THE HEAT FLOW WITH A CRITICAL EXPONENTIAL
NONLINEARITY

TOBIAS LAMM, FREDERIC ROBERT, AND MICHAEL STRUWE

ABSTRACT. We analyze the possible concentration behavior of heat flows re-
lated to the Moser-Trudinger energy and derive quantization results completely
analogous to the quantization results for solutions of the corresponding elliptic
equation. As an application of our results we obtain the existence of critical
points of the Moser-Trudinger energy in a supercritical regime.

1. INTRODUCTION

On any bounded domain 2 C R? the Moser-Trudinger energy functional

E(u) = %/Q(e“ —1)dz

for any a < 47 admits a maximizer in the space

(1) M, = {u € Hy(Q); u>0,||Vul|3: = a},
corresponding to a solution 0 < u € Hg(£2) of the equation
(2) —Au = ue” in Q

for some A > 0; see [6] and [11]. Moreover, when € is a ball numerical evidence
[15] shows that for small o > 4m there exists a pair of critical points of E in
M., corresponding to a relative maximizer and a saddle point of E, respectively.
However, standard variational techniques fail in this “supercritical” energy range
and ad hoc methods devised to remedy the situation so far have only been partially
succesful in producing the expected existence results; compare [18], [19]. As in
various other geometric variational problems a flow method might turn out to be
more useful in this regard.

Given a smooth function 0 < ug € H}(2), we consider smooth solutions u =
u(t, ) to the equation

(3) we” = Au+ Aue” in [0, co[x 2
with initial and boundary data
4) w(0) = up, w=0 on [0,c0[xIN.

The function A = A(t) may be determined so that the Dirichlet integral of w is
preserved along the flow. As we shall see, also the case where the volume of the
evolving metric g = v’ gr2 is fixed gives rise to interesting applications, and both
constraints can easily be analyzed in parallel.
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1.1. Fixed volume. Fixing the volume is equivalent to the constraint

(5) E(u(t)) = E(ug) =: ¢ for all ¢,

which can be achieved by imposing the condition
d

(6) —E(u(t)) = / wuge da = )\/ w?e” dx —/ |Vu|? dz = 0.
dt Q Q Q

Clearly, we may assume that ug does not vanish identically and that ¢y > 0; other-
wise 4 = 0 is the unique smooth solution to (3) - (5) for any choice of A(t).

Note that when we multiply (3) with u; and use (6), upon integrating by parts
we obtain the relation

2 1d d
2,u _— 2 = _— = U:
(7) /Qute dx + 5 7 (/Q |Vul dﬂc> )\th(u(t)) 0;

that is, the flow (3) - (5) may be regarded as the gradient flow (with respect to the
metric g) for the Dirichlet energy with the critical exponential constraint (5).

Equation (6) and the energy inequality (7) imply the uniform bound

(8) /\/u26“2daz:/ |Vu|2d:c§/ |Vuo|? dz =: Ay.
o Q Q

Since we can easily estimate e* < 14 4a for 0 < a < 1/4, we have

/uzeuzdx:/uZ(euz—l)dx—F/u2dx
Q Q Q

9)
1 1 E
2*/(6“271)d{£7*/ (e“Qfl)dx+/u2d;v2 (U)ZC—O7
4 Ja 4 Jizeqiu<1/2} Q 2 2

for all . Therefore, recalling that ¢y > 0, from (8) we deduce that with the constant
Ao = 2Ag/co > 0 there holds

(10) 0 < A(t) < Xg for all t > 0.

Finally, the maximum principle yields that w > 0.

1.2. Constant Dirichlet integral. If, on the other hand, we choose A so that

o 3o ([ rvurar) = [waur=n [ jvur - [ |aupear=o
2dt Q Q Q Q

for a solution of (3), (4) satisfying (11) the Dirichlet integral is preserved; that is,

(12) / IVl da :/ Vuo|? dz = Ao,
Q Q
In this case, from (7) we find the equation
d
(13) / w2e™ dz = A\—E(u(t)),
0 dt

and (3), (4) with the constraint (12) turns into the (positive) gradient flow for the
Moser-Trudinger energy with prescribed Dirichlet integral. Again clearly we may
assume that Ag > 0.

Recalling the identity

gE(u(t)) :)\/ u2e“2dx—/ |Vul|? dx
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(13) and (9), for any ¢ we have
t
(14) ® / Nt < Aot + E(u(t)) — E(ug),
0

where ¢g = E(up) < E(u(t)) for all ¢ > 0. Similarly, from (13) we obtain

(15) /0 ()ﬁl/ﬂufe”Q dz) dt = E(u(t)) — E(uo).

Hence we can hope to obtain bounds for solutions of (3), (4), (12) whenever the
Moser-Trudinger energy is bounded along the flow.

1.3. Results. Building on previous results from [2], [10], and [21], in this paper we
establish the following result for the flow (3), (4) with either the constraint (5) or
the constraint (12).

Theorem 1.1. For any c¢o > 0 and any smooth initial data 0 < uy € HE(Q)
satisfying (5) the evolution problem (3) - (5) admits a unique smooth solution u > 0
for all t > 0. Likewise, for any smooth 0 < ug € H () satisfying (12) for a given
Ao > 0 the evolution problem (3), (4), (12) admits a unique smooth solution u > 0
for smallt > 0 which can be continued smoothly for all t > 0, provided that E(u(t))
remains bounded. In both cases, for a suitable sequence t, — oo the functions
u(ty) — Uoo weakly in HE(Q), where us, € HY(Q) is a solution to the problem
(2) for some constant Ao, > 0. Moreover, either u(ty) — us strongly in H}(Q),
Aoo > 0, and 0 < us, € HE(Q) satisfies, respectively, (5) or (12), or there ewist
iv € N and points ) € Q, I; € N, 1 < i < iy, such that as k — oo we have

Vu(ty)Pde % |VusePde + 3 dlib

=1

weakly in the sense of measures. By (8) or (12) then necessarily 4w Z;*:l l; < Ag.

The quantization result in the case of divergence of the flow relies on the precise
microscopic description of blow-up given in Sections 4 and 5; see in particular
Theorems 4.2 and 5.1. Their derivation will take up the major part of this paper.
These results are in complete analogy with the results of Adimurthi-Struwe [2] and
Druet [10] for solutions of the corresponding elliptic equation (2).

Note that our equation (3) is similar to the equation for scalar curvature flow.
In m = 2 space dimensions this latter flow corresponds to the Ricci flow studied by
Hamilton [13] and Chow [8]; see [20] for a more analytic approach. For m > 3 the
scalar curvature flow is the Yamabe flow analyzed by Ye [24], Schwetlick-Struwe
[17], and Brendle [4], [5]. Surprisingly, these geometric flows can be shown to
always converge. This stands in contrast to the behavior of semi-linear parabolic
flows with polynomial nonlinearities that were studied for instance by Giga [12]
or, more recently, Tan [23], where the term involving the time derivative is not
modulated by the solution and where we may observe blow-up in finite time.

Even though our equation (3) does not seem to have an obvious geometric in-
terpretation, we are able to show that its blow-up behavior (as long as the energy
stays bounded) is rigidly determined by the properties of Liouville’s equation in the
plane, that is, by the properties of Gauss’ equation on S?. We do not know if the
analogy with the 2-dimensional Ricci flow extends even further; in particular, we
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do not know if all solutions to either (3) - (5) or (3), (4) with the constraint (12)
and having uniformly bounded energy smoothly converge as t — oo.

Even so Theorem 1.1 is sufficient to yield existence of saddle-point solutions for
(2) in supercritical regimes of large energy. In the final Section 6 we illustrate this
with two examples where we use (3), (4) with either the constraint (5) or (12). For
a domain Q C R? with vol(Q2) = m we define

Can(Q) := sup E(u).

wEH ()| Vull25 ) <A

Note that we always have ¢4z () < car(B1(0) =: ¢,. Our first result then provides
the following analogue of Coron’s result [9]; it also is related to Theorem 1.1 in [19].

Theorem 1.2. For any c* > c, there are numbers Ry > Ro > 0 with the following
property. Given any domain Q C R? with vol(Q)) = © containing the annulus
Bg, \ Bgr,(0) and such that 0 ¢ Q, for any constant cy with c4-(Q) < co < c*
problem (2) admits a positive solution uw with E(u) = co.

Our second result completes Theorem 1.8 from [18].

Theorem 1.3. There exists a number ay €]4m, 8] such that for any 4t < o < a3
there exists a pair of solutions u,u € M, of (2) with 0 < E(u) < E(u).

In [18] the existence of a pair of solutions of (2) only was shown for almost every
I < a < ag.

2. GLOBAL EXISTENCE

Let u(t) be a solution of (3), (4) with either the constraint (5) or (12). In
the latter case we also assume that E(u(t)) remains bounded. For any ¢ > 0 let
m(t) = ||u(t)||L~. Writing equation (3) in the form

u — e Au = Au in [0, co[x 2

and observing that Au < 0 at any point where wu(t) achieves its maximum, we
conclude that the supremum of the function @(t) = e~ Jo *(9)4sy(t) is non-increasing
in time. That is, for any 0 <ty <t < co we have

(16) m(t) < eio X% m (1),
Together with (10), (14) this immediately gives the following result.

Lemma 2.1. Suppose that E(u(t)) is uniformly bounded. Then there exist con-
stants A1 > 0, C1 depending on uy such that for any t > 0 we have

t
u Lo S eJo Ug||lLe S Cre Up||Loe-
lu()]]zo < o X% jug|| oo < CreJul|

Existence of a unique smooth solution on any finite time interval now follows
from standard results on uniformly parabolic equations.
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3. ASYMPTOTIC BEHAVIOR

3.1. Weak subconvergence. First consider the constraint (5). Integrating in
time, from (7) we then obtain

e 2 1
(17) / /ufe“ dx dt < f/ |Vug|? dz.
0o Jo 2 Ja

Hence we can find a sequence t; — oo such that

(18) / ufe“Qdac — 0 as k — oo.
{tk}XQ

In view of (10) and (8) from any such sequence (t;) we may extract a subsequence
such that Ao = limy_, 00 A(tg) exists and such that, in addition, ur = u(ty) — U
weakly in HE () and pointwise almost everywhere as k — co. From (8) by means
of the Vitali convergence theorem we then deduce that for a further subsequence
the terms )\ueuz, evaluated at ¢t = t;, converge to Moo Uog€loe in LY(Q). Thus, upon
passing to the limit k& — oo in (3) we see that us is a (weak) solution to equation
(2). But since us, € H (), from the Moser-Trudinger inequality it follows that
uooeuzo € LP(Q) for any p < oo, and us is, in fact, smooth.

Similarly, in the case of the the constraint (12), assuming that E(u(t)) is uni-
formly bounded from above along the flow (3), (4), from (15) we obtain the bound

(19) AmoléﬁﬁwaﬁghmEMM—EWM<w

t—o0

and we can find a sequence t; — oo such that

(20) )\(tk)_l/ ufe“zdx — 0 as k — oo.
{tk}XQ

Necessarily the sequence (A(¢;)) is bounded. Indeed, upon multiplying (3) by u
we infer that at time t; with error o(1) — 0 we have

/\/uzeuzdx:/ \Vu|2dx+/uute“2dm
Q Q Q

But by (20) and Hélder’s inequality, at time ¢ = ¢, with error o(1) — 0 as k — o
we can estimate

(21) |/uut6“2d:c|2 S)\/ u26“2dx~/\*1/ ufe“2 d:czo(l)A/uQe“de
Q Q Q Q

and we have

(22) (1+0O»A/

w2e® do = / |Vul? dz = Ao.
Q Q

Our claim now follows from (9). Note that, in particular, the approximate identity
(8) thus also holds in the case of the constraint (12).
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3.2. The case when u is bounded. If in addition we assume that the function
u is uniformly bounded we find that any sequence (uj) as above is bounded in
H?(€2) and hence possesses a subsequence such that u, — us strongly in HE(Q)
as k — co. Hence u., € Hi () satisfies, respectively, (5) or (12), and us > 0 by
the maximum principle.

In the case of the constraint (5), and provided that w is bounded, we can even
show relative compactness of the sequence uy, = u(ty) for any sequence ¢ — oo .

Proposition 3.1. Let u solve (3) - (5). Suppose that there exists a uniform con-
stant M > 0 such that u(t,x) < M for all z € Q and allt > 0. Then any sequence
up = u(ty) with tp — oo has a strongly convergent subsequence.

Proof. It suffices to show that under the assumptions of the Proposition the
convergence in (18) can be improved to be uniform in time. To show this we use
(3) to calculate

Upp = AU + Aug — 2uute_“2Au + e_“QAut
= AU+ Aug + e Auy — 2uut2 + 22 uluy.

Thus we obtain
1d </ 2 ) / uy +/ 3u00%
—— e dr | = | wuge” dr uyue" dx
2dt t Q L Q ¢
:)\t/uuteUde—i—)\/ute dx—l—/utAutdx
Q Q Q

—2/uute dﬂc+2)\/u2u§e“ dx
Q Q

By (6) the first term on the right vanishes. Moreover, we may use the fact u; = 0
on 0f) to integrate by parts in the third term. Also using Hélders inequality and
Sobolev’s embedding W2 < L* then with constants C = C(M) we find

1d
/Q|Vut|2d:p+2dt</ute dx)
(23) <C’/ute d:r:—l—C’(/ute dx) (/ufdat)
Q Q
§C’/ute dx+C’1</ute d:c) /(|Vut|2+ut26“2)diﬂ~
Q Q Q

To proceed, we use an argument similar to [20], p. 271. Given any number ¢ > 0,
by (17) there exist arbitrary large times tg such that

(24) / ufe“2 dx < gp.
{to}xQ
For any such ¢ty we may choose a maximal ¢y < ¢t; < oo such that
(25) sup / ufe“de < 2eq.
to<t<t1 J {t}xQ

If we now fix gg = from (23) at any time ¢ € [to, t1] we obtain

1602 ’

1d 9
- u <
(26) 2 t(/ute x) C’/ute dx.
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Integrating from ¢ to ¢ and using (17), for any t € [to,t1] we get

(27) / ue" dm</ ule® derC/ /ute dz < 2eq,
{t}xQ {to}x2 to

if ¢y is large enough. For such ¢y then t; = 0o, and we conclude
lim sup / ue" “dx
t—o0 {t} xQ

< lim inf (/ ufe“zdx + C/ / ufe”zdm‘) =0.
to—o0 {to} xQ to JQ

Using again the assumption that « is uniformly bounded this directly implies that

(28)

(29) lim sup ||u(t)|| g2 < oo
t—o00

and hence the claim. O

4. BLOW-UP ANALYSIS

It remains to analyze the blow-up behavior of a solution u to (3), (4) satisfying
either (5) or (12) in the case when « is unbounded. As we shall see, this can be
done in complete analogy with the corresponding time-independent problem. The
key is the following lemma, which refines our above choice of (t).

Lemma 4.1. Suppose that limsup,_, ., ||u(t)||r~ = oo and that E(u(t)) < Es for
some constant Eo, < co. Then there is a sequence t, — 0o with associated numbers
A = AMtr) = Aoo = 0 such that u(ty) — ueo weakly in H}(Q) as k — oo and

w(ty)||pee — 00, ALt Ut 209 dydt — 0 .
k
{tk}XQ

Proof. Suppose by contradiction that there exist ty > 0 and a constant Cy > 0
such that for all t > ¢y either there holds

m(t) = [[u()||z < Co,

or

(30) A(t) < Co / ug|2e da .
{t}xQ

Consider first the constraint (5). If m(¢) > Cy for all ¢ > to, then (30) holds for
all such ¢ and upon integrating in time from (7) for any t > to we obtain

(31) /t: A(s)ds < Gy /OOO/Q|ut|2 u?

Applying (16) to the shifted flow u(t — to) we find sup,s,, m(t) < m(to)e“r < oo,
contrary to assumption.

=: (1 < .

If for some tg < t1 < ta < oo and all t; < t < t2 we have m(t1) = Cp < m(t), then
(30) holds for all such t and we obtain (31) with t; replacing ¢y for all ¢ € [t1,t2].
Applying (16) to the shifted flow u(¢ —¢1), for any such ¢ty < ¢; < t3 < co we obtain
the bound sup,, .;<;, m(t) < Cpe®' < 0o, again contradicting our hypotheses.
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In case of the constraint (12), whenever for some tg < t; < t2 < oo and all
t1 < t <ty there holds m(t) > Cj from (30) and (15) we obtain

(32) ty—1 < Co/ ()\(t)‘l/ |ut|26"2dx) dt < CoEu =: Ty < 00.
0 Q

By (32) the length of any interval I =Jt,to[ with m(t) > Cy for t € I is uniformly
bounded. Since limsup,_, . m(t) = oo, we may then assume that m(t;) = Co.
Applying (16) to the shifted flow u(t — ¢1), by (14) for any such interval we find
SUP;, <<q, M(t) < Coe®2, where Cy = 2c5 1 (AoTp + Ewo) < 00. Thus we also have
lim sup,_, . m(t) < Cpe®?, contrary to hypothesis. O

For a sequence (tj) as determined in Lemma 4.1 above we let uy = u(tx), k € N
and set iy = us(tx). The symbols ¢, ¢, then no longer explicitly appear and we

may use these letters for other purposes. Also let = log ( ) be the standard

_2
1+|z|?
solution of Liouville’s equation

(33) —An = €?" on R?

induced by stereographic projection from S2, with

(34) / edx = 4m =: A;.
R2

Similar to [2], [10] the following result now holds.

Theorem 4.2. There exist a number i, € N and points (V) € _ﬁ, 1 < <y, such
that as k — oo suitably for each i with suitable points xp = xl(;) — 2 and scale
factors 0 < ry = r](:) — 0 satisfying

(35) )\kriui(xk)e"i(z’“) =4
we have
i 1

36) ) =1 (o) = o) wnon + 1) — us(o)) = o =g (1)
locally uniformly on R?, where ng = n — log 2 satisfies
(37) —Any = 4e?™ on R?,
and there holds
(38) lim lim )\k/ uie“id:ﬂ = 4/ e2Mdr = A;.

L—o00 k—oo Brr, (1) R2

Equality ) = 20) may occur, but we have

dist(:cgf), o) \:ﬂ,(j) - :c,(j)\

T](qi) ? T](qi)

(39) — 00 for all 1 <i#£j <,

and there holds the uniform pointwise estimate
(40) Ak iI}f |lx — azg)|2u%(:c)e“2(m) <C,

for allx € Q and all k € N.

Finally, up — uso in HE (Q\ {z1,...,2:,}) as k — occ.
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Proof. Choose ) = xg) € Q such that ug(zp) = suprequi and let r, = r,il)

be given by (35). We claim that r, — 0 as k — oo. Otherwise, (35) gives
/\kuﬁ(xk)e"i(mk) < C < 00, and with the help of Lemma 4.1 we can estimate

/ |uk(xk)uke“i|2dx < )\kui(xk)e“i(“) ()\kl/ u%e“i dx) —0
Q Q

as k — 0o. By (3) then the sequence (uy,(zx)Auy) is bounded in L? and it follows
that u; — 0 uniformly as k — oo contradicting our assumption that ux(xy) — oo.
Therefore rp, — 0 as k — oo.

Suppose that we already have determined points x,(:), e ,x,(f_l) such that (36)
and (39) hold and let xj, = x,(;) € Q be such that

(41) Mg ;gfl |z — x,gj)|2ui(:ck)e"i(“) = s1€18 <)\k }réfl |z — z,(j)zui(x)e“i(x)> — 00

as k — oo. If no such zy, = xg) exists the induction terminates, establishing (40).

Choose 1, = 1"](;) — 0 satisfying (35). In view of (41) we have |z}, fz,(j) |/rr — o0
for all j < 4; that is, half of (39). Moreover, denoting as vy (x) = ug(zr + rrx) the
scaled function uj on the domain

Qi = {z; 2 + rex € QF,
with error o(1) — 0 as k — oo for any L > 0 we can estimate
(42) sup v (2)e’ ) < (14 0(1))v2(0)e’ @ = (1 + o(1))ul (xy)e @),
z€Qy, |z|<L

Let ni(x) = ng)(:c) be defined as in (36). Also denoting as 0y (z) = uk(xg + rpx)

the scaled function uy = u;(tx), then we have
—An = )\kr,%vk(O)Uke”i — r,%i)kvk(O)e”i =: I, + I} on Q.

Observe that for any L > 0 the bound (42) implies the uniform estimate
0< I} = )\krivk(())vke”z < \iri sup{v,%(())e“i(o), v,ze”’%}

<1+ 0(1)))\]97",26’()]26(0)6”%(0) = (44 0o(1)) on Br(0) ;

moreover, with (35) and Lemma 4.1 for the second term we have

/ \TTi)2dz < (1 + o(1))Aer2v2(0)e’© (A,;l/
QkﬂBL(O) Q

(43)

rii),%e”z dx)
(44) kNBL(0)

=4+ o1\ ! w (g, 209 dr -5 0

( K
QF‘IBLTk (k)
with error o(1) — 0 as k — oo.
Note that (41) forces v (0) — oo. Since (42) also implies the bound

(45) 2y, = v — vi(0) — (vg — vr(0))? < o(1) on Qx N BL(0) ,

it follows that J 50
St
dist(0,00) = % o0
k
Otherwise, by (43) - (45), the mean value property of harmonic functions and

the fact that ny — —oo on 9 as k — oo we have locally uniform convergence
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N, — —oo in Qf, which contradicts the fact that 7;,(0) = 0. By the same reasoning
we also may assume that as k — oo a subsequence 7 — 7)o in H, l200 and locally
uniformly. Recalling that v (0) — oo, then we also have

Nk

k4
20¢(0)

(46) (v —v(0)) = 0, pg:= =1, ap:=1+

Vg
v (0)
locally uniformly. Observing that Ve —vi(0) = e2akmr apd using (35), we conclude

Iy = \eriog, (O)Uke”’i = 4pge? My 42N

locally uniformly. Thus, 7., solves (37); moreover, for any L > 1 by (8) or (22) we
have

4/ e?1> dx = lim 4p3 e dy = lim /\ku%e“i dr < Ay.
BL(O) k—oc0 BL(O) k—oco Ber (Ik)

By Fatou’s lemma, upon letting L — oo we find ng e?M~dx < co. In view of the
equation 1(0) = limy_,o 7% (0) = 0 together with (45), the classification of Chen-Li
[7] then yields that 1., = n—log2 = 79, as claimed, which completes the induction
step. In view of (38) the induction must terminate when i > Ag/A;.

Finally, to see the asserted local H?-convergence away from z;, 1 < i < i,,
observe that by (40) and estimates similar to (43), (44) for any xo with

: OIS
131?; |zog — x| > 3Ry >0

the sequence (Auyg) is bounded in L?(Bag,(z0)). Boundedness of (uz) on Bg, (7o)
and convergence uj, — Uso in H2(Bg, (o)) then follow from boundedness of (E(u))
and elliptic regularity. O

5. QUANTIZATION

Throughout this section we continue to assume that limsup,_, . ||u(t)||Le = o0
and for a sequence (t;) as determined in Lemma 4.1 we let u, = u(ty) — uoo weakly
in H}(Q) as k — oo, and 4y, = us(tx) as above. By (8) or (22), respectively, with
error o(1) — 0 there holds
(47) / \Vug|? do = (1 + 0(1))Ak/ u2ei dz — A

Q Q
for some A < co. By Theorem 4.2, moreover, we may assume that

|Vuy|?dx v |Vt | da + Z LW§

i=1
and similarly
Ly
)\kuie"i i Aocugoe“io + ZA(i)ému);
i=1
weakly in the sense of measures, where A) > A; = 47 on account of (38). In fact,

we have L() = A() | as may be seen from the equations

Vu|? — A(u}/2) = Mpuie® — igupes
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and
|Vuoo|2 — A(uio/2) = )\Oouioe“Zo

that we obtain upon multiplying the equations (3), (2) for ux and u. by the
functions uy and ue, respectively, together with the estimate (21) that results
from (47) and Lemma 4.1. Finally, we use convergence

/ Aui —u ) do = / (up —uZ)Ap dr —0 (k— o0)
Q Q

for any ¢ € C°°(Q) and observe that this set of testing functions allows to separate
point masses concentrated at points z(® € Q to conclude.

Similar to [10] and [21] we then obtain the following quantization result for the
“defect” A at each z(*).

Theorem 5.1. We have AW = 4xl; = ;A1 for some l; €N, 1 <i < i,.

For the proof we argue as in [21]. We first consider the radial case.

5.1. The radial case. Let Q = Br(0) =: Br and assume that u(t,z) = u(t, |z|).

In this case by Theorem 4.2 for any ¢ < i, we have rk_lxk — 0as k — oo, where xj, =
x,(;) and r, = r,(j) is given by (35); otherwise, the blow-up limit 79 = limy_ 0 77,(;)
could not be radially symmetric. In particular, from (39) it follows that i, = 1;
moreover, by (36) we have ui(xy) = supg ui = u3(0) 4 o(1). Thus, up to an error

0(1) — 0 locally uniformly as k — oo we may replace the original function n, = 77,(61)

defined in (36) by the function
k() = uk(0)(up (i) — ur(0)).
Observe that by radial symmetry or Theorem 4.2 we also have convergence uj —
Uso locally uniformly away from z =0 as k — oo.
For |z| = r let ug(r) = uk(x) and set
w2 _

)\kuie cep in Q.

We also denote as
wi () = up(0)(ur () — ur(0))
the unscaled function 7y, satisfying the equation

—Awk = /\kuk(O)uke“i - dk,

where the term dj, = uy (O)ﬂke“i for any L > 0 can be estimated

Ber

ur (0) 2 u? -1 2 u? V2
< sup /\k/ uperdr - A uget dx .
Brry, Uk Brr, Brry,

Hence by Theorem 4.2, Lemma 4.1, and (47) we conclude that dy, — 0 in L'(Bg,,)
for any L > 0 as k — oo. Finally, we set

/\kuk(())uke“i =: fk in Q= BR

(48)
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and for 0 < r < R let
Ag(r) = / e dx, op(r) = fr dx,
. B,

Observe that with error o(1) — 0 as k& — oo we have e, < (1 + 0(1)) f, Ax(r) <
o (r) + o(1); moreover, Theorem 4.2 implies

(49) lim lim Ag(Lry) = lim lim og(Lrg) = lim 4/ e dx = A;.
L—00 k—o0 L—00 k—o00 L—o0 B
We can now show our first decay estimate. Let u) = ‘%’“, and so on.

Lemma 5.2. For any 0 < ¢ < 1, letting T, > 0 be minimal such that ui(Ty) =
eu(0), for any constant b < 2 and sufficiently large k there holds

wi(r) < blog (r—k) on Br,
T

and we have
hm Ak(Tk) = hm Uk(Tk) = Al = 47'['_
k—oo k—oo

Proof. Note that T, — 0 as £ — oo in view of the locally uniform convergence
Ul — Uoo away from 0.

Since ug(t) > eu(0) for Lry <t < T}, from (49) and an estimate similar to (48)
for all such ¢t = t;, we obtain

2rtwy (t) = O, wy, do = Awy, dz
(50) g OBy B

= —op(t) +0(1) < —A; +0(1)

with error o(1) — 0 uniformly in ¢, if first kK — oo and then L — co. For any b < 2
and sufficiently large L > L(b), for k > ko(L) we thus obtain that

b
wy,(t) < ~3

for all Lry <t < Ty. Since no(L) < —blog L for all L > 0, in view of Theorem 4.2
clearly we may choose ko(L) such that n,(L) < —blog L for all k > ko(L). For any
such k and any r € [Lry, T], upon integrating from Lry to r then we find

Lry
=ni(L) + blog L + blog (%’f) < blog (%k) 7

(51) wg(r) < wg(Lry) — blog (r)

as claimed. For r < L7y the asserted bound already follows from Theorem 4.2.

Inserting (51) in the definition of fj and recalling (35), for Ly < r < T}, with
sufficiently large L > 0 and k > ko(L) then we obtain

uf(o) 2(1+ W )wk

Tr = Me(ui(0) + wy)e e RO

(1+e)b
< /\kr,%ui(O)eui(O)Tk—2e(1+e)wk §4r;2 <7;k> e '
r
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Choosing b < 2 such that (1 4 €)b = 2 + ¢, upon integrating over By, we obtain

@)= [ <t [ fi do
Br, Bt \BrLr,
2 rk 2+4¢€ 1 rk €
<A +Crf / (*) dx < Ay +Ce™ () <A +e,
Bty \Brr, r Lry,

if first L > Lo(e) and then k > ko(L) is chosen sufficiently large. Since ¢ > 0 is
arbitrary, the proof is complete. [

If we now choose ¢i, | 0 such that with s, = Tk(exr) we have ug(sr) — oo, by
Theorem 4.2 we also have r;/s; — 0, s — 0 as k — oo. That is, we can achieve
that

. . ug(sk) LTk .
(52) Jim Ar(se) = Av, limg We(rE) | koo s koo ¥

In addition, from (49) we obtain that

L—o0 k—o0

Let rp = r,il), Sk = s,(vl). We now proceed by iteration. Suppose that for some

integer | > 1 we already have determined numbers r,(cl) < s,(cl) < < r,(f) < s,(cl)

such that
(54) lim Ag(s\) = 1A,
k—oo
and
(55) lim lim (Ax(sy)) = Ae(Lr())) = i k) gy T 0
i, Jim (Aelo) = MelBri) = Jim 0 = iy = i i =0

For 0 < s<t< R let

2 t 2
Ni(s,t) = / er dr = / \puiesdr = 271'/ \prugesdr
B:\Bs B:\B; s

and define

0
Pp(t) = t=Ng(s,t) = t/ e do = 2m\t2ud(t)e"h @),
8t OBy

Note that (40) implies the uniform bound P, < C; moreover, with a uniform
constant Cy for any ¢ we have

) "o |
(%6) t/zléltflgtpk(t ) < CoNg(t/2,t)

A preliminary quantization now can be achieved, as follows.

Lemma 5.3. i) Suppose that for some tj > sg) there holds
sup  Pi(t) = 0 as k — oo.
st <<ty
Then we have

lim Ny(s.t.) = 0.
Jim w(sy  tk) =0
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it) Conversely, if for some tj > sg) and a subsequence (uy) there holds

lim Nk(S](Cl)7tk) =19 >0, lim ty =0,
k— o0 k—o0

then either vy > w, or we have

liminf Py (tx) > v
k— o0

and

lim liminf Ny (s\, Lty) > 7, lim limsup Ni(st” t, /L) = 0.

L—oo k—oo L—0o koo

Proof. i) For s = s,il) < t we integrate by parts to obtain

2Nk(s,t):/ €k divxdmsz(t)—Pk(s)—/ x - Vey dr
(57) Bt\Bs Bt\Bs

¢
< Pi(t) — 477/ Aol (1 + u2)upet™ dr.

In order to further estimate the right hand side we observe that (3) for any ¢t < R
yields the identity

(58) —2mtug()u(t) = | Mgup(tyupesdo —/ upe(t)ige s da.
By B,

Estimating ui(t)e“i < max{ui(t)e“i(t),uie“i}, by Lemma 4.1, (40), and (47), we
can easily bound the contribution from the second integral

(/ uk(t)|ﬂk\e“id$)2 < )\k/ ui(t)e“idz AT ﬂie“zdaj
(59) By B, B,

<o(1) (7r/\kt2ui(t)e"i(t) + /\k/ uie"f“dx) = o(1),
By

where o(1) — 0 as k — oo. From (58) we then obtain that at any sequence of
points t = t; where u} (t) > 0 there holds

(60) /B )\kuk(t)uke“idx = o(1).

On the other hand, if for tyo = to < r <t = t; there holds u(r) < 0 = u},(to), by
(60) we can estimate

/ /\kuk(t)uke“idxg/ )\kuie“idm—&—/ )\kuk(to)uke“id:ﬂ
61) Ja B.\Bi, By,

= Ni(to,t) + o(1).
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In view of (59)-(61) and (55), for s = sg) <r <t=t, and with r, = r,(f) we then
can estimate

—27rug (r)up(r) = Aettg (r)ure da + o(1)
B,

(62) < Ni(s,r) + /3 )\kuk(s)uke“idx +0o(1)

u(s)
< Ni(s,r) + Nig(Lrg, s) + uk(er)Ak(er) +o(1)
= Ni(s,7) +0(1),
where o(1) — 0 when first £ — oo and then L — oco. Indeed, the first inequality
is clear when u) < 0 in [s,r], and otherwise follows from (60), (61). The second
inequality may be seen in a similar way. Recalling (57) we thus arrive at the
estimate

(63) 2N(s,t) < Pp(t) + 2/: Aer (1 + u2)et Ny (s, 7)dr + o(1)
< Pi(t) + 7 Ng(s, )% 4 o(1).

If we now assume that

sup Py(t) — 0 as k — oo,
s<t<ty

upon letting ¢ increase from ¢t = s = s,(cl) to t; we find

. O _
kl;r& Ni(sy',te) =0,

as claimed.

ii) On the other hand, if we suppose that for some ¢ > sg) we have

(64) 0< kli_)n;O Nk(s,(f),tk) =y < T,
from (63) with error o(1) — 0 as kK — oo we conclude that
(65) o+ 0(1) < (2 — vo/m)Ni (s t) < Pr(ty) + o(1).
It then also follows that
lim liminf Nk(sl(cl), Lty) > .

L—oo k—oo

Otherwise, (56) and (65) for a subsequence (uy,) yield the uniform bound

Co lim inf Ny (Lt /2, Lty) > liminf inf Pi(t) > o
k—o00 k—soo Lty /2<t< Lty
for all L > 2. Choosing L = 2™, where m € N, and summing over 1 < m < M, we
obtain

Co likminf A(2Mt) > Co likminf Ni(tr, 2Mt) > vgM — 00 as M — oo,
—00 —00

contrary to assumption (47). Upon replacing ¢ by tr/L in the previous argument
and recalling our assumption (64), by the same reasoning we also arrive at the
estimate

lim liminf Ny (s\", t,/L) = 0.

L—oo k—oo

This completes the proof. [
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O

Suppose that for some ¢}, > s;” with ¢, — 0 as k — oo there holds

limian;,C(s,(c)7 ti) > 0.
k—o0

Then we can find a subsequence (u;) and numbers T,(clﬂ) ]s,(cl), ti[ such that

(66) lim Ny(s ) = v > 0.

Replacing our original choice of rgH) by a smaller number, if necessary, we may
assume that vy < 7. Lemma 5.3 then implies that

(67) lim lim inf Ny (s, Lr™) > 7, Jim i sup Ni(s®, 0D 1) =
L—oco k—oo L=00 Lsoo

and that
(68) lim inf Py (r (Hl)) 0.

k—o0

In particular, since r,(clﬂ) <t — 0 we then conclude that uk(r,(clﬂ)) — 00.

The desired precise quantization result at the scale TSH)

following Proposition.

is a consequence of the

Proposition 5.4. There exist a subsequence (uy) such that
! 1 ! 1
n ™ (@) = () (V) — () = ()
locally uniformly on R?\ {0} as k — oo, where n(x) = log(ﬁ).
Postponing the details of the proof of Proposition 5.4 to the next section, we
now complete the proof of Theorem 5.1.

Denote as v,(clﬂ)(x) = uk(rl(jﬂ)ac), b,il+1)(x) uk(r,(cl+ ) x) the scaled functions
ug and Uy, respectively. Omitting the superscript (I 4 1) for brevity, similar to the

proof of Theorem 4.2 for 7y := n,(cHl) we have

— Ay, = Aerog(Dope’s — riogop(L)e’s =: I, + I,

where IT;, — 0 in LZOC(R2 \ {0}) as k — co. Moreover, letting pj, = p](clﬂ) = o
ar = agﬂ) =1+3 (1), by Proposition 5.4 we have ap — 1, pr — 1 as k — o0

locally uniformly away from x = 0, and
I, = )\krivk(l)vke ko= )\krkvz(l)e”i(l)pke”i_”i(l) = (QW)_lPk(Tk)pke2“’“""‘.
Now observe that 7 solves equation (33) on R? with

/ eAdy = 47 = Ay.
]R?

We therefore conclude that Py (ry) — 27 and

(69)
lim lim Nk(r,(cHl /L, Lr Hl)) = lim lim /\kr,%vie“ﬁda?
L—00 k—00 L—00 k—o0 Br\Bi,L

= lim lim (2m) "L Py (1) pre®® M da = lim e?dx = A,.
L—oo k—o0 BL\Bl/L L—oo BL\B1/L
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From (67) then we obtain that

li li N @) L(l+1)
A Jim Ni(s’, Ir ™)

— lim lim (Nk(s,(f)mkﬂ)/L) + Ni(r (l“)/L,Lr,(f“))) = A4,

L—00 k—oo

and our induction hypothesis (54) yields
(70) hm hm Ay (Lr l+1)) = lim lim (Ax(s (l)) + Nk(sg),Lr,(clH))) =+ 1)A;.

L—o0 k—o0

(l+1)/sél)

Moreover, 7, (1+1) < Ls (l)

— 00 as k — co. Indeed, if we assume that 7,
for some L by Proposition 5.4 we have Ny(s )/2 s(l)) > vy for some constant
vy = vo(L) > 0, contradicting (55).

In order to obtain decay analogous to Lemma 5.2 and then also the analogue of
(55) at the scale r,(cH_l), denote as

wit (@) = wn(rf ) (we (@) — ui (™))

the unscaled function n,i +1) , satisfying the equation

(1) —Awf™ = N (gt — g (T Yiet = (Y — df Y

in Q = Br. We then have the analogue of Lemma 5.2, which may be proved in the

same fashion.
Lemma 5.5. For any ¢ > 0, letting Ty, = T,EZ'H)

ug(Ty) = suk(r,g'|r )) for any constant b < 2 and sufficiently large k and L there

holds

> r,(cH_l) be minimal such that

(I+1)
wi™(r) < blog (r’“

> on Br, \BLT£Z+1)

and we have

ler&Nk(s,i),Tk) = Ay

Proof. Denote w,(ﬁHl) = W, T,(CH_I) =Ty, d,(clﬂ) = dj, for simplicity. Coupled with

the uniform bound u(t) > eug(ry) for r, <t < T}, the estimate (59) yields decay
of fB |dk|dz. Thus, for Lry <t =t < Tj from (69) and Proposition 5.4 we have

uk(rk)
Uk

2mtwy,(t) = dywy do= | Awy dv < —/ ——er dr +o(1)
By Brr,

(72) aB,
< —Ni(ri/L, Lry) + o(1) < —A1 + o(1),

with error o(1) — 0 uniformly in ¢, if first kK — oo and then L — co. For any b < 2
and sufficiently large L > L(b) for k > ko(L), we thus obtain that

b
wy,(t) < ~3

for all Lr, <t <T}. For such t it then follows that

2(1 +2u27“))wk

2
er < )\kui(rk)e“k(”)

(1+e)b
< (@) P e < o ()T
T
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and the proof may be completed as in Lemma 5.2. O

For suitable numbers s,(cH_l) = T,EHl)(ak), where ¢ | 0 is chosen such that
uk(sgﬁ)) = skuk(r,(clﬂ)) — 00 as k — 0o, then we have
(73) lim Ap(s\ V) = (14 1)A,
k— o0
and
lim Tim (Ax(s{ ) = Ag(LrTy)

L—o0 k—o0

(74) PD g ( (l+1))

T k T k\Sk T (I+1)
= Jim Sy = Jim 2 ) = Jim 0 =0
Sk ug(ry ")

completing the induction step. In view of (47) and Lemma 5.3 the iteration must
terminate after finitely many steps 1 <[ < [,, after which

Nk(s,(cl*),tk) —0ask — o0

for any sequence t; — 0 as k — oo This concludes the proof of Theorem 5.1 in the
radial case.

5.2. Proof of Proposition 5.4. Throughout this section we let r; = TSH), ete.,

and we set r, = r,(cl), s, = s,(cl). Again denote as vg(z) = ug(riz), 0 (z) = g (rrx)

the scaled functions wuy, iy, respectively. As usual we write vg(x) vg(r) for
r = |z|. Recall that (68) implies that vg(1) = ug(rg) — oo.

Lemma 5.6. As k — oo we have vg(x) — vi(1) — 0 locally uniformly on R?\ {0}.

Proof. The function 0 (z) = vg(z) — v (1) satisfies the equation
—Aly = gi — li,
where g, = /\kr,%vke”z and with [ = ri@ke”i.

We claim that g — 0 locally uniformly away from 0. Indeed, since rp — 0, for
any = where gi(x) > r; we have vg(z) = ug(rgx) > v, with constants v, — oo
independent of z. Hence for any L > 0 and any 1/L < |z| < L we either can bound
gr(x) <rg — 0, or

gk (x) = Merfor ()€t @) = XprPug (rpz) e x2)
= (271')_1|x‘—2P]€(7‘k|x|)/uk(rkx) < CLQ,yk—l 50

as k — oo. Moreover, (40) and Lemma 4.1 imply

1) dx < X\e?  su e”’%(w) At u%“i dx
k| KTk p k p
Br\B1,r(0) 1/L<|z|<L Brr, (Tr)

P,
< (2n)7'L?  sup M <)\k1/ uie“i dx) —0
1/L<|z|<L uk(rk|x|) Q

(75)

for any fixed L > 1 as k — oc.

Since from (7) or (12), respectively, we also have the uniform L?-bound

[[VOr|[z2 = [[Vugl||z2 < C,
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L o(R?), where ¥
is harmonic away from the origin. In addition, V& € L?(R?); since the point # = 0
has vanishing H!-capacity, we then have A% = 0 in the distribution sense on all
of R? and 9 is a smooth, everywhere harmonic function. Again invoking the fact
that Vo € L?(R?), and recalling that ©(1) = 94(1) = 0, then we see that ¥ vanishes

we may extract a subsequence (uy) such that 9, — © weakly in H}

identically; that is, oy — 0 weakly in H} (R?).
Recalling that for radially symmetric functions weak H'-convergence implies
locally uniform convergence away from the origin, we obtain the claim. O

Now ni(x) = vk (1) (vk(x) — vi (1)) satisfies the equation
(76) —A?]k = Akr%vk(l)vke”i — rﬁvk(l)vke”i = I, + 1.

By Lemma 5.6 for any L > 1 we can bound supg,\p, vi(1) /v < 2 for sufficiently
large k. Lemma 4.1, (47), and (59) then yield

BL Bl BL\BI

1/2
<o(l)+2 <)\k. / uje'rdz - A\t ugel da:) — 0,
B

Lrg Birr,

with error o(1) — 0 as k — oo for any fixed L > 1. Upon estimating vk(l)vkevi <
max{vi(l)e”z(l),vi(e“i}, for 1/L < |z| < L by (40) we can bound the remaining
term

(78) Ii(z) < (27) ' max{Py(rs), |z| 2 Pr(rx|z|)} < C(1 + L?)
Moreover, letting 0y = vg/vr(1) — 1in Br \ By, we have
(79) I, = )\krivi(Déﬁ(l)ﬁkevi_vi(l) = proget (108,

where pr, = (2m) " Py (rr) > po > 0 by (68).
Finally, similar to (62) and in view of (55) we find

/ I, dx = / )\kuk(rk)uk.e“idx
B1,.(0) B, /1(0)

< Ny(Lrp,ri/L) + CALS’“_) 0,
uk(er )

(80)

if we first let £k — oo and then pass to the limit L — oo.

Lemma 5.7. There exist a subsequence (uy) such that m, — N locally uniformly
on R?\ {0} as k — oo.

Proof. For any L > 1 decompose 1y, = hy +ny on By \ By,1,(0), where Ahy =0
in By, \ By,1(0), and where n = 0 on 9(Br \ By,£(0)). In view of (77), (78), and
passing to a subsequence, if necessary, we may assume that ny — n as k — oo
in Wh? on Bp \ By,r(0) for any ¢ < 2 and therefore also uniformly by radial
symmetry.
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On the other hand, letting h) = max{0, hy}, from (78) - (79) for sufficiently
large k£ we obtain the estimate

/ e < | (i} + Inel) do
Br\B,(0) Br\B,(0)

< / eI Hon)me gy + (L) < C(L) < oo
Br\B1,.(0)

From the mean value property of harmonic functions and Harnack’s inequality we

conclude that either hy — h locally uniformly on Br \ By,.(0), or hy — —oc and

hence 7, — —oo locally uniformly on B, \ By,.(0) as k — oo. But the identity

N (1) = 0 excludes the latter case, and the assertion follows. O

Now we can complete the proof of Proposition 5.4. Since Any by (76) - (80) is
uniformly bounded in L*(B(0)), the sequence (n;) is bounded in W4(Bg(0)) for
any ¢ < 2 and any L > 1 and we may assume that 1, — ng also weakly locally in
W on R? as k — oo.

By Lemmas 5.6 and 5.7 we may then pass to the limit ¥ — oo in equation (76)
to see that 7., solves the equation

(81) — Ao = pooe®™= on R?\ {0},
for some constant ps, = limg_, oo pr > 0. Moreover, by Lemma 5.7, and (78) we

have
Poce?™™ = lim pkﬁ,%e""‘(”’“(””)ﬂ)) = lim OpIx = lim riex(ry-)
k—o0 k— k—o0

locally uniformly on R? \ {0}. Thus, with a uniform constant C for any L > 1 we

have
poo/ e dr < lim inf/ er dr < CA.
Br\Bi,.(0) k=0 JBL,, \B,, /L(0)

Passing to the limit L — oo, we see that e~ € L'(R?). By (77) and (80) we also
have

k—o0

lim sup/ |Ang| dz — 0
B1,(0)

as L — 0o. Hence 1o extends to a distribution solution of (81) on all of R%. Our
claim then follows from the Chen-Li [7] classification of all solutions 7., to equation
(81) on R? with 27~ € L!(R?) in view of radial symmetry of 7., together with the
fact that 1 (1) = nx(1) = 0.

5.3. The general case. For the proof of Theorem 5.1 in the general case fix an
index 1 <17 < i, and let x;, = ac,(j) — x(i), 0<r = r,(cl) — 0 be determined as in
Theorem 4.2 so that uy(zx) = max|,_g, |<rr, ux(z) for any L > 0 and sufficiently

large k£ and such that

(82) nk(x) = 77](:) (:L') = uk(ﬂfk)(uk(fk + Tkl') - Uk(fk)) - IOg <1—|—1|l‘|Q)

as k — oo. For each k we may shift the origin so that henceforth we may assume
that zp = 0 for all k. Denote as Q; = Q,(;) the shifted domain 2. We also extend
ug, by 0 outside Q to obtain u, € H*(R?), still satisfying (47).
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Again we let e = )\ku%e“i, fr = /\kuk(O)uke“i and for 0 < r < R we set
Ai(r) = / e dz, og(r / fi dz,
B,

Also introduce the spherical mean a(r %B updo of ug on OB,, and so on,

satisfying (49).

and set ¢, = /\kuke“k.

The spherical mean w;, of the function

wi () = ug(0)(ug(z) — ug(0)),

satisfies the equation
(83) —Awy, = fr — d,
where fj, = )\kuk(O)ukTUi and where
dj, = up(0)uge"t — 0 in L'(Br,,)

for any L > 0 as k — oo similar to (59).
Note that by Jensen’s inequality we have
(84) €k < €k;
hence
Aw(r) == / ér dr < Ak (r), : fr dx = op(r).
Observe that in analogy with7(49) Theorem 4.2 i;nplies
(85) hm hm Ak(er) = hm hm Ax(Lry) = h_)rr;o lgrolo or(Lry) = A1

To proceed, we need the following estimate similar to the gradient estimate of
Druet [10], Proposition 2. For any k € N, z € Q we let

Ri(e) = inf o~ )]

Proposition 5.8. There exists a uniform constant C' such that for all y € Q there
holds

sup |ug(y) — uk(2)|uk(y) < C,
2EBR, (y)/2(y)

uniformly in k € N.

The proof of Proposition 5.8 is given in the next section.
Recalling that :rg) =0, we let

(@) _

1
pr=py = 5 inf 2],

and we set pp = diam(Q) if {j; j # i} = 0, that is, if there is no other concentration

point but x,(j). We now use Proposition 5.8 to deal with concentrations around the

(@)

point x;” at scales which are small with respect to pz.
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Indeed, for || < px we have |x| = Ri(x); therefore, by Proposition 5.8 and
Lemma 5.14 below for any 0 < r < p, with a uniform constant C' there holds

86 sup ui(z) — inf  ui(z) <C.
( ) r/2<|z|<r k( ) r/2<]z|<r k( )

Hence, in particular, there holds

(87) sup Uk (@) < C’eﬁi(r),
r/2<]z|<r

and we conclude the estimate

1 : a2 (r ,
(88) — sup ui(x)e“i(”“) <(1+ ﬂi(r))e“i(’) <Cs; inf 1+ ui(m))e“i(l)
3 r/2<]o|<r r/2< x| <r

with a uniform constant Cs. In the following we proceed as in [21]; therefore we
only sketch the necessary changes we have to perform in the present case.

Because of our choice of origin x,(j) = 0 there holds uy(z) < u(0) for all |z| <

Lry, k > ko(L); hence at this scale there also holds the inequality e < fi.
Similar to Lemma 5.2 with the help of (88) we obtain

Lemma 5.9. For any € > 0, if there is a minimal number 0 < Ty, < py such that
g (Ty) = eug(0), then for any constant b < 2 and sufficiently large k there holds

wy(r) < blog (r—k) on Br,
r
and we have

lim Ag(Ty) = k1ggo AR (Ty) = kILr{:O ox(Ty) = 4.

k—o0

Next we define for 0 < s <t < pg

Ni(s,t) = / epdr = /\k/ uie“idx,
B:\Bs B¢\ B;

t

Ni(s,t) = / érdr = 277)%/ rﬂieﬁidr < Ni(s,t),
Bt\Bs s

where we used Jensen’s inequality for the last estimate. Moreover we let

Pk(t) = thk(S,t) = t/ ekdo
ot OB,

and

and
. a9 - ~
Pk(t) = thk(S,t) = t/ ékdO = 27Tt2)\k’ﬁi6ui S Pk(t).
8t OB,
The estimate (88) implies

(89) Ni(s,t) < C3Ng(s,t) +0(1) and Py(t) < C3Py(t) + o(1),

with error o(1) — 0 as k — oo, uniformly in s <t < pi. Moreover, similar to [21],
estimate (26), by (88) with uniform constants Cy, C5 we have

(90) Pp(t) < CyNp(t/2,t) + o(1) < C5Py(t/2) 4+ o(1).
If for some € > 0 there is no Ty = Ty(¢) < px as in Lemma 5.9 we continue our

argument as described in Case 1 after Proposition 5.11. Otherwise, we proceed by
iteration as in the radially symmetric case. Choose a sequence ¢ | 0 such that
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with corresponding numbers s = Tx(eg) < pr we have ar(sx) — o0 as k — oo.
Then there holds

lim Ak(Sk) = A1 =47

k—oo

and

. . . U . Tk .
lim lim (A — Ap(Lry)) = 1 = lim £ = —o.
g tim (Ae(se) = A(Lre)) = lim Zos = lim 20 = Hm s =0

By a slight abuse of notation we let r; = r,(cl), Sk = sl(cl). Suppose that for some

I > 0 we already have determined numbers rl(cl) < sg) . < s( ) < pg such that

(91) lim lim Ag(s ()) = A1l =4rwl

L—o00 k—oo
and

0 0]
(92) lim lim (Ap(s) — Ap(Lr")) = lim BS) o TE gy

= (D) 0
L—o0 k—o0 k— o0 Uk(Tk ) k— o0 sy, k—o0

o _
D =o.

Similar to Lemma 5.3 we now have the following result.

Lemma 5.10. i) Suppose that for some s,(cl) < tx < pi there holds

sup  Pi(t) = 0 as k — oo.
s <<ty
Then we have
lim Nk(s,(c), tx) = 0.
k— oo

i1) Conversely, if for some s,(f) <ty and a subsequence (uy) there holds

t
hm Nk(sk k) =19 >0, hm * =,
k=00 P

then either vy > w, or we have

lim inf Py (tx) > v
k—o0

and

lim limiank(sk ,Lty) >, hm hmsuka(sk tk/L) = 0.

L—oo k—oo L—0o koo
Proof. i) Because of the estimate (89) it is enough to prove the Lemma with
Ni(s,t) and Py (t) replaced by Ny (s,t) and Py(t). For s = s,(gl) < t we integrate by
parts as before to obtain

t
(93) O (s,8) < Py(t) — dr / Ner2i (1 + ) apeThdr.
As in the proof of Lemma 5.3 equation (3) yields the identity
(94) “omtun ) () = [ e () une ida — / i (1) e e
By B¢

for any ¢t < pi. Arguing as in (59) we get that

/ ﬂk(t)ake“idx —0
By
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as k — oo. In view of (94) and Jensen’s inequality at any sequence of points t = ¢y,
where 4}, (¢) > 0 then there holds

(95) 0< [ Mant)awe™ de < | Mpug(Bupeida = o(1).
By By
Conversely, if @) (r) < 0 = @) (to) for tyo = to < r <t =y, by (95) we can estimate
/\kak(t)ﬂkeﬂzdx < / Akﬂieﬂidl‘ + )\kﬂk(to)ﬂkeﬂﬁdl‘
Bi\Bi, Bty
= Nk(to, t) + 0(1)

(96) B

Combining the above estimates, similar to (62) for s = sl(f) <r<t=t; we get

=27y ()i (r) =

o

Ak (T)ﬁkeﬁi dx + o(1)

7

Ni(s,r) + / )\kﬂk(s)ﬂkeaid:r +0(1)
Bs

IN

ﬂk(S)

< N, Ni(L
< Ni(s,7) + Ni( Tk,8)+ak(er)

Ap(Lrg) +0o(1)

= Nk(s,r) +o(1),

where o(1) — 0 when first ¥ — oo and then L — oo. As in (62) the first inequality
is clear when @), < 0 in [s,7], and otherwise follows from (95), (96). The second
inequality is proved similarly. Thus we conclude the estimate

(98) 2N (s,t) < Py(t) + 2/5 Aer (1 + @2)e"t Ny (s, 7)dr + o(1)
< Py(t) + 7 Ni(s, 1) + o(1).

If we now assume that

sup Pu(t) < Cs sup Py(t) +o(1) = 0 as k — oo,
s<t<lty s<t<lty

as in Lemma 5.3 we find the desired decay

lim Ny (s, t) =
Jrn, Nl B) = 0
O

when we let ¢ increase from ¢t = s = 5,7 to t.

ii) In view of (98) the second assertion can be proved as in Lemma 5.3. O

By the preceding result it now suffices to consider the following two cases. In
Case A for any sequence t;, = o(py) we have

sup  Pi(t) = 0 as k — oo,
s <<ty

and then in view of Lemma 5.10 also

(99) lim lim Ni(s\", px/L) =0,

L—00 k—oc0

thus completing the concentration analysis at scales up to o(pg).
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In Case B for some sg) < tx < pi there holds
t
limsuka(sg),tk) >0, lim Ma—

k— o0 k—o0 P

Then, as in the radial case, from Lemma 5.10 we infer that for a subsequence (uy)

and suitable numbers r,(CH_l) E]sg), ti.| we have
: . ) g..(+1) o (141) ,
(100) ngrolo kl;rrgo Ny (s, Lry, ") > 7, hkrggf Py(r, ") > 0;
in particular, ﬂk(r,(fﬂ)) — o0 as k — 0o. Moreover, as in Lemma 5.10 the bound
(100) implies that r,(vlﬂ) /sg) — 00 as k — oo. Indeed, assume by contradiction

that r,ilH) < Ls,(cl) for some L > 0. Then from (88), (90), and recalling that

Nk(sg)/Q,sg)) — 0 as k — oo we obtain that Pk(rl(clﬂ)) — 0 contrary to (100).
Also note that

T(lJrl)
(101) lim limsup Ni (s, r"* /L) = lim 22— = 1im =~ —.

L—0o koo k—oco Pk k—o0 Pk

Moreover, we have the following analogue of Proposition 5.4.
Proposition 5.11. There ezist a subsequence (uy) such that
I+1 _ (141 I+1 _ (41
mi (@) = () (V) — () = ()

locally uniformly on R? \ {0} as k — oo, where n solves (33), (34).

Proposition 5.11 is a special case of Proposition 5.12 below, whose proof will be
presented in Section 5.5.

From Proposition 5.11 the desired energy quantization result at the scale r,(clﬂ)

follows as in the radial case. If py > pg > 0 we can argue as in [21], p. 416, to
obtain numbers sl(flﬂ) satisfying (91), (92) for [ 4+ 1 and such that ﬂk(sgﬂ)) — 00
as k — co. By iteration we then establish (91), (92) up to [ = [y for some maximal
index Iy > 0 and thus complete the concentration analysis near the point ().

If pr, — 0 as k — oo, we distinguish the following two cases. In Case 1 for some
go>0andall t e [r](clﬂ),pk] there holds @ (t) > ank(r,(clﬂ)). The decay estimate
that we established in Lemma 5.9 then remains valid throughout this range and
(91) holds true for any choice sgﬂ) = o(py) for I =1+ 1. Again the concentration
analysis at scales up to o(py) is complete. In Case 2, for any € > 0 there is a
minimal Ty, = Ty (e) € [r,(clﬂ), px] as in Lemma 5.9 such that g (T)) = Eﬂk(Tngl)).
Then as before we can define numbers s,(glﬂ) < pi with ﬂk(s,(flﬂ)) — 00 as k — 00
so that (91), (92) also hold true for [ + 1, and we proceed by iteration up to some

maximal index [y > 0 where either Case 1 or Case A holds with final radius o),
For the concentration analysis at the scale py first assume that for some number

L > 1 there is a sequence (x) such that pi/L < Ri(zx) < |xg| < Lpy and

(102) )\k|$k\2ui(xk)e“i(”’“) > vy > 0.

By Proposition 5.8 we may assume that |xg| = pr. As in [21], Lemma 4.6, we then

have ﬂk(pk)/ﬂk(rg”)) — 0 as kK — oo, ruling out Case 1; that is, at scales up to
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o(px) we end with Case A. The desired quantization result at the scale py then is
a consequence of the following result that we demonstrate in Section 5.5 below.

Proposition 5.12. Assuming (102), there exists a finite set So C R? and a sub-
sequence (uy) such that

() := uk () (un (pr) — uk(er)) — n(z)
locally uniformly on R? \ Sy as k — oo, where 1 solves (33), (34).

By Proposition 5.12 in case of (102) there holds

lim lim sup exdr = Ay = 4.

L2000 koo /{resz;"gv<Rk(m)<lm<Lm}
Letting

Xpa =X ={2;30 > 0: 27| < Cpy for all k}
and carrying out the above blow-up analysis up to scales of order o(py) also on all

balls of center x,(j) € X} 1, then from (92) we have

L—00 k—oc0

where I; is the total number of bubbles concentrating at the points m,(cj lex ,ill at
scales o(pg).

On the other hand, if (102) fails to hold clearly we have

(103) lim limsup epdr =0,

L=00 koo /{zeﬂ;‘;k<Rk(x><lm<ka}
and the energy estimate at the scale py again is complete.

In order to deal with secondary concentrations around x,(j) = 0 at scales exceed-
ing pr, with X} ; defined as above we let
4 1 .
Pkl = ;01(@1)1 D) inf |

(j)|.
{5520 ¢ Xp 0} g

again we set pg1 = diam(€Q), if {J; xéj) ¢ Xj.1} = 0. From this definition it follows
that pi.1/pr — 00 as k — co. Then either we have

lim limsup Ng(Lps, Pi1

L—c©o koo L

) =0,

and we iterate to the next scale; or there exist radii ¢, < pg1 such that ¢ /pr — o0,
tr/pr1 — 0 as k — oo and a subsequence (uy) such that

(104) Pk(tk) >y >0 for all k.

The argument then depends on whether (102) or (103) holds. In case of (102), as in
[21], Lemma 4.6, the bound (104) and Proposition 5.12 imply that @ (tx)/ax(pr) —
0 as k — 0. Then all the previous results remain true for r € [Lpy, py 1] for
sufficiently large L, and we can continue as before to resolve concentrations in this
range of scales.

In case of (103) we further need to distinguish whether Case A or Case 1 holds
at the final stage of our analysis at scales o(py). In fact, for the following estimates

we also consider all points x,(cj ) e Xx ,S)l in place of x,(j). Recalling that in Case A
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we have (92) and (99), and arguing as above in Case 1, on account of (103) for a
suitable sequence of numbers s,(C i such that sé i/Pk — 00, tk/s — o0 as k — o0

we find
lim lim( s,goi Z A(j) )) 0,

L—o0 k—o0 ) @
J
k EXk,l

. )
where A(] )(r) and T](Clo ) are computed as above with respect to the concentra-
tion point z(J ). In particular, with such a choice of séoi we find the intermediate
quantization result

hm Ak(sk 1) A1, =4rl

analogous to (91), where I; is defined as above. Moreover, in Case 1 we can argue

as in [21], Lemma 4.8, to conclude that @y tk)/uk(r,(cg )) — 0 as k — 0; therefore,

similar to (92) in Case A, we can achieve that

(3)
o w(s)) i)
k—00 ﬁk(rg(clo )) —00 Sk1

for all :cfcj) S X,gz)l where Case 1 holds.

We then finish the argument by iteration. For [ > 2 we inductively define the
sets

Xpy = X,@ = {x,gj);HC >0: |x§€j)| < Cpgy—1 forall k}

and we let
(@)
. EPear
2 {j;wwxg’;i}
as before, we set pi; = diam(Q), if {j' z! §’:‘ X } = (). Tteratively performing the

above analysis at all scales py;, thereby exhaustmg all concentration points :17(] )

upon passing to further subsequences, we finish the proof of Theorem 1.1.

5.4. Proof of Proposition 5.8. We argue as in [21], thereby closely following the
proof of Druet [10], Proposition 2. Suppose by contradiction that

(105) Ly, == sup ( sup luk(y) — uk(z)|uk(y)> —ooask — 0.
YEQ \ 2€Bg, (y)/2(y)
Let yr. € Q, 21 € BR,(y,)/2(yx) satisfy
(106) |uk(yx) — wn(ze) lur(ye) = Li/2.
Lemma 5.13. We have ug(yr) = o0 as k — oo.
Proof. Suppose by contradiction that u(yx) < C < oco. From (106) we then find
that ug(z;) — 0o as k — oco. Also letting 2 = (yx + 2x)/2, we now observe that
Ry (21), Ri(2x) = Ri(yr)/2 >y — 2kl = 2lye — 2| = 2|2 — 2l;
hence
Uk € Bry(20)/2(2k) » 2k € BRr(2)/2(2k)-
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But then the estimate

L . X
s < (o) — )] < Jun(zi) = up(E0)] 4 Jur(E) — i (ye)],
2uk(yk)
our assumption that ug(yx) < C, and our choice of yy, zx imply
1 N N N
I (luw (2) — wn (yw) [un (Ze) + lun () — wr () lur(21)) — 00
as k — oo, and a contradiction to (105) results. (]

A similar reasoning also yields the following result.

Lemma 5.14. There exists an absolute constant C' such that

sup  [ui(y) — ui(2)| < CLg,
2€BRy, (y)/2(y)

uniformly in y € Q. In fact, we may take C = 6.

Proof. From the identity
ui (y) — ui(2) = (wnly) — u(2)) (wny) + un(2))

= 2(ur(y) — ur(2))ur(y) — (ur(y) — ur(2))”
we conclude the bound

lui (y) — ui(2)] < 2Lk + (ur(y) — up(2))
for all y € Q, z € BRk(y)/g(y), and we are done unless for some such points y
and z there holds (u(y) — ug(2))? > 4Lj. Suppose we are in this case. From
(105) we then obtain the estimate ux(y) < +/Li/2 and hence ug(z) > 2v/L.
Letting 2 = (y + 2)/2, as in the proof of Lemma 5.13 above we observe that
Ryp(2), R(2) = Ri(y)/2 = |y — 2| and
(TS BRk(g)/2(2) ,Z € BRk(z)/Q(z).
Since uy(z) > 2+/Ly, the bound (105) implies that ux(2) > 3v/Li/2. But then,
upon estimating
2Lk = |uk(y) — wn(2)|ur(2) + |ur(2) — un(z)|ur(2)

> 3v/Inlui(y) — u(2)|/2 > 3L,

we arrive at the desired contradiction. O

From Theorem 4.2 and Lemma 5.13 it follows that s := Ry (yx) — 0 as k — oc.

Set

Q= {y;yk + sky € Q}
and scale

vk(y) = wk (Y + skY), Ok(y) = we(yr + sky), y € Q.
Letting x,(j) be as in the statement of Theorem 4.2, we set
y =" i<,
Sk

and let

Sk={ys1<i<i).
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Note that in the scaled coordinates we have
dist(0,Sk) = inf{|y\" ;1 <i<i}=1.

Also let
2k — Yk
Sk

Pk = € B1/2(0).
Then there holds
Ly /2 < |vk(pr) — vi(0)|vg(0)
(107) <o awj)-wlen) = b
YEQ \ 2€Baist(y,s,,)/2(Y)
moreover, from Lemma 5.14 we have

(108) Sw( sup hﬂm—%@QSCM-

YEQ, \ 2€Byist(y,s,)/2(Y)

29

Since s, = Ri(yx) — 0 we may assume that as k — oo the domains 2 exhaust

the domain
Qo = RX] — C)O,]‘zo[7

where 0 < Rp < oo. We also may assume that as k — oo either \y,(j)| — 00 or

y,(:) — y®, 1 < i < i,, and we let Sy be the set of accumulation points of Sy,

satisfying dist(0,Sp) = 1. For R > 0 denote as

Kp =Ky r=QNBr(0)\ U Bi/r(y).

yESk
Note that we have

Ry (yx + spy) = sy dist(y, Sg) > sg/R for all y € Kg.
Thus (40) in Theorem 4.2 implies the bound
(109) Aes2v2(y)e’ @ < € = C(R) for all y € K.
Finally, letting
(110) —vpAvg = )\kszvze”i — sii)kvkevi =: I + I,
by (47) we can estimate
(111) 1] 21 (00) = M /Q s2v2evrdy = Ay /ﬂ wlevidz < C;

k

moreover, by Holder’s inequality and Lemma 4.1 we have

) Q Q

as k — oo. In view of (109) we also have the local L2-bounds

17kl172 ¢y < €D (Arsofie'™) - (Ak / Siv;%e”idy>
(113) YT Kn o

< C’(R))\k/ wlevtdz < C(R),
Q
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while Lemma 4.1 implies
(114) HLkl[Z2 k< Cs}l{lp (Arsiviels) - (AIZI/ uieuidx) -0
R Q

as k — oo, for any R > 0. Similarly, for any R > 0 we find
(115) [|Avk|| L2 (k) — 0 (K — 00).
Also observe that (47) yields the uniform bound

(116) [Vl 2, < C.

Lemma 5.15. We have Ry = oo; that is, Qy = R2.

Proof. Suppose by contradiction that Ry < oo. Choosing R = 2Ry, from (4) and
(108) we conclude the uniform bound

sup vi(y) < CL;
yeEKR

with C = C(R). Letting wy = \/”—l’%k, we then have 0 < wy, < C, while (115) and
(116) give

||V'ZU]€HL2(Qk) —+ HAwk”LZ(KR) — 0 as k — oo.

Since wy, = 0 on 9, N Kg, it follows that wy — 0 locally uniformly, contradicting
the fact that |wg(pr) — wi(0)|wg(0) > 1/2. O

Lemma 5.16. As k — oo we have
Vk

Vk (0)

Proof. Recall from Lemma 5.13 that

— 1 locally uniformly in R?\ Sy.

¢ = ug(yr) = v(0) = 00 as k — oo.
Letting wy, = ¢;, 'y, from (115) and (116) for any R > 0 then we have
||vwk”L2(Qk) —+ HAwkHLz(KR) —0ask — o0,

and we conclude that wy, converges locally uniformly on R?\ Sy to a constant limit
function w. Recalling that dist(0,Sy) = 1, we obtain that w = w(0) = 1, as
claimed. O

Define
N 1
Uk (y) = fk(vk(y) — vk (0))x (0).
We claim that 7 grows at most logarithmically. To see this, let so > 2sup, |y¥|
and fix ¢ = 3/2. For any fixed R > 0, any y € Kg with |y| > ¢%s¢ let y; = ¢' Ly,
0 <1< L,sothat y;_1 € Bgisi(y,,s,)/2(y) for all I > 1 and sufficiently large k. Note
that we have |vg(yo) — v&(0)|vx(0) < CLy. By Lemma 5.16 with error o(1) — 0 as
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k — oo then we can estimate

L
Z|Uk 1) — ve(yi-1)|ok(0) + C

(117) o L
sl%f9§]w@n—wwhmwwo+c
=1

<C+(1+401)L<C+ (C+o(1))logy|

Moreover, from (113), (114) and Lemma 5.16 for any R > 0 with a constant C' =
C(R) we obtain
vk (0)

0)
118 AG < — | [Jup A < Csup (2 0
(118) || Uk|L2(KR)_S}?£(LkU )H'Uk Okl L2(kp) sup(Lkvk) -

as k — oo. Thus we may assume that v — © locally uniformly away from S,
where ¥ satisfies

(119) A9 =0, 9(0)=0, sup ©>1/2, |o(y)| < C+ Clog(1+ |yl|).
By,2(0)

Fix any point 2 € Sp. For any r > 0 upon estimating vy, (0)vxe’ < max{v2(0)e?(0), p2evi }
we have

Lk/ |Ady| dz = / on(0)|Avk| da = Ty + ITy,
B, (x0) By.(x0)
where

I, = / )\ksivk(O)vkevidx < C’)\ksivi(())e”’%(o) + /\k/ sivie”i dx
B,(x0) B (x0)

< C’)\kRi(yk)ui(yk)e“Z(yk) + /\k/ uie"i de < C
Q
by Theorem 4.2 and (88). Similarly, by Holder’s inequality

|I1,)* = |/ szur (0 \Uk\e”kdx| <CA, / szdie”idx — 0.
By (o)

as k — oo. It follows that Ad, — 0 in L} (R?) as k — oo. The sequence
(0)) therefore is uniformly locally bounded in W for any ¢ < 2 and the limit
v E I/Vllo’f(RQ) extends as a weakly harmonic function to all of R?2. The mean value
property together with the logarithmic growth condition (119) then implies that o
is a constant; see for instance [3], Theorem 2.4. That is, = #(0) = 0. But by (119)
we have supp, , o) [0] = 1/2, which is the desired contradiction and completes the
proof of Proposition 5.8.

5.5. Proof of Proposition 5.12. We follow closely the proof of Proposition 4.7
in [21]. Fix an index 7 € {1,...,4,} and write 7, = pj. Define
vr(y) = ur (@ +riy)
where y € Q) = Qg) = {y; ac,(f) + 1y € Q}. Also let
o _ o) —ay
Yy =
Tk
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and 4 4
Sk=5" ={y;1<j<i}
By choosing a subsequence we may assume that as k — oo either |y,(€j )| — 00 or

y,ij) -y, 1< j<i,, and we let Sy = S’(()i) be the set of accumulation points of
Si. Note that 0 € Sy. Finally we let

0 _ Tk~ wl(ci)
Y = —(—
Tk
be the scaled points z, for which (102) holds and which satisfy |y,(€0)| = 1. Choosing
another subsequence we may assume that y](€0) —y© as k — co.
Recalling that vy, (ylgo)) — 00 by (102) and observing that R?\Sy is connected,
from Proposition 5.8 and a standard covering argument we obtain that
(120) v — vk(yg])) —0 as k— o0
locally uniformly on R?\Sy. Moreover, as k — oo, the sets Q exhaust all of R2.

Next we note that 7 satisfies the equation
(121) — A = MerFor(y O et — 2oy )iget = I, + I1,
on Q. For L > 1set K, = Br(0) \ (Uy,es,B1/L(y0)). Another covering argument

together with (88) allows to bound eVt < Cert W) = Cevi@r) on K, where
C = C(L). By (40) and Lemma 4.1 for any L > 0 we then obtain

/ T2z < Cxrfod (u)e ) (A1 / r2i2et dz)
Kr Br(0)

= C)\kriui(xk)e”i(“) . ()\,;1/ _ uie“idx) -0
Brr, (2}”)

as k — oco. Next rewrite Iy, as
I, = )\krivi(yéo))e”i(y:(co))@kenk(ﬁkﬂ)’

where 0, = From (120) we get that o, — 1 locally uniformly on R?\Sy

Vg
o (y)

while from (102) we conclude that
NerBoR(u”)e RO = Nrfud (a) e E) o

for some py > 0 as & — oo. Since by Proposition 5.8 7y is locally uniformly
bounded, from (121) and the above considerations via standard L?-theory we obtain
that 7, is uniformly locally bounded in H? away from Sy. Hence we conclude that
N, converges locally uniformly away from Sy and weakly locally in H? to some limit
no € H2 _(R?\ Sp) which is smooth away from Sy and which satisfies the equation

loc

(122) —Any = pge®™

on R?\ Sy. Recalling that oI = )\kriv,%evz, from (47) we can estimate

L—oo k—oo

/ 2 dr < lim liminf/ ﬁie"k(ﬁ’“Jrl)d:c: lim liminf/ uglﬁklk dx
R2 L—oo k—oco KL KL

< ual limsup/ )\kuieuida: < CA
Q

k—o0
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as before, and e € L'(R?).

Similar to (77) we can moreover estimate for every L > 1

/ |[ITildz — 0 as k — oo,
Br(yo)

and analogous to (80) we have

Bi,r(yo0)

for any yo € Sy if we let first & — oo and then L — oco. Hence for such yy we
conclude that

limsup/ |Ang|lde — 0 as L — oo.
By,(0)

k—o0
This shows that 7 extends as a distribution solution of (122) on all of R?. The
claim then follows from the classification result of Chen-Li [7].
In the case of Proposition 5.11 we argue similarly by scaling with r; = r,(CH_l)
Note that in this case Sy = {0}.

6. APPLICATIONS

In this final section we will use Theorem 1.1 to obtain solutions to (2) in the
supercritical high energy regime.

Let  be a bounded domain in R?. Recall the Moser-Trudinger inequality

(123) sup / A dy < 00;
<1Jo

wEH ()3 Vull2 ) <

see [16], [22]. The exponent o = 4 is critical for this Orlicz space embedding in
the sense that for any « > 47 there holds

(124) sup / e dy = oo.
wE HY (@) Vull2, <179

Indeed, suppose that Br(0) C Q. Following Moser [16], for 0 < p < R consider the

functions
1/log % 0 < |z| < p,
My, R () = E log (£) /,/10g % p<|z| =r <R,

R < |x|.

Note that ||[Vm, g|3. 2(q) = 1, and for any o > 4w we have

(125) / €™M dx — 00 as p — 0.
Q

After scaling, (123) gives

(126) Co = Co(Q) = sup E(u) < o0

wEH ()| Vul[25 ) <o
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for any a < 47, while for any « > 47 from (124) we have

(127) sup E(u) = 0.

w€H{ (Q)s]|Vull?

L2(SZ)§a

If we normalize vol(€2) = 7, the constant c4,(£2) is maximal when Q@ = B;(0) =: B,
as can be seen by symmetrization. Let ¢, = c4r(B).

6.1. Solutions with “large” Moser-Trudinger energy on non-contractible
domains. As stated in the Introduction, we obtain the following result in the spirit
of Coron [9].

Theorem 6.1. For any c¢* > ¢, there are numbers Ry > Ro > 0 with the following
property.  Given any domain Q C R? with vol(Q) = 7 containing the annulus
Bg, \ Br,(0) and such that 0 ¢ Q, for any constant cy with c4(Q) < ¢y < c*
problem (2) admits a positive solution u with E(u) = cg.

The proof of Theorem 6.1 relies on the following observation.

Lemma 6.2. Let (ug) be a sequence in H}(Q) such that

E(uk) > ¢ > c4(2), /|Vuk|2d:rﬁ47r as k — oo.
Q

Then there exists a point zo € 0 such that |Vuy|* dx v 41y, weakly in the sense
of measures as k — oo suitably.

Proof. We may assume that u, — u weakly in H}(2) and pointwise almost
everywhere as kK — oo. Negating our claim, there exist oy,7; > 0 with a3 < 47
such that

sup / |Vug|? do < ;.
keEN, 1€Q J B, (1)NQ

But then by a reasoning as in the proof of Lemma 3.3 in [2] we conclude that

the functions e“r are uniformly bounded in L? for some ¢ > 1, and by Vitali’s
convergence theorem we have

E(u) = lim E(ug) > ¢ > c42(Q).
k—o00
Since [, |Vu|? do < 47, the latter contradicts (126), which proves our claim. O

The proof of Theorem 6.1 now is achieved via a saddle-point construction similar
to Section 3.4 in [19]. We may assume that 0 < R; < 1/2. Given such Ry, fix
R = Ry/4. For each Ry < R;/8 = R/2, moreover, we let 7 = 7, € C5°(Br(0))
be a cut-off function 0 < 7 < 1 satisfying 7 = 1 on Bg,(0) and such that 7 — 0 in
H'(R?) as Ry — 0.

For zp € R? let m R 4, (z) = m, r(z — x). With a suitable number 0 < p < R
to be determined, for any xg with |zo| = 3R, any 0 < s < 1 then we define

Us,afo(x) = Msp,R,(1—5)x0 (x)(l - T(l‘)) € H(%(BR1 \BRz (0))

Provided that € contains the annulus B, \ Bgr,(0), these functions then also belong
to HX(Q).
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Given ¢* > ¢, we fix the numbers 0 < p < R, 0 < Ry < R/2 so that
1 2
(7/(68“}”0 —1)dz) > c*
2 Ja

for all such domains . This is possible by (125). Fixing such a domain €, finally,
for any given ¢4, (£2) < ¢o < ¢* we let

Ws,zo = \/Us,z0VUs,zg»

where for each s,z the number a; ;, is uniquely determined such that

1
E(’U)S’IO) = 5 /S;(eas,wgvf,wo _ 1) de' = ¢p.

Observe that (126) and (128) imply the bounds 47 < a4, < 87 for each s, xg, and

(128) inf
0<s<1, |zo|=3R

(129) O 7y 4T as s = 0
uniformly in |z¢| = 3R by (125).

Let us 4, (t) be the solution to the initial value problem (3) - (5) with initial data
Us,z0(0) = Ws.zy 2 0.

Lemma 6.3. With a uniform constant cg > 4w there holds

(130) sup Vs 2 (£)]* dz > ag
0<s<1,|z0|=3R JQ

for all0 <t < 0.

Proof. Otherwise by (7) we have ||V 4, (t)||3: — 47 as t — oo, uniformly in s
and xg, and from Lemma 6.2 we conclude that

sup dist(m(us 5, (1)), Q) = 0
0<s<1,|zo|=3R
as t — oo, where
x|Vu|? dz
m(u) = 7f9 [Vul
Jo IVul? dz
is the center of mass. Moreover, by (129), (8), and Lemma 6.2 we have

sup dist(m(us,z,(t)), 2) — 0
0<s<s0, |zo|=3R

as so — 0, uniformly in ¢ > 0. Recall that 0 ¢ Q. Thus, for some sufficiently small
number 0 < sy < 1 and sufficiently large T" > 0 with a uniform constant § > 0 we

have

inf sa (] >06>0,
|m§|riga|m(“ o (1))]

provided that either 0 < s < s¢ or ¢t > T Identifying OBsr(0) with S and letting
751 (p) = p/|p| for p € R?\ {0}, then for sufficiently small 0 < sq < 1 and sufficiently
large T > 0 we can define a homotopy H = H(-,r): S'x]0,T + 1] — S* by letting
51 (m(tr,2,(0))), 0 <7< s,
H(xo,r) = § Ts1(m(Usg,z (1 — 50))), 80 <7 < T + s0,
st (M(Ur—1,2,(T))), T+so<r<T+1.
Then clearly H(-,T + 1) = const, whereas H(xg,7) — xo/|xo| as r — 0, uniformly
in xg, which is impossible. The contradiction proves the claim. [
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Proof of Theorem 6.1 For any ¢ > 0 by Lemma 6.3 there are 0 < s(t) < 1, xo(t)
with |z¢(t)| = 3R such that

(131) A \Vus(t)yxo(t)(t)ﬁdx > aqg > 4m.

Let (s1,20) be a point of accumulation of (s(¢),zo(t)) as t — co. Note that by (7)
for any fixed time to we have

(132)
57> ny = [ (V000 o> [ [V (1) o
Q

> hminf/ (Vs (t) 0 (1) (t0)|* dz > hmlnf/ (Vs (t),m0(t) ()|° dz > g > 4.

t—o00

Fix ug = us, 5,(0) > 0 and let u(t) be the solution to the initial value problem (3) -
(5) with initial data u(0) = up with associated parameter A(t). We claim that u(t)
is uniformly bounded and hence converges to a solution u, > 0 of (2) with

/ |Vtoo|? dz > 47 and E(us) = co.
Q

This will finish the proof of the Theorem.

Indeed, suppose by contradiction that «(t) blows up as ¢ — co. For a sequence
of numbers t; — oo as constructed in Lemma 4.1 then as k — oo we have A\, :=
A(tr) = Ao > 0; moreover, we may assume that ug = u(ty) — e in HE(Q2) and
pointwise almost everywhere, where uq, solves (2). Finally, Theorem 1.1 and (132)
also give the bound

(133) / |Vt |? dz < 4.
Q

It then follows that Aos = 0. Indeed, if we assume Ao, > 0, from (8) and the
dominated convergence theorem we infer

Eus) = kll)n;oE(uk) = cp > c42(Q),

which is impossible in view of (133) and (126). But with Ao, = 0 in view of (2)
also U, must vanish identically, and from Theorem 1.1 it follows that

(134) lim / |Vug|? de = 4rl,
k—o0 Q
for some [ € N, contradicting (132). The proof is complete. O

6.2. Saddle points of the Moser-Trudinger energy. Finally, we establish The-
orem 1.3. Recall that by [11], Corollary 7, on any bounded domain 2 C R? the
Moser-Trudinger energy E attains its maximum Jf. = c4.(£2) in the set My,
defined in (1). Moreover, we have

Lemma 6.4. The set K4 of mazximizers of E in My, is compact.

Proof. Any u € Ky, solves (2). Given a sequence (up) C Ky4r, we may assume
that u, — e, weakly in Hg(2) as k — oo while by (9) the associated numbers
A = Aoo > 0. If Ay > 0, from (8) and the dominated convergence theorem as
above we conclude that E(uy) — F(us), so that E(us) = B4, and ue # 0. But



HEAT FLOW WITH CRITICAL EXPONENTIAL NONLINEARITY 37

by a result of P.-L. Lions [14], Theorem 1.6, this implies that the functions Ui are
uniformly bounded in L9 for some ¢ > 1, and up — uo strongly in Hg(Q), as
claimed. On the other hand, if Ao = 0, from (2) we conclude that also us must
vanish and E(us) = 0. Theorem 1.6 in [14] then implies weak convergence

w*

(135) Vg |2de % 476,

for some 2y € Q in the sense of measures, and by Flucher [11], Lemma 4 and
Theorem 5, we have E(uy) < 5, for large k, contradicting our choice of (uy).
|

In view of Lemma 6.4 now Lemma 5.3 from [18] remains valid for a general
domain and there exist numbers o > 47, € > 0 such that for any 47 < a < a*
there holds

Br=supE> sup FE
NO{,E N(y,25\N0,€

where
Noe={u€ My; Fve Ky ||[V(u—0)||p2 <e}.

Moreover, for any such « there exists @ € N, . where 3% = E(u) is attained, and @
solves (2) for some A > 0. By (127) the set

Lo = {7 € C°([0,1[; Ma); 7(0) =7, E(v(1)) > B3},

then is non-void for any 47 < o < a*. Since any « € T, necessarily passes through
the set Ny 2 \ Na,. we have

(136) Ba = yseulpa Oérslf<1 E(’Y(S)) < 504

Finally, observing that

o= sup E(u) > 0asa—0,

ueEM,
we can choose 47 < a1 < o™ such that
(137) Co—an < Bo for all a €)dm, aq].
Clearly, we may assume that oy < 8.
Proof of Theorem 1.3 Let 47 < a < 3. It remains to find u. Fix some v € T,
with
0221E(7(5)) = Co—an:

Fix a number S with 8, < f < %. As long as E(u(s,t)) < B let u(s,t) >
be the solution to the initial value problem (3), (4), (12) with initial data u(s,0)
v(s) > 0, and let u(s,t) = u(s,t(s)) for all t > ¢(s) if there is some first ¢(s)
where E(u(s,t(s))) = . Note that by the implicit function theorem the family
u(s,t) thus defined depends continuously both on s and ¢ unless u¢(s,t(s)) = 0 for
some s with E(u(s,t(s))) = 8, that is, unless there is a solution 0 < u € M, of (2)
with F(u) = f, in which case the proof is complete.

For ¢ > 0 let 0 < s(t) < 1 be such that
= 1 <
E(u(s(t),t)) = inf E(u(s,)) < Ba
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and let s; be a point of accumulation of (s(t));>0 as ¢ — oo. Note that similar to
(132) by (13) for any fixed time ¢y we have

B(u(s1.to)) < limsup E(u(s(t).to)) < limsup E(u(s(t),1)) < o

Fix ug = y(s1) > 0 and let u(t) with associated parameter A(t) be the solution to
the initial value problem (3), (4), (12) with initial data u(0) = uo, satisfying

(138) Ca—ar < E(y(51)) = E(u(0)) < E(u(t)) < o < B < 5L for all t.

We claim that «(¢) is uniformly bounded and thus converges to a solution 0 < us, €
M, of (2) with 0 < E(us) < B. For this we argue as in the proof of Theorem 6.1.

Indeed, suppose by contradiction that u(t) blows up as ¢ — oco. For a sequence
of numbers t; — oo as constructed in Lemma 4.1 then as k — oo we have A\ :=
A(tr) = Ao > 0; moreover, we may assume that ug = u(ty) — e in H(Q) and
pointwise almost everywhere, where u > 0 solves (2) with [|Vus||2, < a — 47
in view of Theorem 1.1. But then Ao, = 0. Indeed, if Aox > 0, from (22) and the
dominated convergence theorem we infer E(ux) = F(uoo) < Co—ar, contradicting
(138). But with Ao = 0 in view of (2) also 1, must vanish identically, and Theorem
1.1 yields the contradiction « = 47w. The proof is complete. ([l
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