure on the normal
bundle. Since TM = RE®EL, the pullback of the spin structure on M induces a spin structure on the normal
bundle Q = ¢+ = NF. In this case, the spinor bundle XM is canonically identified with the spinor bundle
¥Q of @, for n even, and with the direct sum XQ & XQ for n odd. The metric on XM induces a metric
on XQ. When n is even, then i£- is taken to be the chirality operator, as (15)2 = id, and we let (EQ)jE be
the eigenspaces associated to the £1 eigenvalues, with Clifford multiplication -g defined by Z-q o = Z a1 ¢
for Z €T (Q), ¢ € I'(2Q). When n is odd, the Clifford multiplications -y on XM and -¢g on £Q := XM
are related by Z -9 ¢ = Z -p € -m ¢ (as in [5]). Therefore, by using the above identification, the spinor
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connections VM and V=@ are related by the following relations (see [I3} formula 4.8]). For all Z € T'(Q),
Vite = Vi%+ %Q'M o+ %f'M KM @,

VEe = VE% 4t (VHE) e 21)

where the Euler form Q is the 2-form given for all Y,Z € T'(Q) by Q(Y,Z) = g (V#¢&,Z) and % =
Ve € T(Q) is the mean curvature vector field of the flow. The one-form & is also identified with the
corresponding Clifford algebra element. We identify €2 with the associated element of the Clifford algebra

} b
by Q=337 el A (Vﬁj{) = 3201€ M (Vﬁj{) - where here and in the following {e;}"_, is a local

orthonormal frame of T' (Q).

Lemma 2.1. (in [13]) f K (X, Y)=X-Y - (ViQV)Z,Q - V)Z,QV%? + V[ZX? Y]) is the Clifford curvature of
$Q, then K (X,Y) =0 if X = €.

Lemma 2.2. The transverse connection commutes with the Clifford action of &; that is, ViQ Eme) =

Em V§Q<p for any spinor field p € T (XQ) and X € T (T'M). In particular, this means that the spinor field
& - @ is basic if and only if ¢ is basic.

Proof. We use ). For Z € T (Q),
VR (Ewe) = VI (Eue) - gbu VHEuE e

= (VB ot o VEY o - 3 (VYO

= Cu VR SmEn (VHE we

& Ve,

since V%4§ is orthogonal to £. Next,

V?Q(f'M%’) = V?M(f'MSD)—%Q'Mﬁ'Mw—%ﬁ'MH'Mﬁ'MSD

1 1
H'M90+§'MV?M<P—§§'MQ'MSD—§K'M<P

1 1
= 5'1\4V?MSD—§§'MQ'M<P—§§'A4§'A41€'M<P

= &m V?QQO-

We define the transversal Dirac operator Dg on I' (£Q)) as
- 1
DQ 22161‘ Q Vi"? - §K'Q-

This differential operator is first-order and transversally elliptic. Using the metric on X @ induced from the
metric on XM, we obtain the L? metric on T' (3Q).

Lemma 2.3. (From [13| p. 31]) The operator D¢ is self-adjoint on L? (T’ (2Q)).
The basic Dirac operator Dy, is the restriction of
- 1
PDg = io VEQ — —ky
Q ; €i'Q Ve, 2"% Q
to the set T', (2Q) of basic sections (sections ¢ in I' (£Q) satisfying V?Qgp =0):

Dy = PDal, g
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In the above, P : L? (T (2Q)) — L? (T, (£Q)) is the orthogonal projection onto basic sections, and kp = Py
where P, : L? (Q* (M)) — L*(Q; (M)) (see [1], [23], [7]). It is always true that P preserves the smooth
sections and that kp is a closed one-form. Recall that the basic Dirac operator preserves the set of basic
sections and is transversally elliptic and essentially self-adjoint (on the basic sections). Therefore, by the
spectral theory of transversally elliptic operators, it is a Fredholm operator and has discrete spectrum ([17],
[16]). Observe that when & is a basic form,

Ry = R, Db = DQ|Fb(EQ) .

If the mean curvature is not necessarily basic, then

n 0 1

i=1
& so 1 1

= Zei ‘Q Vei —-kpQt+3 (Iﬁb — Iﬁ) ‘Q,
e 2 2
D = D L
Q|F1;(EQ) - b+§(lib—li) Q -
Next, we give the relationship between Djs and Dg on I' (XM). By ([21) we have

Dy

1
DQ — 55 VALY —|—§M V?Q for n even,

Dy = &-m(Dg@(—Dq)) — %5 v Qe HE (V?Q®EQ) for n odd. (2.2)

Using the formulas above, the restrictions of the Dirac operators Djy; and Dy to basic sections are related
by

1 1
Dulr,sq) = Db+§(ﬁb—/€)-Q—§§-Mﬂ-M for n even,

1 1
DM|F1,(EQ) = &m Db+§€ ‘M (Iib—li) Q —55 ‘M -y for noodd. (23)

For n even, respectively n odd, and for any basic spinor field ¢, we have that Dy, (€ -ar ) = —&-m Dp (),
respectively Dy (€ -ar ) = & -ar Dy (¢). Hence, the spectrum of Dy is symmetric about 0 for n even.
Observe that Rummler’s formula is

d(€) = —rANE +wo
= AV +zn:ej AV
j=1
= —KAE +2Q,
so that o = 20). Since ¢y is always of type (2,0) in A*Q A A*TF for flows, we see Q € T (M, A2Q).
Lemma 2.4. If x is a basic form, then § is basic.
Proof. We see that
e = Sic (d(€) + R AE) =0,
which is clear since o = 202 is of type (2,0) in A*Q A A*TF. Next, since « is a basic closed form,
A = Lic((dR) A€~ kA (EY)

= %ig (kAN (=K ANE"+29))

_ %if (—k A (29)) = 0.
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Remark 2.5. The calculation above also shows that in the case where K is not necessarily basic,
1 1
’Lng = §d17011 = §d110 (Ii — Hb) .

For the case when k = k3, by the equations above for Dj; when n is even, we see that Dj; preserves
the basic sections of XM = XQ, and since D)y is orthogonally diagonalizable over L? (XM) = L? (£Q),
there exists an orthonormal basis of L? (T', (£Q)) consisting of eigensections of Djs. Similarly, there exists

an orthonormal basis of L? (T, (EQ))l consisting of eigensections of Dj;. The analogous facts are true for
n odd and Dy, sgexg) a1d Dulr, (zgeng))- - We have shown the following.

Lemma 2.6. Suppose that k is basic. Then the operator Dy; decomposes as DM'Fb(EQ) &) DM|Fb(EQ)J_ as

an L2-orthogonal direct sum, when n is even. It decomposes as DM|F1,(EQ@ZQ) @ DM|(Fb(EQ®ZQ))L when n
is odd.

We call the operator Dr := & -j V?Q acting on I' (XQ) the tangential Dirac operator.
Proposition 2.7. The operator Dx is symmetric, and ker Dy = L* (T, (2Q)).

Proof. For any (smooth) spinor fields 1 and ¢, letting (e, ®) be the pointwise inner product,
(Drty9) = (€2 VE%0,0)
(VE2 € rv).v)

by Lemma 2.2 Then
(Drt,9) = €(€mv,9)— (€m0, V%)
= €€ uv9)+ (V6 V%)

= S m,0)+ (¥, Dryp).
Observe that, letting f be the function f = (£ -y ¥, ),

/Ms<f>=—/Mfdiv<§>=o,

since € generates a Riemannian flow and thus is divergence-free. Thus, by integrating (D, ©) = (b, Dr ).
Next, if Dr (¢) = 0 for some section ¢ € I' (£Q), then

Em0=E6&mVelp=-V%,
so  is basic. O
Lemma 2.8. We have DQD]: = —D]:DQ +k-mDr=—-Dr (DQ + IQ~M).

Proof. We see that, letting ey, ..., e, be a local orthonormal frame for @,
- 1
(S eawt - hoo) (e 57°)

. 1
> (ei M &M ViQV?Q) —gRME M Ve,
i=1

Dq (5 ‘M V?Q)

by Lemma Then

Dg (5 ‘M V?Q) = i (K (e, &) +ei-m&-m (V?QVEEIQ + V[Eegg])) — %H ‘ME M V?Q.
i=1

By Lemma 2] K (e;,&) = 0 for every i. Note that [e;,£] € TF so that
lei,€] = (lei,€],€) €= (Ve,§ = Veei, §) €
= 6.6~ (Veer €
= (e, Ve§)E =r(e) &
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Thus,

1
Do (5 oy v?Q) = S mbom (v?Qv;?f? ¥ k() v?Q) ke € VIO

2

I

s
Il
-

1
eim§ MngV2Q+Z (ei)eim € MVZQ—EH o & VD
i=1

I

s
Il
-

1
e & VEOVID + Sh M & m Ve

I
M:

1

.
Il

ngg )(ei'QViQ)—(f-MV?Q) %/@.M
— (60 VE9) Do = (€0 V9 o ut

§MV )DQ+H'M (ﬁ'MV?Q)-

I
N N N

O

Corollary 2.9. If k = 0, then the spectrum of Dy contains a countable number of real eigenvalues, and
there exists a complete orthonormal basis of L? (3Q) consisting of smooth eigensections of D .

Proof. If k =0, we consider the essentially self-adjoint, elliptic operator
L =Dg+ Dy.

There exists a complete orthonormal basis of L? (XQ) consisting of smooth eigensections of L, and each
eigenspace is finite-dimensional. By Lemma 28, DDy + DrDg = 0, s0 L* = D, + D%, and Dz commutes
with L2. Then Dx restricts to a self-adjoint operator on the finite-dimensional eigenspaces of L? and thus
has pure real eigenvalue spectrum restricted to those subspaces. The result follows. O

Remark 2.10. As shown in Ezample [{.1], it is possible that the spectrum of Dr is R but also contains
a countable number of real eigenvalues, whose smooth eigensections form a complete orthonormal basis of

L* (£Q).

Remark 2.11. Suppose instead that k = df. Note that this means that f is a basic function, since otherwise
Kk would have £* components. Then we modify the metric on M so that <§,§>/ = ef but otherwise keep
everything the same. Then the leafwise volume form is

X =éler,
and
dx' = — (k= df) A x + o = o,
so that k" = 0. Then in the new metric L' = Dg + D' has the same properties, and D’ commutes with

(L’)2. But observe that D'x = e~/ Dz because for all € T (2Q), & hyv =& -m b, and & = e TE. In
exzamples it appears that Dr does not have a complete basis of eigenvectors, even though D' does.

3. ADIABATIC LIMITS
In this section, given the bundle-like metric g on (M, F), we consider the family of metrics
9r = [P ®E + gex,

where f is a positive basic function on M. This metric is bundle-like for the foliation and has the same
transverse metric as the original metric, and &y = %5 is the corresponding unit tangent vector field of the
foliation.

Lemma 3.1. The spaces L2 (T, (£Q)) and L2 (T, (SQ))" are the same for any such metric gf-
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Proof. The space T'y (XQ) does not depend on the metric and thus is independent of f. Since f is a smooth
positive function, we see easily that L? (I'y (£Q)) is also independent of f. Next, suppose that « is orthogonal
to any given 8 € 'y (XQ) with respect to the old metric. Then if we let (o, o) denote the original pointwise
metric on XQ, we have that («, ) is independent of f since § has no components with £*. Also, v A * is
the original volume form on M with v the transverse volume form. In the new metric, fv A£* is the volume
form. Then

@8);= [(@atvae = [(@ssvne o
since ff3 is also a basic form. Therefore, we also have that the space L? (T, (EQ))l is independent of f. [

Recall that the basic component k; of the mean curvature form « is always a closed form and defines a
class [rp] in basic cohomology H}! (M, F) that is invariant of the transverse Riemannian foliation structure
and bundle-like metric (see [I]). Such a Riemannian foliation is taut if and only if [k;] = 0. Also, recall from
[11]: given any Riemannian foliation (M, F) with bundle-like metric, there exists another bundle-like metric
on M with identical transverse metric such that the mean curvature is basic.

Theorem 3.2. Let M be a closed Riemannian spin manifold, endowed with an oriented Riemannian flow
given by the unit vector field . Suppose that the mean curvature form & is basic. Let Dy be the Dirac oper-
ator associated to the metric g; and spin structure. The eigenvalues of Dar, s are {A; (f)}jil U{pe (F) oy
corresponding to the restrictions of Dy s to L? (T, (£Q)) and L? (T (2Q))*, respectively. Then these eigen-
values can be indexed such that
(1) (a) (n even) as f — 0, Aj (f) converges to eigenvalues of the basic Dirac operator Dy.
(b) (n odd) as f — 0, \; (f) converges to the eigenvalues of the basic Dirac operators £Dj.
In the cases above, the convergence is uniform in j.
(2) If F is taut (i.e. k = dh for a function h), the nonzero eigenvalues in {pr (f)} approach too as
f = 0 uniformly with d—ff uniformly bounded.

Proof. (1a) Observe that {; = %5, § =T rp=r— d—ff and Qf = fQ. For the case where n is even, from
2.2),
1 >
Dy = Day— 58 s ag +85 g Ve
f 1
= Doy =58 s Qg +?€f g VE©

Then for any basic spinor 1,

D,y (%) = Dy, ptp — gff IR VRVE"S (3.1)
since k is basic. Thus,
f f
[Dss = Dogyillye 56 s @], [40arv]
(AP 191 2 = 9l
max | f]
< 5 C,

where C' is the operator norm of (£2-5). Thus

[(Dar,g — Do p) Y| 1
1l L

uniformly in f and 1, hence

max|f|C—>O

[(Dar,s = Dog)llo, <

as f — 0 uniformly. Since the eigenvalues of Dy ; are constant in f and are those of Dy(see [I4]), the
eigenvalues of D) s converge to those of Dy, because the spectrum is continuous as a function of the
operator norm (see Lemma [5.1]in the appendix).
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(1b) For the case where n is odd, from (2.2]),

Duy = &myp Doy (=Dq.y)) - _fj M, f S mf —|—§f "M, f VZQ@EQ

f
= & ms(Dor®(—Dqy)) — 58 Qg 5 €f g V99,

f
Then, since « is basic, for any basic spinor ¢ = (¢1,1¥2) € T (2Q & XQ),

1
<& g V?Q (1, 2)

Dup () = §-m (D1 ® (—Dq, f¢2)) — £§f M, f Qoary (Pr,2) + 7

= &-mf (Dy,gto1, =Dy pih2) — gff M,f e (1,v2)

Thus,
D5 ($1,92) = & -aap (Dogtp1, = Do p2)ll ‘ 2 2 _ ‘ 2
91l 2 19| 2 - Wl
. IDnax |f] c,
- 2
where C' is the operator norm of (2-p7). The same conclusions follow.
(2") Now we suppose the particular case that k = 0. Then ky = —%. For the case where n is even,
_ f 1 0
Duy = Dos—358wm Q- +?§ M Vg
- df f 1
= i V9 —ZEy Q- ~Dr.
;6(;) +2(f> 2§M M+ff

We consider the elliptic operator Ly = Dy, + 5 D; =Dg+ 5 D;, which is self-adjoint with respect to the
original metric and therefore has discrete real spectrum Then 1f * is used as the adjoint with respect to the
L? (M, gf) metric,

1 * 1
LiLy = (Dtr + ?D]-') (Dtr + ?D;)
tr f F tr f F
d 1 1
N <D“ " Tf “ +?Df> <D“ " ?Df)
df 1 1 df 1
_ 2 2
= Dtr+7'Q Dy + foDtr+Dtr fD]-'—I—F-Q D]:—FFD]_-
df 1 df 1 df 1
Dt2r+7'QDtr+foDtr 72 QDf+ther+f2 QDf+f D%
df 1

D§r+7-QDtr+f D%

where Dy, = >0 1€ ¢ VEI_Q, which is self-adjoint with respect to the original metric. Clearly LiLy is
nonnegative, elliptic, and self-adjoint with respect to the new metric and thus has discrete spectrum. The
operator Dr restricts to the eigenspaces of L%Ly since they commute. Indeed, Dz anticommutes with
Dy, and with & f2 - and commutes with +. By Corollary [Z9] we may restrict to an eigenspace of Dr
corresponding to an eigenvalue o # 0 (s1nce we are only considering antibasic sections now), and we see that
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such an eigenvalue, normalized antibasic eigensection pair Ag, s satisfies

d 1

d 1
= ((Ph+ Fra s o) orvr),
1 1
- ((retms gt oner),

= (Dt (fDsr) by, vp) + < oy, ¢f>
f

= (Duty, Dutdy) f+a2< 3Vs, ¢f>

042

max (f2)

Y

— 0

as f — 0 uniformly. Thus, the eigenvalues of L3Ly go to +oc0 as f — 0 uniformly. Since the eigenvalues of
L;Ly are precisely the squares of the elgenvalues of Ly, we also get that the eigenvalues of L; approach £oo
as f — 0 uniformly. Next, observe that

1

1
< —max |f|max ||Q] + 5 max

1/d
D = Lelloy = |5 () -0 =5

7
f 3

[\

Op

and the right hand side remains bounded as f — 0 uniformly with % bounded. Thus, since the spectrum
is continuous as a function of the operator norm (see Lemma [5.1]), the eigenvalues of Djys ¢ go to £oo as
f — 0 uniformly with ‘df | bounded. The n odd case is similar.

(2) Now, suppose that k is an exact form, so that x = dh for some function h (which must be basic;
otherwise k would have a £* component). Then we may multiply the leafwise metric by f2 where f

exp (h), and then in the new metric & = 0. Then, given any positive function f, gr = f2* @ & + ger =
N2 ~ -
(fffl) f2* @ & 4 ger. Suppose that f — 0 uniformly with % uniformly bounded; then ff=! — 0
A7) a4

uniformly and T = P T r is also uniformly bounded. By the result in (2’) above, the nonzero

1

eigenvalues in {ux (f)} approach foo. O

Remark 3.3. Ezample[{.3 shows that in the case that F is not taut, the methods of the proof for part (2) do
not work. In this example, the only eigenvalue of Dr is 0, corresponding to the basic sections, and yet the
spectrum of Dx is R. So the conclusion of Corollary[2.9 does not hold even though k is basic. We conjecture
that the conclusion (2) is false for general Riemannian foliations.

4. EXAMPLES

Example 4.1. Consider M = T? = R%2/ (27TZ)2, the Euclidean two-dimensional torus, with a constant
linear flow & = ad, + b0y, where a®> + b*> = 1. The spinor bundle YM is C* x M, and we consider the
Clifford multiplication (cOy + ddy,) = c—l(—)di —c(—)l—dz The bundle Q = £+ = span {—b0, + ady},
and ¥Q = C x M. Covariant derivatives are the same as directional derivatives. The standard metric is
g = da® + dy?, and we consider the perturbed metric

95 = g = da® + dy’ + (1> — 1) (£")? = da® + dy* + (1> — 1) (a do + b dy)”
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with f (t) = t. Since the foliation for this and the original metric is totally geodesic, V=M = V¥R9XC  Then
Duy = > e m VM +& 4 VEM
= ) e uVIM 4 %5 o VM
= Dy+ (%—1>§-Mv§4.
We now compute the eigenvalues of Dy . Observe that

0 —a + bi
g-Mvng(aeri 0 )(a@m—i—b@y).

Consider the space Vi, = {( ccl )exp (i (mz +ny)) :c,d € (C} , so that the Hilbert sum @ Vin =

m,n€”Z

L? (XM). We see that
Dy (( 2 ) exp (i (mx + ny)))
_ <( awfiay 0 +i% )+ (%-1) ( afbl. N ) (a@z—l—bay)) <( ‘ )exp(i(mx—l—ny)))

_ <<Zm0_n _iﬂg_")+<%—1>(a£bi _a;—bi)(iam—kibn)) ((§>exp(i(mx+ny))).

The matriz is
0 —im —n+ 1 (=t + 1) (—a +ib) (iam + ibn)
im—n+ 3 (=t+1)(a+ib) (iam + ibn) 0 '

The eigenvalues are &=,/q, where

1
q:m2—|—n2—(am+bn)2+t—2(am+bn)2.

So, in the case where % is rational, the set of basic sections of XM is

d
Also, >Q = C, and the basic Dirac operator is Dy = i0, where 0 L&, It has eigenvalues

b2
m 1—|——2:m€Z
a

with eigensections of the form {exp (i (mx + ny)) : m,n € Z,am + bn = 0}. Actually, M /F is a circle of
radius —2= As can be seen above, the eigenvalues Dyry are

{( ¢ )exp(i(mx—f—ny)):c,dEC,m,nEZ,am—i—bn:O}.

1
:I:\/m2 +n2 — (am + bn)® + o) (am + bn)”

with m,n € Z. The eigenvalues with am~+bn = 0 are independent of t and trivially converge to the eigenvalues
of Dy® —Dy. All other eigenvalues go to £o0o as t — 0.

( ccl te,d € (C}, since each leaf is
dense. The basic Dirac operator is the zero operator and only has the eigenvalue 0. Also, since am +bn # 0
for all (m,n) € Z*\ {(0,0)}, the ezpression above implies that every eigenvalue besides 0 goes to +o0o as
t—0.

These results are consistent with our theorem. We also find the spectrum of the operator

0 —a+ bi
f.MVé”:(CH_bZ_ 0 )(a@m—i—bay).

On the other hand, zf% is wrrational, the basic sections of XM are
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Applied to an element of {( ¢

d )exp(i(mx—i—ny)):c,dE(C,m,nEZ,am—i—bn:O}, we get

' M c , iy _ 0 —a+ b c )
(€92 () exome ) = am o) (P 70 Y (0 ) e ime ).
and the matriz restricted to this subspace is

0 _a+bi>_< 0 (—a—l—ib)(iam—kibn))'

(iam + ibn) ( a+bi 0 (a4 ib) (iam + ibn) 0

The eigenvalues are obviously + (am 4+ bn), so that in the irrational slope case 0 is a limit point of the
eigenvalues of Dr. In fact, the eigenvalues are dense in R. Note that the whole spectrum is R because it is
closed, even though there exists an orthonormal basis of L? (X M) consisting of eigensections. The problem
is that (Dr — /\I)_l for any X\ not in the spectrum, but this operator is not a bounded operator.

Example 4.2. Consider M = T3 = R3/ (27TZ)3, the Fuclidean 3-torus, with a constant linear flow & =
ady +bdy + 0, where a®> +b*+c? = 1. The spinor bundle ¥M is C* x M, and we consider the Clifford multi-
plication (cOy + d0y + €0,) = < c j—edi _C__i.—edl ) . The bundle Q = &+ = span {—b0, + ady, —cdy + ad,},
and £Q = C%2 x M. Covariant derivatives are the same as directional derivatives. The standard metric is
g = dx? + dy? + dz?, and we consider the perturbed metric

gr=gr =g+ (> —1) () =da® + dy* + (t* = 1) (a dz + b dy + cdz)?
with f (t) =t. Since the foliation for this and the original metric is totally geodesic, V=M = V*Q. Then
Dy = Z €M VeEjM +& VEM
1
doeim Ve + 26w VEY

1
DM+(¥—1>§-MV§4.

We now compute the eigenvalues of Dyrt. Observe that

ic —a+ b
g.Mvé”: ( G b —ic )(a@w—f—bay—l—caz).

Consider the space Vi pn 1 = { ( ; > exp (i (mx +ny + kz)) :r,s € (C} , so that the Hilbert sum @ Vipnk =

m,n,kEZ

L? (XM).
We see that for ¢ = ( Z ) exp (i (mz + ny + kz)),

Do

10, —0, + 10y 1 ic —a+ bi
(( 0, +id,  —id. ) * (E - 1) ( a+bi  —ic ) (aanrbay‘Lcaz)) v

—k —im—n 1 ic —a+bi . . ;
(( im—n i )+(¥_1)<a+bi Cic )(mm—i—zbn—i—zck))cp.

One can check that the eigenvalues of Dy restricted to such sections are

(1-#)
12
Ast — 0%, then A =~ £ |am + bn + ck| if am + bn + ck # 0, and X = £Vk? + n® + m? otherwise. So as
t— 0%, ifam+bn+ck=0 (i.e. basic eigensections of Dy ), then the eigenvalues are +v/k? + n? + m? and

do not change with t. Otherwise, if am +bn + ck # 0, then all the eigenvalues go to +00. This is consistent
with our theorem.

(am + bn + ck)?.

:I:\/k2+n2+m2—|—
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Example 4.3. Consider the Carriére example from [8] in the 3-dimensional case. This foliation is not taut,
and we will show that the spectrum of Dx is all of R in this case, and its only eigenvalue is 0, corresponding

to the basic sections. Choose A = ( ? 1 > to be a symmetric matriz in SLa(Z), and let T? = R? /72
Note that the eigenvalues of A are A = 3+2‘/5,% = 3_2‘/5 corresponding to normalized eigenvectors
o 0.850 65
= \/m = ’ =
i YT 0.525 73 : G8m+K8y,
3Vo+3
AL 0.52573
- —3V5+3% = - _
Voo = | YT )= ( 0.850 65 ) = —Ko: + 69,
-1VvE+3

respectively. Let the hyperbolic torus M = T3 be the quotient of T? x R by the equivalence relation which
identifies (m,t) to (A(m),t+1). We may also think of it as T? x [0, 1] with (m,0) identified with (Am,1).
We choose the bundle-like metric so that the vectors Vi, Va, 0y form an orthonormal basis at t = 0 and in
general X'V, A"V, 0, form an orthonormal basis for t € [0,1]. Note that at t = 0, this is the standard flat
metric on the torus. If we use * to denote the adjoint/dual with respect to the t = 0 metric, the metric is

g=d* + X7 (V)P N (V)2

We have that the mean curvature of the flow is k = k, = —log (\) dt, since xr = AV5' is the characteristic
form and dxF = log (A\) Adt A Vs' = —k A xz. We also have that po = 0 for this flow.
We choose the trivial spin structure, so that the spin bundle is M x C? with spinor connection, with Clifford

multiplication
_ i 0 0 -1 0 i
¢ (2 tvz):(o _Z.>,c()\tV1)=(1 . ),c@):(i O).

We need to calculate the covariant derivatives of spinors. We calculate for € = eg = A\7tVa, e1 = AV,
€9 = 8t.

AV2, A V1] = [eo,e1] =0,
[Ait‘/z, 815} = [60, 62] =+ (10g A) Ait‘/g = (10g A) €o,
NV1,0,] = le1,ea] = — (logA) A'Vi = — (log \) e1.
Then by the Koszul formula, the Christoffel symbols are
1
IS = (Vegeo,e2) = 5 (= (leo, e2] , e0) = ({[eo, e2] ) = —log A,
ry, = -T% =-T% =—log\

similarly. Now we use the formula

VM = X (¢) + % Z (VXeiej)eine; .

i<j
Then
SM M —1y—t 1 M
VAftvch = veo @Y =S A %(@)+§Z<veoei,€j>ei ‘M €j M P
i<j
I log A 0 1 1 log A
= e+ 2 (4 o= T - e
M sM t 1 M
Ve = Vg <P=)\V1(<P)+§Z<Ve1€i=€j>€i-Mej-M@
i<j
logh (¢ 0 log A
= ANVi(p)— 5 (O _i>90=)\tV1(90)— €0 "M P,

ViMe = Owp.
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With € = A=V, the connection satisfies

_ log A 0 1
M _ t
Vele = ATV (p)+— (_1 0)<P

1 1
V?Q¢+§Q-M¢+§§'MH'M<P

logA (i 0 0 4
rQ 108 ¢
Ve 2(0—2')(@'0)9”

logh / 0 1
=Q g
\Y <p+—(_1 0)%

I
e

|
s
[N}

s0
V?Qcp = s A\
Now we compute

Drp = &-m V9

0

- (o —i >A Vae

B iV, 0

- 0 —ixt ) ¥

So to determine the spectrum of Dr, we consider Dr — ul and determine when it has a bounded inverse.
We apply this to a section of the form
o = ( ?bc )e2wi(bm+cy)'
be

Then
B ’L.)\_t‘/z — K 0 Apc 2mi(bx+cy)
(D]: - NI) 2 - ( 0 —Z.)\it‘/z — i ) ( fbc €
B iXTt(2mi (—Kb+ Ge)) — p 0
- 0 —iATt (27 (~Kb+Ge)) —p ) ¥
B A 27 (-Kb+ Gc) — 0
- 0 A 2r (—Kb+Ge)—p ) ¥

Suppose that v is actually an eigenvalue of Dx. Then ¢ must satisfy the condition ¢ (t + 1,2z +y,x +y) =
@ (t,x,y), p must be constant, and p = £X"'27 (—=Kb+ Gc). So only b= c = 0 is possible, corresponding to
the double eigenvalue 0. The eigensections are exactly the sections that depend on t alone, the basic sections.
What is in the other part of the spectrum of Dy ? We have

1 —p— U 0 - ——L 0
(DF — pI) <p=( 0 _ ) s0=( o )cp
p K pP—H

acting on sections of the form @, which exists as long as p—p # 0 and p+p # 0, where p = X727 (= Kb+ Ge) =
A7t27 (—0.525 73b + 0.850 65¢) takes on every number in the range

A712m (—0.525 73b + 0.850 65¢) < p < 27 (—0.525 73b+ 0.850 65¢) ;

that is,
—1.2617b+4 2.0415¢c < p < —3.3033b+ 5. 344 8c.

So u is in the spectrum if and only if £u is in the set where —1.2617b+ 2.0415¢ < p < —3.3033b+ 5.
344 8c for any integers b,c. Thus, every u € R is in the spectrum.
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5. APPENDIX

We include the following well-known result for completeness, although it certainly is contained in more
general perturbation theory of linear operators in the literature.

Lemma 5.1. Let A and B be two unbounded, essentially self-adjoint operators with discrete spectrum and the
same domain on a Hilbert space such that the eigenspaces according to each eigenvalue are finite-dimensional

and the eigenvalues approach oo in absolute value. If ||A — B||Op < ¢ for some e >0 and

NP VIR .. VISP VIR .
with j € Z are the eigenvalues of A, counted with multiplicities. Then there is a numbering of the eigenvalues
e g1 <y < g <
of B such that
|\ —mil <e
for all 7.

Proof. First, we prove the result for the case of nonnegative operators. Let A and B be nonnegative, satisfy
|A— BJ,, < ¢, and have domain D. For any subspace S of D,

sup ||Aal| < sup [[(A—B)al + [|Bal| <e+ sup [Bal,
acsS a€ES a€ES
llall=1 llall=1 lafl=1

so in particular

A = inf Ao | < inf Bal| | = :
#= dnf | sw [Aall | <e+ dnf | s |Ball | =&+ p
dim S=k llall=1 dim S=k llall=1

Reversing the roles of A and B, we do obtain |\ — ug| < € for the nonnegative case.

Next, for arbitrary operators A and B that satisfy the hypothesis, consider the nonnegative operators
A" = |A[+ A, B = |B| + B, so that [|[A" — B'[|,, < 2e. The eigenvalues of A" and B’ are |[Ax| + A and
|| + p, respectively, and the previous argument shows that |Ay — px| < e for all nonnegative eigenvalues
Ar and pp of A and B. Similarly, we apply the previous argument to A” = |A| — A and B” = |B| — B to
show that [\ — ug| < e for all negative eigenvalues A, and py of A and B. O
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