FOURTH ORDER EQUATIONS OF CRITICAL SOBOLEV
GROWTH. ENERGY FUNCTION AND SOLUTIONS OF
BOUNDED ENERGY IN THE CONFORMALLY FLAT CASE
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In 1983, Paneitz [23] introduced a conformally fourth order operator defined
on 4-dimensional Riemannian manifolds. Branson [1] generalized the definition to
n-dimensional Riemannian manifolds, n > 5. Such operators have a geometrical
meaning. While the conformal Laplacian is associated to the scalar curvature,
the Paneitz-Branson operator is associated to a notion of Q-curvature. Possible
references are Chang [2] and Chang-Yang [3]. When the manifold (M, g) is Einstein,
the Paneitz-Branson operator PB, has constant coefficients. It expresses as

PBy(u) = Azu +alAgu+au, (0.1)
where A, = —divgV and, if S is the scalar curvature of g,
n? —2n—4 n—4)(n® -4
0= o1yt ad a= : 16n(iz(— 1)? )53
are real numbers. In particular,
o’ Ss
u T n(n—1)2°

The Paneitz-Branson operator when the manifold is Einstein is a special case of
what we usually refer to as a Paneitz-Branson type operator with constant coeffi-
cients, namely an operator which expresses as

Pyu= A_,zju + alAgu+au, (0.2)
where «,a are real numbers. We let in this article (M, g) be a smooth compact

conformally flat Riemannian n-manifold, n > 5, and consider equations as

_o2f
Pyu=u ,

where P, is a Paneitz-Branson type operator with constant coefficients, u is required
2n

to be positive, and 2F = " is critical from the Sobolev viewpoint. In order to fix

ideas, we concentrate our attention on the equation
a2 '
(Ag + 5) u=u*"1, (E.)

where a > 0. We let H2 be the Sobolev space consisting of functions u in L? which
are such that |Vu| and |V2u| are also in L?, and let
S = {u € H} s.t. uis a solution of (E,)} .

It is easily seen that the constant function T, = (a?/4)("~4/% is in S, for any a.
In particular, S, # (). Extending to fourth order equations the notion of energy
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function introduced by Hebey [15] for second order equations, we define the energy
function E,, of (E,) by
E = inf F
n(0)= inf B(),
where E(u) = [, |u|2ndvg is the energy of u. It is easily seen that E,,(a) > 0 for
any « > 0. Our main result is as follows. An extension of this result to Paneitz-
Branson operators with constant coefficients as in (0.1)-(0.2) is in section 2.

Theorem 0.1. Let (M, g) be a smooth compact conformally flat Riemannian man-
ifold of dimension n > 5. Then
lim E,(a)=+o00.
a—r+00
In particular, for any A > 0, there exists ag > 0 such that for a > ag, equation
(E.) does not have a solution of energy less than or equal to A.

As we will see below, there are several manifolds with the property that (E,) has
nonconstant solutions for arbitrary large a’s, and with the property that F,,(«)
is not realized by the constant solution u,. Such a remark is important since, if
not, then Theorem 0.1 is trivial. Theorem 0.1 in the easier case of second order
operators was proved by Druet-Hebey-Vaugon [9].

Let Ky be the sharp constant in the Euclidean Sobolev inequality
[pllas < KollAell2,

where ¢ : R™ — R is smooth with compact support. The value of K was computed
by Edmunds-Fortunato-Janelli [10], Lieb [18], and Lions [20]. We get that
4/n
Ky? = n2n(n — 4)(n? — 4)T (%) T ()"
where I'(z) = [;°t*"'e~'dt, x > 0, is the Euler function. The answer to the sharp
constant problem for the H2-Sobolev space, recently obtained by Hebey [16], reads
as the existence of some « such that for any u € H3 (M),

. 2/2%
(/ |u|? dvg> < Kg/ (Pyu) udvyg
M M

where P,u is the left hand side in equation (E,). This is in turn equivalent, the
proof of such a claim is not very difficult, to the existence of some « such that
E,(a) > K, "2 Such a statement requires the understanding of the asymptotic
behavior of a sequence of solutions of (E,) which blows up with one bubble. The
more general Theorem 0.1 requires the understanding of the more difficult situation

where the sequence blows up with an arbitrary large number of bubbles.

Fourth order equations like equation (FE,) have been intensively investigated
in recent years. Among others, possible references are Chang [2], Chang-Yang [3],
Djadli-Hebey-Ledoux [4], Djadli-Malchiodi-Ould Ahmedou [5], [6], Esposito-Robert
[11], Felli [12], Gursky [13], Hebey [16], Hebey-Robert [17], Lin [19], Robert [24],
Van der Vorst [25], [26], and Xu-Yang [27], [28].

Section 1 of this paper is devoted to the proof that there are several manifolds
with the property that (E,) has nonconstant solutions for arbitrary large «’s, and
such that E,,(«) is not realized by the constant solution %@,. In section 2 we discuss
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a possible extension of Theorem 0.1. Sections 3 to 8 are devoted to the proof of
this extension, and thus, to the proof of Theorem 0.1.

1. NONCONSTANT SOLUTIONS

We claim that there are several manifolds with the property that (E,) has
smooth positive nonconstant solutions for arbitrary large a’s, and such that F,,(«)
is not realized by the constant solution %,. We prove the result for the unit sphere
S™ in odd dimension, and for products S' x M where M is arbitrary.

1.1. The case of S™. We let (5™, h) be the unit n-sphere. We claim that for n
odd, equation (E,, ) on S™ possesses a smooth positive nonconstant solution for a
sequence (ay) such that ap — +00 as k — +o00, with the additional property that
E,, (o) is not realized by the constant solution @,,. Writing that n = 2m + 1, we
let {z;}, 7 =1,...,m+ 1, be the natural complex coordinates on C™*l. Given k
integer, we let Gy be the subgroup of O(n + 1) generated by

2im

Zj—rek z;,

where j = 1,...,m + 1. We let also uw be a smooth nonconstant function on S™
having the property that @ o o = @ for any k and any o € Gj. For instance,
(21, 2me1) = |z1]%. Tt is easily seen that G}, acts freely on S™. We let Py be

the quotient manifold S™/Gy, and hy be the quotient metric on P,. We let also
uy, = u/Gy, be the quotient function induced by @ on P,. We know from Hebey [16]
that there exists B such that for any smooth function u on P,

2

Jull3 ,

B
ull2: < KS/ (An,w)® don, + BEo||Vaull3 + =
Py,

where K is the sharp constant in the Euclidean inequality [|¢|lar < KollAepll2,
¢ smooth with compact support. The value of Ky was computed by Edmunds-
Fortunato-Janelli [10], Lieb [18], and Lions [20]. We let By(hy) be the smallest
constant B in this inequality. Then,

Bo(hx)

2
2
12 SKOQ/ (Apw)” dop, + Bo () Ko|[Vull3 + === ]ull3 .

Py,
Taking u = 1, it is easily seen that Bg(hy) > 2Vh;2/n, where V4, is the volume of Py

with respect to hi. First, we claim that for k sufficiently large, Bo(hy) > 2Vh_kz/".
If not the case, then for any k,

Il < K2 / (D02 duon, + 2KV, 2 VT2 + Vi ™ e 2
Py,

Noting that

1
/ ‘Tﬁﬂp dvhk = 7/ |Tﬂ|p duy, s
. .

where p is any real number, and T is either the identity operator, the gradient
operator, or the Laplace-Beltrami operator, we get that, for any k,

1 K3 2 2Kown ™ o g
Il < gome [ (a0 dun + 20— |V +
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where w, is the volume of the unit sphere. Letting k& — +00, this implies that

) 2/28 1
—2 —2
(/ [ul dUh) < i /u dvp,

and this is impossible since @ is nonconstant. The above claim is proved, and

By(hg) > 2Vh;2/ " for k sufficiently large. We let now oy, be any real number such
that 2V, */" < oy < Bo(hx), and let

ka (P}’fk u) udvp,,
ueHZ\ {0} [l 3

Ak =

b

where

2

and &y = akKO_l. Since ay < Bo(hg), we get with the definition of Bg(hy) that
Ay < Ky 2. Then it follows from basic arguments, as developed for instance in
Djadli-Hebey-Ledoux [4], that there exists a minimizer uy for Ag. This minimizer
can be chosen positive and smooth. Clearly, u is nonconstant. If not the case,
then

LN 2
P,]fk_u = <Ahk + ak) u

A
1

Since 2Vh_kz/" < ay, the left hand side in this equation is greater than 1. Noting
that the right hand side is less than 1, we get a contradiction. Up to a multiplicative
positive constant, u is a solution of

~ 2
(673 21171
(Ahk + ) U = Uy, .

=\ K2 .

2

If @y is the smooth positive function on S™ defined by the relation /Gy = ug,
then 4y is a nonconstant solution of (Es, ) on S™. Since Vh_k1 — 400 as k — 400,
we have that &y — +o00 as k — +o0o. Summarizing, we proved that for n odd,
equation (Fg,) on S™ possesses a smooth positive nonconstant solution 4y for a
sequence (Gy) such that &, — 400 as k — +o00. Noting that E(tux) < E(Uq, ), this
proves the first claim we made in this subsection.

1.2. The case of S' x M. We let (M,g) be any smooth compact Riemannian
manifold of dimension n — 1, and let S*(¢) be the circle in R? of center 0 and radius
t>0. We let M; = S*(t) x M, and g; = h; + g be the product metric on M;. We
claim that equation (E,, ) on M possesses a smooth positive nonconstant solution
for a sequence (ay) such that o, — +00 as k — +oo, with the additional property
that E,,(ag) is not realized by the constant solution %, . Given k integer, we let
G, be the subgroup of O(2) generated by

2i7

z—>eF 2.
We regard G, as acting on My by (z,y) — (0(x),y), and My/Gy = M. We let @
be a smooth nonconstant function on M, and let u; be the function it induces on
M, by u(x,y) =u(y). Then @y o 0 =4, for all o € Gy. We know from Hebey [16]
that there exists B such that for any smooth function u on M,

BQ
2
Julfy < KE [ (8g,0° duy, + BEo|Tull + -l

t
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where Ky is the sharp constant in the Euclidean inequality ||¢|s: < KollAe||2, ¢
smooth with compact support. We let By(g;) be the smallest constant B in this
inequality. Then,

2 BO(gt)2
[l 3 SKS/P (Ag,u) dvgt+Bo(gt)KoHVUI|§+TIIUII§-
k

Taking u = 1, it is easily seen that By(g;) > 2ng2/ ", where Vj, is the volume of M;
2/n

with respect to g;. First, we claim that for & sufficiently large, Bo(g1/x) > 2Vg, )

If not the case, then for any k,

_ _ 2 9 e 4 —
Ty el13: < K /M (AguTayk) " dvg, , + 2KV 2™ [V ill3 + V™ sl -
1/k

Noting that

1 _
/ |Tﬂ1/k|pdvg1/k = E/ | T, |” dvg, ,
Mk M,

where p is any real number, and T is either the identity operator, the gradient
operator, or the Laplace-Beltrami operator, we get that, for any k,

_ K2 .2 2KV, " i
[ ]3¢ < 7]{4/0”/ (Ag, ) d”g1+7k27; IV |5 + Vi, /™ [ |13
My
Hence,
3 K2(2m)4/n . 2(2m)/ " KoV 2 e
[l < S [ (A dvy + TRV + Vg

where Vj is the volume of M with respect to g. Letting k — +o00, this implies that

# 2% 1
(/M || dvg) < AT /M wdo,
g

and this is impossible since @ is nonconstant. The above claim is proved, and
Bo(g1/k) > 2Vg_2/" for k sufficiently large. We let now «, be any real number such

1/k

that 2V, 2/™ < ar < Bo(g1/x), and let

91/k
k
fMl/k (Pgl/k“) udvy, ,,

A = in
P ueH\(0) [ull2,

)

where

AN 2
k Qg
Pgl/ku = (Agl/k + 2) U

and & = oszo_l. Since ay < Bg(hg), we get with the definition of By(hy) that
Ay < Ky 2. As above, it follows from basic arguments that there exists a minimizer
u for A\p. This minimizer can be chosen positive and smooth. Clearly, uy is
nonconstant. If not the case, then

(Mz‘/4/n

9
— = MK
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Since 2Vg:/2k/ " < ay, the left hand side in this equation is greater than 1. Noting
that the right hand side is less than 1, we get a contradiction. Up to a multiplicative

positive constant, u is a solution of

~ 2
Q t_
(Agl/k —|— 2) U = ’u,i 1 .

If @y, is the smooth positive function on M; defined by the relation ax/Gr = ug,
then 4y, is a nonconstant solution of (Eg, ) on M. Since Vg:/lk_ — 400 as k — 400,
we have that &y — 400 as k — +00. Summarizing, we proved that equation (Eg, )
on M, possesses a smooth positive nonconstant solution 4y for a sequence (éy)
such that & — +o0 as k — +oo. Noting that E(dy) < E(ua,), this proves the
first claim we made in this subsection.

2. EXTENDING THEOREM 0.1 TO A MORE GENERAL EQUATION

Theorem 0.1 can be extended to more general equations than (E, ). Given (M, g)
smooth, compact, conformally flat and of dimension n > 5, we consider the equation

A?]u + alAgu+ agu = w21 , (E.)

where A, and 2° are as above, and where a,a, > 0. Equation (E) reduces to
equation (E,) when a, = a?/4. We let S/, be the set of functions u in H3 which
are such that u is a solution of (EY)), and define the energy function E!, of (E!) by

m
12 —
E (o) = ulenbf; E(u),

where E(u) is as above. We assume that:
(Al) aq < %2 for all o, and
(A2) % — 400 as a — +00.

These assumptions are clearly satisfied when dealing with (E,), since in this case
aq = a2 /4. We claim that when (A1) and (A2) are satisfied,

ali)riloo El (a) = +00. (2.1)
In particular, it follows from (2.1) that for any A > 0, there exists oy > 0 such that
for a > ap, equation (E’) does not have a solution of energy less than or equal
to A. As an easy remark, such a result is false without any assumption on the
behaviour of a,. For instance, it is easily checked that E/ (a) < an/ YV, where V,
is the volume of M with respect to g, so that E! («) is bounded if a, is bounded.
As another remark, if we assume in addition that a, is increasing in «, then, with
only slight modifications of the arguments developed in section 1, we get that there
are several manifolds with the property that (E,) has smooth positive nonconstant
solutions for arbitrary large a’s. As in section 1, such a result holds for the unit
sphere in odd dimension, and for products S* x M. A key point in getting (2.1) is
the decomposition

Af]u +aAgu+ agu = (Ag+ca) (Ag +da) (2.2)

where ¢, and d,, are positive constants given by

«a o? « a?
Ca_2+m and da_g— I—aa. (23)
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The rest of this paper is devoted to the proof of (2.1). Since (2.1) is more general
than Theorem 0.1, this will prove Theorem 0.1.

3. GEOMETRICAL BLOW-UP POINTS

Given (M, g) smooth, compact, of dimension n > 5, we let (u,) be a sequence
of smooth positive solutions of equation (E,). As a remark, it easily follows from
the developments in Van der Vorst [25] or Djadli-Hebey-Ledoux [4] that a solution
in HZ of equation (E,) is smooth. We assume that for some A > 0, E(u,) < A for
all a, and that (A1) and (A2) of section 2 hold. We let

- 1
Ug = ——Uq
[l
so that ||tiq||ot = 1. Then,
A2 + gl + Galia = AalZ ', (E.)
where A\, = Hua||§§(n74). In particular, A, < A*™. Multiplying (E,) by i, and

integrating, we see that

i [ a]lg = 0.

where |||z is the standard norm of the Sobolev space H?(M) (see for instance
Hebey [14]). In particular, blow-up occurs as & — +00. Following standard termi-
nology, we say that xg is a concentration point for the 44 ’s if for any ¢ > 0,

lim inf / i dvg >0,
Bay (6)

a——+00
where By, (0) is the geodesic ball in M of center zy and radius 6. The @, ’s have at

least one concentration point. We claim that the two following propositions hold:
up to a subsequence,

(P1) the @, ’s have a finite number of concentration points, and

(P2) o, — 0in CP  (M\S) as a — +oc0

loc

where S is the set of the concentration points of the @,’s. The rest of this section
is devoted to the proof of (P1) and (P2).

Propositions (P1) and (P2) are easy to prove when discussing second order equa-
tions. There are a little bit more tricky when discussing fourth order equations. We
borrow ideas from Druet [7]. We start with the following theoretical construction
by induction. First, we let 21 € M be such that

o (zk) = grgv);ﬂa(z) .

Clearly, iiq (7)) — 400 as @ — +o00. Assuming that z!,... 2% are known, we let
my, be the function
n—4

wite) = (it ay(eh) T dnlo).

=1,...,%

where dg is the distance with respect to g. If

limsup ( maxm’ (z) | < +oo
a—+oco \TEM
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we end up the process. If not, we add one point and let 2% be such that

i+1
a

%

ma (@) = maxmy, ()

We also extract a subsequence so that m? (z5) — +oo as a — +oo. We let S,

be the set of the z?,’s we get with such a process. We let also m?,

o = Uq-

Our first claim is that there exists N integer and C' > 0 such that, up to a
subsequence,

Sa:{m:;,...,aciv} (3.1)
and
n—4
. 2
<‘_%nf ng(xla,x)> Uo(z) < C (3.2)
for any « and any z in M. In order to prove this claim, we assume that we have k
such x%’s and, for i = 1,...,k, we let u!, be such that

n—4

i (a}) = (i) ~"F
It is clear that pi, — 400 as a — +00. Given & > 0 less than the injectivity radius
of (M,g), we let v, be the function defined on By(d/ut,), the Euclidean ball of
center 0 and radius §/ut , by

0h(2) = (1) T i (exp, ()

where eXPyi is the exponential map at z%,. By construction,

n—4

) d(xt i)\ 2
maxm’, ' (x) = min M
ze€M Jj<i L,

and this quantity goes to +00 as a — 400. It easily follows that for alli =1, ..., k,
and all j <1,

lim - oo (3.3)
a—+00 ,u,za
and that either o
dy (i, 2]
i BeWorTa) _ (3.4)
a—+00 M?X
or o 4
d R i
M =0(1) and 2 =o(1). (3.5)
Mo Mo
In order to see that either (3.4) or (3.5) hold, just note that
ph_dy(ehoal) b
i 8 dy (7, v2)
Given z € By(6/pt) we write that
e (expg (b)) it (expg (uhe)
vg(x) = - = .
(@) Dj, (expy; (1)) ualwh)

where

D!\ (z) = mindy(ad, 2) " .
1<t
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Noting that
7 ) 7 7 iy _ 0
dg (zaaexpxa (H’az)) 2 dg(z(,wxa) ,LLa|l’|

dy(ad,at) [1— —Lo |z
! ( dy(a, z1,)

we get with (3.3) that for any compact subset K of R”, and any = € K,
. . 1 . .
dy (2, exp, (1h2)) = (), %)

as soon as a > 1. Since in addition m’-t(y) < mi 1(xl) for all y in M, we get
that for any compact subset K of R", and any x € K,

v

. n—4 mi_l(mi ) n—4
¢ < QT # = 2 2
K YA TREE
provided that o > 1. It follows that the v’’s are bounded on any compact subset
of R™. Now we let g, be the Riemannian metric given by
ga(x) = (eXPig g) (Ho) -
Let € be the Euclidean metric. Clearly, for any compact subset K of R", g, — &
in C?(K) as a — +00. Moreover, it is easily checked that

Agavfx +abl Ay v+ anfivl = )\a(vé)zn_l , (3.6)
where 0%, = (1?)? and 07, = (u,)*. Equation (3.6) can be written as
[(Ag. + cabl) o (Ay, + dob?)] vh = Ao () ¥ 1, (3.7)
where ¢, and d, are given by (2.3). We let
wh = A, v+ do b0
Noting that
wh(@) = (uh) * (Bgiia + daia) (exp, (b)) (3.8)
and that
(8 + o) (Aygiia + daiia) > 0
we easily get that w?, > 0. Coming back to (3.7) it follows that
Ay wh < )\a(vg)ﬂ_l .
Given € > 0 we write that
Dgo (we)' ™ = (14 e)(wg) Ag,we, — (1 + &) Vag [ (wy) ™™
(L&) (k) Ag,wh < (1+2)ha(0h)* 7 (wh)*

Let R > 0 be given. Since the v’ ’s are bounded on any compact subset of R™, and
since the A\,’s are bounded, we get that there exists C' > 0, independent of «, such
that

IN

Ay, (wg)+e < Clwg)
in Bp(3R). Applying the De Giorgi-Nash-Moser iterative scheme, with £ > 0 small,
we can write that for any p, there exists C'(p) > 0, independent of «, such that

mgﬁfm(wi)“s(x) < C) (Iwa) Nz Bo(zry) + (W) N L2re (Bo2m)) -
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Taking p = 2/(1 + ¢), it follows that

i \14+ % %
xenflz?f(R)w“) *(2) < Cllwgllze(pyery) (L + lwellLz(sy2ry) - (3.9)

Independently, we easily get with (3.8) that

/ (wi)dv,, = / (Ayiin + duiia)” dv,
Bo(2R) Bi (2Rpf,)

< / (Ao + doiia)” dvg .
M

Multiplying (E,) by i, and integrating over M,

/ (Ayiia)?dvg + a/ |Viig|*dvg + aa/ 2dvy = A (3.10)
M M M
so that

/M(Agﬂa)deg =0(1) and aa/ @2dv, = O(1) .

M
Noting that d, < ,/aq, it follows from the above equations that

/ (w!)2dv,, = O(1)
Bo(2R)

and then, thanks to (3.9), that the w!’s are bounded in By(R). Since R > 0 is
arbitrary, we have proved that the w?’s are bounded on any compact subset of R™.
Coming back to the v?’s, mimicking what has been done above, we let £ > 0, and
write once again that
Ag. (v)'TF = (1+e)(va) Agve — e(1+€)[ Vo[ (va)"™
< (149 (va) Ag,vh < (1+e)wg (vg)° -

ga "

Since the w’’s are bounded on any compact subset of R", it follows from this
equation and the De Giorgi-Nash-Moser iterative scheme that for any R > 0, and
€ > 0 sufficiently small, there exists C' > 0, independent of «, such that

L , .
s (04) () < Ol omy (14 [0 2aogany) -

Since v% (0) = 1, we have proved that for any R > 0, there exists Cr > 0, indepen-
dent of «, such that for any «,

/ (v)2dv,, > Cr . (3.11)
Bo(R)

Independently, it is easily seen that

9;/ (v5)2dv,, :/ a2 dv, .
Bo(R) B (Rud)

Hence, thanks to (3.10) and (3.11), the af0’’s are bounded. Since do < \/aq, it
comes that the d,0?’s are also bounded. Noting that

i i ,0
Agava + doﬂava = W,
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and thanks to standard elliptic theory, we then get that the v’’s are bounded in
CY*(R™), 0 < s < 1. In particular, there exists v € C*(R™) such that, up to a

loc )
subsequence, v’, — v in C}L_(R™) as a — +o0. From this and (3.10), noting that

0 [ 1V, = [ Vil
By(R) B (Ruf)

we easily get that
0402/ |Vo2dz = O(1) .
Bo(R)

Since

/ (vi)ﬂdvga :/ ‘ &indvg <1
Bo(R) B, (Rui)

we must have that fBO(R) |Vo|?dx > 0. Tt follows that the af’’s are bounded.
Then, up to a subsequence, we can assume that

: Y ; gio_ i

allg-loo afdl, =" and allg-loo an;, = u' .

Clearly, the c,0%’s and d,0’’s are also bounded. Coming back to (3.7), and thanks
to standard elliptic theory, we get that the v’ ’s are bounded in C;LO’CS (R™),0<s<1.
In particular, still up to a subsequence, we can assume that v!, — v in Cl‘loc(R”)
as a — +oo. Here, v € C*(R"), and v(0) = 1. We can also assume that v is in
D3(R™), where D3(R") is the homogeneous Euclidean Sobolev space of order two
for integration and order two for differenciation, and that A\, — Ay as a — 4o0.

Passing to the limit oo — 400 in (3.6), it follows that
A% 4+ N Av + plo = )\OOUQufl .
Thanks to the result of section 4 we then get that A’ = u’ = 0, so that
A2y = A 1

As a remark, A\, > 0, since if not, @, — 0 in H2(M) as a — 400, contradicting
the normalisation condition |G|t = 1. Thanks to the work of Lin [19], see also
Hebey-Robert [17], we then get that

n—4

)\})é(”—g)v(x) —c, <)‘0) 2 ’

1+ M|z — 202

where o > 0, 20 € R", and ¢, = (n(n — 4)(n? — 4)) "/

/ U2nd$ — % ,
n Ao K2)%

where, as in section 1, K is the sharp constant in the Euclidean Sobolev inequality
lellat < Kol|Apll2. Then we can write that

. In particular,

ot i\2* 1
ws dv, = / (ve)* dvy, = ——=—= +0(1) +er, (3.12)
/B ruy o e T (KR

where o(1) — 0 as @« — +o00, and eg — 0 as R — +oo. Still in the process of
proving (3.1) and (3.2), we now prove that the local energies carried by the z%’s
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can be added. Given R > 0, and m integer, we let
Qg = U B:cg (R:ufx) .
i=1
Obviously [, aff dvg, <1 since Q7 C M. We let
Q= QTN U (Bay (Rpg)\Bay (Rprg))) -
Then
O U (Bag (Rul) 0 B (Rul)) (3.13)

and

ot ot ot ot
/ a2 dvy = / a2 dv, —|—/ a2 dvg — [ a2 dv, . (3.14)
o Bym (Rul) Q! Qm

We investigate the last term in the right hand side of (3.14). Thanks to (3.13),
! — f
/ ﬂidvggz:/ ﬂidvg.
Qr i=1 Y Bai (Rul)NBaym (Ru)
Let i < m. We know from (3.3) that

dg (.’171 xm)

lim X — 400,
a—+o0o ‘ugq'
If in addition
d i m
fm Joata) (3.15)
a—~+00 ,ug

then Bxg(RMZ) N B (Rp) = 0. If (3.15) is false, then, thanks to (3.5),
dg (miav .%'ZT)

I
We let R, = Bo(R) ﬂ?éa where

=0(1) and p™ =o(y’) . (3.16)

. 1 .
Ra = ’u—iexng (B (Ru)) -

«
Then, since the v?’s are bounded on compact subsets of R™,

/ ﬁindvg z/ (Ug)Qudvga < C|Ra| ,
Bmia(R/lé)ﬁBmg(Rugl) Ra

where |R,| is the Euclidean volume of R,, and C' > 0 is independent of «. It is
easily seen that |Rq| < C (pf (,ug)_l)n, where C' > 0 is independent of «, so that,
thanks to (3.16), |[Rs| = o(1). Summarizing, we always have that

/ ﬂiﬁdvg =o(1)

am

and, coming back to (3.14), we have proved that

~of ~of ~of
/ s dvg = / Uz, dvg—i—/ g dvg +o(1) .
o Bup (R Q-
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By induction on m, this implies that

k
/ ﬂiudvg = Z/ '&?jdvg +o(1)
Qk i=1 BJ,& (Rud)

as soon as we have k sequences (2%,), ¢ = 1,..., k. Thanks to (3.12), this implies in
turn that

ot k
oy = gy 0 e

where 0(1) — 0 as @ — 400, and eg — 0 as R — +o00. Letting a — +00, and then

R — +00, we get that
k

— <1
(A BG)T
so that k < (Ao K2)"/*. This proves (3.1) and (3.2).

Up to a subsequence, we can assume that for i = 1,..., N, 2¢, — 2% as a — +oo0.
We let
S= {xl,. ,xp}
be the limit set, here p < N, and claim that
e — 0 inCP (M\S) (3.17)

as a — +oo. We let € M\S, and R > 0 such that B,(4R) ¢ M\S. Tt follows
from (3.2) that @, < C in B, (3R), where C > 0 is independent of a. We let o, be
such that
Vo = Dgliq + dal ,
where d,, is as in (2.3). It is easily seen that the @,’s are positive and bounded in
L3(M). Since Ayv, < /\aﬁfjfl, we get with the De Giorgi-Nash-Moser iterative
scheme that the 0, are bounded in B, (2R). Given € > 0, it follows that
Ayalts = (14e)as Ayt —e(1+¢)| Vi [*as !
< (149)u,Aju, < C(e)ay, .
Applying once again the De Giorgi-Nash-Moser iterative scheme, we get that
sup 574 (y) < C aallsH + a3 -
yEBz(R)

Since @, — 0 in L?(M) as a — 400, this proves (3.17).

Now we claim that (P1) and (P2) hold. It suffices to prove that S = S. Tt easily
follows from (3.17) that S C S. Conversely,

/ aiudvg :/ (fo)2udvga
By (1) Bo(1)

and we have seen that

lim (v} )Zﬁdv L= / v dx ,
a=too ) ! Bo(1)

where, for some A1, A2 > 0 and some xy € R",

n—4

A/ =2) () (Al> o

1+ A2|z — x|?
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In particular, fBO(l) vdz > 0. Noting that for 6 > 0, and a > 1,

ot _ot
/ v a2 dvg < / a2 dvg
B.i (bd) B,i(6)

we get that S € S. Hence, S = S, and (P1) and (P2) are proved.

4. A POHOZAEV TYPE NONEXISTENCE RESULT

Let D3(R™) be the homogeneous Euclidean Sobolev space defined as the comple-
tion of C'2°(R™), the set of smooth functions with compact support, with respect
to the norm

Jull? = | (A da.

Given A\, u > 0, we let @5 ,, be the functional

Oy pu(u) = )\/ |Vu|>da +u/ u?de .
n Rn,

We assume that there exists u € D3(R"™), of class C* and nonnegative, solution of
the equation

A2y 4 NAu + pu = w1 (4.1)
and such that ®y ,(u) < +o00. Then we claim that either A = y =0, or u = 0. The
rest of this section is devoted to the proof of this rather elementary claim.

We start with the preliminary simple remark that if u is a C'-function in R”
with the property that u belongs to some LP(R™), p > 1, and that |Vu| € L?(R"),
then u € L? (R™) where 2* = 2n/(n —2). Indeed, it is well known that there exists
C > 0 such that for any r > 0, and any u € C! (By(r)),

1/2*
/ |u — ET\T dx <C |Vu|*dz
Bo(r) Bo(r)

1
= — udx

Uy
|Bo ()] J By (r)

and | Bo(r)| is the volume of the ball By(r) of center 0 and radius r. A more general
statement in the Riemannian context is in Maheux and Saloff-Coste [21]. Assuming
that v € LP(R™), p > 1, we can write that
1
G, < ———— |uldx
|Bo(r)| JBo(r)

1 1/p
< mTaT ufPdz | [Bo(r)[' "7
|BO (’I“)‘ </Bo(r) ) 0
C

[Bo(r)''"
where C' > 0 is independent of r. Hence, u, — 0 as r — +0o0. We fix R > 0. Since
|Vu| € L?(R™), we can write that for r large,

1/2*
/ lu — ﬂr|2* dx < C/ |Vul?dz .
Bo(R) R™

where

<
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Letting 7 — 400, and then R — 400, this gives that v € L*> (R") where 2* is as

above. If u € D3(R"), then u € L (R™). It follows that we have proved that for u
as above, solution of (4.1),

@y, (u) < +oo and A£0 = wueL*(R"). (4.2)
Another very simple remark is that |Vu| € L (R"). Indeed, thanks to Kato’s

identity, if ¢ is a smooth function, then |V|V¢|| < |V2p| a.e. Hence, if (u;) is a
sequence in C°(R™), then

[vul = vl de < [ (9 ) do
RTL n
< C ‘VQ(ui—uj)|2d:v
Rn
= C [ (A(u—uy))’de,
Rn

where C' > 0 is the constant for the Sobolev inequality corresponding to the embed-
ding D?(R™) ¢ L* (R™), and D?(R") is the homogeneous Sobolev space consisting
of the completion of C°(R™) with respect to the norm ||Vul|2. In particular, C' is
independent of 7 and j. This easily gives that |Vu| € L*" (R™).

Now we let n, 0 < n < 1, be a smooth function in R™ such that
n=11in Bp(1) and n = 0in R™\By(2) .
Given R > 0, we let also
x
nr(x) =1 (E) :

We consider the Pohozaev type identity as presented in Motron [22], and we plugg
nrw into this identity, where u is a solution of (4.1). Then we get that

—4
A% () *0 (nrw) do + “5= | (A(gw)Pdr=0,  (43)
RrR™ Rn

where z* is the kth coordinate of z in R, and the Einstein summation convention
is used so that there is a sum over k in the first term of this equation. We want to
prove that if ® ,(u) < 400 and A # 0 or p # 0, then v = 0. We assume in what
follows that ® ,(u) < 400 and A # 0 or p # 0.

We start with the computation of the second term in the left hand side of (4.3).
It is easily seen that

/n (A (nru))? dz = /n (Ang)? u2dx+4/ (VnnVa)? do

n

—|—/ n% (Au)? dz — 4/ (VnrVu) (Ang) udz
Rﬂ, n

+2/ nr (Ang) u (Au) dz — 4/ nr (VnrVu) Audz ,

n
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where, for two functions ¢ and ¥, (VeV) is the scalar product of Vi and V1.
Integrating by parts, it is easily seen that

/ n% (Au)’ de = / nIQ{quudxf/ (An%) u (Au) dx
+4/ nr (VnrVu) Audz .

By equation (4.1), integrating by parts,

/n%uAQudx = /n%uﬂdm—)\/ n%|Vul|?dr
n n Rn

—,u/ n%qua: — )\/ (sz%Vu) udz .

Thus,
[ @y de= [ wpa¥de - [ wiValdo—p [ it
Y /n (V0% Vu) udx — /n (An%) u (Au) dz + 4/Rn (VnrVu)? dz
+ / ) (Ang)? uide — 4 / (VnrVu) (Ang) udz

2 [ e (ne)u(Buydo

It is easily checked that for p = 1,2,

/ (Anp)? ulde = eg (4.5)

where eg — 0 as R — +o0o. Thanks to Holder’s inequality, we can indeed write

that
4/n ; (n—4)/n
/ (AnR)? ulde < (/ \An’é\n/z dx) (/ u? dm) ,
n Ar ARr

where Ar = By(2R)\Bo(R). Noting that |Ank| < CR™? for some C > 0 indepen-
dent of R, and that u € L (R™), we get (4.5). In particular, since

/ |A7ﬁ{| u|Au| dz < \// (An%{)Q u2dx\// (Au)? da

RTL R'I‘L n

/ nr |Ang| u|Auldx < \// (Ang)? u2dx\// (Au)? dz
]Rn Rn n

and Au € L?(R™), we have also proved that

/ (An%) u(Au)dz = eg and Nr (Ang)u (Au)dr =€ , (4.6)
n R"L

where € is as above. Similarly, thanks to Holder’s inequality, we can write that

2/n (n—2)/n
/ (VnrVu)’ dz < (/ VnR"dac> (/ |Vu|? dac) ,
n Ar Ar
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where 2* = 2n/(n — 2). Noting that |Vnr| < CR™! for some C' > 0 independent
of R, and that |Vu| € L¥" (R"), we get that

/n (VnrVu)’de = ep | (4.7)

where e — 0 as R — 4o00. Then, writing that

/ [(VnrVu)| |Ang|udz < \// (VnrVu)’ dx\// (Ang)? uda
R?L n n

we get that

/n (VngrVu) (Ang)udr =g , (4.8)

where eg is as above. At last, we claim that
)\/ (V?ﬁ%Vu) udr =€) R , (4.9)

where ex p = 0if A =0, and ex g = 0 as R — +oo if A # 0. Indeed, if A # 0,
then |Vu| € L2(R™). According to what we said at the beginning of this section,
see (4.2), it follows that u € L?"(R™). Then, thanks to Holder’s inequalities, we
can write that

/ |(VnEVu)| ude < \// |V77}2%|2u2dx\// |Vu|?dx
Rn Rn Rn

and that

2/n . (n—2)/n
/ | V% [2ulde < </ |V7ﬁ%|"> (/ u? dac) .
Rn Agr Ar

Noting that |Vn%| < CR™! for some C > 0 independent of R, we get (4.9). Then,
plugging (4.5)-(4.9) into (4.4), we get that

A (nru 2de = n? u? dz — A n%|Vu|>dx
R R
n n R"L (4'10)
—,u/ n?%uzdx—Fs)\,R—FeR,

where €5 g and eg are as above.

Now we compute the first term in the left hand side of (4.3). It is easily checked
that

A?(nru) = nrA*u + uA?ng + 2(Ang) (Au)
—2A(VnrVu) — 2(VnrVAu) — 2(VuVAng) .
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Hence,

A? (nru) xkak (nru) dx
R?’L

z/ n%(AZU)xkakudx—F/ unr(A%ng)z* Opud

n

+ 2/ (Ang)(Au)ngz*Opudz — 2/ nr (A(VnrVu)) 2*0pudz

n

72/ (VnRVAu)nkaakudxf2/ (VuVAnR)nka(?kudx (4.11)

n

+/ nRu(AQU)mkakanI+/ UQ(AQUR)xkakanx

n

+ 2/ (Ang)(Au)uz*dpnrdr — 2/ (A(VnrVu)) uzkdpnpds

n

- 2/ (VnrV Au)uzkdynpdr — 2/ (VuV Ang)uztdpnrds .

n

Noting that |A%ng| < CR™ for some C' > 0 independent of R, and that |z| < 2R
in Ap = Bo(2R)\Bo(R), we can write that
< Q/ u|Vuldr .
R3 ) 4,

/ unr(A*ng)z* Opudzs
Thanks to Holder’s inequality,

1 1 1
1 ) 1 2 -\
R2/ARVU| dr < = | ARl (/AR|W| dx)

2/2¢
1 4
" (/ u2ﬁdx) .
Ar

R4
R* J 4,

Since |Ag| < CR", u € L2 (R") and |Vu| € L% (R"), it follows that

and

1
wlidr < i | AR

/ unr(A%ng)r*Opudr = er | (4.12)

where e — 0 as R — +00. In a similar way, we can write that
C
/ (Ang)(Au)npatopude| < = |Vul|Au|dz
n R /4,
1
< C\// (Au)Qdm‘\/RZ/ |Vul?dz
Ar Ar
so that, here again,
(Ang)(Au)npa*Opuds = cg . (4.13)

Rn

Noting that
C
/ (VuV Ang)nra*opude| < —2/ |Vu|*dz
n R? J 4,
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we get that
/ (VuVAng)nretopude = cg .
Noting that

/ u?(A2nR)x* Onpdz

C / 9
< = u“dx
R* Jap

/ u?(AnR)xFOpnpdr = g .

Similarly, we can write that

/ (Ang)(Au)ur*Snrda

we get that

< % u|Auldz
R? J 4,

1
C / (Au)2dx —/ u?dx
\/AR R J A,
so that, as above, we get that

/ (AnR)(Au)ukakanm =€p.

IN

Noting that
/ (VuV Ang)uzk dynrda

S%/ u|Vu|dz
R3 J A,

(VuVAng)uz®oynrde = cg .

we also have that

R7l
Independently, integrating by parts,

/ (VnrVAu)nrz" o uds

— [ G @upnntogude ~ [ () (Tna¥(nsto) da

n

:/ (AnR)(Au)nkaakudx—/ |Vngr|?(Au)z* o udz
n Rn

—/n Nr(Au)(VnerVu)dr f/ nR(Au)VQU(x,VnR)dz .

n

Noting that

< S [ |vujaude
R J 4,

gg/ V| Auldz
R /4

‘/ Vg2 (Au)z* O udz
Rﬂ.

[ ne(@)(VnVa)da
and thanks to (4.13), we get that

/ (VnRVAu)nkaakudx —eRp — / nR(Au)V2u(m, Vngr)dz .

n

Noting that |Au| < /n|V2u|, we have that

/ nr(Au)V3u(z, Vygr)dz| < C |V2u|?dx .

Ar

19

(4.14)

(4.15)

(4.16)

(4.17)



20 VERONICA FELLI, EMMANUEL HEBEY, AND FREDERIC ROBERT
Multiplying the Bochner-Lichnerowicz-Weitzenbdck formula
1
(Adu, du) = 5A\Vu|2 + | V2ul?

by ngr, and integrating over R, it is easily seen that |V2u| € L?(R"). Hence,

/ |V2ul|?dr = er
AR

and we get that
/ (VnrVAu)nretOpuds = eg . (4.18)

In a similar way,

/ nR(A(VnRVu))xk(?kudx:/ (VANRVu)nrzt dpude

n

—l—/ (VnRVAu)nkaakudx—Q/ (V2nrV2u)nra*opudz .

n

Noting that

/ (VAnrVu)ngatopude

C / 9
< = |Vu|“dz
R% J 4,

and that
/ (VErV2u)npae*opudz| < ¢ |Vu||V2ulde
. R /4,
1
< C / |V2u|2dx —2/ |Vul2dz
Ar R Ar
we get with (4.18) that
/ nr (A(VnrVu)) 2Fopudr = ep . (4.19)

Similar computations give that

/ (A(VnRVu))ua:kﬁkanx:/ (VAnrVu)uz® oynrda

n

—|—/ (VURVAu)uxkakanx—Z/ (V2nrV2u)uzropnrdz .

n

We can write that

/ (VAnrVu)uzk oynrda

o
< — U‘V’U,|d.%‘=€R
R3 Jap

and that

/ (V2nrV2u)uz®opnrdx

IA
Q
—_—
=
£
1
£
=
8

AN

Q
Q
P
m PR

9

=

<

&
«
3
—
=

:w

QU

&

I

™

2y
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Integrating by parts,

/ (VnrV Au)uzk dynrda

= /R(AnR)(Au)uxkﬁkanx —/ (Au) (VnRV(u:vkaknR)) dx

n

:/ (AnR)(Au)uxkakanx—/ (Au)(VnRVu)xkakanx

n

—/ u(Au)|VnR\2dm—/ u(Au)V2ng(z, Vig)de .
Rn Rn

We can write that

/ (Aw)(VnrVu)z*opnrds

Sg/ [Vul|Auldz
R /4,

and that
/u(Au)|V7yR|2dx

Since we also have (4.16), we get that

+ ‘/ u(Au)VQUR(x,VnR)dx
RW,

< %/ u|Au|dzx .
R? | 4,

/ (A(VnrVu)) uzFopnrde = eg (4.20)
and that
/ (VnrVAuw uz*oynrde = cg . (4.21)

At last, we can write that

/ nRu(A2u)xk8kanm:/ (Au)A(unkaaknR)dx

n

— [ e o) dwids + [ u(dw)Ara )iz

n

—2/" (V(nrz*0kmr)Vu) (Au)dz .

It is easily seen that

=1Q

C
’A(nkaaknR)’ < 2 and ‘V(nkaaknR)‘ <

for some C' > 0 independent of R. Hence,

/ nru(A%u)z*Oynrdr| < C (Au)?dx

Ar

+%/ u|Au|dx—|—g/ [Vul||Auldz
R? |4, R J 4,

and we get with the above developments that

/ nru(A%u)z*opnpdr = cg . (4.22)
Plugging (4.12)-(4.22) into (4.11), we get that

A% (nru) %0y, (nru) dz = / 0% (A%u)z* Opudr + g | (4.23)

n

R™
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where, as above, eg — 0 as R — 4o00. By (4.1),

/né(Azu)xkﬁkudx:/ nfzuﬂ*lxké)kud;ﬂ

(4.24)
— )\/ 0% (Au)z* Opuds — u/ nhuzt Opudz .
Integrating by parts, it is easily seen that
Qﬁ/ nfzuzu*lzkakudz = fn/ nfzuzudm - / uzuxkakvﬁ%dx .
Noting that
/ uqukaka%dx <C u? dx
n -AR
so that
/ uzuxkakm%bda: =¢€p
we get that
—4
/ n%ugu_lxkakudx = _nT n?;iuﬂdx +er . (4.25)
n Rn
Similarly, it is easily checked that
1
/ nhuztOpude = —g/ naude — 5/ u’a*opnhda .
If p # 0, u € L>(R™). Noting that
/ ukaakm%dx <C uldx
n Ar
it follows that
u/ u2xk8k7712%dx =E€uR
where ¢, g = 0if p =0, and €, g — 0 as R — 400 if p # 0. Hence,
u/ nyuztopude = —% nhuldr + e, R - (4.26)
n Rn

Integrating by parts,
/ 0% (Au)z* O uds = / (VnEVu)zFopu
—l—/ 05| Vul|?dz —|—/ nEV2u(x, Vu)de
and it is easily seen that
/n nrV3u(z, Vu)dr = —g /Rn n%|Vul?dr — %/Rn |Vu|>z*opnhde .
If A #0, |[Vu| € L?(R"). Noting that
/ (V% Vu)z*opu /R |Vu|>z*onhde
we get that

—2)A
/\/ 0% (Au)zF Opudr = —%/ ne|Vul?de +exr , (4.27)

<C |Vu|?dx

L1
2 A
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where ey p =0if A =0, and ey g — 0 as R — +o0 if A # 0. Plugging (4.24)-(4.27)
into (4.23), it follows that

—4
A () a0y () dor = =" [ oo+ T [ iplda

n 2 2
R (4.28)
(n—2)A 2 2
+ 5 T]R|Vu| d35+5R+5>\,R+5p,R7
where €g, €x,r and €, r are as above.
Plugging (4.10) and (4.28) into (4.3), we get that
)\/ n%\Vu\zda:—&—Zu/ nhuldr +exr+eur+er=0, (4.29)
n Rn

where exp = 0if A =0 and exr — 0 as R — +oo if A # 0, where ¢, g = 0 if
uw=0and e, p — 0as R— +ooif u # 0, and where eg — 0 as R — 400. Letting
R — +o0, it is easily seen that if ®y ,(u) < 400 and A # 0 or u # 0, then (4.29)
implies that u = 0. This proves the claim we made at the beginning of this section.

5. GLOBAL L? AND VL2-CONCENTRATION

With the notations of section 3, we let S = {z1,...,2,}. We let also § > 0 be
such that B,,(20) N B,,(20) =0 for all i # j in {1,...,p}, and set

J

fM\Bé Zdvg

Rz ) = fM a2 dv,
fM\B |Viig|?dv,
R 0) = d
VL2(aa ) fM ﬂadvg )

where Bs is the union of the B, (d)’s, i = 1,...,p. We claim that the two following
propositions hold: for any § > 0,

(P3) Rpz(,0) — 0 as a — +00, and
(P4) Ryre2(a,d) = 0 as a — +o0.

Proposition (P3) is what we refer to as global L?-concentration. Proposition (P4)
is what we refer to as global weak VL?-concentration. The notion of global strong
V L2-concentration is discussed below. Global L?-concentration was introduced in
Druet-Robert [8] (for p = 1) and Druet-Hebey-Vaugon [9] (for p arbitrary) when
discussing second order equations. Weak VL2-concentration (in the special case
p = 1) was introduced in Hebey [16]. The rest of this section is devoted to the
proof of (P3) and (P4).

We start with the proof of (P3) and (P4). We use the decomposition (2.2), and
let cq,dy be as in (2.3). All the constants C below are positive and independent of
a. Let v, be given by

Ta = Agiia + dy i -

Noting that Ay9, + ca¥a > 0, we get that 7, is nonnegative. We have that

- N
Ayl < )\aui L.



24 VERONICA FELLI, EMMANUEL HEBEY, AND FREDERIC ROBERT

Let & > 0 be given. The De Giorgi-Nash-Moser iterative scheme and proposition
(P2) give that

sup (Aylg + dotia)
M\Bs

<C (Aglq + dolia) dvg + C Uadvg .
M\Bs /o M\Bs 2

Let n be a smooth function such that 0 <7 < 1, n = 0 in B/, and n = 1 in
MN\B; /5. Since 94 > 0,

/ (Aglia + datla) dvg < / N (Agla + dalia) dug
M\B(S/Q M

S C ﬂadvg + da/ ﬁadvg )
M\Bs 4 M\Bs 4

where C > 0 is such that |Agn| < C. It follows that for any § > 0,

sup (Agla + dalia) < C’da/ Uadvg . (5.1)
M\Bs M\Bsa

Now we let n be a smooth function such that 0 <n <1, n=01in Bs, and n =1 in
M\Bss. Thanks to (5.1), and the Cauchy-Schwarz inequality,

2
/ NiiaTadvy, < Cd,, / Godv, | < Cd, / uZdv, .
M M\Bs 4 M\Bs /4

Noting that

1
[ ganiade, = [ Viafav,+ 5 [ @i, (5.2)
M M 2 M

and writing that Ay, = U4 — dalia, we get that

1
/ n|Viia|*dv, + da/ niZdv, < Cdy a2dv, + 7/ |An|a2dv, .
M M 2J/m

M\Bjs 4

In particular, for any ¢ > 0,

/ \Viig|*dv, < COd, / a2 dv, . (5.3)
M\Bs M\Bs 4

For 7 as above, we multiply (E,) by nii, and integrate over M. Then
/ (Agﬂa)nﬂadvg + a/ (Aglia)ntadug
M M

(5.4)
+aa/ nﬂidvg = )\a/ n&indvg .
M M

Thanks to proposition (P2) we can write that

/ niZ dv, < C / @2 dv, . (5.5)
M M\Bs 4
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Integrating by parts,
[ (O3aiadu, = [ n(8y50)d,
M M

+ /M o (Agn)(Aglia)dvg — 2/M(V77vaa)(Agﬂa)dUg )

where (VnVi,,) is the pointwise scalar product of Vi and Vi, with respect to g.
As in (5.2),

) ) ) 1 )
[ taanBgadin, = [ (@iVaaPie,+ 5 [ (@nady,.  6)
M M M
Independently,
/ (Vi) (A i )dv, = / V2V, Vit )dvy + / Vit (Y, Viig)dv, (5.8)
M M M

and it is easily seen that
1
/ V2o (Vn, Viig)dvg, = 7/ (Ayn)|Viia|*dv, . (5.9)
M 2/m

Combining (5.2) and (5.5)-(5.9) with (5.4), noting that [,, n(Agta)?dvg, > 0, we
get that

1
3 /M(Agn)ﬁidvg -2 /M V29(Vilg, Vig)dvg + o /M 17|V1]a|2dvg

(5.6)

o (5.10)
+ —/ (Agn)aZdu, + aa/ niZdv, < C a2 dv, .
2 Jm M M\Bs /4
Clearly,
/ V2 (Vitg, Viig)dvy| < c/ |Viig|*dv, .
M M\Bs
Then, (5.10) gives that
a/ 77|V11a\2dvq+aa/ nii2 dv,
M ' M '
<C \Viig|*dv, + C’a/ a2 dv, (5.11)
M\Bs M\Bs 4
+C/ @2 dv,
M\Bs /4
By (5.3) we then get that
/ 1| Vil |2dv, + “i/ nidv, < C @2 dv, . (5.12)
M @ Jm M\Bs /4

It follows from (5.12) that

a . _
= a2 dv, < C'/ 2dv, .
Q JM\Bas M

Since § > 0 is arbitrary, and thanks to (A2), we get that (P3) holds. It also follows
from (5.12) that

|Viig|?dv, < C / @2 dv,

M\ Bas M\Bs 4



26 VERONICA FELLI, EMMANUEL HEBEY, AND FREDERIC ROBERT

so that (P4) holds also.

As a complement to the notion of global weak V L?-concentration, we can define
the notion of global strong V L2-concentration. Given § > 0, we let

fM\Bg |Viig|?dv,
Jos IViig [2du,

and say that global strong V L2-concentration holds for the @, ’s if for any § > 0,
R&2(a,6) — 0 as o — +oo. We claim that global strong V L2-concentration
follows from global weak V L2-concentration when n > 8. Though we do not need
global strong VL2-concentration, we discuss this claim in what follows. Let us
suppose first that n > 12. Then 2f — 1 < 2. Integrating (Ea),

281
261 °

'R’SVL2 (Oé, 5) =

aalltalli = Aalltall
Since 2! — 1 < 2, we can write that
ol ot
lall5: =) < Clltallz -

Thanks to the Sobolev-Poincaré inequality (see for instance Hebey [14]), there exists
positive constants A and B such that for any «,

el < Al Va3 + Blliallt -
Noting that A\, is bounded, we then get that
_ . C - 201
liall3 < AlViial3 + 5 l17al3* 7

(0%

Since 2% — 1 > 1 and ||ia||2 — 0 as a — +o0, this gives that

/ w2dv, < C/ |Viia|*dv, .
M M

Writing that

Jans, [Vial*dvg B Jans, Vial?dvg [ a2dv,
fM Viia[?dvg fM uzdvg IM |Viia|*dvg
fM\B5 |Viig|?dv,
C 52
Sy ©Rdvg

it easily follows from global weak V L?-concentration (proposition (P4) above) that

RGp2(a,6) — 0 as a — +oo. Let us now suppose that 8 < n < 12. Then

2 < 2% — 1 < 2% Thanks to Holder’s inequality, and since ||iiq||o: = 1, we can write

that .
_2fo1 _ o 2/(28—2

lia 35 < llaally" ™

The above procedure, using the Sobolev-Poincaré inequality, then gives that
_ _ C a2
il < AlVaal3 + — llaaly ™.
(0%

Noting that 52— > 1 when n > 8, it follows from this inequality that

?¥32 =
2 ~ 2
/ U, dvg < C’/ |V, |“dvg
M M

and we get as above that RS . (a, ) — 0 as o — +o00. This proves our claim.
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6. CONTROL OF THE HESSIAN

We use the notations of the preceding section, and thus of section 3. We claim
that for § > 0 sufficiently small,

fM\85 |V2i|%dv,
Sy @2 dvg

We let 1 be a smooth function such that 0 <n < 1, 7 = 0in Bs/; and = 1 in

=0(aq) - (6.1)

M\Bj;. Multiplying (E,) by n%*@i, and integrating over M, we get that
/ Ayiia Ay (01 )dv, + a/ (Vi V(n*ia)) dvg
M M
—l—aa/ ngﬂidvg = )\a/ n2ﬂindvg .
M M
It is easily checked that
/ Ao Ay (niia)dvg = / (Ag(nia))® dvg + O / (IVita|?* + @2) dvg
M M Bs\Bs /2

and that

(6.2)

/ (Vi V(n*ta)) dvg:/ \V(m)a)\zdvg—/ |V 2a2 dv,
M M M

:/ |V(naa)|2dvg+0</ agdvg> .
M Bs\Bs /2

Independently, we can write with proposition (P2) of section 3 that
/ 772ﬂiudvg =0 </ nzaidvg> .
M M
Coming back to (6.2), it follows that

,))? dv le} ﬁa2vg Ay + 0 2&3 Vg
/M<Ag<n o)) dv, + /M\vw ) 2dvg + (a0 + <1>>/Mn d

=0 a/ wldv, | +0 / |Viia|?dv, |
B(;\B(;/Q 85\35/2

where o(1) — 0 as &« — +o0o. Thanks to the Bochner-Lichnerowicz-Weitzenbdck
formula,

U 2v: 2(na) 2 dv c U U v
/M<Ag<n ) do, /M\v (n a>|dg+/MRg<v<n )2V (i) dvy

where Rc, is the Ricci curvature of g. Writing that

[ Rey (Vo) Taia)) vy =0 [ V0001,

we get with (6.3) that

[ 192 ta) vy + (@ 0(1) [ V(i) P + (0 + 0(1) [ i,

=0 (a/ didvg> +0 </ Vﬁa|2dvg> ,
Bs\Bs 2 Bs\Bs /2

(6.3)
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where o(1) — 0 as @« — 400, and O(1) is bounded. Since n = 1 in M\Bs, this
implies in turn that

[ Vs, + @0 [ (Vs
M\Bs M\Bé

+an+o(1) [ g, (6.4)

=0 a/ aZdv, | +0 / Vi |*dv, |
Bs\Bs /2 Bs\Bs 2

where o(1) — 0 as @ — +oo, and O(1) is bounded. Thanks to global L2-
concentration, and global weak VL2-concentration, and since o 'a, — 400 as
a — 400, (6.1) follows from (6.4). This proves our claim. As a remark, it easily
follows from the above proof that o(a) in (6.1) can be replaced by o(«).

7. CONFORMAL CHANGES OF THE METRIC

The Paneitz operator, as discovered by Paneitz [23] and extended by Branson
[1] to dimensions n > 5, reads as

n A2 - (n_2)2+4
P (u) = Aju — div, (2(71_1)(71_2) V9 —

where Rc, and S, are respectively the Ricci curvature and scalar curvature of g,
and where

4 n—4 .
_2ch> du + TQ-‘]U ,

1 n3 —4n? 4 16n — 16 2
T=—"=A,5 2 _ Re,y|*.
2 Py e T pr;) Tl AL
Let § be a conformal metric to g. We write that g = ¢* ("% §. Then, we refer to
Branson [1],
n o 261 pn
Pi(up) = o=~ P (u) (7.1)
for any smooth function u. Similarly, if
" n—2
Lg (’LL) = Agu —+ msgu

is the conformal Laplacian with respect to g, and if g = ¢*/("=2)§, then, for any
smooth function wu,

n _ 2" —17rn
Ly (ug) = ¢~ Lg(u) (7.2)
where 2* = 2n/(n — 2). We let 4, = @ap, where @, is as in section 3. It is easily
seen that (7.1) and (7.2) imply that

A2 + a9 T Agily — Ba(Vp, Vilg) + halla + o 1 divg (o~ " Aydily)

—4 —2 (E2)
= divg(Agdia) — nTQgﬂa - h‘wﬁ%ﬁ + Aot L :
n—
where A, and B, are given by the expressions
(n—2)2+4 4
A, = Sy9 — R
I T o —1)(n—-2)"%  n_2"
4 —n —n
Ba: a Soi—4g+9013—4 Ag

n—4
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and where
_2 _2 n—2 8 8
ha = O((pn—él Ag(pn—zl — magpn—zl Sg + aaw n—4
n—4 8 ntd | _
5 Q;L(P""L + 90"74dwg(Agd‘p 1)

Assuming that § is the Euclidean metric in €2, where 2 is an open subset of M, we
get that

AQaa + Oé@ﬁ A’[La — Ba(vg@, V’lla) + haﬁa (E )
+ i divg (0 Agditg) = AatiZ ! :

in 2, where Ay, B,, and h, are as above, and § = £ is the Euclidean metric.

8. PROOF OF THE RESULT

We prove (2.1) by contradiction. We assume that there is a sequence (uq) of
solutions to equation (E,) such that E(u,) < A for some A > 0. Then the results
of the preceding sections apply. For z; € S, where S is as in section 3, we let 6 > 0
small, and ¢ € C®(M), ¢ > 0, be such that =%~ 4g is flat in B,,(40) and
S By;(40) = {z;}. Up to the assimilation through the exponential map at x;,
and according to what we said in section 7, we get a smooth positive function .,
in By(36), solution of equation (E,) in By(36), where By(36) is the Euclidean ball
of center 0 and radius 36. We let n € C*°(R™) be such that n = 1 in By(¢), and
17 =0 in R™\By(20). Thanks to the Pohozaev identity used in section 4,

/n A2 (i) %0, (i) dz + ”7_4 s (A (nitg)) 2 dz =0, (8.1)

where z* is the kth coordinate of = in R”, and the Einstein summation convention
is used so that there is a sum over k in the first term of this equation. Similar
computations to the ones that were developed in section 4 easily give that

A? (i) %0 (i) do +

/ (A (i))? de
R™ n

_ 2 (A24 kg - n—4 2. A2
_/nn (A%tg) @ 6kuadm+T Rnn PN TN (8.2)

+0 / (V%) + |Via|? + 42) dz | .
Bo(26)\Bo(5)

Multiplying equation (Ea) by n%14, and integrating over R”, it comes that

/ Nla A% dr + o / P2, Al da

n—4

- / 0?00 Ba(Vip, Vi )dz + / 2 ha 62 dx (8.3)

+/ n%%aadivg(wmgdaa)dx:/\a/ n2a2 dz .
Integrating by parts,

1
/ o il Aigds = / non-a |Vl |*dx + 3 A(n%pﬁ)ﬁidx .
n n ]Rn
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Independently,

/ 0210 Bo(Vip, Vit )da

2 n —n
- / g0§»*4n2 (Veviad) dm—i—/ golfjn%aAg (V, Vi) dr .

n—4 n

Integrating by parts,

/ 30%172 (VeVil) doe = /
R'n/

(wi%zn%so - (V(anQ)VsD)) g dx

n

while
/ i i Ay (Vo Vi) dr| < C 1| Vit |da
n Bo(29)
c A2 a2
< < (|IVia|* +a2) da

2 JBo(25)

where C > 0 is independent of a. At last, writing that

Poiidivg (¢ Agditg) = a'10;jie + by | (8.4)

where @'/, b* are smooth functions with compact support in By(26), we easily get
that

<C (IVia|* +42) do |
Bo(26)

/n2¢%ﬁadiv9(¢71Agdda)dx

where C' > 0 is independent of «. Coming back to (8.3), and thanks to the definition
of h, in section 7, it follows from the above developments that

/n2ﬁaA2aadx+a/ n2apﬁ|Vﬁa|2d$

+aa/ n%ﬁﬂidx:&v/ i dx (8.5)

+0 </ |Vﬁa|2dx> +0 (a/ ﬁidm) .
Bo(26) Bo(26)

In a similar way, multiplying equation (E’a) by n?2*0,u., and integrating over R™,
it comes that

/ n2(a:k8kua)A2aadx+a/ @ﬁnQ(Q:k@cua)Aaadaj

n

—/ T]Q(xkakua)Ba(Vga,Vﬁa)dx—F/ n2ha(xk6kua)ﬁadm (8.6)

n

+/ NP (a4 Ohua ) divg (0! Agdit)do = )‘a/ 7 (a* O )i~ dx .

n

Integrating by parts,

1
/ 772($k8kua)aiu_ldx = _% 772aiud$ - ﬂ/ (xkakUQ)@indx
R~

and we can write that

/(x’faan)affdx:O / ﬁindx .
" Bo(26)\Bo(4)
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Independently, coming back to the expression of h, in section 7, and integrating
by parts, it is easily seen that

/n2ha(a:k8kua)ﬁadx:—n;a/ T]thﬁﬂidl‘

+0 a/ widr | +0O aa/ |lz|a2dax | .
Bo(25) Bo(26)

Similarly, thanks to (8.4), integrating by parts, and noting that a¥ = @/, we can
also write that

/ nzgpzti (2" Opuq ) divg (9™t Aydiy)dz = O </ |Vﬁa2da:> .
n BO(

26)

Independently, thanks to the expression of B, in section 7, we can write that

/ 7 (2% Optie) Ba (Vp, Viig)dz = O a/ ||| Vi |*dx | .
n Bo(29)
At last, integrating by parts, we get that
4 9, L N n—2 9 _4 ~ 12
P (@ Opua) Adads = —— N o7 Vil |“dx

+0 (/ |m||Vﬂa2dx> .
Bo(29)

Coming back to (8.6), it follows from the above developments that
-2
/ nQ(Aaa)kaakﬁadx — w/ 772@*%4 Vi |2dz

o 8 — ), .
_ n; / 772§0n§4 Uid:l? + %/ 772114?;(136

=0 a/ aZdr | + O aa/ x| a2 da
( Bo(26) ) < 30(25)‘ | (8.7)
+0 / WZdz | +0 / \Viig |2dz
Bo(26)\Bo(9) By (26)
1o <a/ |x|Vﬂa2dm> .
Bo(26)

Plugging (8.5) and (8.7) into (8.2), and thanks to the Pohozaev identity (8.1) of
the beginning of this section, we get that

a/ 0’| Vita|*da + 2aq / npriigde = Aq | (88)

n
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A, =0 a/ adr | +0 aa/ || 02 da
Bo(29) Bo(26)
+0 / WZdx | +0 / Vil |2dx
Bo(28)\Bo(d) Bo(29)
+0 a/ |z||Via|?de | + O / V204 |2dr | .
Bo(26) Bo(28)\ By (4)

Writing that for s > 0, ¢*(z) = ¢*(0) + O (Jz|), and that 42 = a2 =242, it follows
from (8.8) and proposition (P2) of section 3, that

a/ 172|Vﬁa|2dx+2aacp(0)ﬁ/ alde = A, , (8.9)

Ay, =0 a/ wtdr | +0 aa/ |z|a? dx
Bo(26) Bo(26)
+0 (/ |Vﬂa|2dx> +0 (a/ |x||V12a2da:>
BO(26) 30(25)
+0 / V21 |*d |
Bo(26)\Bo ()

Coming back to our Riemannian metric g, it is easily seen that (8.9) gives the
existence of positive constants C; and Cs, and of positive constants t; < ts, inde-
pendent of a and §, such that for § > 0 small,

Cla/ |Vﬂa|2dvg + Cgaa/ &idvg

Ba, (t16) Bg, (t16)

< a/ a2 dvg + and a2 dv, —|—/ Viig|2dv,
B-,l (t26) BT’L (t26) BTl(t25)

+a5/ Vit |*dv, +/ V24 |*dv, -
Bg, (t26) By, (t20)\ By, (t16)

Summing over the x;’s in S, it follows that for § > 0 small,

C’la/ |Vﬂa|2dvg + Czaa/ aidvg
Biys t16

where

where

< a/ a2 dvy + a6 @2 dv, + / \Viig|*dv, (8.10)
Biys Biys Biys
+ad |Viig |*dv, + / V20 |2 dvg .
Biys Biys\Biys

Thanks to global weak V L?-concentration, see proposition (P4) of section 5,

/ \Viig|*dvy = o0 / 2dvg | .
Biys\Btys Biys



FOURTH ORDER EQUATIONS OF CRITICAL SOBOLEV GROWTH 33

Writing that

/1|WM%%=/T|wmm%+/' Vit |*dv,
Biys By, s Biys\Biys

1
and choosing ¢ > 0 sufficiently small such that 6 < Cy, it follows from (8.10) that
for « sufficiently large,

Cgaa/ i2dv, < a/ W2dvg + and 2dv,
Biys Biys

Biys

+o / @2 dv, +/ V2|2 dv, .
Bt15 Bt25\8t15

Thanks to global L2-concentration,

/ a2dv, = o / a2 dv,
Biys\Biys Bi,s

while, thanks to (6.1) and global L2-concentration,

/ V2o |2dvg = 0 aa/ a2dv, | .
Biys\Biys Biys

Then, writing that

/ ﬂidvg :/ ﬂidvg +/ ﬂidvg
Biys Biys Biys\Biys

and choosing ¢ > 0 sufficiently small such that 2§ < Cs, it follows from (8.11) that
for « sufficiently large,

C
iaa/ ﬂidvg < a/ aidvg +o / ﬂidvg
2 Btlé Btls Btlé
4 ~2d ~2
o|« Ugdvg | +o | aa ugdvg | .
Btlé Bt15

Dividing (8.12) by aq [ @Zdvy, it follows that
ty

(8.11)

Ch < Cs— +0(1)
Gq
where Cy,C3 > 0 are independent of «, and o(1) — 0 as &« — +oo. Letting
o — +00, thanks to (A2) of section 2, we get a contradiction. This ends the proof
of (2.1). As already mentionned, this ends also the proof of Theorem 0.1.
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