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ABSTRACT. We consider linear and non-linear boundary value problems asso-
ciated to the fractional Hardy-Schrédinger operator L. o := (—A)% R
on domains of R™ containing the singularity 0, where 0 < a < 2 and 0 < v <
~v (), the latter being the best constant in the fractional Hardy inequality

on R™. We tackle the existence of least-energy solutions for the borderline
u2:;(s)—1

EIN

boundary value problem (L, o —A)u =
and 2%(s) = QEL"::) is the critical fractional Sobolev exponent. We show
that if v is below a certain threshold ~.,;¢, then such solutions exist for all
0 < XA < Ai(L~y,a), the latter being the first eigenvalue of Ly o. On the
other hand, for v¢rit < v < ym (), we prove existence of such solutions only
for those A in (0, A\1(L~,o)) for which the domain Q has a positive fractional
Hardy-Schrédinger mass m~ (). This latter notion is introduced by way of

an invariant of the linear equation (Ly,o — Al)u =0 on Q.

on Q, where0<s<a<n

1. INTRODUCTION

We study various linear and non-linear equations involving the fractional Hardy-
Schrédinger operator L., o := (—A)% — #, where (—A)? is the so-called fractional
Laplacian, defined below. Throughout this paper, we shall assume that

2(nta
(1) 0<a<n and 0§7<7H(a):2a%,

4
the latter being the best constant in the fractional Hardy constant on R™ (see
below). Our main focus will be on the case when o < 2, so that (—A)? is not
a local operator. We shall study problems on bounded domains, but will start by
recalling the properties of (—A)2 on the whole of R”, where it can be defined on
the Schwartz class S (the space of rapidly decaying C*° functions on R™) via the

Fourier transform,
(—A)%u = F (2| *F(u)).
Here F(u) is the Fourier transform of u, F(u)(§) = / e 2™TEy (x)dx.  See

Servadei-Valdinoci [31] and references therein for the basics on the fractional Lapla-

cian. For o € (0,2), the fractional Sobolev space HO% (R™) is defined as the com-
pletion of C°(R™) under the norm
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By Proposition 3.6 in Di Nezza-Palatucci- Valdinoci [9] (see also Frank-Lieb-Seiringer
[15]), the following relation holds: For v € H 3 (R™),

2 =
| preiruepas = S [ [ MO a,

20 ( nta )

T

The fractional Hardy inequality in R™ then states that

where C), o =

_ . 4u|2dx " aF2(n+a)
i) = int { e CRTAE o sy g = 2" ey,
fRn foj= v 4

which means that the fractional Hardy-Schrédinger operator L, . is positive when-
ever (1) is satisfied. In this case, a Hardy-Sobolev type inequality holds for L. ,.

It states that if 0 < s < a < n, and 2%(s) = 2(n=s)

n—o ’
strictly positive, where the latter is the best constant

then py s, (R™) is finite and

A=A Fulde — v [, ‘“ladx
(2) [y sa(R") = inf Jon I fR £l
vsS, o |“|2 (s ) 2*( ;
ueHg (R")\{0} (Jen " ;

Note that any minimizer for (2) leads —up to a constant— to a variational solution
of the following borderline problem on R"”,

3) (~A)Fu— e = 22070 i RY
u>0; u#0 in R™.

Indeed, a function u € Ho% (R™) is said to be a weak solution to (3) if u >0, u # 0
and for any ¢ € H7 (R”) we have

G |, A - | (o515

Unlike the case of the Laplaaan (oo = 2), no explicit formula is known for the best
constant fiy s o(R™) nor for the extremals where it is achieved. We therefore try
to describe their asymptotic profile whenever they exist. This was considered in
Ghoussoub-Shakerian [19], where the following is proved.

Theorem 1.1 (Ghoussoub-Shakerian [19]). Suppose 0 < a < 2,0 < s < o < n,
ntao

(-

(1) If either s >0 or {s =0 and v > 0}, then . so(R"™) is attained.

(2) If s=0 and v < 0, then there are no extremals for fiy s o(R™).

(3) If either 0 <y < yg(a) or {y =0 and 0 < s < a}, then any non-negative
minimizer for (i s o(R™) is positive, radially symmetric, radially decreas-
ing, and approaches zero as |x| — oco.

and v < 2¢

Note that the cases when v = 0 are by now well known. Indeed, it was stated in
[8] that the infimum in g o (R") is attained. Actually, a function @ € HO% (RM\{0}
is an extremal for g, (R™) if and only if there exist zp € R", k € R\ {0} and
r > 0 and such that

_(n—a)
i(z) =k (r*+ |z —zo’) * for all z € R".
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Asymptotic properties of the positive extremals of pg s o (R™) (i.e., when v = 0 and
0 < s < «) were given by Y. Lei [24], Lu-Zhu [27], and Yang-Yu [35]. The latter
proved that an extremal @(x) for pg s q(R™) must have the following behaviour:
There is C' > 0 such that

@) (14 2?) T <a@ <C 1+ eP) 7T foralle € R™.

Recently, Dipierro-Montoro-Peral-Sciunzi [10] found a similar control of the ex-
tremal for 11400 (R™) (i.e., when 0 < v < yg(c) and s = 0). Our first result is an
improvement of their estimate since it gives the exact asymptotic behaviour of the
extremal of py s o(R™) in the general case. For that, we consider the function

r(zH)re3?)

2 2

(5) U, a(8) =2

Theorem 1.2. Assume 0 < s < a <2, n>a«a and 0 <y < yg(a). Then any
positive extremal u € HE (R™) for iy 5 o (R™) satisfies u € CH(R™ \ {0}) and
(6) lim |z~ Ou(z) = Ny and  lim |z|P+Pu(z) = A,

z—0 |z]—o00
where Ao, Ao > 0 and B_(7y) (resp., B4 (7)) is the unique solution in (O ) (resp.,
in (%5%,n—«)) of the equation W, o(t) = (where Uy, o is defined in (10)) In
particular, there exists C1,Cy > 0 such that

Cl C12

P o ey R G - By P )

for all x € R™\ {0}.

Remark 1.3. Note that a direct consequence of Theorem 1.2 is (4) and the corre-
sponding control by Dipierro-Montoro-Peral-Sciunzi [10].

Also note that if @ = 2, that is when the fractional Laplacian is the classical

Laplacian, the best constant in the Hardy inequality is then g (2) = (n=2)7 2) . The
best constant associated with the Hardy-Sobolev inequality is

n . Jon [VulPdz =[5 \ﬂ”m
M%S,?(R ) = inf 27 (s) )
u€DH2(R™)\{0} (Jan Ju] dz) PO

|a]*

where s € [0,2), 2*(s) := M 0<vy<vg(2) = M and DY2(R") is the
completion of C¢°(Q2) with respect to the norm ||u? = fRn |Vul?dr. When s > 0
or v > 0, the extremals for 11, 5 2(R™) are then explicit and are given by multiples
of the functions ue(z) = e’%U(f) for € > 0, where

U(z) = ! L for R\ {0},

(2=s)o_(7) (2=s)o4 (1) =
N

and

2 7

Note that the radial function u(x) = |x|=? is a solution of L. 2(u) = 0 on R™\ {0}
if and only if 8 € {o_(v),04(7)}.
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Back to the case 0 < o < 2, we now turn to when €2 is a smooth bounded domain
in R™ with 0 in its interior. The best constant in the corresponding fractional
Hardy-Sobolev inequality is then,

n e |u :E)—’u.( ‘ | ‘
@)= it 5% Jan Jan Wdl“dy v Jo fade
7,800 =

5 Jul?a () ) 2*( ’
weHE ()\{0} (Jo s Y

where Ho% (€) is the closure of C®° (Q) with respect to the norm

lul? 5 = / / [u(z) —u@)I® . dy:/ (=A)F uf2de
HE Q) n Jrn |x—y|"+a n )

In Proposition 6.1, we note that —just like the case when ov = 2— we have 1, 5.4 () =
fy,s,o(R™), and therefore (3) restricted to €, with Dirichlet boundary condition has
no extremal, unless () is essentially R™. We therefore resort to a setting popularized
by Brezis-Nirenberg [5] by considering the following boundary value problem:

. 2% (s)—1
(~A)Su— 7y = 4 du i Q

(7) || |z[*

u>0 in Q,

uw=0 in R" \ Q
where 0 < A < A1(Ly,o) and A (L~,q) is the first eigenvalue of the operator L, o =
(—A)% — ‘—Q with Dirichlet boundary condition, that is,

Cn.a u(@)—u)|® 1.7
n n n @ y ’-Y «@
)\1 = Al(L’Yva) = inf fR fR lz—y["+ fQ |x‘

ueHD% (Q)\{0} fn wd

One then considers the quantity

. Cn.o fRn fRn Iulf)y"lfz(fg‘ de'dy ’YfQ |93|°‘ - )\fQ u2dx
Hrysan(2) = inf ; :

u€H? (Q)\{0} (fg w25 () )T);(‘s)

Irlé

and uses the fact that compactness is restored as long as fiy,5,a,3(2) < fiy,s,a (R™);
see Proposition 4.1 and also [5] for more details (see also Jin-Li-Fang [22]). This
type of condition is now classical in borderline variational problems; see Aubin [3]
and Brezis-Nirenberg [5].

When « = 2, i.e., in the case of the standard Laplacian, the minimization problem
Hoy,s,0,2(€2) has been extensively studied, see for example Lieb [26], Chern-Lin [7],
Ghoussoub-Moradifam [16] and Ghoussoub-Robert [17]. The non-local case has
also been the subject of several studies, but in the absence of the Hardy term, i.e.,
when v = 0. In [32], Servadei proved the existence of extremals for g 9 o2 (R™), and
completed the study of problem (7) which has been initiated by Servadei-Valdinoci
[30,31]. Recently, it has been shown by Yang-Yu [35] that there exists a positive
extremal for pig s, x(R™) when s € [0,2). In this paper, we consider the remaining
cases.

In the spirit of Jannelli [21], who dealt with the Laplacian case, we observe that
problem (7) is deeply influenced by the value of the parameter v. Roughly speaking,
if v is sufficiently small then fiy s o x(€2) is attained for any 0 < A < A;. This is
essentially what was obtained by Servadei-Valdinoci [31] when s = v = 0 and
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n > 2« via local arguments. This is, however not the case, when + is closer to
v (a), which amounts to dealing with low dimensions: see for instance Servadei-
Valdinoci [30]. In this context of low dimension, the local arguments generally fail,
and it is necessary to use global arguments via the introduction of a notion of mass
in the spirit of Schoen [29]. In the present case, and as in the work of Ghoussoub-
Robert [18], we define a notion of mass for the operator L, , — AI, which again
turns out to be critical for this non-local case. The mass is defined via the following
key result.

Theorem 1.4. Let Q2 be a bounded smooth domain in R™ (n > «a) and consider,
for 0 < a < 2, the boundary value problem

(—A)%H—(ﬁm(x))ﬂzo in Q\ {0}
(8) H>0 inQ\{0}
H=0 inR"\Q,

e

where a(z) € C1(Q). Assume that L := (—A)% — (ﬁ +a(x)) coercive, there exists
then a threshold —oo < ~eri(a) < yu(a) (defined in (13)) such that for any v

with Yerit(a) < v < v (a), there exists a unique solution to (8) (in the sense of
Definition 2.2) H : Q@ — R and a constant ¢ € R such that

1 c 1
H(@) = e + o o <|x|ﬁ(7)> as & = 0.

We define the fractional Hardy-singular internal mass of 2 associated to the oper-
ator L to be

ms () :=ceR.

v,a

As we will see in Theorem 5.5, the mass can be defined for any « under some flatness
assumption of the potentiel a.
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We then prove the following existence result:

Theorem 1.5. Let Q be a smooth bounded domain in R™(n > «) such that 0 € Q,
and let 0 < s < a, 0 < v < vu(a). Then, there exist extremals for iy s.a ()
under one of the following two conditions:

(1) 0 <y < verit(@) and 0 < X < Ai(Lya),

(2) Yerit(@) <v <7ym(@), 0 <A< Ai(Ly,a) and mg ,(€2) > 0.

After this work was completed, we learnt that point (1) of the Theorem was
independently proved by Li-Jin-Fang [22] in the case s = 0.

When v = 0, the problem is desingularized and we define the mass at any point :

Theorem 1.6. Let 2 be a bounded smooth domain in R™ (n > a) and consider,
for 0 < a < 2, the boundary value problem where a € C*(Q). Assume that the
operator (—A)3 — a coercive. Assume that n < 2a. Then for all xo € Q, there
exists a unique solution H : Q) — R, to

(=A)SH —a(z)H=0 inQ\{x}
(9) H>0 inQ\{0}
H=0 inR"\Q,

(in the sense of Definition 2.2) and a constant ¢ € R such that
1

= |.’L‘ _ x0|n—o¢

H(x) +c+o(l) asx— x.
We define the fractional Hardy-singular internal mass of £ associated to the oper-
ator (=A)% —a as

mo(Q,x0) :=c€R.

We then prove the following existence result, which complements those in [32] and
[35] to the case when v > 0 and n < 2«

Theorem 1.7 (The case v = 0). Let §2 be a smooth bounded domain in R™(n > «)
and let 0 < s < a, 0 < v < yg(a). Then, there exist extremals for po.sax(€)
under one of the following two conditions:

(1) n>2a and 0 < A < A1 (Ly0),
(2) n<2a, 0 < X< Ai(Ly,a) and there exists xg € Q such that m& (2, z¢) > 0.

The idea of studying how critical behavior occurs while varying a parameter v on
which an operator L., continuously depends goes back to [21], who considered

the classical Hardy-Schrodinger operator L, o := —A — #, and showed the ex-

istence of extremals for any A > 0 provided 0 < v < % — 1. In this case,
Yerit(2) = % — 1. The definition of the mass and the counterpart of Theorem

1.5 for the operator L, 5 was established by Ghoussoub-Robert [18]. The complete
picture can be described as follows.

Hardy term Dimension | Singularity| Analytic. cond. | Extremals
0 <7y < verit(a) n > 2«a $>0 A>0 Yes

Yerit() < v < ym(a) | n> 2« s>0 m$ ,(2) >0 | Yes

0<~v<~vu(a) a<n<22a|s>0 m$ ,(2) >0 | Yes
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Even though the constructions and the methods are heavily inspired by the work of
Ghoussoub-Robert [18] on the Laplacian case, the fact that the operator is nonlocal
here induces several fundamental difficulties that had to be overcome. First, the
construction of the mass in the local case uses a precise classification of singularities
for solutions of corresponding elliptic equations, that follows from the comparison
principle stating that behavior in a domain is governed by the behavior on its
boundary. In the nonlocal case, this fails since one needs to consider the whole
complement of the domain, and not only its boundary. We were able to bypass this
difficulty by using sharp regularity results available for the fractional Laplacian.
Another difficulty we had to face came from the test-functions estimates in the
presence of the mass. In the classical local case, one estimates the associated
functional on a singular test-function, counting on the mass to appear after suitable
integrations by parts. In the nonlocal context, this strategy fails. We overcome
this difficulty by looking at the integral on the boundary of a domain as a limit
of integrals on the domain after multiplying by a cut-off functions whose support
converge to the boundary. This process is well-defined in the nonlocal context and
proves to be efficient in tackling the estimates involving the mass.

2. THE FRACTIONAL HARDY-SCHRODINGER OPERATOR L. , ON R"

In this section, we study the local behavior of solutions of the fractional Hardy-

e

Schrodinger operator L. o := (—A)z — —= on R™. The most basic solutions for

ER

L, ou =0 on R™ are of the form u(z) = |z|=?, and a straightforward computation
yields (see [15])

(=A)2|z| 7% =W, o(B)|z| P~ in the sense of S'(R") when 0 < 8 < n — a,
where
(2=8\p(ets
(10) \Ijn,a(ﬁ) =2 (nzﬁza( 2[3)'
F(==3=)1'(3)
Recall that the best constant in the fractional Hardy inequality

Jon |(=8) T u?dz

. s ue HE (RY)\ {0}
Jrn %dm

Y (@) := Ho,0,0(R") = inf

2(nta
is never achieved (see Fall [12]), is equal to Wy, o(%5%) = 2 ;Eég (see Herbst

and Yafaev [20,33]), and it converges to the best classical Hardy constant yg(2) =
(n—2)*
1

whenever o — 2.

We summarize some properties of the function 5 — ¥, ,(5) which will be used
freely in this section. They are essentially consequences from known properties of
Gamma function T'.
Proposition 2.1 (Frank-Lieb-Seiringer [15]). The following properties hold:
(1) Uy, 0(B) >0 forall g€ (0,n — ).
(2) The graph of W, o in (0,n — «) is symmetric with respect to "5<, that is,
Uy olB) =V, a(n—a—p) forall € (0,n—a).

(3) \Il)ma is strictly increasing in (0, "5<), and strictly decreasing in ("5%,n —
o).
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n— o«
(4) ¥pn 5 > =y ().
(5) im ¥, ()= lim ¥,.(8)=0.
B/ n—a

B0
(6) For any v € (0,vu(c)), there exists a unique f_(v) € (0,25%) such that

Vi a(B- (7)) =7
(7) For any 0 < 8 <n — «, we have that

(11) (=2)% 2| ™% = W a(B)]a] ™77 + cn.al{s=n-a)do in S'(R"),

where we define ¥, o(n —a) =0 and ¢, > 0 is a constant.

In particular, for 0 < 8 <n — a,
(=207 = 20 ol =0 (R it and only i 5 € {5:.2),5- (1)}

where 0 < f_(y) < 5% is as in Proposition 2.1 and 8, (y) :=n —a — f_(y) €
(25%,n — a). In particular, it follows from Proposition 2.1 that 5_(v), 4 (7) are
the only solutions to ¥, (8) = v in (0,n — a). Since 0 < B_(y) < "5* <
B (y) < n— a, we get that  — |z| - is locally in Ho% (R™). Tt is the“small”
or variational solution, while z — |z|~%+() is the“large” or singular solution. We
extend S_(v), B+(7y) to the whole interval [0, vz (a)] by defining

n—a«

(12) p-(0):=0, pB+(0):=n—a, and P_(vu(a))=L+(vu(a))= 5

which is consistant with Proposition 2.1.

We now proceed to define a critical threshold 7..;t(a) as follows. Assuming first
that n > 2a, then *5* < § < n — « and therefore, by Proposition 2.1, there exists
() € (0,vm () such that

2B <n—a ifye(0,5a)

2

n . _
Br(n =5 if v="7(a)

n—a n . _

5 < By(y) < 5 if v € (Y(),vu ().
‘We then set

F(a) if n>2a
(13) Verit(@) 1= 0 if n= 2«

-1 ifn < 20.
One can easily check that for v € [0, vz (), we have that

n — n
7€ (erit(a),ym(a)) & Bi(r) <5 &z 5+ € L, (R™).

We now introduce the following terminology in defining a notion of solution on a
punctured domain.

Definition 2.2. Let Q2 be a smooth domain (not necessarily bounded) of R™, n > 1.
Let f be a function in L} (Q\ {0}). We say that u: Q — R is a solution to

loc

{(—A)gu:f in 2\ {0}
u=0 in 09,

provided
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(1) For ¢|my)7|7 € C°(R™\ {0}), we have that nu € HE ();
(2) fQ T efe dx < 00;

(3) For any ¢ € C°(Q\ {0}), we have that

Cra / / w)@) = W) 4oan = [ Fa)o(n) da

II*yI”“‘

Note that the third condition is consistent thanks to the two preceding it. If
is bounded, the second hypothesis rewrites as u € L(Q).

3. PROFILE OF SOLUTIONS

Throughout this paper, we shall frequently use the following fact:

=3
2

Proposition 3.1. A measurable function u : R™ — R belongs to Hi (R™) if and
only if [on |u?2©) dz < 400 and f(Rn)z % drdy < +oo.

The proof consists of approximating u by a compactly supported function sat-
isfying the same properties. Then, by convoluting with a smooth mollifier, this
approximation is achieved by a smooth compactly supported function. The rest is
classical and the details are left to the reader.

To prove Theorem 1.2, we shall use a similar argument as in Dipierro-Montoro-
Peral-Sciunzi [10]. The main idea is to transform problem (3) into a different non-
local problem in a weighted fractional space by using a representation introduced
in Frank-Lieb-Seiringer [15].

Lemma 3.2 (Ground State Representation [15]; Formula (4.3)). Assume 0 < a <
2,n>a,0< <252 Forue CXR"N{0}), we let vg(z) = |z[Pu(z) in R™\{0}.
Then,

na |u |2 / UQ(x)
dedy = ¥, (8 dx
// \xfy|"+°‘ 4 B [ Tl

Cna/ / |Uﬁ _’Uﬁ(y)|2 dﬂ?ﬂ
n Jrn |$— R A N

Let now u € HO% (R™) be a positive weak solution to (3). Then by (4) and Remark
4.4 in [10], we have

)2 2 a(8) (g
na/ / |u vl d:vdyzv/ (@) d.%'-l—/ ui()dx.
n Jgrn |x — |”+a n || S
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Set v(z) = |z|?~Mu(x) on R™\{0}. It follows from Lemma 3.2 and the definition
of f_(~) that

na |U ‘2 dl‘ dy _ na |u |2
/n/n |x— |”+a |lz|B-O) |y|B-() I . |x— ‘n+a dzdy
u?(z
oy [
R ||

_\Ijn,a
_ w(z) w0 (@)
SRR Ly Rt
2
o) [ o

||

u?a () () gy — v2a(®) (1) i
n |z|s R |‘,L.|s+ﬁ,('y)2;(s)

For 0 < B < 5%, define the space HO%”&(R") as the completion of C'°(R™ \ {0})
with respect to the norm

lp(x) = d(y)]* dx dy
”d’HH%»ﬁ : — n+a B 118
2 mn o Jgn |x | |7 [yl

Many of the properties of the space Hof’ﬂ (R™) were established in [11]. By Lemma
3.2, Remark 4.4 in [10] and [1], we have that v € Hf"B (R™). Now, we introduce the
operator (— Ag) whose action on a function w is given via the following duality:

For ¢ € HZ ’B(R”)
(CAg)Fw,g) = na/n/ w()(¢(z) = ¢(y)) dr dy

Ix*ylnm |17 [y|?

This means that v is a weak solution to

a UQZ(S)_l . "
(14) (CBs-m)?v = Gene R

in the sense that for any ¢ € H2%~()(R"), we have that

Cna y)(o(@) —¢(y)) da dy 27, (s)—1 e
n JRn |a:— y|rte || B- (V) |y[B-(M) - |x|5+5— )25 ()

The followmg proposition gives a regularity result and a Harnack inequality for
weak solutions of (14).

Proposition 3.3. Assume 0 < s < a <2, n > a and 0 < f < 5%, and let
vE HOE”B(R") be a non-negative, non-zero weak solution to the problem

2% (s)—1
/l] [e3
(=A8)*0 = e

M\Q

in R™.
Then, v € L>®(R™) and there exist constants R > 0 and C > 0 such that C < v(x)

Proof. The statement that v(z) > C in Br(0) is essentially the Harnack inequality
for super-harmonic functions associated to the nonlocal operator (ng)%, which
is just Theorem 3.4 in Abdellaoui-Medina-Peral-Primo [2]. See also the proof of
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Lemma 3.10 in [2] and also [10]. We now show that v € L*°(R™) by using a similar
argument as in [10]. For any p > 1 and T > 0, define the function

b r(t) = P ifo<t<T
P prr ¢ —T) + TP ift > T.

It is easy to check that the function ¢, r(¢) has the following properties:

o ¢, 1(t) is convex and Lipschitz in [0, c0).
o ¢, 1(t) < tP for all t > 0.

. popr(t) HO0<t<T
o t¢r, 1 (t) < 2pg, r(t) for allt > 0, since tey, 1(t) = pTl;*lt Fts T

o If Th > T > 0, then ¢p 1, (t) < ¢p 1, () for all £ > 0.

Since ¢, 7(t) is convex and Lipschitz, then as noted in [25],
(15) (—Ag) 2 dpr(v) < @) 1(v)(—Ap) v in R™

Since ¢p,r(t) is Lipschitz and ¢, 7(0) = 0, then ¢, r(v) € HO%’B(R"). By the
weighted fractional Hardy-Sobolev inequality, the ground state representation for-
mula, Lemma 3.2, and (2), we get that there exists some constant Cy > 0 which
only depends on n, «, s and 8 such that

[(j{ﬁﬂwﬂl“ dx]“ Qo [ [ axCl) = urlet) s it

re [z[*TF%0) y|nre | [y]?

Since ¢, r(t) > 0 for all t > 0, we get from (15) that

/ / bpr(v(2) = dpr(W)]? da dy
n Jrn |x —

y|mre [z]? Jy]?

= L Gp,7(0)(—Dg) % ¢p1(v) da

= L. Gp,7 (V)0 r(v)(~Ap) Fv dz

, 1)2:‘ (s)—1
= o Qsp,T(v)gbp,T(v)W dz

, a2
QP/]Rn |$p, 1 (v)] [P dz.

Note that the last inequality holds, since ¢}, 1-(t) < 2pé(¢) for all ¢ > 0. By (16),
we have

. 2 .
|¢p,T(U) 27 (s) 2% (5) ) v20(s)72
(17) {/n T dx < pCo o |¢p,r (V)] [P da.

2,(s)
2

IN

Letting p; =

, then

2 __ *
|¢p1,T(U) 27 (s) 2% (5) ) U2Q(s)—2
(18) [/n et e du <pCo o |§py 7 (V)] [2[*+P2 ) dz.
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For m > 0, a simple computation and Hélder’s inequality yield that
) p2a(s)=2 p2al(s)—
p1Co /Rn |¢p,.7(0)] de = nCo /U(I)<m|¢p1, (v)? m dx

: ) W02
+p1Co /U(m)>m|¢p1»T(”)| |5 HB2a(s) *

2
p1Coym2a(®)~ 2/ [9p,.7(w) 2 dx
(z

J<m [2]5+52()

IN

|¢p,,7(v)|? vPal)2
+p1Co / S ——dx
(z)>m mz ssz >( > |2 |5+522(S)—LS§£?‘?>(5)>

plcomQZ(s)_Q/ O] dzx

l‘|5+ﬂ2g (s)

2(s) ] 2:,(s) =
/ ‘¢;D1 T (U) d / v d
v(z)>m |x|8+ﬁ2a(s) v(z)>m |$|8+ﬁ2a(8)

2
p1Coym2al®)= 2/ [6ps.7 ()2 dx

n |x|s+62;(s)

|6py (V)P 17 v%a )
o[ b ] | [ e ]

o 25,(s)
Recall that v € Hy ’B(R”), hence / |\U+W() dr < oo. Thus, we can take a
n |T s als

large My > 1 and fix it in such a way that

IN

+p1Co

IN

a—s
s

o (s) "o
71Co / gy 4T <
[ v(x)>Mop ‘x|s+B2a(s) ]

2
Since ¢p,, 7(t) < P for all ¢ > 0, then by (18) and the fact that p; = %, we get

2
p P 15
n |x|s+,6’2z; (s)

N =

IN

*(g)— v 2
2plCoM§a( : 2/ |jp;i€32;)(L) dx

25()-2 [v|?
2p1Co M, /Rn FEERE dx
21, ()
_ 27 ()2 v
(19) = 2p,CoM; /]R e

IN

Let C, = 2C0M§;(S)_2. By taking T'— oo in (19) and applying Fatou’s lemma, we

get that
SP125(5) Po) V2 (s)
|:/Rn |z [s+B2a%(5) dm] =na /R" |z[s+625(5) oo

Define now recursively the sequence {py}r, as follows:

(20) 241+ 25(s) —2 =pr2L(s) forall k> 1.
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Using (17) and (20), we have

2
ORI NETACE:
[/ de < Pet1Co /Rn |Ppiir,7 (V)] de

27, (s)—2

2 L

= pk+100/nv H |x|s+62;(s)dx
'UP’GQ:;(S)
(21) = COpk?+1 /Rn Wdl’

We also have used the fact that ¢, r(t) <P+ for all £ > 0. By taking T' — oo
in (21) and applying Fatou’s lemma, we get that

I ks JPE25(9)
|:/n ;g|5+f322;(5)dx:| S C0pk+1 /]Rn de for all k& 2 1.

Hence, by (20), we obtain that

1
wPr+128(5) 25 &) (Prr1—D
—— dz

/ P ErERE)

IA

C 2(17;94}1*1) Uka;(S) d 2(pki171)
(Copr+1) W €

n

1
o T wPr24(s) g 25 () (pp—1)
Prk+1— —— dx

( Opk-‘rl) R |x|s+ﬁ23(s)

For k > 1, set
pPr25(8) zg(s)(lpk_l) ﬁ
— _uPkR B L
fe= [‘/]Rw |$‘S+B22(S) dx] and Dy = (Copr41) 2®r+171.

We have I, < Dyl for all £ > 1, and

k k
1 Inp,
Inlpp < 1nDk+1nIk§E lnDj—HnIlgE W
j+1 —

=1 j=1

It follows from (20) that pyq = p§(p1 —1)+1 for all & > 0. This coupled with the
fact that p; > 1 yield

—+ hlIl.

k

In C, In[p? (p; — 1) + 1
jn 0 Jrz H[Pi(ﬂpl ) +1]
121 I 2p(p— 1)

Inlpyr < +Inl;

k k i1
InC Inpl™

IS INE S L Sy

j=1 2pi(p1 — 1) j=1 2pi(p1 — 1)

Uka:;(s) 2(’;(5)(11)]‘7*1)
/ de <I,<e® =C5 foralk>1.
|z|<R |T *

Since s + 27 (s) > 0, we then get

1
. 25k s+625 (5)
l / vPE2a () dx] < C3RZ%Grk forall k> 1.
lz|<R

Since lim pg = oo, we have
k—o0
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k—o0

O
vl oo (B (0y) = lim / P2 () dy <0,
z|<R
and finally, that [|v||pe®r) < Cs. 0

Proof of Theorem 1.2. Let v(z) = |z|?~Mu(x) in R™\{0}, by the discussion before
at the beginning of section 3, we know that v € HO% 7 (R™) is a positive weak solution
to (14). We deduce from Proposition 3.3 that for all R > 0, there exist some
constant C' > 1 such that C~! < v(x) < C in Bg(0). Since v(x) = |2/~ Mu(z) in
R™\{0}, then

(22) |x|cﬂ(7) <u(z) < |;g|,30(7) in Br(0)\{0}.

In order to prove the asymptotic behavior at zero, it is enough to show that
lin%) |z~ (Mu(z) exists. To that end, we proceed as follows:
r—r

Claim 1: uw € CY(R™ \ {0}).

This is consequence of regularity theory and we only sketch the proof. First we
define fo(x) := v|z|~u + u?2)=1z| =%, so that for any w cC R™\ {0}, we have
that (—A)*/2u = f in w in the sense that v € HZ (R") and

Coa (u(x) — u(y))(o(x) — o(y))
L.

|z —y[rte

dzxdy = / fopdz for all ¢ € C2°(w).

It follows from (22) that fy € L*°(w). Since u > 0 and fo € L= (w), it follows from
Remark 2.5 (see also Theorem 2.1) in Jin-Li-Xiong [23] that there exists 7 > 0 such
that u € C’loo’z (R™\ {0}). Then, using recursively Theorem 2.1 in Jin-Li-Xiong [23],
we get that u € C1(R™\ {0}). This proves the claim.

Claim 2: There exists C > 0 such that |z|#~ M+ |Vu(z)| < C for all x € By(0)\{0}.
If not, then there exists a sequence (x;)ien € By (0)\{0} such that lim;_, ; oo |;]?~ D+ | Vu(x;)| =

+oo. For simplicity, we write S_ := S_(v). It follows from from Claim 1, that
lim; 4 0o ©; = 0. We define r; := |x;| and we set
wi(z) = rf‘u(mx) for all z € R™\ {0}.

It is easy to see that u; € HO% (R™), u; > 0 for all i € N and (—A)O‘/Qui = f; in

w CC R™\ {0} where f;(z) := 7|x|™“u; + r;z;(s)—z)("za—5,)%2;(5)71‘%'_8 for all
x € R™\ {0}. Using the apriori bound of Remark 2.5 (see also Theorem 2.1) in
Jin-Li-Xiong [23], we get that there exists 7 > 0 such that for any R > 1, there
exists C'(R) > 0 such that [|ul[cor(Br0)-B, 1(0) < C(R) for all i € N. Using
recursively Theorem 2.1 of [23] as in Step 1, we get that for any w CcC R™ \ {0},
there exists C'(w) > 0 such that [lu;[c1(,) < C(w). Taking w large enough and
estimating |Vul(%)|, we get a contradiction, which proves Claim 2.

Set now h(z) := “2?;';_2_2, so that (—A)*/2y — |g|au = h(z)u in R™. It follows

from Claims 1 and 2, that h € C1(R™\ {0}), and for some C > 0,
|h(z)] + || - [Vh(z)| < Clz|~* for all 2 € B1(0) \ {0},
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where 6 := (2% (s) —2)("5% — 8-) > 0. It then follows from Lemma 5.4 below that

there exists A\g > 0 such that
lim |z~ u(z) = A¢ > 0.
z—0

In order to deal with the behavior at infinity, let w be the fractional Kelvin trans-
form of w, that is,

w(z) = |z|* < z|2> in R™\{0}.

By Lemma 2.2 and Corollary 2.3 in [14], we have that w € H2%(R"). A simple
calculation gives us that w is also a positive weak solution to (3). Indeed, we have

(“A)fw(e) = ——— ((—A)5u) (ﬂf) _wl@) | w0 (@)

e (CAP R ) =7 g
Arguing as in the first part of the proof, we get that there exists Ao, > 0 such that
: B-(v) —
;11)1’%) || w(x) = Ao > 0.

Coming back to u, this implies that
lim |z|f+Mu(z) = Ao > 0.

|z]| =00

This ends the proof of Theorem 1.2. O

4. ANALYTIC CONDITIONS FOR THE EXISTENCE OF EXTREMALS

Let a € C%7(Q) for some 7 € (0, 1), and define the functional JS! : HO% Q) —R
by

JQ(U,) — Les fRn fRn %d(ﬂdy "yfﬂ |"c\0‘ _ fQ aqux7

f Ju|?a(s ) 2a<s)
Q |zl

in such a way that

b sia(@) 1= inf { T () - w € H (©)\ {0}

We now prove the following proposition, which gives analytic conditions for the
existence of extremals for iy s q,q(£2).

Proposition 4.1. Let Q be a bounded domain in R™ (n > «) such that 0 € Q, and
assume that 0 < v < yg(a) and 0 < s < a.
(1) If py,5,0,a(2) < piy,s,a(R™), then there are extremals for piy s a.q(S2) in
H (9).
(2) If a(x) is a constant X\, with 0 < A < A (Lya) and if s < «, then
Hoy,s,0,a(£2) > 0.

Proof. Let (ug)gen C HO%(Q) \ {0} be a minimizing sequence for p, s o,a(€2), that
is,
T ug) = f1y.5.0.a(Q) +0(1) as k — 0.
Up to multiplying by a constant, we may assume that
|uk‘23(s)

de =1
o |z

(23)
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/ / | k|:17* |n}j~a)| dzdy _/ <I| —i—a) URdT = f1,5,0,0(2) + 0(1)

as k — 4o00. By (23), we have / uidr < C < oo for all k. Since 0 < v < yg(a),

Q
the fractional Hardy inequality combined with (24) yields that ||ug]| 0E o) = < C for

all k. It then follows that there exists u € HO2 (©) such that, up to a subsequence,
such that (uy) goes to u weakly in H¢ (2) and strongly in L*(Q) as k — oc.

We first show that [, |“‘ “: "dz = 1. Define 0, = up — u for all £ € N. It follows

from the boundedness in Ho% (©) that, up to a subsequence, we have that 8 — 0

weakly in HO% (Q), strongly in L?(Q2) as k — oo, and 6 (z) — 0 for a.e. z € Q as
k — +oo. Hence, by the Brezis-Lieb lemma (see [4 ] and [34]), we get that

I g, [ [ IOy, [ [ )=l
—————dzxdy ————————dzdy ———=" dxd 1
/" /" |./L'— |n+a n n |$_ |77,+Oc T n n |x_ |n+o¢ -z y+0( )’
2% (s) 0 2% (s) 2% (s
1:/wdx:/de+/ [P o),
Q |$|s 2 |z|® o |zf*

—d / ad —|—/ —adﬂc—i—o( ), and /uidac:/u2daj—|—o(1)7
\13| |z |z Q )

as k — oo. Thus, we have

1 o |: na/ / |U ‘2d d _/ <+(L> de:|
e |x—y|n+a e
n,x |9k: / :|
—=dz| + o
S faf ] ol

as k — +o00. The definition of fiy 5 a.q(€2) and HO2 Q) c HO2 (R™) yield

2
WO NTT _Cun [ [ Jule) — )P
U’y,s,aa ( |:C| - |x—y|”+0‘ ——=" dr d W +a dl‘,

and
(26)

2
|0k 2+ ) NZEE_ Cha Ne: (y)|? 02
1% ,s,a(Rn) ( 5 dz P —— " dxdy—y adl‘
? o |zl n Jrn Iw— |+ a ||

Summing these two inequalities and using (23) and (25), and passing to the limit
k — oo, we obtain

|u|2;(s) = |u|2;(s) 7%
s, (R7) (1— / : dx) <ty eoa() 1_< / : d:c>
Q |33|‘ Q \33|‘

MO
Finally, the fact that fiy s a,a(2) < fiy,s,o(R™) implies that [, Iul dr = 1. It
remains to show that w is an extremal for p, s ,q(2). For that, note that since

fQ |“‘ O‘( )dar =1, the definition of jiy s o a(Q) yields that

)2
na
|U | v u?
Hoy,s,0,a( /n /n \x — y|n+a dxdy — o \zlo +a | ude.

(25)
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The second term in the right-hand-side of (25) is nonnegative due to (26). There-
fore, we get that

_ na |U |2 v 2
M’Y;&aa /'L /n ‘x_ |n+a —————duw dy—/ <|$|a+a> u“dz.

This proves the first claim of the Proposition.

Now assume that A € (0, A\1(L,,o)) and 0 < v < yg (), then for all u € HO% ()\{0},

C’VLOC — 2
5 Jon Jre %dmdy — Jo (# + )‘) u?dx
2
|u‘2 (s) 2% (5)
(fﬂ |x|s )

naf f [u(z)— u(y‘dd— fid

(1— . ) L I e A 0 2
)\1( |u‘2 (s ) 2;;2(5)
(fﬂ Tlels )
A gl

>(1—- ——— 1-— sa.0(f
N ( )‘I(L'v,a)> ( ’YH(O‘)) Ho0a,0()

~
1——2 (1= s.a.0(R™) > 0.

witm) (1 5y poses®)
Therefore, (i s.qa,1(2) > 0. O

T3 (u) =

5. THE FRACTIONAL HARDY SINGULAR INTERIOR MASS OF A DOMAIN IN THE
CRITICAL CASE

In this section, we define the fractional Hardy singular interior mass of a domain
by proving Theorem 1.4 and 1.6. We shall need the following five lemmae.

Lemma 5.1. Assume 0 < 8 < n —a, and let n € C*(N) be a cut-off function
such that 0 < n(z) <1 in Q, and n(z) = 1 in Bs(0), for some § > 0 small. Then

z = n(x)|z|™? € H () and there exists fg € LS. (R™) with fg(z) > 0 on Bs(0)
and fz € C1(Bs(0)) such that

(27) (—2)% (n]z]7") = @ a(B)lz| *nle| " + f5  in D'(Q2\ {0}),
in the sense that, if vg(z) == n(x)|z|=?, then for all p € C(Q\ {0}),

Cna (vp(x) —vs(y))((x) — 9(y)) _ vsp N
// P dxdy—cbn,a(ﬁ)/ iz ‘ad +/ fae(z)d

Moreover, if B < "5%, then vg € HO%(Q) and equality (27) holds in the classical
sense of HO%(Q)

Proof. When 8 < 252 it follows from Proposition 3.1 that = — n(z)|z|™# €
HO%(Q) In the general case, for ¢ € C(Q2\ {0}), straightforward computations
yield

na/n/n vg(x) —va(y))(e(@) — ¢(y))

|z — y[mte

dedy = ((~A)F 2]~ 1) + / fopds,
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where

, n(@) = n(y)
fa(x) := C o lim —_— dy for all z € R™.
g €20 J1z—y[>e |J3 - y|n+a | |ﬁ

Note that fz € L7 (R™), and for & € B;(0), we have that
1—
fa(z) = cn,a/ Loty L sy

e | — y[r e \yIB

yielding that fz € C*(B;(0)). Since ¢ = 0 around 0, the lemma is a consequence
of (11). O

Lemma 5.2 (A comparison principle via coercivity). Suppose Q be a bounded
smooth domain in R", 0 < a < 2, v < vyg(a) and a(z) € CO7(Q) for some
€ (0,1). Assume that the operator (—A)% — (III“ + a(x)) is coercive. Let u be a

function in Ho% (R™) that satisfies

u<|7|+a( )>u >0 in{
ma
u >0 on 99,

N

(=4)

in the sense that uw > 0 in R™\ Q and

for allv e HOE(Q) with v > 0 a.e. in Q. Then, u > 0 in Q.

Proof. Let u_(x) = —min(u(z),0) be the negative part of u. It follows from
Proposition 3.1 that u_ € Hj (Q) We can therefore use it as a test function to get

(Lu,u_ Cra /" /n z )_(ZPS_E&) — u_(y))dxdy—v/Q T;T; —/Q a(x)uu_dx >0
Let

Ot i={r:u(x) >0} and Q :={x:u(x)<0}.

Straightforward computations yield

0< —(Lu_,u_ na/ /Q+ |:c— |73-|)f: (y)d:rdy

| [ b,

which yields via coercivity

cu_|?* « < (Lu_,u_) <0.
Hy (R™)
Thus, u_ = 0, and therefore, © > 0 on . O

Lemma 5.3. Assume that u € HO% (Q) is a weak solution of

a O T =3

(—A)Su— (W) w=0 inHEQ),

x

for some T > 0. If u# 0 and u > 0, then there exists a constant C' > 0 such that
Ot < |zf-Du(z) < C forz—0, z e
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Proof. We use the weak Harnack inequality to prove the lower bound. Indeed, using
Theorem 3.4 and Lemma 3.10 in [2], we get that there exists C; > 0 such that for
61 > 0 small enough,

u(z) > Cyz|~#-) in Bs,.
The other inequality goes as in the iterative scheme used to prove Proposition
3.3. |

Lemma 5.4 (See Fall-Felli [13]). Consider an open subset w C £ with 0 € w, and
a function h € CY(w) such that for some T > 0,

|h(x)] + |z| - [Vh(z)| < Clz|"~ for all z € w\ {0}.

Let u € Hg(Q) be a weak solution of

(—A)Su — #u =h(x)u inwcCQ,

in the sense that for all p € C°(w),

%/n / (u(z) — ) (e(2) — @) ;0 _7/ UP e — /Qh(x)u(pdx.

|z — y[nte a |zl
Assume further that there exists C > 0 such that
Ot < |2f-Du(z) <C forz—0, z e
Then there exists | > 0 such that

; B-(v) _
alclg%) |z] u(z) = 1.

Proof. This result is an extension of Theorem 1.1 proved by Fall-Felli [13], who
showed that under these conditions, one has

n—a

iInTxn%f(Z)gJ”‘umc: L) ol 1
(28)  lim |z ()= (0.5) n ChlB 0D\ (0)

where p € R and ¢ : S’r’l = {6 € S"*1 9, > 0} — R are respectively an eigenvalue
and an eigenfunctions for the problem

(20) —div(017OVY) = pby e in S
—limg, 10 01" 0,9 (61,0") = vko2(0,0")  for 0’ € ST,

where k, /o is a positive constant. We refer to [13] for the explicit definition of
this eigenvalue problem, in particular the relevant spaces used via the Caffarelli-
Silvestre classical representation [6]. It then follows from the pointwise control (22)

that
2
n—uoa n—uow

and by Proposition 2.3 in Fall-Felli [13], that p is the first eigenvalue of the eigen-
value problem (29). Then, using classical arguments, we get that the corresponding
eigenspace is one-dimensional and is spanned by any positive eigenfunction of (29)
(no matter the value of u, it must necessarily be the first eigenvalue).

We are left with proving that (0, z/|z|) is independant of . In view of the remarks
above, this amonts to prove the existence of a positive eigenfunction that is constant
on the boundary.
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We now exhibit such an eigenfunction by following the argument in Proposition 2.3
in [13]. First, use ([12], Lemma 3.1) to obtain I' € C°([0, +00) x R®)NC2((0, +00) x
R™) such that

—div(t1=*VT) = 0 in (0,400) x R™
(30) —limy_o 1720, T(t,2) = ka/gﬁ for x € R™ = 9((0, +00) x R™)
10, z) = |z|~#-0) for x € R™ = 9((0, +00) x R™).

Moreover, T' is in the relevant function space, I' > 0 and satisfies
[(z) = |z|77-Or <|Z|> for all z € (0, +00) x R™
z
where |z| = \/t2 + [z|2 if z = (¢, z). In particular, we have that I'(z) = |z| =7~ (6)
for 6 := z/|z| and some by € CO(STT") N C%(S}). Following [13], we get that o
is an eigenvalue for the problem (29). Moreover, ¢y > 0. Therefore, ¢y corresponds

to the first eigenvalue and spans the corresponding eigenspace. Finally, we remark
that for 6 € 881“, we have that

¥0(0,0) =T(0,0) = || -1 =1.

Since the eigenspace is one-dimensional, there exists [ € R such that ¥ = [ - 1.
Therefore ¥(0,z/|z|) = [ for all z € B1(0) \ {0} C R™. It then follows from (28)
that

lim |z|%-DMu(z) =1> 0,

z—0

which complete the proof of Lemma 5.4. g

Theorems 1.4 and 1.6 will be consequences of the following general result:

Theorem 5.5. Let 2 be a bounded smooth domain in R™ (n > «) and consider,
for 0 < a < 2, the boundary value problem
(~A)EH — (s +al@)) H=0 inQ\{0}
(31) H>0 inQ)\{0}
H=0 mR"\Q,

where —c0 < v < yg(a) and a € C1(Q). We assume that the operator L =
(—A)% — (I:vn\/a + a(x)) coercive. We assume that there exists N € N such that
a(z) = O(|z|Y) as x — 0 and N +a > B4 (y) — B_(7). Then there exists a unique
solution to (31) (in the sense of Definition 2.2) H : 8 — R and a constant ¢ € R

such that

1 c 1
H(LL') = |£L"B+(7) + |£L’|’8*(7) +o (|1-|B(’Y)> as x — 0.

We define the fractional Hardy-singular internal mass of 2 associated to the oper-
ator L to be
ms () :=ceR.

Proof of Theorems 5.5. We let N € N as above and we assume that
(32) N+a>fi(y) —B-(7)
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We first prove the existence of a solution. For ¢ > 0 small enough, let n € C°(Q)
be a cut-off function as in Lemma 5.1 such that n(x) = 1 in Bs(0). Set 5 := 54 (y) <
n — o in (27) and define

a

o)== (o) = (L +a@) ) Glel 5+ 0) = . + 2 @\ (0)

Ed

in the distribution sense. In particular, f € C'(Bs(0) \ {0}) and there exists a
positive constant C' > 0 such that

(33) @)+ |z| - V()| < Cla)N=P+O) for z # 0 close to 0.

In the sequel, we write 8y := B4 (v) and B_ := S_(7). Note that the assumption
(32) implies that By < 2£% + N since B4 + 8- = n — «. Thus, using (33), we

/ o /
get that f € L7t (Q). Since L7=(Q) = (Lf—ﬁ(g)) c (Hof (Q)) , there exists
g€ HO%(Q) such that

()

(34) H(z):= |7;(|2 +g(x) for all x € Q \ {0}.

Thanks to (27), H : Q@ — R is a solution to

(35) { (A)2H - (ﬁ +a(x)) H=0 inQ)\{0}
H=0 inR"\Q,

=3
2

- (5:|a + a(x))) g = f weakly in H;

[N)

Q).

Set

in the sense of Definition 2.2. The idea is to now write f as the difference of two
positive C! functions. The decomposition f = |f| — 2f_ does not work here since
the resulting functions are not necessarily C'!. To smooth out the functions = > ||
and x — x_, we consider

v1(x) := V14 2? and pa(z) := p1(z) — x for all x € R.

It is clear that (1, @2 € C1(R) and there exists C' > 0 such that
(36)
0 < gi(z) <CA+|z|), |pi(x)| < C and & = p1(z)—p2(z) for all z € R and i = 1, 2.

Define f; := p; o f for i = 1,2. In particular, f = f; — fo. Let g1,92 € HO%(Q) be
solutions to

[Nl)

(37) (-A)zgi — (|;|a + a(x)) g; = f; weakly in HO% ()

for i = 1,2. Since fi, fo > 0, Lemma 5.2 yields g1, g2 > 0. Also

()

It follows from coercivity that g = g1 —g2. Assuming g; # 0, it follows from Lemma
3.10 in [2] that there exists K’ > 0 such that g, (x) > K'|z|~#- in Bs(0) \ {0}.

wlR

(@) 0= - 0) = 1~ (5 - ) 0.

||
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), it follows from (37) and Theorem 2.1 of Jin-Li-Xiong [23] that
) for some 7 > 0. Arguing as in the proof of Theorem 1.2, we get
{0}). Setting

Since g; € Ho% (Q

g1 € Cppl(2\ {0}

that g1 € C*(Q\

h(x) := h(@)

91(x)

we have that h € C1(Bs(0)). Now use (33) and (36) to get that

filw) < CAH f(@)]) < Cla| V=7 = Cla| P~ [a| VT Bz 7 < K ||~ (VHa= (=00 g, (o),

Then, with (32), we get that |h(z)] < Clz|"~* for x — 0 where 7 := a— (84 —8_) >

0. Therefore, we have that

a + O(|z|” . a
(=A)2g1 — WQl = 0 weakly in H7 (),

with g1 > 0 and ¢; # 0. It then follows from Lemma 5.3 that there exists ¢ > 0
such that ¢! < |z|%-g1(x) < ¢ for x € Q, z # 0 close to 0. Arguing as in Claim 2
in the proof of Theorem 1.2, we get that there exists C' > 0 such that

(38) ¢t <z|%gi(z) < cand |z Vg(z)| < C for all 2 € B;(0).

for x close to 0,

We now deal with the differential of h. With the controls (33), (36) and (38), we
get that

2] - |[Vh(z)| < Clz|"™* for x € Bs/2(0) \ {0}.
Now, writing (—A)2g; — #gl = h(x)g1 in Q and using Lemma 5.4, we get that
|z| =%~ g1(z) has a finite limit as 2 — 0. Note that this is also clearly the case if
g1 = 0. The same holds for go. Therefore, there exists a constant ¢ € R such that
|z|=#-g(x) — c as © — 0. In other words,

1 c 1
H(x):|x|5++|x|5+o(|x5) as x — 0,

and there exists C' > 0 such that |g(z)| < Clx|~#- for all z € Q.

We now prove that H > 0 in 2\ {0}. Indeed, from the above asymptotic expansion
we have that H(z) > 0 for x — 0,  # 0. Since xH € Hy (R") for all x €

C°(R™\ {0}), it follows from Proposition 3.1 that H_ € Hy (2 \ B.(0)) for some
e > 0 small. We then test (35) against H_ and, arguing as in the proof of Lemma
5.2 we get that H_ = 0, and then H > 0. Since H # 0, H € C1(Q\ {0}), it follows
from the Harnack inequality (see Lemma 3.10 in [2]) that H > 0 in £\ {0}. This
proves the existence of a solution u to (31) with the relevant asymptotic behavior.

We now deal with uniqueness. Assume that there exists another solution u’ satis-
fying the hypothesis of Theorem 5.5. We define @ :=u —u’. Then 4 : Q — R is a

solution to
{(—Aﬁu—(3a+m@)u:01nn\m}
a=0 inR"\Q,
in the sense of Definition 2.2. Since |u(z)| < Clz|=#- for all x € Q where C' > 0
is some uniform constant, then by using Proposition 3.1 one concludes that @ €
Ho% (Q) is a weak solution to

(-A)3a— (7 + a(x)) @ =0in Q,

||
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that is, for all ¢ € Hg (),
oz [ 0le) ) 0D gy [ (2 at) s

|z —y[nte

Taking ¢ := @ and using the coercivity, we get that @ = 0, and then v = v/, which
yields the uniqueness. O

Proof of Theorems 1.4 and 1.6. As noticed earlier, v > ~verie() iff @ > B4 — [_.
Therefore, under this assumption, (32) is valid for any function a. Then Theorem
1.4 follows from Theorem 5.5.

When v = 0, then the condition v > v.mi:(«) reads n < 2. Since the equation is
not singular at 0 when v = 0, then, given any point x¢ € Q, we apply Theorem
5.5 on the translated domain € — z( (that contains 0). Translating back yields
Theorem 1.6 (I

6. EXISTENCE OF EXTREMALS

This section is devoted to prove the main result, which is Theorem 1.5. By
choosing a suitable test function, we estimate the functional J<(u), and we show
that the condition iy s.a,a(2) < fiy,s,o(R™) holds under suitable conditions on the
dimension or on the mass of the domain. Recall that Proposition 4.1 implies that
it is this strict inequality that guarantees the existence of extremals for fiy ¢ o,q(€2).

We fix a € C%7(Q), 7 € (0,1) and n € C>°(2) such that
(39) n=1in Bs(0) and n = 0 in R™ \ Bys(0) with Bys(0) C Q.

Let U € HO% (R™) be an extremal for p, sq,0(R™). It follows from Theorem 1.2
that, up to multipliying by a nonzero constant, U satisfies for some « > 0,

N v UQZ(S)—l o
(4‘0) (_A)EU — WU = KJW Weakly in H02 (RTL)
x x
Moreover, U € C*(R™ \ {0}), U > 0 and
(41) lim |z|*U(z) = 1.
|z|—o00

Set

Cn.a ( ( )_u( ))2 -
(420 (u) = — Sy R dady — o (G +a)ulde 4
' (f, 2 )ﬁ B(u)%®
Jo Ha—dw

[z]
where
25(s)
(43) A(U) = <U,’U,> — / G/U/Q dx and B(U) ::/ |'U,‘ -
@ o |zl
with
Cha / (U(SL’) — u(y))(’(}(;p) — v(y))
“ WU =y dzdy
( ) < > 2 (R7)2 |l‘ _ y|n+a
—/ %uv dx for u,v € HO% (R™).
n |x|e
Consider

n—a

uc(z) :=¢ 2 Ul(e tx) for x € R™\ {0}.
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It follows from Proposition 3.1, that nu, € HO% Q)

6.1. General estimates for nu.. We define the following bilinear form B, on
%

Hy (R™) as follows: For any ¢, € Ho% (R™),

By (¢, ¥)45) (n, ) — (o, ) = C"’O‘/(R n(@) = n(y)

2 n)2 |!IJ - y|”+0‘

(p(y)v(x) — ()Y (y)) dedy.

This expression makes sense since 7 = 1 around 0 and n = 0 around oco. Note that

(46) (Mue, Mue) = <Ue,7l2ue> + €ﬁ+7ﬁ_Bﬁ (Bfeﬁ’ %) :
€ 2 € 2z
It follows from (40) and the definition of u. that
2% (s)—1
(e, ) = /@/ uETSgodx for all ¢ € HO% (R™).

By a change of variable, we get as € — 0,

2,.25,(s) 25 (s) 25, (s)
Ue, NPU) = K %d:ﬂ:/{ Ye dx + O Ue dx
T] s S S
noJa)f nzf R™\ B;(0) ||

*

2% (s) 25(s)
= HL/Q Ez“f*dx‘+() j[ El“f*dz .
no 2] R\B__1,(0) |Z|°

With (41), we get that
(47)
U2a(s) HO) U25(s)
(Ue, nuc) = /{/ de—i—O (62 2 (B+_6)> = K/ de—&—o(eﬂ*_ﬁ*) .
n | n |z
We now deal with the second term of (46). First note that
B ( Ue Nue ) _ Cn,a / (77(90) — 77(3/))2 ue(x) ue(y)
! € (R™)?

Br—B_ > By—B_ — o nta Br—B_  By—B_
p) 2 2 ‘.’E y| 2 € 2

dxdy.

€ €
It follows from (41) and the pointwise control of Theorem 1.2 that there exists

C > 0 such that for any € R™ \ {0}, we have that
C

Uue(z)
By —B—
e T

(48) tim ) _ §(z) =

= d
0 T .

Since n(z) = 1 for all z € Bs(0) and 4 (y) < n, Lebesgue’s convergence theorem
yields
(49)
_ 2
lim B, ( Ue the ) = Cn.a / (n(@) = n(y)) S(z)S(y) dedy = B,(S,nS).
(Rm)2

By—B_ 7 By—B_ — q|nta
€—0 P R 2 |z — y|

By plugging together (46), (47) and (49), we get as ¢ — 0,

[r2a(s)
(50) (Nue, nue) = /s/ T dx + B, (S,1n8)e’+ P~ + 0 (6ﬁ+—57) .
Arguing as in the proof of (47), we obtain as € — 0,

2,(9) 25(9)
(51) / %dx:/ v dz + o(eP+7P-).

|[* |]*

As an immediate consequence, we get
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Proposition 6.1. Suppose that 0 < s < a<n,0 < a <2 and 0 <y < yg(a).
Then,

,u'y,s,oz,O(Q) = Ky,s,c (Rn)

Proof. Tt follows from the definition of jiy sa(2) that iy s 0,0(2) > iy, (R™). We
now show the reverse inequity. Using the estimates (50) and (51) above, we have
as € — 0,

U2a()
K fRn el dx
JEU) = + O(eP+—P-
o (Ue) S (€ )
(fRn EE dm)

= J5 (U) +O0( ) = py,s.a(R") + O(H+ 7).

Letting € — 0 yields fty.5,0,0(2) < fiy,s,o(R™) from which follows that fiy s.,0(2) =
Ly, 5,0 (R™). O

6.2. Test functions for the non-critical case 0 < v < v.4+(). We now esti-
mate J(nue.) when 0 < v < 7¢4¢(c), that is in the case when S_ > %. Note that
since f_ + B4+ = n — «, we have that

By — B- > a when v < yepi(a) and By — B = aif v = yerir ().
We start with the following:

Proposition 6.2. Let 0 < s < a < 2, 0 < v < verit(a) and n > 2a. Then, as
e — 0,

alru2de — 1 € Ugn U%dz) a(0) + o(e®) if 0 <7 < Ferin(r)
ot { wa1a(0)e (e ) + 0(e Ine) if Y = Yeri(a):

Proof of Proposition 6.2. We write

/a(nue)gd:ﬂ:/ augdgc—i—/ a(nue)*dx
Q Bs B35\ Bs
= eo‘/ a(ex)U?dx + O(eP+F-).
B

e—1s

Assume that 7 < 7erit(a). Since By > % and U € C*(R™\ {0}) satisfies (6),
we get that U € L?(R") and therefore, Lebesgue’s convergence theorem and the
assumption Sy (v) — B_(y) > « yield

/ a(nue)? do = €* (/ U2dac> a(0) +o(e®) ase—0.
Q n
If now v = Yerit (@), then limyy o0 [#[2U(z) = 1 and 4 — - = a. Therefore
/(nue)zdac =w,_1a(0)e*In(e™) + o(e*Ine) ase— 0.
Q

This proves Proposition 6.2. (]
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Plugging together (50), (51) and Proposition 6.2 then yields, as € — 0,

[]2&(5)
K fgn T dx U?%d
By = T Je U o
U5 () % (5) 25 () (5
(fw T dﬂ«“) (fRn BEE dl‘)
n L U%d
52 — JE(U) - a(0 Jen U” do e 4 o(e™),
0 23, () E®
U=al® als
(f n |$‘S d.’E)
when v < verie(@), and
Q " Wn—1 a 1 « 1
(53) Jy(nue) = Jy (U)—a(0) —€ lnz—ko(e ln;)7

U5 () 3% (3)
(o
when v = et ().

6.3. The test function for the critical case. Here, we assume that v > et ().
It follows from Theorem 1.4 that there exists H : 2\ {0} — R such that

HeCHQ\{0}), EHe HZ(Q) forall £ € CX(R™\ {0}),

(“A)SH — (ﬁ + a)) H=0  weaklyin Q\ {0}

H >0 in O\ {0}

H=0 in 09}

and lim, ¢ |z|%+ H(z) = 1.
Here the solution is in the sense of Definition 2.2. In other words, the second
identity means that for any ¢ € C°(2\ {0}), we have that

(54) Cn»a/(mz (H(z) = H(y))(p(z) — ¢(y)) dz:dy—/n < gl +a> Hodr = 0.

2 |z —y|rte |

Note that this latest identity makes sense since H € L'(Q) (since 84 < n). Let
now 7 be as in (39). Following the construction of the singular function H in (34),

there exists g € Ho% () such that

H(x):= giz + g(z) for x € O\ {0},

where

(59 (8%~ (s +a)a=1.

with f € L>®(Q) and f € CY(Bs(0) \ {0}). It follows from (33) that there exists
¢ > 0 such that

(56)

|f(2)| < Cla| P+ for x € Q\{0} and |V f(z)| < C|z|?+~* for all z € Bs/5(0)\{0}.

We also have that

m2 ,(Q) | »
(57) g(x) = MT +o S as ¢ — 0, and |g(z)| < C|z|~"- for all x € Q.

Define the test function as
By —B_

T.(x) =nuc(x) +e 2 g(xr) forallz e Q) {0},
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where

o

uc(z) =€ 7 U(e ') for & € R™\ {0},

and U € HO% (R™) is such that U > 0, U € C'(R™ \ {0}) and satisfies (40) above

for some x > 0 and also (41). It is easy to see that T, € HO%(Q) for all € > 0.
This subsection is devoted to computing the expansion of J 4T,) where J is
defined in (42), (43) and (44). For simplicity, we set S(z) := |ﬁ+ for x € R™\ {0}

In particular, it follows from (11) that we have that

(58) (-A)2S — WS = 0 weakly in R™ \ {0},
in the sense that (S,¢) = 0 for all ¢ € C°(R™ \ {0}). First note that
T,
gg% ﬁi = H in Lj;,(Q\ {0}).
2

54—
Therefore, since |e*/+ > T.(x)| < Cla| =P+ for x € Q\{0} with 28, < n, Lebesgue’s
theorem yields as € — 0,

/aTQd:E*eﬁJr /aszero( B*),
Q Q

B
Since T, = nue + € Bt g, we have that

A(T.) = (T.,T.)—é+F /QaH2dx+o( ’8*)

B_
(M, ) + 2¢7 (nu, g) + €+~ (g, g) —em’ﬂ*/aH2 dx + o (¢"+77-)
Q
We are now going to estimate these terms separately. First, formulae (45) and (50)
yield, as e = 0
U2a(s) By B
(59 A(Te) = "“/ T T (ue;ng) + == M + o (7 777)

where
Ue
Me = BW (57775) +QB7I < By —B— 79) + (g,g) - /QCLHQ dl‘
€ 2

As to the second term of (59), we have
u2a (8=
(Ue,mg) = Ii/ Ye 9 g

2% (s)—1 a
Le 19 dx. Tt is easy to check that, since ng € HF (), (ue). is

|[*

We set 0 := [,
bounded in HO% (R™) and goes to 0 weakly as € — 0, we have that
(60) lim 0, = 0.

Therefore we can rewrite (59) as

U2a(s)
Ed

(61) A(T.) = K/ d + 2xe 70, + P+ F-M. + o (#+77-)
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as € — 0.
We now estimate M. First, we write

Ue Cn,a
By (Mﬂ) = / Fe(z,y) dedy,
€ 2 (Rm)?

where

n(@) —ny) [ ue Ue
Fo(z,y) = T———27 | 5= Wy(@) — = (2)9(y) | -
|l’ y| € 2 € 2
Remembering that 7 = 1 in Bs(0) and n = 0 in Bys(0)€ and using (57), we get that
|Fe(z,y)Ljaj<s /2| < CLligj<s/oLiysslz| ™2 |y~ TetP-) e LE(R™)?).

Similarly, we have a bound on F, on {|z| > 30}. By symmetry, this yields also
a bound on {|y| < 6/2} U {]y| > 30}. We are then left with getting a bound on

A= [Bss(0) \ Bs2(0)]°.
For (z,y) € A, we have that

|Fe(z,y)] < x|f;|ryl|+a ' ’( ﬁffa, (y) — ﬁffa, (1‘)> g(z) + %(x)(g(a:) - g(y))’
< Clo—al = (| o) - e @) +lalo) - )] )

As noticed in the proof of Theorem 1.4, it follows from elliptic theory that g €
CH(Q\ {0}). Therefore, there exists C > 0 such that |g(x) — g(y)| < Clz — y| for
all (z,y) € A.

By —B_
Setting @ := €~ 2w, it follows from (40) that

2F (s)—2

o te = e FE

(—A)8q, — weakly in Hg (R™).

It then follows from (48) and arguments similar to the Proof of Theorem 1.2
(see Remark 2.5 and Theorem 2.1 of Jian-Li-Xiong [23]) that (). is bounded
in CL.(R™\{0}). Therefore, there exists C > 0 such that |G.(x) — . (y)| < Clz—y|
for all (z,y) € A. Then, we get

|[Fe(z,y)| < Cle —y[*77" € L1(A).

Therefore, (F.) is uniformly dominated on (R™)2. Noting that s (v) = S()
ez

as € — 0 for all x € R™\ {0}, Lebesgue’s theorem yields

. Ue
(62) lim B, (M—B ,g) =B, (S,9).
€ 2

e—0

Here again, note that B, (S, g) makes sense. Therefore, we get that M, = M +o(1)
as € = 0 where

(63) M = B, (S,nS)+ 2B, (S,9) + (9, 9) — / aH?dz.

Q
We now estimate B(7T.). Note first that since p > 2, there exists C(p) > 0 such
that

[z 4yl — |z’ — plz|P"2zy| < C(p) (lzP"2y> + |y|*) for all z,y € R.
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We therefore get that
25(s)

By —B_

S
B(T,) = /

|[* |z[*

25 ()=2 9% (s)—2 2 X (s 2% (s
+0 <6ﬂ+_’6/ te |77| "% dm—l—eza?( )(BJr_B’)/ |g|| |( i dm) .
n x|® n o |x|®

Since n = 1 around 0, we get that

2% (s)—1

25 (s)=1 2% (s)—1 2;,(s)—
/ A gdxz/ Y19 g0 / YT dr ) = bt (e
|| " || o\Bs©) |7l

as € — 0. Therefore, in view of (51), we deduce that

2; Py
(64) B(TE):/n U|x| dr +25(s)e 2 O +o ()

as € — 0. Plugging (61), (60) and (64) into (42), we get that

U2Z}(5)
oy = A M e
aine U2% (s) 2%(5) va L()
(fR" ES ) ’ S
n M
(65) = J(]l$ (U) 1 T ﬂ+_ﬂ7 +0(€’8+_57)
K Jgn - EIE

as € — 0, where M is defined in (63) and J& is as in (42).

We now express M in term of the mass. Note that in the classical (pointwise)
setting, an integration by parts yield that B, (y,%) defined in (45) is an integral
on the boundary of a domain. Hence, the mass appears by simply integrating by
part independently the singular function H. The central remark we make here is
that the integral on the boundary on a domain (defined in the local setting) can
be seen as the limit of an integral on the domain via multiplication by a cut-off
function with support converging to the boundary —which happened to be defined
in the nonlocal setting. Therefore, despite the nonlocal aspect of our problem, we
shall be able to apply the same strategy as in the local setting.

We shall be performing the following computations in the same order as the ones
above made to get A(T.). The constant M will therefore appear naturally in the
two settings.

Let x € C*°(R") such that x = 0 in B1(0) and x = 1 in R™\ B;(0). For & € N\ {0},
define yi(z) := x(kx) for € R™, so that

1 2
Xk(x) =0 for |z| < % and xi(x) =1 for |z| > T

In particular, (xg)g is bounded in L*°(R™) and xx(x) — 1 as k — +oo for a.e.
x € R™. Since xH € Hf (), then by the very definition of H (see (54)), we have

2:.(5) byos 2,()-1, 21
dx:/ O )™ 4 o (5)e ™ / ue 1

By—B_

2

)
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that
0 = <H,XkH>—/ aHyH dx

= S+ g, xxn5 + xrg) — / XkaH2 dx

= (1S, xxnS) + S, xx9) + (xxnS, 9) + (9, Xr9) —/ xkaH? dx
= (S, x.m*S) + By(S, xxnS) + (S, mxx9) + By (S, xr9) + (S, Xx19)
+BXk7](Sag)+<97ng>*/ XkaszfE.

Since aH? € L*() (this is a consequence of 23 < n) and S is a solution to (58),
we get that

0 = Bn(S,XwS)+Bn(5,xw)+3xkn(579)+<97ng>—/ aH? dx + o(1)

as k — +o0o. We now estimate these terms separately.
Our first claim is that

(66) Jm {(xkg,9) = {9,9).
Indeed,

Ixkg — gll Sy

%/ (1= xi)@)g(x) — (1= xx) W)g(W)|” dedy

o=yl

a0

2
+Cna/ —|Xk ) ( )| dl'dy

|n+o/

INA

S

B
S—

The first integral goes to 0 as k — 400 with Lebesgue s convergence theorme since
g€ Ho% (R™). For the second term, we use the change of variable X = kx, Y = ky
and the control of g(x) by |z|~#-. This proves that (xzg) — g¢ in HO% (R™) as
k — +o0o. The claim follows and (66) is proved.

We now write

By, uns) = e ( /( o, NPy drdy + /( 0, G dxdy> ,
where
Faey) = T (5(3)1)a) ~ S(a)(05)0)
and

(n(2) = 1)) (xw(@) — xx(y))(15)(y)S(z)

Gk(xvy) = |.Z‘—y‘n+a

As in the proof of (62) and (49), F € L'((R")?) and Lebesgue’s convergence theo-
rem yields

Cn [e3%

Jm == /(Rn)2 Xk (2)F(z,y) dedy = By (S,nS).
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Arguing as in the proof of (62), we get the existence of G € L'((R™)?) such that
|Gr(z,y)| < G(z,y) for all (z,y) € (R")? such that |x| < /2 or |z| > 35. By
symmetry, a similar control also holds for (z,y) € (R™)? such that |y| < /2
or |y| > 30. Moreover, for 6 > 0 small enough, we have that Gy(z,y) = 0 for
(z,y) € (R™)? such that |z| > §/2 and |y| > &§/2 (this is due to the definition
of xx). Therefore, since limy o0 (xk(z) — xk(y)) = 0 for ae. (z,y) € (R")?,
Lebesgue’s convergence theorem yields f(Rn)Q Gi(z,y)dxdy — 0 as k — 400. We
can then conclude that
lim B, (S, xxnS) = B,(S,nS).

k—~4oc0

Similar arguments yleld
lim B g) = B g).
k 1 n(Sa Xk ) n(Sa )

Therefore, we get that

0= B,(5,18) + By(S.9) + Buou(S,9) + {g.9) — [ aH?do+o(1)

n

as k — +o0o. We also have that

Bun(S.0) = 5 [ o)A (S(0)o(e) = S(ogte) dady
Cne Xk () = xk(y)

As above, the first integral of the right-hand-side goes to B, (5, g) as k — +oo. We
now deal with the second integral. Using that Sy + f— = n — «, the change of
variables X = kx and Y = ky yield

[ X (S(3)g(a) ~ S(alalo) dody = [ A(XY)dxay
(R™)2 € y‘ (R7)2

where

ek (D)L () - (5) )

Note that there exists C' > 0 such that |g(z)| < C|z|~#- for all z € Q\ {0}. Since
X(X) =0for |X| <1and x(X)=1for |X| > 2, arguing as in the proof of (62), we
get that |Fi(X,Y)| is uniformly bounded from above by a function in L!((R™)?)
for (X,Y) € (R")? such that X & B3(0) \ By,2(0) or Y & B3(0) \ By/2(0).

There exists C' > 0 such that |n(X) —n(Y)| < C|X = Y] for all (X,Y) € [B3(0) \
By /2(0)]%. Therefore, for such (X,Y’), we have that

1 1 X
I - —B-
(WW+ Lﬂm>g<k>k ‘
1 X Y
alnl —B- _ - —B-
|XW+g(k>k g(k)k ‘
X Y
- k*ﬁff - k*ﬁf_
o(F) o ()]

|FL(X,Y)] < C|X-Y|'mo

+O)X Y|l

< C|X o Y|2fafn + O|X o Y|17047n
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Define g;(X) := g () k=P~ for X € k. It follows from (55) and (56) that

(—A) % gk — (|Xa + ke (le)) gk = fx weakly in HS/? (k)
where
fe(X) == k™=~ f(k71X) so that |fi(X)] < Ck™(@=(B+=6-))| x| =P+

for all X € k€. Here again, elliptic regularity yields that (gr) is bounded in
CL.(R™\ {0}). Therefore, there exists C' > 0 such that

|9x(X) = ge(Y)| < C|X Y|
for all (X,Y) € [B3(0) \ B1/2(0)]?. Therefore, we get that
|Fu(X,Y)| < CIX = Y[P " for all (X,Y) € [B5(0) \ By/2(0)]*.

Therefore, since a < 2, (Fy) is also dominated on this domain, and then on (R™)2.
Finally, it follows from the definition (57) of the mass that

X(X) —x(Y) 1 B 1
ETooFk(X Y)= (Q) | X —Y|rte \ Y|P+ X|P- | X|5+]Y|B-

for a.e. (X,Y) € (R™)%. Therefore, Lebesgue’s convergence theorem yields

— B, (S.15) + 2B,(S.g) + K -m® () + (g,g) / oH? dz,

where

Cna X(X)_X(Y) 1 1
K :=— - Xdy.
2 / X _vpre Y xps  xpep ) X

Without loss of generality, we can assume that x is radially symetrical and nonde-
creasing. Therefore, we get that K > 0. With (63), we then get that

M = -K -m3 ,(Q) with K > 0.

Plugging this identity in (65) yields

n K o _ B
6TY(T) = Jp (U) [ 1- IUWWMQ(Q)eﬂ+ A= o (#+70-)
K Jrn Tzl

6.4. Proof of Theorem 1.5. Theorem 1.5 is now a direct consequence of (52),
(53), (67) and Proposition 4.1.
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