SHARP ASYMPTOTIC PROFILES FOR SINGULAR SOLUTIONS

TO AN ELLIPTIC EQUATION WITH A SIGN-CHANGING

NONLINEARITY
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ABSTRACT. Given B1(0) the unit ball of R™ (n > 3), we study smooth positive
singular solutions u € C2(B1(0) \ {0}) to —Au = %‘51—1 — pul. Here
0<s<2, 2*(s) :=2(n—s)/(n—2) is critical for Sobolev embeddings, ¢ > 1
and ¢ > 0. When g = 0 and s = 0, the profile at the singularity 0 was
fully described by Caffarelli-Gidas-Spruck. We prove that when p > 0 and
s > 0, besides this profile, two new profiles might occur. We provide a full
description of all the singular profiles. Special attention is accorded to solutions
such that liminf, o |x\nT_2u(:p) = 0 and limsup,_,, |x|nT_2u(x) € (0,4+00).
The particular case ¢ = (n + 2)/(n — 2) requires a separate analysis which we
also perform.
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1. INTRODUCTION

We let B1(0) be the unit ball of R™ with n > 3. For s € (0,2), ¢ > 1 and >0
fixed, we consider a positive function u € C*°(B1(0) \ {0}) such that
U2*(S)_1

where 2*(s) := 2(7?7:;) is critical from the viewpoint of the Hardy—Sobolev embed-
dings. We say that 0 is a removable singularity for u if u can be extended at 0
by a Holder function. Otherwise, we say that 0 is a non-removable singularity.
Our objective here is to analyze the behavior of u at 0 when 0 is a non-removable

singularity.

For the sole pure Sobolev critical nonlinearity, that is when u = s = 0, the equation
—Au = u* ~1 is conformally invariant (here, 2* := 2*(0) = -22). In this context,
the pioneering analysis is due to Caffarelli-Gidas-Spruck [3]. Using the Alexandrov
reflection principle, they showed that singular solutions are controlled from above
and below by = — |$|7an2 around 0. They also outlined the central role of

(1.2) x> W)= |$‘%u($)

More precisely, Caffarelli-Gidas-Spruck proved that, up to a change of variable, the
function W (defined in (1.2)) behaves around 0 like a positive periodic function
in In|z|. In the sequel, such a behavior will be referred to as (CGS) profile (see
the precise definition below). The blow-up profile has been refined by Korevaar-
Mazzeo-Pacard-Schoen [13]. When ¢ = 0 and s > 0, Hsia-Lin-Wang [11] proved
that singular solutions to (1.1) also blow-up along a (CGS) profile.

The situation happens to be much richer when one drifts away from the conformally
invariant equation, that is when x> 0 in (1.1) (in addition to s > 0). In equation
(1.1), three terms compete with each other: asymptotically, one expects that one
of these terms is negligible. In Theorem 1, we prove that this is the case: moreover,
the function W in (1.2) discriminates the three regimes of singular solutions.

Indeed, when lim,_,o W(z) = 0, then the singularity is removable. This situation
always occurs when ¢ > 2* — 1.

When W (x) < C around 0 for some constant C' > 0, then pu? is negligible for the
preliminary analysis, and a singular solution u behaves essentially like a smooth
positive solution to

U2*(s)—1
(1.3) AU=
||

Here, two potential profiles might occur. When ¢ < W < C around 0 for some
positive constants ¢,C > 0, then the classical (CGS) profile occurs: this is the
first blow-up profile. However, unlike the exact conformally invariant equation
(1.3), the function W might oscillate between 0 and a positive constant: in this
situation, a second profile occurs, namely the profile of type (MB) (for “Multi-
Bump”) described below. We prove that the existence of this (MB) profile is due
to a nontrivial influence of the perturbation pu?. A related phenomenon has been
observed by Chen-Lin [4] for equation —Au = K (z)u? ~! with z — K () having a
specific behavior at 0.

in R™\ {0}.
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The introduction of the weight |x|~% in the equation generates a third asymptotic
profile. Indeed, unlike the scalar curvature-type equations studied in [3], [13] and
[11], there are singular solutions to (1.1) that are not controled by = — |x\_%
when 2*(s) — 1 < g < 2* — 1, and therefore, W is not even bounded from above. In
this situation, we observe that —Aw is negligible in (1.1) compared to the nonlinear
part. In particular, we show that u behaves like the solution to |z|~5U? (*)=1 —
uU? = 0. We then say that the profile is of (ND) type (for “Non Differential”).

Nonsingular positive solutions to (1.3) are exactly of the form

n—2

)\255 2—s )
(1.4) 2= U(z) =Ux(z) =277 Ur(z/A) i=cps <)\2—*—|—|a:|2—9> in R",

for some A > 0, where ¢, s := ((n — s)(n — 2))2*(51>—2 (see Proposition 6.2).
Definition 1. We say that u develops a profile of (CGS) type if there exists a
positive periodic function v € C*°(R) such that

m (|x|%u(x) —v(~In \x|)) =0. (CGS)

li

x—0
We say that u develops a profile of (MB) type (for “Multi-Bump”) if there exists a
sequence (1), > 0 decreasing to 0 such that ri11 = o(rg) as k — +oo and

n—2
2—s 2=s
> 3
u(x) = (1+0(1))ch,s ﬁ as T *)O (MB)
k=0 T T+ |93‘

We say that u develops a (ND) type profile (for “Non Differential”) if

lim |z|T @O0 y(z) = qu—u*l(s)—l)_ (ND)
x—0

We are now in position to state our first theorem. We prove that when ¢ # 2* — 1,
then singular solutions to (1.1) behave according to one of these three profiles.

Theorem 1. Let u € C*°(B1(0) \ {0}) be a positive solution to (1.1). Then
o I[fq>2"—1, then 0 is a removable singularity,

o If2*(s)—1 < q < 2*—1, then either 0 is a removable singularity, or u develops
a profile of type (CGS), (MB) or (ND),

o If g < 2*(s)—1, then either 0 is a removable singularity, or u develops a profile
of type (CGS) or (MB).

Moreover, if u develops an (MB) profile, then 2* —2 < q < 2* — 1 and the sequence
(ri) satisfies

1
Th1 = (K +o(1))rf 72
as k — 400, where K is the positive constant defined by

(2~ 1— q)et-1p i N
K .= L = :
(¢4 1)(n—2)|0B1(0)] Jen (1 + |x|2fs)(Q+1)Zf§
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The characterization of the three blow-up profiles is summarized in this table:

Type | liminf, g \m|n74u(x) limsup,_,, |m|%u(x)
removable 0 0

(CGS) € (0,00) € (0,00)

(MB) 0 € (0,00)

(ND) 00 00

Remark: From the analysis viewpoint, it is more convenient to express the as-
ymptotic behavior (MB) in the following equivalent form: for any R > 0, for any
r € Bry, (0) \ Br-1,,,,(0), we have that

—2 n—2

2—s
T, 2 r 2
e +ens | 2

Tht1 T |z| e 7l

2—s

u(z) = (1+ ex())

Cn,s

where limy,_, o € = 0 uniformly on Bg,, (0) \ Br-1,,_,(0).

A natural question is the existence of these profiles. Indeed, the construction may be
done via a perturbation of the given models in the flavour of the finite-dimensional
reduction. This is the object of a work in progress by the authors [8].

When ¢ = 2* — 1, the full nonlinearity is conformally invariant, and the situation
is somehow different. Indeed, essentially, singular solutions develop only a (CGS)
type profile. This is the object of the second theorem:

Theorem 2. Let u € C°°(B1(0) \ {0}) be a positive solution to (1.1). We assume
that g = 2* — 1. Then there exists po(n,s) > 0 such that:

o If u> pop(n,s), then 0 is a removable singularity,
o If p = po(n,s), then

(1) Either 0 is a removable singularity,
n—2

. n-2 —s 2s
(2) Orlimg o |z 7 u(z) = (2/j(n7s)) ’
[ [f/,é < /JO(n7 8); then

(1) Either 0 is a removable singularity,
(2) Or there exists c1,c2 > 0 such that

-2 —2

alz|™T <wu(z) < eolz|”"T on By(0) )\ {0}
The explicit value of pg(n,s) is
(2 —5)s7>
uo(n,s) = 209 EYE
27 2—s (TL — 2)275

The profiles given in Theorem 2 exist (see Proposition 11.2 in Section 11).

The proof of Theorems 1 and 2 rely on various pointwise estimates and the use of
Pohozaev-type identities. Indeed, our first task is to provide a pointwise control of
W in Section 2: this will enable us to show that either the profile is of type (ND) or
W is controled from above by a constant. When > 0 and ¢ # 2* — 1, the classical
Pohozaev integral on a ball is not constant (see the definition in (6.14)), but it
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has a limit (the asymptotic Pohozaev integral) when the radius of the ball goes
to 0. The value of the asymptotic Pohozaev integral differentiates the two profiles
(CGS) and (MB) (respectively when it is positive or null). Here, it is to be noticed
that the nonconstant Pohozaev integral generates the Multi-Bump profile (MB): in
the conformally invariant equation —AU = |z|~*U 2°(s)=1 the Pohozaev integral is
constant, which imposes a positive lower-bound for (1.2) and then a (CGS) profile
(see Caffarelli-Gidas-Spruck [3] or Korevaar-Mazzeo-Pacard-Schoen [13], see also
Marques [14] for the case of a non-Euclidean metric). When there is no positive
lower bound, the situation is more intricate and we perform a blow-up analysis in
the spirit of Druet-Hebey-Robert [9] to obtain the (MB) profile.

The article [13] of Korevaar-Mazzeo-Pacard-Schoen was an important source of
inspiration of this work. Concerning bibliographic references, apart from the articles
already mentioned in the introduction, there is a huge litterature about the case of a
sole convex nonlinear problem, that is for —Au = —puf, with interior or boundary
singularity: we refer to the classical monograph by Véron [19] and the more recent
contribution [16] by Porretta-Véron. We also refer to the monograph [6] by the first
author for an exhaustive study of such problems.

The paper is organized as follows. Section 2 is devoted to the proof of a general
pointwise estimate for solutions to (1.1). Some consequences of this estimate are
provided in Sections 3, 4 and 5. In Section 6, we make a full study of solutions to
the limiting equation (1.3) on R™ \ {0} and introduce the Pohozaev integral. The
optimal control of solutions is proved in Sections 7 and 8 for the (MB) profile. This
is used in Section 9 to estimate the rescaling parameters associated to solutions to
(1.1). Theorem 1 is proved in Section 1. Section 11 is devoted to the specific case
q = 2* — 1 and the proof of Theorem 2.

Notation. In all the paper, C' will denote a generic positive constant, the value of
which might change from one line to the other, potentially even in the same line.
We denote w,, 1 := |0B1(0)| the volume of S"~!, the Euclidean unit (n—1)—sphere.

Acknowledgements: The authors thank Professors Norman E. Dancer and Al-
berto Farina for stimulating discussions at an early stage of this paper.

2. A FIRST POINTWISE ESTIMATE FOR u

The aim of this section is to obtain upper bound estimates for any positive
solution w € C*(B1(0) \ {0}) of (1.1), namely limsup,_,, |z|Pu(z) < oo, where
p > 0 is given by (2.9). We refer to Proposition 2.1, whose proof in §2.2 uses a
contradiction argument and relies essentially on Lemma 2.1 to be introduced shortly
in §2.1. Before presenting the details, let us summarize several important facts in
connection with A := limsup,_,, |x|%u(x) to be proved in Sections 2, 3, 4:

(1) A < oo forevery 1 < ¢ <2*(s) —1 and ¢ =2* — 1 (see Proposition 2.1);
(2) If 2*(s) — 1 < ¢ < 2* — 1, then
e A < oo if and only if lim, o |z[*u(x)?~ (3 ()=1) = 0 (by Corollary 2.1);
e If A = oo, then lim, ¢ |z[5u(2)?~ 2" (5)=1) = ;=1 (see Proposition 4.1).
(3) If ¢ > 2* — 1, then A = 0. Moreover, zero is a removable singularity for u
provided that A = 0 (see Proposition 3.1 and Corollary 3.1).
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2.1. A general Lemma. Let u € C*(B1(0)\ {0}) be a positive solution to (1.1).
For € > 0, we define

de(x) := max{|z| — ¢€,0} for all z € R™.
Let a > 0 and b € R be fixed. For € € (0,1/2), we define w, on B;(0) as follows

{ we(z) := de(z)*|z[’u(x) for every z € B;(0) \ {0},

1) we(0) = 0.

Since we € C(By/2(0)), we see that there exists x. € By/2(0) \ {0} such that

(2.2) max__ we(xr) = we(z:) > 0.
x€B1/2(0)

Up to a subsequence, we assume that
H1 li =
(H1) [ We (ze) = +o0,
then since u is smooth on B;(0) \ {0}, we infer that there exists €; > 0 such that
(2.3) lir% |zl =0 and de(z.) = |x| — € >0 for every € € (0,¢€1).
e—
Our next result is essential for proving the a priori estimates in Proposition 2.1.

Lemma 2.1. Leta > 0 and b € R. For 0 < € < 1/2, we define w. and x. as
in (2.1) and (2.2), respectively. Suppose that, up to a subsequence, (H1) holds,
lime,ou(ze) = 400 and for a family (A¢)e of positive numbers converging to zero
as € = 0, we have

. ‘xel — €
H2 1
(H2) v Y

= 4-00.
We assume that there exist non-negative numbers o and B such that

Then there exists U € C*°(R™) such that
—AU = qU? -1 _ BpUT  in R™,
{ 0<U(x) <U((0)=1 for all z € R".

— ; 2 q—1 _
=« and 11_}1% Azu(z )T = 8.

(2.4)

Proof of Lemma 2.1: We define a family of functions u. as follows

(2.5) ue(z) 1= W for all 2 e (B100) \)\{O}) e

We claim that for every R > 0 and every n € (0, 1), there exists e(R,n) > 0 such
for any € € (0,¢(R, 7)), we can define u. in Bg(0) and

(2.6) 0 < uc(z) < (1+n)tl for all z € B(0).
We prove the claim. For every x € Br(0) and every € > 0, we have
>\€ € >\E >\€
1— R< u <14 <R,
|| || ||
1 Ae R<|x6+)\€x|—e<1+ Ae R

- |zl =€ |zc| — € |ze| — €
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From (H2), we find that lim. o Ac/|2e| = limj¢0 Ae/(|zc] —€) = 0. Hence, for
every 1 > 0, there exists ¢(R,n) € (0,¢€1) such that
1 §|£L'€+>\€l“f€§1+n’ 1 S\xe+)\5x|
1+77 |xe|_6 1+77 |$e|
for all x € Br(0) and all € € (0,¢(R,n)). Therefore, zc + Acx € By/2(0) and uc(x)
is well defined, so that we(ze + Acx) < we(z). This yields

de(xe + M) 2e + A Pu(xe + Ae) < de(we)® || ulz,)
for all x € Bg(0) and € € (0,¢(R,7n)). Then, by (2.3), (2.5) and (2.7), we get (2.6).
This proves the claim.

We fix R > 0 and n € (0,1). It follows from (2.6) that u. is uniformly bounded on
Bpr(0) with respect to € > 0 small enough. Since u is a positive solution of (1.1),
we see that u. satisfies

A2u(z,)2 ()2 g*(S)*l
(28)  —Au, = @) “

(2.7 <1l+n

s — Nu(r)?T  pud  in Bg(0).

€

|zc|®

T A
€ _|_ € :I:
[@e|

[@e]

Thus using (H3), (2.6) and standard elliptic theory (see, for instance, Gilbarg—
Trudinger [10]), we conclude that there exists U € C%(R™) such that

ue — U in CZ (R™) ase— 0,
where U is a non-negative solution of
—AU = aU? &)=t — guU?  in R".

Moreover, letting ¢ — 0 and then n — 0 in (2.6), we find that 0 < U(x) < 1 for all
x € R™. Since U(0) = lim¢_,o uc(0) = 1, it follows from Hopf’s maximum principle
that U > 0 in R™. Therefore U satisfies (2.4). This ends the proof of Lemma 2.1.0J

2.2. A priori bounds. For convenience, we define p as follows:

—2
"2 if1<q<2(s)—1,
S : * *
(2.9) Pi=4 g= (2 (s) =1 if2%(s) —1<g<2*—1,
2
— if g > 2" — 1.
-

This subsection is essentially devoted to the proof of the following result.

Proposition 2.1. Let u € C*°(B1(0) \ {0}) be a positive solution of (1.1) and let
p be given by (2.9). Then there exists a positive constant C' such that

(2.10) u(z) < Clz|™P  for all x € By/5(0) \ {0}.
Proof of Proposition 2.1. We take inspiration in Korevaar-Mazzeo-Pacard-Schoen

[13] where a similar upper bound was proved for s = u = 0. We take a > 0 and
b € R be such that

2 s
= ———andbi=———— ifl<qg<2%(s) -1
(2.11) T 2™ ey 2 l<asZ@E)-L
a:=p and b:=0 if g > 2%(s) — 1.

Notice that a > 0 and a + b = p > 0, where p is defined as in (2.9). For any
e € (0,1/2), we define w, as in (2.1) with a and b as above. To prove (2.10), our
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objective is to bound w, uniformly. We argue by contradiction. Let z. be given by
(2.2), and assume that (H1) holds, that is lim._,o we(z.) = +o0. Using (2.3), we
find that we(z.) < |zc|*TPu(z.) and thus lim._,ou(z.) = +oo. This implies that
Ae — 0 as € — 0, where for every € € (0,1/2), we define A, as follows

(2.12) )\62{ welFulze) =" F i1 <q<2%(s) 1,

—1

u(z) ™7 if ¢ > 2*(s) — 1.

Case 1: ¢ > 2*(s) — 1. By (2.1) and (H1), we have lim._,o(|z¢| — €)Pu(z.) = +o0
since ¢ = p and b = 0. But p = max q%l, m} if ¢ > 2*(s) — 1 so that

2
li —€)a=1 = d 1l )@ -D = .
lim (|| — T Tu(ze) = +oo and T (fre| - )7 u(w,) = +o0

Thus, (H2) holds for A, defined by (2.12), whereas (H3) holds for & = 0 and 5 = 1.
By applying Lemma 2.1, we conclude that there exists U € C*°(R™) such that
—AU = —puU? in R™
0<U(x)<U@0)=1 forall zeR"
Since 0 is a point of maximum for U, we have that —AU(0) > 0, which is a
contradiction. Thus, (H1) cannot hold in Case 1.
Case 2: 1 < ¢ <2*(s) — 1. From (H1) and (2.3), jointly with (2.11), we find that

2% (s)—2
2

lim (| =€) ze| % [u(a.)] = +o0,

which proves (H2) for A\ given by (2.12). Moreover, . satisfies

)\Qu(xe)T (s)—2

(2.13) ‘ = 1 and Nu(z)? ! = |ze*u(z) =@ D,

|ze|*

Since ¢ < 2*(s) — 1 and lim._,o u(ze) = +o0, from (2.13), we see that (H3) holds
with @« = 1 and § = 0. Thus, by Lemma 2.1, there exists U € C*°(R") such that

—AU =U* (-1 in R”,
0<U(x)<U(0)=1 forevery x € R".

But this is impossible from Caffarelli-Gidas—Spruck [3] since 2*(s) < 2* (we use
that s > 0). Then (H1) does not hold, which ends Case 2.

Hence, in both cases, there exists C' > 0 such that w,(z) < C for allz € By /5(0)\{0}
and € € (0,1/2). Letting ¢ — 0 yields Proposition 2.1. O

Corollary 2.1. Ifu € C*(B1(0) \ {0}) is a positive solution of (1.1) such that
(2.14) lim |z]*u(z)?~ @)=Y = o,

|z|—0

then there exists a positive constant C such that
(2.15) u(w) < Cla| =% in Bys(0)\ {0}.

Proof of Corollary 2.1. We proceed as in Case 2 in the proof of Proposition 2.1.
The only change is that 8 = 0 in (H3) follows here from (2.13) and (2.14). O
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3. REMOVABLE SINGULARITIES

Proposition 3.1. Let u € C*°(B1(0)\{0}) be a positive solution to (1.1) such that
(3.1) lim |a:|nT_2u(33) =0.
z—0

Then 0 is a removable singularity for u.

Proof of Proposition 3.1: We define the operator

u2 (5)-2

— ¢t
]

Lo :=—A¢p—

for ¢ € C%(B1(0) \ {0}). We fix a € (0,n — 2). Direct computations yield

ne 2*(s)—2

Lol ) = ol (an = 2= o) - (o

+ laPuloy )

on B1(0) \ {0}. Since a € (0,n — 2) and (3.1) holds, there exists R(«) > 0 such
that

(3.2) L(jz|™®) > 0

for all x € R™ such that 0 < |z| < R(e). We fix § € (0,n — 2), and we let
0 <r <d<min{R(a),R(f)} be two real numbers, and we define the function

H(z) = <sup Z|O‘u(z)> |z] 7 + (sup |z|ﬁu(z)> |z| =7 for all z # 0.

|z|=r |z|=68
It follows from (3.2) and the definition of H that

{ L(H—u)>0 in Bs(0)\ B,(0) }

(H—wu)(z) >0 forallzc d(Bs(0)\ B,(0))

Since LH > 0 et H > 0 sur Bs(0) \ B,.(0), it follows from Beresticky-Nirenberg-
Varadhan [1] that L satisfie the comparison principle and therefore H > u on
Bs(0) \ B,(0). Taking o > 252 and 6 > 0 small enough, using (3.1) and letting
r — 0 yields

u(z) < (sup |25u(z)> ||~ for all 0 < |z| < 4.

|z|=68

Therefore, since s € (0,2), we get that there exists p > % such that || ~su? ()1 —

pu? € LP(By/5(0)). It then follows from Theorem 1 of Serrin [18] and (3.1) that
the singularity at zero is removable. This ends the proof of Proposition 3.1. [

Corollary 3.1. Let ¢ > 2* —1 and u € C*(B1(0) \ {0}) be a positive solution of
(1.1). Then 0 is a removable singularity.

Proof of Corollary 3.1. Proposition 2.1 gives that |x|%u(x) < Con By/,(0)\ {0}
for some constant C' > 0. Since ¢ > 2* — 1, this yields lim,_,o \x|nT_2u(:z:) = 0.
Using Proposition 3.1, we complete the proof of Corollary 3.1.
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4. THE CASE 2*(s) — 1 < ¢ < 2* — 1: PRELIMINARY ANALYSIS
Our aim in this section is to establish the following result.

Proposition 4.1. Let 2*(s) —1 < ¢ < 2*—1. Ifu € C*°(B1(0) \ {0}) is a positive
solution to (1.1), then the following dichotomy holds:

(4.1) either lim |x|‘1*(2*?5)*1>u(x) =0 or lim |x“1*(2*?3)*1)u($) =pu" qf(z*l(s)—l)_
x—0 z—0

Moreover, in the first case, we have that limsup,_,, \x|%2u(x) < +o0.

Proof of Proposition 4.1. We consider a sequence (x;);>1 such that |z;| € (0,1/4)
for all ¢ > 1 and lim; o #; = 0. Suppose that

(4.2) lim |z | @D u(z;) = £ for some £ € (0, 00).
i—>+00

We claim that ¢ = p~ 7@ @D,
We prove the claim. Clearly, lim; ;4 u(z;) = +00. It follows that

(4.3) lim |xz|%2u(wz) = +o0.

1—+o00
We define \; as a sequence of positive numbers converging to 0, namely
Ai = |nlcl|%u(:lcl)72%2 for all i > 1.
Using (4.3), we find that lim;_, ‘;‘—Zl = 0. Therefore, for all R > 0, there exists
ir > 1 large such that

(4.4) |z:|/2 < |z + Nz < 2|z;] < 1/2 for all © € Br(0) and i > ig.
Consequently, u;(z) is well-defined on Bg(0) for all ¢ > i, where we set
it .
w;(z) = M for all € B+, (0) and ¢ > 1.
u(z;) >
By Proposition 2.1, there exists C' > 0 such that |z|=@ @D yu(z) < C for all
x € By3(0) \ {0}. Let C := 2= -1 (. Therefore, (4.2), (4.3) and (4.4) yield
Clz; + \iz| =@ ®-1 C 20
45w < et A < ot <=1
u(z;) 2| T O Du(z;) L
for x € Br(0) provided i is large enough. Equation (1.1) rewrites as
uz*(S)_l *
—Au; = 17)\5 — | Fu(z) T F O Y pu? in By, (0).
T; i 27
B

Hence, by (4.5) and the standard elliptic theory (see, for instance, Gilbarg-Trudinger
[10]), there exists U € C?(R™) so that up to a subsequence, lim; ., o u; = U in
C2_(R™). Moreover, U(0) = 1 and U is a non-negative bounded solution of

loc
AU = UF -1 =@ &= e i R

By Hopf’s maximum principle, we have U > 0 in R™. From Lemma 4.1 below, we
conclude that U is constant, and thus ¢9~(2"($)=1), = 1. This proves the claim.

Hence, given any sequence (z;); — 0, then, up to a subsequence, |z;| =@ &= u(z;)
1
converges to either 0 or u~ ==*®-1 (by using Proposition 2.1). By a continuity
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argument, we get (4.1). In the first case, the control on u follows from Corollary 2.1.
This proves Proposition 4.1. ([

Lemma 4.1. Let 1 <r < q < 2*—1. If a is a positive number and U € C?*(R™)
s a positive bounded solution of —AU = U" — aU? in R™, then U = a7 in R™.

Proof of Lemma 4.1. We claim that U(z) < o'/(=9 for all z € R”. Indeed, if U
achieves its maximum (say M) at some point xg € R™, then the claim follows from
—AU(z9) > 0. If U does not achieves its maximum M, then let (x;); € R™ be such
that lim; 4 U(x;) = M. Define U; := U(- + x;). Then U; is bounded by M and
satisfies the same equation as U. It then follows from elliptic theory that U; — U
in CZ .(R"), where —AU =U" — aU? in R™ and maxgn U = ﬁ(O) = M. From the

first llzcart, we conclude that M < a/("=9)_ This proves the claim.

We define g(t) := t" — at? for 0 < t < a7 and g(t) := 0 otherwise. We see
that g(aflq) = 0, while g is positive on (O,afq) and f%g(t) is decreasing on
(0, aﬁ]. Then by Theorem 3 in [2] (or, Theorem 1.3 in [12]), we conclude that
U = a7 in R". This proves Lemma 4.1. (]

5. AUXILIARY RESULTS FOR ¢ < 2* — 1

In this section, let ¢ < 2* — 1 and u € C*°(B1(0) \ {0}) be a positive solution to

u2*(s)—1
(5.1) —Au =

—pu? in B1(0) \ {0}.

jz[*
We assume that limsup,,_, |x\%u(x) < 4o00. Hence, there exists C' > 0 such that
(5.2) 2| *Z u(z) < C for all z € By 5(0) \ {0}.

Let (¢;)i>1 be a sequence of positive numbers with lim;_,;  t; = 0. We define

(5.3) wi(z) =1, 2 u(t;z) forallze Bti_l(O) \ {0}.
Then equation (5.1) rewrites for u; as follows

2*(3)71 u(g*_l_ )
(5.4) —Au; = lels —ut;? “ui in B,-1(0)\ {0}.

From (5.2), we have |x|%2ul(x) < Cforallz € B,-1,(0)\{0}. By the standard

elliptic theory, up to a subsequence, u; — U in CIQOC(/]R" \ {0}) as i — +oo, where

U € C*(R™\ {0}) is a non-negative function. Passing to the limit in (5.4) yields

2% (s)—1 s *x
(55) —AU = & —\U?in R" \ {O} with \ — 0 if q < 2 ].7
|z ifg=2"—1.

Summarising, we have obtained the following result.

Lemma 5.1. Let ¢ < 2" — 1 and u € C*(B1(0) \ {0}) be a positive solution of
(5.1). Let (t;)i>1 be a sequence of positive numbers with lim;_, 1 t; = 0. We define
(us)i as in (5.3). If (5.2) holds, then (u;); satisfies, up to a subsequence,

(5.6) u; — U in CL(R™\ {0}) as i — +o0,
where U € C?(R™\ {0}) is a non-negative solution of (5.5).
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In Lemma 5.2 below, we shall rely on Lemma 5.1 to obtain gradient and second
derivative estimates on u.

Lemma 5.2. Let ¢ < 2* — 1 and u € C*°(B1(0) \ {0}) be a positive solution to
(7.1) such that (5.2) holds. Then there exists a positive constant C > 0 such that

(5.7) 2|2 |Vaul(z) + |2|2 T V2u|(z) < C for all z € By 5(0) \ {0}.

Proof of Lemma 5.2. We argue by contradiction. Assume that there exists (z;); —
0 such that |z;|2 |[Vu(x;)| + |22 V2u(x;)| — +oo as i — +oo. We define
ui(z) == |z "= u(|zi|z) for z € B2(0)\{0}. From Lemma 5.1, we have that, up to a
subsequence, (u;) converges in C2_(B2(0)\{0}), and thus [Vui(Z5)|+ IVQuz(%)\
is bounded as i — 400, contradicting our initial hypothesis. This proves (5.7),
which finishes the proof of Lemma 5.2. (]

We next establish a spherical Harnack inequality.

Lemma 5.3. Let ¢ < 2* — 1 and u € C*(B1(0) \ {0}) be a positive solution to
(7.1) such that (5.2) holds. Then there exists a positive constant Cy such that

(5.8) u(z) < Cru(y) for all xz,y € dB-(0) and every r € (0,1/2).

Proof of Lemma 5.3. We argue by contradiction and assume that there exists a se-
quence (¢;); € (0,1/2), and sequences (z;);, (y;); € R™ such that |z;| = |y;| = &
and u(z;) = o(u(y;)) as i — +oo. Without loss of generality, we assume that
t; -~ t€[0,1/2] as i — +00. We define u; as in (5.3). Then (5.4) holds. Moreover,
from (5.2), there exists C' > 0 such that 0 < u;(z) < C in By(0) \ By/2(0). The
classical Harnack inequality (see, for instance, Gilbarg—Trudinger [10]) gives a pos-
itive constant Cy such that u;(y) < Cou;(z) for all z,y € 9B;1(0). This contradicts
u(x;) = o(u(y;)) as i — 400, proving (5.8). This ends the proof of Lemma 5.3. O

6. POHOZAEV INTEGRAL AND FIRST CONSEQUENCES

We prove the following result that will be used several times in the paper.
Proposition 6.1. We fix a smooth bounded domain w C R™ such that 0 & w. Let
v € C%(w) be any positive solution of

2*(s)—1
(6.1) Ay =12

-l imw
|z|® ’

where A € R, s € (0,2) and ¢ > 1. Then

|Vol? v () patl
~/8w {(x,y) ( 5 UOIEE +>\q+1 T(xz,v)0,v| do

(6.2) (n— 2
— 72(q _y (2*=1-9q) /w It dg,
where
(6.3) T(w,v) = (2, Vo)) + "—2o(z).

Here, (z,Vu(z)) = 2?21 210;v, whereas v and do denote the outward normal
vector of Ow and the canonical volume element on Ow, respectively.
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Proof of Proposition 6.1. The standard Pohozaev identity (see [15]) asserts that
[Vl?
T(x,v)(—Av)dr = (z,v)——— — T(x,v) dyv| do.
w ow 2
Independently, for any 7 € [0,2] and p > 1, integrating by parts yields

P -2 — p+1 1 p+1
/ T(z,0)——de = (= - 2T L / (z,v) v do
w |x|T 2 p+1 w |x|T p+1 ow |£L"T

Combining these two identities with equation (6.1) yields (6.2). This ends the proof
of Proposition 6.1. O

6.1. Solutions of —AU = U2‘*;,rj_l in R™\ {0}. Throughout this section, we let

U e C(R"™\ {0}) be a positive solution to

U2"(s)—1

(6.4) AU = ——
|z[*

For any r > 0, we define the Pohozaev integral

in R™\ {0}.

(6.5) P.(U) = /aBT(O) [(x,y) (|V;f|2 B 25](;?;) ~T(a,U) BL,U} do.

Letting A = 0 in Proposition 6.1, we find that P.(U) = P;(U) for any r > 0. For
simplicity, we use P(U) to denote this Pohozaev invariant associated to U.

The following result, which follows essentially from Caffarelli-Gidas—Spruck [3]
and Hsia—Lin—-Wang [11], shows that 0 is a removable singularity for U if and only
if the Pohozaev invariant P(U) is zero. In this case, there exists A > 0 such that U
is of the form (6.7), where ¢, s is defined by

(6.6) ens = ((n = 5)(n —2) 77
Proposition 6.2. Let U € C*°(R™ \ {0}) be a positive solution of (6.4). Then U

is radially symmetrical with respect to 0 and P(U) > 0. More precisely,
o If P(U) =0, then U extends continuously at 0 and there exists X > 0 such that

A5

(6.7) U(z) = Ux(z) = cps (W

2—s
) for all x € R™.

o If P(U) > 0, then U is singular at 0 and there exists v € C*°(R) a positive
periodic function such that

U(z) = |x|_%v(—ln|x\) for all x € R™\ {0}.
Moreover, up to a translation, v is uniquely defined by the value P(U) > 0.

Proof of Proposition 6.2. We sketch the proof here for its steps will be used in
the sequel. The radial symmetry has been proved by Chou—Chu [5] for removable
singularity, and by Hsia—Lin—Wang [11] for non-removable singularity. The methods
are inspired by the classical moving-plane method of Alexandrov used by Caffarelli—
Gidas—Spruck [3] in the case s = 0. We define

(6.8) @ :RxS" 1 5 R™\ {0} by p(t,0) = e~ 0.
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The function ¢ is a conformal diffeomorphism and ¢*Eucl = e~ 2 (dt2 + cann_l),
where can,,_; is the canonical metric on S*~1. We write

Uy(t,0) := e~ "7 U (p(t, ).

By the invariance of the conformal Laplacian L, := —A, + 4&7121)]{9, we see that
nt2 _n=2
(7AU) © So(t’ 0) = L@*EUCI(U © SD) =€ 2 tLdt2+Cann,1€ 2 tU © 90(t7 9))
(6.9) ni2 n—2)>2
=ez ! (—Ug(t) — Acan,_, Uy, + (4)U¢) .

Since U is radially symmetrical, then U,(t,0) is independent of # and we define
v(t) := Uy(t,0) for all t € R and § € S*!. It then follows from (6.9), equation
(6.4) and the definion of v that

—2)2 R
(6.10) —" + %v =021 in R, with v > 0.
Multiplying by v" and integrating, we get that there exists K € R such that
W'(t)* , (n=2)? . o))
A1 - t)* — =K forallt € R.
(6.11) 5 T 3 v(t) 2(5) orallt e
We define
*(s)
2 -2 (o2 FE
2. 9%(s) 4 '

A classical ODE analysis (see, for instance, Caffarelli-Gidas—Spruck [3]) yields:

1
e Either K = K, 4, and then v = (%) T constant,

¢ Or 0 < K < K, ,, and then there exists T' € R such that v = vk (- — T), where
vk is the unique nonconstant periodic solution to (6.10) and (6.11) that achieves
its minimum at 0.

e Or K =0 and then there exists T' € R such that v = vo(- — T'), where

2

vo(t) = ((n —s)(n — 2))2”;)‘2 (e?t + 67(2275)75) 7 forallt € R.

In term of U, the Pohozaev integral rewrites

_ _ (UL(t,0))*  (n—2)? a w
P(U) _/Snﬂ < 2 + 8 Uw(tve) 2*(8) ) dvcan

1
+ [ 31Vt 0) R duean
e
for all t € R. Since v(t) = Uy(t,0) for all (¢,0) € R x S"~1, we get that

_ W), n=2)? o v®)*
P = (4 O - )

for all ¢ € R. Therefore, it follows from (6.11) that P(U) = w,—1 K.

The conclusion of Proposition 6.2 then follows from the distinction above between
the cases K =0 and K > 0, and writing U in terms of vg, K > 0. (]
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6.2. The asymptotic Pohozaev integral for ¢ < 2* — 1. Let u € C*(B1(0) \
{0}) be a positive solution of (5.1), namely u satisfies
u2*(s)—1

(6.12) —Au = Tep pu? in B1(0) \ {0}.
Recall that if ¢ > 2* — 1, then 0 is a removable singularity for u. In this section,
we assume that ¢ < 2* — 1. For any « € B1(0) \ {0} and ¢t > 0, we define
f ( ) t2*(8)71 .

g, t)i= ——— —put
Hyq |x‘s

(613) t2*(s) tat+1

t
F, (xz,t ::/ft x,&)dE = - — .
g (2, 1) . 10 (2:€) 2+ (s)|z|* uq—i-l
For any r € (0,1), we define the Pohozaev-type integral by
2
(6.14) P (y) := / [(m,l/) ('V“' - Fﬂyq(x,u)> — T(z,u) Byu] do,
8B,.(0) 2

where T'(z,u) is given by (6.3) with u instead of v. By Proposition 6.1, for every
0<ry <re <1, we have

(n B 2) * +1
(6.15) PO () — PD(u) = ——2 (2" —1—q)p ul da.
: ! 2(g+1) By, (0)\B,, (0)

Proposition 6.3. Let u € C*°(B1(0) \ {0}) be a positive solution of (6.12). We
assume that ¢ < 2* —1 and limsup,,_,, 2| "= u(z) < co. Then (P;q)(u)) has a limit
asr — 0. We then define the asymptotic Pohozaev integral as

() N T (q)
(6.16) P9 (y) : }1_r>r(1)PT (u).

Proof of Proposition 6.3: When g = 2* — 1, Pr(q) (u) is independent of r by (6.15)
and the result is clear. We assume that ¢ < 2* — 1. It follows from (6.15) and

limsup,_,q |x|"772u(x) < oo that there exists C' > 0 such that for any ry € (0,1)
such that r; < ro, fixed, we have that

T2 n—2 *
0 < P9 (u) — P (u) < C/ p= (et (n=2)/2-1 g < C’TQT(2 .
r1

Therefore the limit of P\? (u) as r — 0 exists. This ends Proposition 6.3. O

7. BLOW-UP WHEN ¢ < 2* — 1, PART [: FIRST LIMITING PROFILE

Throughout this section, we let u € C°°(B1(0) \ {0}) be a positive solution to

u2*(s)71
(7.1) —Au = T pu? in B1(0) \ {0}
such that there exists C' > 0 such that
(7.2) 2“7 u(x) < C for all & € By 5(0) \ {0}
and
(7.3) lim inf |x|%u(x) =0, limsup |x|%u(m) > 0.
z—0 x—0

The main point of this section is that, when ¢ < 2* — 1, (7.2) and (7.3) hold,
then the limit U obtained in Lemma 5.1 is either identically zero or a positive
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nonsingular regular solution to the limit equation (6.4) described by Proposition 6.2.
In particular, the singular solutions of (6.4) are ruled out. The case ¢ = 2* — 1 will
be studied in detail in Section 11. When ¢ > 2* — 1, then Corollary 2.1 gives that
any solution to (6.12) has a removable singularity, and then (7.3) cannot hold.

We first prove that the limit obtained in Lemma 5.1 is a nonsingular solution to
the limit equation (6.4).

Proposition 7.1. Let u € C*°(B1(0)\{0}) be a positive solution to (7.1) such that

q<2*—=1 and (7.2), (7.3) hold. Then the asymptotic Pohozaev integral vanishes:

P@(u) = 0. In particular, for any sequence (t;) € (0,400) such that t; — 0 as
n—2

i — 400, by defining u;(x) :=t;* u(t;x) for all x € B,-1(0) \ {0}, then up to a

subsequence, we have the following convergence in CZ . (R™\ {0}) as i — +oo:

either 0
(7.4) u; — 5oz

1-5 2—s
or Uy == cps (/\2_)‘%) for some A >0

Proof of Proposition 7.1: The convergence in (5.6) to a nonnegative solution U €
C?(R™ \ {0}) of (6.4) is a consequence of Lemma 5.1. With a change of variable,

the Pohozaev integral Ptgq)(u) (see (6.14)) equals
/ ,v) Vuil* wg n2 g 1_g) uf ™!
0B1(0)

t,?
5 ar(s)ap M g1
for all i. Therefore, letting ¢ — 400 and using the convergence of P (u) to P (u)
as r — 0 and of (u;) to U as i — 400, we get that

(7.5) P@ (u) — /a " [(w,v) <|VU|2 U2 )

2 2(s)[al
We claim that

do

) —T(x,u;)0pu;

) - T(a;,U)a,,U] do.

(7.6) P9 (y) =0.
We prove the claim. It follows from (7.3) that there exists (x;) € B1(0) \ {0} such
that z; — 0 as i — +oo and |z;|"= u(x;) — 0 as i — +oo. We let ¢; := |2;] and

define u; as above, and we let U € C?(R™\ {0}) be its limit in C2. In particular,
u;(0;) = o(1) as i — +oo where 0; := z;/|z;] = 05 € IB1(0) as i — +oo. This
yields U () = 0. Since U > 0, it then follows from Hopf’s strong comparison
principle that U = 0. Therefore, it follows from (7.5) that (7.6) holds. This proves

the claim.

We claim that either U = 0, or U = Uy for some A > 0. We prove the claim. Since
U > 0, it follows from Hopf’s strong comparison principle that either U = 0 or
U > 0. We assume that U > 0. Then it follows from (7.5) that P(U) = P9 (u)
(see also (6.5)), and then from the preceding claim, we get that P(U) = 0. It then
follows from Proposition 6.2 that there exists A > 0 such that U = U,. This proves
the claim.

These claims prove Proposition 7.1. (]

For any r € (0,1), we define
(7.7 w(r) :=r"z a(r),
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where, for any f € C°(B;(0) \ {0}), we define
1

flr) = ———— do.
1) |0B,-(0)] BBT(O)f 7

We now construct specific radii at which u behaves nicely after rescaling.

Proposition 7.2. Let u € C*°(B1(0) \ {0}) be a positive solution to (7.1) such
that g < 2* —1 and (7.2), (7.3) hold. Then there exist two sequences (rg)g, (Tk)r of
positive numbers going to 0 as k — +o0o such that for all k € N,

(7.8)  wW'(r) <0 for all v € (ri41,Tet1) and w'(r) >0 for all 7 € (Try1,7k)-

Moreover,
n=2 1 b=
kEToo 7.2 w(re) = Ui(s) = cnys <W> in Cf.(R™\ {0}),
and

Tit1 = 0(Th+1) and 141 = o(ry) as k — +oo.

The r1.’s and Ty ’s are the only critical points of w in (0,dq] for some §y € (0,1)
small.

Proof of Proposition 7.2: We divide the proof into three steps. It follows from (7.2),
(7.3) and the Harnack inequality of Lemma 5.3 that there exists C' > 0 such that

(7.9) w(r) < C for all r € (0,1/2) and lim i(I)lfw(T) =0.
r—r

For ¢t > 0, we define
n=2, _

W(t):=wle ™) =e "z 'ule™").

Therefore, (7.9) rewrites

(7.10) W(t) < C for all t > In2 and liminf W(t) = 0.
t—4o0

Step 1: We claim that there exists ¢y > 0 such that
(7.11) for any ¢t > In2, then W (t) < e = W’(t) > 0.

Proof of the claim: We use the conformal diffeomorphisme ¢ defined in (6.8). Writ-
ing

up(t,0) 1= e "7 tu(p(t,0)),
for all t > In2 and 6 € S™!, it follows from the invariance of the conformal
Laplacian used in (6.9) that

(—Au) 0 @(t,0) = (—Au) o p(t,0) = L@Euclﬂ ey

n n— n —2)2
=€ gthdtZ_;'_Cann_lei 22t’l_lz(€7t) = eﬁt <W//(t) + (n 4 )W(t)) .

Independently, it follows from the Harnack inequality of Lemma 5.3 that

<u2*(8)1 - ,uuq> ") < 012*(8)_1 ﬂ(r)T(S)*l

|$|s rs

for all » € (0,1/2). Therefore, equation (7.1) yields
(n—2)?

1 W(t) S Cf*(S)_IWQ*(S)71

7wl/ (t) +
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1
¥ (s)—2
for ¢t > In 2 large enough. We the get the conclusion by taking ¢y := <8g;*321> .
1

This proves (7.11), and therefore the claim. This ends Step 1.

Step 2: We claim that there exists a sequence (73)r € (0,1) that is decreasing,
converging to 0 and such that

{re(0,1/2]/w'(r) =0 and w(r) < e} = {7/ k € N}.
Proof of the claim: Indeed, this set is at most countable since any critical point

of this set is nondegenerate due to (7.11) (note that the W and w” are propor-
tional at a critical point). It is also infinite, since, otherwise, there exists a > 0
such that w has no critical point in (0, a) below the threshold €y, which then yields
lim, o w(r) = 0 due to (7.9). This then yields \x|n772u(x) — 0 as ¢ — 0, contra-
dicting (7.3). This proves the claim and ends Step 2. O

Step 3: We claim that for any k € N| there exists a unique ry € (Tk41,7%) such
that w’(r,) = 0. More precisely, we have that

(7.12) w'(r) > 0 for all 7 € (Tg11,7%) and w'(r) < 0 for all 7 € (g, Tx)-
Moreover,

. n—-2 1 ;Lf_? . 2 n
(7.13) kgToo r 2 u(re) = Ui() = cns (1+||2_5> in Ci.(R™\ {0}).

Note that no extraction of subsequence is required here.
Proof of the claim: We define ry, € (Tg41, %) such that

w(rg) = max{w(r)/r € [Tkt1, Tk]}-

Since w'(Tp41) = w'(7) = 0, it follows from (7.11) that w”(7g),w” (7k+1) > 0.
Therefore 7441 < 7, < Tk, and w'(rg) = 0.

We claim that w(ry) > €p. Otherwise, one has that w(r) < ¢y for all r € [Tg41, T#],
and therefore, it follows from (7.11) that W (¢) > 0 on [—In7g, — In7,41]: this is
a contradiction since W’ vanishes at the boundary of this interval.

n—2
We define uy(z) := r,? u(rpx) for all z € Brgl(O) \ {0}. It follows from Lemma

5.1 that, up to a subsequence, (uy) goes to U € C*(R™ \ {0}) in CZ_(R™ \ {0}) as
k — +o00. Since w(ry) > €, we get that ug(1) > €, and then U(1) > ¢, and then
U # 0. Therefore, it follows from Proposition 7.1 that there exists A > 0 such that
U = U,. The equality w'(r) = 0 rewrites as

i (75 m) =

Passing to the limit k — 400 yields - (r"T_QU(T)) = 0. Since U = U,, the
r=1

explicit computation of this derivative yields A = 1. Therefore, up to a subsequence,

up — Uy in C2 _(R™\ {0}) as k — +oo. Since the limit is unique, indeed, it holds

loc

for k — 400 with no extraction. This proves (7.13).

We now prove that r is the unique critical point of w in (7gy1,7%). We define
wi(r) == w(rgr) for any » > 0 and k € N. It follows from the convergence of (ug)
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to U; that
n—2
2—s 2—s
n—2 T o2
li =rz U =cCns | ——=— for all .
kilfmwk(r) T 1(r) = cp, <1+r2—5> orallr>0
Moreover, this convergence holds in C'. Therefore,
(7.14) lim lim wg(r) = lim lim wg(r) =0.

r—0 k—+oo r—+00 k——+o0
Then, there exists si,tr > 0 such that for k large enough
S <71 <tk
w(sg) = w(ty) =€, w(r) > e for all r € (s, tx)

w'(r) > 0 for all r € [sg, )
w'(r) < 0 for all v € (ry, tx]

It then follows from the definition of 74 and 711 that 7541 < s, and tp < 7.
Moreover, since w has no critical point below the level ey on the interval (741, 7%),
we then get (7.12). This proves the uniqueness of a critical point in (7441, 7%), and
ends Step 3. O

As a remark, it follows from (7.14) that 7,41 = o(ry) as k — +o0, and therefore

(7.15) re+1 = o(rk) as k — +oo.

8. BLOW-UP WHEN ¢ < 2* — 1, PART II: SHARP POINTWISE ESTIMATE
Here again, we let u € C*°(B1(0) \ {0}) be a positive solution to
u2*(s)71

|z]*

(8.1) —Au = — pu? in B1(0) \ {0}

such that there exists C' > 0 such that

n

(8.2) |z 7 u(z) < C for all x € By/5(0) \ {0},

and

(8.3) lim inf |x|%u(x) =0, limsup |x|%u(m) > 0.
z—0

z—0

We assume that ¢ < 2* — 1. The objective of this section is to prove the following
sharp estimate:

Proposition 8.1. Let u € C*(B1(0) \ {0}) be a positive solution to (8.1) such
that ¢ < 2* — 1, (8.2) and (8.3) hold. Then, for any R > 0, for any x € Br,, (0) \
Br-1y,.,(0), we have that

n—2 n—2
255 2—s 2;5 2—s
Tkt Ty
ul\xr) = 1+€ X C B S — +c B S ———
( ) ( k( )) n,s T}%I—i + |1,|275 n,$ 7’,375 4 |£L"275 ’

where limy,_, 4 o €x = 0 uniformly on Br,, (0)\ Br-1,,,(0). Here, the (ry)’s are as
in Proposition 7.2.
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Proof of Proposition 8.1: We fix Ry > 0. Let (x)r € B1(0) \ {0} be such that
Ralrk_l,_l < |zk| < Rorg for all k € N. For convenience, we define Wy (z) :=
Upprr () + Uy, () for all z € R™ and all k& € N, where U}, is defined in (1.4) for all

Tk+1
A > 0. Proposition 8.1 is equivalent to prove that

. u(ry)
(8'4) kgrfoo Wk(a?k) =1

By uniqueness, it is enough to get the convergence for a subsequence. Therefore,
in the sequel, we will systematically prove our results up to a subsequence. The
proof of (8.4) is divided into two steps. Our first step is to prove a control of u
that is almost optimal. This step will be used in Step 2.3.5 below. Note that when
a = =(n—2)/2, then (8.5) is (8.2). The limiting case (o, 8) = (n — 2,0) will
be proved in Step 2 and will yield Proposition 8.1. Step 2 is itself divided in three
subcases.

Step 1: We fix a,8 € (0,n — 2). We fix Ry > 0. We claim that there exists
Cy.3(Ro) > 0 such that for any k € N, we have that

n—2 n—2
o= =5
T T
(85) (@) < Cap | Fra—+ | forallw € Brn 0\ Brgry, (0.
Proof of the claim: We define the elliptic operator Ly := —Ap— %g@—l—ﬂuq*lgp.

Clearly Lu = 0 on B1(0)\ {0}. We fix a € (0,n—2). Using the Harnack inequality
of Lemma 5.3, we get that there exists Cy > 0 such that

B o - 2% (5)—2
0 L(jz|=%) > |z {a(n —2—-a)— (m ( )) }
> |72 [a(n -2—a)— COUJT(S)_Q(W)} :

It follows from (7.14) and the definition of wy, that there exists pr € (Tkt1, Th+1)
and oy € (Tk+1,7%) such that for k > kg large enough,

* - 2 -
w? (8)—2(pk) < M and khrf Pk _ Ci1>0
—+00 T'k41
(8.7) ;
* _2 -
O < S22 gy

In what follows, we let k£ > kq. In particular, there exists C' > 0 such that

—2

w(@) < Cor T for all & € B,, (0) and u(z) < Cp, "% for all z € B, (0).
k k k Pk

We fix 8 € (0,n — 2). Up to taking w(px) and w(oy) smaller, we can assume that
the inequalities in (8.7) also hold with f instead of a.. Hence, (7.12) yields that

w? =2 < min { a(n _Ci — a)’ bl _Ci —h) } on [pg, o).

Thus, (8.6) gives that L(|z|=®) > 0 and L(|z|=#) > 0 for all € By, (0) \ B,,(0).
Therefore, by setting H(z) := CpZ_WT_2 |z|~* + Cal’f_nT_2 |z|=#, we have that
LH >0=Lu in B, (0)\ B,,(0),
{ H>u on 9(By, (0)\ B,,(0)).
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Using the comparison principle of Beresticky—Nirenberg—Varadhan [1], we find that
(8.8) u(z) < H(z) for all z € B,,(0) \ B,,(0).
Up to taking C' larger, it follows from (8.7) and (8.2) that this inequality also holds

on Bryr, (0) \BRgerl (0) for k large. Clearly this also holds for any k. This proves
(8.5) and ends Step 1. O

Step 2: We now prove (8.4). The proof is divided into three cases.

Case 2.1: We assume that, up to a subsequence, r, = O(|zx|) as k — 4o0.

Proof of (8.4) in Case 2.1. Passing to a subsequence, we have xp = rp0; where
limy 400 Ok = 0o # 0. Therefore, it follows from Proposition 7.2 that

n-2 n—2 1 2—s
Tk 2 U(Ik) = T’k 2 'U/('rkak) — CTL,S (:H_|9|2—5) as k' — +OO
o0

On the other hand,

n—2 n—2
n—2 Tht1 2 1 2=s
=W =0 s | ——5— k .
T w(Tk) ( " ) +cp, (1+|0k|2—5> as k — 400
Hence, it follows from these two equalities and (7.15) that u(zy) = (1+0(1)) Wi(x)
as k — +o0o. This proves (8.4) in Case 2.1. O

Case 2.2: Assume that, up to a subsequence, x = O(ri4+1) as k — 0.
Proof of (8.4) in Case 2.2. One can proceed exactly as in Case 2.1. We omit the
details. 0

Case 2.3: We assume that, up to a subsequence, ri11 = o(|zx|) and z = o(ry) as
k — +o00. Note that with this choice of xj, we have that

n—2

n=2 _
(8.9) Wi (2k) = ¢ns(1 + 0(1)) (rkjl 22"+, ) as k — +oo.
We split the proof of (8.4) in five steps.

Step 2.3.1: We let G be the Green’s function of —A on By /5(0) with Dirichlet
boundary condition. We claim that

(8.10)  u(=) =/ G(w,y)fu,q(y,U(y))dy—/ 0,G(z,y)u(y) do(y)
B1,2(0) 9B1/2(0)

for all z € By/3(0) \ {0}. Here, f,, was defined in (6.13). In particular, the
right-hand side of this equation makes sense.

Proof of the claim: We fix x € By/3(0) \ {0}, and we let § > 0 be such that
0 < |x|/2 < 1/4. Green’s Formula yields

u(z) = / Gy (~Auly)dy
B1,2(0)\Bs(0)

+ / (0,6 w)uly) + Cla.y)dyu(y)) do(y).
3(31/2(0)\36(0))

Standard properties of the Green’s function (see e.g. Robert [17]) yield the existence
of C' > 0 such that

(8.11) G(x,y) < Clz —y[*" and |V,G(z,y)| < Clo —y['™"
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for all z,y € By/2(0), * # y. Using the pointwise control of Lemma 5.2 and (8.11),
we can pass to the limit as 6 — 0 and get (8.10). This proves the claim and ends
Step 2.3.1. 0

Since |z — 0 and Wy(zi) = +00 as k — +oo, it follows that

faBl/Q(o) 0,G(z, y) uly) do(y)

— 0 as k — +oo.
Wk(xk)

(8.12)

In view of (8.12) and (8.10), to end the proof of (8.4), it remains to show that

fBl/z(O) Gk, y) fuq(y, uly)) dy

8.13 —1 as k — +o0.
To this end, we notice that
5
(8.14) [ G ) dy = 3 At
Bi1/2(0) j=1

where for j =1,2,3,4,5, we define A; x r(xy) as follows

(815) Al i= [ Glany) v ui)

ik, R

The domain of integration D; j g is given by

D1 g,r = B1/2(0) \ By, (0), Dy y.r = Br-1,,,(0),
D3 k.r = Bp-17,(0) \ Brr,(0), Dag.r:= Brry,,(0)\ Br-1p,,,(0),
Ds g := Bry,,(0) \ Bg-1,,(0).

Shortly below, we shall prove the following claims:

A.
lim lim %(x’“)zo for j = 1,2,3:
(8 16) —+00 k—+400 k(mk)
m  fim AteR@D g, Askr@d)

R—400 k—+o00 R—+00 k—+o0 7“_ 5
k

n=2
Tei1 |z |2~
Then, the proof of (8.13) follows from (8.9), (8.14) and (8.16).

Step 2.3.2: We claim that

. . Ajrr(rg) :
1 1 1 ZLERVR) — f =1,2.
<8 7) Rﬁlrfoo k—l>I-&I-loo Wk(ack) 0 for J ’

Proof of the claim: We fix R > 0. Recall that Rry, < |y| < 1/2 for every y € D1 i g,
whereas |y| < R 1rp4q for any y € Do g r. Since z = o(ry) and rx41 = o(|zk|) as
k — 400, using the pointwise bound in (8.11), we find that

Cly*™™  forally€ Dy r
(8.18) G(zg,y) < {

Clog|*™™ forally € Doyr
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for k large enough. Since ¢ < 2* —1, (8.2) yields |fu q(y,u(y))| < Cly|="%" for all
y € By/2(0)\ {0}. This inequality, (8.11) and the definition of A;x r in (8.15) yield
<C [y~ % dy < C(Rry) "

By/2(0)\Brr;, (0)

|A1 kR
(8.19)

n—2

_ _nt2 _ _
| A2k, SC/ lze* "y~ dy < Clag* ™ (R 'regr) 2
BR

_1Tk+1(0)

for k large. Using (8.19) and (8.9), we arrive at (8.17). This ends Step 2.3.2. O
Step 2.3.3: We claim that

A
(8.20) Jlim i SRR G
— oo 5 “n
ek Thi1 |z |?

n—2
Proof of the claim: We denote uyy1(2) := 7,7, u(rgy12) and define Zg as follows

U2*(s)71

(8.21) Ir ;:/ 17§(Z)dz,
Br(0)\Bz—1(0) |2
where Uy is given by (6.7). By Proposition 7.2, we have uy+1 — Uy in CZ (R™\{0}).
2% (s)—1
Since U; satisfies —AU;(z) = Ul‘zi‘(z) in R™\ {0}, we obtain that
Isz\/ ayU1d0'+/ 6,,U1do
(8.22) 9BRr(0) 9Bp-1(0)
=(n—2)wp_1cns(1+ R (1 - R,

Using the change of variable y = 412, we find that Affiw is equal to

kal ‘zk|2—n

2% (s)—1
G U z n=2 g% _1_
/ (xk’zljlﬂ) bl 3 ) _Mrkj1(2 ' q)u%+1<z) dz.
BrO\B,_1(0)  |Tkl |2

It is standard (see Robert [17]) that

1
2 lim |z — y|" "2 = —
(8.23) A le =y G @) = T

Since 141 = o(|xk|) as k — +oo, using (8.23) and Zg in (8.21), we get that

A 1
(8.24) lim AaenlTe) _ S
T e (12w

From (8.22) and (8.24), we conclude (8.20). This completes Step 2.3.3. O
Step 2.3.4: We claim that

A
(8.25) T (CN
R—+400 k—+o00 T'; P}

Proof of the claim: Since xy = o(ry) as k — 400, using (8.23), we find that

lim erQG(mk,rkz) =T,(z):=((n- 2)wn,1)_1|z|2_"
k—+oco
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uniformly with respect to z € Bg(0) \ Br-1(0). Denoting ui(z) := r,:%u(rkz),
then by Proposition 7.2, u;, — Uy in CZ (R"\ {0}) as k — oo. By the change of

n-2
variable y = 71,2, we find that r,? As i r(zk) equals

2% (s)—1 2 s
/ 3G 2y, rr2) Y E) . (2) —urkT(Q _1_Q)uZ(z) dz.
Br(0)\Bp—1(0) |2|

Hence, letting k£ — oo, we get that

I v

LA LA Tn(z) . dz == Jr.
k—+o0 T;TZ /BR(O)\BRl(O) ||

Using Green’s representation formula, equation (5.5) satisfies by U; and the explicit
expression of Uy, we see that as R — 400

2% (s)—1
(8.27) Jr — Fn(z)u

Rn |2

dz = — /n I'n(z) AU () dz = U1(0) = cp 5.

Note that this computation makes sense due to the growth of U;. From (8.26) and

(8.27), we obtain (8.25). This proves the claim and ends Step 2.3.4. O
Step 2.3.5: We claim that
. . Az k r(wr)
8.28 1 1 ————= =0.
Proof of the claim: We first show that
(8.29) lim |z|*[u(z)]?" " )~D =0,

|z]—0

When 2*(s) — 1 < ¢ < 2* — 1, then (8.29) follows from (8.2). If ¢ = 2*(s) — 1, then
(8.29) is clear. If 1 < ¢ < 2*(s) — 1, then for every m > 0

(8.30) A(|lz]™) = |z|™  for all 0 < |z] < [m(m +n — 2)] @D |

From (8.3), we have limsup,_,, u(x) = +o00. The spherical Harnack inequality (5.8)
gives a sequence of positive numbers {&;}1>1 decreasing to 0 such that

u(z) >1 forall || =& and every k > 1.

Without loss of generality, we assume that & < 1/2. Let k1 > 1 be large such that
&k, < [m(m+n— 2)]ﬁ Since Au < u? in B1(0) \ {0}, using (8.30) and the
comparison principle (see for instance Lemma 2.1 in Cirstea-Radulescu [7]), we find
that u(z) > |z|™ for all § < |x| < &, and k > ky. Letting & — oo and choosing
0<m<s/(2*(s) — 1 —q), we conclude (8.29).

Hence, there exists a constant Cy > 0 such that

u2*(s)—1(x)

(8.31) ul(z) < Cy P

for all z € By/2(0) \ {0}.

Since s € (0,2), we can choose o and § in the interval (0,7 — 2) such that

(8.32) By+s<2andn < ay+s, wherey=2"(s)—1.
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We fix Rg > 0. We let R > Ral. Since D3k g := Bg-1,,(0) \ Bry,.,(0), we have
D3 k.r C Bryr,, (0) \ Bp- (0). Using (8.31) and the definition of A3 r(xy) in
(8.15), we find that

1
Tk+1

2% (s)—1
| Ak, r(71)] < C”/ G(zk7y)u7(34)

dy
D3 k. r ‘yls

for some constant C’ > 0. We define My, g(zx) and Ny g(zx) as follows

q—n=2 5 Tp — Y 2—n
Mo =T [ B
D3 kR ]

ﬂ_ﬂ;? xk _ 2—n
Nelon) =" [
D3k, R

(8.33)

‘y|ﬁ’7+5 Y

By (8.11) and (8.5), there exists C' > 0 (independent of R > Ry") such that
(8.34) |As i r(zk)| < C(My,r(2k) + Ni,g(z)) forall k> 1.

We claim that there exist positive constants C, 7 and 7’ such that as k — oo
My n(wy) < Cr Ty laon*~ (R + (1)),
Nir(k) < CR™ry T (1+40(1)).

We prove the claim. In what follows, we take k > kg and denote

2—n
T —Y
Tl,kﬁ(l'k) ::/ | a7|+s dy,
Dy nn{lex—yl>lal/2y 1Yl

(8.35)

2—n
T —Y
Ty g, r(z)) = / % dy.
Dy nn{lek—yl<lexl/2} Y]

Let 7 := oy + s — n. Using that n < ay + s, we have 7 > 0 and

2—n
X d . .
(8.36) Tigr(zk) < (';') / azﬂ < Clagl>" (Rrpss)
B1(0\BRry, 1, (0) |y

for some constant C' > 0. On the other hand, we find that

(837) T27k,R($k:) < C‘xk|_(a’}’+s)/ |xk _ y‘Z—n dy < C‘xk|2—(a'y+s).
{lzk—yl<lzk|/2}
Using (8.33), (8.36) and (8.37), we conclude the first inequality in (8.35) since

_n-—2

M, g(z1) < 7"12+1 =) (T k,r(7x) + To kR (7))
n—2 - - Tk41 T
< COr. 2 2—n R T )
sonfiin [+ ()
For the second estimate in (8.35), we denote 7/ := 2 — vy — s. From the choice of
B in (8.32), we have 7/ > 0. With the change of variable y = R~'r;2, we find that

2—n ,
|2|” 2 dz.

Ty
RZE _ 4

_g—n=2 o
(8.38) Negleg) <ri 2 'RT / ;
k

B1(0)

The integral in the right-hand side of (8.38) converges as k — 400 since 7’ > 0 and
z = o(rg) as k — 400 From v = 2%(s) — 1, we have 2 — s — 252y = 222 Thus
(8.38) shows the second inequality in (8.35). This proves the claim of (8.35).
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Using (8.35) into (8.34), jointly with (8.9), we get (8.28). This ends Step 2.3.5. O

Proof of (8.4) in Case 2.3. This is a consequence of Steps 2.3.1 to 2.3.5 above.
This ends the proof of Proposition 8.1. (]

As a consequence of Proposition 8.1, we get the following:

Proposition 8.2. Let ¢ < 2* — 1 and u € C*(B1(0) \ {0}) be a positive solution
o (8.1) such that (8.2) and (8.3) hold. Then we have that

(8.39) u(z) = (14 o Z U (z) asxz—0.

In particular, u develops a singularity of (MB) type.

Proof of Proposition 8.2. We start with a preliminary remark. Since ri41 = o(rg)
as k — +oo, we have r, — rp11 = (14 o(1))ry, > 0 as k — +o00. Therefore, since
r, — 0 as k — 400, we find that

n—2 e n—2 n—2

(8.40) nm = 2 (n7 - ) = (4ol Z T

P k=142
as | — +oo. Similarly, we obtain that

_n=2 =1 _n=2 _n—2 =1 _n—2
(841)  (+oW)r T =Y (r 7 —nlf ) =(+o) Y r

k=1 k=1
as | — +o00. Let x € B1(0) \ {0} be such that |x| < ro. Let I € N be such that
(8.42) rie1 < x| <1
Using (8.42) and the definition of Uy in (7.4), we see that
n—2 n_o _n—2

(8.43) Uppa(z) > 255 22" 2 and Uj(z) > 25557, 2

Using (8.40) and (8.41), we get that

n-2
Z Uy, (2) < cpslz)>™ Z rk <20ns|x| "
k=1+2 k=1+2
(8.44) - *

— 'n. 2

ZU’“k <cn527‘k = < 2ep 5712

for I large enough. From (8.43) and (8.44), we find C' > 0 such that

;Z;Urk () + i Uy (z) < C (rl“) N Vinile) +C <7“lr—ll) N )

,
k=i12 41

for I large enough. Since for |z| small enough, [ is large, we obtain that

-1

(8.45) D Un(a Z Up(2) < €& (U1 (2) + Ui(2))

k=0 k=142

where
n—2 n—2

S AT L
L Tl+1 Ti—1

>—>Oasl—>+oo.
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By Proposition 8.2, we have

(8.46) u(@) = (1+ (@) (Un,y, (2) + Un (2)) |
where lim;_, o () = 0 uniformly with respect to x in B,,(0) \ B, (0). From
(8.45) and (8.46), we conclude (8.39) and therefore Proposition 8.2. O

9. ESTIMATE FOR THE RADII (ry)
The objective of this section is to prove the following asymptotics.

Proposition 9.1. Let u € C*(B1(0) \ {0}) be a positive solution to

42 (91
(9.1) —Au = T pu? in B1(0) \ {0}.
We assume that ¢ < 2* — 1 and
(9.2) lim inf |m|%2u(x) =0 and limsup |x|%2u(:r) € (0, 00).
z—0 z—0
Then
(9.3) S g A
. q =—

We let (rg)g the points of local mazima and (1x)g the points of local minima of w
defined in (7.7) and Proposition 7.2. Then as k — 400, we have

1
(9.4) Tet1 = (L4 0(1) /Top1rk and rip1 = (K +o(1))rf =,
where K is a positive constant defined by
2
(2 —1—q)p / 1\ Ty
9.5 K= ultd .
) (e —mdes Lot
Proof of Proposition 9.1. We define A\, := /rr+17%. By Proposition 7.1, we have
P (u) = 0 so that by letting 1 — 0 and 75 = A in (6.15), we find that

(9:6) P () = ézlqli)) (2" -1~ Q)M/B 0"

We divide the proof of Proposition 9.1 into four steps. The first assertion of (9.4)

is proved in Step 1. The left-hand side of (9.6) is estimated in (9.12), see Step 2.

Then, in Step 3, we prove ¢ > 2/(n — 2), which gives that U; € LIt1(R"). We

estimate ka © udtt dz in (9.18), see Step 4. From (9.6), (9.12) and (9.18), we
k

conclude the second claim of (9.4), which implies (9.3) since 7, — 0 as k — +o0.

Step 1: We claim that

(9.7) lim k+L

=1.
k——+oo )\k

Proof of the claim: Since 711 = o(ry) as k — 400, we see that riy11 = o(\g) and
Ak = o(rg) as k — 4o0. For any k € N, we define

n—2

(9.8) g () := 1> u(Agx) for x € By, (0)\ {0}
We show that
(9.9) lim Gg(z) = @(z) = cps (|27 + 1) in CL(R™\ {0}).

k—+oco
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Using the pointwise control of Proposition 8.1, we obtain that ux(x) — @(z) for all
x € R™\ {0}. Moreover, equation (9.1) rewrites

S - P VR
_Mk:(k) BT e (k) @ in By, (0)\ {0},

T || Tk

Using this equation, (9.9) and the elliptic theory, we obtain (9.9).
Let w be given by (7.7). We define

TL;Q L
(9.10) Wi (r) = (y) w(Agr) = T%Ok(r) for all 7 > 0.
k
Passing to the limit in (9.10) and using (9.9), we get that
(9.11) lim wg(r) = cn73(7"7n772 + ranQ) for all » > 0.
k——+o0

n—2

Moreover, the convergence in (9.11) holds in C2 _(R\{0}). Since r — PR e
has a nondegenerate local minimum point at » = 1, then for k large, W, admits
a critical point pg such that limg_ oo pr = 1. Thus, for k large, w admits a
nondegenerate local minimum at Agpr. We have rg11 < Agpr < 7 for k large
enough. Hence, from the uniqueness of the critical points in Proposition 7.2, we
find that 7411 = Agpg. This yields (9.7) and ends Step 1. O

Step 2: We claim that

(n—2)2 2

(9.12) P (u) = (2%5%1 +O(1)> ()‘k

n—2
) as k — +oo.
Tk

Proof of the claim: For @ given by (9.9), a straightforward computation yields that

=12 _9)2
(9.13) / {(z,u) Vil _ 1 a) aya] do= =22
0B1(0) 2 2 7
From the limit (9.9) and Ay, = o(ry) as k — +o0, we get that
(AT g @ Me\? mgroaog g
e R T Tk L 0ask
Gi(z, ) (Tk) BIEE ] o L | —0ask— o0

uniformly with respect to 2 € 9B1(0). Hence, using the definition (6.14) of the
Pohozaev-type integral, the definition (9.8) of @ and a change of variable, we have

2 2% (s) g+1
B
P (u) = T,V + T(x,u)d,u| do
)\k( ) aBkk(O) ( ) 2 2*(8)‘$|S 'uq-i-l ( )

_ (i:)ng /831(0) {(w,u) ('V;’“F - gk(x,a)> —T(x,ﬂk)(?,,ﬁk} do

_ (i:)n_2 (/331(0) {(a:ﬂ/)w;ﬂz — T(z,4) aua} do + 0(1)>

as k — +o0. This, jointly with (9.13) proves (9.12). This ends Step 2. O
Step 3: We claim that ¢ > 2/(n — 2) and U; € LITH(R").
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Proof of the claim: From limsup, ., |z|*z u(z) < oo, there exists C' > 0 such that
|| "= u(z) < C for all z € B1/2(0) \ {0}. Since ¢ < 2* — 1, we find that

(9.14) Tigr < C’(Rflrkﬂ)an(T*l*q), where 71 i r = / wItt dg

Bp-1,, )

for any R > 0. We denote

To.ker ;:/ wit de,
Brrgyy (0\Bpo1,, . (0)

Tk+1
Ts.k,R = / ul™ d.
Biy (0\Briry, , (0)
n—2
By Proposition 7.2, uy, — Uy in CZ (R™\ {0}), where ug(z) := 1,2

2(2*—1—
Tok,r = Tk+1( q)/ qii dz
Br(0)\Br-1(0)

n—2 *
_ im0 / Ut dz + o(1)
Br(0)\Bg-1(0)

as k — 4o00. Using the optimal control of Proposition 8.1, we find that
Tsur < 0/

B, (O\Brry, |,

(9.15)

u(riz). Hence,

(9.16)

n—2
(o)( k+1(q+1 ||~ (=Dt gy 7 (qH)) dx
(9.17)

n—2 Ak n—2
< Crk_il(qﬂ) /R ri=(=2)a gy 4 Chpry, 2 @+ a5 k — +oo.
Tk+41

Assume by contradiction that ¢ < 2/(n —2). By (9.14), (9.16) and (9.17), we have

Ak . 2
n lf q = fZ

/ wItlde < Crk2 i D4 COr, k+1 X Tk+1 " )
Bx,, (0) )\Z*("*2)(Q+1) if < —

as k — co. Combining this inequality with (9.6) and (9.12), we get that

Tk o Crl:ﬁ(z —1—q) +or, s 2(q+1))\n—(n 2)(g+1) if g < %2
as k — oo Then, since A\, = /TkTk+1, we obtain that
no (Inrgy —Inrgiq) if g = %
1<0r,? rpgr % o n2)s R 5
(rk : +7° ) ifq<f2

as k — 400, which is a contradiction since r, — 0 as k — +o00.
Hence, ¢ > 2/(n — 2), which yields that U; € L9T}(R"), concluding Step 3. O

Step 4: We claim that

n—2 *
(9.18) / wthde =17 (@*~1-9) </ Uit de + 0(1)) as k — +4o0.
Bkk(o) "
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Proof of the claim: Since g > 2/(n — 2), inequality (9.17) yields

(n=2)a-2
n—2 *
(9.19) Toan<rit P CR020 4 (T’;“)
k
Recall that 7; ;. r with ¢ = 1,2, 3 are given by (9.14) and (9.15). We have
/ u‘”l dx = 7—1’}9’]{ + 7-2’]@,]3 + 7T3>.,k,R for all R > 0.
B, (0)

Letting kK — +o00 and then R — +o00 in (9.14), (9.16) and (9.19), we get (9.18). O
This completes the proof of Proposition 9.1. (|

10. PROOF OF THEOREM 1

Let u € C*(B1(0) \ {0}) be a positive solution to (1.1). If ¢ > 2* — 1, then by
Corollary 3.1, zero is a removable singularity. If 2*(s) — 1 < ¢ < 2* — 1, then by
Proposition 4.1, the solution w either develops a (ND) profile, or
(10.1) lim sup |x|%2u(x) < 400.

z—0

If ¢ < 2*(s) — 1, then Proposition 2.1 gives that (10.1) also holds.

Now, for g < 2* — 1, assuming (10.1), it follows from Propositions 3.1, 8.2 and 9.1
that either zero is a removable singularity, or u develops a singularity of type (MB),
or there exist positive constants ¢; and ¢y such that

(10.2) c < \x|nT_2u(x) < ¢ for all € By /5(0) \ {0}

We assume that (10.2) holds. Since ¢ < 2* — 1, following step by step the proof of
Theorem 4.1 in Hsia—Lin—Wang [11] (pages 1642 to 1648), one gets that u develops
a singularity of (CGS) type. The difference with the case dealt with in [11] is
that the Pohozaev integral PL? (u) is not constant (see (6.14)). However, it has a
finite limit P9 (u) as  — 0. Therefore, every limiting potential profile U given by
Lemma 5.1 has a Pohozaev invariant (defined in (6.5)) such that P(U) = P9 (u).
It follows from (10.2) that U is singular at 0, and therefore Proposition 6.2 yields
P(U) > 0. As a consequence, we have that P(@(u) > 0. This is enough to make
the argument in [11] work.

All these steps prove Theorem 1.

11. THE CASE ¢ =2 —1

-1

. . . . . . . * . . .
The situation here is somehow different since the nonlinearity u? is invariant

after the rescaling performed in Lemma 5.1. We prove the following;:

Proposition 11.1. Let u € C*(B1(0) \ {0}) be a positive solution to

u2*(s)—1 . ‘
(11.1) —Au = T pu? 1 in B1(0) )\ {0}.

Then either 0 is a removable singularity, or there exist c1,co > 0 such that

—2 —2

(11.2) el ™7 <wu(@) < cplx|TF forallx e By /5(0) \ {0}.
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Proof of Proposition 11.1. We follow the strategy developed in Korevaar—-Mazzeo—
Pacard—Schoen [13] and skip some details. We argue by contradiction and we
assume that 0 is not a removable singularity and that (11.2) does not hold. By
Propositions 2.1 and 3.1, it follows that

(11.3) lim inf |x|n772u(x) =0and limsup |x|n74u(x) € (0, 00).
z—0 z—0

As in (7.7), we define w(r) = 7" a(r) for any r € (0,1).
Step 1: We claim that there exists (¢;); € (0,1/2) such that
(11.4) lim ¢, =0, lim w()=0 and w'(t)=0

i—+400 i—4-00
Proof of the claim: Arguing as in the proof of Proposition 7.2, we get that critical
points to r — w(r) = rie u(r) below a certain threshold are strict local minima.
Therefore, if (11.4) does not hold, then either w(r) stays above a given positive
value, or it is monotonic for small r, and therefore has a limit as » — 0. These
two situations contradict (11.3). Then there exists (¢;); € (0,1/2) such that (11.4)
holds. This proves the claim and ends Step 1. O

Step 2: By defining v;(z) := 7%(&"”)) for all 0 < |x| < 1/t;, we claim that

(11.5) lim wv(z) = % (Jz[>~™ +1) in CZ (R™\ {0}).

Proof of the claim: Equation (11.1) rewrites as follows

2*(5)71

—A'Ui = w(ti)Q*(s)—szi

FO pw(ts)” "2of 1 in By, (0)\ {0},

The Harnack inequality of Lemma 5.3 gives that for any R > 1, there exist Cr > 0
and ig € N such that

(11.6) 1/Cr <wvi(x) <Cgrforall1/R < |z| < R and i > ig.

From (11.4), (11.6) and standard elliptic theory (see for instance [10]), it follows
that there exists V' € C?(R™ \ {0}) such that

—AV =0 in R™\ {0}
V>0 in R™\ {0}
lim; s 40ov; =V in CE (R™\ {0}).

By Liouville’s theorem, there exist a,b > 0 such that V(z) = a|z|>~™ + b for
all z € R” \ {0}. By the mean value theorem, for any i € N, there exists 6; €
0B1(0) such that v;(6;) = 1: taking a subsequence and passing to the limit yields
a + b = 1. Moreover, passing to the limit in the third assumption of (11.4) yields
(7"HT_2 V(r)) (1) = 0, which gives a = b. This proves (11.5). This ends Step 2. O
Step 3: Here goes the final argument to get the contradiction. Recall the definition
of the Pohozaev integral given in (6.14):

) Vul? w2 () w2
Pr(2 —1)(u :/ [(LV (| — +u —T(x,u)dyu| do.
) 2B,.(0) 2 2%(s)|[® 2 )
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From (6.2), we see that Pr(z*fl)(u) is independent of 7 € (0,1): let P*"~Y(u) be

the common value. For i € N and = € By, (0) \ {0}, we denote

2% (s) 2%
*(g)— ’Ui x *_oU; (T
Pil) = w(ts)* 22*<s>|§c|2““’<“>2 .

From (11.4) and the convergence in (11.5), we have lim;_, o P;(2) = 0 uniformly
with respect to € 9B1(0). Using a change of variable, we find that

(27-1) 2
- = T,V —Pi(x) ) — T(x,v;) Opv;| do.
w(ti)2 0B1(0) ( ) 2 Z( ) ( z) %
Taking the limit ¢ — 400 yields
P VW) (n—2)?

11.7 li - = n—1-
(11.7) it w(ty)? gt
On the one hand, since w(t;) — 0 as i — 400, we get that lim; 4 o Pt(f*_l) (u) =0.

Therefore P("~1(u) = 0. On the other hand, (11.7) yields Pt(f*_l)(u) > 0 for ¢
large enough, and thus P(T*l)(u) > 0. This is a contradiction. This ends Step 3.

Proposition 11.1 follows from the contradiction obtained in Step 3. (]

As in the case ¢ # 2* — 1, it is natural to investigate more precisely the behavior
around 0, and, hopefully, get a (CGS) profile. The key is to understand the solutions
on R™\ {0}, which happen to be very sensitive to the choice of the parameter u > 0.

We define
—2)

2= s)n (25(n - s)) =

n—2

(2 —s5)sT>
n,s) = — — and n,s) =
to(n, s) 22(2175)(71_2)2755 pa(n, s) 2(n — s)

As one checks, 0 < p1(n,s) < po(n, s).

Proposition 11.2 (Solutions on R™ \ {0}). For u > po(n,s) there is no positive
solution to

*

(11.8) —Au=——— —pu* " in R™\ {0}.

For p = po(n, s), the only positive solution to (11.8) is

2-s \F e llzeR"
u(z) = <W> |z] for all x € R™\ {0}.
When 0 < p < po(n,s), then for any solution u to (11.8), there exist ¢y, Cy > 0
such that
cu|x|_% <u(z) < Cu|x\_% for all x € R™\ {0}.

Moreover, any radial positive solution v € C*(R™ \ {0}) to (11.8) is of the form
u(x) = |x|_nT_2v(— In|z|) for all x € R™\ {0}, where v : R — R is a smooth positive
function bounded from above and below by positive constants. In addition, still for
radial solutions,

o If0 < < pui(n,s), then v is periodic.

o Ifui(n,s) < p < po(n,s), then either { v is periodic }, or { v is nonconstant

with a positive limit as |x| — oo }.
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These three patterns above exist and are unique up to translations.

Proof of Proposition 11.2: We let u € C*°(R™\ {0}) be a positive solution to (11.8).
It follows from Proposition 2.1 that v is bounded from above by C' \x|_nT_2 around
0. We perform a Kelvin transform on u, so that equation (11.1) remains invariant:
then the bound C’|9L‘|_an2 holds around 0 for the transform of u. Going back to u,
we have the same bound everywhere, so there exists C' > 0 such that
(11.9) w(x) < Cla|~ "= for all z € R™ \ {0}.
With the conformal map ¢ defined in (6.8), we define

v(t,0) = e_antu(e_tH) forallt € R and § € S" 1.

With the transformation law (6.9), the critical equation (11.1) rewrites

(11.10) —0pv — Acan, v+ F'(v) =0in R x S" 71,
where . o
(7’L _ 2)2 9 ’U2 ,02 s
F(v) = —=2 - _
() g U T T

We define g(v) := v=1F/(v) for v > 0 and g(0) := %. The function g has a
unique critical point, it is decreasing before, and increasing after. As one checks,
o If > uo(n,s), then there exists ey > 0 such that g(v) > ¢ for all v > 0;
o If u = uo(n,s), then g(v) > 0 for all v > 0, achieving 0 only at one point;
e If 0 < u < po(n,s), then ming < 0 and g vanishes exactly at two points
referred to as v_ < vi. In particular, ¢'(v_) < 0 < ¢'(vy).

We assume that p > ug(n,s). Averaging (11.10) over S*~! yields
(11.11) —0u0 + F'(v(t,0)) =0in R x S" 71,

where #(t) is the average of v(t,0) over S"~1. Since F'(v(t,6)) > 0, we get that
On® > 0, and therefore ¥ is convex and bounded (this is a consequence of (11.9)),
so it is constant. Since F’ > 0 and ¥ is constant, (11.11) yields F’(v(t,0)) =0 and
then p = pg(n,s) and (¢,0) — v(t,0) is constant equal to the unique zero of g.
Going back to u yields Proposition 11.2 for p > pug(n,s). This ends the proof of
Proposition 11.2.

When p < po(n, s) and u is radially symmetric, the study of w is equivalent to the
study of positive solutions v : R — R to (11.10). The behavior is then a consequence
of a classical ODE analysis. O

As a consequence, we get the following:

Proposition 11.3. Let u € C*(B1(0) \ {0}) be a positive solution to
u2*(s)—1 .
(11.12) —Au=——— —u® "1 in B1(0) \ {0}.

|z[*

If p > po(n, s), then 0 is a removable singularity. If p = uo(n, s), then either 0 is
a removable singularity, or

n—2
. 2-5 \'F
lim |x|72u(x) = <S> .

et 2p0(n. )
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Proof of Proposition 11.3: We assume that u > po(n, s) and that v is a solution to
the problem with nonremovable singularity. It then follows from Proposition 11.1
that there exist c¢1,co > 0 such that

e1 < |2 T u(w) < e for all z € By 5(0) \ {0}

n—2
We let (r;); > 0 be any sequence going to 0, and we define u;(z) :==r, = u(r;z) for
all z € B,-1(0) \ {0}. We have that ¢; < \z|nT_2uz(x) <cg forall x € B,-1(0) \ {0}
?*(5)71 — ,uu?*fl in B -1(0) \ {0}: it then follows from elliptic
theory that, up to a subsequence, u; — U in C2 _(R™\ {0}) as i — +oo. Passing to
the limit in the equation yields that U is a positive smooth solution to (11.8). It

and —Au; = |z|"%u

then follows from Proposition 11.2 that u = uo(n,s) and U = ¢| - |7an2 (for a fixed
value ¢ > 0) is independent of the choice of the sequence (r;);. This uniqueness
yields Proposition 11.3. (]
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