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ABSTRACT. We consider the remaining unsettled cases in the problem of existence of energy min-
2% (s)—1
imizing solutions for the Dirichlet value problem L,u — Au = % on a smooth bounded

2
domain © in R™ (n > 3) having the singularity 0 in its interior. Here v < @, 0<s<2,
2*(s) := 2n=s) ando < A < A1(Ly), the latter being the first eigenvalue of the Hardy-Schrédinger

n—2

operator Ly := —A — # There is a threshold A*(,€) > 0 beyond which the minimal energy

is achieved, but below which, it is not. It is well known that A*(Q) = 0 in higher dimensions, for
2

example if 0 < v < % — 1. Our main objective in this paper is to show that this threshold

is strictly positive in “lower dimensions” such as when % —-1<y< @, to identify the
critical dimensions (i.e., when the situation changes), and to characterize it in terms of Q and
7. If either s > 0 or if v > 0, i.e., in the truly singular case, we show that in low dimensions,
a solution is guaranteed by the positivity of the “Hardy-singular internal mass” of 2, a notion
that we introduce herein. On the other hand, and just like the case when v = s = 0 studied by
Brezis-Nirenberg [4] and completed by Druet [12], n = 3 is the critical dimension, and the classical
positive mass theorem is sufficient for the merely singular case, that is when s =0, v < 0.
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1. INTRODUCTION

Let Q be a smooth bounded domain in R™ (n > 3) such that 0 € Q and consider the following
Dirichlet boundary value problem:

u2*(s)—1

—Au— %5 —du = . on €,
[ []
(1) u > 0 on €,
v = 0 on 012,

where v < @, 0 < s <2 2%s) := % and 0 < XA < Ai(Ly), the latter being the first

eigenvalue of the Hardy-Schrodinger operator L., := —A — ﬁ, that is

Jo IVul? de =~ [, BEde

A (L, Q) := inf T de

s u € Ho(Q)\ {0}

Equation (1) is essentially the Euler-Lagrange equation corresponding to the following energy func-
tional on H}(Q),

'lL2
22 ) = Jo IVul?dz — v [, rEde — A Jo lu? da
Yy8,A - B *25
(fg urxf;) dx) 2% (5)

where H} (€2) is the completion of C2°(Q) for the norm u + ||Vu|2. We shall therefore study whether
the following minimization problem

Py s A (@) = inf {5, 3 (w); w € Hg(2)\ {0}},

is attained, that is if p, () = Jﬁs’/\(uo) for some ug € H(Q). For convenience, we define
DY2(R™) := Hg(R™), that is the completion of C2°(R™) for the norm u + ||Vul|.
Note that the fact that g, s0(R™) > 0 is equivalent to the critical case of the Caffarelli-Kohn-

Nirenberg inequalities [7]. In particular, see for instance Ghoussoub-Robert [17],

Hy,s,0(R™) is achieved iff {s > 0} or {s =0 and v > 0}.

)

It is also standard that iy 5,0(2) = fty,5,0(R™) whenever Q is a domain containing 0 in its interior,
and hence pi4 5, is not attained if  is bounded.

The idea of restoring compactness by considering non-trivial negative linear perturbations was pio-
neered by Brezis-Nirenberg [4] in the case when v =0, s = 0 and 0 < XA < A1(Q), the latter being
the first eigenvalue of the Laplacian on H}(Q). They showed that in this case (1) has a solution
for n > 4. The case n = 3 is special and involves a “positive mass” condition introduced by Druet
[12,13], and inspired by the work of Schoen [26] on the Yamabe problem. The bottom line is that
—at least for v = 0— the geometry of 2 need not be taken into account in dimension n > 4, while in
dimension n = 3, the existence depends on the domain 2 via “a positive mass condition”. We shall
elaborate further on this theme.

In this paper, we consider the case when the Laplacian is replaced by the Hardy-Schrodinger operator
L.,. Here, the position of the singularity 0 within 2 matters a great deal. In [16], we considered the
case where 0 belongs to the boundary 02 of the domain . In this sequel, we deal with the case
when 0 € Q, which was first considered by Janelli [19] in the case s = 0.

It is already well known that there is a threshold A* beyond which the infimum g, 5 1 (Q2) is achieved,
and below which, it is not. It can be characterized as

(2) A" () := sup{X; f1y,5.0(2) = py.50(R™)}.

It is easy to see that 0 < X\*(Q) < Ai(L,, ). It is also part of the folklore —that we sketch below—
that A*(€2) = 0 in higher dimensions. Our main objective in this paper is to show that this threshold
is strictly positive in “lower dimensions,” to identify the critical dimensions (i.e., when the situation
changes), and to try to characterize it in terms of Q and ~.
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As opposed to Brezis-Nirenberg [4] and Druet [12], we are dealing here with the case where 0 is an
interior singularity, and our analysis below shows that the identification of A\* differ according to
two distinct singularity regimes:
e The truly singular case, which corresponds to when either s > 0 or v > 0. We note that in
this case py,50(R™) is achieved.
e The merely singular case, which corresponds to the case when s = 0 and v < 0, a case where
Ly,s,0(R™) is not achieved, unless s =y = 0.
The following three theorems are the main results of this paper. The first is rather standard. It
deals with high dimensions and is included for completeness and comparison purposes. The second

deals with the low dimensional cases, i.e., the remaining cases which are yet to be addressed in the
literature.

Theorem 1. (The higher dimensional case) Let Q be a smooth bounded domain in R™ (n > 3)
such that 0 € Q. Assume that we are in the following situation:

2
e cither in the truly singular case and v < @ -1,
e or in the merely singular case and n > 4.

Then piy s 2(2) is achieved if and only if X > X*(Q). Moreover,
i) In the truly singular case (i.e, when either s >0 or v > 0), and if v < (n— 2) — 1, then
(3) A*(Q) = 0.

it) In the merely singular case (i.e, when s =0 and v <0), and if n > 4, then

(4) A*(Q):inf{||7|2,xesz}>o¢f7<o.

Part (i) of Theorem 1 was proved by Janelli [19] in the case when s = 0. The case when s > 0 is
not much different and was noted in several works such as [8-10,21-23,25]. Part (ii) of Theorem
1, that is the case when s = 0 and v < 0, in dimension n > 4 was also tackled by Janelli [19] and
Ruiz-Willem [25]. Their proof, though not complete, essentially gives the above result.

Janelli [19] also considered the lower dimensional case, that is

(n—2)° (n—2)?
— -l <y < —,
4 4
when € is the ball B centered at 0. He gave the following explicit value for \*:
* : fB |m\25+ 1
(5) A*(B) = inf T uw € Hy(B)\ {0} » >0,
B Iﬂv\%+
where
n—2 n — 2)2
pa(y) = o2\ JOZDE

2 4
Note that the radial function x +— |z|~? is a solution of (—A — e)u=0on R™\ {0} if and only if
B e{6-(v), B+(n)}-

In order to characterize the threshold A*(€) for a general domain 2, we need to define the notion
of Hardy-singular interior mass associated to the operator —A — # — A on a bounded domain 2

in R™ containing 0.

Theorem 2. (The Hardy singular internal mass) Let Q be a smooth bounded domain in R™
(n > 3) such that 0 € . Suppose h is a C%-potential on §) so that the operator —A — (# + h(x))
18 coercive.
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i) There exists then H € C*(Q\ {0}) such that

“AH - (ﬁ +h(x)>H:O in Q\ {0}
(E) H>0 1nQ\{0}
H=0 ondQ.
These solutions are unique up to a positive multiplicative constant, and there exists ¢ > 0 such
that H(z) ~z—0 W.
it) If either h is sufficiently small around 0 or if % -1l<y< %, then for any solution
H e C>*(Q\{0}) of (E), there exist c; > 0 and c2 € R such that

_ c1 Co 1
H@) = omm e 1o <|z|ﬂ—(v)> as = 0.

The uniqueness implies that the ratio ca/cy is independent of the choice of H, hence the “Hardy-
singular internal mass” of Q@ associated to the operator L, — h(x)I can be defined unambigously
as
myn(Q) = 2 eR.
C1
For the merely singular case (s = 0 and v < 0) and the critical dimension n = 3, we need a
more standard notion of mass associated to the operator L. at an internal point zy € €, which
is reminiscent of Schoen-Yau’s approach to complete the solution of the Yamabe conjecture in low
dimensions. For that, one considers for a given v < 0, the corresponding Robin function or the
regular part of the Green function with pole at 2o € Q\ {0}. One shows that for n = 3, any solution
G of
—AG—#G—)\G:O in Q\ {zo}
G>0 inQ\{xo}
G =0 on 09,

is unique up to multiplication by a constant, and that there exists R, (€2, z) € R and ¢4 1 (z¢) > 0
such that

(©) G(z) = e 7 (x0) (

The quantity R, x(€, o) is then well defined and will be called the internal mass of 2 at xy. We
then define

1

A= RV,A(Q,xo)) +o(1) asz— 0.

R%)\(Q): sup R%)\(Q,Jf).
zeQ\{0}

These will allow us to give an explicit value for A*(v, Q) as follows.

Theorem 3. (The lower dimensional case) Let Q be a smooth bounded domain in R™ (n > 3)
such that 0 € Q.

i) Assume we are

(n—2)

n—2)2
@22 <y < 22

e cither in the truly singular case and
e or in the merely singular case and n = 3.
Then, there exists N*(2) > 0 such that piy s 2(S2) is not achieved for X < X* and iy s A(Q) is
achieved for A > \*.

it) Moreover, in the truly singular case, with % -l<y< %, and under the assumption
that fiy s 2+ () is not achieved, we have that m x-(2) =0, and

(7) A*(Q2) = sup{\; m, 2 (Q2) < 0}.
iii) In the merely singular case, and with n = 3, then [iy s x«(§2) is not achieved and

(8) A*(Q2) = sup{\; R, A () <0}
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We conjecture that in all cases, iy x+(€2) is never achieved, which means that (7) must hold
unconditionally. Note that fiys-(2) = py,s0(R™), but we don’t know whether this suffices to
conclude that fiy s 2= (£2) is not achieved. When s = v = 0 and n = 3, Druet [12] proved that this
is indeed the case by using a very elegant geometric argument. This extends to the merely singular
case. In the truly singular case, the conjecture holds in the radially symmetric case, i.e., when Q is
a ball. This was verified by Janelli [19].

Finally, we note that the above analysis lead to the following definition of a critical dimension for
the operator L.. It is the largest scalar n, such that for n < n., there exists a bounded smooth
domain 2 C R” and a XA € (0, A\1(L~, 2)) such that there is a non-trivial minimiser satisfying (1).
.52 (£2) is not attained.

[ 2AFI42 ify> -1
My =19 9

ify < —1.

Note that n < n, is exactly when 8y (y) — f—(y) < 2, which is the threshold where the radial
function 2 — |z|~#+(") is locally L?-summable.

The proofs of Theorems 1 and 3 rely on a refined blow-up analysis for certain families of solutions of
equation (1). We give —in Theorems 4 and 5 below— a complete description of how such blowups may
occur. In particular, we show that in the truly singular case, the solutions necessarily concentrate
at the singularity 0, while in the merely singular case, they do so at a point zg # 0 of the domain
Q. In the appendices, we establish several important properties of the Green function associated to
the operator —A — ~|z| 2, that are crucial for the proofs of Theorems 4 and 5.

2. THE HIGHER DIMENSIONAL CASE

We recall the following facts, which by now are standard.

i) fiy,s,2(2) > 0if and only A < A;(L,, Q).
i) iy, s 2 (2) = piy,5,0(R™) for all A <O0.
ili) poy,5,2(€2) is attained if iy s A () < fiy,5,0(R™).
iv) The function A — p, s 2(€2) is continuous and nonincreasing.
v) If piy 52 (Q) is attained, then piy s 3 () < fty,5,2(Q) for any X > A.

Writing A* = A\*(Q2) for short, where \*(§2) is defined in (2), it follows from the above that

Vi) phy,s 2 () = ty,5,0(R™) for all A < X* and iy 52 (2) < p1y,5,0(R™) for all A > A*.
vil) fiy,5,2(€2) is not achieved for all A < A*.
viil) fiy,5,2(€2) is achieved for all A > A*.

It is clear that A* > 0. This section is devoted to show that \* = 0 in “high dimensions,” which in
our case will depend on . The calculations are standard, and we include them for the convenience
on the reader and for comparison to the other cases. As mentioned above in (iii), in order to
show that extremals exist for pi, 1 (£2), it suffices to prove that g, () < pys0(R™), where
Hry,s,0(R™) := iy 50(R™). This kind of condition is now standard when dealing with borderline
variational problems. See also Aubin [1], Brézis-Nirenberg [4]. The condition limits the energy level
of minimizing sequences, prevents the creation of “bubbles” and hence insures compactness.

To show the strict inequality, one needs to test the functional Jﬁ s,» O minimizing sequences of the
form nU., where Uc is an extremal for s, ;o(R™) and n € C°(€) is a cut-off function equal to 1
in a neigbourhood of 0. It is therefore important to know for which parameters v and s, the best
constant ft s o(R™) is attained. A proof of the following can be found in [17]. For explicit extremals,
we refer to Beckner [5] or Dolbeault et al. [11].

Proposition 1. Assume v < %, n>3 and 0 < s < 2. Then,
i) fiy,5,0(R™) is attained if either s > 0 or if {s =0 and v > 0}.
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i) If 0 < v < @, then the extremals for piy s 0(R™) are explicit and take the form u.(z) =

c~e*wU(f), where ¢ # 0, € > 0 and

(9) U(z) := 1 — for z € R™\ {0},

2=s)B_ (1) (2=5)B4 (1) =

iii) On the other hand, if s =0 and v < 0, then p, o(R™) is not attained and is equal to poo(R™),
which is the best constant in the Sobolev inequality.

Subsection 2.1: The truly singular case

2
We now give a proof of Theorem 1. Assuming v < @ — 1, we construct a minimizing sequence

ue in Hg () \ {0} for the functional J, , x in such a way that gy s A(2) < fy,5,0(R™).

Since either s > 0 or v > 0, then the infimum g, o(R"™) is achieved by the function

U(z) = ! > for x € R™\ {0}.

(2—s)B_(7) (2—s)B4 (v) -
‘x| n—2 + ‘x| n—2

In other words, U € D*?(R") and JA/; o(U) = infyepr2 @)\ {0} J}i?;,o(u), where

S (IVul? = Zzu?) da
e ki ) for u € DV2(R™) \ {0}.
(f |u|2* (s ) )2*<s)
R™ |a:|s

In particular, there exists y > 0 such that

JE}ZO( ) =

2% (s)—1
|z[®
For convenience, we will write in the sequel, 84 := 84 (v) and S_ := 5_(7). Note that the assumption

2
that v < @ — 1 is equivalent to 84 (y) — B-(7) > 2. Define a scaled version of U by

(10) AU - LU=y

FE in R™\ {0}.

Uda) i= 50 (2 o B"\ {0}
) =€ 27 (7>: or r € .
€ En 2 (B+ B )|x| n)57 ‘xl n)f+

Fix now a function h € C%?(Q), 6 € (0, 1), consider a cut-off function n € C°(2) such that n(x) = 1
for z in a neighborhood of 0 contained in €2, and define for € > 0 the test-function u. € H}(Q) by
ue(z) == n(z)Uc(x) for x € Q\ {0}.

We now estimate J3', , (uc), where

Ja (|Vu|2 - (# + h(x) u2) dx
()™

J'S‘Zs,h(u) =
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By—8B
Note first that 0 < u.(z) < Ce—

we have as € — 0,
2% (s) U2
/ues de = / es dw—l—o(eQ)
o lz| Bs(0) |z]
U2*(s)
= / dx+o (62)
715(0)

U2
= /Uisdx—l—o(g).

||

for all z € @\ {0}. Therefore, since B4 (v) — B-(y) > 2,

We also have

/ <|Vu€|2 - 21@) dr = / (|VU5|2 — 2U2> dz+ O (eﬂ+7ﬂ‘)
Q || B5(0) ||

/ <VU2 2U2> dr + O (P+7F-)
B,_1,(0) ||

2%(s)
B__15(0) |$|
U2 (s)
= X/" |x|5 dx+0( 7).

Finally, we estimate the last term as ¢ — 0,
/ h(z)u?dr = / h(x)U?dx + O (em*ﬁ*)
Q B5(0)
= 62/ h(ex)UZdz+O(eﬂ+76*).
—14(0)
If vy < (=20 2) —1and B4 — B > 2, the extremal U € L?(R") and therefore
/ h(z)u? de = h(O)/ U? dze® +o(€®) ase— 0.
Q n
If now v = % — 1, then U() ~4 oo |7|7% and By — B_ = 2. Therefore

1
/ h(z)u? de = h(0)w,_1€*In () +o(e?Ine) ase— 0,
9] €

where w,,_1 is the volume of the canonical (n — 1)—sphere. Combining the above estimates as e — 0
yields

RO)||U]I3 ) e

IR () = I (U) WGZ + o(e?) ify< @20
: ue S : w’ 3 n—

h 78,0 W}ﬂg)#ﬂn( )+0(2lne) 1f7:%_1.

2% (s),|=|—®

In either case, if h(0) = A > 0, we get that
B A (Q) S I A (ue) < T30 (U) = 50 (R™),

and we are done.
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Subsection 2.2: The merely singular case

We now prove the second part of Theorem 1. Assuming that s =0, v < 0 and n > 4, we shall prove
that 1y 52 (Q) is attained if and only if A*(v, ) < A, where

A (7,Q) = inf {||;||2, x € Q} < A1(Ly).
Note that in this case, we have 1,0,0(R"™) = f14,0,0(R"™) as noted in [16], that is

VU|*d
- L - Jon VU da

Bty T K22 veptianior 7 ¢ rroe 2
UeDH2(R™)\{0} (n,2) UeD2(R™)\{0} (Jfun [U[2" dz) %

and the infimum of p, o(R™ \ {0}) is not achieved. Consider now the following known extremal for
to,0(R™),

1
U(r) = ————— for z € R™.
(14 [f?) =
Fix zg € Q, 2o # 0, and define the test-function
(11) ue(z) == n(x)e*% Ule ™ (z —20)) for all 2 € Q,

where nn € C2°(Q) is such that n(x) = 1 around zg € Q. A straightforward computation yields

J’?,O,)\(ue) = po,o(R™) +0(1) as e — 0,

which yields that 114,02 (2) < po,0(R™). Classical computations in the spirit of Aubin [1], which can
be done by replacing —\ with a more general function h, yield that for n > 4, there exists ¢, > 0,
such that as e — 0,

IS (ue) = _ n “n (% - h(x0)> € +o(e?) ifn>5
Y K(n; 2)2 Cq (% — h(ﬂ?o)) 62 ln(e_l) + 0(62) =4

Therefore, if n > 4 and assuming there exists xo € '\ {0} such that h(xg) > LI% we obtain that

[zo

info e (o) {0} J,?,h(u) < infyepre@n) oy JﬁB(U), and /4,5 (§2) is attained.

Conversely, if h(x) < % for all x € @\ {0}, then — (# + h(m)) >0 for all z € Q\ {0}, hence
Hy,0,0(2) > 120,0,0(2) = po,0,0(R™). We therefore have equality, and there is no extremal for 1 o 5 (£2)
since the extremals on R™ are rescaled and translated versions of U.

3. THE HARDY-SINGULAR INTERIOR MASS OF A DOMAIN

This section is devoted to the construction of the singular interior mass, as stated in Theorem 2.
We start with the following key result.

Proposition 2. Assume Q is a smooth bounded domain in R"™ and let h € C%?(Q) with 0 € (0,1).
If the operator —A — # — h(x) is coercive, then there exists a solution H € C*°(Q2\ {0}) for the
linear problem

—AH—(ﬁ—i—h(x))H:O in Q\ {0}

(12) H>0 inQ\{0}
H=0 ondQ.
Moreover, there exists ¢ > 0 such that
c
(13) H(z) 20 Tty

If H' € C>=(Q\ {0}) is another solution for (12), then there exists X\ > 0 such that H' = \H.
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Proof: First, we prove existence of a solution. For that, let n; € C°°(R) be such that n;(t) = 0
for t <1 and m(t) =1 for t > 2. For € > 0, set n.(x) := n(|z|/€) for all z € R™. Then let

H, € C*>(2\ {0}) be the Green’s function for the operator —A —n.(x) (# + h(x)) that is singular
at 0. In particular, we have that

“AH, —7.(z) (ﬁ + h(x)) A =0 inQ\{0}
>0 inQ\{0}
H. =0 on990.

Fix 79 € Q\ {0} and define H,(z) := 2<% for all z € 0\ {0}. For § > 0 such that Bis(0) C 9

and 0 < |xg|/4, we take € € (0,0/2). We then have

—AHS—(#+h(x)) H.=0 inQ)\ Bs(0)
H.>0 inQ)\ Bs(0)
H. =0 on90.

It follows from the boundary Harnack inequality (see for instance Ghoussoub-Robert [16], Proposi-
tion 7.2) that there exists Cs > 0 such that
H(x) H(xg) Cs

L = for all O\ Bys(0).

0,09 = O a0, 09) ~ dlwo,00) O Al € 2N Bas(0)
Since this is valid for any § > 0 small enough, it then follows from standard ellitpic theory that there
exists H € C*°(Q\ {0}) such that H. — H in CF (Q\ {0}) as € — 0 for all k € N. In particular, we
have

—AH—(#Jrh(m))H:O in 2\ {0}
H>0 inQ\{0}
H=0 on 0.
Since H(xzg) = 1, it follows from the strong maximum principle that H > 0, hence it satisfies (12).
It then follows from Theorem 9 that there exists ¢ > 0 such that

either H(x) or H(x) ¢

c
0 A () 0 gB-)

If (13) does not hold, we the second case holds and H € H{(€): since —A — |xz|~2 — h is coercive,
equation (12) then yield H = 0, contradicting H > 0. This proves (13).

To prove uniqueness, let H' € C>°(Q\{0}) be such that (12) holds. Set \g := max{\ > 0; H' > \H}.
This is well defined and we set H := H' — \gH. Then H > 0 satisfies ~AH — (ﬁ n h(x)) =0
in Q\ {0}. Therefore, if H # 0, it follows from the maximum principle that H > 0. Then the
asymptoticNCOHtrol (13) and Hopf’s boundary comparison principle yield thg existence of ¢g > 0
such that H > ¢gH in Q\ {0}, contradicting the definition of Ag. Therefore H = 0 and H' = M\ H,

which proves the uniqueness statement. O
We now proceed with the proof of Theorem 2.

Proposition 3. Let Q2 be a smooth bounded domain in R™ and fir h € C%?(Q), 6 € (0,1). Assume
that the operator —A — (# + h(x)) is coercive and that vy > % —1. If He C=(Q\{0}) is a
solution to (12), then there exist c1,co € R with ¢; > 0 such that

- C1 Co 1
(14) H@) = rmm + ppem o (Wm) asx = 0.

The ratio f—f € R is independent of the choice of H. We can therefore define the mass as m., () =
c2

Cl'
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Proof: Let n € C°(£2) be such that n(x) = 1 around 0. Our first objective is to write H(z) :=

|x‘"5(f2w + f(z) for some f € H}(Q2). For that, we consider the function

o)== (== (g +4@) ) (el in 07 ).

Since n(z) = 1 around 0, we have that

h(z) _
(15) lg(z)| = ‘|x|5+(7)| < Clz| P+ around 0.

Therefore, g € L7 () if and only if 8 (7) < %2, which holds if and only if v > ©=2° — 4. The
latter is guaranteed by our assumption on ~.
Since L%(Q) = L%(Q)’ C H}(Q)', there exists f € H () such that

“Af— (7 + h(m)) f=gin H(Q).

>
By regularity theory, we have that f € C?(Q2\ {0}). We now show that
(16) ||~ f(x) has a finite limit as 2 — 0.
Define

H(z) = |m7|7éf()7) + f(z) for all z € O\ {0}.

and note that H € C?(Q2\ {0}) and is a solution to (—A - ”Tf'g@) H =0.

Write g4 (z) := max{g(z),0} and ¢g_(z) := max{—g(x),0} so that ¢ = g+ — g_, and let f1,f2 €
H{(£2) be weak solutions to

an  —Af- (;P + h(w)) fi =gy and —Af, - <|;|2 T h(m)) fo=g in HL(Q).

In particular, uniqueness, coercivity and the maximum principle yields f = f; — fo and f1, fo > 0.
Assume that f; # 0, so that f; > 0 in Q\ {0}, fix @ € (B-(7),B+(7)), choose p € R such that
w(B_(7)(n —2—B_(7)) —7) <0, and define u_(z) := |z|7#~) + p|z|=® for all x # 0. As in the
proof of the previous proposition, we get that for some 6 > 0 small,

(—A _ W) w_ <0 forz e Bs(0)\ {0},

that is u_ is a subsolution on Bs(0) \ {0}.
Fix now C > 0 such that f; > Cu_ on B;(0). Since f; and Cu_ € H{(Q) are respectively super-

and sub-solutions to (—A — WTxhlgI)) u = 0, it follows from the comparison principle (via coercivity)
that f; > Cu_ in Bs(0) \ {0}, and therefore f; > C’|x|~#-() in B;(0) \ {0}. It then follows from
(15) that g4 (z) < |g(z)| < Cy|z|~2tC=B+M=F-)) £, and therefore (17) yields

(18) (_A_ ~ + O(|z[2~ B+ N=B-(1))
|22

) f1 =0 weakly in Hj(Q).

Since vy > % — 1 if and only if 7 := 2 — (B4(y) — B-(y)) > 0, we can argue as in the proof
of Proposition 2 (see also the regularity Theorem 8) and get that |z|%- () f;(z) has a finite limit as
x — 0. Similarly, || () f(z) has also a finite limit as = — 0, and therefore (16) is verified.

It follows that there exists ¢o € R such that

1 C2 1
H@) = o + m e <x|B—(v)> asz =0,
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which proves the existence of a solution H to the problem with the relevant asymptotic behavior.
The uniqueness result of Proposition 2 then yields the conclusion. O
The following proposition summarizes the properties of the mass.

Proposition 4. Let Q be a smooth bounded domain in R™ and fix h € C*%(Q) with 6 € (0,1).
Assume that the operator —A — (# +h(x)> s coercive and that v > % — 1. The mass
m., 1 () then satisfies the following properties:

i) my0(Q) <0,

i) If h < h' and h # 1/, then my () < my p (Q),

iii) If Q' C Q, then my ,() < mqyp(82).

i) The function h— m. ,(Q) is continuous for the C°(Q) norm.

Proof: For any such h € C%%(Q), we let Hj, be the unique solution to (12) such that (14) holds with
c1 = 1. In other words,

- 1 m%h(Q) 1
(@) = o T o PO\ ) e 20

Since (—A — (# —l—h(w)))(Ho(x) — |2|7P+™)) = 0 and is negative on 99, it follows from the

maximum principle that Ho(z) —|z|~#+() < 0 on Q. Tt then follows from Theorem 8 that m., o(2) <
0. This prove property (i) of the proposition. Property (iii) goes similarly.

For (ii), we define g := Hj,—Hj/. We have that g € H} () and —Ag— (ﬁ + h(x)) g=(h—h)Hy <
0, but # 0. Therefore g < 0, and it follows from Theorem 8 in Appendix C that there exists K > 0
such that g(z)|z|?~) — —K as x — 0, and therefore m., ,(Q) — m., /() = —K < 0, which proves
the second part of the proposition. a

4. POSITIVE MASS AND THE EXISTENCE OF EXTREMALS IN LOWER DIMENSIONS

In this section, we show how the positivity of the Hardy-singular mass m () in the truly singular
case (resp., the mass in the merely singular case) yields that p., s 1(£2) is attained in the corresponding

(n—2)*
1

2
low dimensions, i.e., —l<vy< % in the truly singular case, and n = 3 in the merely

singular case.
Subsection 4.1: The truly singular case

Proposition 5. Let Q be a smooth bounded domain in R™ (n > 3) such that 0 € Q. Assume either

0<s<2orthat {s=0, v > 0}. If%—l<’y<% and 0 < A < A(L,) is such that the
mass m-, () is positive, then iy s () is attained.

Proof: Assuming that % —-1l<y< "_TQ)Q, we know that the mass m. x(Q2) is defined. We need

to show that if m, x(2) > 0, then gy s (2) < fiy,5,0(R™).
Consider again for each € > 0 the extremals

2_5454_*/3_ 2—s

_n=2 x €n—2 2
(19) Ue(x) =¢ 2z U (*) = o s (2—5)B_ (2—5)B;
Em'(5+76*)|m| n—2 —+ |./L" n—2

We shall first replace A with any function h € C%?(2), where 6 € (0,1) and the operator —A —
(# + h(x)) is coercive . Consider again a test function n € C$°(€) such that n(z) =1 for x € Qin
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a neighborhood of 0. Since v > % —1, it follows from Proposition 3 that there exists 3 € H}(Q)
such that

-~ My, ($2)
(20) B(z) ~z-0 W7

and the function H(z) := ‘ZT;Q + B(z) satisfies

_AH—(#-F]”L(&E))H:O in 2\ {0}
(21) H>0 inQ)\{0}
H=0 onoN.

Define now

By —B_

ue(z) = n(x)Uc(x) + € 2 B(z) for z € Q\ {0}
It is clear that u. € Hg(Q) for all € > 0. We now estimate Jﬁs}h(ué), where again Jf/z)&h is the
functional on Hg () defined by

Jo (IVal? = (2 + h@)) w?) da

2
u]2* (=) 3% (s)
(fg o dw

Thereafter, the notation “os(1)” will mean limgs_,o lim,_,o 05(1) = 0.

Jf?,s,h(u) =

Step 1: Estimating |, (|Vu5\2 - (# + h(a:)) uf) dx

Letting 0 € (0, dist(0,99)), we start by estimating fQ\Bé(o) (|VUE\2 - (# + h(m)) u?) dx.
First note that

. Ue . =
(22) lim ——5— = H in C7,,(2\ {0}).
€ 2
Therefore,
J; [Vu|> = ( 2z + h(z) ) u?) da
(23) lim 2O ( ; <_B'2 ) i) :/ (|VH|2 - <72 + h(x)> H2> d.
€0 S Q\B;(0) 2|

Integrating by parts and using equation (21) yields

/9\35(0) <VH2 - (|;|2 4 h@)) H2> do = /Q\Bé@ H (AH - (p:'g 4 h(:z:)) H) do

+/ HO,H do
9(Q\B5(0))
(24) = —/ HO,H do.
9B5(0)
Since B4 4+ f— = n — 2, using elliptic estimates, and the definition of H yields
HO,H = B4 |z|72+ 71 — (n— 2)my 1, ()]~ 4 o(jz| =YY as z — 0.

Therefore, plugging this expansion into (23) and (24) yields

(25) ‘/Q\B o (|VUE|2 _ ly—i_h(x)u?) dr = 6’6+_ﬂ’wn71 ((SBerﬁ— + (n — 2)m%h(Q) + 05(1)>

|[?
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€

Take 6 > 0 small enough such that n(z) = 1 for x € Bs(0) C Q. Therefore, uc(z) = Uc(x) +

Bt

e B(z) for z € Bs(0) and then

/BE@ <|Vu62 - (J'Q +h(m)> u2) dz = /Bé(o) <|VU6|2 - (Jz + h(:v)) Uf) dz

12T / (vm%— wh(x)mﬂ) dz
B5(0)

|z[?

+€B+—l3—/ <|v5|2 — Wﬂ2) dr.
B;(0)

|z[?

We now deal with the expression st(O) (|Vu5\2 - (# + h(m)) u2) dx.

Since U, 3 € H}() and U, is explicit, we integrate by parts the first and second term of the
right-hand-side and we neglect the third term to get

/ <|Vu5|2 - <72 T h(z)> u2> dr = / <AUE - 72U> U. da
B5(0) |z| Bs(0) |
+/ U0,U.do — / h(z)Uf dx
aB(;(O) 35(0)

By—B_ ~
+2¢7 2 / —AUc — | —5 +h(z) | Uc | Bdx
B5(0) ||

By—B_
= / B8, U, do + o5(eP+7).
dB;5(0)

(26) +2¢

We estimate the terms of the right-hand-side separately.
Note first that (10) and (19) yield that as e — 0,

/ <ﬂM4—'gm>mdx
B5(0) |]

|
>
S
>
E
8
w

2%(s) 2% ()
Ue dx = X/ v dx
B (0)

|=[*
U2 (s) .
= X/ —dz+0 / || ~F+2 ()= gy
no |z R\ B__1,(0)
2 (s)
(27) = X/ de—!—o(em*ﬁ—).
The explicit expression of U, in (19) yields
(28) / UdyUcdo = —Byw, 16~ B+7B)eP+=P= 4 o5(P+=P-) as e — 0.
8B5(0)
Since v > % — 1, we have that 25 < n and therefore
(29) / h(z)U?dx = O | #+—P- / 2|72+ dx | = o5 (+7F-).
B;(0) B;(0)

Since B4 4+ - =n — 2 < n, we also have that

e / h(z)Upder = O eﬁ+_5‘/ || =P+ || =P~ da
B;(0) B;5(0)
(30) = o5 (#+77).
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It follows from (10) and (19) that

2 (o)1
/ ( AU — — )ﬁdm = X/ eisﬂdx
B5(0) ] | Bs(0) |7l

*

—5_ 2%(s)—1 By —B_
(31) = Xemz1 / Uieﬂfﬂ(ex)dszG =3 )
B, 1,(0)

|z[*

Finally, using the expression (19) of U, and the asymptotics (20) of S, we get that

By—B_ By—B_
/ Bo,Ucdo = € i / B0, |x| =P+ da—l—o(e 2 )
9B5(0) 9B5(0)

Br—B_

B —F_
€ 2 m%h(ﬂ)/ |x\75*81,|x|*5+ dg+0(e 1 )
0B;(0)

Bp—B_ By—B_
(32) =~ T m (@B o).
Plugging together (25), (26), (27), (28), (29), (30), (31) and (32) yields

2*(s)
/ <|Vu62— <2—|—h( )) uf) dx = x Uigdx
Q || ro |Tf

(s)—1
By b Us _
(33) +(n—2 = 281)my n(Qwn_16™ P~ fxe 2z / = Bdx + o(eP+P-).
B;(0)

|z[*
. . w2 ()
Step 2: Estimating [, " dw

From (22) and the definition (19) of U, we have as ¢ — 0 that
2% (s)

2*(s)
/uE —dr = / te . dx + o(eP+7P-)
o |zl Bs(0) |z|

By —B— *
U. 2*(s)
=/ e te =5 d$+0(65+7ﬁ_)
Bs(0)

|z[*

Uz*(s) UE*(S)*l
/ — +2(s)———B| dz
Bs(0) \ 7] Ifcl

U2 (s)—
+/ O(m B- 52+6 EE BB |82 | da + o(eP+P-)
Bs(0)

|[*
*

2% (s) s 2%(s)—1
= / U da + 2% (s)e Py s / Ue B+ o(eP—P-).
—145(0) Bs(0)

ol jz]°

Using the expression of U, we get that

2%(s) U2 (s) B —B_ U2 (s)—
o [ e = do 2T | U e ol ),
Q n Bs(0)

|z[* el |z[*

Therefore, plugging (33) and (34) into Jﬁ n(ue) and using the equation (10) satisfied by U yields

n—2

Jﬂs,h(u ) = JR so(U) (1 B 2wpn—1 (ﬂ—&-( ) — T)m%h(g)gm—,& —|—O(€B+_ﬂ)> )

s s U2 ( )
XfR" |z dx

This readily shows that if h(x) = A, where 0 < A < A1(L), and if m, x(€2) > 0, then JS_  (uc) <

Jﬂlfio(U) = lby,5,0(R™), and therefore p, 5 1(£2) is attained. This completes the proof of Proposition
5. |
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Subsection 4.2: The merely singular case

Proposition 6. Let Q be a smooth bounded domain in R™, n = 3, such that 0 € Q. Assume that
s=0andy <0. If 0 < X < Ai(Ly) is such that the mass R, x() is positive, then iy o(2) is
attained.

Proof: This is by now classical, so we shall sketch a proof. For any zy € Q\ {0}, we let G,, €
C>(Q\ {0}) be the Green’s function for the operator —A — (# + h(m)) at xo with Dirichlet
boundary condition. Since n = 3, then up to multiplying by a constant, we have
[ aIC)
Gy, (2) = o (|x —— + ﬂ(x)) for all x € Q\ {zo},

where 3 € Hj(2) N C%(Q), and there exists R, (2, z0) € R such that

1 1
Gy, (2) <| + R%h(Q,xo)> +0o(1) as ¢ — xg.

:E LE—{,C()|

Note that 5(z9) = Ry,n(z0) is the Robin function at zy.
Set now () := uc(z) + /ef(z) for all z € Q\ {0}, where u, are the functions defined in (11).
Then, classical computations in the spirit of Schoen [26] yield

1
K(n,2)?
If now zg € 2\ {0} and 0 < XA < A;(Ly) are such R, x(zo) > 0, then

Jﬁh(ﬂe) = — 3Ry 1 (Q, x0)e" % 40 (e”_Q) as € — 0.

S () = py,0(R™) — c3Ry A (w0)e+o0(€)  ase— 0.

s

This implies that ji,,0,(€) is attained.

5. BLOW-UP ANALYSIS IN THE TRULY SINGULAR CASE

Let ©Q be a smooth bounded domain of R™, n > 3, such that 0 € € is an interior point. Fix
v < (n —2)?/4 and recall that

fRn (|Vu|2 - #zﬁ) dx ,
fry,s,0(R™) := inf /—; ue DY?(R")\ {0} ¢,

|u|2*(s) 2% (s)
(f e dx

where 0 < s < 2 and 2*(s) := 2(71":25).

Let (aa)aen € C1(Q) be such that there exists ao, € C1(Q) with
. - . 1/
(35) agrfoo (o = Goo In C~(€2).

Consider (Ay)a € (0,+00) such that
(36) lm Ay = py,s,0(R"™).

a—r+00

Suppose (uq)a € HE () is a sequence of weak solutions to

u2*(s)71

—Aug, — (# + aa> Uy = )\QW in O
(37) U >0 a.e. in Q
Uq =0 on Of)
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and such that
(39) uq — 0 as a — +oo weakly in Hy(9).

We shall assume uniform coercivity, that is there exists ¢ > 0 such that

/ <|V<,0|2 - <|;2 + aa> 902) dx > c/ @ dx for all € HY ().
Q Q

Note that this is equivalent to the coercivity of —A — (y|2|72 + as). The two following sections
are devoted to the analysis of the Blow-up behavior of (u,) as @« — +00. The present section deals
mostly with the case {s > 0 or v > 0}, for which there are extremals for p, ,o(R™). The case
{s =0 and v < 0} will be dealt with in the next section. The case s = v = 0 has been extensively
studied in the litterature, see for instance [12,14] and the references therein.

Theorem 4. Let § be a smooth bounded domain of R™, n > 3, such that 0 € § is an interior point.
Fiz v < (n —2)?/4, and assume that either s > 0 or v > 0. Let (an)a € C1 (), (Aa)a € (0,+00)
and (ua)a € HE () such that (35), (36), (37), (38) and (39) hold. Then:

i) If v < % — 1, then ax(0) = 0;

i) If “=22 1 <y < O227 ghenm, (Q) = 0.
In addition, there exists C' > 0 such that

Br(M=B_(7)
2

Mo
40 uo(z) < C or all x € Q\ {0},
(40) @) < C e st 4 e MO

where po — 0 as o — 0 is defined in (44) below.

The rest of this section is devoted to the proof of this theorem. We shall make frequent use of the
following Pohozaev identity.

Proposition 7. Let Q C R"™ be a smooth bounded domain and let v € C%(Q), u > 0. For any
p € R™, we have

; n—2 vy u?" ()
41 /(m—p’@iu—i—u) (—Au—u—c dx
(41) A (z —p) 5 PE e
_ B Vul> 2 @ N L =2
_/69 {(x PaV)< 5 2P 2(s)aff (z —p)Oiu+ 5 U dyu| do

(p, ) ( u? su?"(®) >
+/ e p et )
o = \lz> 2%(s)|z[®

Proof: The classical Pohozaev identity yields

—/ ((x —p)'Osu + o ; 2u> Audx
Q

For any t € [0, 2], integration by parts yields

; n—2 \ u¥®-1
— ), d
f (o 22 o

2% (¢
! (p, @) u? O dz +/ @—pvju” T " do.
25(t) Jo |zt oo 25(t)]z["

Putting together these two equalities yields the general identity claimed in the proposition. O
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To prove Theorem (4), we start by noting that regularity theory and Theorem 8 yield that for any
a, there exists C,, > 0 such that u, € C*?(Q\ {0}), and

C
(42) Ua (T) ~z0 Wiﬁlh) and |Vug (z)| < C x| 7P~ for 2 € Q\ {0}.

Fix 7 € R such that 5
n—
,3_ (")/) <7< T
It follows from (42) that for any a € N, there exists z, € @\ {0} such that

(43) sup |z Tue(z) = 20| ta(Ta)-
zeQ\{0}
We now prove the following proposition, which is valid for any v < (n — 2)2/4.

Proposition 8. Let Q be a smooth bounded domain of R", n > 3, such that 0 € Q is an interior
point. Fiz v < (n —2)2/4, and let (aa)a € CHQ), Na)a € (0,+00) and (un)a € HE(Q) be such
that (35), (36), (37) and (38) hold. Let (xq)a € 2\ {0} be as in (43) and set

(44) fo = ua(xa)_%.
Then,
(45) lim  sup |z|Tuq(x) = +o0,

a—=+00 zeO\ {0}

and therefore limg_, 1 o fiq = 0. In addition,

(46) iy H#0:0)

a—r—+00 Ho

= +4-00.

Proof of Proposition 8: If (45) does not hold, then there exists C' > 0 such that, up to a subsequence,
we have that |2|7uq(z) < C for all z € Q\ {0}. Since 7 < 252, we then have that
2*(s)

(47) lim lim Yo gz =o0.
0—0 a—+o0 Bj;(0) |.’L‘|s

Since (uq) is bounded uniformly in L outside 0, it then follows from (37) and (39) that uo — 0 in
€9 (Q2\ {0}). This limit and (47) yield f, |z|~*u& ) dz — 0 as a — +oo, contradicting (38). This
proves (45).

As a remark, note that when s > 0, the subcriticality 2*(s) < 2* and (39) yield uo — 0 in
Cloc(Q\{0}).

We now prove (46). Assume that d(z,,09Q) = O(ua) as o — 400, the above remark then yields
s = 0. We let x5 := limy— 400 To such that zo, € 0. Since Q is smooth, we let § > 0 and
v € C*(Bs(0),R™) be a smooth diffecomorphism onto its image such that ¢(0) = 2, ¢(Bs(0) N
{z1 < 0}) = ¢(Bs(0)) N Q and ¢(Bs(0) N {z1 = 0}) = ¢(Bs(0)) N 9. Up to a rotation and a
rescaling, we can assume that dpg = Id. Let ((z4)1,7) € (—o0,0) x R"™1 N Bs(0) be such that
o((Xa)1,2,) = xo. In particular, limy—q |(2a)1]| + |24,| = 0. Define

n—2

Ua(7) = pa” ua 0 p((0,2,) + paz) for € {w1 <0} N B,-15,(0).
We then have that

12 < v

“ (0, 25) + paz)
where g, = (¢*Eucl)((0,27,) + paw). We have that dq > 0 on {z1 < 0} N B,,—15/5(0), %o = 0
on {z1 =0} N B,-15,,(0), and o (115 (20)1,0) = 1. Therefore, standard elliptic theory yields the
existence of & € C*({x; < 0}) N D2(R™) such that —Ad = p, 5 o(R™)@% ' and @ > 0 in {2 < 0}

Ay - 7+ aa(pl(0.5) + um)) — a2
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and @ =0 on {x; = 0}. It follows from Theorem 1.3, chapter III in [29] that this is a contradiction.
This proves (46) and ends the proof of Proposition 8. O
In addiction to the hypothesis of Proposition 8, we now assume that either s > 0 or v > 0. We
claim that

(48) lim 7] =c>0.

a—+00 Ma

For that, we first show that
(49) |Ta] = O(1a) as o — +o00.

Indeed, if not we can assume that p_!|x,| — 400 as @ — +oo. By defining i, := u:T U (Tt o),
it follows from our assumption and Proposition 8 that for any R > 0, and for « large enough, 4, is
defined on Br(0) and

; T T
7Aua B 2 + 'U’O/a’a(xﬂ + uaz) U = )\(),75 m BR(O)
e+ x‘ et

It follows from (43) and the assumption that p_!|z,| — +00 as @ — 400, that there exists C(R) > 0
such that 4, < C(R) on Br(0) and that @,(0) = 1. It then follows from standard elliptic theory
that @, — @ in C3(R™) where 0 < @ < 1 and

loc
(50) —AlG = py s o(R")u> "L if s =0 and Ad =0 if s > 0.
By the Sobolev embedding, we have that

(51) / a2 dr = / u? de < / ul da < Cllua g < C,
Br(0) Bryug (¥a) o

where we used the fact that Bg,, (za) C € since (46) holds. Therefore, by first passing to the limit
as a — 400 and then as R — +oo, we get that & € L? (R").

Assuming that s > 0, and since 0 < @ < 1, it follows from (50) and Liouville’s theorem that @ = 1,
contradicting that @ € L%’ (R™). In other words, (49) is proved when s > 0.

Assuming now that s = 0 but v > 0, then by letting o — 400 and R — 400 in (51) and using(38),
we get that [, @?" dz < 1. Equation (50) then yields

. |Vi|? dx e\

fo,0(R™) < fR|—|i = py0(R") (/ a? dx) < py,0(R™).
(fRn u2* dx) 2% n

Since v > 0, it follows from classical estimates (see [17]) that 1y o(R™) < p0,0(R™), yielding again a

contradiction. In other words, (49) is proved when s = 0.

We now prove (48). We argue again by contradiction and assume that z, = o(i) as @ — +o0.
n—2

We define g () := pa® ta(|zo|z) for © € B, |-15(0) and § > 0 small enough. The definition (43)

yields (|za| - [2]) o (|7al?) < |Ta| ua(zq), and therefore |z| i, (z) < 1 for all z € B, |-15(0) \ {0}.

Equation (37) rewrites

2—s ~2%(s)—1
~ 7 2 ~ |5L'o¢| U .
—Ady, — | — al?an (o o= | — ———— in By, |-15(0 0}.
u (|x|2+|93 Paa(lz II))U <ua) o 0 Bieal 5(0)\ {0}

In addition, we have that @, > 0 and @ (|za| '24) = 1. These estimates and standard elliptic
theory then yield the existence of @ € C°°(R™ \ {0}) such that @, — @ in CZ(R™\ {0}) where

loc

—Aa—#ﬂ:OinR"\{O}; @>0; |z[Ta(z) < 1in R™\ {0}.
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The classification of Proposition 11 yields the existence of A, B > 0 such that @(z) = Az|~#+() 4
Blz|78-0) in R™ \ {0}. The pointwise control |z|"@(z) < 1 in R™ \ {0} yields A = B = 0, contra-
dicting @ > 0. This completes the proof of (48).

n—2

We now define v, () := u;z
C?(R™\ {0}) such that

(52) lim Vo = U in Hl loc(Rn) n Cloc(Rn \ {0})

a— 400

For that, we first note that

Ua (o) for z € py 10\ {0}, and claim that there exists U € HJ(2) N

2% (s)—1
—Av, — <|;|2 + Miaa(/‘ax)> Va = Aa Ua|x|s in p 12\ {0}

Moreover, v, > 0 and |z|7v,(z) < C for all x € p;'Q\ {0}. It then follows from standard elliptic

theory that there exists U € C*°(R™ \ {0}), U > 0, such that limg, 400 v = U in Cfof(R” \ {0})
and

U2" (s)—1

|[*

(53) AU — —LU = . 0(R™)

o7 in R™\ {0}.

Since va(pgtz) = 1, it then follows that U # 0, and therefore U > 0. Moreover, we have that

2 2% (s
/ v - dr = lim Yo dr <1.
©0\Bs0) |2 a=oo BM <0)\Baua © P

Therefore, letting R — +o0o and § — 0 yields fRﬂ | ‘5 ! da < 1. Similarly, fRn IrP dxr < 400 and
fRn VU|?dz < +o0. Therefore U € DV2(R"), and by integrating by parts, we obtain that

" f (lVU| - W 2) dx N U2 (s) % N
/’[”Y,S,O(R ) < i 2*2( : = /J’y}s,O(R ) (/ dl’) < /'L’Y,S,O(R )
(e S ) ™ ”
Therefore [, % dx =1 and U € DV?(R") is an extremal for i, 5 o(R").
We now show that

(54) lim wu, = 0in C2.(2\ {0}).

a——+00

Indeed, when s > 0, we have already noted that the result follows from subcriticality. If however
s = 0, it then follows from the convergence to U that

ui*(b')
(55) lim  lim dz
R—+o00 a——400 BR;,LQ (0)\BR*1;L& (O) |,’E|S
2%(s)
= lim lim Yo dzr
R—+o00o a—+00 BR(O)\BR 1(0) |IL"S
2%(s)
= lim L dr =1.

R—+o0 /B (on\B,_.(0) |Z|°

®)
rw‘q dz = 0. We then rewrite (37) as

—Aug = faq in Q\ Bs(0) where limg 0 || falln/2 = 0. It then follows from the classical deGiorgi-

Nash-Moser iterative scheme that (u,) is uniformly bounded in CP (Q\ {0}). Elliptic theory and
(39) then yield the convergence to 0. This proves (54). O

Therefore, for any 6 > 0, we have that limg oo fQ\Bs(O)

We now claim that there exists C' > 0 such that
(56) 2|2 uq(z) < C for all z € Q\ {0} and o € N.
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We argue by contradiction and we let (y4)o € €2\ {0} be such that

(57) sup \x|nT_2ua(x) = |ya\n2;2ua(ya) — 400 as o — +00.
zeQ\{0}

Note that it follows from (42) that (yo)e is well-defined, and from (43), (44), (48) and (54) that

(58) lim y, =0, lim [yl =400 and lim [yal = 400,

a—r+00 a— 400 Ma a—+00 Ve

n—2

where v, := ua(yaf% — 0asa — +o0o0. We define i, (z) = va? ta(Ya+vaz) for z € v;1Q\{0}.
Equation (37) rewrites

~2%(s)—1

. . U . _
(59) —Ally — <|y“1$|2 + V200 (Yo + l/aa:)> Uo = )\am in v;1Q\ {0}.

It follows from the definition (57) that for any R > 0, 4, < 2 in Br(0) for a > 0 large enough. Since
,(0) = 1, elliptic theory yields the existence of & € C%(R") such that @, — @ > 0 in C7 _(R") as
a — +o00. In addition, for all R > 0, we have with Sobolev’s inequality that

/ ﬂi*dxz/ ui*dxg/ui*deC
Br(0) Brug (Ya) Q

and therefore, letting o — 400 and R — 400, we get that & € L? (R"). We now distinguish two
cases:

If s > 0, then passing to the limit in (59), we get that Aa = 0 in R"® and @ > 0 is bounded.
Liouville’s theorem then yields @ = @(0) = 1, contradicting & € L (R™).
If s =0, then it follows from (38) and (55) that

lim  lim u? dx = 0.
R—+o0 a—+00 Q\Brpu,, (0)

It follows from (58) that for o > 0 large enough, then Br,, (yo) N Bry, (0) # 0, and therefore, we

have that limg_, o0 limg 100 fBR (ve) ui* dz = 0, which yields @ = 0, contradicting @(0) = 1. This
proves (56).
We now claim that
n—2
(60) lim  lim sup |2| 77 un(z) = 0.

R—+4o00 a—+0o0 €O\ Bry.,, (0)

We just sketch the proof which is very similar to the proof of (56). Arguing by contradiction and
letting (Ya)a € Q be such that u;'y| — +00 as a — +oo and |ya|%ua(ya) — ¢ > 0. We rescale
at Yo and we get that our hypothesis yields the persistence of some energy outside Bg,,, (0) for R
and « large, which is a contradiction. |

We now prove that for any € > 0 small, there exists C. > 0 such that

By(M=B_() e

(61) to(z) < CE2

W for all = S Q \ BMa(O)

Note first that in view of (56), it is enough to prove (61) in Q \ Bgy,, (0) for R > 0 large.

For that, fix 4" such that v < 7' < %7 and let Q' be a smooth bounded domain of R™ such that
0 cc  is relatively compact in . We extend (aq)q and as on €' such that (35) holds on .
Let G, be the Green’s function on @ at z, of —A — (% + oo + I/), where v > 0 and Dirichlet

boundary condition. Up to taking ' close to v, v small enough and ' close to ), the operator is
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coercive and the Green’s function is well defined on Q' \ {0,2,}. Theorem 6 in Appendix A then
yields a C' > 0 such that for any o € N

max{|za/, 2]}

B-(v) )
. |z — zo|*7" for all z € Q\ {0, 24}
min{[zq|, $|}>

(62) 0< Galz) < C (

Define the operator
uZ* (s)—2
Loi=—A— (7+aa> W

|z[? s
It follows from (48) that there exists Ry > 1 such that |z,| < (R — 1)ps for all @ € N. Tt is easy
to check that for x € Q\ Bg,,, (0),

LaGa (l‘) _ 7/ -7
Ga U |22

It follows from (35) that there exists oy > 0 such that ao(z) — ao(z) > —v/2 for all @ > ap and
all z € Q. For a fixed § > 0, (60) yields R > Ry such that for a > 0 large enough, we have that
uq () < 0lz|~(m=2/2 for x € Q\ Bgy, (0). Therefore, with (36), we get that for z € Q\ Bg,, (0),

L(,Ga 1 / n *(s)—2s
&) > 1o (7 =7~ o (RSO 4 o(1) )

Up to taking 6 > 0 small enough, we then get that LoG4 > 0 in Q\ Bgy, (0). It follows from (52)
and (130) that there exists ¢(R) > 0 such that

n—2

uo () < ¢(R)pa? Golz) for all z € OBg,, (0) and o € N.

ui*(s)ﬂ(a:)

|z[*

1 (too(®) — aa(2)) + ) Y

Therefore, defining h,, := C(R)uon[%2 Go — Uq, we get that Lohy > 0in Q\ Bg,, (0) and by > 0 in

I(Q\Bgp, (0)). Since G4 > 0in Q\ Bg,,, (0) and LG4 > 0, it follows from the comparison principle

of Berestycki-Nirenberg-Varadhan [3] that L, satisfies the comparison principle on  \ Bg,, (Zqa)-

Therefore, u, < c(l’%)u(:%2 Go in Q\ Bgy, (0). With the pointwise control (62), we then get that
B+(w');ﬁ_(w')

ua(z) < C(R)E2

=~ W for aller\BRua(())

Since this is valid for any v’ > v close to 7, with the remark made at the beginning of the proof, we
get (61).
We now claim that there exists C' > 0 such that

BL(N=B_(7)

(63) Ua(z) < CH2 for all = € @\ B, (0).

|$‘B+ ()
Indeed, as argued above, the result holds on Bpg,,, (0) \ By, (0) for any R > 1. In order to establish
(63), we will prove it for any sequence (zq)a € Q such that

(64) lim |zl =

a——+o00 ,U/oc

—+00.

Let G, be the Green’s function of —A — (y|z|™2 + a,) on Q with Dirichlet boundary condition.
Green’s representation formula in Appendix A, and the pointwise control (61) yield

2% (s)—

u (@)
/ Ga(za,x))\aia . dy
Q

|z[*

c (mfm{'z‘“ m|}>ﬁm & — m“L @),
o \ min{|z|, [=|}

U (Za)

IN
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We split 2 into four subdomains. On D; (R) := Bpgy,, (0), we have from (64), (61) and (52) that
— 2*(s)—1
/ <max{|za|,|x}>‘* ) o2 |Hua” () 4.
«
D1 o

min{|za|, [z[} |[®
pe() u?;(S)*l ) BL(M=B_(m
§C|Zoz‘ + / HSTdeC|ZQ| 9 g 2
B, (0) 1

Let D3 o(R) := {Rpua < || < %|24|}, and note that |z — z4| > %[24| for all z € Dy 4(R). Therefore,
taking e > 0 sufficienty small in (61), we have that

_ 2% (s)—1
/ (max{|za|,|x|}>ﬂ Ve penta V@)
D2,o¢

min{|za|, |z[}

SC|Za|—ﬂ+(w>ua75+m£ﬂ‘”)—E><2*<S>—1>/ |5 - ()= =D (E()0) gy
D

2,
By(M—B_()

< e(R)‘Za|_B+(’Y),ua p ,
as a — +o00, where limg_, 1o, §(R) = 0.
Set Ds o 1= {3|za| < |2| < 2|24}, and by using again (61) with € > 0 sufficiently small, we get that

_ 2% (s)—1
/ (max{|za|,|x|})ﬁ W e V@)
D3,o¢

min{|zq |, [z[} jz[*

By (MN=B_(7) *
< CM&%—E)(Q (3)_1)|za|—s—(,6’+('y)—e)(2*(s)—1)/ |z — Za|2—n d
DS,a
By (MN=B_(7) 1% *
(N=B_() (27 (8)=2)—e(27(s)-1)
< Cuf%lzar&r(v) </“L0‘ ’
|2al
Finally, let Dy o := {|z| > 2|24|} N Q. Since |z — 24| > |2|/2, then using (61) with e > 0 sufficiently
small, we get that

_ 2*(s)—1
/ (max{|za|,|x}>5 e penta V)
D4,(x

min{|zq/|, [z[} ||
- C|Za‘_ﬁ_(’y)/jl((lﬁ+('v);ﬁ_(v),g)(Q*(s)—l) / |5 ()2 ()2 (-1 g
Dy,
Br(M=B_(7) ;5% N
V=B (v (2" (s)—2)—€(27(s)-1)
< oﬂaL L )Izal’ﬁ*(”) <|“a ’
< -

Plugging together these estimates yields (63).

Since U is a positive solution to (53) and U € D'2(R"), it follows from the regularity Theorem
8 that there exists C; > 0 such that U(z) ~ Ci|z|7%- as s — 0. Taking the Kelvin transform
U(z) == |x|>~"U(x|z|~2), we get that U € DV2(R") is also a positive solution to (53), and enjoys a
similar behavior at 0. Transforming back yields the existence of C7,Cs > 0 such that

&

Sleloo A @)

(65) U(z) and U(x)

1
0 2B

We now show that there exists H € C?(Q2\ {0}) such that

(66) lim Ya

a——+00 5+(’Y);57(7)

fha

= H in C?_(Q)\ {0}),
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and H is a solution to
_AH - (#+aw)H:O in 0\ {0}

(67) H>0 in 0\ {0}
H=0 on Of).

(=B

Define wq := pa 2 Uq. Equation (37) then rewrites as
ery oy B =B () gy

—Aw, — (iz + aa) W = )\aﬂ((f ()=2) 2 wa, (Z L mQ
63 . el
(68) Wq =0 a.e. in

we =0 on 012,

and (63) yields that w,(z) < C’|x£5+(“’) for all z € 2\ {0} and € N. It then follows from elliptic
theory that there exists H € C?(Q\ {0}) such that lim,— 0 we = H in C7 (2 {0}). Passing to
the limit in (68) yields H > 0 and

—AH — <|7|2+aoo>H:0mQ\{0} and H =0 on 9.
x
Fix z € Q\ {0}. Green’s representation formula, the positivity of G, and a change of variable yields

uQ*(S)fl(y)
wle) = [ Galegpra™ P ay

Q
2% (s)—1

ly[®
> / Ga(x7y)/\auais(y) dy
Bayio (O\Byy (0) 19l

n—22 2*(8)—1
> pa’ / Ga(x,uay)ka—v“(y) " ) dy.
B2(0)\B1(0) ly

The asymptotics (128) in Appendix A yields Gu(z,2) > cu|z|=%~) for all @ € N and all z €
Biz)/2(0). Therefore, we get that for all a € N,

g () > cmujw / wr&(v)M dy
B S
B2(0)\B1 (0) |yl

Passing to the limit as o — 400 and using (52) yields H(z) > 0, which proves our claim in (67).

Let now § > 0 be such that Bs(0) C Q. For any 0 < € < §, the Pohozaev identity (41) with p = 0,
and equation (37) yield

ia‘
(69) —/ (aa + 2 laa) u? de = / B, (z) dz,
B5(0)\B.(0) 2 a(B5(0)\ B. (0))

where

|V |? y u? )\augj(s) , n—2
B = -\ 75 o = - ! (AR Te" 5 UYa a1/ o
o(2) = (x,v) ( 5 e +a 2> " 2 (s)laf ' Ojug + 5 U U

Using the asymptotics (42), we pass to the limit as ¢ — 0 and get

ia
—/ (aa + 2 Zaa) u? do = / B, (x) dz.
B;(0) 2 9B5(0)
The limit (66) yields

(70) lim (B (N =B-() / Bo(x)do
9B5(0)

a—r+00

2 H? , -2
:/ [(m,u) (|VH| — ('y2 + aoo> ) — (m’@iH—&— nH) ayH] do.
2B5(0) 2 2| 2 2
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Assuming now that 4 (v) — S_(y) > 2, we show that

(71) e (0) = 0.
Indeed, note first that in this case, 81 (y) > &. It follows from (63) that

’Laz o
lim lim MSQ/ (aa i “> ode =0
R—+o00 a—0 Bs(0)\Bru, (0) 2

With a change of variable, we get that

‘0 10
/ (aa + 2 ZaO‘) u? dx = ui/ (aa + W) (pax)v? dr.
Biryia 0) 2 Br(0) 2

The limit (52) and the compactness of the embedding H' < L? yields the convergence of v, to U
in L7 (R™). It follows from (65) that U € L?(R™), the two preceding identities therefore yield

lim g2 / (aa + 2 Zad) u? dx = aoo(O)/ U?dzx.
a—0 Bs(0) 2

Plugging this limit in the Pohozaev identity (69) and using the limit above yields that as,(0) =
O(MEL*(W)_[;*(V)_Q) +0(1) as a — 400, and therefore a,(0) = 0.

We now assume that 81 (v) — 8- (v) = 2, and we show again that
(72) oo (0) = 0.
Indeed, assume that a(0) # 0. Without loss of generality, we can suppose that a,(0) > 0. Up to

taking § > 0 smaller and « large, we have that a,(z) + Iiaiga(z) > a°°2(0) for # € Bs(0). It then
follows from (69) and (70) that there exists C' > 0 such that

/ uidmg/ u? dx < Cp? for all @ € N.
BRua (0) B5(0)

With a change of variable, the limit (52), letting & — +o0o and then R — +oo, we get that
U € L?(R"), which is impossible due to (65) and 28, () = n. Therefore a,(0) = 0.

Finally, we show that if 54 (y) — 8—(y) < 2, then
(73) Meya., () =0,

where m. o (?) is the Hardy-singular mass as defined in Proposition 3.
Indeed, since 284 (y) < n, we have that

/ <aa+ xzaiaa>ui de = O / M§+(7)757(7)|$|*25+("/) do
Bs(0) 2 Bs(0)

- 0 (M§+('y)—ﬁ—('y)5n—25+(v)) :

uniformly with respect to o and § > 0. Combining with (70), we get that
H? H? , -2
(74) lim [(x, V) <|V ®_ (72 —l—aoo) ) . (x’@iH-l- nH) 8,,H} do = 0.
6—0 685(0) 2 |$‘ 2 2

Since B4 () — B-(7) < 2, it follows from the definition of the mass that there exists ¢ > 0 such that

B 1 Moy a.. () 1
Hiw)=c (|x|ﬁ+(7) T apm to\pEpm ) w0

Since H solve the equation (12), standard elliptic theory yields that this estimate can be differenti-
ated. Therefore, putting it into (74) yields m. 4. (£2) = 0.

Theorem 4 is a consequence of (71), (72), and (73). O
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6. BrLOwW-UP ANALYSIS IN THE MERELY SINGULAR CASE
In this section, we perform the blow-up analysis in the merely singular case, that is when
s=0and vy <O0.

We let again (aq)aen € CH(Q), aoo € C1(Q), (Aa)a € (0,+00) such that (35) and (36) hold. We let
(Ua)o € HE(2) be a sequence of weak solutions to (37) such that (38) holds. In this case, (37) and
(38) rewrite as:

—Augy + (% - aa> Uo = A2 ~1 in Q
(75) U > 0 a.e. in €}

Uq =0 on 0f)

and
(76) / uw? dr=1.
Q
We suppose that
(77) Uo — 0 as a — 400 weakly in Hj ().

We let ' be a smooth bounded domain of R™ such that Q CC ' is relatively compact in '. We
extend (aq)q and as on € such that (35) holds on €’ and that the operator —A — (v]|z]| ™2 + a0 ) is
coercive on €. This assumption is equivalent to saying that there exists ¢ > 0 such that for « € N
large enough, we have

2 (A 2
0 MA— (2 ba) = ot (4 ('mf Fo) ) i
pEHL()\{0} Jo ©?dx

This section is devoted to the proof of the following result:

>c>0.

Theorem 5. Let (2 be a smooth bounded domain of R", n > 3, such that 0 € 2 is an interior point.
Fiz v < 0 and let (aqg)a € CH(Q), (Aa)a € (0,+00) and (ua)a € HE(Q) be such that (35), (36), (75)

n—2

and (76) hold. We let (To)a € Q and (ia)a € (0,+00) be such that ue(Tq) := SUpq g = fa 2 .
Then limg s 400 To = To € Q, liMy— 400 fto = 0 and

i) If n >4, then xg # 0 and aco(x0) + ﬁ =0;

i) If n =3, then xg € Q\ {0} and Ry o (2, 20) =0 (see (6) for the definition).

In addition, there exists C' > 0 such that

n—2

2
Ua () SC’(Z Ha ) for all z € Q and o € N.
(3 + o — zal?

Before delving into the proof, it is important to note a few observations that are relevant for the case
s =0 and v < 0. First note that in this case S_(y) < 0, and therefore, it follows from (42) that for
any « € N, u,, can be extended continuously at 0 by 0, which means that we can and will consider
Uy € CO(Q2). In the definition (43), we shall take 7 := 0 and therefore, the sequence (x4 ), €  will
be such that

(79) Ua('ra) ‘= sup uoz(x) and Mo = Ug (xoz)_Q/(n_Q)‘
zEQ
It then follows from Proposition 8 that
d(z, 00
(80) lim p, =0and lim d(@a, ) = +o00.
a—+00 a——+0o0 /,[,a

Another remark is that (75) implies

*7 .
—Auy — gty < )\aui Lin Q,
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which means that u, is a subsolution of a nonlinear elliptic inequation with no Hardy potential
term. We shall then be able to perform a blow-up analysis in the spirit of Druet-Hebey-Robert [14]
to obtain a pointwise control of u, by a standard bubble. The conclusion of Theorem 5 will then
follow from classical arguments via the Pohozaev identity and the analysis on the boundary in the
spirit of Druet [12].

Set

Vo () := /L:TUQ(.’EQ + piow) for all 2 € p ' (Q — x4).
Equation (75) and (76) then rewrites

el 2 o1, -,
81 —Avg + | 75 — 150a(Ta + o) | Va = AqV% in ———
=y <| af ~ Vatele i) m
o [

Q—xgq
HPa
We first claim that
(83) T 0
a—+00 ,ua
and
n—2
1 .
(84) liT Vo = U 1= i in C7 .(R™) with / v¥ dr = 1.
a—r—+00 1 + : n

n(n—2)K(n,2)?

Indeed, it follows from (80) that for any R > 0, there exists ag > 0 such that Br(0) C % for
all @ > ap. Since (uq)q is uniformly bounded in H}(f2), then (v,)q is bounded in H} (R™). Up
to extracting a subsequence, there exists v € H, lloc(R") such that v, — v as @ — +o0o weakly in
H} _(R") and strongly in L? (R"). Since

loc loc
—Av,, — piaa(xa + faX)Vy < )\avi**l in Br(0),

and 0 < v, < 1, it follows from DeGiorgi-Nash-Moser iterative scheme (see for instance Theorem
4.1 in Han-Lin [18]), that there exists C' > 0 such that for all @ > ap,

1 = [va(0)| < CllvallL2(s(0))

and therefore, passing to the strong limit in L2, we get that 1 < C|lv|[z2(By(0)), and hence v Z 0.
Since 0 < v, < v4(0) = 1, equation (81) and elliptic theory yields v € C?(R™ \ {f}) and vy — v
in C2 _(R"\ {0 }) with

loc

(85) vt |$_|79| = f1y,50(R")0* 71 in R”\ {6}

where 0, := —limy_ 1 o0 i, ' T4 if this limit is finite. Otherwise 6, := 0o, in which case R™\ {0} :=

R™. In addition, passing to the weak limit in (82) yields

/ v¥ dr = lim v dx < lim lim vi* dr <1.
n R—+o00 Br(0) R—+00 aa—+00 Br(0)

Since fBR(o) Voo |*de = [ (20) |V, |? dz < C uniformy for all R > 0 and « > 0 large enough,

passing to the weak limit yields |[Vuv| € L?(R"). Since v € L? (R"), classical arguments yield that
v € DY2(R™). Multiplying (85) by v and integrating, we obtain

/ |Vol?dz < / |Vo|? + %UQ dz = MW,&O(R”)/ v da.
n Rn |1' — 000| n
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Since v # 0, the Sobolev inequality yields
Jgn [V da:

2
(Jn v dz) >
Since fRn v?" dr <1 and |v| > 0, putting these latest inequalities together yields

> p0,0(R") = gy o(R™).

Hm:ooand/ v dr = 1.

We then get

(86) lim |zal = +4ooand lim v, = v in C? (R™)

a—+00 Ma a—r—+o00

where v € DY2(R™) N C%(R™) is such that

—Av = g o(R")0? ~! in R" ; / v de=1;0<v<v(0)=1.
Then (83) and (84) follow from (86), this latest assertion and the classification of Caffarelli-Gidas-
Spruck [6].

We now claim that there exists C' > 0 such that

n—2

2
(87) Ua(x) < (M) for all @ € N and z € Q.

This estimate is by now standard and is in the spirit of similar results obtained by several authors.
See for instance Druet-Hebey-Robert [14] and the several references therein. When possible, we shall
only sketch an outline to the proof and we refer to these references for details.
Note first that
(88) lim  lim u? dr = 0.

R—+o00 a—+00 \Brug, (Ta)
Indeed, the convergence of (v4)q to v in (84) yields that asymptotically, Br,,, () exhausts almost
all the energy in (76).
Next, we claim that there exists C' > 0 such that

|z —xa|n772ua(m) < C for all o € Nand z € Q.

Indeed, if not we find (yo)a € € that achieve the supremum of the left-hand-side and which go
to +o0 as a — +oo. The same blow-up procedure as above at y, yields that asymptotically,
B, (yo)-2/n-2 (Ya) carries a nonzero mass of u?" dx, contradicting (88), since this ball is disjoint
from Bgy,, (zo) for R and o large.

A similar argument —that we omit— yields that

n—2
89 lim lim sup T — Tl 2 uq(x)=0.
(89) Pl N | | ()
Let now 19 € C*°(R) be such that 0 <79 <1, n9(t) =0 if t <1 and no(t) = 1 if t > 2. We define
Ne(z) 1= no(|z|/€) for x € R™. We claim that there exists € > 0 such that

(90) —A —ne(z)y]z|7? — as — ¢/2 is coercive.

To prove this claim, we shall need the following continuity lemma for the first eigenvalue. Recall
that for any V :  — R measurable such that for some C' > 0, we have |z|?|V(z)| < C for a.e.
x € (Q, the following ratio

Vo2 +Ve?)d
M(A+V) = inf fQ(' d 5 v7) dv
peHL()\{0} Jo @2 dx
is well defined and is finite.
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Lemma 1. Let Q C R™, n > 3, be a smooth bounded domain. Let (Vi) : 2 = R and Voo : Q = R
be measurable functions and let (xy)r € Q be a sequence of points. We assume that

i) limpg 100 Vi(2) = Vo () for a.e. x € Q,

ii) There exists C' > 0 such that |Vi.(z)| < Clx — 2|72 for all k € N and x € Q.
ZZZ) hmk*;Jroo rr, =0¢€ Q.

iv) For some o < (n—2)?/4, there exists § > 0 such that |Vi(z)| < volx — x| =2 for all k € N and

x € Bs(0) C Q.

v) The first eigenvalue A\ (—A + Vi) is achieved for all k € N.

Then
k——+oo
Proof of Lemma 1: We first claim that (A;(—A + Vi) is bounded. Indeed, fix ¢ € H}(Q2) \ {0}
and use the Hardy inequality to write for all k£ € N,
< JolVel® +Vie)de _ [o(IVel® + Clo — oy ¢®) du
Jop?dz N Jo ¥ da

For the lower bound, we have for any ¢ € H}(Q2),

/(|V@\2+Vk<p2)dx = /|Vg0\2dac+/ ngDde—l-/ Viep? da
Q Q B5(0) Q\Bs(0)

A (—A+ V) =M < 400

2 /|V80\2d$—70/ | — x| "2p? da
Q Bs(0)
—40572/ ©* dx
Q\B5(0)
(91) > (1—470/(n—2)2)/ |Vpl|? dsc—4C572/ ©*dx.
Q Q

Since vp < (n — 2)?/4, we then get that A\;(—A + V}) > —4C35~? for large k, which proves the lower
bound.

Up to a subsequence, we can now assume that (A (—A+ V), converges as k — +o00. We now show
that

(92) liminfx\l(—A—FVk) > /\1(—A—|—VOO)

k—4o00
For k € N, we let ¢, € Hj(2) be a minimizer of Ay (—A + V},) such that [, o7 dz = 1. In particular,
(93) —Apk + Vior = M(—A + Vi) gr weakly in H ().

Inequality (91) above yields the boundedness of (¢g)r in HE(€2). Up to a subsequence, we let
o € H}(Q) such that, as k — 400, pr — ¢ weakly in H(2), pr — ¢ strongly in L?(Q) (then
Jo@?dx = 1) and pp(z) = @(z) for a.e. x € Q. Letting k — +o00 in (93), the hypothesis on (V%)
allow us to conclude that

—Ap +Voopr = lim A\ (—A 4 Vi) weakly in Hy(Q).
k—+o00

Since fQ ¢?dz = 1 and we have extracted subsequences, we then get (92).
Finally, we prove the reverse inequality. For € > 0, let ¢ € Hg () be such that
fQ(‘V‘PF + V00302) dx <

AM(—A+ as .
Jo P2 d Sh(-Atax)+e

We have
fQ Vi — Vo |02 dx

Jo@?dx

MEA+TVE) < M (-A+ V) +
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The hypothesis of Lemma 1 allow us to conclude that [, [Vj — Voolp? dz — 0 as k — +o0o. Therefore
limsupy_, oo A1(—A + Vi) < AM(=A+ V) + € for all € > 0. Letting e — 0, we get the reverse
inequality and the conclusion of Lemma 1. ]

We now prove (90). First note that the coercivity property (78) yield
M(=A = y|z|7? = s — ¢/2) > ¢/2.

Define V() := —n(z)7]|2| 72 — oo — ¢/2 for all z € Q and € > 0. Since V. € C°(Q2), the eigenvalue
A1 (—=A+V,) is achieved. It then follows from Lemma 1 that A\;(—A+V.) — A\ (—=A—7|2| 72 — aoo —
c/2) > ¢/2 as € — 0. Therefore, there exists € > 0 such that A\;(—A — ne(x)y|z| 72 — as — ¢/2) > 0.
This proves (90).

Fix now v € (0,1). We claim that there exists C,, R, > 0 such that

v(n—2)

(94) uq(z) < Cl,y:é%z_ 2 — 24| """PO) for all 2 € Q\ Bg, ., (Ta)-

Since the proof is similar to Step 6.3 (p1228) in Ghoussoub-Robert [15], we just give the main
points and leave the details to the reader. We let G be the Green’s function of the operator
—A — ne(x)y|z|7? = an — ¢/2 with Dirichlet boundary condition on . Since z, € Q CC ' for all
a € N, it follows from classical properties of the Green’s function (see for instance [24]) that there
exists ¢; > 0 and 6 > 0 such that

VG (z,24)] S c1
Ge(z,z0) ~ |z — 24

(95) for all z € Bs(z,) C .

and

(96) it >z — 20" 3G (x,14) > ¢ for all @ € Bs(x4) C .
Consider the operator Ly := —A — (v|z| ™2 + aq) — Aqu? 2

VG (, CEoz)|2 + V(1 = 7ne) + v]7yIne

. Straightforward computations yield

LoGl 7% (24,)

= ]_ —
Géiu(xaf) V( V) G6($,$a)2 |1'|2
+¥ + Goo — Qo — VAoso — )\au(z;*Q
VG (z,2,)> c(1—v)
> 1-—
> V) XN + 5

—[laa = aoolloc = Vllacsloc — )\aui*_2.
Writing Q\Bg,,,, (2« ) as a subset of the union of Bs(z4)\Brp, (€) and Q\B;s(z4), and using (89) and
(95), we get that there exists R, > 0 such that LoG! ™" (24, ) > 0in Q\ Bg, . (za). It follows from

—"’;2 —v(n—2)

the convergence (84) and (96) that there exists C,, > 0 such that u, < C,G17" (24, )pia

on 02\ Br,pu, (Ta)). Since Louq = 0, it then follows from the comparison principle of Beresticky-

n=2_(n—2)
2

Nirenberg-Varadhan [3] (with an extra care for the singular point 0) that u, < C, G} (4, )p(:
on Q\ Bg, ., (). This combined with (96), yield (94).
We now prove the pointwise control claimed in (87).

As a preliminary remark, we note that (94) and the convergence (84) yield that for any v € (0, 1),
there exists C,, > 0 such that

"szfu(n72)

Ha
(fhar + |$ - xa'

for all x € Q.

(97) uo(z) < C,

)n—2—u(n—2)
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Letting G,, be the Green’s function for —A — (y|z|~2 + a,) with Dirichlet boundary condition on
Q, we get from (129) that there exists C' > 0 such that

: 18-I
0< Ga(%y) < C (mln“x'v |y|}> |{E _ y‘Q—n < C|CL‘ _ y|2—n
max{|z], |y[}

for all z,y € Q, © # y. Here, we have used that S_(y) < 0 since v < 0. Green’s representation
formula in Appendix A and (97) then yield

/ Golz,y)Aau? 1 (y) dy
Q

MnEZ_V("_Z) 2% -1
C/ |z —y[>" “ dy.
Q (Na + |(,E _ xa|)n72fu(n72)

By estimating this integral as in [15], one gets the pointwise control (87).

IN

Now assume that lim, 100 o = 0, and let r,, := |2,]. We claim that there exists x > 0 such that
n—2
(98) lim %ua(rax) =xGo (z) forallzeR"\{0,0},
a—0 5
where 0o, = limgy—y oo ‘i—z‘ Moreover, this convergence holds in C?_(R™ \ {0,0}). Here, Go__

satisfies properties (i) to (iv) of Theorem 7.
Indeed, our assumptions and (83) yield that

T

lim r, =0and lim = 4-o00.
a—+00 a—r 400 /j,a
Define for o € N, the functions
rn72
(99) o (2) = 25 ua(rez) forae L.
Ha®

It follows from (75) and the pointwise control (87) that

2
« * Q
— A, + (m - riaa(ra:r)> Gy = Mg (,u> &i -1 i —,
T

and
(100) 0 < @i (2) < Clz — 042" with 0, = —2.

|Zal

Elliptic theory yields the existence of @ € C2(R™ \ {0, 0 }) such that

(101) o — @ in C3,(R™\ {0,0u0})
(102) — Al + ||;||2u =0in R™\ {0,600}
(103) 0 <a(z) <Clr— 0>

We are now aiming for a more precise control of @. For that, we consider G, the Green’s function
for —A — (v|z|™2 + an) in © with Dirichlet boundary condition. For z € R™\ {0}, we have for all
aeN,

(104) Ua(raz) = /Q Ga(ram, y)Aaul ~(y) dy.
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Since B_(7) < 0, the estimate (129) yields

n+2
~ TZ_Q min ro|, [y [B— (] . Lo 3
io(r) < C H/ <{||||}> Iraz — y|? (22> dy
paT JBro) \max{|razl, [y[} pa + [y — zal
TZ_Q TZ_Q
< = Fo(z,y)dy + C—1= Fo(z,y)dy,
ta? YD e JDZ

where
n+2

. [B8- (V)] =
MmNy 7o}, |Y —n Mo
Fua,y) = (“"'}) Irac - yP () ,

max{|7"ax|,|y|} Mi + |y_xa‘2

D} := Bg(0)N {|7‘ax—y > M} and D2 := Br(0)N {|7‘a$—y < M}

2 2

We estimate these two integrals separately. With a change of variable y = x4 + paz, we get that

n+2
n—2 +
"o
n—2
2 D

R [B— ()]
min{|z], |0 + 2=2]} !
Fo(,y) dy < o — 0" / ro () dy.
. 5,y 0) \ TR, o T 2221} T P

It follows from Lebesgue’s convergence theorem that

1
@

n—2 ; 10\ 18-
(105) lim sup —&— / Fo(z,y)dy < Clo — 00" (mm{|x}>
aztoo T /D2 max{|z|,1}
For the second integral, we use that |y — xo| > [ro@ — 24|/2 for all y € D? to write
Tn72
(106) s [ Fawdy
Ha® Dg

< Loy g e (min“x'"z'})mm o — 2P dz
T Be, (0) \max{|z|, 2|} ’

for some C, > 0. Putting together (105) and (106) and letting oo — 400 yields

min{|z|,1}

(107) i(z) < Cla = foo* ™" (mx{m}

[B— ()]
) for all x € R"™ \ {0, 0}
We now prove a local reverse inequality. Since G, > 0, Green’s representation (104), the lower
bound (130), the limit lim,— 40 o = 0 and a change of variable yield

rn72

da(e) > To /B L Galraz el )y

2

Mo

n—2 : [B— ()]
i | (m“{'x'y'}) ra — yP a2 " (y) dy
pa® B (o) \max{|raz], [y}

. 1B— (I
s of | (mnllarhiea itV e
B (0) \max{|7az], 2o + paz|}

Y

Since o = 0(rq) as a — 400, then, for z € R™ \ {0,0}, as o« — 400, we get that

. min{|z|, 1} 18— (I .
1 > _ = — " for all R™ .
(108) u(x) > ¢ (max{|:r|, 1}> |z — O] or all z € R™" \ {0,000}

In particular, around ., # 0, @ is controled from above and below by | - —f.|[*>~™. It then follows
from equation (102) and the classical classification of singular solutions of elliptic equations that
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there exists x > 0 such that @(z) ~z—o_ = 4"@79 7=z. Integrating by parts, it follows from
the pointwise control (107) and the equation (102) that

Xp(0so) = / u(x) (—Agp — |;|2g0> dx for all p € C°(R™).

The uniqueness result of Theorem 7 then yields that @ = x - Gy . This complete the proof of (98).
Next, we show that
(109) lim x4, =9 #0.

a— 400

Indeed, otherwise we can assume that r, := |z,] — 0 as a — 400, so that (98) applies. We define
Uq as in (99). For ¢ € (0,1), the Pohozaev identity (41) applied on Bs,_ (2,) CC Q\ {0} with
p := x, and combined with (75) yield

_ / (’7 ($7x4a) T ag + ( —za) aiaoz> 'Uti de
B (%) || 2
[Vua|® g “i /\a“g:
= — - —5 = — d
/BB(;TQ(IQ)(:E Tas V) < 2 || taa )5 o o
, )
—/ ((ac — o) Oiug + nua> O, g do
aBéra (m(’) 2
n—2 ~ |2 ~2
= </“La> / (x — 04, V) <Vua| - (72 +riaa(rax)> ua> do
T 9Bs(6.) 2 || 2
n ~2*
_ <Na) / (& — 60, 0) 20 g
Ta 9Bs(0.) 2

n—2
. _9
(110) _ <““) / ((x 0,000 + " aa> B, do.
Ta 9B5(0a) 2

where 0, is defined in (100). In particular |6,| = 1.

We first assume that n > 4. The convergence (101) of 4, and 0 < 1 yield

9. n—2
(111) / (7 @:%0) | 44 E=Te)0itn ala‘“) u2dr =0 (“‘“)
Béru (J;a) |Z'| 2 TO‘

The change of variable x = z, + oy yield

— 9.
(112) / (’Y (.Z‘, l‘f) +a, + w) ui dx
BJTQ (xa) |II}'| 2

Tg‘ Béra/p,a (O) |0(X + I’L(XTgly|4

+ riaa(xa + uay)) vi dx.

e 2 ol 9iaa(Ta + pay) V2 da

a JBsry /1q (0) 2

Since v, (2) < C(1+ |z|?)~1="/2 from (87), and when n > 5, Lebesgue’s convergence theorem yields

T, Lo T — xq)' 0504 u?
(113) / (7( |x4) +aa+(2)) u? dx = (7/ u2dx+o(1)> =
Bsr,, (za) n

as o — +o00. Hence v # 0, (111) and (113) yield

n—4
1:0('%‘) as a — 400,

Ta
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which is a contradiction.
Now if n = 4, we use that |y| > 0, (111) and (112) to get that there exists C' > 0 such that for any
R > 0, we have that

/ v2 dx < C for all a.

Br(0)

Letting v — +o0 and then R — 400 yields [,, v* dz < 400, a contradiction with (84) that settles
the case n = 4.

We now deal with the case n = 3. With the pointwise control (98), we have that

(x,a:a) (iL’ - xa)iaiaoz> 2
~y +aq + —F—— | uZ dx
/Bm(za) < |z |* 2 “

§Cr;2/ ( )ua|zfxa|72dx§C5M—a
Bsro (Ta

[e3

Plugging this inequality in (110), using the convergence (101) and letting ov — +oo yield that the
expression

(114)

VGo |2 163 . _
- 0007 = — =) — _ 900 [ ; ,
/835(900) [(x V) < 2 2[[? (z ) 0:;Go., + 5 Gy, ) 0,Go.,

is O(8) as 6 — 0. Since n = 3, there exists 85 € C?(R" \ {0}) such that
1
Gon(7) = o0

Letting § — 0 in (114), classical computations then yield
(115) Bo.. () = 0.

We shall give an integral expression for [y . Since n = 3, it follows from the pointwise control
(150) and from the definition that By € D%?(R") and is controled at oo by = + |z|~!. Since
—ABo, — || 2B, = —|z| 72|z — 0|1 /47, integrating by parts yields

_ 7 Gr (y)
=5 =

for all z € R™. Since v < 0, we then get that S > 0, contradicting (115). This proves (109) also
when n = 3.

do

+ Bo_ (z) for all z € R™ \ {0,060}

We now show that
(116) If 29 € 99, then n > 4 and oo (79) = 0, Where (oo = a0 + 7| - |72
Indeed, let U,V C R"™ be open sets such that 0 € U, zg € V and ¢ : U — V a smooth diffeomorphism
such that
0(0) =0 ; (UNR") =¢U)NQ and p(U NIR") = p(U) N IN.
Up to a rotation, we can assume that the differential of ¢ at 0 is dpg = Idgn. Let (2q1,%q) €

UNR™ = UnN((—00,0) x R"!) be such that x4 = @(xa1,Za). In particular, we have that
d(xq,00) = (14 0(1))|za,1| a8 & = +00. Set dy 1= |Tq,1| = —Za,1, and then zo € Q and (46) yield

(117) lim da =+4ooand lim d, =0.
a—+-o00 e a——+00
Let
dn—2 U—-(0,z,)) NR™
U () := —Z2—uq 0 p((0,Z) + dox) forxz € ( ( ; ) ,
2 o

s
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and for convenience, define for each o € N, the function

4o (2) == an(x) +y|z|™? for x € Q\ {0}.
Equation (75) rewrites

2 0a "
— Ay i — g 0 9((0, To) + dow)iia = (7&) a2 -1 gp W=(0.7a))NRY

de [e4 (%Q
ﬂ/a — 0 n (U*(O,:l;(:))maR_ .
Moreover, the pointwise control (87) reads
2—n _
als U - (0, NnR"
U(r) < Cla — (#a.1,0) Cél 0 for z € ( ( ;a)) .

It then follows from classical elliptic theory that there exists @ € C2(R™ \ {(—1,0)}) such that

lim g =@ in C2,(R™ \ {(~1,0)})

a—r+00
i =0 BT\ {(~1,0)} ; Gjpze =0
0 <a(z) <Clr—(—1,0)> " for all z € R™ \ {(~1,0)}
By reflecting @ along the hyperplane {z; = 0}, we get a harmonic function on R™\ {(£1,0)}, which

is nonnegative for x7 < 0, nonpositive for 21 > 0, and vanishing for 1 = 0. Therefore, there exists
¢ > 0 such that

i(z) =c(lz — (-1,0)>" — |z — (1,0)]>™") for all z € R” \ {(~1,0)}.
A proof that is similar to the one for (108) and using the pointwise control of the Green’s function

in Robert [24] —and that we omit it here— gives that ¢ > 0. Fix now 0 < § < 1 and define

dn72
Uo () := ’2“17%2%4(:100Z + doz) for z € Bs(0).
Mo

It follows from the convergence result above that

(118) lim G, =G :=c| - |*" + ¢ in C2,(Bs(0)\ {0}),

a—r 400

2,0)|>7" for all z € Bs(0). We now use the Pohozaev identity (41) on
and an integration by parts, to obtain

where ¢(x) = —clx — (
Bsa, (z4), equation (75)

119 _ da+m w2 dz
(119) o
Béda(mu) 2
Vuol2 a2 Aul
:/ (x —p,v) [Vtta _ Gola _ (ﬂia do.
9Bsa,, (o) 2 2 2

—/ <($ —p)'diuq + -
OBsda, (Ta)

Taking p := x, in this identity yields

—/ (&a + 7@ ) aiao‘) ui dx
B ,
Bsag (Ta)

Vo> aau?  Aqu? ) ( , n—2 ) ]
= T — To,V — < ) — | (x — x0) Ojuq + Uy | Optig | do.
/635da(m0) |:( ) ( 2 2 2 ( ) 2

2
ua> O, uy do.
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With the change of variable © = x, + poy in the first integral, and x = x4, + dnz in the second
integral, we get that

o iaiAoz a a
—ui/ (da(rca+ﬂay)+ﬂ L y)>“§dw
Bzt @ 2

n—2 ~ ~ ~ A%
_ (,ua> / (20) (|Vua|2 ~ d2ao (2o + doz)i2 3 )\ap*tigi > o
da, &B5(0) 2 2 2%d2

n—2
, —9
_ (”") / (z@iaa + ”aa> 8, iy do.
da, 2B5(0) 2

Fix i € {1,...,n} and differentiate (119) with respect to the i** variable p; to obtain

_/ (&'@x) u? dx = / v; (|Vua2 _ aaug _ Aaui*) do
Bsag, (za) 2 “ 9Bsdy (Ta) 2 2 2*

— / &-ua&,ua do.
0Bsa, (Ta)

Performing the same changes of variables as above yields

n—2
—d! <’“L‘*> / Bitia Dy it dor.
do 9B5(0)

With the convergence (118) of 4, and an explicit computation, we get that

(120) i [ it (e + o)V d
Bzt (0
aMo
n—2 a2 2 A ) 2 52"
=47 (“0‘) / ” <V“a| _ dada(Ta + da2)ly /\a/iaga ) o
da 2B5(0) 2 2 2*d2

a—+00

2 2 2%d2

~12 _
/ [(z, V)ﬂ — (ziaﬂl + 211) 8yﬂ} do
9B5(0) 2 2

_ (=2 _22)2%5(0) = —(n—2)%2"""¢.

Indeed, the limit is independent of § since ¢ is harmonic. Similarly,

lim |:Vi <|Vﬁa|2 - Galoltn 0ol _ Aauigg) - aiaaayaa} do
a—+00 335(0) 2 2 Z*da
~12
9B5(0) 2

= (n—2)cw,_10;¢(0) = —2'""(n — 2)202wn_16i,1.

We now divide the analysis in three cases.

Case 1: n > 5. Since v, < C(1 + |2[2)'="/2 from (87), and v, — v in CZ(R™), then Lebesgue’s
theorem applied to the identities above yields

(122) 12 (&Oo(xo) / v?dz + 0(1)> - (Zz)n_z ((n—2)2"""¢ + 0(1))

Aoc 2 d2 Aa «@ da 02 )\a 242 i -2
lin ) (gl - afole £ 2ebiade ) - (00, + 25 20 ) 00t o
9B5(0) 2
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and, with 7 = 1,

(123) 75 (81&00(:50) / v? dx + 0(1)) =d;} (gz)nz (2" (n = 2)2cPwn_1 + o(1))

In particular, we get that G.o(z¢) = 0.

Case 2: n = 4. Arguing as in the case n > 5, we get that

2 (x 2 _ lLaZ. n—92)291-ne2 1
i <<aw<xo>+o<1>> Ml(@)vadxw(l))—(da) (0~ 222" 4 o(1)

Béda

and for i =1,

5 ((61&00(z0) + 0(1))/3 v2 dx + O(l)) =d;! <,ua> ~(2'7"(n - 2)2Pwn_1 +o(1)) .

da

Sdepn (0)

Since f]R,,L v?dz = +00 when n = 4, here again, we get that Go.(zg) = 0.

Case 3: n = 3. Here we need to show that zo ¢ 0. Indeed, the uniform control v, < C(1 +
|22)1="/2] the estimates (120) and (121) yield O(uads) = e (=(n—2)*2"7"c?*) and therefore
1 = O(d?), contradicting (117).

The proof of (116) is complete.

Assume now that n > 4 and zo € , set for convenience a, (7) := aq(r) + v|z|~2. Performing the
Pohozaev identity (41) on Bs(x,,) assuming that Bas(z,) C 2, we get that

— Lo iaiAa
(124) _ / ( + <>) W2 da
B&(xoz) 2
9Bs(ze) o 2 D) 2

, —9
—/ ((:E — 24) Oiig + nua> O, uq do.
0Bs(za) 2

n—2
The pointwise control (87) and elliptic theory yield uq(x) + |Vua(2)| < Cua® for x € 0Bs(xy),
and therefore as a — 400,

/ (da + wa)aﬂa) W2 dz = O(u"2).
Bs(za) 2

Arguing as in the cases n > 5 and n = 4 in the proof of (122) and (123) above, we then get that

oo (70) = oo (w0) +7|z0| 72 = 0.

Finally, assume that n = 3. It follows from the above that x¢p # 0 and xg &€ 9. Therefore (dy)
converges t0 oo in C'(Bas(xg)) for some small § > 0. Passing to the limit as « — +o00 and § — 0
in (124) above, and performing standard computations (see for instance Druet [12]), we get that
the mass of the operator —A — (ax + 7|z|™?) vanishes at zy. In other words, R, .. (7o) = 0. This
completes the proof of Theorem 5.

7. PROOF OF THEOREM 3
Again, we start with the truly singular case and prove the following.
Proposition 9. Let Q be a smooth bounded domain in R™ (n > 3) such that 0 € Q. Assume that

either s > 0 or vy > 0. If@—l<’y<w, then

(1) X*(©) > 0. '
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(2) Moreover, if jiy s 2= () is not achieved, then m, x«(Q) =0, and
N (©) = sup{; my () < 0},

Proof: For A > \*, the infimum is achieved, and therefore, there exists uy € H () such that

u2*(s)—1 .
—Auy — (# + )\) uy = M%S’)\(Q) AMS inQ
" ux 20 a.e. in
ur =0 on 0N
and
2%(s)
(126) / w
o |zl

As one checks, (u))xsx+ is bounded in H}(Q), and therefore, up to extracting a sub-family, it has a
weak limit uy~ as A = A*. If uy- # 0, then classical arguments yield it is a minimizer for p., s - (2).
Suppose now A* = 0, this means that uy- is a minimizer for fiy0(2) = py,50(R™), which is
impossible since uy~ has compact support, hence uy~ = 0. It then follows from Theorem 4 that
Moy a+ () = mo 0(2) = 0. To get to a contradiction, we shall now prove that m, ¢(2) < 0. Indeed, let
H € C?(Q\{0}) be as in Proposition 3 for h = 0. It follows from the definition of H and the expansion
(14) that x — H'(x) := H(z) — |z| %+ € HF(Q) N C%(Q\ {0}), it satisfies —~AH' — y|z|"2H' =0
in Q\ {0} and H'(z) < 0 for z € Q. It then follows from the comparison principle that H < 0 in
Q\{0}. Therefore, the expression (14) yields that ¢ < 0, and therefore m~ (2) < 0. A contradiction
that yields that A* > 0.

We now show (2) under the hypothesis that jiy s x«(€) is not achieved. Indeed, under such an
assumption, the weak limit uy~ as A — A* is necessarily identically zero. It then follows from
Theorem 4 that m, x+(Q) = 0.

Finally, let A := sup{)\; m. A(€2) < 0}, and note that if A > X, then m., A(€2) > 0 and 51+ () is
achieved in view of Theorem 6, which means that A > \*. In other words, A > A*. On the other
hand, from the strict monotonicity of the mass, if A > A\*, then m., 5(€2) > m, »«(Q) = 0, which is
a contradiction, hence A = A\*. 0.

An identical proof that uses Theorem 5 as opposed to Theorem 4, and the mass R, x(£2) as opposed
to m4 A(2) gives the analogous result in the merely singular case. Note that in this case, the
argument of Druet [12] yields that 1,0 x+(€2) is not achieved for n = 3, and therefore this hypothesis
is readily satisfied. In summary, we have shown the following result.

A

Proposition 10. Assumen =3, s =0 and v < 0. Then
A*(Q2) = sup{A; R, A () <0} > 0.

APPENDIX A: GREEN’S FUNCTION FOR —A — v|z|~2 — h(z) ON A BOUNDED DOMAIN

Theorem 6. Let Q be a smooth bounded domain of R™ such that 0 € Q is an interior point. We
fiz vy < %. We let h € C%%(Q) be such that —A — ~|z|~2 — h is coercive. Then there exists
G:(Q\ {02\ {(z,2)/z € Q\ {0}} = R such that for all p € 2\ {0},

(i) For any p € Q\ {0}, G, :=G(p,") € HX(Q\ Bs(p)) for all 6 >0, G, € C*?(Q\ {0,p})

(ii) For all f € Lt () NLE (Q—{0}), p>n/2, and all ¢ € H(Y) such that

loc
—Ap — <Z|2+h(93))¢=f in Q5 @oo =0,
then we have that
(127) ¢(p) = / G(p,z)f(x) dx
Q

In addition, G > 0 is unique and
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(iii) For all p € Q\ {0}, there exists co(p) > 0 such that

co(p) 1

128 Gp(@) ~om0 o5y and Gp(x) ~
( ) p(-r) 20 “/I;|B—(’Y) an p(I) T—p (n_2)wn71|w_p|n—2

(iv) There exists ¢ > 0 such that

B-(v)
(129) 0<Gyfa) < o (B ALY T e g0,

(v) For all w € Q, there exists c¢(w) > 0 such that

max{lpl, o)\
(130) c(w) <min{p|, R ) |z — p| < Gp(z) for all p,x € w\ {0}.

Proof: Fix 8y > 0 such that Bj,(0) C Q. We let n.(z) := 7(e~!|z|) for all z € R™ and € > 0, where
71 € C*°(R) is nondecreasing and such that 7(¢) = 0 for t < 1 and #j(¢t) = 1 for ¢ > 1. Set

L= —A— @72 + h(@) .

It follows from Lemma 1 and the coercivity of —A — (y|z|~2 + h) that there exists ¢g > 0 and ¢ > 0
such that such that for all ¢ € H(Q2) and € € (0, ),

/Q (|V802 - (m; + h(x)) @2) dx > C/Q<p2 de.

As a consequence, there exists ¢ > 0 such that for all ¢ € H}(Q2) and € € (0, ¢),

(131) [ (1962 = (L 4+ 1a)) ¢2) o = el

Let G > 0 be the Green’s function of —A — (yn¢|z|~2 + h) on Q with Dirichlet boundary condition.
The existence follows from the coercivity and the C%? regularity of the potential for any e > 0.

Step 1: Integral bounds for G.. We claim that for all § > 0 and 1 < ¢ < -5 and ¢’ € (0,9),
there exists C(d,q) > 0 and C(9,¢") > 0 such that

(132) [Ge(z;)llLe) < C(0,q) and [|Ge(z, -)|| < (6,9

L2 (O\By (@) —
for all x € Q, |x| > 4.
Indeed, fix f € C°(Q2) and let ¢, € C%?(Q) be the solution to the boundary value problem

_ _ (e _ :
(133) Lepe = —Ape <‘$|2 + h(x)> pe=f inQ
pe =0 on 02

Multiplying the equation by ¢, integrating by parts on 2, using (131) and Holder’s inequality, we
get that

| 1veids <Ol
Q

where C' > 0 is independent of €, f and .. The Sobolev inequality [|¢]| 2. < C|IVepll2 for ¢ € HE(Q)
then yields

.2
Pell ;225

[@ell 22, < CI| f]] 22

n+2

where C > 0 is independent of €, f and ..
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Fix p > n/2 and § € (0,d0) and 1,02 > 0 such that d; + d2 < d, and = € Q such that |z| > §. It
follows from standard elliptic theory that

lpe(@)] < lellcoss, @)

A

< C (H%Hm* (Bs, 45, () T ||fHLP(B51+52(a:)))

€ (111, 21y gy + 1117501250 )

where C' > 0 depends on p, d, 1,02, v and ||h||o. Therefore, Green’s representation formula yields

.m4<cow

for all f € C(Q). It follows from (134) that

IN

(134)

L7 @) ||f||LP(le+52<z>>>

) f dy

<C-fllzee)

for all f € C°(Q) where p > n/2. It then follows from duality arguments that for any ¢ €
(1,n/(n —2)) and any § > 0, there exists C(d,q) > 0 such that [|Gc(z,-)| L) < C(4,q) for all
e <eoand z € Q\ B;s(0).

Let ¢’ € (0,6) and 81,2 > 0 such that §; + d2 < ¢’. We get from (134) that

(135)

fdy‘ < CHf”Lm(Q\B ()

for all f € C2(Q\ Bys(x)). Here again, a duality argument yields (132), which proves the claim in
Step 1.

Step 2: Convergence of G.. Fix z € Q\ {0}. For 0 < € < ¢, since Gc(x,), Ge(z,-) are C?
outside z, we have

~A(Gu) = Gl - (25 +1) Gulo) — Gl ) = )G o

|- 12
in the strong sense. The coercivity (131) then yields
Ge(r,") > G (x,-) for 0 < e <€ if y >0,

and the reverse inequality if v < 0. It then follows from the integral bound (132) and elliptic
regularity that there exists G(z,-) € C*?(Q\ {0,z}) such that

lim Ge(x,) = G(x,) in Co(Q = {0,2}).

In particular, G is symmetric and

(136) ~AG(z,") — (||2 + h) G(z,) = 0in Q\ {0,2}.

Moreover, passing to the limit € — 0 in (132) and using elliptic regularity, we get that for all § > 0,
s and 0’ € (0,9), there exist C'(4,q) > 0 and C(d,0") > 0 such that for all z € Q, |z| > 4,

(137) IG(@, )l La@) < C(6,9) and [|G(z, ) < C(6,0").

L2 (Q\By (2))
Moreover, for any f € LP(Q), p > n/2, let ¢, € 02(7) be such that (133) holds, and fix z € Q\ {0}.
Passing to the limit ¢ — 0 in the Green identity . (z fQ ) f dy yields

(138) o(x) = /QG(:E, ) f dy for all z € Q\ {0}
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where ¢ € H}(Q) N CO(Q )\ {0}) is the only weak solution to
—Ap — (ﬁ + h(m)) pe=f nQ
=0 on 0f)
In particular, the strong comparision principle yields G(z,-) > 0 for z € Q \ {0}.

Step 3: Upper bound for G(z,y) when one variable is far from 0.
It follows from (136), elliptic theory and (137) that for any § > 0, there exists C'(§) > 0 such that

(139) 0 < G(z,y) < C() for z,y € Q such that |z| > 4, |y| > 9, |z —y| > 4.
We claim that for any ¢ > 0, there exists C(d) > 0 such that
(140) 0< |z —y|" ?G(x,y) < C(6) for z,y € Q such that |z| > § and |y| > 4.

Indeed, with no loss of generality, we can assume that § € (0,dp). Define now Qs := Q\ Bs/2(0),
and fix € Q such that |z| > 0. Let H, be the Green’s function for —A — (i + h(m)) in Qs with

[[?

Dirichlet boundary condition. Classical estimates (see [24]) yield the existence of C(d) > 0 such that
|z — y|""2H,(y) < C(6) for all z,y € Q5. It is easy to check that

“A(G, — H,) — (ﬁ + h) (G — H,) =0 weakly in Qs
G,—H,=0 on 0f2
Gz - Hz = Gm on 8B5/2(0)

Regularity theory then yields that G, — H, € C*%(Qs). It follows from (139) that G, is bounded
by a constant depending only on ¢ on dBs/5(0) for || > ¢. The comparison principle then yields
|G (y) — H.(y)| < C(0) for y € Q5 and |z| > §. The above bound for H, and (139) then yields
(140).

We now claim that for any 0 < ¢’ < §, there exists C(9,d’) > 0 such that

(141) 0 < |y|P-DG(x,y) < C(5,8) for x,y € Q such that |z| > & > & > |y| > 0.

Indeed, fix §; < § and use (139) to deduce that G, (y) < C(4, 1) for all x € Q\Bs(0) and y € 9Bs, (0).
Since §; < |z|, we have that

E
0< G, <C(5,8) on Bj, (0).

It follows from (162) below that for d; > 0 small enough, there exists ug_ € H7(Bjs, (0)) such that
c1 < |2|P-Oug (2) < ey for all 2 € By, (0), and

{ ~AG, — (2 + 1) Ga =0 in H3(By, (0))

g .
—Aug  — <|x|2 + h> ug_ >0 in H}(Bs, (0)).

Therefore, there exists C(4,d’) > 0 such that G,(z) < C(§,0" )ug_(z) for all z € 9Bs,(0). It
then follows from the comparison principle that G,(y) < C(6,0")us_(y) for all y € Bs, (0) \ {0}.
Combining this with (139), we obtain (141).

Note that by symmetry, we also get that for any 0 < 6’ < ¢, there exists C(d,¢’) > 0 such that

(142) |z~ G (2, y) < C(5,0") for z,y € Q such that |y| > & > &' > |z| > 0.
Step 4: Upper bound for G(z,y) when both variables approach 0.

We claim first that for all ¢q, ¢a, 5 > 0, there exists C(cq, ¢, c3) > 0 such that for =,y € Q such that
alz| < |yl < co|z] and |z — y| > cs|z|, we have

(143) |17 - y|n72G(Ia y) < 0(61762703)'
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Indeed, fix x € Bs,/2(0) \ {0} € @\ {0}, and define

x
H(z) := G.(|z|z) for z € Bs,/|2(0) \ {0, |a:|} )
so that
v 2 — 0 x

—AH — <|z|2 + || h(|a:|z)> H =0in Bs, /4 (0)\ {O7 CU|} .
Since H > 0, it follows from the Harnack inequality that for all R > 0 large enough and « > 0 small
enough, there exist 61 > 0 and C > 0 independent of |z| < §; such that

H(z) <CH(Z') for all 2,2 € Br(0)\ (BQ(O) U Ba (é)) :
which rewrites as:
(144) Ga(y) < CG,(y') for all y,y' € Bpjy(0) \ (Bajz|(0) U By () .
Let ug, be a sub-solution to (163). In particular, for [z| < d2 small, there exists C' > 0 such that

Ga(2) > c|x)P+O) < inf Gm> ug, (z) for all z € BR|4(0).

9Br||(0)

Since —AG, — (v]-|72+ h)G, = 0 outside 0, it follows from coercivity and the comparison principle

that

Go(2) > ||+ <aBlin|1f|(0) GZ> ug, (z) for all z € Q\ B4 (0).

Fix zp € Q\ {0}. Then for é3 small enough, it follows from (142) and the Harnack inequality (144)
that there exists C' > 0 independent of x such that
Gw(y) < C|x|_ﬂ+(’}/)_ﬁ7(7) for all Yy e BR\I|(0) \ (Ba\:c|(0) U Ba\z|(x))

Taking o > 0 small enough and R > 0 large enough, we then get (143) for || < d3. The general
case for arbitrary z € Q\ {0} then follows from (140). This prove (143).
Next we claim that for all ¢1,ce > 0, there exists C(cq, ) > 0 such that
(145) |z — y|"2G(x,y) < C(c1,c2) for x,y € Q such that ¢;|z| < |y| < ca||.
For that, we fix x € Bs,/2(0) \ {0} and set
H(z) = |2|"?Ga(z + |z|2) for all z € By,5(0) \ {0}.

We have that H € C?(B;,2(0) \ {0}) and satisfies

% + |2*h(z + |z|2) | H = 6y weakly in By 2(0).

x_
B +Z’

—AH —

We now argue as in the proof of (140). From (143), we have that |H(z)] < C for all z €
0B12(0) where C is independent of x € By, /2(0) \ {0}. Let I'o be the Green’s function of

- 11 e + |z|2h(z + x|z)) at 0 on Bj/(0) with Dirichlet boundary condition. Therefore,
m z

H-Ty € C*B,; /2(0)) and, via the comparison principle, it is bounded by its supremum on the bound-

ary. Therefore |z|""2H(z) < C for all By/5(0)\ {0} where C is independent of @ € By, /2(0) \ {0}.

Scaling back and using (143), we get (145) for x € Bs,/2(0) \ {0}. The general case is a consequence

of (140). This ends the proof of (145).

We now show that there exists C' > 0 such that

1
(146) ly|P= D |2+ G (2, y) < C for z,y € Q such that |y| < §|x\
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Indeed, the proof goes essentially as in (141). Fix z € Bs,/2(0), 2 # 0, and set H(z) := |z|"2G,(|z|z)
for z € By/2(0) \ {0}. We have that
—AH — <|!2 + x|2h(|m|z)> H =0 in H{(B5(0)).

Moreover, it follows from (143) that there exists C' > 0 such that |H(z)| < C for all z € 9B /5(0).
Then, as above, using a super-solution, we get that there exists C' > 0 such that 0 < H(z) <
Clz|=2-) for all z € B1/2(0) \ {0}. Scaling back yields (146) when = € Bs,/2(0). The general case
follows from (141). This proves (146).

Again, by symmetry, we conclude that there exists C' > 0 such that

1
(147) |l2|P- Dy [P+ G (2, y) < C for z,y € Q such that |z| < Sl

Finally, one easily checks that (129) is a direct consequence of (146), (147) and (145). When
f e C(Q), identity (127) is a consequence of (138). The general case follows from density and
the integral controls on G. The behavior (128) is a consequence of the classification of solutions to
harmonic equations and Theorem 9.

To conclude, we shall briefly sketch the proof of the lower bound (130). Indeed, in Steps 3 and 4,
we repeatedly used the comparison principle to get the upper bound for G by considering domains
on the boundary of which G was bounded from above. As one checks, in the case when x,y are in
w CC Q, G is also bounded from below by some positive constant on the boundary of these domains.
This yields the lower bound (130), and completes the proof of Theorem 6.

APPENDIX B: GREEN’S FUNCTION FOR —A — 7|z|~2 oN R"

In this section, we prove the following:

Theorem 7. Fiz vy < %. For all p € R™\ {0}, there exists G : R™\ {0,p} — R such that

(i) G € Hy ;,.(R"\ {p}),
(i) For all p € C(R™), we have that

(148) w(p) = / G(z) (—Agp - |;izg0> dx for all ¢ € C°(R™)

Moreover, if G,G" satisfy (i) and (it) and are positive, then there exists C € R such that G(z) —
G'(z) = Clz|=P-D) for all x € R™\ {0, p}.

In addition, there exists one and only one function G := G, > 0 such that (i) and (i) hold and
(iii) For all p € R™\ {0}, there ezists co(p), coo(p) > 0 such that

co(p) Coo ()
Gpl2) a0 gy #nd GplE) ~amoe 15T
and
(149) Gyl) :
p € T—p (an)wn_1|:c—p|”*2.
(iv) There exists ¢ > 0 independent of p such that
B-(7) B—(7)
(150) 071 <max{p|,|x|}) ‘.T—p‘ZinSGp(l') Sc<max{|pvx|}> |x_p|27n
min{[p|, ||} min{|pl, [z[}

Remark: Note that when v = 0, we have f_(v) =0, 54+(y) = n—2 and G(p,z) = m|x—p|2_”

for all z,p € R™, x # p.

Proof: We shall again proceed with several steps.
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Step 1: Construction of a positive kernel at a given point: For a fixed py € R™ \ {0}, we
show that there exists G € C?(R™ \ {0, po}) such that

—AG—-15G=0 inR"\{0,po}

BREE
G>0
G e L+ (Bs(0))  with & == |po|/4
G satisfies (ii).

(151)

Indeed, let 77 € C*°(R) be a nondecreasing function such that 0 <7 <1, 7(¢t) = 0 for all t < 1 and
7(t) =1 for all t > 2. For € > 0, set n.(z) := 7 (le) for all z € R™. For R > 0, we argue as in

€

the proof of (131) to deduce that the operator —A — mz is coercive on Br(0) and that there exists
¢ > 0 independent of R, e > 0 such that

/ <V<p|2 - 777; <p2> dx > c/ |Vp|?>dr  for all ¢ € C(Bg(0)).
Br(0) || Br(0)

Consider R,e > 0 such that R > 2|pg| and € < %, and let Gg. be the Green’s function of
—A — s in Bg(0) at the point pg with Dirichlet boundary condition. We have that Gg . > 0 since

|]?

the operator is coercive.

Fix Ry > 0 and ¢’ € (1, -%5), then by arguing as in the proof of (132), we get that there exists
C =C(v,po,q, Ro) such that

(152) ||GR>5HLCI/(BRO(O)) S C fOr all R > RO and 0 <e< |p760|7
and

[po|
(153) HGR,EIIL%(BEO(O)) < Cforall R> Ryand 0 < € < o

where 0 := |pg|/4. Arguing again as in Step 2 of the proof of Theorem 6, there exists G € C?(R™ \
{0,po}) such that

Gre—>G>0 in C7 (R™\ {0,po}) as R — +o00, € = 0
(154) —AG - gpG =0 nR"\{0,po}
G € L+7(B5(0))
Fix ¢ € C2°(R™). For R > 0 large enough, we have that ¢(po) = [pn GRr.c(—A¢p — y1c|z| ) dz.
With the integral bounds above, we then get that = — G(z)|z|~? € L}, (R™). Therefore, we get

loc

(155) o(po) = /n G(z) (—Aap - |Z|2<p> dx for all p € C°(R™).

As a consequence, G > 0.

Step 2: Asymptotic behavior at 0 and p for solutions to (151). It follows from Theorem 9

below that either G' behaves like |z|=#~() or |2|=#+() at 0. Since G € L%(Bg(())) for some small
§>0and B_(7) < 252 < B4(7), we get that there exists ¢ > 0 such that

; B-(v) _
(156) }%|m| G(z) =c.

In addition, Theorem 9 yields G € HZ, .(R™\ {po}). Since G is positive and smooth in a neighbor-

1,loc
hood of p, it follows from (155) and the classification of solutions to harmonic equations that

1
n—2)wy_1|T — po|"2’

(157) G(2) ~apo (
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Step 3: Asymptotic behavior at oo for solutions to (151): We let
~ 1 T Do }
Glz):=——=G|—5 | foralz e R"\ {0, — ¢,
0= s () Vo
be the Kelvin’s transform of G. We have that
AGVGomR”\{o, Po }

x> [pol?

Since G > 0, it follows from Theorem 9 that there exists ¢; > 0 such that
. = C1 A C1
either G(Jf) ~r—0 W or G(ax) ~r—0 W
Coming back to G, we get that
. C1 C1
either G(l’) ~Nr—o00 W or G(l’) ~z| o0 W

Assuming we are in the second case, for any ¢ < ¢y, we define
_ c . "
Gc(x) = G(.’I}) — W in R \ {O7p0},

which satisfy —AG — #G‘ = 0in R"\{0, po}. It follows from (156) and (157) that for ¢ < ¢1, G, > 0

around pg and oco. It then follows from the coercivity of —A — 7|z|~2 that G. > 0 in R™ \ {0,p}
for ¢ < ¢;. Letting ¢ — ¢ yields C_;Cl > 0, and then Gcl > 0 since it is positive around pgy. Since
Ge (z) = o(|z|=#-M) as |z| — oo, performing again a Kelvin transform and using Theorem 9, we
get that |z|*+ (G, (x) — c2 > 0 as || — oo. Then there exists c3 > 0 such that

lim |z|?- G, (2) = c5 > 0 and lim |z|P+ VG, (2) = c3.
z—0 T—00

Since = + |z|7#-() € H? , (R™), we get that (p) = [p. G, (2) (—AQO - ﬁ@) dz for all ¢ €
C(R™).

Step 4: Uniqueness: Let G1,G2 > 0 be 2 functions such that (i), (i7) hold for p := py, and
set H := Gy — G3. Tt follows from Steps 2 and 3 that there exists ¢ € R such that H'(z) :=
H(z) — clz|=P- ) satisfies

(158) H'(z) =p30 O (|x|—ﬁf('y)> and H'(z) =|g/ 00 O (|x|—ﬂ+(7)) _
We then have that H € HZ, (R™\ {po}) is such that

1,loc

H'(x) (—A(p — |;|290) dz =0 for all p € CX(R").
Rﬂ.
The ellipticity of the Laplacian then yields that H' € C*°(R™ \ {0}). The pointwise bounds (158)
yield that H' € D%2(R"). Multiplying —AH’ — 2> H' = 0 by H’, integrating by parts and using

B
the coercivity yields that H' = 0, and therefore, G — G = ¢| - |~#~(). This proves uniqueness.
Step 5: Existence. It follows from Step 3 that, up to substracting a multiple of | - |_5—(’Y)7 there
exists Gp, > 0 satisfying (i), (ii) and the pointwise controls (iii) at po. It is a consequence of (iii)
that there exists ¢ > 0 such that
B-(7) p-(7)
_1 ((max{1,|z|} 2-n max {1, |z|} 2-n
A, 127 — <q <AL Ty -
¢ <min{1, 2]} =Pl S G (@) < e\ T Ty [ = pol
for all z € R™\{0,po}, ¢ depending on py. For p € R™\ {0}, consider p, : R — R" a linear isometry

such that pp(li%) = ﬁ, and define

Gy(z) = (ﬁ)n_z Goo <<p;1 (”;)"x))) for all 2 € R™\ {0, p}.
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It is easy to check that G, > 0 and that it satisfies (i), (ii), (iii) and (iv).

APPENDIX C: SINGULAR SOLUTIONS TO —Au — c(z)|x|"2u =0

We collect here a few results that should be classical, but quite difficult to find in the literature.
These results and their proofs are closely related to the work of the authors in [16], to which we
shall frequently refer for details.

Theorem 8 (Optimal regularity and Generalized Hopf’s Lemma). Fiz v < % and let f :
Q xR — R be a Caratheodory function such that
|,U|2*(s)—2

f(z,0)| < Clol (1 i

)forallmEQandveR.

Let u € H3(B1(0)) be a weak solution of
_ 7 +0(z))

|z[?

for some 8 > 0. Then, there exists K € R such that

(159) —Au u= f(z,u) in Hi(By/2(0))

o)
(160) I A -

Moreover, if u > 0 and u # 0, we have that K > 0.

Theorem 9. Let u € C?(B1(0) \ {0}) be a positive solution to

—Au — T;TQU =0 in B1(0) \ {0}

where c(z) = v+ O(|z|?) as x — 0 with v < (n —2)%/4 and 6 € (0,1). Then there exists o > 0 such

that
«

. !
either U(I’) ~r—0 W or U($) ~r—0 W
In particular, w € Hf (By2(0)) if and only if the first case holds.

Proposition 11. Let u € C*(R™\ {0}) be a nonnegative function such that
(161) —Au— —=u =0 in R"\ {0}.
x

Then there exist A_, Ay > 0 such that

u(x) = A_|z| A=) 4 X 2| P+ for all z € R™\ {0}.

Proofs: The proofs of these results follow closely the proofs of Theorems 6.1 and 7.1 and Proposition
7.4 of [16]. Here are the ingredients to adapt:

Sub- and super-solutions: The first step is the following result:
Proposition 12. Fiz v < (n —2)2/4 and 6 € (0,1) and let ¢ : B1(0) — R be such that c¢(x) =

v+ O(|x|°) as x — 0. We choose B € {B_(7), B+(7)}. Then there exists u(;),ug) € C%(B1(0))
such that for § > 0 small enough,

(162) { —Aug” — {0 in By(0) { —Auf) = S0 <0 in By(0)

U(ﬂﬂ(w) ~ |z P asx — 0 u(f)(ﬂﬂ) ~ |z| =P asx — 0
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The proof is as follows. For 8 € {B_(7), 81 (7)}, we define ug : x> |2|~7 + Axz|~#". A straightfor-
ward computation yields

s = Sy = o2 (N (1= 2= ) =)+ Ol + O(Jaf”~4)

as  — 0. Then, choosing 5’ € R such that 0 < 8-’ < 0 and '(n —2— ") — v # 0, we get either
a sub- or a supersolution taking A\ positive or negative. This proves the proposition.

Sub-solution with Dirichlet boundary condition: We let ug, (,) as above be a super-solution on
Bs(0)\{0}. Take n € C°°(R") such that n(z) = 0 for z € Bs/4(0) and n(x) = 1 for x € R™\ B;/3(0).
Define on Bs(0) the function

fx) = (—A - T:(C?) (s (),

Note that f vanishes around 0 and that it is in C°°(Bs(0)). Let v € DV?(Bs(0)) be such that

—Av— ‘Cﬁ;v =f in Bs(0)
v=0 on dBs(0).

Note that for § > 0 small enough, —A — (v + O(|z|?))|x|~2 is coercive on Bs(0), and therefore, the
existence of v is ensured for small §. Define

d .
Ug, (v) = Uy (v) — MUBL(y) T V-

The definition of 17 and v yields

(163) {—Au(d) <)y @ 50 in Bs(0) — {0}

pr(v) T TP B ()

Ug )y =0 in 0Bs(0)

Moreover, since —Av — ¢(z)|z|~2v = 0 around 0 and v € DV?(Bs(0)), it follows from Theorem 8
that there exists C' > 0 such that |v(z)| < Clz|~#-O) for all 2 € B;(0). Then it follows from the
expression of ug, (,) that

)

U (@) ez P
We then get a supersolution satisfying (163) with the above behavior at 0. This is similar for a
subsolution.
In the proof above, it is important that the operator —A — ¢(x)|z|~2 is coercive on Bs(0) for § > 0

small enough. Now let 2 be a smooth bounded domain of R™ and let v < (n—2)%/4 and h € o0
be such that —A — (vy]z|~2 + h) is coercive on . Arguing as above, we get that there exists

a,Q —
WS € 029(@\ {0}) such that
(d,Q2) (d) .
_Agﬂ*(’” - (# + h) U (yy >0 inQ\ {0}
(164) ug) >0 in Q\ {0}

=0 in 092

and

(d,$2)

51 (@) a0 2770,

Similarly, we get a subsolution.

These points are enough to adapt the proofs of the above-mentioned results of [16] to our context. O
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