Eigenvalue estimate for the basic Laplacian on manifolds with
foliated boundary, part II
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Abstract

On a compact Riemannian manifold N whose boundary is endowed with a Riemannian flow, we
gave in [4] a sharp lower bound for the first non-zero eigenvalue of the basic Laplacian acting
on basic 1-forms. In this paper, we extend this result to the set of basic p-forms when p > 1.
We then characterize the limiting case by showing that the manifold N is isometric to I‘\R x B
for some group I' where B’ denotes the unit closed ball. As a consequence, we describe the
Riemannian product S x S as the boundary of a manifold.
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1 Introduction

On a compact Riemannian manifold (N"*2, g) whose boundary M carries a minimal Riemannian
flow given by a unit vector field £ (see Section [2| for the definition of a Riemannian flow), we
derived in [4] a sharp lower bound for the first non-zero eigenvalue )}, of the basic Laplacian
acting on (closed) basic p-forms on M when p = 1. This lower bound involves the g-curvatures
o4 (1 < ¢ <n+1)of M [4, Thm. 1.1] which are defined as the sum of the first ¢ principal
curvatures assumed to be arranged in an increasing way. Here the word minimal means that the
mean curvature of the integral curves of £ is zero. The main tool to prove the estimate is the use
of a suitable extension of a basic closed p-form to the whole manifold N (see Lemma and the
so-called Reilly formula established in [11]. As a consequence of the limiting case, we got several
rigidity theorems that characterize the flow as a local product and the boundary as an n-umbilical
submanifold (see [4, Sec. 5]). These results can be seen as a foliated version of the work of S.
Raulot and A. Savo in [I1].

In this paper, we generalize the results stated in [4] to any basic p-form when p > 1. Some of the
techniques used in this paper are similar to those of p = 1 (Lemmas and [3.2) but some new
results and techniques are needed to extend the estimate and study the equality case (Lemmas

and . First, we prove
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Theorem 1.1 Let (N"2 g) be a compact Riemannian manifold with positive curvature operator.
Assume that the boundary M is endowed with a minimal Riemannian flow given by a unit vector
field § and that opq1-p(M) > 0 for some 2 < p < . Then,

(o AGG1Sp [P > (041 (M) = supg(S(€). ) )ania—p(M). (1)

where ) is the 2-form associated to the O’Neill tensor of the flow and S is the second fundamental
form of M.

Inequality differs from the one in [4, Thm. 1.1] by the additional term 4[%] S}é[p |22 that results

from the computation of the norm of the interior product of the O’Neill tensor with any basic
p-form (see Lemma . As an example of manifolds that satisfy the assumptions of Theorem (1.1
one can consider the unit closed ball B’ in R"*? where the boundary S**! is endowed with the
Riemannian flow given by the Hopf fibration.

When equality is realized in , it turns out that {2 vanishes which yields to the following charac-
terization:

Theorem 1.2 Under the same assumptions as in Theorem with n > 1 even, if o1(M) > 0 and
the equality case is realized, the manifold N is then isometric to the quotient F\R x B for some

fized-point-free cocompact discrete subgroup T' C R x SO,41, where B’ is the unit closed ball in
RHL,

As a consequence, we describe manifolds whose boundaries are isometric to the Riemannian product
S! x S™ and get the following rigidity result:

Corollary 1.3 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M is S' x S" and (n+ 1 —p) supy; g(S(€), &) + 4c*[%] does not
change sign. If the inequality opi1(M) > p holds, the manifold N is isometric to S! x B'.

2 Riemannian flows and manifolds with boundary

Throughout this section, we recall the main ingredients of Riemannian flows defined on a manifold
and the basic facts on manifolds with boundary (see [2, [I7, 1I] and [4] for manifolds with foliated
boundary). In the sequel, we will use the musical isomorphism between the tangent space of a
Riemannian manifold and its dual. In particular, for any vector field X and a differential form ¢,
we write X A ¢ for the form X* A .

Let (M™*! g) be a Riemannian manifold and ¢ be a smooth unit vector field on M defining the
structure of a Riemannian flow on M. That is, the vector field £ foliates the manifold M by its
integral curves (called the leaves) in a way that those curves are locally equidistant [I7]. In other
words, when one restricts the metric ¢ to the bundle Q = &+ it is then constant along the leaves.
That means the relation E&Q’g 1+ = 0 holds. Equivalently to this last relation, the endomorphism
h := VM¢ (known as the O’Neill tensor [10]) defines a skew-symmetric tensor field on the bundle
(. Moreover, the normal bundle carries a covariant derivative V (called transversal Levi-Civita
connection) compatible with the induced metric g on @ [17] that can be related with the Levi-
Civita connection on M through the Gauss-type formulas: For all sections Z, W in I'(Q), we have

VUW =V, W - Q(Z, W),
VI Z =VeZ +MZ) - Kk(Z2)E,
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where K := Vé\/lf is the mean curvature of the leaves and Q(Z, W) := g(h(Z), W) is the differential
2-form associated to h. In all the paper, we will consider minimal Riemannian flows, that is k = 0.
Recall now that a basic form is a differential form ¢ on M such that £, = 0 and £.d™p = 0. We
will denote by Qy(M) the set of all such forms. Clearly, basic forms are preserved by the exterior
derivative d™ and therefore we can set dj, := d™ \Qb( - For a compact manifold M, we consider
the L?-adjoint of dj, denoted by d,, and define the basic Laplacian as Ay = dpdp + 6pdp. From the
spectral theory of transversally elliptic operators, the basic Laplacian has a discrete spectrum [5] [6].

Assume now that (N"*2, g) is a Riemannian manifold of dimension n + 2 with boundary M. Recall
that the shape operator (or the Weingarten tensor) is defined for all X € T'(TM) as S(X) = —V¥v
where V¥ is the Levi-Civita connection of N and v is the inward unit nomal vector field along M.
The Gauss-Codazzi equation is given for any X,Y € I'(T'M), by

(VXS)(Y) = (V¥ 8)(X) = RV (Y, X)v, (2)

where R denotes the curvature tensor operator on N. At any point © € M, we let
n(x), -+ ,Mnt1(x) be the principal curvatures of M and arrange them so that n;(x) < na(z) <
- < fpt1(x). For any p € {1,---,n+ 1}, we define the lowest p-curvatures o,(x) by o,(x) =

m(xz) 4+ -+ np(z). It is a clear fact that the inequality U”T(m) < ho(r) holds for p < ¢, and the
equality is achieved if and only if either n;(z) = n2(z) = - - = ny(x) or p = ¢. As mentioned in [I1],
the Weingarten tensor admits a canonical extension to any p-form ¢ on M by the following:

P
S[p](so)(Xla 7Xp> = ZQO(Xh 7S(XZ)7 7Xp)7
=1

for all vector fields X1,---, X, on M. The eigenvalues of S ] are exactly the p-curvatures (that is,

P
Z iy, With 41 < --- <i,) and that means the following inequality
k=1

(STH(p), ) = op(M)|]? 3)

holds, where o, (M) is the infimum over M of the lowest p-curvatures o,(z). We point out that this
extension can be done for any symmetric tensor field on T'M by the same definition. In particular,
we will use it later for the tensor V¥ S for any X € I'(TM).

Now, we recall the Reilly formula established in [11, Thm. 3]. Let J : M — N be the inclusion map
of M into N and let J* be the pull-back of a form on N into M, that is J* is the restriction of
differential forms on N to the boundary M. For any p-form a on NN, the formula is the following

/N(\dNa\2+\5Na\2)vg:/N]VNa|2vg+/N(WpN(a),a>vg—|—2/M(V_|a, (5M(J*a)>vg+/MB(a,a)vg

where v, is the volume element of g on N (also on M) and Wlfv is the curvature term that appears
in the Bochner-Weitzenbock formula for the Laplacian on N. The last term is defined by
Bla,a) = (SP(J*a), J ) + (S (xya)), J* (xnar)
= (SP(J* ), J ) + (n+ 1) H|vaa)? — (SP U (via), voa).
We mention here that J*(*ya) is equal (up to a sign) to #7(vaa) and the relation |J*a|? +|vial? =

|a|? is true at any point of the boundary. We point out that the term WIfV > 0 when the curvature
operator of N is non-negative.

Finally, the following boundary value problem will be of interest in our study. In fact, given any
p-form ¢ on M, the solution of the system
ANG =0 on N,

(4)
J¢p =, JON$) =0 on M
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is unique on N by Lemma 3.5.6 in [I4]. Moreover, the p-form ¢ is co-closed on N and d ¢ belongs
to the de Rham cohomology group HP*1(N) (see [I, Lemma 3.1] for more details).

3 Eigenvalue estimate for the basic Laplacian on manifolds with
foliated boundary

In this section, we are going to prove Theorem 1.1} For this purpose, we need to state the following
lemmas already proved in [4].

Lemma 3.1 [4] Let (N2, g) be a compact Riemannian manifold with boundary M with WIfYH >0
for some 1 < p < n. Assume that M carries a Riemannian flow defined by a unit vector field &
such that op41-p(M) > 0. Given a non-zero basic closed p-form ¢, the corresponding solution ¢ of

the boundary value problem s then closed and co-closed on N.

Lemma 3.2 [4] Let (N"*2, g) be a Riemannian manifold with boundary M. Assume that M carries
a Riemannian flow given by a unit vector field &. For any basic p-form ¢ on M where 1 < p < n,
we have

(ST (), @) = (op1 (M) = 9(S(£),€)) Il

This last estimate is optimal when N is isometric to S' x B/, where B’ is the unit closed ball in
R"*! while Inequality is not sharp in this example. Indeed, consider the flow by S! on the
boundary M = S! x S" (i.e. the trivial fibration over S*) and let ¢ be any non-zero p-form on S™.
It is not difficult to check that S!() = py and that og=q—1forany 1 <qg<n+1.

Next, we need to get an upper bound for the norm of the interior product of the 2-form 2 with
any basic p-form. Indeed,

Lemma 3.3 Let (N"2 g) be a Riemannian manifold with boundary M. Assume that M carries
a Riemannian flow given by a unit vector field £&. For any basic p-form ¢ with p > 2, we have
n

2l < [5)2100l0. (5)

For n even, the equality is realized if and only if Q = 0.

Proof. As 2 is a skew-symmetric 2-tensor field on (Q, we can always find a local orthonormal frame
{e;} of I'(Q)) such that Q = ZF:]1 Ajeaj—1 A eg;. Therefore, we compute

5] (3] (3]

n.1
Q] = 1D Njleaj—1 Aeag)apl <D [Ajlleaj—1a(eajap)] <D Allel < 15121821l
j=1 j=1 j=1

n[3

Here we used the fact that |vap| < |v||p| and the Cauchy-Schwarz inequality (in the last estimate).
Assume now that the equality is realized, then either all the )\;.3 are of the same absolute value
and there exists a j such that A\; = 0 (in this case, all the \;’s are 0) or for all j, es; A ¢ = 0 and
e2j—1 A ¢ = 0. But for n even, the last statement just means that X A ¢ =0 for all X € I'(Q) and
thus ¢ = 0. This leads to a contradiction; hence A; = 0 for all j which yields to € = 0. U

Now, we have all the ingredients to prove Theorem
Proof of Theorem For any basic closed p-eigenform ¢ on M corresponding to the eigenvalue
)\’l,p of the basic Laplacian, we associate its extension ¢ to N from Lemma Applying now the
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Reilly formula to ¢ gives, under the curvature assumption and with the use of Lemma [3.2] the
following

0>2 / (03, 6M QYo + T (M) / of20, — / G(S(E), )| [20y + Tnsap(M) / w3,
M M M M

With the help of the pointwise inequality |v_p+ W(SM ©|? > 0, the above one can be reduced

On+2—p
to

/ |6M90|2vg ZO-erl(M)UnJer(M)/ |Q0’2vg_o'n+2p(M)Sup(g(S(g)aE))/ |90|2’Ug' (6)
M M M M

Now from the relation & = §™ —2Q4(£A) on basic forms [I2, Prop.2.4] and the estimate in Lemma
B3] we compute

Mol = [Sppl® +4Q(E A @) + 4dpp, Qu(E A )
= [dpl? + 41E A (Q0)[ + 4dpp, € A (29))
=0 since Jpp is basic
= |Gpl® + 40|
n
< 10l + A1
Therefore after integrating over the manifold M, we get the desired result. O

Remark 3.4 The assumptions in Theorem on the curvature can be weakened. The positivity
of the curvature operator can be replaced by the positivity of W];N and Wzﬁl'

4 The equality case

This section is devoted to prove Theorem In other words, we are going to study the limiting
case of Inequality . We will show that, under some conditions, the second fundamental form
vanishes along £ and is equal to n1d in the direction of ) for some constant 7, i.e. the boundary is
n-umbilical. We will also prove that the O’Neill tensor defining the flow vanishes which is equivalent
to the integrability of the normal bundle. Consequently, this allows to classify all manifolds on which
Inequality is optimal.

It is clear to see that when the equality is realized, the estimate in Lemma is optimal which
means that h = 0. On the other hand, the eigenform ¢ is parallel on N and 0p41,0p42—p and
g(S5(&),&) are constant on M. Moreover, we have the identity

5M§0 = —Op+t2-pV/Ip. (7)
In particular, using the relations in [I1, Eq. (23) and Lemma 18 (ii)], we get for all X € I'(T'M),
V¥ = S(X) A (vag)

VY (1¢) = —S(X) s

Mo = SP(vap) — op1vap

M (vap) = —SPl(p).
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By replacing Equation @ (recall that oy, 42— is constant) in the last two equations in and by
using the fact that d™ (6™ ) = dy(pp) = 1p% = Ony2-p(op+1 — 9(S(£),€))p, we deduce that

S[p_l](’/—‘@) = (On41 — Ont2—p)Vap
(9)
SPH (@) = (ops1 — 9(S(€).€))e.

Now, in order to prove that the manifold N is isometric to the quotient I‘\R X B/, we need first to
establish a series of lemmas:

Lemma 4.1 If the equality is realized in , then S(¢) = 0.

Proof. Using Equation , we deduce that the form v_p is basic (recall here that M ¢ = §up).
Hence by applying the first equation in @D to the vector fields £ and Xi,---,X,_2 € I'(Q), we
find that S(§)s(ra) = 0. On the other hand, since the O’Neill tensor vanishes, then Vé\/[gp =Vep
which is equal to zero, because the form ¢ is basic. Here, we recall that V is the extension of the
transversal Levi-Civita connection to basic forms. Finally, by taking X = £ in the first equation
of (8), we find that S(§) A (vo¢) = 0. Mainly, that means S(£) = 0. We mention here that v.p
cannot vanish, since this would imply that V¥ = 0 for all X € I'(TM) which would give Mp=0
(recall that XLp is the first non-zero eigenvalue). (]

In the sequel, we aim to prove that the principal curvatures of S are constant and are all equal
to a number 7, along transversal principal directions. The proof of this statement is a technical
computation and will be splitted into several lemmas (see Lemmas and . In the sequel,
{fi}i=1,- m+1 will denote an orthonormal frame of I'(T'M).

Lemma 4.2 If the equality is realized in , then

n+1
S UVES g, fi A(vag)) = (Op41 = Ont1 + Ongap)onsap — |SPP) Vg
=1 .
+ > (fia(vap), S2(f)a(vap)). (10)
=1

Proof. By differentiating the second equation in @D along any vector field X € I'(T'M), we get

after using
SPLSX A (o)) + (VESPlp = 0, 15X A (v2g).

Here we also used the first equation in . Setting X = f; and taking the scalar product of the
last equality with f; A (vu@), we obtain after tracing and using that,

n+1 n+1
D AVHS e fih o)) = apin Y (S(fi) A (vap), fi h (vo9))
i=1 n+f_1
=D (S () A W), fi A (v9))
=1
n+1

=Y (S(fi) ASPH (o), fi A (vap)).
i=1
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Then with the help of @D, the last equality reduces to

n+1 n+1
S U fiAWof)) = (@p1 = Oura + usap) D (SU) A (v32), Ji A (v4)
=1 . =1
= Y (SP(fi) A (o), fi A (va)). (11)
=1

In order to finish the proof, it is sufficient to calculate the two sums in the r.h.s. of . In fact,
the first sum is equal to

n+1 n+1
SSU) A Wo), fi A ) = sl — S (fistv), S s(vop)) B o gl
i=1 i=1

while the second one is

n+1 n+1
D ASP(F) A (@), fi A (va@)) = |SPIvagl = Y (S*(£i)a(vad), fia(vap)).
i=1 i=1
The substitution into gives the desired result. 0

In the following lemma, we will expand the curvature operator of the manifold N. Indeed,

Lemma 4.3 We have the splitting

(WY (A (va@), ) =T+ J+ K, (12)
where I, J and K are given by
n+1
I=> (RN(v, fi)vad, fisp)
i=1

n+1
J= (D)"Y RN, i i (v20) )

n+1
K ==Y (RN(fi, )V A (fia(va9)) , f510).
ij=1
Moreover, we have that I = K. When the equality is realized in , we get

1
p(p—1) s

I=—(=1)"7 ((v20)29)(9n+1) + (Ons+1 = Ons2—p)opralol® — op |l +Z fivp, S%(fi)ap)-

(13)

Proof. Recall that the curvature Wlfv is given by the expression szv =25 € A (e;aRN (€5, ¢)))

where {e;}i=1,... n+2 is any orthonormal frame of TN. At a point x € M, we choose the orthonormal
frame {f;,v}i=1,... n41 of TN to compute

n+1 n+1
(WY (A wap)),0) =Y (v (RN (v, fi) (v A (va@)) , fisp)+ > (fia (RN (fir 1) (0 A (v22))) s fi20)
i=1 t,j=1
n+1 n+1 n+1
=Y (RN (v, fi)vad, fisp)+ Y (RN (v, £i) fir £5) (v, Fa0) = > (RN (fis VA (fia(vad)) , ).
i=1 i,j=1 ij=1



n+1 n+1

=S (BN(v, fi)va, fiae) + (=177 (RN (v, £3) fir Fi) () A £, 0)
i i,j=1

n+1

= > ARN (i, £)v A (fin(vag)) , fiap).

1,5=1

Then using , we deduce . To prove that I = K, we first remark that the term —K is equal
to the following:

Z (_l)kJrl(VJ(ﬁ)il,"-,ip 1 l%( (fzafj)y/\fll flk /\..'/\fip717fjJ(P>
i< <ip_1
k=1 p—1
ij=1, m+1

= Z (V—'(ﬁ)i17"'7’ip—1<fi1/\"'/\RN(fikafj)V/\"'/\fip_mfj—'@)

1< <ip—1
k=1 ,p—1
j=1, ,n+1
12) “
= @iy Fin A AVES) (fi) A A iy fi0)
1< <ip_1
k=1--,p—1
J=1, mn+1

(@, i A (VISP (wop)).

<.
Il
—

(14)
Hence, using the second equation in , I — K is equal to

Z Va@)ir i L fir Ao - ARN (0, fi) fir Ao A fiy s fip)

11 < <lp—1
k=1. p—1
i—=1,-- ,n+1

H(fis A ANRN(fi v Ao A fiy s o)}

= Z (Va@)ir oo ip AR (fis frovs F)(fis Ao Afu N A fiy s fiop)

11 < <dp_1
k=1, p—1
il=1, n+1

FRN (fi fis s V(i Ao AfIA A fir 1 fise) )

which is zero when we interchange the role of the indices ¢ and [ in the first summation. When the

n+1
equality is realized in (|1f), and since I = K = — Z(fi_:cp, (V?Z_4k5*)u’_l](y_ngé)>7 we get
i=1
. n+1
I Z (fiap, V(ST (wo@))) + ) (fize, STV (1))
=1 =1
. @ n+1 n+1
Z fz Un+1 fl—‘%pa V—‘QD> + (Un+1 - O-n+2fp) Z<fi—‘90a S(fl)4@>
i=1 i=1
n+1
= {finp, SPTU(S(fi)20)),
i=1
which gives the result, using Equations ,, and @D O

In the following, we will compute the 1.h.s. of Equation in terms of the curvature operator
Wév . Indeed, we have



Lemma 4.4 If the equality is realized in , we have

n+1 n+1
S UVESPo fin (o)) = —(WN (WA (vap)),e) + Y (fise, S*(fi) )
=1 =1
H(Ont1 = Onta—p — Ops1)opra 0. (15)

Proof. Using the symmetry property of the tensor VM S and Equation , the Lh.s. of Equation

is equal to

n+1
D (o (VES) (i) A (va@) + (o, fi A (VE )P (00g))
=1
o Mnﬂ A . n+1 P )
= (=177 (), (VES) () + D e, fi A (VES)P (wp)).
=1 =1

Therefore, from Equation and again from the symmetry of VM S, the above expression reduces
to

n+1 n+1
(1) S UV ) W S) ) 1) + (1) 7 RN (va) o, firw fi) + 3o fi A (V)P (1))
=1 =1
p(p—1) p(p—1) nt! n+1
— (1" (o)) (0ns) — (=) ST RN (0, i fis (v32)50) + 3o, fi A (VES)P 1 (00)).
1=1 i=1
(112)),(14) p(p—1)

== (177 (v29)29)(0ns1) — (W, (VA (v39)), ) + 1 + K — K.
(16)

Substituting Equation into Equation , we finally get the result. O

In the next lemma, we will compare the sign of the 1.h.s. of Equation which is given by to
the sign of the r.h.s. Under a curvature assumption, we will find that they are of opposite signs. In
particular, this will mean that all principal curvatures along transversal directions are equal. More
precisely, we have

Lemma 4.5 If the equality in is realized and if moreover o1(M) > 0, then S(X) =nX for all
X orthogonal to €.

Proof. We will show that the 1.h.s. of Equation is nonnegative while the r.h.s. is nonpositive
which means that both terms vanish. We first begin to check the 1.h.s. which is given by Equation
in Lemma Indeed, the eigenform ¢ is parallel thus the term (Wlfv &, @) vanishes. Therefore
by writing ¢ = p+vA(r1p) at any point of the boundary and using the fact that Wév is nonnegative,
we deduce that the term (W2 (v A (v2@)), ¢) is nonpositive. On the other hand, the tensor S has 0
as an eigenvalue (recall that S(§) = 0) and that o1(M) > 0, therefore all the 7;’s are greater than
0 fori=2,--- ,n+ 1. Hence

n+1 n+1
S i S2(f)a9) > S (fiaer S(F)a0) B2 oo
=1 =1

Thus, the Lh.s. of Equation ((10f) is bounded from below by

(Ony1 — On+2—p — Op+1 T 772)Up+1’90|2 = ((nn+3—p —n3) + -+ (g1 — 77p+1))‘7p+1‘90|2 >0,



since the sequence 7); is increasing. We can easily see that all inequalities are sharp when all the
nis (i =2,--- ,n+ 1) are equal. Concerning the r.h.s. of Equation (10]), recall that it is given by

n+1
(Tpr1 = Tns1 + Onra—p)onta—p — [SP)a@l> + Y (fis(wa@), S2(fi) a(v ). (17)

i=1

In the sequel, we will take the vectors {f;}i=1 ... n+1 as the principal directions associated with the
principal curvatures 7); of the tensor S. We first have

n+1 n+1
Z(fu(lus??), S*(fi)a(vag)) = Z il fio(vo@), S(fi)o(vop))
i=1 =1 -
< Tn+1 Z<fZJ(VJ¢)7S(fz)J(VJ¢)>
=1
€9).0

Mnt1(On+1 — Un—&-?—p)‘VJ@’Z-
Hence, can be bounded from above by A|v.3|?, where A is given by
A= (0p — Ont1+ Ont2-p)Ont2—p + Np+10nt2-p — 77% - 7772L + M1 (Mng3—p + -+ ).

Let us prove that A is nonpositive, which implies in particular that (17) is nonpositive. We write

A = (Up — Opy1 + Un+2—p)ap+1 + (Up — Opy1 + Un+2—p)(77p+2 +eee 77n+2—p)
F1p+10p + N1 (Mp1 + -+ + Nn2—p) — ?7% — = ?7% + M1 (Mnt3—p + - + 1)
= 0pOpt1 = (Ont1 = Ong2—p)Opt1 + (0p — Ons1 + Onga—p) (Mp42 + -+ + Mnya—p)
Hlp10p + B =15 = =y = Mys 0 M+ g1 (asa—p + 0 1)

where B is given by
B = np2(Mpt1 — Mp+2) + Mp+3(Mp1 — Mp+3) + - + Nnt2—p(Mp+1 — Mnt2—p)-
Clearly B is nonpositive, since 1 < p < 5. On the other hand, using that S(£) = 0 we have
~y (19) _ “ .
sSPEn (r2) © e AP 06) B (01— onin ) (€A (09),

then o}, + 0pq2—p < 0py1. Therefore

A < 0'12) + 20p410p — (Ong1 — Onga—p)Ops1 — 77% e — 7712)
_7772L+37p — e Nn1(Mn+3—p + -+ + 1n)
= 2 Z Minj + 2Mp+10p — Mnt3—p(Mnt3—p + Opt+1) =+ — MM + Op41)
2<i<j<p
“Mn41(Op1 = Mny3—p — =+ — M)

It is clear that 7,43_p + -+ 70 < Opi1, 88 Tpr1 — (nis—p + - - -+ 1) is an eigenvalue of S (just
apply S to the eigenform (f,43-p A -+ A fu)p by using the formula (22))). This fact combined
with ; > npqo fori =n+3 —p,--- ,n+ 1, gives that

A<2 > miny A+ 2mpa0p — Mpra(p — Dopy < 0.
2<i<j<p

This last inequality is true because the number of positive terms is equal to the number of negative
terms which is p(p — 1). O
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Now we are able to prove Theorem (1.2

Proof of Theorem The proof follows exactly the same lines as in [4, Thm. 1.2] (see also [3]
for more details) that we briefly explain the main idea. We first show that the vector field £ defining
the flow can be extended to a unique parallel vector field f on N which is orthogonal to v [4]. The
proof mainly relies on the use of the Reilly formula applied to the solution é of the boundary value
problem . Second, we consider a connected integral submanifold N; of the bundle (]Rf)l, where
the orthogonal complement is taken in N. The manifold N; is complete with totally umbilical
boundary and the Ricci tensor of Ny is bounded from below by the constant (n — 1)n?. That is,
the manifold N; is compact as a consequence of Myers’s theorem and from the main result in [9]
Thm. 1.1], we deduce that Ny is compact.

On the other hand, we have, from , p = —%dM (v2p) which means that it is d™-exact and

thus d?Ni-exact, since N is totally geodesic in M and both ¢ and v_@ are basic. Moreover, the
basic form ¢ is an eigenform of the Laplacian on Ny, that is ANy = Ayp = A'l’pgp. Therefore,

if we denote by )\?71;71 the first eigenvalue of A?M restricted to exact p-forms on N; and by op the
p-curvatures of N; into the compact manifold Ny, we get from the main estimate in [I1, Thm. 5]
that

p(n+1— p)772 = OpOn+l—p < /\?,];\971 < /\ll,p = Opt10n+2-p = p(n +1 _P)W2~

Hence the equality is attained in the estimate of S. Raulot and A. Savo [11, Thm. 5] and therefore
N is isometric to the Euclidean closed ball B’. Finally, by the de Rham theorem, the manifold N
is isometric to R x B’ and N is the quotient of the Riemannian product R x B’ by its fundamental
group. Since 7, (N) embeds into 7 (M), the manifold N is then isometric to P\R X B, for some
fixed-point-free cocompact discrete subgroup I' C R x SOy,41. ]

5 Rigidity results on manifolds with foliated boundary

Our objective, in this section, is to derive rigidity results on manifolds with foliated boundary.
These results generalize the ones in [4, Sect. 5]. For this end, we recall that a basic special Killing
p-form w is a basic co-closed (with respect to the basic codifferential ;) form satisfying for all
X € I'(Q) the relations [14], [16] 8]

1
Vxw = ?XJdbw and  Vxdyw = —c(p+1)X Aw,
p

where V is the transversal Levi-Civita connection and c is a non-negative constant. In general,
one can prove that a basic special Killing p-form is a co-closed eigenform of the basic Laplacian
corresponding to the eigenvalue ¢(p + 1)(n — p) where n is the rank of Q.

In the following, we will consider a compact manifold N whose boundary carries a basic special
Killing p-form. Due to the equality case of our main estimate, we will be able to characterize the
boundary as the product S! x S". We first prove the following result:

Corollary 5.1 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M carries a minimal Riemannian flow such that (n + 1 —
p)supy; 9(S(€),€) + 4c*[2] < 0 and also admits a basic special Killing (n — p)-form for some
2 <p < 5. If the inequality opy 1 (M) > p holds, the manifold N is isometric to R x B

Proof. Let ¢ be a basic special Killing (n — p)-form on M. Then #,¢p is a basic closed p-eigenform
for the basic Laplacian, that is Ap(xp) = p(n + 1 — p)(*pp). Here, we used the minimality of

the flow to say that the basic Hodge operator “x;” commutes with the basic Laplacian. Hence
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Mp < p(n+1-p) [I7. To get the upper bound, we will use the estimate in Theorem |1.1} First,

we have 0,41 > opy1 > 0 as 2 < p < 5. On the other hand, by considering the functions

0; =0,41 —m foralli=1,---  n, and using the estimate
n+1-— n+1-2
Ont2—p = Tpﬁ,ﬂrm >(n+1-p) —mm >n+1-np,
we finish the proof because n1 < g(S5(£),&) < 0. O

Using this last result, we can prove Corollary as in [4, Cor. 1.3]. Also a similar result holds as
in [4, Cor. 5.2]

Corollary 5.2 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that M = S* x S™ with n > 3, the sectional curvature KN of N vanishes on M,
the mean curvature H > 0 and (n+ 1 — p)supy; 9(S(€),€) + 4c*[3] < 0. Then, the manifold N is
isometric to S x B'.

Finally, the analogue result holds as in [4, Cor. 5.3]

Corollary 5.3 Let N be an (n + 2)-dimensional compact manifold with non-negative curvature
operator. Assume that the boundary M carries a minimal Riemannian flow such that (n + 1 —
p)sup,s 9(S(€),€) + 402[%] > 0 and also admits a basic special Killing (n — p)-form for some

2 <p < L. If the inequality opy1 (M) > p + S}‘l/[p g(S(8),&) + nﬁ_pcz[%] holds, the manifold N is

isometric to P\R X B’

Proof. We follow the same proof as in Corollary We just remark that

n+1-p 402[%] 2p—n—1
nt2-—p = ———— S(8), —_
Ont2—p = p (p+S}‘14pg( 3] §)+n+1_p)+771( )
4c*[%]
> (n+1-p)+supg(5(§),¢) + >n41-—p,
M
which finishes the proof of the corollary. U

6 Appendix

In this Appendix, we will state some technical formulas that we use in our computations. We omit
the proofs of these formulas and leave them to the reader. For any X € I'(T'M ), we have

(VX)W = v st — sP (V). (18)
Also, for any p-form ¢ and X € I'(T'M),

SPHI(X A @) = S(X) A+ X ASP(p)

(19)
(VES)PT(X A @) = (VHES)(X) A+ X A (VES)E ().
For any orthonormal frame {f;}i—1... n41 of TM, we have
n+1
(SPlo,0) = (S(fi) s, fiap)- (20)
i=1
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Next, we define the interior product of an s-form with a p-form ¢, as follows:
((Xl ARRRNA XS)JSO)(Yiv e 7}/})*8) = SO(X& e, X, Y, 7YYP*S)'

Therefore, for any (p — s)-form 1, one has

(X1 A= AX)p, ) = (1) T (9, X1 A= A X A). (21)

Finally,
SPE (XA A X)) = (X1 A A Xs)aSPH () — (SEI(X A -+ A X)) e (22)
In particular, this gives for s =1

SP=(X Lp) = XL1SPH(p) — S(X)e. (23)
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