HARDY-SINGULAR BOUNDARY MASS AND SOBOLEV-CRITICAL
VARIATIONAL PROBLEMS

NASSIF GHOUSSOUB AND FREDERIC ROBERT

ABSTRACT. We investigate the Hardy-Schrédinger operator L, = —A — # on smooth domains
) C R™ whose boundaries contain the singularity 0. We prove a Hopf-type result and optimal
regularity for variational solutions of corresponding linear and nonlinear Dirichlet boundary value

2% (s)—1 2 —
U\T’ where v < T, s € [0,2) and 2*(s) := 2(:7?

is the critical Hardy-Sobolev exponent. We also give a complete description of the profile of

problems, including the equation L u =

all positive solutions —variational or not— of the corresponding linear equation on the punctured
2
domain. The value v = % 471 turned out to be a critical threshold for the operator L. When

2 2
R 471 << "T, a notion of “Hardy singular boundary mass” m~ () associated to the operator

L./, can be assigned to any conformally bounded domain €2 such that 0 € 99Q2. As a byproduct, we
give a complete answer to problems of existence of extremals for Hardy-Sobolev inequalities, and
consequently for those of Caffarelli-Kohn-Nirenberg. These results extend previous contributions

2
by the authors in the case v = 0, and by Chern-Lin for the case v < %. More specifically, we

2
show that extremals exist when 0 < v < =1

+— if the mean curvature of 92 at 0 is negative. On

the other hand, if "2471 <v< ”TQ, extremals then exist whenever the Hardy singular boundary
mass m~ () of the domain is positive.
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1. INTRODUCTION

The borderline Dirichlet boundary value problem

—Au — 'yﬁ = u"?  onQ
(1.1) u > 0 on {2
u = 0 on 0,

on a smooth bounded domain © of R™ (n > 3) has no energy minimizing solutions if the singularity
0 belongs to the interior of the domain € (See discussion after inequality (1.15)). The situation
changes dramatically however, if 0 is situated on the boundary 9. Indeed, C. S. Lin and his
collaborators [5, 6] showed that solutions exist in this case provided the mean curvature of 9 at

0 is negative, n > 4, and 0 < v < %. The condition on v insures that the Hardy-Schrodinger

operator L, 1= —A — ‘L% is positive on HE(£2). This is the case as long as v < vy (), the latter
being the best constant in the corresponding Hardy inequality, i.e.,
Vu|? dx
(1.2) vr () := inf f“‘ij; u € DY(Q)\ {0} ;.
Jo ropz da

Here D*2(Q) — or H}(?) if the domain is bounded — is the completion of C°(Q) with respect to
the norm given by [|ul|? = [, |Vu[?dz, and it is well known that for any domain © having 0 in its
interior, we have

" n—2)32
(1.9 1) =y = C22
On the other hand, vy (R}) = % when R” := {z € R"; z; > 0} is the half-space, and if  is any
domain having 0 on its boundary, then necessarily
n—2)32 n?
(1.4 E2 e <

The question of what happens when % < v < v () provided the initial motivation for this
paper. To start with, we shall show that the negative mean curvature condition at 0 is still sufficient
for the existence of solutions for (1.1) as long as « remains below a new (higher) threshold, namely
when n > 4 and

2
-1
(1.5) 0<y<
However, the situation changes dramatically for the remaining interval, i.e., when
n?—1
(1.6) <y < (@),

In this case, we show that local geometric conditions at 0 become irrelevant for solving (1.1) and
more global properties of the domain must come into play. This will be illustrated by the notion of
Hardy singular boundary mass of the domain €2 that we introduce as follows.

We first consider the Hardy-Schrodinger operator L := —A — # on R%, and notice that the most

basic solutions for L,u = 0 satisfying v = 0 on OR’} are of the form u,(x) = x1]|z[~*, and that
Lyuo =0 on R if and only if « is either a_ () or oy (7y), where

(L7) as(y) =242y,

Actually, a byproduct of our analysis below gives that any non-negative solution of L,u = 0 on R’
with u = 0 on R is a linear combination of these two solutions. Note that a_(v) < § < a1 (v),
which points to the difference —in terms of behaviour around 0— between the “small” solution x —
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“variational”, i.e.

zy|z|~*- ), and the “large” one x — z1|xz|~*+(). Indeed, the small solution is
is locally in D*?(RR"), while the large one is not.

This turned out to hold in more general settings, as we show that any variational solution of L,u =
a(x)u behaves like  +— d(z,dQ)|z|~* ) around 0, while any positive non-variational solution
is necessarily like z — d(z,9Q)|2z|~*+() around 0. The profile can be made more explicit when
v > ”2;1, as it is the only situation in which one can write a solution of L,u = 0 as the sum of
the two above described profiles (plus lower-order terms), while if v < ”24_1, there might be some
intermediate terms between the two profiles. This led us to define the following notion of mass,
which is reminiscent of the positive mass theorem of Schoen-Yau [27] that was used to complete the
solution of the Yamabe problem. This will allow us to settle the remaining cases left by Chern-Lin,
since we establish that the positivity of such a boundary singular mass is sufficient to guarantee the

existence of solutions for (1.1) in low dimensions.

Theorem 1.1. Let Q be a smooth bounded domain of R™ such that 0 € 0Q2. Assume that % <
¥ <JH(Q). Then, up to multiplication by a positive constant, there exists a unique function H €
C?(Q\ {0}) such that

(1.8) —AH—#H:OMQ,H>0inQ,H:Oon8§2\{O}.

Moreover, there exists a constant ¢ € R and H satisfying (1.8) such that

H(z) = ded) |  ded) ( d(z,00) ) asx — 0.

- ‘x|a+(v) ‘x|a7('v) ‘x|a7(7)

Due to the uniqueness of solutions to (1.8) up to multiplication by a constant, the coefficient c is
uniquely defined. It will be denoted by m~(Q) := c € R, and will be referred to as the “Hardy singular
boundary mass” of €.

It will be shown in section 7 that this notion of mass is conformally invariant in the following sense:
if two sets are diffeomorphic via an inversion fixing 0 (see Definition 7.3 and (7.16)), then they have
the same mass. As a consequence, we shall be able to define a notion of Hardy singular boundary
mass for unbounded domains that are conformally bounded (that is, those that are smooth and
bounded up to an inversion that fixes 0). We shall show that @ — m.,(€) is a monotone set-function
and that m. (R} ) = 0. These properties will allow us to construct in section 9, examples of bounded
domains Q in R™ with 0 € 992 with either positive or negative boundary mass, while satisfying any
local behavior at 0 one wishes. In other words, the sign of the Hardy-singular boundary mass is
totally independent of the local properties of 02 around 0.

One motivation for considering equation (1.1) came from the problem of existence of extremals for
the Caffarelli-Kohn-Nirenberg (CKN) inequalities [4]. These state that in dimension n > 3, there is
a constant C' := C(a,b,n) > 0 such that for all u € C°(R™), the following inequality holds:

(1.9) (/ m|_bq|uq)q < C/ |29Vl dz,
R™ R™

where
2n
n—2+20b-a)
If we let D}%(€2) be the completion of C2°(€2) with respect to the norm |[u|]2 = [, [z|7*|Vu|*dz,
then the best constant in (1.9) is given by

-2
(1.10) foo<a<nT, 0<b—a<landqg=

Jo 12|29 Vuldx
(fsz |$|_bq‘“|q)a dx

(1.11) S(a,b,Q) = inf ;u € DE2(Q)\{0}
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The extremal functions for S(a,b,?) —whenever they exist— are then the least-energy solutions of
the corresponding Euler-Lagrange equations:
—div(|z|~2*Vu)
(1.12) u
u

|z|~%%u?~!  on Q
0 on {2
0 on Of.

IAVANT

To make the connection with Hardy-Schrodinger operator, note that the substitution v(z) = |z|~*u(x)

with @ < 252, gives ~via the Hardy inequality— that u € D}?(Q2) if and only if v € D*?(Q) and
that u is a variational solution of (1.12) if and only if w is a Solution of equation
—Av — ’y# = UQI;# on (2
(1.13) v > 0 on 2
v = 0 on 012,
where
(1.14) vy=an—2—a),s=(b—a)g and 2*:#2”@_(1).

The Caffarelli-Kohn-Nirenberg inequalities are then equivalent to the Hardy-Sobolev inequality
2
(1.15) (fQ v ) T < [ IVulPde — 7 [y de for all u € D'2(Q),

2
at least in the case when v < %7 which is optimal for domains €2 having 0 in their interior. If

) is also bounded, then the best constant in (1.15) is never attained, that is (1.13) has no energy
minimizing solution.

However, when 0 € 91, inequality (1.15) holds for « all the way to §7 and we shall work thereafter
towards solving (1.13) by finding extremals for the variational problem

(1.16) Hoy,s () 1nf{ );u € DV2(Q)\ {0}},
where JS!, is the functional on D*2(€2) defined by

Vul? =7 fo 17
(1.17) I (u) == Ja — Jats ‘ '2

(Jo *pdx)® =@

We shall therefore consider thereafter the more general equation (1.13). The study of this type
of nonlinear singular problems when 0 € 92 was initiated by Ghoussoub-Kang [13] and studied
extensively by Ghoussoub-Robert [15,16] in the case v = 0. C. S. Lin and his collaborators [5,6,22]

dealt with the case y < ("=2- 1 2° . For more contributions, we refer to Attar-Merchdn-Peral [1], Dévila-
Peral [8], and Gmira-Véron [19].
Theorem 1.2. Let Q2 be a smooth bounded domain in R™ (n > 3) such that 0 € 0Q. Assume

v <™= and 0 < s < 2. If either {s > 0} or {s = 0,n >4 and v > 0}, then there are evtremals
for piy s(2) provided the mean curvature of 0 at 0 is negative.

As mentloned above, our main contribution here to this problem is however to consider the cases
when ™ 1 —l <y < 2, as well as the case when n = 3, s = 0 and v > 0, which were left open by
Chern-Lin [6]. We now discuss the new ingredients that we bring to the discussion.

We first note that standard compactness arguments [6, 13] yield that for p., (€2) to be attained it is
sufficient to have that

(1.18) fhy,s (§2) < piy, s (RY),

and in order to prove the existence of such a gap, one tries to construct test functions for 1, 4(Q2) that
are based on the extremals of yi, ,(R"}) provided the latter exist. The cases where this is known are
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given by the following standard proposition. See for instance Bartsch-Peng-Zhang [3] and Chern-Lin
[6]. A complete proof is given in [17].
Proposition 1.3. Assume vy < "72, n>3and 0 < s < 2. Then,
(1) py,s(RY) is attained provided either {s > 0} or {s =0,n >4 and v > 0}.
(2) On the other hand, there are no extremals for p s(R}) for anyn > 3, if {s = 0 and v < 0}.
(3) Furthermore, whenever i o(R’) has no extremals, then necessarily

_ Jon [Vul? dz 1
1.19 R?) = inf = = ,
(1.19) o) = i (fon [uf2* dz)? K (n,2)?

where 2% := % and K(+W is the best constant in the Sobolev inequality.
The only unknown situation on R is again when s = 0, n = 3 and v > 0, which we address in
Section 10.
Assuming first that an extremal for ., (R’ ) exists and that one knows its profile at infinity and at
0, then this information can be used to construct test functions for p. 4(€2). This classical method
has been used by Kang-Ghoussoub [13], Ghoussoub-Robert [15,16] when v = 0, and by Chern-Lin

[6] for 0 < v < % in order to establish (1.18) under the assumption that 9 has a negative
mean curvature at 0. Actually, the estimates of Chern-Lin [6] extend directly to establish Theorem

2 . oy
1.2 for all v < "T’l under the same negative mean curvature condition. However, the case where

v = "24_ L already requires estimates on the profile of variational solutions of (1.13) on R’ that are
finer than those used by Chern-Lin [6]. The following description of such a profile will allow us to
n2—1

-

construct sharper test functions and to prove existence of solutions for (1.13) when v =

Theorem 1.4. Assume v < %27 0<s<2, andlet u € D**(R), u >0, u # 0 be a weak solution

to
2*(s)—1
v u o
Then, there exist K1, Ko > 0 such that
X T

u(x) ~poo K and  u(T) ~|z|54o00 K2|

Y- &) zlo+()

The solution of the problem on R also enjoys the following natural symmetry that will be crucial
for the sequel. This was carried out by Ghoussoub-Robert [16] when v = 0, and their proof extends
immediately to the case 0 < v < n?/4. Chern-Lin [6] gave another proof which also includes the
case where v < 0.

Theorem 1.5. (Chern-Lin [6]) If u is a non-negative solution to (1.20) in D**(R?), then uoo = u
for all isometries of R™ such that o(R?) = R’ In particular, there exists v € C*((0,+00) x R)
such that for all z1 > 0 and all 2’ € R, we have that u(z1,z') = v(xy,|2']).

The following theorem summarizes the situation for low dimensions.

Theorem 1.6. Let Q be a bounded smooth domain of R™ (n > 3) such that 0 € 92, hence # <
v (Q) < %2. Let 0 < s < 2.

(1) Ifyu(Q) <~ < %2, then there are extremals for p s(Q2) for all n > 3.
2
(2) If 5 < v < ya(Q) and either {s > 0} or {s = 0, n > 4 and v > 0}, then there are
extremals for piy s(2) provided the Hardy singular boundary mass m.(2) is positive.
(3) If {s =0 and v < 0}, then there are no extremals for p, () for any n > 3.
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Finally, we address in section 10 the only remaining case, i.e., n = 3, s = 0 and v € (0, %). In this
situation, there may or may not be extremals for ﬂ'y,o(Rﬁ.)~ If they do exist, we can then argue as
before —using the same test functions— to conclude existence of extremals under the same conditions,
that is either v < 2 and the mean curvature of 92 at 0 is negative, or v > 2 and the mass m,(Q) is
positive. However, if no extremal exist for 1,,0(R3.), then as noted in (1.19), we have that

. |Vu|? dz 1
N%O(Ri) = inf fRS - = 5
wEDVARNO} ([ juf2 dp) T K(3,2)

and we are back to the case of the Yamabe problem with no boundary singularity. This means that
one needs to resort to a more standard notion of mass R, (2, o) associated to L, and an interior
point xg € §, in order to construct suitable test-functions in the spirit of Schoen [26]. Such an
“interior mass” will be introduced in section 10. We get the following (note that the boundary mass
m~(Q2) was defined in Theorem 1.1).

Theorem 1.7. Let Q be a bounded smooth domain of R® such that 0 € 0. In particular i <

() < %
(1) If yu(Q) < v < 4, then there are extremals for uy0(Q2).
(2) If0 < v < v () and if there exists xo € § such that R, (Q,xo) > 0, then there are extremals
for py0(Q2), under either one of the following conditions:
(a) v <2 and the mean curvature of 02 at 0 is negative.
(b) v > 2 and the boundary mass m.,(2) is positive.

More precisely, if there are extremals for p. o(R?), then conditions (a) and (b) are sufficient to get
extremals for p, (). If there are no extremals for i, o(R?), then the positivity of the internal mass
R, (9Q, z0) is sufficient to get extremals for . o(£2). The following table summarizes our findings.

TABLE 1. Singular Sobolev-Critical term: s > 0

Hardy term ‘ Dimension ‘ Geometric condition Extremal
—o0o <y < "24_1 n>3 Negative mean curvature at 0 Yes
"24_ L <y < % n>3 Positive boundary-mass Yes

TABLE 2. Non-singular Sobolev-Critical term: s = 0

Hardy term \ Dim. \ Geometric condition \ Extr. ‘
0<vy< "24_ L | n =3 | Negative mean curvature at 0 & Positive internal mass | Yes
n >4 Negative mean curvature at 0 Yes
"24_ Loy< %2 n=3 Positive boundary-mass & Positive internal mass Yes
n>4 Positive boundary mass Yes
<0 n>3 - No

Notations: in the sequel, C;(a,b,...) (i =1,2,...) will denote constants depending on a,b, .... The
same notation can be used for different constants, even in the same line. We will always refer to the
monograph [18] by Gilbarg and Trudinger for the standard results on elliptic PDEs.
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2. OLD AND NEW INEQUALITIES INVOLVING SINGULAR WEIGHTS

The following general form of the Hardy inequality is well known. See for example Cowan [7] or the
book of Ghoussoub-Moradifam [14].

Theorem 2.1. Let Q be a connected open subset of R™ and consider p € C*(Q2) such that p > 0
and —Ap > 0. Then, for any u € DV2(Q) we have

—-A
(2.1) /JquxS/ |Vul|? dz.
Q P Q

Moreover, the case of equality is achieved exactly on Rp N DY2(Q). In particular, if p ¢ DY2(Q),
there are no nontrival extremals for (2.1).

The above theorem applies to various weight functions p. See for example [7] or [14]. For this paper,

we use it to derive the following inequality.

Corollary 2.2. Fiz 1 < k < n, we then have the following inequality.
n+ 2k —2\2 f]Rk xRn—k Vul® do
————~ ) =inf 2

2 u u?
fRian—k o 4%

)

where the infimum is taken over all u in DV2(RY x R"=%)\ {0}. Moreover, the infimum is never
achieved.

Proof of Corollary 2.2: Take p(z) = zi..xgxlz|™ for all z € Q := RY x R"7%\ {0}. Then

_TA" = % We then maximize the constant by taking a := (n + 2k — 2)/2. Since
p & DV2(RE x R"™*), Theorem 2.1 applies and we obtain that

2k — 2\ 2
(2.2) (H) / u—z dzx < / |Vu|? do

2 ]lerXRn—k |1'| RiXR"*’“

for all u € DV2(RE x R""), and that the extremals are trivial.

It remains to prove that the constant in (2.2) is optimal. This will be achieved via the following
test-function estimates. Construct a sequence (pc)eso € DV2(RE x R"™*) as follows. Starting with
p(x) = x1..xp|z|~%, we fix 8 > 0 and define

‘f’ﬁp(aj) if |[x] < e
(2.3) pe(z) =19 p(z) ife<|z| <1
e 2l Pp(z) if|a] > 1

with o := (n + 2k — 2)/2. As one checks, p. € DV3(RY x R"7F) for all € > 0. The changes of
variables © = ey and = = €'z yield

2
fBE(O) \Zﬁ ci:r =0(Q), st(o) [Vpel? dz = O(1),
f]R"\EE_l(O) V;ﬁ dz = O(1), fR"\EE_l(O) [Vpe|? dz = O(1)

when € — 0. By integrating by parts, we get

—A
/ Vo |2dz = / —ppz dx + O(1)
B, 1 (O\B.(0) B._1(0\B(0) P

2% —2\° 2
(2.5) - (”*) / L4z +0(1),
2 B, (O\B.(0) ||

(2.4)
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when € — 0. Using polar coordinates, we obtain

2
(2.6) / Pz = C(2)In - where C(2) = 2 /
1 (0)\B.(0) |33| € §n—1

Therefore, by using (2.4), (2.5) and (2.6),

k 2

[

i=1

f by Rr—k |vPe|2 dx 2k — 2\ 2
e = (n+ ) +o(1)

2 2
fR’j_xR”*k o2 do
as € — 0, and we are done. Note that the infimum is never achieved since p ¢ D2 (R’jr x R*=k). O

Another approach to prove Corollary 2.2 is to see Ri x R"* as a cone generated by a domain of the
unit sphere. Then the Hardy constant is given by the Hardy constant of R™ plus the first eigenvalue
of the Laplacian of the Dirichlet of the above domain of the unit sphere endowed with its canonical
metric. This point of view is developed in Pinchover-Tintarev [24] (see also Fall-Musina [12] and
Ghoussoub-Moradifam [14] for an exposition in book form).

We also have the following generalized Caffarelli-Kohn-Nirenberg inequality.

Proposition 2.3. Let Q be an open subset of R™. Let p,p’ € C*(Q) be such that p,p’ > 0 and
—Ap,—Ap' > 0. Fiz s € [0,2] and assume that there exists € € (0,1) and p. € C*°(Q) such that

A A
—=P <(1-¢) P in Q with Pe, —Ape > 0.
P pe

Then, for all uw € C°(),

—Ap s/2 N @
(2.7) / <p’) P2 > ) dg < C/ p?|Vu|? dz.
Q

Proof: The Sobolev inequality yields the existence of C'(n) > 0 such that

</ Jul* do:) : SC(n)/ |Vul|? da

for all u € C°(Q?), where 2* = 2*(0) = . A Holder inequality interpolating between this Sobolev

inequality and the Hardy 1nequahty ( ) for p’ yields the existence of C' > 0 such that for all
ue (),

_A I\ S/2 . 2%(9)
(2.8) </ < IP ) 2" ® dx) <C [ |Vul*dz
Q P Q

By applying (2.1) to p., we get for v € C°(Q),

/Qp2|Vv\2da: /Q|V(pv)\2dm—/9_TAp(pv)2dm
/Q|V(pv)\2da?—(1—5)/ﬂ_fpa(pv)ngc

> e [ [P E

Taking u := pv in (2.8) and using this latest inequality yield (2.7). O

v
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Corollary 2.4. Fiz k € {1,...,n—1}. There exists then a constant C := C(a,b,n) > 0 such that
for all u € C°(RE. x R"7F),

%
(2.9 [ e ) <o [ ) el Vs,
RE xR7—F RE xRn—F
where
n—242k 2n
2.1 — _ <b-a<l =
(2.10) cosa< g Usbrash a= 0o nn Ty
Proof: Apply Proposition 2.3 with p(z) = p/(z) = (I}, ;) [z[7* and pe(z) = (I, ;) \x|_%+2k
for all x € R’i x R™"*. Corollary 2.4 then follows for suitable a, b, q. O

Remark: Observe that by taking & = 0, we recover the classical Caffarelli-Kohn-Nirenberg inequal-
ities (1.9). However, one does not see any improvement in the integrability of the weight functions
since (IIF_,2;) |z|~ is of order k —a > —(n — 2)/2, hence as close as we wish to (n — 2)/2 with the
right choice of a. The relevance here appears when one considers the Hardy inequality of Corollary
2.2.

3. ON THE BEST CONSTANTS IN THE HARDY AND HARDY-SOBOLEV INEQUALITIES
As mentioned in the introduction, the best constant in the Hardy inequality v (2) does not depend
on the domain Q C R" if the singularity 0 belongs to the interior of €2, and it is always equal to
2
@. We have seen, however, in the last section that the situation changes whenever 0 € 992, since

ya(R%}) = "Tz. Some properties of the best Hardy constants have been studied by Fall-Musina [12]
and Fall [11]. In this section, we shall collect whatever information we shall need later on about .

Proposition 3.1. The best Hardy constant vy satisfies the following properties:
(1) vu(Q) = % for any smooth domain € such that 0 € €.
(2) If0 € 89, then =22 < 4p(Q) < 2
(3) vyu(Q)) = %2 for every Q such that 0 € 9 and Q2 C RY}.
(4) If yg(Q) < %z, then it is attained in DV2(Q).
(5) We have inf{yg(R2); 0 € 90} = % forn > 3.
(6) For every e > 0, there exists a smooth domain R} C Q. C R™ such that 0 € 0, and
2 e < () < 2.

3
6

Proof of Proposition 3.1: Properties (1)-(2)-(3)-(4) are well known (See [12] and [11]). We sketch

proofs since we will make frequent use of the test functions involved. Note first that Corollary 2.2

n2

already yields that vy (R%}) = 5.

(2) Since © C R™, we have that vz (Q2) > yg(R") = %. Assume by contradiction that v () =

%. It then follows from Theorem 3.6 below (applied with s = 2) that vy () is achieved by a

function in vy € DV2(Q) \ {0} (note that g ~(Q) = v (Q) — 7). Therefore, v (R™) is achieved in

DY2(R™). Up to taking |ug|, we can assume that ug > 0. Therefore, the Euler-Lagrange equation

and the maximum principle yield ug > 0 in R™: this is impossible since ug € D%2(2). Therefore
(n—2)*

YH (Q) >

For the other inequality, the standard proof normally uses the fact that the domain contains an

interior sphere that is tangent to the boundary at 0. We choose here to perform another proof based

on test-functions, which will be used again to prove Proposition 3.3. It goes as follows: since 2 is
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a smooth bounded domain of R™ such that 0 € 912, there exist U,V open subsets of R™ such that
0 €U, 0 €V and there exists ¢ € C*°(U, V) a diffeomophism such that ¢(0) = 0 and

e(UnN{x; >0}) =U)NQ and (U N{x; =0}) = o(U) NN.

Moreover, we can and shall assume that dyg is an isometry. Let n € C°(U) such that n(z) = 1
for x € Bs(0) for some § > 0 small enough, and consider (ae)eso € (0, +00) such that a. = o(e) as
€ — 0. For € > 0, define

(3.1) we(w) = { MWac 7 pe (%) for all z € p(U) N, = = ¢(y),
0 elsewhere.

Here p. is constructed as in (2.3) with k = 1. Now fix o € [0, 2], and note that only the case o = 2
is needed for the above proposition. Immediate computations yield

2" (o) 1
(3.2) / JuWI” 7 dy=C(o)ln-+0(1) ase—0,
o lyl° €
k 2%(0) - :
where C(0) := 2 [g.1 | Ti—; % do. Similar arguments yield
9 n? 1
(3.3) [Vue|* dy = ZCQ) In - +0(1) ase—0.
Q

As a consequence, we get that

Vue|?d 2
M:n——i—o(l) as e = 0.
fﬂlzﬁd:c

In particular, we get that vy (Q2) < "72, which proves the upper bound in item 2) of the proposition.

(3) Assume that Q C R, then D*?(Q) ¢ DV?(R"}), and therefore v () > vu(R%) = n?/4. With
the reverse inequality already given by Point (2), we get that vy (€2) = n?/4 for all Q C R” such
that 0 € 052

(4) This will be a particular case of Theorem 3.6 when s = 2.

(5) Let Qo be a bounded domain of R™ such that 0 € Qg (i.e., it is not on the boundary). Given d > 0,
we chop out a ball of radius §/4 with 0 on its boundary to define Q5 := Qg \Eg ((77‘5,07 . ,O)).
Note that for 6 > 0 small enough, € is smooth and 0 € 92. We now prove that

(3.4 tim 37 (625) = =2

Define 7; € C°°(R") such that n;(z) = 0 if |z| < 1 n1(z) = 1 if |2| > 2. Let ns(x) := 0 (6 1x)
for all § > 0 and z € R". Fix U € C®(R™) and consider for any § > 0, an €5 > 0 such that
limg_.q 6% = limgs_,ges = 0. For § > 0, we define

us(z) = 775(1‘)5;%[](6(;11') for all z € Qs.
For 6 > 0 small enough, we have that us € C2°({5). Since § = o(es) as § — 0, a change of variable
yields limg_,o st ‘;% de =[5, % dx. We also have for 6 small,

/|Vu5|2d:c - /|vu5\2dm=/ |V(U~ni)|2dx
Qs R™ Rn™ €8

(3.5) - / VU203 dx+/ s (—Ani) U2 da.
R™ €5 Rn €s €5
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Let R > 0 be such that U has support in B(0). Since n > 3, we have

[ons (-0 )vras

€5

0 ((5)2 Vol(Br(0) N Supp (An%))>

o)

as 6 — 0. This latest identity, (3.5) and the dominated convergence theorem yield

§—0

lim [ |Vus)?dx = / |VU|? da.
Qs R™
Therefore, for U € C°(R™), we have
VU5 2dx L IVUI2d
lim sup vy (2s) < 11 fQ‘;‘ | = f | U2| .
5—0 fm; \aclz fR" Tl dx
Taking the infimum over all U € C°(R"), we get that
Jon |VU | dz

lim su Q inf - = R™) =
H)MH( ) < veDLEEINO}  [p, U da (R

(n—2)°
T

Since g (25) > (";2)2 for all 6 > 0, this completes the proof of (3.4), yielding (5).
For (6) we use the following observation.
Lemma 3.2. Let (®))ren € CH(R",R™) be such that

(3.6) im0 = Iz [l + |V (@ = Ido)]|oc) = 0 and ,,(0) = 0.

Let D C R™ be an open domain such that 0 € 9D (not necessarily bounded nor regular), and set
Dy, := &y (D) for all k € N. Then 0 € 9Dy, for all k € N and

(37) lim 'YH(Dk) = ’yH(D).
k—+o00
Proof of Lemma 3.2: If u € C°(Dy,), then wo & € C°(D) and
(3.9) / Vul?dr = / 1V (10 B1) oy Pac( @) dor
Dy n '
u? (uo ®p(x))*
3.9 / —dr = / —————|Jac(®y)| dz,
(39) o, 1o G

where here and in the sequel ®} Eucl is the pull-back of the Euclidean metric via the diffeomorphism
®y,. Assumption (3.6) yields

[0
lim sup (\' () —1|+sup|<a<1>k( ) @-%(x))—aij>|+|Jac<<1>k>—1|)=o
k—+0c0 zeD |$| i,j

where d;; = 1 if i = j and 0 otherwise. This limit, (3.8), (3.9) and a density argument yield (3.7). O

We now prove (6) of Proposition 3.1. Let ¢ € C°(R"™!) such that 0 < ¢ < 1, »(0) = 0, and

o(z") = 1for all 2’ € R"! be such that |2/| > 1. For t > 0, define ®;(z1,2') := (xlftgo( ", a’) for all
(z1,2") € R™. Set Q := ®;(R?}) and apply Lemma 3.2 to note that lim._,o i (Q¢) = va( i) ~:

Since ¢ > 0, ¢ # 0, we have that R} C Q, for all t > 0. To get (6) it suffices to take Q. = for
t > 0 small enough. O
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As in the case of vy (), the best Hardy-Sobolev constant

|Vul? de —~ [,
f1o,5(Q2) = inf Jo f‘” 1 e Do) (o)
7 (Jo o da) 7

will depend on the geometry of €2 whenever 0 € 0.

Proposition 3. 3 Let Q be a bounded smooth domain such that 0 € 0S).
(1) If y < B, then py () > —oo.
(2) If v > I, then py s(Q) = —oo.
Moreover,
(3) Ify <ym(€), then py,5(€2) > 0.
(4) If vu(Q) <y < then0>uws(§2) > —00.

(5) Ify=vu() < s then Hr,s(€2) = 0.

Proof: Assume that v < "72 and let € > 0 be such that (1 +€)y < ”72. It follows from Proposition
3.5 that there exists C. > 0 such that for u € D'?(9),

n? u? 5
T |2dac< (I+¢) |Vu| dzx + C. udw
Q

For any u € D12(Q) \ {0}, we have
(1-2(1+e) [, |Vul?dz — 230, [,u?dx
2
u @ o\ FE
4y Jou? da
_TLQC ‘u|z*( ) 2*2(3) '

It follows from Holder’s inequality that there exists C' > 0 independent of u such that fQ u?dr <

Q
J’y,s(“‘)

[u]> ) SO Q dy 1,2
(fQ FE ) . Tt then follows that J3' (u) > — 3C.C for all u € D*?(Q) \ {0}. Therefore
s (82) > —oo whenever v < %2.

Assume now that v > "72 and define for every ¢ > 0 a function u. € DV2(Q) as in (3.1). It then

follows from (3.2) and (3.3) that as ¢ — 0,

(5 -v)c@miton) [/ o) NS
Jffzs(ua) = (C(s) n l N O(l))%“) = <(4 - ’7) 072 + O(U) (ln ) .

Since s < 2 and v > -, we have lim._,q J ( ) = —00, therefore 11, 4(2) = —o0.

Ify < v (), Sobolev s embedding theorem yields 19 s(£2) > 0, hence the result is clear for all v <0
since then fiy s(2) > po,s(2). If now 0 < v < v (), it follows from the definition of v (£2) that
for all u € DY2(Q) \ {0},

u2
JoIVul* =~ [ L de - <1 v ) Jo IVul® dx
B

2 — 2
f w2* (:)d 0]l H(Q |u\2*() =)
S Jo “Er

Q
Jos(u) =

vV
N\
—
|
2
N———
=
(=]
w
=2
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Therefore 11, 4(€2) > (1 — #(Q)) 1o,s(€2) > 0 when v < v (€2).

If vg(2) < v < ’2 , then Proposition 3.1 (4) yields that vy () is attained. We let ug be such

an extremal. In particular J w),s(w) = 0= JS ()5 (U0), and therefore 11, (0),s(€2) = 0. Since
2
vu () < v < 2, we have that JQ s(uo) <0, and therefore 1, () < 0 when v5(Q) <y < %. O

Remark 3.4. The case v = % is unclear and anything can happen at that value of 7. For example,

if vy () < %2 then p,2 (€2) <0, while if y () = "72 then p,2 (€2) > 0. It is our guess that many
1 k)

examples reflecting different regimes can be constructed.

We shall need the following standard result.

Proposition 3.5. Assume v < ”72 and s € [0,2]. Then, for any € > 0, there exists C. > 0 such
that for all w € DY2(Q),

([ < () [ (e i [
. T < —— T € e )x—|— /u x.
o |zl NW,S(R+) Q ||

This result says that, up to adding an L?—term (indeed, any subcritical term fits), the best constant
in the Hardy-Sobolev embedding can be chosen to be as close as one wishes to the best constant in
the model space R’}. One can see this by noting that for functions that are supported in a small
neighborhood of 0, the domain 2 looks like R”}, and the distortion is determined by the radius of
the neighborhood. The case of general functlons in D12(Q) is dealt with by using a cut-off, which
induces the L?—norm. A detailed proof is given in [17].

The following result is central for the sequel. The proof is standard, ever since T. Aubin’s proof
of the Yamabe conjecture in high dimensions, where he noted that the compactness of minimizing
sequences is restored if the infimum is strictly below the energy of a “bubble”. In our case below,
this translates to p1y,s(2) < p1y,s(R’). We omit the proof, which can be found in [17].

Theorem 3.6. Assume that v < ’Z , 0 <5 <2 and that piys(2) < pys(RY). Then there are
extremals for i, s(Y). In particular, there exists a minimizer u in D2(Q) \ {0} that is a positive
solution to the equation

2% (s)—1

—Au — 'y# = fby,s(Q2)Y FiE in
(3.11) u > 0 in 00
u = 0 on 0f).

4. PROFILE AT 0 OF THE VARIATIONAL SOLUTIONS OF L u = a(z)u

Here and in the sequel, we shall assume that 0 € 99, where Q is a smooth domain. Recall from the
introduction that two solutions for L,u = 0, with v = 0 on JR" are of the form uq(x) = x1|z|™,
where a € {a_(7), a4 (v)} with

(4.1) o =3 F - and ar() =345 -

These solutions will be the building blocks for sub- and super-solutions of more general linear
equations involving L. on other domains. This section is devoted to the proof of the following
result. To state the theorem, we use the following terminology:

We say that u € DV2()0c 0 if there exists 7 € C°(R") such that 7 = 1 around 0 and nu € D%?(Q).
Say that u € DV2(Q)..0 is a weak solution to the equation

/

—Au=F¢ (D172(Q)loc,0) 5
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if for any ¢ € DV2(Q) and n € C®(R") with sufficiently small support around 0, we have
Jo(Vu, V(ne)) dz = (F,ng)

Theorem 4.1. Fiz v < %2, 7> 0, and let u € DY2(Q)10c.0 be a weak solution of
(4.2) —Au — #u =0in D1’2(Q)loc,0-

Then, there exists K € R such that
1 =K.
230 d(x, Q)| ~o- )

Moreover, if u > 0 and u # 0, we have that K > 0.

7+0(

|z]7)
<[

where a € C%(Q2) such that a(z) = O(Jz|") as 7 — 0. In section 6, we will make a full description
of solutions to (4.2) that are not necessarily variational (we also refer to Pinchover [23] for related
problems).

yta(z)

By a slight abuse of notation, v — —Au — u will denote an operator u — —Au — U

We need the following lemmas, which will be used frequently throughout the paper. The first is
only a first step towards proving rigidity for the solutions of L,u = 0 on R’}. Indeed, the pointwise
assumption u(z) < C|z|*~% will not be necessary as it will be eventually removed in Proposition
6.4, which will be a consequence of the classification Theorem 6.1. We omit the proof as it can be
inferred from the work of Pinchover-Tintarev [24].

Lemma 4.2. (Rigidity) Let u € C*(R" \ {0}) be a nonnegative solution of

(4.3) —Au—#uzﬂ in R 5 u =0 on ORY.

Suppose u(x) < Clz|'~* on R for o € {a_(7), a4 (v)}, then there exists X > 0 such that u(z) =
Az1|z|~* for all x € RY.

We now construct basic sub- and super-solutions for the equation L,u = a(z)u, where a(z) =
O(|z|7=2) for some T > 0.

2

Proposition 4.3. Let v < % and o € {a_(v),ay(v)}. Let 0 < 7 < 1 and € R such that
a—17<f<aandf & {a_(7),ar(v)}. Then, there exist v > 0, and uq 4+,uq,— € C°(2\ {0})
such that
Ug 45 Ua,— >0 in QN B,(0
U 45 Ua,— =0 on IQN B,(0)

)
T T(
(4.4) —Aug 4 — %uoﬁ_ >0 in QN B.(0)
—Aug,— — %ua,, <0 inQnNB.(0).
Moreover, we have as © — 0, x € Q, that
d(z, 00 o d(z, 00 o
43) o) = CEE 000 & v (0) = LT 14 O(faf ),

Proof of Proposition 4.3: We first choose an adapted chart to lift the basic solutions from R’} . Since
0 € 92 and Q is smooth, there exist U,V two bounded domains of R" such that 0 € U, 0 € V, and
there exists ¢ € C*°(U,V) a C*°—diffeomorphism such that ¢(0) = 0,

(UN{z;>0}) =c(0)NQand ¢(UN{z; =0}) =c(U)NA.
The orientation of A is chosen in such a way that for any z’ € U N {z; = 0},
{810(0, .T/), 820(03 'T/)a R 87LC(07 I/)}
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is a direct basis of R (canonically oriented). For ' € UN{z; = 0}, we define v(z') as the unique or-
thonormal inner vector at the tangent space T 5952 (it is chosen such that {v(2"), 02¢(0,2"), ..., 0,c(0,2')}
is a direct basis of R™). In particular, on R"} := {z1 > 0}, v(2') := (1,0,...,0).

Here and in the sequel, we write for any r > 0
(4.6) B, := (—r,r) x B"(0)

where Bﬁ"_l)(O) denotes the ball of center 0 and radius r in R"~!. It is standard that there exists
0 > 0 such that

ng — R™
(r1,2") e Rx R —  ¢(0,2') + z1v(2')

(4.7) L
is a C°°—diffeomorphism onto its open image ¢(Bas), and

(4.8) @©(Bas N {x1 > 0}) = (Bas) NQ and ¢(Bas N {1 = 0}) = o(Bas) N Q.

We also have for all 2’ € Bs(0)("~1),

(4.9) v(z') is the inner orthonormal unit vector at the tangent space T (g )OS

An important remark is that

(4.10) d(p(z1,2'),0Q) = |z1| for all (z1,2") € Bas close to 0.

Consider the metric g := ¢p*Eucl on Bass, that is the pull-back of the Euclidean metric Eucl via the
diffeomorphism ¢. Following classical notations, we define

(4.11) gij () = (0s0(x), 05p(7))y for all x € Bos and 4,5 = 1,...,n.

Up to a change of coordinates, we can assume that (92¢(0),...,9,¢(0)) is an orthogonal basis of
To0R2. In other words, we then have that

(412) gm(O) = 5ij for all Z,] = 17 ceey N

As one checks,
(4.13) gi1(x) = 05 for all z € Bos and i = 1,...,7n.
Fix now a € R and consider © € C°(Bays) such that ©(0) = 0 and which will be constructed later

(independently of o) with additional needed properties. Fix n € C2° (Bgs) such that n(z) = 1 for all
x € Bs. Define u, € C*(Q\ {0}) as

(4.14) Ue 0 (1, 2") := )z || "1 + O(x)) for all (z1,2') € Bys \ {0}.
In particular, uq(z) > 0 for all # € ¢(Bas) N Q and uq(x) = 0 on Q\ p(Bas).
We claim that with a good choice of ©, we have that

(4.15) Ay, = 2=y 40 (“a“)) as  — 0.

|12 |]

Indeed, using the chart ¢, we have that
(—Auq) 0 p(z1,2") = —Ag(ua © ¢)(z1,2")
for all (z1,2') € Bs \ {0}. Here, —A,, is the Laplace operator associated to the metric g, that is
—Ag = —g" (9;; — T501) ,
where

1 m
I} = §9k (0igjm + 0 Gim — OmGij) ;
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and (¢/) is the inverse of the matrix (g;;). Here and in the sequel, we have adopted Einstein’s
convention of summation. It follows from (4.13) that

(~Aua)op = —Agua(taoe) = > (99 =07)(uac )
1,j>2
(4.16) —l—g”Fl 01 (uq 0 ) + Zg”Fk Ok (e © ©).
k>2

It follows from the definition (4.14) that there exists C' > 0 such that for any 4,5,k > 2, we have
that

104 (ua © @) (x1,2")] < Clan| - 2772 and |9k (uq 0 ¢)(w1,2)| < Claa| - 2|77,

for all (z1,2') € Bs \ {0}. It follows from (4.12) that ¢*/ — 6% = O(|z|) as x — 0. Therefore, (4.16)
yields that as z — 0,

(4.17) (—Aug)op = —Apy(ta o)+ g7 ;01 (uq 0 @) + O(wy|z|~*7)

The definition of g;; and the expression of ¢(z1,’) then yield that as z — 0,

L 1 .
9Ty = =5 2 970
i,j>2
= =3 gan,a!) (Bip(0,2), (")) + 21(9,(a'), Dy (a'))
1,5 >2
= =Y 9(0,a") (Bip(0,2"), dyv(a”)) + Ol )
i,j>2

= H(@) + O(|z1)),

where H(z') is the mean curvature of the (n — 1)—manifold 9Q at ¢(0,2’) oriented by the outer
normal vector —v(z’). Using the expression (4.14) and using the smoothness of ©, (4.17) yields
(-Aua)op = (“Agye(zalz[™)) - (1+6) + |27 (H(2')(1+ ) - 20,0)
+O(xy |z| 1) as x — 0.

We now define
O(z1,2') = e 2™ H@) _ 1 for all & = (z1,2') € Bas.
Clearly ©(0) = 0 and © € C°°(By;). We then get that as z — 0,

(4.18) (~Aua)op = mea,(H@HO(IMM).

With the choice that g;;(0) = d;;, we have that (9;¢(0));=1, .. »n is an orthonormal basis of R™, and
therefore |¢o(x)| = |z|(1 4+ O(|z|)) as  — 0. It then follows from (4.18) and (4.14) that

a(n —a)

4.1 —Au, =

U + O(|z] " ug) as ¢ — 0.

This proves (4.15). We now proceed with the construction of the sub- and super-solutions. Let
a € {a_(7),as(7)} in such a way that a(n — a) = v and consider 5, A € R to be chosen later. It
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follows from (4.15) that

A IHOUY (L ay _ ABR=B =)
(-a- 2 ) ot T
+ 2+ 0l ) + Ol 2us)

= ﬁ—f (B —B) =)
+O(j2]7) + O(|2[ =) + O(Ja[+7==))

as ¢ — 0. Choose 8 such that & — 7 < 8 < « in such a way that § # a_(y) and 8 # a4 (y). In
particular, 8 > a — 1 and B(n — §) — v # 0. We then have

v+ O(lz| u B
) (-6- T2 ) = 2 (G50 ) =)+ Ol )
as * — 0. Choose A € R such that A(B(n — ) —+) > 0. Finally, let ug 4 = uy + Aug and
Uq,— = Uq — Aug. They clearly satisfy (4.4) and (4.5), which completes the proof of Proposition
4.3. O

Lemma 4.4. Assume that u € DV2(Q)10c,0 is a weak solution of

(4.21) { ~Au HRFHu=0 i DO

- u=0 on Bys(0)NoQ,
for some T >0 and § > 0. Then, there exists C; > 0 such that

(4.22) lu(z)| < Crd(z, 8Q)|z| =) for z € QN B;(0).
Moreover, if u > 0 in 2, then there exists Cy > 0 such that

(4.23) u(z) > Cod(z, Q) |z| == for z € QN Bs(0).

Proof of Lemma 4.4: Assume first that u € DV2()15c0 and u > 0 on Bs(0) N Q. We claim that
there exists Cy > 0 such that

1 d(x,00)

1 d(x,00)
Co |x‘0‘7(7)

(4.24) R

<u(z) < Cy for all z € QN B;(0).

Indeed, since u is smooth outside 0, it follows from Hopf’s Maximum principle that there exists
C41,Cy > 0 such that

(4.25) Crd(z,00) < u(x) < Cod(z,00Q) for all x € QN IB;(0).

Let uq_(4),+ be the super-solution constructed in Proposition 4.3. It follows from (4.25) and the
asymptotics (4.5) of uq_ (4,4 that there exists C3 > 0 such that

u(z) < C3uq_ ()4 () for all z € 9(Bs(0) N Q).

Since u is a solution and wu,_(4),+ is a supersolution, both being in Dl’Q(Q)lOC,O, it follows from the
maximum principle (by choosing § > 0 small enough so that —A — (v + O(|x|7))|z|~2 is coercive on
Bs(0)NQ) that u(x) < C3uq_(4),+(z) for all z € B5(0)NQ. In particular, it follows from the asymp-
totics (4.5) of uy_(y),4 that there exists Cy > 0 such that u(x) < Cyd(x, 0Q)|z| =) for all z €
QN Bs(0). Arguing similarly with the lower-bound in (4.25) and the subsolution u,_(),—, we get
the existence of Cp > 0 such that (4.24) holds. This yields Lemma 4.4 for u > 0.
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Now we deal with the case when u is a sign-changing solution for (4.21). We then define uq, us :
Bs(0) N — R be such that

—Au; — %ul =0 in Bs(0)NQ
up(x) = max{u(x),0} on 9(Bs(0)NN).

ug(x) = ma‘uxl{—u(x),O} on 9(Bs(0) N Q).
The existence of such solutions is ensured by choosing § > 0 small enough so that the operator
—A — (v + O(|z]7))|z| =2 is coercive on Bs(0) N Q. In particular, ui,us € DV2(Q)10c,0, u1,us > 0
and u = u; — ug. It follows from the maximum principle that for all ¢, either u; = 0 or u; > 0. The
first part of the proof yields the upper bound for uy,us. Since u = u; — ug, we then get (4.22). O
The following lemma allows to construct sub- and super solutions with Dirichlet boundary conditions
on any small smooth domain.

{—Aur”*?ﬂf”wzo in Bs(0) N Q

Proposition 4.5. Let Q be a smooth bounded domain of R™, and let W be a smooth domain of R™
such that for some r > 0 small enough, we have

(4.26) B.(0)NQ C W C By (0)NQ and B,.(0) N OW = B,.(0) N 9.
Fixy<Z,0<7<1and B € R such that ay(y) — 7 < B < at(v) and B # a_(v). Then, forr
small enough there exists u'® )(7) 4 ((iz(w _€ COO(W\ {0}) such that
ul® . - a =0 indw)\ {0}
(4.27) —Augi; . 7*?3‘; 3@) >0 inW
“Bul ), - PR, <0 mw.

Moreover, we have as x — 0, x € Q that

d x, 00 o
and

d(x, 09 o
(4.29) ) (@)= S 0 Ofal ).

Proof of Proposition 4.5: Take n € C*°(R") such that n(z) = 0 for € Bs/4(0) and n(x) = 1 for
x € R™\ B;s/3(0). Define on W the function

f(l’) = (_A - 'Y+|2|(2|30T)> (nua+('y),+>7

where u,, (v),+ is given by Proposition 4.3. Note that f vanishes around 0 and that it is in C*° (W).
Let v € DY2(W) be such that

—Av—%ﬂflr)v:f in W
v=0 on OW.

Note that for r > 0 small enough, —A — (v + O(|x|7))|z|72 is coercive on W, and therefore, the
existence of v is ensured for small r. Define

(d)
Ugy ()4 = UYay(y),+ ~ MUay(y),+ T V-
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The properties of W and the definition of  and v yield
WY =0 inow\ {0}

(@ oel
—Aug )~ R e () >0 TV,

Since —Av — (v + O(|z|7))|z|72v = 0 around 0 and v € DY2(W), it follows from Lemma 4.4 that

there exists C' > 0 such that |v(z)| < Cd(x, W)|z|~*- ) for all 2 € W. Then (4.28) follows from
(d)

the asymptotics (4.5) of uq, (),+ and the fact that a_ () < ay (y). We argue similarly for Ugy ()~

O

Lemma 4.6. Let u € DY?(Q)0c0 such that (4.2) holds. Assume there exists C > 0 and o €
{ar(7), a—(7)} such that

(4.30) lu(z)| < Clz|*~* forx — 0, z € Q.
(1) Then, there exists Ch > 0 such that
(4.31) [Vu(z)] < Cilz|™ asz — 0, z € (.

(2) Iflimg_o|z|* tu(z) = 0, then lim,_,q |2|*|Vu(z)| = 0. Moreover, if u > 0, then there exists
[ > 0 such that

() , o _
(4.32) ilg}) (. 09) =1 and w—)(l)}gleaﬂ ||| Vu(x)| = L.
Proof of Lemma 4.6: Assume that (4.30) holds. Set w(x) := ‘;(‘:fg(g)) for z € Q. Let (x;); € Q be
such that
(4.33) lim x; =0and lim w(z;) =1

1——+00 1—+o00
Choose a chart ¢ as in (4.7) such that dpg = Idr~. For any 4, define X; € R?} such that z; = ¢(X;),
r; = |X;| and 6; := ‘§‘ In particular, lim;_, o, r; = 0 and |6;|=1 for all 7. Set

() = r? 'u(p(rix)) for all i and o € Br(0) NRY ; o # 0.
Equation (4.2) then rewrites

{ ~Ag,i; — 120G =0 in B(0) NRY

4.34
(4.34) @ =0 in Bg(0)NIR",

where g;(z) := (¢*Eucl)(r;x) is a metric that goes to Eucl on every compact subset of R™ as i — cc.
Here, o(1) — 0 in CP.(R™ \ {0}). It follows from (4.30) and (4.33) that

loc
(4.35) % (2)| < Clz|'~* for all i and all z € Br(0) NRY,

It follows from elliptic theory, that there exists @ € C*(R' \ {0}) such that @; — @ in CL (R \ {0}).
By letting 0 := lim; ,4 0; (|#| = 1), we then have that for any j = 1,...,n, 9;4;(6;) — 0,;4(6) as
i — +00, which rewrites
(4.36) ‘1i1+n |z;|*0ju(x;) = 0;u(0) for all j =1, ..., n.

1—+00
We now prove (4.31). For that, we argue by contradiction and assume that there exists a sequence
(x;); € Q that goes to 0 as i — +oo and such that |z;|*|Vu(z;)| — +00 as i — 4o00. It then follows
from (4.36) that |z;|%|Vu(xz;)] = O(1) as i — 4o00. This is a contradiction to our assumption, which
proves (4.31). The case when |z|*u(z) — 0 as x — 0 goes similarly.

Now we consider the case when u > 0, which implies that @; > 0 and @ > 0. We let [ € [0, +00] and
(x;); € Q be such that

(4.37) lim z; =0and lim w(z;) =1

1—+00 1—+o00
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We claim that
(4.38) 0 <! < +o0 and lin})w(x) =1€0,+00).
r—
Indeed, using the notations above, we get that
i——+00 (91)1

=1.

The convergence of @; in C} (R \ {0}) then yields | < +oc. Passing to the limit as i — 400 in
(4.34), we get
_AEucla — el

prd =0 inRL
@>0 inR?
=0 indR"
The limit (4.37) can be rewritten as @(f) = 10, if § € R, and 0,a(f) = 1 if € OR.. The rigidity

Lemma 4.2 then yields
W(x) = lx|z|” for all z € RY}.

In particular, since the differential of ¢ at 0 is the identity map, it follows from the convergence of
U; to 4 locally in C' that

u(z) u(z)

4.39 lim SUp S = sup o =1
(4.39) i+ 1e0maB,, (0) U@, 02)|Z|~*  sernroBp, (o) T1lT] 7"
and
(4.40) - u(x) _ u(z)

nf — in —_— =
i—+00 2€QNIB,, (0) d(x,00)|x|~%  zerRTNIB.(0) T1|z|~®

We distinguish two cases:

Case 1: a = a4 (y). Let W and u&dj(v)
(d)

existence and properties of U, () — do not use the Lemma that is currently proved. It follows from
(4.40) that there exists ig such that for ¢ > ig, we have that

— @
u(z) = (= €Juy () -

Since (—A — (v + O(|z|))|z| =) (u — (I — e)u(oi)(v)ﬁ) > 0in W\ B, (0) and since uq, (),— vanishes
on OW \ {0}, it follows from the comparison principle that

_ be as in Proposition 4.5, and fix € > 0. Note that the

(z) for all x € W N 0By, (0).

u(z) > (1 — E)Ugd:(v) _(x) for all z € W\ 9B,,(0).
Letting ¢ — 400 yields
u(z) > (1 —eu'™ | _(x) for all 2 € W\ {0}.

ap(v),—

It follows from this inequality and the asymptotics for u&dj ()= that

liminf w(z) > 1.
z—0

Note that this is valid for any ! € R satisfying (4.37). By taking ! := limsup,_,,w(z), we then get
that lim,_,ow(x) = 1.
Case 2: a = a_(y). Consider the super- and sub-solutions wu, () 4+,%a_(y),— constructed in
Proposition 4.3. It follows from (4.39) and (4.40) that for € > 0, there exists i such that for i > ig,
we have

(I = ua_(y),—(7) S u(r) < (14 €)ug_(y),+(z) for all z € QN IB,,(0).
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Since the operator —A — (v + O(|x|™))|z|~2 is coercive on Q N B, (0) and that the functions we
consider are in Dll(;io(Q N By, (0)) (i.e., they are variational), it follows from the maximum principle
that

(I = ua_(y),—(7) Su(r) < (I+ €)ug_(y),+(z) for all z € QN B, (0).
Using the asymptotics (4.5) of the sub- and super-solution, we get that

- u(z) | u(z)
l—¢€) <1 f <1 < (l .
= < B G )fala-m) = ISP (e, o) oo = ()

Letting € — 0 yields lim,_,ow(z) =1 > 0. This ends Case 2 and completes the proof of (4.38).

The case u > 0 is a consequence of (4.38) and (4.36) (note that for the second limit, x; € 92 rewrites
as 0; € OR"} and therefore (6;); = 0). This ends the proof of Lemma 4.6. O

Proof of Theorem 4.1: First, assume that u € D"?(Q),c0 satisfies (4.2) and u > 0 on Bs(0) N Q.
It then follows from Lemma 4.4 that there exists Cy > 0 such that

1 d(z,090) d(x,00)
T\ < < bk Sk el
Co T = @) = Qo

Since u > 0, this estimate coupled with Lemma 4.6 yields the theorem for u > 0.

for all x € QN B;(0).

If now w is a sign-changing solution for (4.2), we define uy, us : Bs(0) N — R as in the proof of
Lemma 4.4. The first part of the proof yields that there exist l1,ls > 0 such that

uy (z) us ()

li =1l and i =ls.
o200 d(z, o)+ M Db Az, 0Q) |2 0) T
Since u = uy — uo, we get Theorem 4.1 by taking [ :=1; — I5. O

Here is an immediate consequence.

Corollary 4.7. Suppose v < v () and consider the first eigenvalue of L., i.e.,

fQ (|Vu\2 — ﬁﬁ) dx

A1 (22 = inf 0.
1( 77) ueDlvl?I%Q)\{O} fQ 'LL2 dr >
If ug € DY2(Q) \ {0} is a minimizer, then there exists A # 0 such that

d(x,00)

Uo(x) ~z—0 AW-

Proof: The existence of a minimizer ug that doesn’t change sign is standard. The Euler-Lagrange
equation is —Awu — #u = ku for some k € R. We then apply Theorem 4.1. O
5. REGULARITY OF SOLUTIONS FOR RELATED NONLINEAR VARIATIONAL PROBLEMS

This section is devoted to the proof of the following key result.

Theorem 5.1 (Optimal regularity and Generalized Hopf’s Lemma). Fizy < "72 and let f: QxR —
R be a Caratheodory function such that

2% (s)—2

F(@,v)] < Clol (1 L

||s)forallmeﬂand’uGR.
T

Let u € DY2(Q)10c.0 be a weak solution of

_ 7+ 0(=[")

(5.1) —Au FE

u= f(z,u) in D1’2(Q)loc,o
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for some T > 0. Then, there ezists K € R such that

: u(z)
2 1 =K.
(5.2) 750 d(z, 0Q)|z|-o- ™

Moreover, if u > 0 and u # 0, we have that K > 0.

Note that when f = 0, this is nothing but Theorem 4.1. The result can be viewed as a generalization
of Hopf’s Lemma in the following sense: when v = 0 (and then a_(v) = 0), the classical Nash-
Moser regularity scheme yields u € Clloc, and when u > 0, u # 0, Hopf’s comparison principle yields
0,u(0) < 0, which is a reformulation of (5.2) when a_(vy) = 0.

The following lemma will be of frequent use in the sequel.

Lemma 5.2. Let f : QxR — R be as in the statement of Theorem 5.1, and consider u € Dl’Z(Q)loc,o
such that (5.1) holds. Assume that for some C > 0,

(5.3) lu(z)| < Clz)' =) forz — 0,z € Q.
Then, u satisfies the conclusion of Lemma 4.6.

Proof of Lemma 5.2: Assume that (5.3) holds. We claim that we can assume that for some 7 > 0,

(5.4) = 20D G .,

Indeed, we have as x — 0,

[f(z,u)] < Clu (1+|x|—s|x|—<2*<s>—2><a_(v>—1)>

|u| 2 2% (8)—2) (2 —_ 7
< CW (\xl IIENORIC (v))) — 0|z B
for some 7' > 0. Plugging this inequality into (5.1) and replacing 7 by min{7, 7'} yields (5.4). The
lemma now follows from Lemma 4.6. |

Proof of Theorem 5.1: We let here u € DV2(£2)15¢.0 be a solution to (5.1), that is

_ 2+ 0=
|[?

for some 7 > 0. We shall first use the classical DeGiorgi-Nash-Moser iterative scheme (see Gilbarg-
Trudinger [18], and Hebey [20] for expositions in book form). We skip most of the computations
and refer to Ghoussoub-Robert (Proposition A.1 of [16]) for the details. We fix dg > 0 such that
(i) there exists 77 € C°°(Bys,(0)) such that 77(z) = 1 for x € Bas, (0).

(ii) ju € D2(Q) and,

(iii) u is a weak solution to (5.5) when tested on fjp with ¢ € DY2(Q) (see the definition of weak
solution given in the preceding section).

The proof goes through four steps.

(5.5) —Au u = f(z,u) weakly in D"2(0)0c.0

Step 1: Let § > 1 be such that 22— > “~. Assume that u € LP1(Q2N By, (0)). We claim that

(B+1)?
(5.6) uwe L7203+ n B, (0)).
Indeed, fix 8 > 1, L > 0, and define G, Hy, : R — R as
[t]P—1t if [t| < L
(5.7) Gr(t):=<{ BLP Y (t—-L)+LP ift>L

BLAY(t+ L)~ L ift<—L
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and

[t| =t if [t| <L
(5.8) Hp(t) =< 2805 (¢ L% ift>1L
SRS (t4+ L) - L% ift < —L

As it is easily checked,

4
(B+1)2

for all t € R and all L > 0. We fix § > 0 small that will be chosen later. We let n € C°(R"™) be
such that n(z) = 1 for € B;/5(0) and n(z) = 0 for 2 € R™ \ Bs(0). Multiplying equation (5.5)
with n?Gr(u) € D¥?(Q), we get that

(5.9) 0 <tGp(t) < Hp(t)? and G (t) =

(HL(1)?

/Q(Vu,V(nzGL(u)))dx — /Wﬁ uGp(u) dx

(5.10) /f:vunGL u) dz

Integrating by parts, and using formulae (5.7) to (5.9) (see [16] for details) yields

[ uvereinde = g [ (IV@HL@)P - n-AnH)?) da
(5.11) +/Q—A(n2)JL(u) dx
where J(t) := [} Gp(r) dr. This identity and (5.10) yield
G [P e - [ ’”gff”n%@(u)dx
< 1= s
€(8.9) / L AGIE
(5.12) —&-C/Q|u|2|$(|s)2(nHL(u))2dx.

Holder’s inequality and the Sobolev constant given in (1.16) yield

————(nHp(u))* dx
o |7
@\ (s) %
2% (s *(s H 2% (s 2% (s)
([ wEO, (/ s ) dw)
QNB;(0) |z] Q |z]
2% (s)—2

WFe T ,
<(/ R — g | V@) da.
QNB;(0) 2| Mos
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Plugging this estimate into (5.12) and defining ~; := max{~v,0} yields

[ (nHL(u))?
5‘1'1 /|V nH(u 2dr — (v+ +Co >/Q|x|2 dz

0(5,5)/ (|HL(U)|2 + |JL(u)D dx
QNB;(0)

5) /Q IV (1 H () 2 d,

where
2% (s)—2
2% (s) 2%(s) 1
a(8) ==C / [ul — do : :
anBs(0) |z[* 1o,s(€2)
so that
lim a(d) = 0.
§—0

It follows from Hardy’s inequality that

L0 R e
-/ do < (1+€(0)) [ V(L) do.

]2

where lims_,g €(§) = 0. Therefore, we get that
N2 (nHL(
<ﬁ+1 ) (’Y++C5) +€ >/|V’I7 L dx
<CB.0) [ (Hu() +1J(w)]) do < C(5.5) / [ul 1 da.
QNBs(0) Bs(0)NQ

Let 6 € (0,d0) be such that
_4B
(B+1)?

6+61)2 > n2'7 Using Sobolev’s embedding, we then get that

a(8) — (v4 + C87) i?(l +e(8) > 0.

This is possible since i

2

</Bé/2(0)ﬂﬂ Ll d:z:) ) < (/n InHp(u)|* dCC) ‘
< poo(@)7 /Q IV (nHr (u))
<

C(8.5,7) / P+ de
B(;(O)QQ

Since u € LAY (B, (0)NN), let L — +o0 and use Fatou’s Lemma to obtain that u € L% (B+1) (Bs/2(0)N
Q). The standard iterative scheme then yields that u € C*(Q N Bs,(0) \ {0}). Therefore u €
L= B+ (Bs, (0) N Q).

Step 2: We now show that

(5.13) if v <0, then u € LP(2N Bs(0)) for all p > 1,

(5.14) if v > 0, then u € LP(2 N Bs(0)) for all p € (1, nﬁQa_n(’y)) .

The case v < 0 is standard, so we only consider the case where v > 0. Fix p > 2 and set § :=p— 1.

we have
45 > 4 e < p <
B+02 " w2 T al(y)

a_(y)
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Since oy () > n/2 and p > 2, then

4

4
—_— > =Y & <
B+r1z w2l TP

o

a(y)

Therefore, it follows from Step 1 that if u € LP(QNBs, ), with p < n/a_(7), then u € L72P(QNB;, ).
Since u € L*(Q N Bs, ), (5.14) follows.

Step 3: We claim that for any A > 0, then

(5.15) |27 Ju(z)| = O(|z| = (3 —maxta-(0}=2) a5 5 5 0.

Indeed, take p € (2*, m) if v > 0, and p > 2* if v < 0. This is possible since 2* = 2n/(n—2)

and a_(y) < n/2. We fix a sequence (¢;); € (0,+00) such that lim; .4 ¢; = 0 and we fix a chart
v as in (4.7) to (4.12). For any i € N, we define

w;(x) = Ei%u(tp(six)) for all x € B(;/Ei.

Equation (5.5) then rewrites

2 O(eT|x|™ ~
w — & (v + Ofe] || ))ul = fi(x,u;) ; ui =0 on IR} N By .,

5.16 —Ag,u;
(5.16) / o(ea)?

where g;(z) := p*Eucl(¢;z) and

*(g)— n-2_n « ~
il ui)| < Clug| + 02> OO =5) sz -1 gy Bsje..

i

We fix R > 0 and define wg := (BR \ BR—1> NR?Y. With our choice of p above and using (5.14),
we get that

(5.17) will Lo (wr) < C,
and
(5.18) |fi(z, us)| < Crlui| + Crlu|* &)Y for all z € wg.

Fix ¢ > p > 2*. Tt follows from elliptic regularity that

[l Lot () < €7 i g < 5(27(s) = 1)
luill La(wgn) < C = ||Ui||Lr(wR/2) <O forallr>1ifg=5(2(s) — 1)
Uil oo (wpyn) £ C i g > 5(27(s) — 1)
where % = 2*(8% — % and the constants C,C’ are uniform with respect to i. It then follows from
the standard bootstrap iterative argument and the initial bound (5.17) that [[u;||Le(wy,,) < C”
Taking R > 0 large enough and going back to the definition of u;, we get that for all i € N,

|| ¥ |u(z)| < C for all x € QN Ba.,(0) \ Be, 2(0).

Since this holds for any sequence (g;);, we get that |z|7 |u(z)] < C around 0 for any 2* < p <
2

m when v > 0. Letting p go to MLTM yields (5.15) when v > 0. For v < 0, we let
p — +0o0.

To finish the proof of Theorem 5.1, we rewrite equation (5.5) as
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where for x € ),

a(x)

7+ O(fa]") + O(af?) + O (|~ [uf*)-2)

= 3 +0(al) +0(a) +0 (o] @)

Since a_(7y) < §, it then follows from (5.15) that there exists 7 > 0 such that a(x) = v + O(|z|™)

as x — 0. We are therefore back to the linear case, hence we can apply Theorem 4.1 and deduce
Theorem 5.1. (]

As a consequence we get the following result that will be crucial for the sequel.

Corollary 5.3. Suppose u € Dl’Q(Ri), u >0, u#0 is a weak solution of

2* -1
,y U . n
—Au — WU = FE in RY.
Then, there exist K1, Ko > 0 such that
X1 T
(5.19) w(@) ~emo Kapommy and u() ~Majoveo Kopoes

Proof: Theorem 5.1 yields the behavior when 2 — 0. The Kelvin transform () := |z|*>~"u(z/|x|?)
is a solution to the same equation in Dl’z(]R’_f_), and its behavior at 0 is given by Theorem 5.1. Going
back to u yields the behavior at co. O

6. PROFILE AROUND 0 OF POSITIVE SINGULAR SOLUTIONS OF L,u = a(z)u

In this section we describe the profile of any positive solution —variational or not— of linear equations
involving L.. Here is the main result of this section.

Theorem 6.1. Let u € C%(Bs(0) N (2\ {0})) be such that
—Ay— 222U — 0 in QN B;(0)

|2

(6.1) u>0 in QN Bs(0)
u=0 on (02N Bs(0))\ {0}.

Then, there exists K > 0 such that

d(x,00)
O |zle-®

d(z,00)

either u(x) ~y—, Ja|o+ ™)

or  u(x) ~z_0

In the first case, the solution u € DV?(Q)0c0 is a variational solution to (6.1).

It is worth noting that Pinchover [23] tackled similar issues. The proof of Theorem 6.1 will require
the following two lemmas. The first is a Harnack-type result.

Proposition 6.2. Let Q2 be a smooth bounded domain of R™, and let a € L*(Q) be such that
llalleo < M for some M > 0. Assume U is an open subset of R™ and consider u € C*(U N Q) to be
a solution of
—“Agu+au=0 nUNQ

u>0 nUNQ

u=0 onUNOJ.
Here g is a smooth metric on U. If U' CC U is such that U' N Q is connected, then there exists
C > 0 depending only on Q,U’', M and g such that

(6.2) iz, 09) SCd(y,@Q) for all x,y e U' NQ.
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Proof of Proposition 6.2: We first prove a local result. The global result will be the consequence of
a covering of U’. Fix xg € 9. For § > 0 small enough, there exists a smooth open domain W such
that

(6.3) Bs(x9) NQ C W C Bas(xo) NQ and Bs(xg) N OW = Bs(zg) N ON.

Let G be the Green’s function of —A, + a with Dirichlet boundary condition on W, then its repre-
sentation formula reads as

(6.4) u(z) = /zaw u(o) (—0y,oG(z,0)) do = /z)W\aQ u(o) (=0,,,G(z, 0)) do,

for all z € W, where 9, ,G(x,0) is the normal derivative of y — G(x,y) at ¢ € OW. Estimates of
the Green’s function (see Robert [25] and Ghoussoub-Robert [16]) yield the existence of C' > 0 such
that for all z € W and o € OW,

d(xz, OW)

1 d(xz,0W)
< <(C—=—-=.
Tl ms 0y,cG(z,0) < C E D

It follows from (6.3) that there exists C'(0) > 0 such that for all x € Bs/a(xo) N Q2 C W and
o € OW \ 09,

1
Since u vanishes on 0(, it then follows from (6.4) that for all x € Bs/o(20) N €,

1
%d(x,(?W) /6W u(o)do < u(zx) < C(0)d(xz, OW) /aw u(o) do.

It is easy to check, that under the assumption (6.3), we have that d(x,99Q) = d(z, OW). Therefore,
we have for all z € Bs/2(20) N,

R N  CO w(o) do
0(5)/6W (0)d Sd(x,amgc(‘”/aw (0) do.

These lower and upper bounds being independent of x, we get inequality (6.2) for any z,y €
35/2 (ajo) N Q.

The general case is a consequence of a covering of U’ N by finitely many balls. Note that for balls
intersecting 0f), we apply the preceding result, while for balls not intersecting 92, we apply the
classical Harnack inequality. This completes the proof of Proposition 6.2. ]

Proof of Theorem 6.1: Let u be a solution of (6.1) as in the statement of Theorem 6.1. We claim
that

(6.5) u(x) = O(d(z, 8Q)|z| =+ ) for 2 — 0, = € Q.
Indeed, otherwise we can assume that
: u(z)

6.6 1 = .
(6.6) T T e R
In particular, there exists (x); € €2 such that for all £k € N,

- u(@k)
6.7 1 =0 and > k.
(67) hotoo F a d(xg, 0Q) |z |—2+ () ~
We claim that there exists C' > 0 such that
(68) W Z Ck for all x € QN aBTk (0)7 with T = |.T/'k| — 0.
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We prove the claim by using the Harnack inequality (6.2): first take the chart ¢ at 0 as in (4.7),
and define

ug(z) :=wo p(ryx) for x € R N B3(0) \ {0}.
Equation (6.1) rewrites
(69) —Agkuk + agup = 0 in Ri N B;(O) \ {0},

with ap(z) = —ri%. In particular, there exists M > 0 such that |ag(z)] < M for all

x € R N B3(0) \El/g (0). Since uy > 0, the Harnack inequality (6.2) yields the existence of C' > 0
such that

(6.10) ul;(ly) > Cu;;(la:) for all 2,y € R} N By(0) \ B1/2(0).

Let &;, € RY be such that , = ¢(rxZx). In particular, |Zx| =1+ o(1) as k — 4o00. It then follows
from (6.7), (6.9) and (6.10) that
uo p(rry)
d(p(rry), 09)
In particular, (6.8) holds.

>C -k forall y € R? N By(0)\ Byys(0).

We let now W be a smooth domain such that (4.26) holds for » > 0 small enough. Take the

super-solution u((i) (- defined in Proposition 4.5. We have that
C-k (4
u(z) > Tugz(v)ﬁ(x) for all x € W N 0B, (0).

Since u(d)( ), vanishes on W, we have u(z) > %u(d)( )’_(x) for all z € (W N B, (0)). Moreover,

a7y ay (v
we have that

A O @ g2 g - 20D, on T

Up to taking r even smaller, it follows from the coercivity of the operator and the maximum principle
that
C-k ()

(6.11) u(z) > 5 Yo (1),

For any x € W, we let kg € N such that r, < |z| for all & > ko. It then follows from (6.11) that
u(x) > %ufﬁ(v) _(z) for all k > kq. Letting k — +oo yields that u&dj(w) _(x) goes to zero for all

x € W. This is in contradiction with (4.29). Hence (6.6) does not hold, and therefore (6.5) holds.
A straightforward consequence of (6.5) and Lemma 5.2 is that there exists [ € R such that

(x) for all x € W N B,,(0).

lim u@) =
z—0 d(g;7 aQ)|x|_a+(’Y) -

(6.12) I.

We now show the following lemma:

Lemma 6.3. Iflim, .o W =0, then u € D¥2(Q)1oc,0 and there exists K > 0 such that
d(z,09)

|w‘a7(w) .

u(x) ~pmo K

Proof of Lemma 6.3: We shall use Theorem 4.1. Take W as in (4.26) and let n € C°°(R™) be such
that n(z) = 0 for 2 € Bs/4(0) and n(x) =1 for x € R™ \ B;,3(0). Define

flx):= (—A - %) (nu) for z € W.

x|
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The function f € C°°(W) vanishes around 0. Let v € D12() be such that

—Av — 77+|Om(||§r)v =f inW
v=0 on OW.

Note again that for 7 > 0 small enough, —A — (v + O(|z|7))|z|~2 is coercive on W, and therefore,
the existence of v is ensured for small . Define

U:=1Uu—nu+v.
The properties of W and the definition of 7 and v yield
{ A - UG —0 i W
@=0 in W\ {0}.
Moreover, since —Av — (y+ O(|z|7))|z|~2v = 0 around 0 and v € D*?(W), it follows from Theorem

4.1 that there exists C' > 0 such that |v(x)| < Cd(x, W)|z|~*- ) for all 2 € W. Therefore, we have
that

6.13 1 =0.
(6.13) 25 4Gz, 09) fa o+
It then follows from Lemma 5.2 that

(6.14) lim ||+ | Va(z)| = 0.

z—0

Let ¢ € C2°(W) and w € DY2(W) be such that

—Aw—%ﬂfmwzzb in W
w=0 ondW.

Since 1 vanishes around 0, it follows from Theorem 4.1 and Lemma 5.2 that
(6.15) w(z) = O(d(x, dW)|z| =) and  |Vw(z)| = O(jz|~* ) asz — 0.
Fix € > 0 small and integrate by parts using that both @ and w vanish on W, to get

0 = / (—Aﬂ—’HO(QIxHﬂ)wdx
W\ B.(0) ||

/ (—Aw — Ww) wdx + / (—wd,t + ud,w) do
WABL(0) 2] H(W\B.(0))

/ Y dr — / (—wd,a + ud,w) do.
W\B.(0) QNIB.(0)

Using the limits and estimates (6.13), (6.14) and (6.15), and that 1) vanishes around 0, we get

0 = / Yudr + o (enfl(elfa—(v)gmr(v) + 61*a+(v)67a7(7)))
W\B.(0)

= / Yadr +o(l), ase—0.
WA\B(0)

Therefore, we have [, idx = 0 for all ¢y € C2°(W). Since & € L is smooth outside 0, we then
get that @ = 0, and therefore u = nu + v. In particular, u € D%2(Q)oc0 is a distributional positive

solution to —Awu — %u =0 on W. It then follows from Theorem 4.1 that there exists K > 0
such that u(z) ~,0 K ‘Cjc(lﬁ’?g)) . This proves Lemma 6.3. O
Combining Lemma 6.3 with (6.12) completes the proof of Theorem 6.1. |

As a consequence of Theorem 6.1, we improve Lemma 4.2 as follows.
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Proposition 6.4. Let u € C*(R7 \ {0}) be a nonnegative function such that

(6.16) —Au—lx‘%uzo in R} ; u=0 on JRY.
Then there exist A_, A1 > 0 such that
w(z) = A_aq|z| ) 4 A o]z for all x € R’ .

Proof of Proposition 6.4: Without loss of generality, we assume that w # 0, so that u > 0. We
consider the Kelvin transform of u defined by a(z) := |z[* "u(z/|z|*) for all z € R’.. Both u and
4 are then nonnegative solutions of (6.16). It follows from Theorem 6.1 that, after performing back
the Kelvin transform, there exist ag, as € {ay (), a— ()} such that

lim u(z) =1l >0and lim u(z)

—_— ——— =13 >0.
=0 21 |x| T 2| o0 @1 |2| 2 ’

If a1 < ag, then u(x) < Cay|z|~* for all x € R, The result then follows from Lemma 4.2. If
a1 > ag, then ag = a4 (y) and ag = a_(y). We define

a(z) = u(x) — lyzy|z| 7O for all z € R .
to obtain that —Au — ﬁﬂ =0inR?, @ = 0on dR?Y, and @(z) = o(z1|z|~*+)) as z — 0. Arguing
as in the proof of Lemma 6.3, we get that @ € DV2(R )00 and @(z) = O(z1|z|~* ) as 2 — 0.
Moreover, we have that @(z) = (I + o(1))z1]|z| >~ ) as |z| — 400, therefore @(x) > 0 for |z| >> 1.
Since o € Dl’Q(Rﬁ)lOC,O, the comparison principle then yields u > 0 everywhere. We also have that

i(r) < Caqlz|~*=O) for all z € R7. It then follows from Lemma 4.2 that there exists A_ > 0 such
that @i(z) = A_x1|z|~*- ) for all # € R?, from which Proposition 6.4 follows. O

7. THE HARDY SINGULAR BOUNDARY MASS OF A DOMAIN {2 WHEN 0 € 02

We shall proceed in the following theorem to define the mass of a smooth bounded domain 2 of R™
such as 0 € 9Q. It will involve the expansion of positive singular solutions of the Dirichlet boundary
problem L,u = 0.

Theorem 7.1. Let Q be a smooth bounded domain Q of R™ such as 0 € 092, and assume that

"24_1 < v <vu(Q). Then, up to multiplication by a positive constant, there exists a unique function

H € C%(Q\ {0}) such that

(7.1) —AH—%H:OinQ,H>OmQ,H:OonaQ\{O}.
T
Moreover, there exists c; > 0 and co € R such that
d(z,00 d(z,00 d(z,0Q
(7.2) H(w) = o1 8008 4 0 4028 4o (Ae28) a5 2 — 0.

The quantity m.(Q2) := & € R, which is independent of the choice of H satisfying (7.1), will be
called the Hardy b-mass of Q associated to L..

Proof of Theorem 7.1. First, we start by constructing a singular solution Hy for (7.1). For that,
consider u, , () as in (4.14) and let n € C°(R™) be such that 7(x) = 1 for 2 € Bj/2(0) and n(x) = 0
for x € R™ \ Bs(0). Set

Y Y
= —A(nua+(7)) - W(nuaJr(«y)) in O\ {0}.
It follows from (4.19) and (4.5) that f is smooth outside 0 and that
fle)=0 (d(m,aﬂ)|x|_a+(7)_1) =0 (|x|—a+<7>) in QN B 2(0).
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Since v > ”24*1, we have that ay(v) < 241, and therefore f € L5 (Q) = (¥ (Q))/ C (D1’2(Q))/.

It then follows from the coercivity assumption v < vy (£2) that there exists v € D12() such that

—Av — #1} = fin (DI’Z(Q))/.

Let v1,v2 € D2(Q) be such that

(7.3) —Avy — | = fr and — Avy — o= f_in (DY) .

. 7y
> |[?
In particular, v = v; — vy and v1,v2 € CH(Q\ {0}), and they vanish on 9\ {0}. Assume that

f+ £ 0. Since f+ > 0, the comparison principle yields v; > 0 on Q\ {0} and d,v; < 0 on 902\ {0}.
Therefore, for any ¢ > 0 small enough, there exists C(6) > 0 such that vy (z) > C(6)d(x,0f) for all
x € 0B5(0) N Q. Let uq_(4),— be the sub-solution defined in (4.4). It follows from the asymptotic
(4.5) that there exists C’(d) > 0 such that vy > C"(8)uq_( in Bs(0) N Q. Since this inequality
also holds on 9(Bs(0) N Q) and that

(A = Z2) (01 = C'(O)ua_(),-) >0 in Bs(0)NQ,

)=

coercivity and the maximum principle yield v; > C"(6)uq_( in Bs(0) N Q. It then follows from

(4.5) that there exists ¢ > 0 such that
vi(x) > c-d(z,0)|z|~* ) in B5(0) N Q.
Therefore, we have for = € Bs(0) N €,

V)=

fr(z) < Cd(x,09)[a|+0)
< g|x‘a7(v)fa+(v)flvl(x)
< g|x‘a—(v)—a+('y)+1 vi(2)

||
Therefore, (7.3) yields

ol -+ O(|x|a*(7)_a+(7)+1)
|z

—Av + vy =0in 35(0) N Q.

Since vy > "24_17 we have that a_(y) — ag(y) +1 > 0. Since v; € D¥?(Q), v; > 0 and vy # 0, it

follows from Theorem 4.1 that there exists K1 > 0 such that
(7.4) vy (z) = K, 2229 4, ( d(=,59) ) as  — 0.

1|I‘a7(’v) |I‘a7(w)

If f =0, then v;1 = 0 and (7.4) holds with K; = 0. Arguing similarly for f_, and using that
v = v1 — V2, we then get that there exists K € R such that

(7.5) v(z) = —K‘{i(‘i’;dg)) +o0 (I(i(‘i’;dg) as z — 0.
Set
(7.6) Ho(x) := n(x)uq, (1) (x) — v(z) for all 2 € Q\ {0}.
It follows from the definition of v and the regularity outside 0 that

—~AHy — #HO = 0in Q; Ho(z) =0 in 09\ {0}.

Moreover, the asymptotics (4.5) and (7.5) yield Ho(z) > 0 on Q N Bs(0) for some ¢’ > 0 small
enough. It follows from the comparison principle that Hy > 0 in €.
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We now perform an expansion of Hy. First note that from the definition (4.14) of g (y), the
asymptotic (7.5) of v and the fact that a4 (y) — a_(v) < 1, we have

_d(z,09) d(x,00) d(x,00)
Ho(x) - |x|a+(,y) (1+O(|x‘))+K|x‘a,(’y) +0 |Q’,‘|a*(7)
_ d(x,09) d(x,00) d(xz,090)
T Jafer® izl 2\ Jafem®
as x — 0. In particular, since in addition Hy > 0 in €2, there exists ¢ > 1 such that
(7.7) %&(‘i’f% < Hy(x) < cﬁv(‘i’fg)) for all z € Q.

Finally, we establish the uniqueness. For that, we let H € C%(Q\ {0}) be as in (7.1) and set
Ao :=max{\ >0/ H > \Hp}.

The number A is clearly defined, and so we set H := H — \gHy > 0. Assume that H # 0. Since
—AH —v|z|72H = 0, it follows from Theorem 6.1 that there exists « € {a(7),a—(7)} and K > 0

such that
d(z,00)
||

If a = a_(v), then H € DV2(Q) is a variational solution to —AH — Zz H = 0 in . The coercivity

<]

then yields that H=0, contradicting the initial hypothesis.

Therefore o = ay (7). Since H > 0 vanishes on dQ \ {0}, then for any § > 0, there exists ¢(5) > 0
such that

(7.9) H(zx) > c(8)d(x,09) for z € Q\ Bs(0).

Therefore, (7.8), (7.9) and (7.7) yield the existence of ¢ > 0 such that H > cHy, and then H >
(Mo + ¢)Hp, contradicting the definition of Ag. It follows that H = 0, which means that H = A\gH
for some A\g > 0. This proves uniqueness and completes the proof of Theorem 7.1. ]
Now we establish the monotonicity of the mass with respect to set inclusion.

Proposition 7.2. The mass m~ is a strictly increasing set-function in the following sense: Assume

1, Qy are two smooth bounded domains such that 0 € 0Q2:N0s, and "24*1 <7y <min{yg (), vz (22)},
then

(710) Q4 - Q = mA,(Ql) < my(ﬂg).

Moreover, if Q C R’} and "24_1 << %2, then m.,(€2) < 0.

Proof of Proposition 7.2: It follows from the definition of the mass that for ¢ = 1,2, there exists
H; € C?*(Q; \ {0}) such that

7.11 — i——=H;=0inQ; , H;, >0in Q; , H; =0 on iy
AH |7‘2H 0, H 0, H o9
T
with
(7.12) Hi@) = Joam + ™) o Japem

asx — 0, x € Q;. Set h:= Hy — Hy on ;. Since 7 C (3, we have that
{ —Ah—ﬁh:o in O

(7.13) h>0,h£0 on 0
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First, we claim that h € HY2(Q;). Indeed, it follows from the construction of the singular function
(see (7.6)), that there exists w € HY?(Qy) such that

d(m, 892) — d(.’[?, 891)

(7.14) h(z) = 0

+ w(z) for all z € Q4.

Since Q1 C 5 and 0 is on the boundary of both domains, then the tangent spaces at 0 of {23 and
5 are equal, and one gets that d(x, Q1) —d(z,9Q2) = O(|z|?) as * — 0. Since ay (y) —a_(y) < 1,
we then get that

d(J?7 692) - d(,r, an)

2]+ ™)

h(z) == = O(|z]*=*Y) as 2 — 0.

Similarly, |VA(z)| = O(Jz|=*~ (™)) as & — 0. Therefore, we deduce that h € H'“2(Q;). It then
follows from (7.14) that h € HY2(€2;).

To prove the monotonicity, note first that since v < vy (1) and h € HY2?(Q;), it follows from
(7.13) and the comparison principle that A > 0 in Q; (indeed, this is obtained by multiplying
(7.13) by h_ € D?(Q) and integrating: therefore, coercivity yields h_ = 0). Since h # 0, it
follows from Hopf’s maximum principle that for any 6 > 0 small, there exists C(§) > 0 such
that h(z) > C(d)d(x,08;) for all x € 9Bs(0) N Qy. We define the sub-solution u,_(4),— as in
Proposition 4.3. It then follows from the inequality above and the asymptotics in (4.5) that there
exists €9 > 0 such that h(z) > 2¢ouq_(4),— () for all x € 9B;5(0) N Q. This inequality also holds
on Bs(0) N OQy since uy_(4),— vanishes on JQy. It then follows from the maximum principle that
h(z) > 2egtg_(4),—(z) for all z € Bs(0) N ;. With the definition of & and the asymptotic (4.5), we
then have that for ¢’ > 0 small enough

d(l‘, 891)

(7.15) Holw) = i) 2 0 oy

for all x € By (0) N Q.

We let 7 be the inner unit normal vector of 9€2; at 0. This is also the inner unit normal vector of
0y at 0. Therefore, for any ¢t > 0 small enough, we have that d(t77,0;) =t for i = 1,2. It then
follows from the expressions (7.12) and (7.15) that

(m~(Q2) — my(Ql))taf(w) +o (tafm) > eoﬁ ast 0.

We then get that m,(Q2) — m,(£21) > €p, and therefore m~(€2) > m.(£21). This proves (7.10) and
ends the first part of Proposition 7.2.

The proof of the second part is similar. Indeed, we take Q3 := R’} and we define Hy(z) := ﬁ
Arguing as above, we get that 0 > m. (), which completes the proof of Proposition 7.2. ]
The proof of the second part is similar. Indeed, we take {23 := R’} and we define Hy(z) := W
Arguing as above, we get that 0 > m(2), which completes the proof of Proposition 7.2. O

Note that we have used above that the mass m.(R’.) = 0 even though we had only defined the mass
for bounded sets. In the rest of the section, we shall extend the notion of mass to certain unbounded
sets that include R’ . For that, we shall use the Kelvin transformation, defined as follows: For any
zo € R", let

(7.16) iz () =20 + |x0|2x—7m% for all x € R™\ {zo}.

|l’ — IEO|

The inversion iy, is clearly the identity map on 9B, |(wo) (the ball of center zo and of radius |zo|),

and in particular i,,(0) = 0.
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Definition 7.3. We say that a domain Q@ C R™ (0 € 9Q) is conformally bounded if there erists
xo & Q such that i,,(Q) is a smooth bounded domain of R™ having both 0 and o on its boundary

iz (2))-

One can easily check that R is a smooth domain at infinity (take zo := (—1,0,...,0)). The following
proposition shows that the notion of mass extends to unbounded domains that are conformally
bounded.

Proposition 7.4. Let Q be a conformally bounded domain in R™ such that 0 € 9§). Assume that

v (Q) > ”24*1 and that v € (%,VH(Q)). Then, up to a multiplicative constant, there exists a

unique function H € C%*(Q\ {0}) such that

—AH — ﬁH =0 in

H>0 inQ

H=0 onoQ)\{0}
H(z) < Clz|*=*+)  for x € Q.

(7.17)

Moreover, there exists c; > 0 and co € R such that

_d(x,09) d(x,00) d(z,00)
H@) = apem Tepmm T\ ppo

) as x — 0.

We define the mass by (S2) := £, which is independent of the choice of H in (7.17).

Proof: For convenience, up to a rotation and a dilation, we can assume that zg := (—1,0,...,0) € R
so that the inversion becomes

. T — To

i(x) :=xg + for all z € R™ \ {zq}.

(@) = a0 + \ fao)

For any u € C2(U), with U C R™, we define its Kelvin transform @ : U — R by
W(x) == |z — xo|?> "u(i(x)) for all z € U := i (U \ {20}).

This transform leaves the Laplacian invariant in the following sense:

(7.18) —Ad(z) = |z — 20| "D (—Au)(i(z)) for all z € U.
Define Q :=i(Q) and suppose u € C2(Q\ {0}) is such that
—Au—%uinnQ, u>0in Q, u=0 on 0.
x

The Kelvin transform @ of u then satisfies

—AG—Vi=0inQ,

where
(7.19) VC@::AﬁﬁmééZ£P—mrxézR”\{Q1@}
It is easy to check that
V(x)zw asx — 0 and V(x):w as T — Io.

In other words, the Kelvin transform allows us to reduce the study of the Hardy-singular boundary
mass of a conformally bounded domain 2 into defining a notion of mass for the Schrodinger operator
—A+V on Q.
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Note that the coercivity of —A —~|z|=2 on Q (since v < v (Q)) yields the coercivity of —A —V on
Q, that is there exists ¢g > 0 such that

/ (IVul* = V(2)u?) dz > co/~ |Vu|? dz for all u € DY2(Q).
9) Q

Arguing as is Section 4, we get for § > 0 small enough, a function uq_

(—A =V)ue, = O(d(x, oQ)|z|~+™=1) in QN 35

uour > 0 n Q O B5
Ua, =0 on 00\ {0},
and
d(z,09)
U, (T) = W(l + O(|z|) as x — 0.
The function fo := —Auy, — Vg, , then satisfies for all x € Qn E,;,

| fol(@)| < Cd(z, 00)|x| =+ =1 < Clz| =+

where C is a positive constant. Since vy > "24_1, it follows that fj € L%(Q) Let now vy € DV2(Q)
be such that

(7.20) —Awvy — Vg = fo weakly in D>2(Q).

The existence follows from the coercivity of —A — V on €, and the proof of Theorem 7.1) yields
that around 0, |vo(z)| is bounded by |z|'~*-(¥). Note that around xo, we have —Awvy — Vg = 0
and the regularity Theorem 5.1 yields a control by |z — x0|1’0‘*(7), which means that there exists
C > 0 such that

lvo(z)| < Cd(z, 9) (\x|—a—<ﬂ + o — x0|—a7<v)) for all z € .

The construction of the mass (Theorem 7.1) and the regularity Theorem 5.1 then yield that there
exists Ky € R such that

(7.21) v(z) = K dz, 0 | (d@:,@ﬁ)) .

0 |- |-

Define now Hy(z) := Uq, (7)(x) —vo(z) for all z € 5\ {0, z0}, and consider its Kelvin transform
(7.22) Ho(z) := |z — xo|> " Ho(i(x)) = |z — 20> (ta, () — vo) (i(2)),z € Q.
It follows from (7.18), the definitions of u,_ (,) and vy that Hy satisfies the following properties:

—AHO — #H@ =0 in ©
(7.23) Hy >0 inQ
Hy =0 1in9Q\ {0}.
Concerning the pointwise behavior, we have that

d(z,00) d(z,00) , <d(x, 99)

(7.24) Hy(z) = ~ K

||+ O e

) asz — 0,z €,

|.’L“O‘*
and

(7.25) Ho(x) < Clz|' =+ for all x € Q, |z| > 1.
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This proves the existence part in Proposition 7.4. In order to show uniqueness, we let H € C%(Q\{0})
be as in Proposition 7.4, and consider its Kelvin transform H(z) := |z — x> " H(i(x)) for all

x € 6\ {0,20}. The transformation law (7.18) yields

~AH-VH =0 inQ
(7.26) H >0 inQ
H =0 indQ\{0,20}.

Moreover, we have that H(z) < Clz|'=*+) 4+ Clz — 20" ) for all z € Q. It then follows from
Theorem 6.1 that there exist C';, Cs > 0 such that

- d(z, Q)

d(z, 09

and H(.’I}) ~r—zg CQW

where a € {a_(7),a4(7)}. We claim that a = a,(y). Indeed, otherwise, we would have H €
D'2() (see Theorem 6.1) and then (7.26) and coercivity would yield H = 0, which is a contradic-
tion. Therefore v = vy (7). By the same reasoning, the estimates (7.27) hold for Hy (with different
constants Cq,Cs). Arguing as in the proof of Theorem 7.1, we get that there exists A > 0 such that
H = \Hy, and therefore H = A\H,. This proves uniqueness and completes the proof of Proposition
7.4. Note that as a consequence of (7.24), the mass m.,(€2) is well-defined and is equal to —Kj.

8. TEST FUNCTIONS AND THE EXISTENCE OF EXTREMALS

Let Q be a domain of R™ such that 0 € 9Q2. For v € R and s € [0, 2), recall that

1 Q) = inf 0
(8 ) H'y,s( ) ueDLl?I%Q)\{o} J,Ws(u)a
where

_ Jo <|Vu|2 — #ﬁ) dx

2
ul2* 2%
(fg ‘\z||5 df”)

Note that critical points u € D*2(Q) of Ji, are weak solutions to the pde

SN
8.2 Ay — — = A\———
52 ENTE
which can be rescaled to be equal to 1 if A > 0 and to be —1 if A < 0. In this section, we investigate
the existence of minimizers for JWQ’S. We start with the following easy case, where we do not have
extremals.

for some A € R,

Proposition 8.1. Let Q C R™ be a smooth domain such that 0 € 9Q (no boundedness is assumed,).
When s = 0 and v < 0, we have that po(Q) = W (where K (n,2)™2 = pgo(R™) is the best
constant in the Sobolev inequality (1.19)) and there is no extremal.

Proof of Proposition 8.1: Note that 2*(s) = 2*(0) = 2*. Since v < 0, we have for any u €
ce )\ {o},
u2
Ja (\VUP *7W> dzx S Jo IVul? dx o 1
(ol dz)™ 7 (fylup da)™ — Km2*

and therefore p,o(£2) > m Fix now z¢ € Q and let n € C2°(Q) be such that n(z) = 1 around

(8.3)

n—2

xo. Set u.(x) = n(x) (m) * forallz € Qand e > 0. Since g # 0, it is classical (see
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for example Aubin [2]) that lim._¢ J§%(us) = K(n,2)~2 It follows that 1i,,0(Q) < K(nl 5yz- This
1

K(n,2)?"

Assume now that there exists an extremal ug for i, 0(22) in DV2(Q2)\ {0}. It then follows from (8.3)
that ug € DV2(Q) € DV?(R") is an extremal for the classical Sobolev inequality on R". But these
extremals are known (see Aubin [2]) and their support is the whole of R™, which is a contradiction
since ug has bounded support in Q. It follows that there is no extremal for fi,0(£2). |
The remainder of the section is devoted to the proof of the following.

proves that fi,0(Q2) =

Theorem 8.2. Let ) be a smooth bounded domain in R™ (n > 3) such that 0 € 9Q and let 0 < s < 2
and v < ”72. Assume that either s > 0, or that {s =0, n >4 and v > 0}. There are then extremals
for iy s(2) under one of the following two conditions:

(1) v < "24_1 and the mean curvature of 0 at 0 is negative.
(2) v> ”24_1 and the mass m~ () of Q is positive.

Moreover, if v < yg(Q) (resp., v > vu(Y) ), then such extremals are positive solutions for (8.2) with
A >0 (resp., A <0).

The remaining case n = 3, s = 0 and v > 0 will be dealt with in Section 11.

According to Theorem 3.6, in order to establish existence of extremals, it suffices to show that
Hy,s(©2) < piy,s(R%). The rest of the section consists in showing that the above mentioned geometric
conditions lead to such gap. The existence of extremals on R’ as described in Theorem 1.3 is
essential here.

In the sequel, hq(0) will denote the mean curvature of 92 at 0. The orientation is chosen such that
the mean curvature of the canonical sphere (as the boundary of the ball) is positive. Since {s > 0},
or that {s =0, n > 4 and v > 0}, it follows from Theorem 1.3 that there are extremals for s, s(R7} ).
The following proposition combined with Theorem 3.6 clearly yield the claims in Theorem 8.2.

Proposition 8.3. We fixr v < n . Assume that there are extremals for piy s(RY). There exist then

1
two families (ul)eso and (u2)eso in DV2(Q), and two positive constants ¢! and ¢2 , such that:

(1) Forvy < "24_1, we have that
(8.4) J(ul) = pys(RY) (1+ ¢, - ha(0) - £ 4 0(e)) when e — 0.
(2) For~ = #, we have that
1 1
(8.5) J(ul) = py s (RT) (1 + c,ly’s ~hq(0)-eln R +o (6 In E)) when € — 0.
(3) For~y > %, we have as € — 0, that
(8.6) J(u?) = [y, s (R (1 - ci,s -m () cgot(M=—an(m) 4 O(Eow(v)—af(“f))) .

Remark: When v < @, this result is due to Chern-Lin [6]. Actually, they stated the result

2
2
for v < @, but their proof works for v < #. However, when ~v > "24_1, we need the exact

asymptotic profile of U that was described by Corollary 5.3.

Proof of Proposition 8.3: By assumption, there exists U € D*2(R%)\{0}, U > 0, that is a minimizer
for 4y s(R"). In other words,

2 y 2
- Jen (IVUP? = 22U?) da §
S5 (U) = — ( ) = py,s(RY).

U2* () (@)
(f]Ri o dx
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Therefore, there exists A > 0 such that

SAU - U =20 Ry

(8.7) U>0 inR"
U=0 indRY}
and there exist K1, K5 > 0 such that
1 T1
(88) U(J?) ~r—0 KIMT and U(.’E) NI‘,L,‘A)JFOO K2|;E|T+7

where here and in the sequel, we write for convenience

ay = ag(y) and a_ = a_(y).
In particular, it follows from Lemma 5.2 (after reducing all limits to happen at 0 via the Kelvin
transform) that there exists C' > 0 such that

(8.9) U(z) < Cxy|z|~** and |[VU(x)| < Clz|~*+ for all 2 € R7}.

We shall now construct a suitable test-function for each range of . First note that

n?—1
4
n?—1
4
Concerning terminology, here and in the sequel, we define as in (4.6)

B, := (—r,r) x B"V(0) c R x R"},

r

v < & op—a->1

v = & oy —a_ =1,

for all » > 0 and
V+ =VnN Ri
for all V' C R™. Since  is smooth, up to a rotation, there exists § > 0 and (g : Bén_l)(O) — R such
that ¢0(0) = |V (0)] = 0 and
. B - R”
8.10 v
(310 R )
that realizes a diffeomorphism onto its image and such that
@(Bss NRY) = ¢(Bss) NQ and ¢(Bzs NIRY) = ¢(Bss) N Q.
Let n € C2°(R™) be such that n(z) = 1 for all z € Bs, n(z) = 0 for all 2 & Ba;.

Case 1: 7 < #. As in Chern-Lin [6], for any € > 0, we define

n—2

uc(z) == (7767 2 U(eilx)) o (z) for & € p(Bas) N and 0 elsewhere.

This subsection is devoted to give a Taylor expansion of Jﬁs(us) as € — 0. In the sequel, we adopt
the following notation: given (a¢)e>o0 € R, ©,(ae) denotes a quantity such that, as e — 0.

n?—1

if v <
o) )= O(GE) oy A
’Y(a ) { O(ae) lf’}/: n 4—1.

A. Estimate of [, |Vu.|* dx

It follows from (8.9) that
(8.11) |Vue(z)| < Cev+—2

x|~ for all z € Q and € > 0.
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Therefore, [

o(Bss\Bs)NET) |Vue|?dz = ©,(¢) as € — 0. It follows that
"

/|Vu€|2dx:/~ |V(u5ocp)|i*Eucl|Jac(<p)|d:c+@7(6) as € — 0,
Q Bs,+

where Bs 4 := BsN R”. The definition (8.10) of ¢ yields Jac(yp) = 1. Moreover, for any 6 € (0,1),
we have as ¢ — 0,

* — 1 9o _ 146
¢*Eucl := ( FYPR S M Id+H + O(|=|"™)

L 0 ngpo
o= ( o ) .
It follows that

/Q\Vus|2dac = [ |V(usocp)|%ucl darf/B H99;(uz 0 )0 (ue o @) dz
5+

Bs, +

(8.12) +0 (/ 2"V (u. o <p)2dx> +0,(c) ase—0.
Bs 4+

where

We have that
H90;(uz 0 )0 (ue 0 @) d

B§1+

=2 Z[ HY 01 (ue 0 ¢)0;(ue 0 @) dz
i>2 7 Bs+

=2 Z[ Dipo(2")01 (ue 0 9)0; (ue 0 @) dx
i>2 7 Bot

=23 [ o500 e 0 9)iuc 0 9o
i,j>27 Bo+

(8.13) +0 / 22|V (ue 0 @)|? d as e — 0.
é5,+

We let IT be the second fundamental form at 0 of the oriented boundary 0f2. By definition, for any
XY € Tyof2, we have that
II(X,Y) := (diio(X), Y)Eyel
where 7 : 0Q — R™ is the outer unit normal vector of 9. In particular, we have that 7(0) =
(=1,0,-,0). For any 4,j > 2, we have that
ITij := 11(0i(0), 8;0(0)) = (8:(7 0 ¢)(0), 8;0(0)) = —(#(0), 0i;0(0)) = 0i;0(0).

Plugging (8.13) in (8.12), and using a change of variables, we get that

/\Vu6|2dx = / VU dx — 211, Z/ 2V oUdU da
Q Be—16,+ 1,5>2 —18+
(8.14) +0 </~ 2"V (u. o <p)2dx> +0,(c) ase—0.
B(51+

We now choose 0 in the following way:
(1) —L, then take 6 in (0,04 —a_ — 1),
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(i) Ify =2 (0,1).
In both cases, we get by using (8.11), that

(8.15) / 2TV (ue 0 )| dr = O, () ase — 0.
Bg +

Moreover, using (8.9), we have that

(8.16) fésflwr |VU|? dz = fRi |VU?dx + ©,(c) as e — 0.

Plugging together (8.14), (8.15), (8.16) yields

/|Vu5|2dx - / VU da
Q n

+

(8.17) orry 3 / LY RUGU de + 6., ().

1,j>2 *15+

*(s)
B. Estimate of [, lucl* © 0

|]®

Fix o € [0,2]. We will apply the estimates below to o = s € [0,2) or to ¢ := 2. The first estimate
in (8.9) yields

(8.18) lue ()| < Ce®+~2d(x,00)|z| =%+ < Ce+ % g 7o+
for all e > 0 and all z € Q. Since Jac ¢ = 1, this estimate then yields
2% (o) 2* (o)
[ = [, e
o(Bss) 7]
U0 2% (o)
(8.19) = fém % dz+0,(e) ase—0.

If y < 2=t orif y = =1 and o < 2, we choose 0 € (O,(oz+—oz_)2*;‘7) —1)N(0,1). If v = #
and o = 2, we choose any 6 € (0,1). Using the expression of ¢(x1,z’), a Taylor expansion yields

(8.20) lo(z)| 7 = ||~ TN Bp0(0)(@) (@) + 0|2 ) | ase 0.

2
1,7 >2

The choice of 6 yields

(8.21) Ia, . IUT;LMPJF@ dr =0,() ase—0.
Plugging together (8.19), (8.20), (8.21), using a change of variable and (8.9), we get as ¢ — 0 that
2"(0) U@
/ le de = / Y] dx
ol . Jal
g |U|2*(0) L1 ING (NG
(8.22) -5 Z g[[ij/B ) BE W(;ﬁ) (z')? dx + O, (¢).
0,7>2 e—1s,+

We now compute the terms in U by using its symmetry property established in Chern-Lin [6]. Indeed,
there exists U : (0,400) x R such that U(z1,2") = U(xy, |2'|) for all (z1,2") € R}. Therefore, for
any ¢,7 > 2, we get that

2" (o) - 5.0 2*(0)
U122 ity ag = 2 U 7 212 gy
B. ||

B, |27 Ja?
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and that

/ (VU du — ‘57]1 / QU (!, VU) da

B5715y+ B5715,+

where x = (x1,2’) € R". Therefore, the identities (8.17) and (8.22) rewrite as

2
(8.23) /|Vu€|2dac = / |VU|2dx—M5/ 0 U(2',VU) dz + O, (e)
Q R? n—1 B._1s,
and
(8.24) /|u |2 (0) _ / |U‘2*(a) .
|| nofal7

+

ohal®) f U@ 1

- |22 d

-1 S5, el Jepr T

as € — 0, where hqo(0) = ), I1;; is the mean curvature at 0.

C. An intermediate identity. We now claim that as ¢ — 0,

/2 2*(s) 2
U2, VU)dx = [P A—> v Jrfin da
= ~ 2| 2 A s 2
B,y By, 2l (s) |l ||
/|2 LU 2
(8.25) -~ / POO) 0,(1)
8Rnﬁé —15 4

where A > 0 is as in (8.7). This was shown by Chern-Lin [6], and we include it for the sake of
completeness. Here and in the sequel, v; denotes the i* coordinate of the direct outward normal

vector on the boundary of the relevant domain (for instance, on dR’}, we have that v; = —d1;). We
write
/ U (', VU) d:c—Z/ ') 0;U da
Bo—154 j>27/Bo-154
2|2
_Z/ aanj< )ade
j>2 e—1ls5,4
|$/|2 /|2
:Z/~ U aUquo—Z/ 0; (1UO;U) da
j>270(B-15 ) j>27/B-15 4

712
&U'”;' 0,Uv; do + O (/ |x'|2|VU|2(x)da>
R

=% s

3>2 e 1s mNOB__1,

/|2
(8.26) —Z/ | (01,U0;U + 01U9;;U) dx:

ji>2 e—1s,4
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Since U(0,2') = 0 for all 2’ € R"~!, using the upper-bound (8.9) and writing V' = (a,...,0y), we
get that

/12
/ U (2, VU)dx = 72[ |x2| (01;U0;U + 01U0;;U) dx + ©,(1)

Bo-154 j>2VBo-15 4

712
+/ '] WU (AU 4+ 011U) dx + 0,(1)

/12 /U 2 /(2
= —/ Myl dm—i—/ M61U(—AU) dx
8(35*15,4-) 4 Bsfla,-;- 2

(8.27) +/ o, (W) dz + ©,(1).

Ba_ld‘+

Using again that U vanishes on OR"} and the bound (8.9), we get as ¢ — 0,

712
/ KU\ VU)de — / ‘”“"2| U (~AU) do

B

B =15+

/12 8U2
+/ 7‘m‘(1)u1d9€
ORTNB,_1, 4

+0 / |2’ |?|VU|? dz | +©,(1)
A(B,-15)NRY

s
= —0U(—AU) dx
B 2

e—1ls,4+

e—1ls,+

/|12 2
(8.28) —/ FROU7 40 4 e, q).
OR™NB, 1, 4

Now use equation (8.7) to get that

B

12 2 2%(s)—1
(8.29) / "52‘ OU(—AU) da = / %aw ()\U +7|xv|;) da.

e~1ls,+ 35715~+ |x|s
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Integrating by parts, using that U vanishes on OR’ and the upper-bound (8.9), for o € [0,2], we

get that
U2*(U)—1 U2*(U)
/ |x,|281U|70_ der = / \xl\2|x|_081 <2*> dx
B.—1s, x| B.—1sy (o)
U2 (o)
_ / & 2|~ o1y d
O(B,—1y ) 2*(o)

_/1; o1 (

e—1s5,+

= ¢ </]Rimal§s

(8.30) - Q*L(S) /B

Putting together (8.28) to (8.30) yields (8.25).
D. Estimate for J¢,(u.)

Since U € DY2(R™), it follows from (8.7) that

(8.31) /Ri

This equality, combined with (8.23) and (8.24) gives
Jo (\Vu€|2 - #ug) dx
2
lue|2* () ()
(fsz EIR d””)

Ju (VU = (25U02) da 1

|[?

Q —
J’y,s(ut‘) -

Lo+
e—1ls,+

e—1ls,4

<VU2 - 7U2> da =

|2’ 22
|z|o+2

|2/ [P,
|J}|U+2

n
+

U2 (s)
)\/ —d
re |7

U () 4z

X.

ha(0)

‘JZlQ_GUT(U) dO’)

U2 () dg + ©,(1) ase—0.

(8.32) = z +e - C: +0,(¢)
* (s 3F(5) |U]2" () v
(fJRi |U‘|;S<\> dx) 5 (5) (n—1)A fRi L da
where for all € > 0,
712 U2
. = _2/ 81U(x',VU)dx+7/ o U
5 5 T T
5 5 ... B Jal
72 2% (s)
Jr)\i*s / il ;1 v — dx
>&) J5_,,. WPl

The identity (8.25) then yields as € — 0,

/12 2
05:/ OO 4 4o, 1)
8R1ﬂ35716 2

Therefore, (8.32) yields that as e — 0,

ha(0) faRiﬂBfls |2’|2(01U)? da’

(8.33) Jﬁs(ug) = pys(RY) [ 14€
2(n —

DA fm 2 da

|]®

+6,(¢)
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We now distinguish two cases:

Case i) 7 < ”24’1: The bound (8.9) then yields @’ — [2/|?|61U(2")|? is in L' (OR?) and so we get
from (8.33) that

(8.34) Jfﬁs(us) = fby,s(R}) (1 4+ Co - ha(0) - €+ 0(¢)) as € = 0,
with
2 2
o RPOUPA
0= U > 0.

2(n — 1)\ fRi L da

Caseii) v = "2471: From (8.8), Lemma 5.2 and the Kelvin transform, we have that lim ;| o [2'|**[01U (0, 2')| =

K5 > 0. Since 2a4 — 2 =n —1, we get that

1 1
/ |2 [2(01U)? da’ = w1 K3 ln—|—o<ln>
OR™NB,_ 1 € €

as € — 0. Therefore, (8.33) yields

(8.35) I (ue) = py,s(RY) (14 Coha(0)ent +0(Inl)) ase—0,
where
Ch = w1 K3 >0
. U2 (s) .
2(n — DA fg P do
. . .o, . 2_
Cases i) and ii) prove Proposition 8.3 when v < % L
Case 2: v > "24_ L, In this case, the construction of test-functions is more subtle. First, use
Theorem 7.1 to obtain H € C?(Q\ {0}) such that (7.1) holds and
z,052 ,002 x,002
(8.36) H(x) = 4520 4 m, ()42 4 o (dfxla,>) when z — 0.

As above, we fix 7 € C2°(R") such that n(z) = 1 for all z € Bs, n(z) = 0 for all z & Bys. We then
define 8 such that

H(z) = (W|xxi+> o N(x)+ B(z) forall z e .

Here ¢ is as in (4.7) to (4.12). Note that 8 € D%(Q) and

(8.37) Blx) = m, () 4202 4, (dfjlf??)) as = — 0.
Indeed, since oy — a— < 1, an essential point underlying all this subsection is that
|z| = o (|z|*+~*=) asx — 0.

We choose U as in (8.7). By multiplying by a constant if necessary, we assume that Ko = 1, that is

191 T
Now define
(8.39) ue(x) := (nﬁfﬂTﬁU(efl-)) o 1(z)+ T B(z) for x € Q and € > 0.

We start by showing that for any & > 0
Ue

ay —a_

1= 2

(8.40) lim

e—0

= H in CF(Q\ {0}).
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Indeed, the convergence in Cj)_(©2\{0}) is a consequence of the definition of u., the choice K = 1 and
the asymptotic behavior (8.38). For convergence in C*, we need in addition that V(U —xz|z|~%+) =
o (|z[*=*+~%) as  — +oo for all i > 0. This estimate follows from (8.38) and Lemma 5.2.

In the sequel, we adopt the following notation: 6 will denote any quantity such that there exists
0 : R — R such that lim._,olim._,0 85 = 0. We first claim that for any ¢ > 0, we have that

/ (Vu€|2 - ’y2u§> dx
N (B (0)1) ||

ap—a_ n—2a4 Wn—1 (7172)&)”_1 e oy —a_
(841) = g%t <(Oé+ — 1)0 2 +W + mv(Q)Qn> + 0(16 + .
Indeed, it follows from (8.40) that

J. ' (|Vu |2 - %uz) dx
(8.42) lim W EOD N " F P :/ <|VH|2 _ 72H2> dz.
=0 S Np(Be(0)1) 2]
Since H vanishes on 092 \ {0} and satisfies —AH — #H = 0, integrating by parts yields
/ <|VH|2 - 72H2) do = —/ HO,H do
N(B.(0)4) ] (R NOB.(0))
(8.43) = —/ Hopdy,,(H o p)d(p o),
R” OB, (0)

where in the two last equalities, v(z) is the outer normal vector of B.(0) at x € dB.(0).

We now estimate H o 0, , H o p. Since ,v(x) = ot O(Jz|) as & — 0, it follows from from (8.36)

that
2 2
—Ho@d,,,(Hop) =201 4 (n — 2)my (Q) s + o (|z|*=") asx —0.

- |w‘2a++l

Integrating this expression on B.(0); = R} N 0B.(0) and plugging into (8.43) yields

/ (VH2 - 7H2) gr = (e DT e
NP (B.(0)4) |[? 2n
Wn—1
-2 Q)—— + 6.,
= 2)my () 2L 4
where lim._.q 0. = 0. Here, we have used that
1 1 Wn—
2 2 2 n—1
d = — d = — d = n— = d N
/Sil riae 2/Sn—1 rao 2n §n—1 |£C| 7 2n » Wn—t /n—l o
This equality and (8.42) prove (8.41).
We now claim that
2*(s)
/ <|Vu5272uz> de = /\/ Lda:
Q || R[]
(8.44) —&—mW(Q)(n_?%so“r_a* +o(e“ ) ase—0.

n—2

Indeed, define U, (z) := e~ "2 U(e ') for all z € R7. The definition (8.39) of u. rewrites as:

us o p(x) = Ue(x) + e~ T fo ¢(z) for all z € R% N Bs.
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Fix ¢ € (0,9) that we will eventually let go to 0. Since dyy is an isometry, we get that

(8.45) / (vug|2 - 2u§> dx
(B.(0)+) ||

- Ue © —T u: 0 p)? ac T
/Bc(o)+ <V( = 90)| e*Eucl — | (x)|2( c0p) ) |[Jac(p)|d

Y 2
= VU, |2, U2 ) |Jac(y)| dz
/BC(O)+ ( “lorBucl o) 7

e L Ug © ac T
/BC(0)+ <(VUE’V(ﬁ @))w*EuCI lp(z)]2 Ue (ue ‘P)) |Jac(p)| d

o ! o p)? ac T
" /BC(O)+ (V(ﬁ <,0)| o*Eucl — o (I)‘Q(ﬁ ®) ) [Jac(p)| d

+2¢

Since ¢*Eucl = Eucl + O(|z]), |¢(z)| = |z| + O(|z|?) and B € D¥?(Q), we get that

8.46 / (qu—u)dx_/ <VU2 7U2) dz
(8.46) e(B.(0)4) Vel |z[? B.(0); VUelfuer - |z[? |
U2
+0 / |z] <|VU| + > | dx
Bo(0)4 Eucl |22

e /BC(O)+ <(VU5,V(5O<P))Eucl pEleBe @)>

ay—a_ U, -
+0 ( [ wl(ived - we o+ E2A) dm) ey
Bc(0)+

as € — 0. The pointwise estimates (8.38) yield

Y 2
|Vu|2—u>dx—/ <|VU|2 U)d
/p(BC(O)+)( : |z|? B.(0)+ “Bucl "~ |z]2

[ (0 5Ee pa — U0 ) da
B.(0)+ 7l

e 6

+2¢

+2¢

as € — 0. Integrating by parts yields

/ (|Vu5|2 — 2u€> dx
(B.(0)4) ||

:/ ( AU. — 72U>Usdm+/ U.0,U. do
B.(0)4 |z (B.(0)1)

+28a+;a, (/ ( AU . )ﬁocpdw-f—/ ﬁO(pal,UEd0'>
B.(0)4 x| | a(B.(0)+)

ap—a_ e
+e 0;
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as € — 0. Since both U and f o ¢ vanish on OR"} \ {0}, we get that

(8.47) / <|qu|2 - 2u5> dx
(Bo(0)1) ]

:/ <—AUE 72U>U5dx+/ U.0,U. do
B.(0)4 || R? NOB.(0)

—|—2£a+;a_ / ( AU — — ),Bogodx—k/ B oo, U, do
Bo(0)+ |z | R7 0B, (0)

ay—a_ pne
+et ec,

as € = 0. The asymptotic estimate (8.38) of U and Lemma 5.2 yield (after a Kelvin transform)
OU. = —(ag — e 7 el 4o <€¥|x|‘0+)
as € — 0 uniformly on compact subsets of M\ {0}. We then get that
o B, = =5 (cmy (@)(ar ~ Vatlel "1 + o0 (l'~"))
and
U:0,Ue = 770 (=(ax = Daflal 571 + o (Jo] 7))

as € — 0 uniformly on compact subsets of M\ {0}. Plugging these identities in (8.47) and using
equation (8.7) yield, as e — 0,

2%(s)
/ <|Vu52 _ 72u ) dr = / A== . de — (o — 1)Mcn72o¢+8a+7(1_
¢(B.(0)) || B.0); ] 2n

e 2 (s)-1
22 / 3 Bogdr
Bc(0)+

|z[*

(8.48) —(ay — 1)

Moy (Q)e+ 7% 4 ¥+ 7% 02,

As e — 0, we have that

2%(s) U2 (s)
(8.49) / A —dr = A———dz+o (e*+72).
Bc(0) || R” |
The expansion (8.37) and the change of variable x := ey yield as e — 0,
2 (S) ay —a_ U2 (S) 1 —a_
(8.50) / A o = am, ()™ / A -
B.(0) |z| nofyls Yl
Integrating by parts, and using the asymptotics (8.38) for U yield
2% (s)—1 2*(s)—1
)\/ L h —  lim U oy dy
wofyle lyles Rotoo Jppy, WP [yl

lim (—AU . U)
R—+o0 JBp(0), |y Jyle—

lim U(—A—E) < = ) dy
R—=+00 JBL(0)4 ] |ly|*-

Y1 Wp—1
(8.51) - / 0,0 do = (as — 1)
OBR(0)+ ly|*= o 2n
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Putting together (8.49), (8.50) and (8.51) yield

U2 (s)
/ (|Vu€2 - 721@) dr = X —dz
Q Ed R? |z

(n 722)wn—1€a+7a, +o (€a+fa,)
n

+m-(Q)

as € — 0. This finally yields (8.44).
We finally claim that
2% (s) 2% (s) ox ~1
/ Y dr = / v — dx + (5) M- (£2) () = Dwny gxt -
o |z ry |zl A 2n

(8.52) 4o (%47%7) as € — 0.

Indeed, fix ¢ > 0. Due to estimates (8.37) and (8.38), we have that
2% (s) 2%(s)

/ te —dx = / te —dr+o (47)

o |zl p(B.(0)1) 7]

—a_

Be(0)+ ()|

|Jac(p)|dz + o (e2+ %)

—o_

= 2*(s)
- / Uete” = QBOM |(1+O(|z|)) dz + o ()
B.(0)+ |z

as € = 0. As one checks, there exists C' > 0 such that for all X, Y € R,
(8.53) X+ Y PO [XPTO -2 ()XY | < O (Jx Oy 4y O)

Therefore, using the asymptotics (8.37) and (8.38) of U and 8, we get that

2*(s) ;2 )
/“5 iz = / © |1+ O(J2)) de
Q Be(0)+

] ]

oy ol 2*(s)—1

1 [ G ep(14 Ol do

B.(0)4 ||

et

U2*(s) oo 2*(s)—1
N / ——dr + 2 (s)e 2 / ———Bowpdz
B.(0)+ |z B.(0)1 |z|

ap -

+em 2 07 ase—0.
Then (8.52) follows from this latest identity, combined with (8.49), (8.50), and (8.51).
We finally use (8.31), (8.44) and (8.52) to get

(g = 3) wn
U2*(s)
nA fRi Y dr

[]®

nyl,s(us) = J'Hi%(U) 1- ma (Q)e®+ % + o (e*+7) as € — 0,

which proves (8.6). This completes Proposition 8.3 and therefore Theorem 8.2.
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9. DOMAINS WITH POSITIVE MASS AND AN ARBITRARY GEOMETRY AT 0

In this section, we construct smooth bounded domains in R™ with positive or negative mass, regard-
less of the local geometry of 0§ at 0. This is illustrated by the following result.

Theorem 9.1. Let w be a smooth open set of R™. Then, there exist ro > 0 and two smooth bounded
domains Q4,Q_ of R™ such that

9.1) Q4 N By (0) = - N By (0) = w By, (0),
n? —

02) min{o (), 7 (2-)} >

and

(9.3) m(Qy) > 0> m,(Q2),

n’—1

whenever “— <y < min{yy (Q4), v (Q-)}.

We shall need the following stability result for the mass under continuous deformations and trunca-
tions.

Proposition 9.2. Let Q C R™ be a conformally bounded domain such that 0 € 0. Assume that
v () > "24_1 and fix vy € ("24_1771{(9)). For any R > 0, let D be a smooth domain of R™ such
that
° BR(SL’()) C DR C BQR(QT()),
e QN Dpg is a smooth domain of R™.
Let ® € C°(R x R™,R™) be such that
O, := D(t,-) is a smooth diffeomorphism of R™,
Oy (x) = for all |x| > 1/2 and all t € R,
®,(0) =0 forallt € R,
B = Idgn.
Set Qg :=2,(Q)NDg. Then ast — 0, R — +oo, we have that yg(Q,r) > ”2;1 and m., (. R) is
well defined. In addition,

t—>0,1}ri§n—1>+oo M (§e,r) = m(8).

As a preliminary remark, we claim that if Q is a conformally bounded domain of R™ such that
0 € 09, then

(9.4) lim inf ’yH(Qt7R) > ’YH(Q)a

t—0,R—o0
where Q, g are defined as in Proposition 9.2. Indeed, by definition, vi (. 1) > vu (%) = vu (D:(Q)).
Inequality (9.4) then follows from (3.7) of Lemma 3.2.
We shall use the same approach as in the proof of Proposition 7.4. Assuming that zy := (—1,0,...,0) €
R™, and denoting the corresponding Kelvin inversion by i, this transformation allows to map the
operator —A — # on a conformally bounded domain €2 into the Schrédinger operator —A + V' on

the bounded domain €2, where V is the potential defined in (7.19).

Set now Q := i(Q), ®(t,z) := io®(t,i(z)) for (t,2) € RxR", and the complement D, := R™\i(D, 1)
in R™. Observe that R — +oo in Proposition 9.2 is equivalent to » — 0 in here. Note that
® € C°(R x R™,R"™) is such that

For any t € (—2,2), ®, := ®(t, ) is a C°—diffeomorphism onto its open image ®;(R").

Py = 1d,

®,(0) =0 for all t € (—2,2),

®y(z) =z for all t € (—2,2) and all x € Bys(xo) with § < 1/4.

- —
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Set Q, := i)t(Q) and note that the sets D, satisfy the following properties:
hd ?7‘/2(1:0)~ - [27" - Br(x0)7
o O, =\ D, is a smooth domain of R".
In particular, we have that Q;, = i(Q,-1). Let u € C?(Qy, \ {0}) be such that

—Au—%uzomﬂm7 u>0in Q¢ p, ©w=0o0n O ;.
T

We shall need the following.

Lemma 9.3. For anyt € (—1,1), there exists u; € Cz(ﬁt\ {0,20}) such that

—Aut — V’U,t =0 in f:lt
u >0 n Qt
(9:5) u =0 on €Y \ {0, 20}

u(z) < Olz|'=o+ ) £ Clo — zo[' =) for z € Q.
Moreover, we have that

d($7 8(2,5)

(0.6) (@) = T

(14 O(jz|+ M =a-y)
as © — 0, uniformly with respect to t € (—1,1).

Proof of Lemma 9.3. We construct approximate singular solutions as in Section 4. For all ¢ € (—2,2),
there exists a chart ¢, that satisfies (4.7) to (4.12) for Q,. Without restriction, we assume that
limy_0 ¢y = g in C* (325, R™). We define a cut-off function n;s such that ns(z) =1 for = € Bs and
ns(x) = 0 for © & Bss. As in (4.14), we define uq, (1) € C2 () \ {0}) with compact support in
(pt(BQ(S) such that

(9.7) Uay it © (21, 2") := ns (1, 2")wy 2] 74 (1 4 O (x)) for all (z1,2") € Bos \ {0},

where O;(x1,2) = e~zn1Hi(@) _ 1 for all 2 = (x1,2") € Bos and all t € (—2,2). Here, H¢(2') is the
mean curvature of 9€); at the point ¢;(0,2'). Note that lim; .0 ©O; = ¢ in C¥(U). Arguing as is
Section 4, we get that

(A =V)ug,: = O(d(z,@flt)|$|’°‘+(7)’1) in (:2,5 N B;(;

Uayt > 0 in Qt~ﬁ Bs
Ua,y =0 on 08 \ {0},
and }
d(z, 09
Uay t(T) (=, t)(1+0(|:v|) as x — 0.

)

The construction in Section 4 also yields

(98) }g% ua+,t o (‘Pt = uour,(] in Clzoc(ﬁ\ {0})

Note also that all these estimates are uniform in ¢ € (—1,1). In particular, defining
(99) ft = 7Aua+,t - Vuoc+,ta

then there exists C' > 0 such that

(9.10) |fo(2)| < Cd(x,0)|x| 72+ 71 < Oz 72+

for all t € (—1,1) and all z € Q, N Bs. Therefore, since v > "247
pointwise control that f; € Lt (Q) for all t € (—1,1) and that

(9.11) lim (£ 0 @0 = foll 2, ) =0

L it follows from (9.8) and this
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For any t € (—1,1), we let v; € D2(Q;) be such that
—Avy — Vg = f; weakly in Dl’Q(Qt).

The existence follows from the coercivity of —A —V on Q,, which follows itself from the coercivity
on 2 = Qy. We then get from (9.11) and the uniform coercivity on €, that

}ir% vy 0 &y = vy in D2(Q) and C’lloc(ﬁ\ {0,20}).
—

It follows from the construction of the mass in Section 7 (see the proof of Theorem 7.1) that around
0, |v¢(z)| is bounded by |z[*=*-(). Around zg, —Awv; — Vv, = 0 and the regularity Theorem 4.1
yields a control by |z —x0|' =~ (). These controls are uniform with respect to t € (—1,1). Therefore,
there exists C' > 0 such that

|Ut(1')| < Cd(l‘,aﬁt) (|(E|_O‘*(7) + ‘LU _ xo|—a,(7)>

for all ¢ € (—1,1) and all z € ;. Now define u;(x) := uq, +(x) —vi(z) for all t € (—1,1) and = € .
This function satisfies all the requirements of Lemma 9.3. ]

Proof of Proposition 9.2: Let Qt’r = Qt\f)ﬁ and note that for r € (0,4/2), we have Qt’TﬁBts(O) =
QN Bs(0). We shall define a mass associated to the potential V' as in Proposition 7.4 and prove its
continuity.

Step 1: The function f; : Q, — R defined in (9.9) has compact support in Bas(0), therefore, it is
well-defined also on €y .. Let vy, € DV2(€2;,.) be such that

(9.12) —Av; . — Vg, = f; weakly in D2(Q; ).

Since the operator —A — V' is uniformly coercive on €2, it is also uniformly coercive on Qt,r with
respect to (t,r), so that the definition of v;, via (9.12) makes sense. The uniform coercivity and
(9.9)-(9.10) yield the existence of C' > 0 such that [[ve,r[|pr2g, | < C for all ¢,7. Since zo & Q,r,

(9.9)-(9.10) and regularity theory yield v, € Cl(ﬁ\ {0}) and for all p > 0, there exists C(p) > 0
independent of ¢ and 7 such that

(9.13) lve.rlles @, o \(B, 0B, o) < CP)-
Step 2: There exists C' > 0 such that for all t € (—1,1) and all « € Qt,r,

(0.14) o0 (2)] < Cd(, 99) (||~ + o = o ~2=0).

Indeed, around 0, th coincides with Q;, and the proof of the control goes as in the construction of
the mass in Section 7 (see the proof of Proposition 7.1). The argument is different around zy. We
let 79 > 0 be such that Q; N By, (20) = QN Bayy (x0). Therefore, for r € (0,79), we have that

Qt,r N BQTO (l‘o) = (Q \ DT) N B2TO (1‘0)
Arguing as in the proof of Proposition 4.3, there exists i,_ € C*° (6\ {0}) and 7’ > 0 such that

Ue >0 in Q rj BQTO (Io)
ﬂ,a7 = 0 il’l @Q) N BQT-O (1‘0)
—A’l]a7 — Vﬂ,a7 >0 in QN B27‘o (.’I,‘Q)

Moreover, we have that

(9.15) Uo_(x) = (1+0(|z —x0|)) asz — x0, x € Q.
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Therefore, since vy, vanishes on Bay, (20) N (2 \ D,.), it follows from (9.13) and the properties of
Uo_ that there exists C' > 0 such that v, < Ct,_ on the boundary of (Q N br) N Bay, (x0). Since
in addition (—A — V)v, =0 < (=A = V)(Ciy_), it follows from the comparison principle that
v < Clg_ in (Q \ DT) N Bay, (z0). Arguing similarly with —v;, and using the asymptotic (9.15),
we get (9.14).

Step 3: We have that

(9'16) tlriglo Ut,r © ¢, = v In DLQ(Q)loc,{zo}c n Clloc<6\ {07 xO})’

where vy was defined in (7.20), and the convergence in D1’2(Q)loc,{xo}c means that limy .0 nve, 0
®; = nug in DH2(Q) for all n € C®(R™) vanishing around zo. Indeed, v;, o ®; € DV2(Q\ D,) C
DV2(Q). Uniform coercivity yields weak convergence in DV2(Q) to & € DV2(Q). Passing to the limit,
one gets (—A — V)i = fo, so that & = vg. Uniqueness then yields convergence in CL (Q\ {0,20}).
With a change of variable, equation (9.12) yields an elliptic equation for v, o ®;. Multiplying this
equation by n?- (v, .0 ®; —vg) for n € C°°(R") vanishing around g, one gets convergence of Ny 0Py
to nug in DY2(Q). This proves the claim.

It follows from the construction of the mass (see Theorem 7.1) and the regularity Theorem 4.1, that
there exists Ko € R and for all (¢,7) small, there exists K;, € R such that

d(@,0%) (d(x,aflt) d(z, 90) Y (d(x,afz)>

(917) Ut’r(l’) = Kt,'r

|z |z () ) and vo(z) = Ko z[a-() ]

as z € () goes to 0. Note that around 0, Qt’r coincides with €.
Step 4: We claim that
(9.18) limO K, = K.

tr—

We only give a sketch. Noting 0y, := v, o 4, the proof relies on (9.16) and the fact that
~Ag:Eucl¥r =V 0 401, = fy 0 @, in 0 B;(0).

The comparison principle and the definitions (9.17) then yield (9.18).

Note that

(9.19) m. (Q) = — Ko,

where the mass of a conformally bounded €2 is defined as in Proposition 7.4.

Step 5: convergence of the mass: We claim that

(9.20) lim  m(Qr) = m4(Q).

t—0,R—o0
We define ﬁm = Uq, ¢ — Vs, 5O that
—A.Ht’r - Vﬁt,r =0in Qt,r-

It follows from (9.6) and (9.17) that ﬁm > 0 around 0. From the maximum principle, we deduce
that Hy, > 0 on €, and that it vanishes on 9, \ {0, z0}.

It follows from (9.6) and (9.17) that

(o) = 2@ 0%) e @, 00,) (d(m,an)>
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asx — 0, x € Qt,r' Coming back to ;g with R = r~1 via the inversion i with Hy g(z) =
T — 20> " Hy - (i()) for all z € Q g, we get that

*AthR — #Ht,R = 0 in Qt,R

Ht,R >0 in QLR
Hrp =0 noQr\{0}

and

_ @, 0%p) o d@0%p) | (d(x,aszm))

t,r

el
as ¢ — 0, z € Q p. Therefore, it follows from the definition of the mass (see Theorem 7.1) that
my(Q,r) = — Ky, for all t,r, R =r~'. Claim (9.20) then follows from (9.18) and (9.19). O

In order to prove Theorem 9.1, we need to exhibit prototypes of unbounded domains with either
positive or negative mass.

Proposition 9.4. Let Q be a domain such that 0 € 9Q and Q0 conformally bounded. Assume that
v (Q) > ”24*1 and fiz v € ("QII,VH(Q)). Then m~(2) > 0 if R € Q, and m(Q) < 04if Q C RY.

Proof of Proposition 9.4 : With Hy defined as in (7.22), we set
U(z) := Ho(x) — xq|z|~** for all z € Q.
We first assume that R C € . We then have that

]2

AU — LU=0 inR"
21 +
(9.21) { Uz0 in OR% \ {0}.

We claim that

(9.22) / |VU|? dz < +oc.

RY
Indeed, at infinity, this is the consequence of the fact that |VU|(z) < C|z|~*+ for all z € R} large,
this latest bound being a consequence of (7.25) combined with elliptic regularity theory. At zero,
the argument is different. Indeed, one first notes that d(z,d') = z1 + O(|z|?) for z € R7 close to
0, and therefore, U(x) = O(|z|*=2-) for 2 — 0. The control on the gradient |VU|(x) < Cl|z|~%- at

0 follows from the construction of Hy. This yields integrability at 0 and proves (9.22).

We claim that ¢/ > 0 in R%. Indeed, it follows from (9.21) and (9.22) that U_ € D“?(R%).
Multiplying equation (7.23) by U_, integrating by parts on (Br(0) \ Bc(0)) NR”, and letting € — 0
and R — 400 by using (9.22), one gets _ = 0, and then & > 0. The result follows from Hopf’s
maximum principle.

We now claim that
(9.23) m.(§2) > 0.

Indeed, since ¢ > 0 in R, there exists ¢ > 0 such that U(z) > coz1|z|~*~ for all z € I(B1(0)4).
It then follows from (9.22), (9.21) and the comparison principle that U(z) > cox1lx|~% for all
x € B1(0)+. The expansion (7.24) then yields —Ky > ¢o > 0. This combined with (9.19) proves the
claim.

When @ C R, the argument is similar except that one works on Q (and not R?) and that ¢/ S 0
in 92\ {0}. This ends the proof of Proposition 9.4.
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Proof of Theorem 9.1: Let w be a smooth domain of R™ such that 0 € 9. Up to a rotation,
there exists p € C°°(R"™1) such that ¢(0) =0, V¢(0) = 0 and there exists §y > 0 such that

w N Bs,(0) = {z1 > p(a’)/ (z1,2") € By, (0)}.
Let n € C°(Bs,(0)) be such that n(x) =1 for all z € Bs,/2(0), and define

t !/

Oy (z) := <x1 + n(x)w(tx ),x’> for all £t > 0 and x € R",
and ®¢ := Idgn. It is easy to see that ¥, satisfies the hypotheses of Proposition 9.2. Moreover, for
0 <t <1, we have that

w n
? O q)t(Béo/2(0)) - @t(R+ ﬂ 350/2(0))
We let 2 be a smooth domain at infinity such that
n?—1
4 )
(for example, R’} ), and let €; r be as in Proposition 9.2. It is easy to see that
wn t‘I’t(Bgo/g (O)) = tQt7R N t‘I)t (350/2 (0))

(9.24) QN By (0) = R N By(0) and y4(Q) >

Therefore, for ¢ > 0 small enough, we have that
wn Bt60/3 (0) = tQth N Bt60/3 (0)

Moreover, vy (tQ: r) = v (Qr) > (n? —1)/4 as t — 0 and R — +oo (see (9.4)). Concerning the
mass, we have that

toer == (1Q4 g) = my (Q.r) — M~ (Q) as t — 0, R — +o0.

We now choose (2 appropriately.

To get a negative mass, we choose €2 smooth at infinity such that QN B1(0) = R} N B;(0) and
Q C R7%. Then v5(Q2) = n?/4, (9.24) holds and Proposition 9.4 yields m.(€2) < 0. With this choice
of 2, we take Q_ := Q, r for ¢t small and R large.

To get a positive mass, we choose R C € such that (9.24) holds (this is possible for any value
of vy () arbitrarily close to %2, see point (6) of Proposition 3.1). Then Proposition 9.4 yields
m,(2) > 0. With this choice of Q, we take Q4 := Q; r for ¢ small and R large. This proves
Proposition 9.1.

10. THE HARDY SINGULAR INTERIOR MASS AND THE REMAINING CASES

The remaining situation not covered by Proposition 8.1 and Theorem 8.2 is s = 0, n = 3 and
v € (0, %2) If v > yu (), then Proposition 3.3 and Theorem 3.6 yield 11,,0(Q2) < 0 < py,0(R7Y)
and the existence of extremals is guaranteed. When s, o(R’}) does have an extremal U, then
Proposition 8.3 and Theorem 3.6 provide sufficient conditions for the existence of extremals. The
rest of this section addresses the remaining case, that is when v € (0,74(Q)) and when g o(R"})
has no extremal, and therefore pu o(R%) = K(3,2)~2 according to Theorem 1.3.

We first define the “interior” mass in the spirit of Schoen-Yau [27].

Proposition 10.1. Let Q C R3 be an open smooth bounded domain such that 0 € 0Q. Fiz xy € Q.
If v € (0,7 (82)), then the equation

—AG—#G:O in Q\ {zo}

G>0 inQ\{zo}
G=0 ondQ\{0}
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has a solution G € C*(Q\ {0,z0}) N D}(Q\ {x0})i0c.0, that is unique up to multiplication by a
constant. Moreover, for any xo € Q, there exists a unique R (xo) € R independent of the choice of
G and cg > 0 such that

1
|z — ol

G(z) =ca ( + R,Y(:co)> +o(1) as © — xo.
Proof of Proposition 10.1. Since v < vz(2), the operator —A — ~|z|~2 is coercive and we can
consider G to be its Green’s function at xg on 2 with Dirichlet boundary condition. In particular,

for any ¢ € C2°(§2), we have that
pz) = /QGz(y) (—Aw(y) - vﬁ?) dy for z € Q,

where G, := G(z,-). Fix ¢ €  and let n € C°(Q) be such that n(z) = 1 around zy. Define the
distribution B, : & = R as

Gy (2) = L ( LIC I (m)) for all z € Q,

wa \ |[z—z0|

where wo := 47 is the volume of the canonical 2—sphere. As one checks,

(o) (- 55) (22) = -t

in the distributional sense. Since f € L?(2) and, by uniqueness of the Green’s function (since the
operator is coercive), we have that 8,, € D%?(Q). It follows from standard elliptic theory that
Bey € C(Q\ {0,20}) N C%(Q\ Bs(0)) for all € (0,1) and § > 0. Since f vanishes around 0, it
follows from Theorem 4.1 and Lemma 5.2 that

(10.1) Bao(®) = O(|z[*=-)) and  |VB4, (2)] = O(Jz|7*-))  when z — 0.

We can therefore define the mass of Q at o associated to the operator L, by R, (€, o) := Bz, (20).
As one checks, 8;,(x0) is independent of the choice of 7.

The uniqueness is proved as in Theorem 7.1. The behavior on the boundary is given by Theorem
4.1 and the interior behavior around xq is classical. O

Lemma 10.2. Let Q C R3 be an open smooth bounded domain such that 0 € OQ and zy € .
Assume that v € (0,71(Q)) and that puy0(R3) = K(3,2)72. Then, there ezists a family (uc). in
DY2(Q) such that

w2 R (x
(10.2) o) = gt (1= 5755 e +0(2)) ase =0,
where U(z) := (1+ |z]?)~Y/2 for all z € R? and 2* = 2%(0) = 22

Proof of Lemma 10.2: The proof is very similar to what was performed by Schoen [26] (see Druet
[9,10] and Jaber [21]). For € > 0, define the functions

ue () = n(x) (m)i + 628y, (x) for all z € Q.

As one checks, u. € DY2(). Proceeding as in the case v > ”24*1 of Section 8, we get (10.2). We

omit the details that are standard. This proves Lemma 10.2. |

We finally get the following.

Theorem 10.3. Let Q be a bounded smooth domain of R® such that 0 € 6.

(1) If v > vu (), then there are extremals for pu ().
(2) If v <0, then there are no extremals for (i o(€2).
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(3) If 0 < v < vu(Q) and there are extremals for i, o(R’), then there are extremals for jiy o(Q2)
under either one of the following conditions:

—"24_1 and the mean curvature of 02 at 0 is negative.
n%—1

*v<

°v> and the mass m~(SY) is positive.
(4) If 0 < v < vyu(QY) and there are no extremals for ., o(R'), then there are extremals for
Hy,0() if there exists zg € Q such that R (Q,z¢) > 0.

Proof of Theorem 10.3: The two first points of the theorem follow from Proposition 8.1 and Theorem

3.6. The third point follows from Proposition 8.3. For the fourth point, in this situation, it follows

from Theorem 1.3 that ju o(R%}) = m, and then Lemma 10.2 yields 11,,0(€2) < py,0(R’}), which

yields the existence of extremals by Theorem 3.6. This proves Theorem 10.3. (]
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