THE EFFECT OF CURVATURE ON THE BEST CONSTANT IN
THE HARDY-SOBOLEV INEQUALITIES

N. GHOUSSOUB AND F. ROBERT

ABSTRACT. We address the question of attainability of the best constant in
the following Hardy-Sobolev inequality on a smooth domain 2 of R™:

2*
s (€2) := inf {/ |Vu|?dz; u € H%,O(Q) and / [ul dr = l}
Q Q

|z®

when 0 < s < 2, 2% := 2%(s) = %, and when 0 is on the boundary
0f). This question is closely related to the geometry of 952, as we extend here
the main result obtained in [14] by proving that at least in dimension n > 4,
the negativity of the mean curvature of 9 at 0 is sufficient to ensure the
attainability of us(€2). Key ingredients in our proof are the identification of
symmetries enjoyed by the extremal functions correrresponding to the best
constant in half-space, as well as a fine analysis of the asymptotic behaviour
of appropriate minimizing sequences. The result holds true also in dimension
3 but the more involved proof will be dealt with in a forthcoming paper [16].

1. INTRODUCTION

Let Q be a smooth domain of R, n > 3 and denote by H%’O(Q) the completion
of C°(Q), the set of smooth functions compactly supported in €, for the norm
lullgz (@) = \/Jo [Vul?>dz. The Hardy-Sobolev inequality ([5], [6], [17]) asserts
that for s € [0,2] and for 2% := 2*(s) = 2(77:25), there exists C' > 0 such that for all
u € H%,O(Rn)v

W\ )
dx <C |Vu|® dz. (1)
re |2]® n

oV gz o) oy 2

(o e )

We define

ws(2) = inf
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and we consider the corresponding ground state solutions in Hf 4(€2) N C*(Q) for

2% -1

u >0 in Q (3)
u=0 on 0f).
where here and throughout the paper, A = —3".0;; is the Laplacian with minus

sign convention.

It is well known (see for instance [26]) that in the non-singular case i.e., when
s =0, we have us(Q) = ps(R™) for any domain Q and that ps(2) is never attained
unless cap(R™ \ Q) = 0. In this situation, the limiting spaces after blow-up of
solutions of (3) is R™. It was shown in [17] that the same result holds true for any
0 < s < 2 as long as 0 belongs to the interior of a domain.

However, the fact that things may be different when 0 € 9 first emerged in a
paper by Egnell [12] where he considers open cones of the form C = {z € R™";z =
r8,6 € D and r > 0} where the base D is a connected domain of the unit sphere
S7=1 of R™. Egnell showed that us(C) is then attained for 0 < s < 2 even when
C # R™. This obviously applies to a half-space R” = {x € R /x; < 0}, where z;
denotes the first coordinate of a generic point € R™ in the canonical basis of R™.

Half-spaces containing 0 on their boundary were identified in [14] as the limiting
spaces after blow-up in the case where 0f2 is smooth at 0, and the curvature of the
boundary at 0 then gets to play an important role. In our context, we specify the
orientation of 92 in such a way that the normal vectors of 9f2 are pointing outward
from the domain €. It was shown in [14] that in dimension n > 4, the negativity
of all principal curvatures at 0 —which is essentially a condition of “strict concav-
ity” at 0— leads to attainability of the best constant for problems with Dirichlet
boundary conditions, while the Neumann problems required the positivity of the
mean curvature at 0. On the other hand, standard Pohozaev type arguments show
non-attainability in the cases where €2 is convex or star-shaped at 0.

In this paper, we improve and complete the results in [14] in a substantial way
by showing that for the best constant to be achieved, it is sufficient that the mean
curvature be negative. This is now quite similar but dual to the case with Neumann
boundary conditions which requires the mean curvature to be positive.

More precisely, assume that the principal curvatures aq, ..., a, 1 of 9Q at 0 are
finite. The oriented boundary 92 near the origin can then be represented (up to
rotating the coordinates if necessary) by z1 = ¢o(2') = =2 37", a;_122 4 o(|2'|?),
where 2’ = (22, ...,2,) € Bs(0) N {1 = 0} for some 6 > 0 and where Bs(0) is the
ball in R™ centered at 0 with radius §. If one assumes the principal curvatures at
0 to be negative, that is if

max «; <0,
1<i<n—1
then the sectional curvature at 0 is negative and therefore 9§ —viewed as an (n—1)-
Riemannian submanifold of R™— is strictly convex at 0 (see for instance [13]). The
latter property means that there exists a neighborhood U of 0 in 9f, such that
the whole of U lies on one side of a hyperplane H that is tangent to ) at 0 and
U N H = {0}, and so does the complementary R™ \ , at least locally. The above
curvature condition then amounts to a notion of strict local convexity of R™ \ Q at
0. Our main result below shows that at least for dimension greater than 4, it is
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sufficient to assume that

Z a; < 0.

1<i<n—1

Theorem 1.1. Let Q2 be a smooth bounded oriented domain of R™ where n > 4, such
that 0 € 9 and assume s € (0,2). If the mean curvature of O at 0 is negative,
then the infimum pus(Q) in (2) is achieved. In addition, the set of minimizers of
(2) is pre-compact in the H? o(Q)—topology.

The first difficulty we have to face here is that the extremals for (2) when Q = R™
are not known explicitely, and our first result below —proved in section 2— is the
identification of certain symmetries enjoyed by these extremals —and actually all
positive solutions— on half-space.

Theorem 1.2. Letn >3, s € (0,2) and consider u € C*(R™) N CY(R™) such that

*

Au = “‘QTS mn R™
u >0 in R™ (4)
u=0 on OR™,

where 2% = % Assume that for some C > 0, u(z) < C(1 + |z|)'=" for all
x € R™. Then we have that uoo = u for all isometry of R™ such that c(R™”) = R™.
In particular, there ezists v € C?(R* x R) N CH(R_ x R) such that for all z; < 0
and all ¥’ € R"™Y, we have that u(xy,2") = v(z1, |2']).

interesting in their own right. The attainability result is then obtained by com-
bining this new information with a fine study of the asymptotic behaviour of solu-
tions to the corresponding subcritical pde’s. They can eventually develop a singu-
larity at zero as we approach the critical exponent 2*(s), and for that we proceed
to completely describe the way they may blow up, which makes for an interesting
analysis in its own right..
Indeed, assume €2 is a smooth bounded domain of R™ such that 0 € 92 and consider
for any € € (0,2* — 2), the infimum

Vul?d
Jin fQ |Vul xi’
u€H1,0(Q)\{O} (fQ |u|2* —¢ dx) ¥ ¢

ER

15(92) :=

which is achieved by a function u. € H7 (), ue > 0 in Q in C* () N C*(Q\ {0})
that satisfies the system
Aue = ‘o in D'(Q)
ue >0 in

2% —e 2* —e

Jo e e = ()7

The bulk of the paper (beyond section 2) consists of proving the following estimate.

Theorem 1.3. Let Q be a smooth bounded oriented domain of R™ where n > 4,
and assuming that ue converges weakly to zero (i.e. when blow-up occurs), then
there exists v solution for (4) such that
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while -modulo passing to a subsequence- we have
(n—s) faRn |z[2[Vo]* do
- -H(0

lim € (max ue)ﬁ = s
e—0 Q n(n _ 2)2,Us (Rlz)ﬁ

where H(0) is the mean curvature of the oriented boundary 0 at 0.

These techniques actually allow us to prove the following existence theorem. We
shall say that a function is in C'(Q) if it can be extended to a C'—function in a
neighborhood of €.

Theorem 1.4. Let Q be a smooth bounded oriented domain of R™ where n > 4,
such that 0 € 9. Assume s € (0,2) and consider a € C*(Q) such that the operator
A + a is coercive in Q. If the mean curvature of Q2 at 0 is negative, then there
exists a solution u € H{ ((Q) N C'(Q) for

Au+au = % in D'(Q)
u>0 in
u=0 on 0N.

The study of the asymptotics for nonlinear blowing-up elliptic equations was
initiated by Atkinson-Peletier [1], see also Brézis-Peletier [3]. In the Riemannian
context, the asymptotics have first been studied by Schoen [27] and Hebey-Vaugon
[22]. The techniques of blow-up have been developed in a general context by Druet,
Hebey and the second author [10]. This tool has happened to be a very powerful
tool for the study of best constant problems in Sobolev inequalities, see for instance
Druet [7], Hebey-Vaugon [22], [23] and Robert [25]). Let us also mention the study
of the asymptotics for solutions to nonlinear pde’s (Han [20], Hebey [21], Druet-
Robert [11] and Robert [24]), the 3—dimensional conjecture of Brézis solved by
Druet [8] and the intricate compactness issues in the Riemannian context (see for
instance Schoen [27] and Druet [9]).

In a forthcoming paper [16], we shall establish a more refined compactness result
which yields an infinite number of sign changing solutions for (3). In another
forthcoming article [15], we tackle similar questions for various critical equations
involving a whole affine subspace of singularities on the boundary.

2. SYMMETRY OF THE POSITIVE SOLUTIONS TO THE LIMIT EQUATION

This section is devoted to the proof of Theorem 1.2, that is the symmetry prop-
erty for the positive solutions to the limit equation on R”. that u(z) < C(1+|z[)}="
for all x € R™. Then u oo = u for all isometry of R™ such that o¢(R”) = R”.
In particular, there exists v € C?(R_CY(R_ x R) such that for all z; < 0 and
all 2/ € R"™! we have that u(zy,2') = v(xy,|z’|). For that, we consider u €
C?*(R™) N CY(R™) that verifies the system (4) and such that there exists C' > 0
such that

C
—_— 5
(0 ] ®)
for all x € R™. We &] be the first vector of the canonical basis of R™. We let the

open ball
1,
D= B1/2 <261> .

u(z) <
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We define
T

v(x) := |x\2_”u (51 + |1‘|2) (6)
for all z € D\ {0}. We extend v by 0 at 0. Clearly, this is well-defined.
Step 2.1: We claim that

v
ov

where 0/0v denotes the outward normal derivative.

v e C?*(D)nCHD) and < 0on 0D (7)

Proof. Tt follows from the assumptions on u that v € C?(D) N C*(D \ {0}). More-
over, v(z) > 0 for all € D and v(z) =0 for all x € 9D \ {0}. It follows from the
estimate (5) that there exists C' > 0 such that

v(z) < Clz| (®)

for all z € D\ {0}. Since v(0) = 0, we have that v € C(D). The function v verifies
the equation
02 -1 02 -1

— = 9
Tt ePal - Rt ar ®)

in D. Since —€; € 9D\ {0} and v € C1(D \ {0}) N C°(D), there exists C' > 0 such
that

Av

v(z) < Clz + é] (10)

for all z € D. It then follows from (8), (9), (10) and standard elliptic theory that
v € CY(D). Since v > 0 in D, it follows from Hopf’s Lemma that 9% < 0 on
oD. (]

We prove the symmetry of w by proving a symmetry property of v, which is
defined on a ball. Our proof uses the moving plane method. We take largely
inspiration in [18] and [4]. Classically, for any x4 > 0 and any = = (2/,x,) € R”
(z' € R"~! and x,, € R), we let

z, = («',2p—x,) and D, = {z € D/ z, € D}.

It follows from Hopf’s Lemma (See (7)) that there exists ¢y > 0 such that for any
1 € (3 — €0, 3), we have that D, # 0 and v(z) > v(z,) for all z € D, such that
Ty < p. We let o > 0. We say that (P,) holds if:

D, # 0 and v(z) > v(z,) for all z € D, such that z, < p.
We let

A :=min {u > 0; (P,) holds for all v € (u, ;) } . (11)

Step 2.2: We claim that A = 0.

Proof. We proceed by contradiction and assume that A > 0. We then get that
Dy # 0 and that (Py) holds. We let

w(zx) :=v(x) —v(zy)
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for all z € Dy N {x, < A}. Since (P)) holds, we have that w(xz) > 0 for all
x € Dy N{x, < A}. With the equation (9) of v and (Py), we get that

@ ()

Aw - — =
[z + |z[2er]s  [an + [zal?en]®

o 1 1
> oo (e~ erar)
for all x € Dy N {z, < A}. With straightforward computations, we have that
zA? = [2]* = 4A(X — 2)
|23 + |zafPe]® — |z + [2?e1* = (lzal? = [2*) (1 + |2a* + |2 + 221))

for all z € R™. It follows that Aw(xz) > 0 for all x € Dy N {z, < A}. Note
that we have used that A > 0. It then follows from Hopf’s Lemma and the strong
comparison principle that

ow
ov

By definition, there exists a sequence (\;);eny € R and a sequence (2%);eny € D such
that \; < A\, 2° € Dy, (2%), < A\, lim; o0 A\; = A and

v(z') <w((z')s,) (13)
for all i € N. Up to extraction a subsequence, we assume that there exists x €
Dy N {z, < A} such that lim; ,, . 2 = z with x,, < \. Passing to the limit
i — 400 in (13), we get that v(z) < wv(xy). It follows from this last inequality and
(12) that v(z) —v(zy) = w(x) =0, and then x € (D) N {z, < A}).
Case 1: If x € 9D. Then v(zy) =0 and xzx € 9D. Since D is a ball and A > 0, we

get that z = x) € dD. Since v is C!, we get that there exists 7; € ((@%),, 2X;—(27),)
such that

w > 0in Dy N{x, < A} and < 0on DyN{x, =A}. (12)

v(z') = v((@')x,) = Ouv((@)', i) X 2((z")n — Ni)
Letting i — 400, using that (z),, < A\; and (13), we get that d,v(z) > 0. On the
other hand, we have that

Opv(e) = (@) (r(a)fg) = — oD

ey (z) < 0.

Tt/
A contradiction.

Case 2: If x € D. Since v(xzy) = v(x), we then get that zy € D. Since = €
O(Dx N{z, < A}), we then get that x € D N {z, = A}. With the same argument

as in the preceding step, we get that d,v(x) > 0. On the other hand, with Hopf’s
Lemma, we get that d,v(x) < 0. A contradiction.

In all the cases, we have obtained a contradiction. This proves that A = 0. O

Step 2.3: Here goes the final argument. Since A = 0, it follows from the definition
(11) of A that v(2/,z,) > v(z/,—x,) for all z € D such that z,, < 0. With the
same technique, we get the reverse inequality, and then, we get that

(@' ) = v, —x,)

for all x = (2/,2,) € D. In other words, v is symmetric with respect to the plane
hyperplane {x,, = 0}. The same analysis holds for any hyperplane containing €.
Coming back to the initial function u, this complete the proof of Theorem 1.2.
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3. TEST-FUNCTIONS ESTIMATES

We first introduce some definitions and notations. We consider a family (a.)eso €
C1(Q) and a function a € C'(Q) such that there exists an open subset U C R"
such that a.,a can be extended to I/ by C'—functions that we still denote by a., a.
We assume that they satisfy

Q ccU and liH(lJ ac. = a in C’lloc(L{). (14)
e—

We assume that
A + a is coercive in €, (15)

that is, there exists ¢y > 0 such that
[veP +ag) doz ao [ odo
Q Q

for all p € CL(Q), the set of C!-functions compactly supported in . Finally, we
let

ot Jo(IVul? + au?) dx

m 2% 2
(fQ I|az‘\5 dx)
Note that ps0(Q) = us(Q). We let zp € 0€2. Since 02 is smooth and zy € 09,
there exist U,V open subsets of R", there exists I an open intervall of R, there
exists U’ an open subset of R*! such that 0 € U = I x U’ and 29 € V. There
exist ¢ € C*°(U, V) and ¢ € C°(U’) such that

,us,a(Q) =

(i)  ¢:U—VisaC*> — diffeomorphism
(1) ¢(0) = xo

(iii) Doy = Idgn 16)
(iv) ©UN{z1 <0})=¢pU)NQand (U N{z; =0}) = U)NIN.
(v o(z1,y) = 20 + (71 + 00 (y),y) for all (z1,y) e I xU' =U

(vi)  0(0) =0 and V¢(0) = 0.

Here D, denotes the differential of ¢ at x. This chart will be useful throughout
all the paper.

<

~

The first result we prove is an upper bound for p . ().

Proposition 3.1. Let 2 be a smooth bounded domain of R", n > 3, such that
0€ 9. Ifae C°%Q) and s € (0,2), then s () < us(R™).

Proof. Let a > 0 and u € C°(R™) \ {0} such that
Jan |Vul? dz

2
wl2* 2%
(fRﬁ I|m‘|s dx)

Taking 2o = 0 in (16), we define
B -1
ue(x) = e*¥u <c,0 (w))

€

< ps(R™) 4+ a.

for all z € Q and all € > 0. As easily checked, for ¢ > 0 small enough, we have that
ue € C(Q).
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With a change of variable, we get that

b, [ 110

o |z n | eley)

Since w is compactly supported, we get with point (iii) of (16) and Lebesgue’s
convergence theorem that

2* 2*
lim i dx = / [ul dx.
=0 Jq |zf* re |2[®
On the other hand, we have that

/(|Vu6| + au; )dx—/ (|Vu|2 + 2a o p(ex)u?) - \/|ge| dz,
Q RZ

s - [Jac p(ey)| dy

where (ge(2))i; = (Oip(ex),05p(ex)), and |ge| = det(ge). With point (iii) of (16)
and Lebesgue’s convergence theorem, we get that

Jim (|Vu€|2+auf)dm:/ Vu|? dz.
R™

e—0 /o
As a consequence, we get that

Vu|? + au?) dz Jan [Vul? dz
Jo(IVuc| l _ o) < () o)
(Jo et ae)

|’U.‘2 2%
Jer T d

where lim._,p0(1) = 0. Letting ¢ — 0 and o — 0 yields the conclusion of the
proposition. ([

Ns,a(Q) <

4. THE SUBCRITICAL CASE

Step 4.1: In order to construct minimizers for s ,(€2), we consider a subcritical
minimization problem for which we recover compactness. This is the object of the
following proposition.

Proposition 4.1. Let Q be a smooth bounded domain of R, n >3 and s € (0,2).
For any € € (0,2* — 2), we let a. € CY(Q) such that A + a. is coercive. Then for
any € € (0,2* — 2), the infimum

Vul? + acu?) d
Ha, () == inf Jo(Vul® + acu )2 z
e ueH? o ()\{0} ( = )ﬁ
Jo

|z[*

is achieved by a function ue € Hi (), uc > 0 in Q. Moreover, uc € C*(Q) N
C?(2\ {0}) and can be assumed to satisfy the system

Aue + acte = Lo in D'(Q)
Ue >0 n

\u|2 2* —e

Jo 2 e = (s, ()72

where A = =", 0y is the Laplace operator with minus sign convention.
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Proof. This result is quite standard. We prove the proposition for the sake of
completeness. We claim that there exists a minimizer for pg , (). Indeed, let
(ur)ren € Hf ¢(2) be a minimizing sequence for pf , (€2) such that

Jusl* ¢ dr=1and u, (Q) = / (|IVur|?® + acu) dz + o(1)

o |z o Q

where limg 40 0(1) = 0. Since [ugl|gz () = O(1) when k — oo, there exists
i € H?((Q) such that, up to a subsequence, uj, — @i, weakly in H? (Q) when
k — 400 and limp_, o0 ug () = Ge(x) ae. in Q. Let Oy = up — G € Hi o(€). As
easily checked, we have that

M a, () :/(|Vﬂ5|2+aeﬂf)dx+/ |V0;€|2 dz + o(1), (17)
Q Q

where limy_, 1o 0(1) = 0. Let n € C°(R) such that n(z) = 1 for all z € [—1,1].
Let A > 0. With Lebesgue’s theorem, we have that

~ |2*—e

‘u1€|2*_6 |

dr —
o |zf* o lzf*

) e (5) )

dx‘

2" — = o |2% e
—|—/ ‘1— (u—k)‘ e 7 . dm+ 1—77(26) i —dzx
] ]
uk: |uk ae |'&/e|
dr + — 1—n|—
/ 1- *Ae ”(A) [al?
IUkI2 Iuel2
o [zl

<o(1)+ Aﬁmm (Huk||H§o(m+Hus||H @)

where limy_, 1 o0 0(1) = 0. Letting &k — 400, and then A — 400, we get that

|uk‘2*75 |ﬂ6|2*7e

lim —_— =
k—+too Jo  |2]® o |z

It then follows that [,
that

‘ﬂ‘fl;e dz = 1. With the definition of ug , (£2), we then get

Hea () < / (V] + aca?) d.
Q

With (17), we then get that limy 4o 0 = 0in H7 (). As a consequence, p5 , ()
is attained by .. This proves the claim.

Up to replacing @, by ||, we can assume that @, > 0. We let
1
= /u‘fs,ag (Q) 22 Ue-
As easily checked, uc > 0 is also a minimizer for u§ , (). It satisfies

2% —1—e¢

€
|[*

Au, + au, = in D'(Q).
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Moreover, it follows from the appendix and standard elliptic theory that u. €
CHQ) N C?(Q\ {0}). Since Au, > 0in Q and u, # 0, it follows from the strong
comparison principle that u. > 0 in Q. (]

Step 4.2: For any € € (0,2*—2), we let (a.),a as in (14) and (15). We let ug , ()
as in Proposition 4.1. We claim that

lg% :u’s,aé (Q) = /’LS,G(Q>‘
Indeed, we let & > 0 and let u € C°(Q) \ {0} such that
Jo(IVul? + au?) dz

Jul2* 2 < Hsa(@) + e
(fQ lz|® )
We have that

) (|Vul? + acu?) dz Vul? + au?) dz
A L ok N
€e— (f Iu‘2*—f ) 2% —¢ (f |u|2* ) 2%
Q  |z|® Q |x|*
Letting € — 0 and o — 0, we get that
limsup p , (€2) < f15,0(92). (18)

e—0

We now let v € C°(Q) \ {0} It follows from Holder’s inequality that

2
3

() ([ TE Y
|z|* ~ \q |z]* o |z
and then

Jo (Vo] + av?) d _ (/ d;v) oo o (|Vv|? 4 acv?) dz
2 — 2
3% Q |z|® (f v|2* ¢ )2*7_€
Qx|

*

~~
{OH
Tl
s L)
R
ISH
&
N~
&)

Jola—ac)v® dx

+ 3
‘2 —e 2¥F —€
<fQ Tels )
for € > 0 small. Here, we have used that A + a. is coercive on  for ¢ > 0

small, which is a consequence of (14) and (15). Taking the infimum, using Holder’s
inequality and (14), we get that

ps,a(2) < (L+0(1))pg 4, () (19)
where lim._,9 0(1) = 0. The conclusion of Step 4.2 then follows from (18) and (19).

Step 4.3: We prove that, when it is nonzero, the weak limit of the u/’s is a
minimizer for p, o(€2). This is the object of the following proposition.

Proposition 4.2. Let Q be a smooth bounded domain of R™, n > 3, such that
0€90. Forse (0,2) and € € (0,2* — 2), we let ac,a be as in (14) and (15). For
any € € (0,2* —2), let pg , (2) and u. be as in Proposition 4.1. Then there exists
ug € Hiy(Q) such that, up to a subsequence, uec — ug weakly in HF o(Q) when
e = 0. Ifug £ 0, then lime_,gue = ug strongly in H%O(Q) and ug 18 a minimizer
for pso(Q). In particular, pso(2) is attained.
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Proof. Tt is clear from Proposition 4.1 and the hypothesis (14) and (15) that
HUEHHf,O(Q) =0(1)

when € — 0. Then there exists ug € Hio(Q) such that, up to a subsequence,
ue — ug weakly in Hf o(€2) when € — 0. We assume that ug # 0. It then follows
from the definition of p, ,(€2) that

fQ(\Vuo|2 + aud) dx

2 5 = :us,a(Q)'
I ‘ * *
(Jo (e )
2% —1—e¢

Testing the weak inequality Au. + acue = T On o and letting € — 0, we get
that X

2 2 _ |u0|2

(|Vupl® + auj) dx = — dx.
Q o |zl

‘We then obtain that

2% .
/ |U0| dr > Ms,a(Q)Tzﬁ-
Q

|z|®
Since ue. — ug when € — 0, we get with the definition of u. in Proposition 4.1 and
Step 4.2 that

2% 2% —¢ N
/ |UO| dx < liminf/ |U€| dr = /Ls,a(Q)ﬁ.
Q Q

2l 0 Jo Tl
Consequently, we get that

o

y
U
[ 07wl + andyao = [ B0 do = 0)7. (20)

Since pg . (9)2*2—;6 = [o(IVue|* + acu?) dz, we get with the definition of u, in
Proposition 4.1 that

pea@) 7 = [ (Vuol? + aud)do+ [ [V~ w)Pdoto(t) (1)
Q Q

with lim¢_,g o(1) = 0. It follows from (20) and (21) that lim._,o u = up in H%’O(Q).
As easily checked, in this case, ug is a minimizer for p, ,(£2).
5. PRELIMINARY BLOW-UP ANALYSIS

From now on, we let 2 be a smooth bounded domain of R™, n > 3, such that
0 € 90. We let s € (0,2). For any € > 0, we let p. € [0,2* — 2) such that

llg%pe =0. (22)

We let a € C'(Q) and a family (ac)es0 € C'(Q) such that (14) and (15) hold. For
any € > 0, we consider u. € Hf () N C*(Q\ {0}) a solution to the system

_uw e Ly
A’LLE + acue = T in D (Q) (23)
ue >0 in
for all € > 0. We assume that u. is of minimal energy type, that is
|ue|? —Pe 2
dz = 1, ()77 +o(1) (24)
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where lim._,0 0o(1) = 0. Note that it follows from (14), (15), (23) and (24) that

[uellm2 () = O(1) (25)
when € — 0. We also assume that blow-up occurs, that is

weakly in HY((Q) when e — 0. Such a family arises naturally when ug = 0
in Propositions 4.1 and 4.2. In the remaining sections, we describe precisely the
behaviour of the u.’s. We follow the strategy developed in [10].

It follows from Proposition 8.1 of the Appendix that u. € C°(Q). We let z. € Q
and e, ke > 0 such that

max ue = Ue(ze) = ,ue_nT and k. := ui_ﬁ. (27)

We let ¢ : U — V a local chart as in (16) with xg = 0, where U,V are open
neighborhoods of 0. For any € > 0 and any z € £ N {z; < 0}, we define the
maximum rescaling of u. as follows

o p(kex)
ve(x) := 7116(%)

where z., ke are as in (27). As easily checked, for any n € C°(R™), we have that
NVe € HiO(R’i). In this section, we prove the following proposition:

(28)

Proposition 5.1. Let Q be a smooth bounded domain of R™, n >3 and s € (0,2).
Consider (pe)eso such that p. € [0,2* — 2) for all e > 0. We consider (ue¢)eso €
H? o(Q) such that (14), (15), (23), (24) and (26) hold. Let v. be as in (28). Then
there exists v € Hi o(R™) \ {0} such that for any n € C*(R™),

NVe — NV in HiO(R’_L)

when € — 0. Moreover, v verifies that
2% -1

and
Vo2 da = pg(Q)F 2 =y, (R”) 52
. I u

In addition, there exists 6 € (0,1) such that v € CY(R™) and

Ve —> U in C’llo’f (R™)
when € — 0. Moreover, we have that
lim pfe = 1. (29)

e—0
Proof. Steps 5.1 to 5.9 below are devoted to the proof of this Proposition.

Step 5.1: We claim that

He = 0(1) (30)
when € — 0. We proceed by contradiction and assume that lim,_,q e # 0. In this
case, up to a subsequence, there exists C' > 0 such that u.(z) < C for all x € Q and
all € > 0. Since (26) hold, it follows from standard elliptic theory (see for instance
[19]) that lim._,oue = 0 in C°(Q). A contradiction with (24). This proves (30).
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Step 5.2: We claim that

|| = O(ke) (31)
when € — 0. We proceed by contradiction and assume that
|zl
o T e (32)
For any € > 0, we let
s 24+pe—2* s 2=s
Be = |ze|2ue(ze) = |z|2ke? . (33)

It follows from the definition (33) of 8. and (32) that
Be

hm Be =0, lim — = +o0 and hm =0 (34)
e—~0 k. |1:€|
when € — 0.
Case 5.2.1: We assume that there exists p > 0 such that
d(ze,00) > 2
Be

for all e > 0. For « € By,(0) and € > 0, we define
@E(QJ) — Ue(xe + ﬂex)
ue(ze)
Note that this is well defined since z. + Bz € Q for all x € B;,(0). As easily
checked, we have that

72 —1-»

Aﬁe + ﬁ?ae(xe + Be-r)ﬁe = 6—5
AR R
weakly in Bs,(0). Since (34) holds, we have that

A@e + /652(16(935 + 55:17)@ = (1 + 0(1))53*71*175
weakly in Bs,(0), where lim.,g0(1) = 0 in C},.(B2,(0)). Since 0 < v (z) <

T(0) = 1 for all € By,(0), it follows from standard elliptic theory that there
exists v € C'(Ba,(0)) such that v > 0 and

Ve > U
in C} (B2,(0)) when € — 0. In particular,
7(0) = 151(1) T¢(0) = 1. (35)

With a change of variables and the definition (33) of §., we get that

*_ *_ _o*x_
/ uf :E dr — Ue(xe)z SPEBS / 1)2 Pe S doe
QNByp, (ze) |$| |3Je| »(0) ‘ + |I i

EN
n—2 72" —pe
)
Using (24), (34) and passing to the limit € — 0 (note that u=* > 1 for € > 0 small),

we get that
/ 22 de = 0,
B,(0)




14 N. GHOUSSOUB AND F. ROBERT

and then 7 = 0 in B,(0). A contradiction with (35). Then (32) does not hold. This
proves that (31) holds in Case 5.2.1.

Case 5.2.2: We assume that, up to a subsequence,
d(zx, 08
lim 9 _ (36)
e—0 ﬁe
In this case,
lim z, = xg € 0.
e—0

Since g € 99, we let ¢ : U — V as in (16), where U,V are open neighborhoods of
0 and xg respectively. We let @ = u, o ¢, which is defined on U N {z; < 0}. For
any 4,7 =1,...,n, we let g;; = (9i, 0j), where (-,-) denotes the Euclidean scalar
product on R™, and we consider g as a metric on R". We let A, = —divy(V) the
Laplace-Beltrami operator with respect to the metric g. In our basis, we have that

Ag = —gij (@'j - F?jak) )

where g7 = (g7');; are the coordinates of the inverse of the tensor g and the Ffj’s
are the Christoffel symbols of the metric g. As easily checked, we have that

_ ~ @g*—l—pe
Agle + aco p(x) - e = To@F
weakly in U N {z1 < 0}. We let z. € 99 such that
|ze — x| = d(x,, 00). (37)
We let Z, Z. € U such that
@(Ze) = xc and p(Z) = 2. (38)
It follows from the properties (16) of ¢ that
lim & = lim % = 0, (#)1 < 0 and (2)1 = 0. (39)

At last, we let
i) o= Lelet fet)
Ue(Ze)

forallz € Uﬁ_fe N{z1 < 0}. With (39), we get that ¥ is defined on Br(0)N{x; < 0}

for all R > 0, as soon as € is small enough. The function v, verifies

_ ) _ ~ {)3*—1—116
AgEUE + 66 Qe O SD(Ze + BELL‘)’UE =

’w(EeJrBGZ) s

[ze]

weakly in Br(0) N {z1 < 0}. In this expression, ge = g(Zc + Sex) and Ay, is the
Laplace-Beltrami operator with respect to the metric g.. With (36), (37) and (38),
we get that

()0(26 + ﬁex) =T+ OR<1)ﬁea
for all x € Br(0) N {z; < 0} and all € > 0, where there exists Cr > 0 such that
|Or(1)] < Cg for all x € BR(0) N {z1 < 0}. With (34), we then get that

e—0 ‘3;‘6|

in C°(Bgr(0) N {z1 < 0}). It then follows that
Ag Ve + Bzae 0 (% + Bex)ve = (1 + 0(1)){)62*,17175

=1
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weakly in Br(0)N{z1 < 0}, where lim._,00(1) = 0 in C°(Bg(0)N{x; < 0}). Since
¥ vanishes on Br(0) N {z; = 0} (in the sense of the trace) and that 0 < 7. < 1,
it follows from standard elliptic theory that there exists & € C1(Bg(0) N {z; < 0})
such that

lim 3, = o
e—
in CO(B% (0) N {x1 <0}). In particular,
0 =0on Bg(0)N {1 =0} (40)

Moreover, it follows from (37) and (38) that
Ue <xﬂ_z> = land lim xﬂ_z =0.
In particular, 9(0) = 1. A contradiction with (40). Then (32) does not hold. This
proves (31) in Case 5.2.2.
In both cases, we have obtained that (31) holds. This concludes Step 5.2.
A consequence of (31) is that lim._,gz. =0 € 9Q. We let ¢ : U — V as in (16) be

a local chart of 9Q with z¢p = 0 (in other words, ¢(0) = 0), where U,V are open
neighborhoods of 0. We write

Te = (@16, 2c),
where 21 < 0 and z € R™~1 are such that (T1,6,2) €U.
Step 5.3: We claim that

d(xe,00) = (14 o(1))|z1,] = O(ke) and z. = O(k,), (41)
when ¢ — 0. Indeed, with (31), we get that
d(xe,aﬂ) < |x€\ = O(kE) (42)

when € — 0. We first remark that
d(xea 89) < d(xev @(Oa Ze)) = |x1,6

We let a. € R"™! and Y. = ¢(0,a.) € 99 such that d(z.,09Q) = |z — Y|. Since
d(ze, 0Q) < |z1,], we get that

ze — e = O(|21,¢])s
when € — 0. Since Vo (0) = 0 (where g is as in (16)), we get that
po(ze) = polac) + o(|ze — acl) = polac) + of|1e])
when € — 0. Moreover,
d(ze,090) = |zc - Y|
= [(z1,e + po(ze) — polac), ze — ac)
= [(z1,e to(|z1,e]), 2e — ae)| < [w1,e]
when € — 0. It then follows that z. — a. = o(|z1,c]) and d(ze, Q) = (14 0(1))|z1,]
when € — 0. This last result, (31) and (42) prove (41).
Step 5.4: We let
Ae = —% >0 and 6, = % (43)

€ €
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It follows from (41) that there exist Ag > 0 and 6y € R"~! such that
ll_r}(l) Ae = Ao and ll_r)l(l) 0. = 6o. (44)
For any € > 0 and any z € kg N {z1 <0}, we let (as in (28))
Ue 0 @(kex)
ue(ze)

where ¢ : U — V is defined in (16) (with zg = 0) and k., x. are as in (27). As
easily checked, for any n € C2°(R"™), we have that

NVe € H12,0 (R2)

ve(z) == (45)

for all € > 0. We go on in the proof of Proposition 5.1.
Step 5.5: We claim that for any 1 € C°(R™), there exists v, € Hf o(R") such
that, up to a subsequence,
NVe — Vy
weakly in H{ o(R™). Indeed, as easily checked, we have that
ke
V(@) = v+ - Dy el(T) (o)),
for all € > 0 and all x € R™. In this expression, D,y is the differential of the
function ¢ at x. It is standard that for any « > 0, there exists Cy, > 0 such that
(z+y)? < Caz® + (1 +a) -y
for all z,y > 0. With this inequality, we get that

[Vt ds < ¢ [ Vot as

ke

H1+ ) [ 1Dyl (Tu) (k)P
R Ue (x()

Since Dy = Idgn, we get that with Holder’s inequality and a change of variables

that

/ V()2 de < Co [ [Vnf20? da
R" R

k2
1 (1 2 € . 2
H1b )1+ 0(k) [ ooy IV (pth) do
< ColIV? - [Jvel? 2
< Call VAl el 2oy
Pe(n—2)
+(14a) (1+0(ke)) - pe > 2 / |Vu|* da (46)
Q

With another change of variables, we get that

n—2)pe

( )
V()| de < Co- e ™2 VD)2 - Juel? 2n
19 de < Co u T ORI - ful? sy

Pe(n—2)
+14a) (1+0(k) - p== /|Vu6|2dm. (47)
Q
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With (25), Sobolev’s inequality and since pP< < 1 for all € > 0 small enough, we
get with (47) that
Hm}eHHf:O(RL‘) =0(1)

when € — 0. It then follows that there exists v, € Hf(R™) such that, up to a
subsequence, nv. — v, weakly in H f,O(R’l) when € — 0. This concludes Step 5.5.

Step 5.6: We claim that there exists v € H{ o(R™ ) such that for any n € C°(R"),
we have that, up to a subsequence,

NVe — NV
weakly in Hf (R™) when € — 0. Indeed, we let 71 € C°(R™) such that n; = 1
in B1(0) and 7y = 0 in R™ \ B(0). For any R > 0, we let nr(x) = n1(F) for all

x € R™. With a diagonal argument, we can assume that, up to a subsequence, for
any R > 0, there exists vg € Hf o(R™) such that

NRVe — UR
weakly in Hf ;(R™) when e — 0, and that (nrve)(z) — vr(z) when e — 0 for a.e.
x € R”. Letting ¢ — 0 in (47), with (25), Sobolev’s inequality and since pPc <1

for all € > 0 small enough, we get that there exists a constant C' > 0 independant
of R such that

/ Vorl?dz < ColVigl2-C+ (1+a) - C
R™

for all R > 0. Since ||[Vng||2 = |[|[Vn|? for all R > 0, we get that there exists
C > 0 independant of R such that

/ |Vug|?dr < C
R™

for all R > 0. It then follows that there exists v € Hf (R™) such that vg — v
weakly in H? (R") when R — +o0 and vp(z) — v(x) when R — +oo for a.e.

x € R”. As easily checked, we then obtain that v, = nv (we omit the proof of this
fact. It is straightforward). This ends Step 5.6.

Step 5.7: We claim that
v Z 0.

Indeed, we let R > 0. We proceed as in Case 5.2.2 of the proof of (31) in Step 5.2,
for any i,j = 1,...,n, we let (§e)i; = (0sp(kex),0;p(kex)), where (-,-) denotes the
Euclidean scalar product on R™. We consider g. as a metric on R™. We let

Ag = =7 (05 — TE(3e)0k) ,

where g% := (§-');; are the coordinates of the inverse of the tensor g. and the
Ffj (ge)’s are the Christoffel symbols of the metric g.. With a change of variable
and the definition (45), equation (23) rewrites as
2" —1-p.
(v D (B(0) 1 {1 < 0}) (48)
‘ ‘p(]]:ex)

Age (WRUe) + kezae o <P(kel”)TlRUe =
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for all e > 0. With (27), (45) and since s € (0,2), we get that 0 < v, < 1 and that
there exists p > % such that the RHS of (48) is bounded in L” when ¢ — 0. It then
follows from standard elliptic theory that there exists a > 0 such that

[MRVel|coa(BR o (0)n {21 <0}) = O(1)

when ¢ — 0. It then follows from Ascoli’s theorem that for any o' € (0,«),
VR € CO’QI(BR/Q(O) N {z1 < 0}) and that, up to a subsequence,

lir% NRVe = VR in CO’QI(BR/4(O) N {551 < O}) (49)
€E—

With (45) and (43), we have that (ngve)(—Ae, ) =1 for all e > 0 and R > 0 large
enough. Passing to the limit e — 0 in this last equality, using (49) and (44), we get
that

UR<—)\0,90) =1
for R > 0 large enough. With the same type of arguments, we get that v €
C%({x; < 0}) and that limg_, o, vg = v in C’O’a({ml < 0}). Since nrv = v, we

loc

get that v(—M\g,0p) = 1. In particular, v # 0 and Ag > 0. This ends Step 5.7.
Step 5.8: We claim that there exists 6 € (0,1) such that v € C?(R™) and

ve — v in CLY(R™)

when € — 0. Indeed, it follows from Step 5.7 that there exists @ > 0 such that for
all R > 0, there exists C'(R) > 0 such that
[vellco.e(Br)nfz1<0}) < C(R).
Following the proof of Proposition 8.1, we let
ag :=sup{a € (0,1)/VR > 0, 3C(R) > 0 s.t. |[vc|lco.o(Br0)nfzi<0}) < C(R)}.

We let o € (0,ap) and R > 0. We let R > R. There exists C(R) > 0 such that

[[vellco.a(B 5 0)n {21 <0) < C(R). (50)
Since v, = 0 on JR”, we get with (50) that
[ve(@)] = [ve(2) = ve(z — (21,0))] < C(R)[z1|* (51)

for all B;(0) N {z1 < 0} and all € > 0. It then follows from the properties of ¢ (see
(16) with xg = 0) that

. (nve)z*_l_pe C
0 fel@) = ’w(kew) T |w\8*(2**1*pe)a
ke

for all € > 0 and all z € B;(0) N {xz; < 0}. With the properties (16), we get that
for any R > 0 and any p > 1, we have that

dzx dzx
— < C il
B (0)n{z1<0} ’@ Bg(0) |z [P

for all € > 0 (note that the RHS can be infinite). Using the same strategy as in the
proof of Proposition 8.1, we get that there exists § € (0,1) such that v € C?(R™)
and

ve — v in CHY(R™)

loc
when € — 0. We omit the proof and refer to the proof of Proposition 8.1 for the
details. This ends Step 5.8.
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Step 5.9: We claim that

.
21
Av =

in D'(R™) (52)

|z]*

and that
.

‘/]Rn |V’U|2d£E = MSYG(Q)Z*ZiiZ — ’LLS(R’E)Z*72.

Indeed, passing to the weak limit € — 0 and then to the weak limit R — +oo in
(48), we get that

,U2*—1
A’U = 73 in D/(R’r_]')
||

Testing this equality with v € Hf o(R™)\ {0} and using the optimal Hardy-Sobolev
inequality (2), we get that

, i ng |Vol|? do .
/Rn VoPda) = T R, (53)
- (f]R’_L ER da:)

m‘m

‘We then obtain that

/ Vol do > pug(R™) 72 (54)

R™

Since 0 < v, < 1, it follows from Lebesgue’s theorem that v. — v strongly in
2n_

L7 (R* N{z; < 0}) when ¢ — 0. Passing to the weak limit in (46) and using

(24), we get that
CU Qdﬂf < C C’I] 2 K% 2 n
/” ‘ R| > aH R”n ” HLn2 2 (Bar(0)\Br(0))

Pe(n—2) o*

+(1 —+ O[) . (IHT(I)Me 2=z )le,a(gz)ﬁ (55)
€E—

for all R > 0. Since v € Hf4(R™), it follows from Sobolev’s theorem that v €
2n

L#=2(R™). Since ||Vnr||2 = [|[Vn1|? is independant of R > 0 and v € L%(R’j),
letting R — +o00 in (55), we get that

pe(n—2) *
/ Vol de < (1+a) - (lm pe 2 g o(Q)7 2 (56)
R™ e—0 ’
Since a > 0 is arbitrary and p. < 1, we get with (54), (56), Proposition 3.1 and
(53) that
[ 196 o = oo @75 = &) 7,
R™

and that

im g Pe —

=1
This ends Step 5.9. Proposition 5.1 then follows from Steps 5.1 to 5.9. O

Step 5.10: We claim that under the hypothesis of Proposition 5.1, we have that

lim lim < dx = 0. (57)
R— 400 e—0 O\ B, (0) |;C|5




20 N. GHOUSSOUB AND F. ROBERT

Indeed, we let R > 0. Since Doy = Idg~ and ¢(0) = 0, we have that

# (By1.(0)) € Bre.(0)

for all R > 0 and ¢ > 0 small enough. With a change of variable and (24), we get

that
2% —pe 2% —p.
/ ueis dr < / ueis de
O\Bre, (0) |7 Q\@(B%k6(0)> |z

2" —pe 2% —pe
S/ ufisdx—/ ueisda:
o || w(BEk (o)) |z
B ke

2 —p. B2 2" P
< ps,a(2)772 + 0(1) — pue 7 (1+0(1)) - d.
B%(O) |z

when € — 0. Letting ¢ — 0 and then R — 400, we get with (29) and Proposition
5.1 that

2% —pe N o*
. . U 22X . v
lim lim £ dz tsa(2)7=2 — lim

— dx
R—+o0e=0 Jorpp, (0)  |7]° R—+oc /g, 0 |2]°
2

IN

IN

2% 2
fs,a(£2) 772 _/ ! dr =0
R

n |zl
This last inequality yields (57).

6. REFINED BLOW-UP ANALYSIS AND STRONG POINTWISE ESTIMATES

The objective of this section is the proof of the following strong pointwise esti-
mate

Proposition 6.1. Let Q2 be a smooth bounded domain of R™, n > 3. We let
s € (0,2). We let (pe)eso such that p. € [0,2* —2) for all € > 0 and (22) holds.
We consider (uc)eso € HE o(Q) such that (14), (15), (23), (24) and (26) hold. We
let pe as in (27). Then, there exists C > 0 such that

n—2

uc(z) < C- (M) o (58)

for alle > 0 and all x € Q.

This type of strong pointwise estimate first appeared in [20] in the Euclidean
context, and in [22] in the Riemannian context. General estimates are in [10].

Proof. The rest of the section is mainly devoted to the proof of the proposition.
Here again, we follows the strategy of [10]. We let (ue)eso satisfying the hypothesis
of Proposition 6.1.

Step 6.1: We claim that there exists C' > 0 such that
2] ue(a)' "= < C (59)

for all e > 0 and all z € Q.
We proceed by contradiction and let y. € 2 such that

n—2 1

‘yE|Tue(ye) —¥5E = sup |Z‘|HT_2U€($)17257€;2 — 400 (60)
z€N
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when ¢ — 0. We let

Ve 1= ue(ye)fﬁ and £, := uel_ﬁ (61)
for all € > 0. It follows from (60) and (61) that
lim v, =0 and lim [vel = +o00. (62)
e—=0 e—0 L,
It follows from (27) and (29) that
3 Pe _—
!1_1}1% vPe = 1. (63)
We let
72 = lyel*lue(ye) |72 7P, (64)
for all € > 0. It follows from (62) that
lim < = 0. (65)

=0 |yl

Case 6.1.1: We assume that, up to a subsequence, there exists p > 0 such that
d(ye, 092)

Ve
for all e > 0. For any = € B,(0) and any € > 0, we let

> 3p (66)

—2

we(x) := ve? Ue(Ye + Ve)- (67)
Note that w, is well defined thanks to (66). With (60) and (64), we get that

n—2
2
Ye + Ve 1“ we(x)l—rp—jz <1.
[Yel  |yel
In particular, with (65), there exists Cp > 0 such that
0 <we(z) < Cy (68)
for all x € By,(0) and all € > 0. With (23), we get that
,w2"—1—p6
Awe + V2 ac(Ye + yex)we = = 3
el + e

for all z € B;,(0) and all € > 0. Since (62) and (68) hold, it follows from standard
elliptic theory that there exists w € C''(Ba,(0)) such that w > 0 and

lgr(l) We = W (69)

in C} (B2, (0)). It follows from (67) that w(0) = 1. With a change of variable, we
get that

2% —p. n 2% —pe 2% —pe
/ UE(I) d.I‘ — 76 uﬁ(ye) / ’LUE(I) - dl‘ (70)
By (ye) B,(0) ’

x|s ys y e
o el Tyl T Tue] %

With (64), (63), (62) and (61), we then get that

s(n—2)

n 2% —p. 2
A u5|(5€|)s = (1+0(1))- <|ZE|> — +o00
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when ¢ — 0. With (70), (69) and (24), we get that

/ w? dr = 0,
B,(0)

and then w = 0. A contradiction since w(0) = 1. This ends Case 6.1.1.
Case 6.1.2: We assume that

liy, e %)

fiy ===~ 0. (71)

It then follows that there exists yy € 92 such that
lim y. = yo.
e—0

Since yo € 0N, which is smooth, we let ¢ : U — V as in (16) with zp = yo and
where U,V are open neighborhoods of 0 and yq respectively. We let 4. = u, o ¢,
which is defined on U N {x; < 0}. For any 4,5 = 1,...,n, we let g;; = (0i, 0;¢),
where (-,-) denotes the Euclidean scalar product on R™, and we consider g as a
metric on R™. We let A, = —divy(V) the Laplace-Beltrami operator with respect
to the metric g. In the basis we choose,

Ag = —gij (@'j - F?jak) )

where g/ = (¢g1);; are the coordinates of the inverse of the tensor g and the Ffj’s
are the Christoffel symbols of the metric g. As easily checked, we have that

(@) = T
Ayt +aco () - e = ———
7 ()]
weakly in U N {z1 < 0}. We let z. € 99 such that
|Ze - ye| = d(yeaaﬂ) (72)
We let g, Z. € U such that
©(Je) = ye and p(Zc) = 2e. (73)
It follows from the properties of ¢ that
ll_r{(l) e = !l_rf(l) 2. =0, (Je)1 <0and (Z); = 0. (74)

At last, we let

() o Te(Ze + )
@)=

for all z € Y=2<n{z; < 0}. With (74), we get that . is defined on Bg(0)N{z; < 0}

Ve
for all R > 0, as soon as € is small enough. The function w, verifies

) w2 —1-pe

Aﬁews + Ve e © @(Ze + Vsm)we = 6~ B

‘W(ZTJ""YEQU)
Ye

weakly in Br(0) N {z1 < 0}. In this expression, ge = g(Ze + vex) and Ay, is the
Laplace-Beltrami operator with respect to the metric g.. With (71), (72) and (73),
we get that

©(Ze +7e) = ye + Or(1)7e,
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for all x € Br(0) N {z; < 0} and all € > 0, where there exists Cr > 0 such that
|Or(1)] < Cg for all z € BR(0) N {z1 < 0}. With (65), we then get that

o 19 +9e2)]
e—0 |y€|

in CY(Bgr(0) N {z1 <0}). It then follows that

=1

A?JJJ}E + ’Y?ag o SD(EC —+ ’Yex)we = (1 + 0(1))11762*_1_1)5

weakly in Br(0)N{z; < 0}, where lim._,00(1) = 0 in C°(Br(0)N{x1 < 0}). Since
W, vanishes on Br(0) N {x1 = 0} (in the sense of the trace) and that 0 < w, < 2
(see for instance the proof of (68)), it follows from standard elliptic theory that
there exists w € C1(Bgr(0) N {z; < 0}) such that

lim @, = W

e—0
in CO(B% (0) N {x1 <0}). In particular,
@ =0on Br(0)N{x =0}. (75)

Moreover, it follows from (71), (72) and (73) that

W (y_z) —1and lim 2“—% — .
Ve e=0 Ve

In particular, w(0) = 1. A contradiction with (75). This ends Case 6.1.2.
In both cases, we have contradicted (60). This proves (59) and ends Step 6.1.
As a remark, it follows from (23), (26), (59) and standard elliptic theory that
lim . = 0 in CR,(@\ {0)) (76)
Step 6.2: This step is a slight improvement of (59). We claim that

1— Pe

#5320, (77)

n—2
lim lim sup x| 2 u(x
R—+400 €e—=0 er\BRk€ (O) | ‘ 6( )

We proceed by contradiction and assume that there exists ¢g > 0 and a family
(Ye)eso € Q such that

|ye|

n—2 1

el T ue(ye) ™7 = > ¢ and lir% = 4o0. (78)
€—> €
We let
1- g2
Ve 1= ue(ye)_% and v :i=v, * 77 (79)

for all € > 0. It follows from (76), (59), (78) and (79) that there exists py € R such
that
|yel

lim y. =0, lim v, =0 and lim =po > 0. (80)
e—0 e—0 e—0 7Y
Note that it follows from (27) and (29) that
im Pe =
ll_r{(l) vk 1. (81)

We let ¢ : U — V as in (16) with g = 0 and where U,V are open neighborhoods
of 0. For any z € ,YQ N{z1 < 0}, we let

We(x) = ve? Ue © (Ye). (82)
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It follows from (59) and the properties (16) of ¢ that there exists C' > 0 such that
o) T we(2)' "= < © (83)
for all z € ,YQ N{z1 < 0} and all € > 0. As above, we let the metric (ge);; =
(0, 050) (Yex) for ¢,j =1,...,n. With (23), we get that
T2 —1-pe
Aﬁewe + '7e2a6 o W(Vex)we = ‘es (84)

p(yex)
Ve

in % N {x; < 0} for all e > 0. Moreover, W, vanishes on % N {z; = 0}. Tt then
follows from (83), (84) and standard elliptic theory (see for instance [19]) that there
exists w € CO(R™ \ {0}) such that w > 0 and

limw, =w

e—0
in CY _(R™\ {0}). We now write ye = ¢(7c7c). It follows from (80) that lim._,o g =

yo # 0. As a consequence,
W(yo) = lim we(ge) = 1,
e—0
and then w #£ 0. We let 0 < § < R. With a change of variable, we have that
2" —p. (2"
lim %dm :/ w(:r)s dz. (85)
0o (Brr ONe(Bsr (0) 2] Br(0)\Bs(0) 1]
With (78), we get that for any p > 0, we have that
Bk (0) N (¢(Br+.(0)) \ ¢(Bs+.(0))) = 0
for all € > 0 small enough, up to a subsequence. It then follows from (57) that
2" —pe
lim 7%(3:) .
0 Jo(Bra ON\e(Bsr () 1]

This equality and (85) yield

dx = 0.

__o*
Br(0)\B5(0) |7l

for all R > § > 0. We then get that w = 0. A contradiction since w(yp) = 1. This
ends Step 6.2.

Step 6.3: We prove a first approximation of (58). More precisely, we claim that
for any o € (0,n — 2), there exists C, > 0 such that

n—2
|x|aM€T7aue(x) <y (86)

for all ¢ > 0 and all x € Q. Indeed, since A+ a is coercive on Qand (ae)eso satisfies
(14) and (15), there exists Uy an open subset of R™ such that Q CC Uy, there exists
ag > 0 and there exists A > 0 such that

/ (Vo> + (ac — 2a0)¢?) da > )\/ % dx (87)
U() U(J

for all € CL(Up) and all € > 0. In other words, ‘the family of the operators
A+ a. — ag is uniformly coercive in a neighborhood of Q. We let G € C?(Uy x Uy \
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{(z,x)/x € Up}) be the Green’s function for A + a. — ag with Dirichlet condition
in Up. In other words, G, satisfies

AG (z,") + (ac — apg)Ge(z, ) = b, (88)
weakly in D(U). It is standard that G. exists and, since 0 € U, that there exists
C > 0 such that

0<Ge(0,2) <C-|z*™ (89)
for all e > 0 and all z € U \ {0}. More precisely, there exists 5o > 0 and Cy > 0
such that

[VGe(0,2)] _ Co
n—2 Z
] ]

for all € > 0 and all x € By, (0) \ {0}. We let the operator

2* —2—p.
LEA+<aEu€).

|z[*

G.(0,2) > Cy - |z[>~™ and (90)

We claim that there exist vy € (0,1) and R; > 0 such that for any v € (0,1) and
any R > Ry, we have that

LG >0 (91)
for all z € Q\ Bgy, (0) and for all € > 0 sufficiently small. Indeed, we let v € (0,1)
such that for any v € (0,19), we have that
1
v (ac(r) —ag) > —5%0 (92)
for all € > 0 and all z € 2. With (88), we get that

LGl VG, |?
ol @)y=ap+v-(ac(z)—a)+v-1—-v)- | G2| (x) —

for all x € @\ {0} and all € > 0. It follows from the pointwise estimate (77) that
there exists Ry > 0 such that for any R > R;, we have that

|z Su(2)? 2P < Zp(1 — )02 (94)

| —

for all € > 0 and all z € Q\ Bgg, (0). Here, Cp > 0 is as in (90). We are now in
position to prove (91). We let v € (0,1v9) and R > Ry. We first let 2 € 2 such that
|z| > do. It follows from (93) and (92) that

LGl o uc(x)
Gl () > 5 T

2* —2—p.

for all € > 0. Inequality (91) then follows with this inequality and (76). This proves
(91) when |z| > do.

We let z € Bs,(0) \ Bgrg, (0). It follows from (93), (90) and (94) that

LGl ag v-(1—-v)-C2 v-(1-v) -C?
: >0 - .
e W2 TR R

This proves (91) when z € Bs,(0) \ Bgrg,(0). Clearly these two assertions prove
inequality (91).
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We let R < Ry and v € (0,19). We claim that there exists C'(R) > 0 such that

n—2 —v(n— .
L. (C(R)HET "2 a (0, .)H) > Leue  in Q\ Bge, (0)
(95)
CRu” "G (0, > u on 8(Q\ Brs(0))
Indeed, the first inequality is trivial since Leu. = 0 and (91) holds. Concerning the
second inequality, we get with the definition (27) of p., the limit (29) and (90) that

ue(x) 1 o1 i
"T_Q—u(n—Q) < C10 . He (n=2)(A-v) ‘$|( 2)(A-v)

e Ge(0,2)tv
<2. Cé’_l L R=2)(A-v) . C(R)
for all x € QN OBpg, (0). The inequalities (95) are proved.
Since G¢(0,2)'™" > 0 in Q\ Bgg,(0) and LG (0,2)"" > 0 in Q\ Bgs, (0), it

follows from [2] that L. verifies the comparison principle. It then follows from (95)
that

n—z=

2 —vin— —
ue() < CRp™ " "YG0,2)
for all z € Q\ Brg, (0). With (89), we get that there exists C’(R) > 0 such that

n

—2
u () < C/(R)MET—D(TL—Z)|x|2—n+u(n—2)

for all z € Q\ Bgs, (0). Up to taking C'(R) larger, it follows from (27) that this
inequality holds on the whole set Q. Taking o = (n —2) - (1 —v), we get (86) for «
close to n — 2. As easily checked, this implies the inequality for all « € (0,n — 2).
This ends the proof of (86).

Step 6.4: We are in position to prove Proposition 6.1. For all € > 0, we let y. €
such that

n—2

max || " “ue(ze)uc () = |y€|"_2u6(336)u6(y6).

€N
Clearly, Proposition 6.1 is equivalent to proving that

|ye|n_2ue($e)ue(ye) = 0(1) (96)
when € — 0.

Case 6.4.1: We assume that
|yel = O(ke)
when € — 0. We then get with (27) that
e[ P uc(ze)ue(ye) = O(1).
when € — 0. This proves (96) in Case 6.4.1.
Case 6.4.2: We assume that

T (97)

e—=0 K¢

As in the beginning of Step 6.3, we choose Uy such that Q@ CC Uy such that A 4 a,
is coercive on Uy. We let H, be the Green’s function for A+ a. on Uy with Dirichlet
boundary condition. It follows from Green’s representation formula and standard
estimates on the Green’s function that

,ule(y)Q*—l—p€ 2% —1—p.

ue(x)</QHe(x7y)'dy<CL|x—y2_".w

dy (98)
|yl |yl
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for all x € Q. We let

n—2
De(2) = pe ? ue(kex)
for all z € k71Q and all € > 0. It follows from Proposition 5.1 and (86) that for
any « € (0,n — 2), there exists C, > 0 such that

Ca
Oe(z) < 99
for all z € k71Q and all € > 0. It follows from (98) and a change of variable that
_n=2 ey 2" —1-p.
e ue(ye) < C/ lye — key|2 ()75 dz
kZ'Q |yl
1 D 2" —1—pe
< ¢ 0 (y) de
ke Q] |ye—key|> 1%L } lye — key|™ |yl
1 De 2% —1—p.
+C B T o)
k;lQﬂ{\ye—kEyK%} |ye - key‘ |y|

We estimate the two integrals of the RHS separately. With (99), we get that

1 b (y)2 —1-Pe
/ De(y) de
k

10N [y —key|> 2y [Ye — key|" 2 lyl*
1
<C- Iyel2_"/ - dy
koto [ylo (14 [y|o @ —1=pa)
<Oy (101)

for all € > 0 small and « close enough to n — 2. On the other hand, with (99), we
get that

1 “ 2% —1—p.
/ n—2 ’ UE(y) S d.’L'
k10N [ye —koy|<lzely [Ye — ey lyl

1 1
< C/ : ; dx
ko 0y —koy|<lzely [Ye — key|n™2 [y —1mp)ts

2

C. kea(Q*—l—pg)-‘rS / 1 d
< - I r—
[yel @ PES Sy ran iy ko< laly 1Y — keyl" 2

2
C.k§(2*—1—ps)+s . |y€|2
|y€|a(2*—1—pe)+3 |ke|”
k (2*—1—pe)a+s—n
< C|y6|2_n : ( ‘ ) .
|Yel

Since limg—yp—2lime0(2* =1 —pc)a+s—n =2 —s > 0, we get with (97) and «
close enough to n — 2 that

1 be(y)” 1P n
/ a2 ——dz=o(ly]*"),  (102)
kTN {|ye—key|> Lely [ye — key| lyl

when ¢ — 0. Plugging together (101) and (102) into (100), we get that

N;TUE(ye) =0 (|ye|2_n)
when € — 0. This proves that (96) holds in Case 6.4.2.




28 N. GHOUSSOUB AND F. ROBERT

In both cases, we have proved that (96) holds. As easily checked, (58) and then
Proposition 6.1 follow from (96) and (27). This ends Step 6.4, and therefore proves
Proposition 6.1. (]

Step 6.5: From Proposition 6.1, we can derive pointwise estimates for v.. This is
the object of the following proposition

Proposition 6.2. Assume that the hypothesis of Proposition 6.1 are satisfied. Then
there exists C > 0 such that

ve(x) < ¢

(1+af?) ™= (1+[ef?)™=
for alle >0 and all x € k% N {x1 < 0}, where ve was defined in (45) and U is as
in (16) with o = 0.

and |Vve|(z) <

Proof. The first inequality of the proposition is an immediate consequence of the
estimate (58) and the definition (45) of v.. Concerning the second inequality, we
proceed by contradiction and assume that there exists a family (yc)e>o such that

ye € U for all ¢ — 0 and such that
n—1
) ’Vm<%>’=+m. (103)

Case 6.5.1: we assume that y. /4 0 when ¢ — 0. It follows from the pointwise
estimate (58) that for any d > 0, there exists C'(6) > 0 such that

n—2
ue(r) < C(0)pue
for all z € O\ B;s(0) and all € > 0. We then get that

Ye

li 1
1m< + ke

e—0

2-n
2-n 2-n 529 g p) (1 ® u 2 _1—p.
A(:LLG2 ue)+ae'<ﬂe2 ue) = Lte 2 ( P )('u’ 6)

in D'(Q\ B;s(0)). It then follows from standard elliptic theory that

2-n
[ 2e 2 ue||c2(§\335(0)) =0(1) (104)
when ¢ — 0. Since y. # 0, there exists § > 0 such that, up to a subsequence,

n—2
lye| > 46 for € > 0. It follows from (104) that Vu.(p(ye)) = O(pe 2 ) when € — 0.
A contradiction with (103). This proves the Proposition in Case 6.5.1.

Case 6.5.2: We assume that

lim y. = 0 and lim [vel = +00. (105)
e—0 k

e—0 K¢
We let ¢ as in (16) with xo = 0 and define
lye"~2
he(z) := 3 Ue© o(|ye|r)
2

€

for all x € % N {x; < 0}. It follows from (58) and (29) that there exists C > 0

such that
he(z) < C - [~ (106)
for all x € ‘y—UEIﬁ{xl <0}, x #0. We let

Ay, =g (0ij — Ffj(ge)ak) ;



BEST HARDY-SOBOLEV CONSTANT 29

the Laplace-Beltrami operator for the metric (ge)i; = (0i,0;¢)(kex). In this
expression, the g/ = (g 1)ij are the coordinates of the inverse of the tensor g. and
the I‘fj (ge) are the Christoffel symbols associated to the metric g.. After a change
of variables, (23) rewrites as

2—s— n—2 *_ 11—
ke Pe(n—2) hz 1—p.

Ag.he + yePac(o(yel))he = kP <|y|>

‘«:(\yem s

[Yel

in D’ (L N{z < 0}) Since (29), (105) and (106) hold and since s € (0, 2), there

[Yel
exists p > § such that

. U
Ag.he + lyePac(p(lyelz))he = f. in D’ (|y |

where f. € Lfoc(% N {z; < 0} \ {0}) uniformly wrt ¢ — 0. Since h = 0 on

ﬁ N {z1 = 0} and (106) holds, it follows from standard elliptic theory that there

exists for any d; > dy > 0, there exists C’(d1,02) > 0 such that

N{z; < 0}) ,

1hellor (Bs, (0\Bs, () {zi <0}y < C'(1,02)
for all € > 0. It then follows that
Ye
[Ye|

when € — 0. Coming back to the definitions of he and v, we get a contradiction
with (103). This proves the Proposition in Case 6.5.2.

Case 6.5.3: We assume that
|ye| = O(ke)

when € — 0. In this case, It follows from Proposition 5.1 that ’Vve (z—)‘ =0(1)

when e — 0. We get a contradiction with (103). This proves the Proposition in
Case 3.

In all the cases, we have contradicted (103). This proves Proposition 6.2. (]

Corollary 6.1. Let (uc)e>o as in the hypothesis of Proposition 6.1. Then there
ezists H € C1(Q\ {0}) such that

Ue(ze)ue — H in Clloc(ﬁ\ {0})
when € — 0.

Proof. We let H.(z) := ue(xe)uc(z) for all z € Q and all € > 0. It follows from
Proposition 6.1 that for any open subset U such that U C Q\ {0}, there exists
C(U) > 0 such that |He(x)] < C(U) for all x € U and all ¢ > 0. Equation (23)
rewrites as
L HE 1P
AH + acHe = ue(z)* P2 E|T
in 2. The conclusion of the Corollary is then a consequence of standard elliptic
theory. [
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7. POHOZAEV IDENTITY AND PROOF OF THE THEOREMS
In this section, we prove the following estimate:
Proposition 7.1. Let Q) be a smooth bounded domain of R", n > 4. We let
s € (0,2). We let (pe)eso such that pe € [0,2* —2) for all € > 0 and (22) holds.

We consider (uc)eso € HT o(Q) such that (14), (15), (23), (24) and (26) hold. We
let pe as in (27) and v as in Proposition 5.1. Then, we have that

s) fa}Rg |z[?[Vv|* do
-H(0

SO n(n— 2 (R
In this expression, H(0) is the mean curvature of the oriented boundary 0 at 0.

We prove the Proposition in the sequel, and postpone the proofs of Theorems
1.1 and 1.4 to the end of the section. We let p. > 0 such that lim._,qp. = 0. We
let e, a. and a as in (14), (15), (23), (24) and (26). We assume that 0 < s < 2
and let z., p., ke as in (27). Since lim.,o z. = 0, we consider the chart ¢ defined
in (16) with 2o = 0.

Step 7.1: We provide a Pohozaev-type identity for u.. It follows from Proposition
8.1 that u. € C*(Q2) and that Au. € LP(Q2) for all p € (1,2). In the sequel, we
denote by v(z) the outward normal vector at x € 9 of the oriented hypersurface
O (oriented as the boundary of ). Integrating by parts, we get that

/ 2 0;uc A, dx
Q

= —/ ' 0;u.0,u, da—l—/ @-(xiﬁiue)ajue dx
o0

:7/ xauaueda+/|Vue|2dx+/ T [Vuse* dx
a0 2
2
= (1_7)/ |V’U,6‘2dl’+/ ((x7l/)|vu€| _xiaiueauue) do
2/ Ja o9 2
= (1 — E) </ U Oy U da—i—/ Ue Alle daz)
2 a9 Q
2
+/ ((m,y)lvu6| —xiaiuea,,m) do
89 2

Using the equation (23) in the RHS, we get that

. 2" —pe
/ ' Ojuc Aue do = (1 - ﬁ) (/ Ye dr — / aeuf dz)
Q 2 Q |33| Q

+ /69 ((1 - 5) UOyte + (2, V) 5 x 81u€8Vu6> do. (107)
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On the other hand, using the equation (23) satisfied by u., we get that
) ) u2*—1—5 )
/ ' Ojuc Aue do = / T Ojue —= dr — / ' Oiucacte do
Q Q || Q
2 - .
= / x|z ~50; ( ) dx — / ' 0jucacu, dr
- P Q

- 2" —Pe .
/ Oi(xt|z|~*) dx—i—/ (z,v)  de do — / T 0iucaUe dx
80 2* = De |]* Q

n—s u2 TPe 1 )
=— | —- dr + - / (nac + z'0;ac)u? dx
/Q lzs 2% = pe 2 Ja '

2" —pe
+/ (v) ue ™o 7/ (@:¥) 2 do. (108)
00 2" —pe  |z[° o0 2
Plugging together (107) and (108), we get that

n—2 mn-—s / u? P / ( (z, Vae)) 2
- £ dz + ae + ———= |usdz
< 2 2*175) Q |:C|S Q 2

B n—2 |Vu,|?
_/BQ<_ L udu+ )

. 2" —p.
—2'0;u 0 uc — (*:m v) e ) do +/ (@, ) aeuf dx (109)
2% — pe |z o0 2

for all € > 0. Since u. = 0 on 012, we get that

(n = 2)p / uZ P / ( <z,m>> >
£ dr — ac + ———= | ucdx
2-(2*=pe) Jo |zI* Q 2

_ %/@Q(x,u)wueﬁ do. (110)

Step 7.2: We first deal with the RHS of (110). We take ¢ as in (16) with zo = 0.
With the pointwise limit of Corollary 6.1, we get that

/ (, V)\Vu€|2da:/ (z, V)| Vuc|* do + o(pc)
19]9)

ONe(U)

when € — 0 as soon as n > 4. With a change of variable, we get that

/(90(90,1/)|Vu6|2 do =
(1+0(1))~/D (‘W;:@,yoga(kex)) IVvel2 /13| da

Fo(ur ) (111)

where the metric g. is such that (Gc)i; = (05, 05¢)(kex) for all 4,5 = 2,...,n
|Ge| = det(ge) and

)

De:gﬁ{xlzo}

Using the expression of ¢ (see (16)), we get that

alan (1, —=02p0(x), ..., —Onpo(x))
(90( )) \/1 4 Z?ZQ((%(PO(%))Q
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for all x € U N {x; = 0}. We then get that
(vop(x), X) = (1+0(ja*)) - <X1 - ZXiaiSDO(x)>
i=2

for all z € U N {z; = 0} and all X € R™. In this expression O(1) is bounded for
2z eUn{z; =0} and X € R". With the expression of ¢ (see (16)), we get that

(p(kew), v o p(ker))

— 1+ O0(2aP)) <<ﬁo(kex) k. inamow))
1=2
2 2 1 2 i,..7 3 3
— 1+ 0(2[eP) - (- 305p(0'sl + OWGEL)) (112

for e > 0 and « € £ N {1 = 0}. Plugging (112) into (111), using the estimates of
Proposition 6.1, Lebesgue’s convergence theorem and letting € — 0, we get that

/ (z,)|Vuc* do = (;/ Dijp0(0)z' 2! |Vol? dx+0(1)> - ke (113)
I9) OR"

when n > 4 and where lim,_,0(1) = 0.

Step 7.3: It follows from Proposition 6.1

/ u? dx = o(u.) (114)
Q

when € — 0 and as soon as n > 4. Plugging (113) into (110), using (24) and (114),
we get that

<n - 2M3(Rﬁ)% + 0(1)> Pe

2.2%
1 . .
— <_/ 6ij900(0)$1levv2d$+0(1)) e (115)
4 Jorn

where lim._,90(1) = 0 and when n > 4. With (115), we get that
n — 2 n—s &

lim o— s (RL) == o

1 o
= - / aij(po(O)ZL'ZSC]|V’l}|2 dx
4 OR™

when n > 4. We consider the second fondamental form associated to 02, namely

IIP(xv y) = (dl/pit, y)
for all p € 9Q and all z,y € 7,00 (recall that v is the outward normal vector at
the hypersurface 9€2). In the canonical basis of OR™ = T,0f2, the matrix of the

bilinear form I, is —D%goo, where D%cpo is the Hessian matrix of ¢¢ at 0. With
this remark and (115), we get that

. Pe _ (TL—S) n\—2== 2
!l_}n%; = mﬂs(Ri) 2—s - /aRn IIO($,Z')|VU| dx (116)
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when n > 4. Since v > 0, that v € C?(R™) and v verifies (52), it follows from
the strong maximum principle that v > 0 in R”. Moreover, it follows from the
definition (45) and the pointwise estimate (58) that there exists C' > 0 such that

c

vx <772
ENTFFOES

for all z € R™. We let 0(z) := |z[* "0 (ﬁ) be the Kelvin transform of v. As
easily checked, ¥ € C?(R™ \ {0}) and verifies

~2*—1 C
Y in R? and o(x) <

Av = S %
(1+[z?) =

|[*

for all x € R™. Since ¥ vanishes on JR™, it then follows from standard elliptic
theory that o € C*(R™) and then, that there exists C' > 0 such that #(x) < C|x|
for all z € B1(0) NR™. Coming back to the function v, we get that there exists
C > 0 such that

C

(1+|z2)*

for all x € R™. It follows from Theorem 1.2 that there exists w € C2(R* x R) such
that v(z1,2") = w(zy, |2']) for all (z1,2") € R~ x R*~1. In particular, |Vv|(0,z)
is radially symmetrical wrt 2’ € OR™. Since we have chosen a chart ¢ that is
FEuclidean at 0, we get that

v(z) <

n

/ [Io(,2)| Vo] de = M/ 12[2|Vo|? de
oR™ R™

H
_ ﬂ/ 2| V|? da.
nJorm

Note that we have used here that in the chart ¢ defined in (16), the matrix of the
first fundamental form at 0 is the identity. Plugging thsi last inequality in (116),
we get that

(n—5) fyge [22I V]2 da

lim 2¢ = - - H(0) (117)

n—s

SOpe n(n —2)2p,(R?)F

when n > 4.

Step 7.4: We are now in position to prove Theorems 1.1 and 1.4. We prove
Theorem 1.1 by contradiction and assume that there are no extremals for (2). It
follows from Propositions 4.1 and 4.2 that there exists ue € H{ () such that (23),
(24) and (26) hold with a. = 0 and p. = €. Since 0 < s < 2, then (117) holds
with p. = € when n > 4. We then get that H(0) > 0. A contradiction with
the assumptions of Theorem 1.1. This proves the first point of Theorem 1.1 when
n > 4. Concerning the compactness, any sequence of minimizers of (2) satisfies
(23) and (24) with p. = 0 and a = 0. If the sequence of minimizers blows up, we
get with (117) that H(0) = 0. A contradiction with our initial assumption. Then
we get that the sequence does not blow up. It then follows from standard elliptic
theory that it converges in H 1270(9). This proves Theorem 1.1 when n > 4.
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Concerning Theorem 1.4, the proof is quite similar to that of Theorem 1.1. We
assume that the conclusion of the theorem does not hold. It follows from Proposi-
tions 4.1 and 4.2 that there exists u. € Hf ((Q2) such that (23), (24) and (26) hold
with a. = a and p. = €. The proof is then the same as the proof of Theorem 1.1.

8. APPENDIX: REGULARITY OF WEAK SOLUTIONS

In this appendix, we prove the following regularity result:

Proposition 8.1. Let ) be a smooth bounded domain of R", n > 3. We let
€ (0,2) and a € C°(Q). We let € € [0,2* — 2) and consider u € H7 ((Q) a weak
solution of
Au+ au = ui in D'(Q).
Then there exists 6 € (0,1) such that u € C19(Q).

Proof. Step 8.1: We follow the strategy developed by Trudinger. Let g > 1, and
L > 0. We let

|t]5—1¢ if [t| <L
Gr(t)={ BLA Yt —-L)+L°P ift>1L
BLA=Y(t+ L)~ LP ift<—L
and
It|= t if |t| < L
Hy(t)={ BHL% ¢ L)+ L ift>1L

L5 (¢t L
BRI+ L) — L% ift<—L
As easily checked,

4B
(8+1)?

forallt € Rand all L > 0. Let n € C°(R™). As easily checked, n?G,(u),nHp(u) €
H? (). With the equation verified by u, we get that

0 <tGr(t) < Hy(t)? and G (t) = (H,(1))?

2% —2—¢
/VuV (*Gr(u dm—/ ful — uGL(u)dx—/anQuGL(u)d:E. (118)

||® Q
We let Jp(t) = fo Gpr(7)dr for all t € R. Integrating by parts, we get that
/ VuV (n?Gr(u)) dz 7/ 2G5 (u )|Vu|2dx+/ Vn?VJg (u) dx
Q

_ wj_ﬁl)z/772|VHL(u)|2dx+/(An2)JL(u)dx
48

+ / (An2>JL<u> da (119)
Q
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On the other hand, with Holder’s inequality and the definition of us(R™), we then
get that

L(W) '”QUGL<“>dI§/Q<al+'2;;6) (nH(w))? da

1—2

2
] et
— \JanSupp » |z|®

2

</ InHr(u 2*>2* o (/ dm)”éw
|z]* o lz/*

<a- / IV (1 H () ? d (120)

where
1 —

2
. s 2* —2—¢ 72315; 2% —e
(] (ol Il + 2755
QnSupp 7 ||

2e
o dz \ 762
@) ([ 15

Plugging (119) and (120) into (118), we get that

2 ﬂ u 2 €T 2 u X
A [ om0 < 5P [ nanliE R de+ [ 1867 )|Zl121>

where

2
a2 (] (al Jot + ol 2775 A
(B+1) QNSupp 7 ||

2e
. dx \ 70
@y ([ £5)

Step 8.2: Welet pg = sup{p > 1/ u € LP(Q)}. It follows from Sobolev’s embedding
theorem that py > -2%. We claim that

Po = +00.
We proceed by contradiction and assume that
Po < .

Let p € (2,p0). It follows from the definition of pg that u € LP(2). Let 8 =p—1 >
1. For any z € Q, we let 6, > 0 such that

1—

2
*_o_ 2% —e 2% —¢
[ (al ol + o 229755 N7
S
QN Bas, () |2|®

de \TE 9 23
L) cm 122
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Since € is compact, we get that there exists z1,...,xx € Q such that

N
Qc|JBs, ().

=1

We fix i € {1,...,N} and let n € C>(Bas, (x;)) such that n(x) = 1 for all z €
Bs, (xi). We then get with (121) and (122) that

(ﬂﬂ 5 [ VoL @)P b
< (5+1 /InAnHHL( )|2dx+/ |AR?| - | T (u)| da. (123)

Recall that it follows from Sobolev’s inequality that there exists K(n,2) > 0 that
depends only on n such that

(/ = dx) " gK(n,z)/Rn V2 do (124)

for all f € Hf o(R™). It follows from (123) and (124) that

2 =
(B—FBI (/ |7]HL n— de)
< e /|nAn||HL< |2dx+/\An\ 2] da

for all L > 0. As easily checked, there exists Cy > 0 such that |Jp(t)| < Cp - [t|**!
for all t € R and all L > 0. Since u € L°T(Q), we get that there exists a constant
C =C(n,u,p,Q) independant of L such that

[ i de< [ ) de<
QNBs, (z:) Q

for all L > 0. Letting L — 400, we get that

/ \u|ﬁ(ﬁ+1) dx < +00,
QNBs,, (i)

for all i = 1..N. We then get that v € L7=2#*D(Q) = L72P(Q). And then,
~sp < po for all p € (2,p0). Letting p — po, we get a contradiction. Then
po = +oo and u € LP(Q2) for all p > 1. This ends Step 8.2.

Step 8.3: We claim that

u € CO*(Q)
for all « € (0,1). Indeed, it follows from Step 8.2 and the assumption 0 < s < 2
that there exists p > % such that

|2"—2—e

|u u

fe:= € LP(Q).

|[*

It follows from standard elliptic theory that, in this case, u € C%*(Q) for all
a € (0,min{2 — s,1}). We let

ap = sup{a € (0,1)/u € C**(Q)}.
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We let a € (0,ap). Then u € C%%(Q). Since u(0) = 0, we then get that

u(@)] < Ju(z) — u(0)] < Clal". (125)
We then get with (125) that
C

2% —1—e¢
ju() P u |
— |$|57(2*7176)a

|z[*

|[fe(x)| =

for all x € Q. We distinguish 2 cases:

Case 8.3.1: s — (2" — 1 —€)ap < 0. In this case, for any p > 1, up to taking « close
enough to ag, we get that

fe € LP(Q).
Since Au + au = f. and u € le,o(Q)7 it follows from standard elliptic theory that

there exists § € (0,1) such that u € C*?(Q). It follows that ap = 1. This proves
the claim in Case 8.3.1.

Case 8.3.2: s — (2* — 1 — €)ag > 0. In this case, for any p <
taking « close enough to ag, we get that

fe € LP(Q).

up to

_____n
s—(2*—1—€)ap’

We distinguish 3 subcases.

Case 8.3.2.1: s — (2* — 1 — €)ap < 1. In this case, up to taking a close enough to
g, there exists p > n such that

fe € LP(Q).
Since Au 4+ au = f. and u € H%,O(Q), it follows from standard elliptic theory that

there exist exists 6 € (0,1) such that v € C%9(Q). It follows that g = 1. This
proves the claim in Case 8.3.2.1.

Case 8.3.2.2: s — (2* — 1 — €)ayy = 1. In this case, for any p < n, up to taking «
close enough to ag, we get that

fe € LP(Q).
Since Au + au = f. and u € Hf 4(€2), it follows from standard elliptic theory that

u € C%%(Q) for all & € (0,1). It follows that ag = 1. This proves the claim in Case
8.3.2.2.

Case 8.3.2.3: s — (2* — 1 — €)ap > 1. In this case, it follows from standard elliptic
theory that u € C%%(Q) for all

a<2—(s—(2"—1-¢€)a).
It follows from the definition of «q that
ap>2—(s— (2" —1—¢€)),
and then
0>2-—54+(2"—2—¢€)ap >0,
a contradiction since s < 2 and € < 2* — 2. This proves that Case 7.3.2.3 does not
occur, and we are back to the other cases.

Clearly, theses cases end Step 8.3.
Step 8.4: We claim that there exists § € (0,1) such that
ue CH0(Q).
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We proceed as in Step 8.3. We let « € (0,1) (note that ag = 1). We then get that

ju@)” c

|IL’|S - |x|87(2*7176)a

|[fe(x)| =

for all x € 2. We distinguish 2 cases:

Case 8.4.1: s — (2* — 1 —¢€) < 0. In this case, for any p > 1, up to taking « close
enough to ag, we get that

fe € LP(2).
Since Au + au = f. and u € le,o(Q), it follows from standard elliptic theory that

there exist exists 6 € (0,1) such that u € C%9(Q). It follows that ag = 1. This
proves the claim in Case 8.4.1.

Case 8.4.2: s — (2* —1 —¢) > 0. In this case, for any p < %, up to taking
« close enough to 1, we get that

fe € LP(Q).
As easily checked,
1—(s—(2"=1—-¢€)=2—-5+(2"—-1—-¢€)—1>2"—-2—¢.

We the get that there exists p > n such that f. € LP(Q). Since Au + au = f. and
u € H7(Q), it follows from standard elliptic theory that there exists § € (0,1)

such that u € C1¥(Q). This proves the claim in Case 8.4.2.

Combining Case 8.4.1 and Case 8.4.2, we obtain Step 8.4. Proposition 8.1 then
follows from Step 8.4. (]
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