COERCIVITY AND STRUWE’S COMPACTNESS
FOR PANEITZ TYPE OPERATORS WITH
CONSTANT COEFFICIENTS

EMMANUEL HEBEY AND FREDERIC ROBERT

The Paneitz operator discovered in [11] is the fourth order operator defined on
a 4-dimensional Riemannian manifold (M, g) by

2
P;u = Agu — divg (gSgg — 2ch)du

where Aju = —divyVu is the Laplacian of u with respect to g, Sy is the scalar
curvature of g, and Rc, is the Ricci curvature of g. An extension to manifolds of
dimension n > 5, due to Branson [2], is the fourth order operator defined by
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Both Pg4 and P;' have conformal properties: for all u € C*(M), Pgu = 6_4“’Pg4u
when n = 4 and § = e*?¢g, while Pl (up) = go("+4)/(”*4)P§"u when n > 5 and
§ = (=Yg With respect to these relations, Pg4 in dimension 4 is a natural
analogue of Ay in dimension 2, while P in dimension n > 5 is a natural analogue

4(’;7_721)5’9 in dimension n > 3. Possible references

on the subject are the survey articles [3] by Chang, and [4] by Chang and Yang.

of the conformal Laplacian A, +

We let here (M,g) be a smooth compact Riemannian manifold of dimension
n > 5, and say that a fourth order operator Py is a Paneitz type operator with
constant coefficients if
Pyu= Azu +aAgu+au (0.1)
where o, a € R. When g is Einstein, P;* = P, for some a and a. Let 2% = 2n/(n—4)
be the critical Sobolev exponent for the embedding of the Sobolev space H2 in LP-
spaces. We are mainly concerned in this article with two questions. On the one
hand to find necessary and sufficient conditions on a and a for P, to be coercive.
On the other hand to describe Palais-Smale sequences for the higher order analogue
of Yamabe type equations
Pyu = |u/* 2y (0.2)
By the mountain pass lemma of Ambrosetti and Rabinowitz [1], it easily follows
that if P, is coercive, then there exist Palais-Smale sequences for this equation.
Minimizing positive solutions to (0.2) have been obtained in Djadli, Hebey and
Ledoux [5]. Positivity for the 4-dimensional Paneitz operator P; is studied in the
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very nice Gursky [7]. The study of the analogue of (0.2) in dimension 4 is subject
to an intensive literature. We refer to the survey articles [3] by Chang, and [4] by
Chang and Yang, and to the references they contain, for more information.

1. COERCIVITY

Given (M, g) a smooth compact n-dimensional Riemannian manifold, n > 5, we
let HZ(M) be the Sobolev space defined as the completion of the space of smooth
functions on M with respect to the norm

luli = [ Agwaog+ [ VuPdn, + [ i,
M M M

The Paneitz type operator P, as given by (0.1) is said to be coercive if there exists
A > 0 such that for any u € H3(M),

[ Py, = Al

where the left hand side of this inequality has to be understood in the distributional
sense. An equivalent definition is that there exists A > 0 such that for all u €

H3 (M),
/ (Pyu) udvg > )\/ u?dv,
M M

As already mentioned, we are concerned in this section with necessary and sufficient
conditions on a and « for P, to be coercive. By taking v =1 in the definition of
the coercivity, one sees that a has to be positive. In what follows, we denote by

M=0< A< < << <40

the ordered sequence of the eigenvalues of the Laplacian Ay, and let Ay be the
eigenspace corresponding to the eigenvalue \;. Given a > 0, and k € N, k > 1, we
also let

a
ak:)\k—’_)\ik

The answer to our question is given by the following result.
Theorem 1.1. Given a > 0, let k, € N, k, > 1, be such that A\g,—1 < v/a < Mg, .
Let also ag = ap(a) be the largest o such that, for all u € H3(M),
/ (Agu)2 dvg —I—a/ u?dv, > a/ |Vul*do, (1.1)
M M M

Then, the following holds:

(1) Qg = Ak, —1 Zf )\ia—l <a< )\kafl/\ka N

(2) a0 = Apy—1+ Ak, if @ = Apy—1Mi, 5

(3) oo = ag, if Ae,—1k, < a < )\%a .

Moreover, u realizes the equality in the optimal inequality

/ (Agu)2 dvg+a/ u?dv, > ao/ |Vu|?dv, (1.2)
M M M

if and only if u € Ay, 1 in case (1), u € Ag,—1 ® Ak, in case (2), and u € Ay,
in case (3). In particular, P, as given by (0.1) is coercive if and only if a > 0 and
a > —ap(a).
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Proof. By definition,
. 2 2
ag = inf ((Agu) + au )dvg
uEH M

where
H= {u € H3 (M), / |Vul?dv, = 1}
M

Given k € N, k > 1, and taking u € Ay in (1.2), one gets that oy < ay, for all k£ > 1.
Independently, by standard variational technics, one gets that there exists ug € H
such that for all ¢ € H3(M),

/ (Aguo) (Agp) dvg + a/ ugpdvg = ao/ (Vug, Vo) dug
M M M

Taking ¢ € Ag, k> 1, in this relation gives that
Ak (a — ao)/ uppdvg =0 (1.3)
M

In the same order of ideas, taking for ¢ a constant function, one gets that ug L Ag.
Let f: R — R be the real valued function defined for z > 0 by

a
f(x):x—i—;

Then f is decreasing for x < 4/a, and increasing for x > y/a. Moreover, f goes
from 400 to 2v/a when z goes from 07 to v/a, and f then goes from 2y/a to +o0
when z goes from +/a to +00. Set now

b, = min a;
1<i<k

and let k, be as in the theorem. As a first and main step, we claim that ap = by, -
According to what we said above, ag < by, . Suppose that ag < by,. Then o < ag
for any k > 1. By (1.3), it follows that ug LAy for all k. Since L?(M) possesses a
basis of eigenfunctions, this implies that ug = 0, a contradiction. Hence, oy = bi,
and the claim is proved. Let now I, be the set of the integers ¢ > 1 for which
a; = by,. If i & Iy, , then, again by (1.3), upLA;. Hence, necessarily,

ug € Bier,, i

Conversely, any function in this space realizes the equality in (1.2). As a conse-
quence, u realizes the equality in (1.2) if and only if u € ©jes,, A;. In order to end
the proof of the first part of the theorem, note that, according to what we said on
/s
b, = min (ag, -1, ak, )

It holds that g, —1 < Qg, if a < /\ka—1>‘ka’ ag,—1 = ag, = Aka,_l + >‘ka if a =
Ak, 1Ak, , and ap,—1 > ag, if @ > A, —1Ag,. This ends the proof of the first part
of the theorem.

Concerning the second part, it is clear that a > 0 and a > —a(a) are necessary
conditions for P, to be coercive. Conversely, suppose that a > 0 and o > —ap(a).
For € > 0 sufficiently small, & > —ap(a—¢). Then, according to what is said above,

and for all u € HZ(M),
/ (Pyu) udvg > 5/ u?dv,
M M

This proves the theorem. ([
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2. STRUWE’S COMPACTNESS

As above, we let (M, g) be a smooth compact Riemannian manifold of dimension
n > 5, and P, be the fourth order operator given by (0.1). We let also I, be the
functional defined on H3(M) by

1 1
Ij(u) = 5/ (Pgu)udvg—ﬁ/ |u|2ﬁdvg
M M
1 1
= f/ (Agu)2dvg+g/ |Vu|2dvg+g/ u2dvg——/ |u|2ﬁdvg
2 J/m 2 Jum 2 Jm 2

and say that a sequence (u,,) in H3(M) is a Palais-Smale sequence for I, if:
1. I4(tm,) is bounded in m, and
2. DI,(um) — 0 strongly as m — +o0.

When P, is coercive, Palais-Smale sequences for I, are easily produced by the
Mountain-Pass lemma of Ambrosetti and Rabinowitz [1]. Indeed, it follows from
the coercivity of P, and the Sobolev inequality corresponding to the embedding

H2 C L%, that there exist Cy,Cy > 0 such that for all u € HZ(M),
() 2 Cilullys — G

Jul[%;
Let B, be the ball of center 0 and radius r in H3(M). Then, for 7 > 0 small, there

exists p = p(r), such that for u € 0B,, I,(u) > p. Independently, I,(0) = 0, so
that I,(0) < p, while for ug € H3(M)\{0},

tllgloo Iy (tug) = —o0
It follows that there exists an open neighbourhood B, of 0 in H3(M), that there
exists & € H3(M)\B,, and that there exists p > 0 such that
I,00) < p , Iy(@) <p , and Iy(u) > p for all u € OB,

The Mountain pass lemma of Ambrosetti and Rabinowitz then yields a Palais-Smale
sequence (uy,) for I, with the property that

lim T — inf max 1
i Ly () = inf max T, (u)

where I' stands for the class of continuous paths joining 0 to .

Let D(R™) be the set of smooth functions in R™ with compact support. We let
D2(R™) be the completion of D(R™) with respect to the norm

lu| = \//R |V2u|2dz = \// (Au)® dz

For u € D3(R™), we let also E(u) be given by

1 1
E(u) = 5 / (Au)?dx — % / |u|2udaj

where A is the Euclidean Laplacian. Given § > 0, 75 denotes a smooth cut-off
function in R™ such that s = 1 in By(d) and ns = 0 in R™"\By(260). For z € M,
where (M, g) is a smooth compact Riemannian manifold, and ¢ < ¢,/2, where i, is
the injectivity radius, we let 75, be the smooth cut-off function in M given by

5.2(y) = s (expy " (v))
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where exp, is the exponential map at x.

An important result of Struwe [12] describes the behavior of Palais-Smale se-
quences associated to second order equations of the type

Agu+ au = [ul* "2y (2.1)

where 2* = 2n/(n — 2) is the critical exponent for the embedding of the Sobolev
space H? in LP-spaces. We prove here that the analogue of this result holds when
passing from the above equations to the fourth order equations

Aﬁu + aAgu+ au = |u|2n_2u (2.2)
After blow-up, the limit equation of (2.2) is the equation in the Euclidean space
Ay = |u|2n_2u (2.3)

The answer to the second question we asked in the introduction is then given by the
following theorem. Remarks on the case where the Palais-Smale sequence consists
of nonnegative functions, or when Py is replaced by a more general operator, are
in section 4.

Theorem 2.1. Let (uy,) be a Palais-Smale sequence for I,. There exists k € N,
sequences (RJ.), Rl > 0 and R}, — +0o as m — oo, converging sequences (i)
in M, a solution u® € H3(M) of (2.2), and non-trivial solutions v/ € D3(R™) of
(2.3), 5 =1,...,k, such that, up to a subsequence,

k
U =0 4y mud, +o(1)
j=1

where

ul(@) = (Rp) 7 ol (Rj,exp (@)
n, = N5 » 0 <ig/2, and [lo(1)|| gz — 0 as m — +oc. Moreover,

k
Iy(um) = Ig(u®) + Y B(u?) +o(1)

j=1
where o(1) — 0 as m — oo.

In this paper we regard exp, as defined in R™. An intrinsic definition is possible
if M is parallelizable. If not we let €; and €;, i = 1,..., N, be open subsets of
M such that for any i, €, is parallelizable and Q; C ;. and such that M = US,.
The canonical exponential map gives N maps exp, defined in ©; x R", and exp,,
is, depending on the situation, one of these maps. A property of exp, that holds
for any x € M should then be regarded as a property that holds for any i and any

x € Q.

The proof of this theorem proceeds in several steps and follows for a large part
the lines of the original proof by Struwe [12] where the behavior of Palais-Smale
sequences associated to the second order equation (2.1) is described. First, we claim
that the following result holds:

Step 1. Palais-Smale sequences for I, are bounded in H3(M).
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Proof of step 1. Let (u,,) be a Palais-Smale sequence for I;. Then,

#
DI (1t 1 = / (Bytim) iy, —/ o % vy = 0 (1)
M M

so that )
_Zz 2*
Tyfum) = = [l vy + 0 (Jum ) (2.0

The embedding of H3(M) in HZ(M) being compact, for any ¢ > 0 there exists
B. > 0 such that for all u € HZ(M),

lulls < elluli%s + Bellull? (2.5)

where ||u||%,12 = [|[Vul]3 + |Jul|3. Clearly,

linlBys < [ Pyttt + o)l

where C(a,a) = max (Ja — 1|,]a — 1]). Choosing ¢ in (2.5) sufficiently small such
that C'(a,a)e < 1/2, and since I, (u,,) = O(1), we get with (2.4) and (2.5) that

lum 32 < O) + 0 (Il )

This proves step 1. O

Now, we enter into a more specific study of Palais-Smale sequences, and claim
that the following result holds:

Step 2. Let (uy,) be a Palais-Smale sequence for I, such that u,, — u® weakly

in H2(M), u,, — u® strongly in H?(M), and u,, — u® almost everywhere. Let
Um = Um — u°, and Jg be the functional I; when a = a = 0. Then (vm) is a
Palais-Smale sequence for J,; and

Tg(vm) = Ig(um) — Io(u®) + o(1)

0

where o(1) — 0 as m — oco. Moreover, 1" is a solution of (2.2).

Proof of step 2. We first observe that for any ¢ € C*>°(M),
DIy(um).p = / (Pyp) umdug — / |um\2n72um<pdvg =o(1)
M M

By step 1, (u,,) is bounded in H3(M). Passing to the limit as m — +oo in this
relation, we get that u° is a solution of (2.2). Now, we compute the energy of v,,.
Since vy, — 0 weakly in H3(M), and v,,, — 0 strongly in HZ(M),

Tytam) = 1) + Jytom) = 55 [ (Jom + 00 = o = ) dvy + o(1)
Let C' > 0 be such that for any z,y € R,
12+ 9% = 22 = Iy < € (]2 gl + |yl al)
Integration theory gives that
[ (4 00 = o= ) oy = (1)

and we get that
Jg(vm) = Ig(um) — I, (u®) +o(1)
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Summarizing, we are left with the proof that (v,,) is a Palais-Smale sequence for
Jg. Let o € C°(M). Then,

DIy(um).0 = DJg(vim)-0 — /M Ppdug + 0 (H@”Hf)

where
©p = [om + 102 2 (0 + 1) — [0 20 — u[Z 200

We let C' > 0 be such that for any =,y € R,
' ' ' i i
2+ 9122 (@ ) = 0220 = g2y < € (]2 21| + [y 2al

By Holder’s inequality,

e B =20
[ twtn <0 (JlomP 20, o+ 020, Y el

while,

ST L

i
2¢/(28—1)

2¢/(28 1)

The Sobolev inequality corresponding to the embedding of H2(M) in L** (M) then
gives that

DIy(un)¢ = DJy(vm).p + 0 (el az)

This implies that (v,,) is a Palais-Smale sequence for .J,. Step 2 is proved. (]

In what follows, we let g% = %KO_nM, where K is the best constant K in the
Euclidean Sobolev inequality

. 2/2¢ )
(/ |u|? dm) <K (Au)” dx
n R’!L

By Edmunds, Fortunato and Janelli [6], Lieb [8], and Lions [10],
4/n
Kyt =7m*n(n —4)(n* — 4T (%) I (n)~*/"
where T'(z) = fooo t*~le~tdt, * > 0, is the Euler function. We claim that the
following result holds:

Step 3. Let (vn,) be a Palais-Smale sequence for J; such that v, — 0 weakly in
HZ(M), and such that J,(v,,) — B where 8 < p%. Then v, — 0 strongly in

Proof of step 3. By step 1, (vy,) is bounded in H3(M), and we have that
2 1 2
To(wm) = ~[vmll3: +0(1) = ~[Agvm|[3 + o(1) = 8+ o(1) (2.6)

As a consequence, 5 > 0. By Djadli, Hebey and Ledoux [5], for any € > 0, there
exists B. > 0 such that for all u € H3(M),

lull3: < (Ko +€) [|Agull3 + Bellull3

Since the embedding of H2(M) in HZ(M) is compact, we may assume that v,, — 0
strongly in HZ(M), and in particular that v,, — 0 strongly in L?(M). Then,
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applying the above sharp Sobolev inequality to v,,, and letting m go to 400, we
get with (2.6) that for any € > 0,

n \2/2" n
b < (K i
(2 5) < (Ko +¢) D) B
Taking ¢ > 0 sufficiently small, this inequality is impossible if 3 > 0 and g < j*.
Hence, 3 = 0, and by (2.6), v,, — 0 strongly in H3(M). Step 3 is proved. O

As a remark, note that it follows from steps 2 and 3 that if (u,,) is a Palais-Smale
sequence for I, and I,(u,,) — B, where 3 < 3%, then, up to a subsequence, (u,,)
converges strongly to some u” in H2(M). In other words, compactness holds for
Palais-Smale sequences when the energy is (strictly) below the minimum energy.
Another illustration of this fact is in Djadli, Hebey and Ledoux [5] when dealing
with minimizing sub-critical sequences associated to (2.2).

The following lemma is the main ingredient in the proof of Theorem 2.1. We
postpone its proof to section 3.

Lemma 2.1. Let (v,,) be a Palais-Smale sequence for J, such that v, — 0 weakly
in H3(M) but not strongly. There ezist a sequence (Ry,), Ry > 0 and R, — +00
as m — 00, a converging sequence (x,,) in M, and a non-trivial solution v €
D3(R™) of (2.3), such that, up to a subsequence, the following holds: if

Wiy = Uy — N Om
then (wm,) is a Palais-Smale sequence for J, such that wy, — 0 weakly in H3(M)
and
Jo(wm) = Jg(vm) = E(v) + o(1)

where

“ n—4 1

o (@) = (Rm) v (Rmexpy, (7))
M = No,zms 0 < ig/2, and o(1) = 0 as m — oo.

By steps 1 to 3, and Lemma 2.1, we are now in position to prove the theorem.
The proof proceeds as follows:

Proof of Theorem 2.1. First, we claim that non-trivial solutions to (2.3) have their
energy bounded from below by 3*. Indeed, if u € D3(R™) is a non-trivial solution
to (2.3), it follows from the sharp Euclidean Sobolev inequality that

24/2
/ (Au)zdm:/ | de < K2/ (/ (Au)zdac>

Then, ||Au|j2 > K;"/*, and E(u) > 8¢. This proves the claim. In order to prove
the theorem, we let (u,,) be a Palais-Smale sequence for I;. According to step 1,
(um) is bounded in H3(M). Up to a subsequence, we may therefore assume that for
some u’ € H2(M), u,, — u® weakly in H3(M), u,, — u® strongly in HZ(M), and
Uy, — u® almost everywhere. We may also assume that I, (u,,) — ¢ as m — 400.
By step 2, u° is a solution of (2.2) and v, = u,, — u° is a Palais-Smale sequence
for J, such that
Tg(vm) = Ig(um) — Iy(u®) + o(1)

If v,, — 0 strongly in HZ(M), note that by step 3 this holds if ¢ — I, (u’) < %, then
um = u® + o(1), and the theorem is proved. If not, according to the claim at the



COERCIVITY AND STRUWE’S COMPACTNESS 9

beginning of this proof, we apply Lemma 2.1 to get a new Palais-Smale sequence
(v}) of energy

Tg(vm) < Jg(vm) — B* + o(1)

Here again, either vl, — 0 strongly in H3(M), in which case the theorem is proved,
or vt — 0 weakly but not strongly in H3(M), in which case we apply again
Lemma 2.1. By induction, we get at some point that the Palais-Smale sequence
(vF ) obtained with this process has an energy which converges to some 3 < j3%.

Then, by step 3, v¥, — 0 strongly in H2(M), and the theorem is proved. (Il

3. PROOF OF LEMMA 2.1

We prove Lemma 2.1 in this section. Special difficulties that occur in our context
with respect to the original proof of Struwe [12] come from the Riemannian metric
that we have to control (e.g. rescaling arguments change the metric), and from
the fourth order operator we consider (the Laplacian of a function is more difficult
to control than its gradient). If not, this lemma has its exact analogue in Struwe
[12]. In essence, both reduce to the claim that substracting a suitable bubble to a
Palais-Smale sequence, we are left with a Palais-Smale sequence of lower energy.

Up to a subsequence, we may assume that J,(v,,) — 8 as m — +oo. We may
also assume that v,, is smooth, since if not there always exists v,, smooth and such
that [[Um — vm| gz — 0. Then, (9,,) is a Palais-Smale sequence for J, such that
Um — 0 weakly in HZ(M) but not strongly, and, as easily checked, if the claim
holds for (7,,), then it holds also for (v,,). Since DJy(vy,) — 0, we get as in step

1 of section 2 that
n

[ @gn)?du, = 55+ o) (3.1)
M
while, by step 3 of section 2, 25 > KO_"/4. For ¢t > 0, we let
2
m (t) = max Agv,)° do
0=y [ (B,

Given tg > 0, it follows from (3.1) that there exist o € M and Ao > 0 such that,
up to a subsequence,

/ (Agvm)2 dvg > Ao
Bl’o (to)

for all m. Then, since t — p,,(t) is continuous, we get that for any A € (0, \g),
there exists t,, € (0,t9) such that p,(t,) = A. Clearly, there also exists z,, € M
such that

P (tm) = / (Agvm)2 dvg
Buyy, (tm)

Up to a subsequence, (z,,) converges. We let 79 € (0,i,/2) be such that for all
x € M and all y,z € R™, if |y| < rp and |z| < rg, then

dg (expz(y)v expw(z)) < C10 ‘Z - yl

for some Cy € [1,2] independent of z, y, and z. Given R,, > 1, and € R™ such
that |z| < igR,,, we let

4—n

Om(x) = B2 vy (e:rpzm(R;le)) and g, (z) = (exp;mg) (R;nlx)
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Then,
(Agvm) (exp,, (Ry'7)) = Rp? (Mg, 0m) (2)
and if |z] + 7 < igRpm,

/ (Ag,.5m)? dvg, = / (A, (3.2)
B.(r) empmm(Rm B, (T))
Moreover, when |z| + r < rg R,
expy,, (R B=(r)) C By (gt (CorRy) (3.3)
while
erPy,, (R;IBO(C’OT)) = B,, (CorR;") (3.4)

Given r € (0,7), we fix ¢y such that C’Om‘a1 > 1. Then, for any A € (0, \g), we let
R,, > 1 be such that CorR;;! = t,,,. By (3.2) to (3.4), for any 2z € R™ such that
|z| < roRpm — 1,

/ (g, Tm)” dvg, <A and / (Dg,, 0m)> dvg,, = A (3.5)
BZ(’I") Bo(CoT)

As a technical point we will use in the sequel, we claim that there exist § € (0,1,)
and C; > 1 such that for any x € M, and any R > 1, if g, r(y) = expig(R™'y),
then

Cil/ (Au)? dxg/’ (A_,;%Ru)zdvgl,ﬂ SC’l/ (Au)® dx (3.6)

n

for all uw € D3(R") such that Suppu C Bo(6R). Indeed, given € > 0, we choose
6 > 0 sufficiently small such that for any = € M, explg and the Euclidean metric
¢, when restricted to By(d), are e-close in the C'-topology. Then,

e
Ag pu=Au+t O (e\v2u| + E|Vu|)

for all u € D3(R™) such that Suppu C Bo(dR), while, according to the Holder and

Sobolev inequalities,
(n—2)/n
Bo(SR)™ / Va2 (2 g
Bo(0R)

/ |Vu|*dz
Bo(dR)
ARZ/ |V2ul*dx
R"'L

IA

IN

where |By(6R)| is the Euclidean volume of By(dR). Taking e sufficiently small, we
then get the existence of § > 0 and C; > 1 as in the above claim. Clearly, we may
also ask that for all u € L*(R™) such that Suppu C Bo(6R),

1
5/ \u|dx§/ luldug, , gCl/ lulda (3.7)
1 JRn Rn Rn

Now, we let 77 € D(R™) be a cut-off function such that 0 <7 < 1,7 =11in By(1/4)
and 77 = 0 in R™\ By (3/4). We set 7, (z) = (6 ' R;;}x), where § is as above. Then,

/ (Dgy i) dvg,, = O(1)

and it follows from the above claim that 7,7, is bounded in D3(R™). In particular,
up to a subsequence, there exists v € D3(R") such that 7,9, — v weakly in
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D3(R™). As a first step in the proof of Lemma 2.1, we claim that the following
holds:

Step 1. We have that
fimUm — v strongly in H3 (Bo(Cor)) (3.8)
for r and A sufficiently small.

Proof of step 1. In order to prove this claim, we let xy € R™, and for p > 0, we
denote by h, the standard metric on 0By, (p). By Fatou’s lemma,

2r
lim inf/ Ne¢ (U )dvp,, | dp < lim inf/ Ne (N0 )dz < C
/r (m—>+oo 9B, (p) 5( 4 m—+o0 Ba,(2r) ¢ )

where Ny, (u) = |V2ul? +|Vu|? +u?, and € is the Euclidean metric. It follows that
there exists p € [r, 2r] such that, up to a subsequence, and for all m,

/ Ng(ﬁm’f}m)d’l}h{) S C
0Ba (p)

We let C' = C(p) > 0 be such that for any ¢ € C(R"), Ny, < CN¢(o)

(@faBzo(p))
on 0By, (p). By the above inequality,

||ﬁmﬁm||H22(aBzO(p)) S C and ||a”(ﬁm6m)”H12(BBmo(p)) S C
where 9,u stands for the derivative in the direction of the inward normal to
OBy, (p). By compactness of the embeddings H3 (0B, (p)) C H§/2 (0Bg,(p)) and

H? (0B, (p)) C H12/2 (0B, (p)), and continuity of the trace operators u — uop
and u — (Onu)jpp, we get that, up to a subsequence,

TmOm — U 10 H§/2 (0B, (p)) and O (fm0m) = Opv in H12/2 (0B, (p))

Let A = B,,(3r)\Ba,(p), and ¢, € D3(R") be such that ¢,, = 7, — v on
By (p+e) and ¢, =0 on R"\B,, (3r —¢), e << 1. Let also D3(A) be the closure
in H2(A) of D(A), the space of smooth functions with compact support in A. Then,

Hﬁm{)m - 'UHH2

2/2(0Bay(p)) = lomll a2 (8A)

3/2
and

(|00 (T O — U)HH%’/Z

while there exists 2, € D3(A) such that

(0Bay (p)) = 0 omll 2

1/2

(04)

lom + Ell 24y < Cillemllaz ,04) + CollOnpmllaz ,04)
Minimization arguments give that there exists z,, € H3(A) such that
A2, =0 in A, z,— @m— @) € D3(A)
and ||zm || zz(a) < Cllom + QO%HH;(A). Hence, z,, — 0 strongly in H2(A). We let
Yy = TonOm — v 0 By (p) ; Wm = Zm 0 By, (3r)\ By (p) , ¥m = 0 otherwise
Clearly, 1, € D3(R™). Choosing r such that r < min(i,/6,/24), we set

n—4

Um(z) = Ro b (Rmexpy ! (2)) if dy(pm, x) < 67, ¥m = 0 otherwise
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Then, 7 (6 texp; ! (z)) = 1if dg(@m,x) < 6r, and if in addition |zo| < 3r, then
DJy(vm)tbm = DJg(fimvm)-tm

L ) i) (S, o,

[ b2 o
*/ |77mvm|2 ? (ThmOm) Ymdvg,,
20 (3r)

where ﬁm(:rz = 7 (0 texp, ! (x)). We have that ||77/~1m||H§(M) < C||@Z~Jm||D§(R,,L).
Hence, the 9,,’s are bounded in H3Z(M), and it follows that DJy(vn).40m = o(1).
Since v, — 0 strongly in H3(A), and 1, — 0 weakly in D3(R"),

[ (B0 m0)) (A5, ) g,

20 (3r)
[ g (005, g, o)
on (p)
= / (Agan/}m)2 dvg"" + 0(1)

Similarly, one easily gets that
L. ot_a ., . f
[ il Gintn) v, = [ i o, +of1)
By (3r) R™
and since DJ,(v,).th, = o(1), it follows that

/ (Dg o) dvg, — / o 2 d, = o(1) (3.9)
n R7L

By the strong convergence v,,, — 0 in H2(A), and the weak convergence t,, — 0
in D3(R"),

/ (Dgotom)? dvg,, = / (Dg,. (i — )2 dug,, + 0(1)
n Bao ()
0 (p) ETS) (p)
It follows that
[ @ m)dvg, < / oo i )2 dvg,, + (1)
n zo(p)

Let N be an integer such that By(2) is covered by N balls of radius 1 and center
in Bp(2). Then there exist N points x1,...,2y5 in By, (2r) such that

B, (p) C By, (2r) UBT7

and we get with (3.5) that for zy and r such that |zo| + 3r < 79,

/ (Ag,. 0m)* dvg,, < NA+o(1) (3.10)
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For C; as in (3.6) and (3.7), and x¢ and r such that |zg| + 3r < 4,

; 2/2¢ o /ot ) 2/28
(Liserin)”™ < ([ )
< VK [ (6
<

]
Ch )KO/R (Ag,,%m)” dvg,,
By (3.9) and (3.10) we then get that

/ (Agm wm)Q dv§7n S K2u/2/ (A§7n wm)g dvg'm + 0(1)

where K = CIH(Q/ZN)KO (NX+ 0(1))1_(2/2n). Choosing A > 0 sufficiently small
such that NC’fQuZ)/m_2)K§/(2n_2)>\ < 1, it follows that

/ (Ag,,¥m)’ dvg,, = o(1)
and hence that 1), — 0 strongly in D3(R™). Since r < p, it follows that
TimOm — v strongly in H3 (B, (r)) (3.11)

and the convergence holds as soon as NC£2H+2)/(2u_Z)Kg/@n_z))\ < 1, |zo| < 3r,
|zo| 4+ 31 < ro, |zo| + 3r < 6, and r < min(i,/6,/24). We choose X > 0 such that
the above inequality is satisfied, and 7 > 0 such that r < min(iy/6,0/24,7¢/6).
Then (3.11) holds for any zg such that |zg| < 2r. Since Cy < 2, Bo(Cor) is covered
by N balls of radius » and center in By(2r). It follows that 7,0, — v strongly in
H2 (By(Cor)), and this proves (3.8). O

In particular, we get from (3.8) that v #Z 0. Indeed,

A = / (Agm’f)m)2d’l}§m
Bo(CoT)
= [ (85, (i) g,
B()(C[)T)

e / (Av)? dz + o(1)
By (Cor)

and it follows that v £ 0. Another consequence of (3.8) is that R,, — 400 as
m — +oo. Indeed, if R,, - R as m — +oo, R > 1, then v,, — 0 weakly in
H2 (Bo(Cyr)) since v, — 0 weakly in HZ(M), and this is in contradiction with
(3.8) and the fact that v # 0. Hence,

lim R, =+o0 (3.12)

m—+oo
Now, let R > 1 be given. By (3.12), for m large, R,, > R. Then, coming back to
the beginning of the proof of the lemma, (3.5) holds for z such that |z| < rgR — r.
Thus, as easily checked, it follows from the proof of (3.8) that (3.11) holds if |zg| <
3r(2R — 1), |zo| + 3r < roR and |zo| + 37 < JR, where r is as above. In particular,
(3.11) holds if |zg| < 2rR. Hence, 7,0y — 0 strongly in H2 (Bo(2rR)). Since
R > 1 is arbitrary, and 7, (x) = 1 for m large if |z| < R, we get that for any R > 0,

Uy — v strongly in HZ (By(R)) (3.13)
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It also follows from (3.12) that the following holds:
Step 2. v is a solution of (2.3).

Proof of step 2. Let ¢ € D(R™) and let Ry > 0 be such that Suppy C Bo(Ryp). Let
also ¢, be given by

Gm() = Ru? ¢ (Rp)

Then Suppp,, C Bo(RoR,,'). For m large, we let ¢, be the smooth function on
M given by the relation ¢, = ¢, o exp,,,. Then, for m large,

/ Agvaggomdvg:/ Az, (mOm)Ag,, edug,,
M n
and
i Y qob_o . .
/ ‘rUml2 QUngmd’Ug:/ |nmvm|2 27lmvm90dvém
M Rn

Since R, — 400, gm — £ in C* (By(R)) for any R > 0. Moreover, (¢,,) is bounded
in H3(M). Since (v,,) is a Palais-Smale sequence for J;, and 7y, ,,, — v in D3(R"),
we get by passing to the limit as m — 400 in the above two relations that

AUA(pdx:/ |v\2u_2vg0dx

n

Rn
In other words, v € D3(R") is a solution of (2.3). O

Now, for z € M and § € (0,5/8), we let
n—4

Vi (2) = 1 (2) R v (Rimexp, ! (2)) (3.14)
where 7, = 052, and set w,, = vy, — Vi

Step 3. The following relations hold. On the one hand,

Wy, — 0 weakly in Ha (M) (3.15)
On the other hand,
DJy(Vy) — 0 and DJy(w,,) — 0 strongly (3.16)
At last,
Jo(wm) = Jg(vm) — E(v) 4 o(1) (3.17)

where o(1) — 0 as m — +o0.

Proof of step 8. We start with the proof of (3.15). There, it suffices to prove that
Vi — 0 weakly in H3(M). Given R > 0, we let Q,,(R) = B, (R,,'R). For ¢ a
smooth function on M, and m large,

4

/ Vinpdvg = RyZ / n5(2)v(Rima)p (exp,,, (x)) dvg,,
Qo (R) Bo(Rm'R)

where g, = exp} g. It follows that for C' > 0 such that dv,, < Cdz,

/ Vinpdug
Q’VTL (R)

< gl [ ol
Bo(R)
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Similarly, by Holder’s inequality,

/ Vinpdug
M\Q, (R)

IN

Clllloo R+ / lv|dx
Bo(6Rm)\Bo(R)

1/2%
Cllelloo / o[ da
Bo(6Rm)\Bo(R)

Taking R > 0 sufficiently large, and since R,,, — +00 as m — 400, it follows that
fM Vinpdvg — 0 as m — +oo. With similar estimates, one gets that

IN

/ (VVi, Vo), dvg — 0 and / AV Agpdog — 0
M M

as m — +oo. We also do have that (V,,) is bounded in HZ(M). This proves (3.15).
Now we prove (3.16). Here again, we let ¢ be a smooth function on M. Then,

#_
DJg(Vm).ap:/ Agvaggadvgf/ Vi |® 2 Vipdu,
M M

Given R > 0, we write that

/ AngAgcpdvg:/ AngAggadvng/ AV Agpdug
M B.,.(Rm'R) B, (§)\Ba,, (Rm'R)

Tm

Easy computations give that

/ AgVindgipdvg = O (g3 ) er
Bap, (6)\ By, (R R)

where eg — 0 as R — +o00. Independently, let 3,, be the function of D3(R") given
by

4—n
P (@) = Roi® 1, 5(2) (90 eaps,,) (R )

where 7, s(z) = nz(R;,'). Then, for m large,

/ AngAgsﬁdUg = / Agnszgmamdvgm,
Ba,, (Rm'R) Bo(R)

Noting that §,, — & in C* (BO(R)), R > R, and that

/ Do duy = [ (8,5, du,
Bap (R R) Bo(R)
we get that
/ Aﬁvaﬁrm@mdvflm = / AUA¢7ndx + o (”@”H;)
Bo(R) Bo(R)
‘We also do have that
/ AvAG, dr = | AvAB, de+ O (||<,0||H2) en
Bo(R) R 2
where eg is as above. Hence,

AgVnBgpdvg = | Avap,de+o(leluz) + O (leluz)er  (318)
M R
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In a similar way, we get that
[Vin '~ 2Vinspdvy = / (v “205,de + 0 (ellz) + O (Iellz) en (319)
M Rn
Since v is a solution of (2.3), it follows from (3.18) and (3.19) that

DIy (Vi) o = 0 (lellz) + O (I¢llaz ) n

and since R > 0 is arbitrary, we get that DJ,(V,,) — 0 strongly. Now, we write
that

DJy(wm).0 = DJg(vm).p — DJg(Vin).p — A(m) (3.20)
where
A(m) = / O, pdvg = / D, pdvg
M Ba,, (26)
and @, = |wm |2 2wy — |vm|¥ "20m + [Vin|¥ ~2V,,. By the Hélder and Sobolev
inequalities,

[A(m)] < 1P l22 261y ol 2

Given R > 0, we set B,, = B,, (R,'!R) and B, = B
for m large,

(26)\B.,, (R;;'R). Then,

Tm

||<I’m||2ﬁ/(2ﬁ—1) < ||<I’m||L2ﬁ/<2ﬁ—1>(Bm) + ||(I’m||L2ﬁ/(2ﬁ—1>(Bfn)
and as in step 2 of section 2,
1@l oty < C (198l ot oz gy + 192 st )

where ®1 = |v,,|% =2V, and ®2, = |V;,,|** ~2v,,. We have that

_af ~ 2t
/ 1By |77 dy = / By | T,
B Bo(R)

where ®,,, = |, — v|2n_2(f1m —v)— |17m\2ﬁ_217m + |v|2n_2v. Then, by (3.13), we get
that

2t
| 1@l rdu, = o)
B’VYL
Independently,

2t
| e,

m

o PLICLE)) LA%
|Thm O | 271 v 2 =1 5m " dug,,

/E;() (28Rm)\BO (R)

28 (2f —2) of
C’/ ‘ﬁmﬁm| 2f 1 |v|2ﬁ71 dxz
R™\ Bo (R)

IN

where fm =05, (exps,, (Ry,'w)), and C > 0 is such that dvg,, < Cdz. Without
loss of generality, we may assume that 7,,0,, — v almost everywhere in R™. Set
of (28 —2) off (28 —2)
fm = |77m1~}m| 2f -1 and f: ‘U‘ 21
Then (f,,) is bounded in L -1/(2F-2) (R™) and (f,,) converges almost every-
where to f, so that, by classical integration theory, (f,) converges weakly to f
in L2'~D/*=2)(Rn). Tt follows that

2f(2f—2) o "
lim PR = \v|2”71dx:/ ol de
M0 JRe\ By (R) R™\ Bo(R)




COERCIVITY AND STRUWE’S COMPACTNESS 17

and we get that
_2f
lim limsup/ @1 |7 -1dv, =0
Be

R—+400 m— 400

m

Similarly,

_2f
lim limsup |®2 |7 -1dv, = 0

R—=+00 m—+4oco /Bc

Coming back to (3.20), and since R > 0 is arbitrary, we get that DJy(wy,,) — 0
strongly. In particular, (3.16) is proved, and we are left with the proof of (3.17).
We have here that

1 1 ¢
Jg(wm) = 3 /M (Agwm)2 dvg — o /M Wi |* dv, (3.21)

Concerning the first term, we write that

/ (Agwm)deg:/ ) (Agwm)2dvg+/ (Agvm)? do,
M By, (26) M\B,,, (28)

and for B, and B, as above, we write that
/B (Agwm)2 dvg = / (Agwm)2 dvg —|—/ (Agwm)2 dvy

(26) B Be
‘We have that

m

/Bm (Bgwn)dvy = [ (B, (5n — )" du,

Bo(R)
and it follows from (3.13) that

/B (Aywn)? dvy = o1)

Moreover, it follows from rough estimates that

lim li AgVim)? dvy =0
Rffoo,ifiiﬁg/&( gVim)™ dug

Since wy, = vy — Vi, and (vy,) is bounded in H3 (M), it follows that

J

(Agwm)2 dvg = / (Agvvn)2 dvg + Br(m)

m BZ,

and
/ (AwaL)Z dvg = / (Ag”m)2 dvg — / (Agvm)Q dvg + Br(m) + o(1)
M M B,
where
lim limsup Bg(m) =0 (3.22)
R—+0c0o m— 4o

Here again,

/B (Agvm)Q dvg = / (Agvn ﬂm)Q dvg'm

Bo(R)
and since g, — £ in C! (Bo(R)), it follows from (3.13) that

/Bm (Ayom) dvg:/Bo(R) (Av) dx+o(1)=/ (Av)? dz + Br(m) + o(1)

n
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where Bgr(m) satisfies (3.22). Summarizing, we have that

/M (Agwn)? dvy = /N (B, - / (Av)2dz + Bp(m) +o(1)  (3.23)

n

where Bg(m) satisfies (3.22). It follows from similar arguments that

/ Wi |2 dvg :/ vl dvg —/ [v|2 dz + Br(m) + o(1) (3.24)
M M :0
where Bgr(m) satisfies (3.22). Then, combining (3.21), (3.23) and (3.24),
Jog(wm) = Jg(vm) — E(v) + Br(m) + o(1)
and since R > 0 is arbitrary, we actually do have that
Jo(wm) = Jg(vm) — E(v) + o(1)
This proves (3.17), and step 3. O

According to what we said up to now, and to steps 1 to 3, Lemma 2.1 holds for
some ¢ € (0,74/2) small. Given é; < &2 in (0,44/2),

1(155.2n = 61,2, ) O gz = 0(1)
It follows that Lemma 2.1 holds for any d§ € (0,4,/2). This ends the proof of Lemma
2.1.
4. MISCELLANEOUS ON THEOREM 2.1

We briefly comment on Theorem 2.1 when the wu,,’s in this theorem are nonneg-
ative. Let us consider equation (2.3) for nonnegative functions,

A2y = 21 ,u>0 (4.1)
As a first result, we claim that the following holds:

Lemma 4.1. If u € D3(R") is a nontrivial nonnegative solution to (4.1), then

n—4

(@) = an (A) ’ (4.2)

1+ A2z — 202

for some A > 0 and zo € R", where oy, = (n(n — 4)(n? — 4))(n_4)/8.

The functions given by (4.2) are extremal functions for the sharp Euclidean

Sobolev inequality
. 2/2¢
(/ || das) < Ko/ (Au)® dx (4.3)

in the sense that they realize the equality in (4.3). By the works of Lions [10],
Lieb [8], and Edmunds, Fortunato and Janelli [6], the functions given by (4.2)
are the only extremal functions for (4.3), and the only nontrivial and nonnegative
spherically symmetric solutions of (4.1) which are decreasing in |z|. More recently,
it has been proved by Lin [9] that smooth positive solutions to (4.1) are also given
by (4.2). In order to prove our claim, it thus suffices to prove that if u € D3(R™)
is a nontrivial nonnegative solution to (4.1), then w is smooth and positive. The
proof of the lemma then proceeds as follows:
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Proof. Let (S™,h) be the unit sphere, and P be some point in S™. We let also
®p : S"\{P} — R™ be the stereographic projection of pole P. Then,

(@1;1)* h — 904/(1'7,—4)5

where £ is the Euclidean metric and

n—4

pla) =457 (14 |2) " 2

By conformal invariance properties, if u € D(R™), then ¢ =1 (Pri) o &5 = A%y
and

/ (A%u) udz = / _(Pya) adoy, (4.4)

where u = (uapfl) o ®p and P} is the Branson-Paneitz operator on the sphere.
Namely,

Py = A;Qlu + e Apu + dyu
where

o = n%—2n—4 and d, — n(n — 4)(n? — 4)

2 16
Let now (uy) be a sequence of smooth functions with compact support in R™ which
converges to u in D3(R™). Clearly, |[u]®* = [, (P}'u) udvy, is a norm on H3(S™).
It follows from (4.4) that (i) is a Cauchy sequence in H3(S™), where 4y, is given
by @, = (urp™') o ®p. Hence, (i) converges to some @ in H3(S™). Moreover,
U= (ugo’l) o ®p almost everywhere. Let (15)s>0 be a family of smooth functions
on S™ such that 0 <ny; <1,7ns=01in Bp(s), ns =1 in S"\Bp(2s), and

C C
Vsl < == and  |Apn,| < =2
s 52

where Cy, C5 are positive constants which do not depend on s. For any v € C*°(S™),
(nsv) converges to v in H2(S™) as s — 0. On such an assertion, note that

.1 o1
lg% S—2Volh (Bp(2s)) =0 and glg(l) 8—4\/01;,, (Bp(2s)) =0
since n > 5. It follows that

lim (Ppri) nsvdop, = / (Ppi) vdup,

s—0 Sn n

where the integrals have to be understood in the distributional sense. It also follows
that

. ot Lot _
lim 02 lnsvdvh: W% "Yuduy,
s—0 gn n

Noting that
P) nsvduy, = ﬂZu*lnsvdvh
h

we get that & € H3(S™) is a nontrivial nonnegative solution of the equation
Pl = a2 (4.5)

There, we can apply Lemma 2.1 of Djadli, Hebey and Ledoux [5]. It follows from
this lemma that @ € L°(S™) for all s > 1. Let Lj be the second order operator
given by

Lyu = Apu+ %u
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Equation (4.5) can be rewritten as

Ly (Lpa) = @* ' + ot (4.6)
where (3, = % — d,, is positive. By standard regularity results, since @ € L*(S™)
for all s > 1, we get that 4 € H;(S™) for all s > 1. In particular, 4 is C®, and
we obtain by coming back to (4.6) that @ is actually at least C*. The right hand
side in (4.6) being nonnegative, it follows from elementary considerations and the
maximum principle that 4 is positive. Then @ is smooth, and coming back to our
original solution wu of (4.1), we get that u is smooth and positive. By the work of
Lin [9], this proves the lemma. O

As another result on Theorem 2.1, we claim that if the wu,,’s in this theorem are
nonnegative, then u” and the u’’s of Theorem 2.1 are also nonnegative. According
to Lemma 4.1, the u®’s are then given by (4.2). That u° is nonnegative is straight-
forward. On the other hand, the u%’s, i > 1, are obtained by rescaling u,, — u° — S,
where S is a sum of bubbles, and it is not anymore straightforward that w,, > 0
implies that u’ > 0. The following proposition holds:

Proposition 4.1. Let (u,,) be a Palais-Smale sequence for I,. We suppose that
U > 0 for allm. Then the u'’s of Theorem 2.1 are also nonnegative. In particular,
ut is given by (4.2) and, up to the assimilation through the exponential map at xi,,

n—4

. A\ 7
Up, (Y) = . D (4.7)
<(>\in)2 +ly—# |2>

where x* € R™, Xo. = X/R!  for some X' > 0, and «, is as in Lemma 2.1.
Moreover,

. 2 .
B(u') = =~ K"
n
so0 that the Palais-Smale property holds for 1, at all levels which are not of the form
Bo+ kB where k > 1 and By is the energy of some nonnegative solution u® of (2.2).

Proof. Let vy, = Uy, —u® and pf, = 1/R! . First we prove the following: for any N
integer in [1, k], and for any s integer in [0, N — 1], there exists an integer p, there
exist sequences (y7,) and (M), j =1,...,p, ¥}, € M and M), > 0, such that for any
Gy dg(zN,yl ) /ub is bounded and A, /ul — 0, and such that for any R, R’ > 0,

S
U, — E ul —ull
i=1

where e(R') — 0 as R’ — 0, and the (u’,)’s and (x%,)’s are the ordered sequences in
1 that come from the proof of Theorem 2.1. We proceed here by inverse induction
on s. If s = N — 1, then, by (3.13),

/BI% (Rudy)

so that (4.8) holds with p = 0. Now, we suppose that (4.8) holds for some s,
s < N —1. If the dg(mfn,x%)’s do not converge to 0, then, up to a subsequence,

dvg = o(1) +e(R') (4.8)

/Bw% (RUED\US_, By (R'X)

of
dvg = o(1)
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Bx%(Ru%) ﬂBxfn(Ran) = for R > 0. As a consequence,

/ ] |um dllg S / - |um d’Ug
B,y (Rum)\Uj=1 B,j (R'Am) M\Bs (Rpus,)

and it follows, see the proof of Lemma 2.1 in section 3, that

t i
/ o< [ e
B,y (Bud)\ Uy B,j (RX) R\ By (i)

Since R > 0 is arbitrary, and u® € L (R™), we get that
§
/ . |u3 ? dvg = 0(1)
Byn (RIED\US—y Bg (F/Ah)
and then that
off
dvg = o(1) + e(R')

s—1
U, — g ul —ull
i=1

In particular, (4.8) holds for s — 1. Now, we deal with the case dy(z5,,zY) — 0.

We let rg > 0 and C' > 1 be such that for all z € M, and all y,z € R, if |y| < rg
and |z| < rg, then

/Bmg,vL(Rufi,)\ Us_y B,; (R'Nn)

1
ol =l < dy (eapa(y). capa(2) < Clz —y

If #5, and g}, are such that x5, = exp,~ (uhis,) and yl, = exp,~ (uh7i,), then

R' )\, 1 N . YA
B, ( > C ey (B, (RN © By, <R’CN) (4.9)

Culy n
and
Ry, 1 -1 /s Py

Given R > 0, we have by (3.13) that

/ Uy, — g Uy,
Bmfn (R:U'Snl)

of

dvg = o(1)
i=1

Hence, by (4.8),

’uN’ﬁ dvg = o(1) +e(R')

m

/<Bm7JyI(RMfX)\Uf=1 B, (R'X)) 0 By, (Rusy)
and it follows from (4.9) and (4.10) that

#
J M=o eR) @
(BN U B, (RCX)) M Bay, (B 25

Now, we distinguish two cases. In the first case we assume that as m — +oo,

dg(x,,2N)/ul — +o0o. Then we also do have that d,(z2,, z2)/pus, — +oo, since

if not, we get by (4.11) with R large enough that p, /uN — 0, while

do(as,, all)  dg(xs,, ) " @

m)m m? m

w, e 15,
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Then it follows that B,x (Rud) N Bas, (Rug,) =0 for R > 0, and we may proceed
as in the case where the d,(x%,, z)))’s do not converge to 0 to get that (4.8) holds
for s — 1. In the second case we assume that as m — 400, the dy(z5,, z2)/ul’s
converge. By (4.11), we must have that u3 /u — 0. We set y2tl = 25 and
APFL = s - Clearly,
ot

dvg = o(1) + e(R')

o

/Bz% (RuN)\USHL By (R'AD)

while

# f
/ s | 03[ dv, < e(R)
B~ (Rub)\Uj, Bi (R'Am) M\Bys (R'ps3,)

It follows that
of

dvg = o(1) +e(R')

s—1

% N

- E Upy — Upp
=1

and (4.8) holds for s — 1. Therefore, we proved that (4.8) always holds. Let us now
prove the original claim that if the u,,’s in Theorem 2.1 are nonnegative, then u°
and the ui’s of Theorem 2.1 are also nonnegative By the construction of u?, it is
clear that u® is nonnegative. We let @Y be given by

/B N (Rub)\UPET B i (R'M\n)

0 () = (1) % v (expon (1))
We apply (4.8) with s = 0. Then,
#
/ _ |vmfuﬁ|2 dvg = o(1) +e(R')
BN (Rup)\Uj_y B ; (R'Am)

and it follows that

#
/ N — w7 de = o(1) + £(R) (4.12)
Bo(R\Uj_, By, (R'CI%)

where the §J,’s are as above. In particular, the §/,’s are bounded. Up to a sub-
sequence we may assume that g7, — ¢ as m — +oo. Then we get from (4.12)
that

N 5wV in Lloc( O(R)\{gjj,jzl,...,p})
and thus we may assume that o} — u¥ almost everywhere in R™. Independently,
let

-~ n—4
N (z) = (uy) 7 u (expyn (uhw))

[ P a= [,
B, (Ryul) Bo(R)

where g, = (exp;Ng) (uliz), and we get that a%" — 0 in L (Bo(R)). Thus,

%N — 0 almost everywhere in R". It follows that the @/ ’s given by

Then,

N (2) = ()T, (expon (uNa))

converge almsot everywhere to u. In particular, " is nonnegative and, thanks

to Lemma 3.1, the proposition is proved. [
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As a remark, note that it follows from the above proof that for any i # j,

R}, R, i pj i N\2
R +RT+RmRmdg(mm,xm) — 400

as m — 4o00. There, we recover well-known relations that hold when dealing with
the Laplace operator instead of the Paneitz operator. At last, note that Theorem
2.1 and the above remarks do hold if instead of a Paneitz operator P, with constant
coeflicients, one deals with the Paneitz-Branson operator Pj' of the introduction,
or more generally with operators of the form

Pyu = AZu — divg (AVu) + au

where A is a smooth section of the space of smooth symmetric (0, 2) tensors on M,
and a is a smooth function.

ACKNOWLEDGEMENTS: Both authors are indebted to Olivier Druet and Vladimir
Georgescu for stimulating discussions and valuable comments on this work. We are
also indebted to Matthew Gursky for having pointed out to us the work of C.S.Lin,
and to Michael Struwe for useful comments on the manuscript.

REFERENCES

[1] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and

applications, J. Funct. Anal., 14, 1973, 349-381.

Branson, T.P., Group representations arising from Lorentz conformal geometry, J. Funct.

Anal., 74, 1987, 199-291.

[3] S.Y.A. Chang, On Paneitz operator - a fourth order differential operator in conformal ge-
ometry, Harmonic Analysis and Partial Differential Equations, Essays in honor of Alberto
P. Calderon, Eds: M. Christ, C. Kenig and C. Sadorsky, Chicago Lectures in Mathematics,
1999, 127-150.

[4] Chang, S.Y.A., Yang, P.C., On a fourth order curvature invariant, Comp. Math. 237, Spectral
Problems in Geometry and Arithmetic, Ed: T. Branson, AMS, 1999, 9-28.

[5] Z. Djadli, E. Hebey, M. Ledoux, Paneitz type operators and applications, Duke Math. J.,
104, 2000, 129-169.

[6] Edmunds, D.E., Fortunato, F., Janelli, E., Critical exponents, critical dimensions, and the
biharmonic operator, Arch. Rational Mech. Anal., 112, 1990, 269-289.

[7] M.J. Gursky, The principal eigenvalue of a conformally invariant differential operator, with
an application to semilinear elliptic PDE, Comm. Math. Phys., 207, 1999, 131-143.

[8] Lieb, E.H., Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann.
of Math., 118, 1983, 349-374.

[9] C.S. Lin, A classification of solutions of a conformally invariant fourth order equation in R™,
Comment. Math. Helv., 73, 1998, 206-231.

[10] Lions, P.L., The concentration-compactness principle in the calculus of variations, the limit
case, parts 1 and 2, Rev. Mat. Iberoamericana, 1 and 2, 1985, 145-201 and 45-121.

[11] S. Paneitz, A quartic conformally covariant differential operator for arbitrary pseudo-
Riemannian manifolds, Preprint, 1983.

[12] M. Struwe, A global compactness result for elliptic boundary value problems involving limiting
nonlinearities, Math. Z., 187, 1984, 511-517.

2

E.HEBEY, F.ROBERT, UNIVERSITE DE CERGY-PONTOISE, DEPARTEMENT DE MATHEMATIQUES,
SITE DE SAINT-MARTIN, 2 AVENUE ADOLPHE CHAUVIN, 95302 CERGY-PONTOISE CEDEX, FRANCE
E-mail address: Emmanuel .Hebey@math.u-cergy.fr, Frederic.Robert@math.u-cergy.fr



