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Abstract. We prove a general finite-dimensional reduction theorem for crit-
ical equations of scalar curvature type. Solutions of these equations are con-

structed as a sum of peaks. The use of this theorem reduces the proof of

existence of multi-peak solutions to some test-functions estimates and to the
analysis of the interactions of peaks.

1. Introduction and statement of the result

Let (M, g) be a compact Riemannian manifold of dimension n ≥ 3 without
boundary. We let H2

1 (M) be the completion of C∞(M) for the norm ‖ · ‖H2
1

:=

‖ · ‖2 + ‖∇ · ‖2. We let h ∈ L∞(M) be such that the operator ∆g + h is coercive,
that is λ1(∆g + h) > 0, where ∆g := −divg(∇) is the Laplace-Beltrami operator.
Non-positive examples of such h’s are after the theorem. We define 2? := 2n

n−2 and

H : R → R such that {H(x) = |x| for all x ∈ R} or {H(x) = x+ := max{x, 0} for
all x ∈ R}. Given f ∈ C0(M), q ∈ (2, 2?], and G ∈ C2(H2

1 (M)), we give a general
theorem to construct solutions v ∈ H2

1 (M) to the equation

(1) ∆gv + hv = fH(v)q−2v +G′(v) in the distributional sense on M

of the form

v = u0 +

k∑
i=1

Wκi,δi,ξi + remainder ,

where k ∈ N, (κi)i=1,··· ,k ∈ {−1,+1}, (δi)i=1,··· ,k ∈ (0,+∞), (ξi)i=1,··· ,k ∈ M are
the parameters, and the Wκ,δ,ξ’s are peaks defined in (11) below and are C1 with
respect to the parameters. The function u0 ∈ H2

1 (M) is a distributional solution to

(2) ∆gu0 + h0u0 = f0H(u0)2?−2u0 +G′0(u0),

where h0 ∈ L∞(M) is such that λ1(∆g + h0) > 0, f0 ∈ C0(M), and G0 ∈
C2(H2

1 (M)) is of subcritical type, see Definition 2.1 below. Examples of nonlin-
earities of subcritical type are maps like u 7→

∫
M
a(x)|u|r dx, where a ∈ L∞(M)

and 2 ≤ r < 2?. Solutions to (1) and (2) are critical points respectively for the
functionals

J(v) :=
1

2

∫
M

(
|∇v|2g + hv2

)
dvg−F (v) ; J0(v) :=

1

2

∫
M

(
|∇v|2g + h0v

2
)
dvg−F0(v),
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where dvg is the Riemannian element of volume, and

F (v) :=
1

q

∫
M

fH(v)q dvg +G(v) and F0(v) :=
1

2?

∫
M

f0H(v)2? dvg +G0(v)

for all v ∈ H2
1 (M). We introduce the kernel of the linearization of (2) by

(3) K0 :=
{
ϕ ∈ H2

1 (M)/∆gϕ+ h0ϕ = F ′′0 (u0)ϕ
}
.

We get that d := dimRK0 < +∞ since the operator ϕ 7→ (∆g + h0)−1(F ′′0 (u0)ϕ) is
compact on H2

1 (M). We let u ∈ C1(B1(0) ⊂ Rd, H2
1 (M)) be such that u(0) = u0,

and we assume that

(4) K0 = Span{Πh0

K0
(∂ziu(0))/ i = 1, · · · , d},

where Πh0

K0
is the orthogonal projection on K0 with respect to the scalar product

(u, v) 7→ (u, v)h0
:=

∫
M

((∇u,∇v)g + h0uv) dvg. We consider a finite covering
(Uγ)γ∈C of M of parallel type (see Definition 2.2), and we choose a correspondance
i 7→ γi ∈ C for all i ∈ {1, · · · , k}. For any ε > 0, N > 0, and k ∈ N, we define

Dk(ε,N) :=

((δi)i, (ξi)i) ∈ (0, ε)k ×Mk s.t.


ξi ∈ Uγi

|δ2?−q
i − 1| < ε and

δi
δj

+
δj
δi

+
dg(ξi, ξj)

2

δiδj
> N

for all i 6= j ∈ {1, · · · , k}



 .

We define the error term
(5)

R(z, (δi)i, (ξi)i) :=
∥∥∥u(z)+

k∑
i=1

Wκi,δi,ξi−(∆g+h)−1
(
F ′
(
u(z)+

k∑
i=1

Wκi,δi,ξi

))∥∥∥
H2

1

.

Theorem 1.1. We fix k ∈ N, ν0, C0 > 0, θ ∈ (0, 1), h0 ∈ L∞(M) such that

λ1(∆g + h0) > 0, f0 ∈ C0(M), u0 ∈ H2
1 (M), and G0 ∈ C2,θ

loc (H2
1 (M)) of subcritical

type. We define K0 as in (3), we let d be its dimension and β0 be a basis of K0.
We fix (κi)i ∈ {−1,+1}k. Then there exist N > 0 and ε > 0 such that for any q ∈
(0, 2?], h ∈ L∞(M), f ∈ C0(M), G ∈ C2,θ

loc (H2
1 (M)), and u ∈ C1(B1(0), H2

1 (M))
such that

(6) u(0) = u0 , ‖u‖C1(B1(0),H2
1 ) ≤ C0 , f0(ξi) ≥ ν0 for all i = 1, · · · , k ,

(7) ‖h− h0‖∞ + ‖f − f0‖C0(M) + dC2,θ
B

(G,G0) + (2? − q) < ε ,

(see Definition 2.3 for the distance dC2,θ
B

) and for any z ∈ B1(0), if

(8)
∣∣∣det
β0

(Πh0

K0
(∂z1u(z)), · · · ,Πh0

K0
(∂zdu(z)))

∣∣∣ ≥ ν0

d∏
i=1

‖∂ziu(z)‖H2
1
,

then there exists φ ∈ C1(Bε(0) × Dk(ε,N), H2
1 (M)) such that u(z, (δi)i, (ξi)i) :=

u(z) +
∑k
i=1Wκi,δi,ξi +φ(z, (δi)i, (ξi)i) is a critical point of J iff (z, (δi)i, (ξi)i) is a

critical point of (z, (δi)i, (ξi)i) 7→ J(u(z, (δi)i, (ξi)i)) in Bε(0)×Dk(ε,N). Moreover,
we have that

‖φ(z, (δi)i, (ξi)i)‖H2
1
≤ C ·R(z, (δi)i, (ξi)i),

where C is a constant depending on (M, g), k, ν0, θ, C0, u0, h0, f0, and G0.
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Miscellaneous remarks

1. The implicit definition of φ(z, (δi)i, (ξi)i) is in (60) of Proposition 5.1.

2. In addition to Theorem 1.1, we have that∣∣∣J(u(z, (δi)i, (ξi)))− J
(
u(z) +

k∑
i=1

Wκi,δi,ξi

)∣∣∣ ≤ C ·R(z, (δi)i, (ξi)i)
2

for all (z, (δi)i, (ξi)i)) ∈ Bε(0) × Dk(ε,N), where C is a constant depending on
(M, g), k, ν0, C0, u0, G0.

3. Theorem 1.1 is valid under a little more general hypothesis on G. There exists
R̃ > 0 depending only on (M, g), u0, and k such that the same conclusion of the
theorem holds if G0 and G satisfy the following

G0 ∈ C2(BR̃(0)), G ∈ C2,θ(BR̃(0)), ‖G‖C2,θ(BR̃(0)) ≤ C0, ‖G−G0‖C2(BR̃(0)) < ε .

4. We have assumed for convenience a L∞–control of the potentials h0 and h. If
they are only controled in Ln/2, it suffices to include them in the perturbations G0

and G.

5. As one checks, if h ≥ 0 and h 6≡ 0, one gets λ1(∆g + h) > 0. As a consequence,
λ1(∆g + h− α) > 0 for such h and all α < λ1(∆g + h).

As a consequence of Theorem 1.1, finding solutions to (1) reduces to computing the
expansion of J(u(z, (δi)i, (ξi))) and controling the rest R(z, (δi)i, (ξi)i). In particu-
lar, Theorem 1.1 covers the general reduction theory in the recent articles Esposito-
Pistoia–Vétois [6], Micheletti–Pistoia–Vétois [9], Pistoia–Vétois [10], and Robert–
Vétois [12]. This finite-reduction method is very classical and has proved to be very
powerful in the last decades to find blowing-up solutions to critical equations. The
litterature on this issue is abundant: here, we refer to the early reference Rey [11],
and to Brendle [3], Brendle–Marques [4], del Pino–Musso–Pacard–Pistoia [5], and
Guo–Li–Wei [8] for more recent references. The list of constributions above does
not pretend to exhaustivity: we refer to the references of the above papers and also
to the monograph [1] by Ambrosetti–Malchiodi for further bibliographic comple-
ments. A general reference on Lyapunov-Schmidt’s reduction, including the group
action point of view, is the monograph [7] by Falaleev–Loginov–Sidorov–Sinitsyn.

2. Definitions and notations

2.1. Nonlinearities of subcritical type.

Definition 2.1. Let G0 ∈ C2(H2
1 (M)). We say that G0 is of subcritical type

if for all sequences (up)p, (vp)p, (wp)p ∈ H2
1 (M) converging weakly respectively to

u, v, w ∈ H2
1 (M), we have that

G0(up)→ G0(u) , G′0(up)(vp)→ G′0(u)(v), and G′′0(up)(vp, wp)→ G′′0(u)(v, w)

when p→ +∞.

2.2. Covering of parallel type.

Definition 2.2. We say that (Uγ)γ∈C is a covering of parallel type if ∪γUγ = M

and if for any γ ∈ C, Uγ is open and there exists n smooth vector fields e
(γ)
i : Uγ →

TM such that {e(γ)
1 (ξ), · · · , e(γ)

n (ξ)} is an orthonormal basis of TξM for all ξ ∈ Uγ .
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Since (M, g) is compact, it follows from the Gram-Schmidt orthogonalisation proce-
dure that a finite covering of parallel type always exists. A manifold is parallelizable
if there exists a smooth global orthonormal basis.

In the sequel, we fix (Uγ)γ∈C a finite covering of parallel type of M . With a slight

abuse of notation, for any γ ∈ C, and any ξ ∈ Uγ , we define ej(ξ) = e
(γ)
j (ξ) for

j = 1, · · · , n, where e
(γ)
j is as in Definition 2.2. In other words, for any γ ∈ C,

there exists n smooth maps e1, · · · , ej : Uγ → TM such that for any ξ ∈ Uγ ,
(e1(ξ), · · · , en(ξ)) is an orthonormal basis of TξM . We can then assimilate smoothly
the tangent space TξM at ξ ∈ Uγ to Rn via the map

Φξ : Rn → TξM
X 7→

∑n
j=1X

jej(ξ).

2.3. The distance on C2,θ
B .

Definition 2.3. Let E be a Banach space. We define C2,θ
B (E) as the set of functions

that are in C2,θ(B) for any bounded open set B ⊂ E: we endow C2,θ
B (E) with the

topology inherited from the natural associated family of semi-norms. This topology
is metrizable with the distance

dC2,θ
B

(G1, G2) := sup
p∈N

‖G1 −G2‖C2,θ(Bp(0))

2p(1 + ‖G1 −G2‖C2,θ(Bp(0)))
for all G1, G2 ∈ C2,θ

B (E).

2.4. The peaks Wκ,δ,ξ. We consider a function Λ ∈ C∞(M × M) such that,
defining Λξ := Λ(ξ, ·) for all ξ ∈M , we have that

(9) Λξ > 0 and Λξ(ξ) = 1 for all ξ ∈M.

We then define a metric gξ := Λ
4

n−2

ξ g for all ξ ∈ M conformal to g. Since Λ is
continuous, there exists C > 0 such that

(10)
1

C
g ≤ gξ ≤ Cg

for all ξ ∈ M . The compactness of M yields the existence of r0 > 0 such that
the injectivity radius of the metric gξ satisfies igξ(M) ≥ r0 for all ξ ∈ M . We let
χ ∈ C∞(R) be such that χ(t) = 1 for t ≤ r0/3, χ(t) = 0 for all t ≥ r0/2 and
0 ≤ χ ≤ 1.

For κ ∈ {−1,+1}, δ > 0, and ξ ∈M such that f0(ξ) > 0, a bubble is defined as

(11) Wκ,δ,ξ(x) := κχ(dgξ(x, ξ))Λξ(x)

(
δ
√

n(n−2)
f0(ξ)

δ2 + dgξ(x, ξ)
2

)n−2
2

+Bδ,ξ(x)

for all x ∈M , where (δ, ξ) 7→ Bδ,ξ is C1 from (0,+∞)×M to H2
1 (M) and

(12) ‖Bδ,ξ‖H2
1

+ δ‖∂δBδ,ξ‖H2
1

+ δ‖∇ξBδ,ξ‖H2
1
≤ ε(δ)

for all δ > 0 and ξ ∈M , where limδ→0 ε(δ) = 0. If H = (·)+, we require that κ = 1.
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2.5. Sobolev inequalities. We let D2
1(Rn) be the completion of C∞c (Rn) for the

nom u 7→ ‖∇u‖2. It follows from Sobolev’s Theorem that D2
1(Rn) is embedded

continuously in L2?(Rn) and that for any ϕ ∈ D2
1(Rn), we have that

(13) ‖ϕ‖2? ≤ K(n, 2)‖∇ϕ‖2 with K(n, 2) := 2(n (n− 2)ω2/n
n )−1/2.

On the compact manifold (M, g), H2
1 (M) is embedded in L2?(M) and there exists

A > 0 such that for any φ ∈ H2
1 (M), we have that

(14) ‖φ‖2? ≤ A‖φ‖H2
1
.

2.6. Derivatives of the peaks. Given a > 0, we are interested in solutions U ∈
D2

1(Rn) to the equation

(15) ∆EuclUa = aU2?−1
a in Rn,

where Eucl is the Euclidean metric. As one checks, the Lie group (0,+∞) × Rn
(with the relevant structure) leaves the solution to (15) invariant via the action

(16) (δ, x0) ∈ (0,+∞)× Rn 7→ δ−
n−2
2 Ua(δ−1(· − x0)).

For a > 0, we define

Ua(x) :=

(√n(n−2)
a

1 + |x|2

)n−2
2

for all x ∈ Rn.

As easily checked, we have that Ua ∈ D2
1(Rn) is a solution to (15). Therefore, the

action of the Lie algebra of (0,+∞)×Rn yields elements of the set KBE of solutions
V ∈ D2

1(Rn) of the linearized equation

(17) ∆EuclV = (2? − 1)aU2?−2
a V in Rn.

Conversely, it follows from Bianchi–Egnell [2] that this actions is onto, that is

KBE = Span{Vj/ j = 0, · · · , n},
where

V0 :=
2

n− 2

(
a

n(n− 2)

)(n−2)/4
∂

∂δ
(δ−

n−2
2 Ua(δ−1·))δ=1 =

|x|2 − 1

(1 + |x|2)
n
2
,

Vj :=
−1

n− 2

(
a

n(n− 2)

)(n−2)/4

∂xjUa =
xj

(1 + |x|2)
n
2

for all j = 1, · · · , n.

The functions Vj form an orthonormal basis of KBE for the scalar product (u, v) 7→∫
Rn(∇u,∇v) dx. Rescaling and pulling-back on M , for any δ > 0, ξ ∈ M , and
X ∈ TξM , we define

Zδ,ξ(x) := χ(dgξ(x, ξ))Λξ(x)δ
n−2
2

dgξ(x, ξ)
2 − δ2

(δ2 + dgξ(x, ξ)
2)

n
2
,(18)

Zδ,ξ,X(x) := χ(dgξ(x, ξ))Λξ(x)δ
n
2

〈(exp
gξ
ξ )−1(x), X〉gξ(ξ)

(δ2 + dgξ(x, ξ)
2)

n
2

(19)

for all x ∈ M . We let (Uγ)γ be as in Definition 2.2. Here and in the sequel, exp
gξ
ξ

denotes the exponential map at the point ξ ∈M with respect to the metric gξ. For
γ ∈ C, ξ ∈ Uγ , and δ > 0, we define

(20) Zδ,ξ,j := Zδ,ξ,ej(ξi) for j = 1, · · · , n and Zδ,ξ,0 := Zδ,ξ ,
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where the ej(ξ)’s are defined in Definition 2.2: we have omitted the index γ for
clearness. Since the isometric assimilation of the tangent space to Rn is smooth
with respect to ξ ∈ Uγ , we define

(21)
˜exp
gξ
ξ : Rn → M

X 7→ exp
gξ
ξ (Φξ(X)) .

2.7. Riesz correspondence. We let ε0 > 0 be such that for h ∈ L∞(M) such that
‖h−h0‖∞ < ε0, we have that ‖h‖∞ ≤ ‖h0‖∞+1 and λ1(∆g+h) ≥ λ1(∆g+h0)/2 >
0. With a slight abuse of notation, we define ∆g + h : H2

1 (M) → (H2
1 (M))′

u 7→
(
v 7→ (u, v)h :=

∫
M

((∇u,∇v)g + huv) dvg
)
 ,

and its inverse is denoted as (∆g+h)−1. For τ ∈ L
2n
n+2 (M), it follows from Sobolev’s

Theorem (see (14)) that the map Tτ : v 7→
∫
M
τv dvg is defined and continuous for

v ∈ H2
1 (M): we will then write (∆g + h)−1(τ) := (∆g + h)−1(Tτ ). It then follows

from regularity theory that for ‖h− h0‖ < ε0, we have that

(22) ‖(∆g + h)−1(τ)‖H2
1
≤ C(h0, ε0)‖τ‖ 2n

n+2
,

where C(h0, ε0) > 0 depends only on (M, g), h0 ∈ L∞(M), and ε0 > 0.

2.8. Notation. In the sequel, C,C1, C2, · · · will denote positive constants depend-
ing only on (M, g), k, ν0, θ, C0, u0, h0, f0, and G0. We will often use the same
notation C or Ci (i ≥ 1) for different constants from line to line, and even in the
same line.

The notation ωa,b,···(x) will denote a constant depending on a, b, · · · , x, (M, g), k,
ν0, θ, C0, u0, h0, f0, and G0 and such that limx→l ωa,b,···(x) = 0, where l ∈ {0,+∞}
will be explicit for each statement.

3. Preliminary computations 1: rescaling and pull-back

We fix γ ∈ C, where C is as in Definition 2.2. We choose a function F ∈
C∞(M ×M) such that F (ξ, x) = 0 if dgξ(ξ, x) ≥ r0 for ξ, x ∈M . For ϕ ∈ D2

1(Rn),
we define for ξ ∈ Uγ and δ > 0

(23) RescFδ,ξ(ϕ)(x) := F (ξ, x)δ−
n−2
2 ϕ

(
δ−1( ˜exp

gξ
ξ )−1(x)

)
for all x ∈M . This transformation is the infinitesimal transfer via the exponential
map of the action (0,+∞) × Rn on D2

1(Rn) defined in (16). As a preliminary
remark, it follows from (20) that

(24) Zδi,ξi,j = RescF
(1)

δi,ξi(Vj) and Wκi,ξi,δi = RescF
(2)

δi,ξi(U1) +Bδi,ξi ,

with F (1)(ξ, x) := χ(dgξ(x, ξ))Λξ(x), F (2)(ξ, x) := κif0(ξ)−(n−2)/4χ(dgξ(x, ξ))Λξ(x)
for all ξ, x ∈M .

Proposition 3.1. For all ϕ ∈ D2
1(Rn), δ > 0, and ξ ∈ Uγ , there hold Rescδ,ξ(ϕ) ∈

H2
1 (M) and

(25) ‖RescFδ,ξ(ϕ)‖H2
1
≤ C1(F )‖ϕ‖D2

1
,
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where C1(F ) > 0 is independant of ξ ∈ Uγ , δ > 0, and ϕ ∈ D2
1(Rn). Moreover, for

all ϕ,ψ ∈ D2
1(Rn), and for all δ,R > 0 and ξ ∈ Uγ , we have that

(26)

∣∣∣∣∣
∫
B
gξ
Rδ(ξ)

(
∇RescFδ,ξ(ϕ),∇RescFδ,ξ(ψ)

)
gξ
dvgξ − F (ξ, ξ)2

∫
Rn

(∇ϕ,∇ψ)Eucl dx

∣∣∣∣∣
≤ ω1,F,ϕ,ψ(R) + ω2,F,ϕ,ψ(δ),

(27)

∫
M\B

gξ
Rδ(ξ)

|∇RescFδ,ξ(ϕ)|2gξ dvgξ ≤ ω1,F,ϕ,ψ(R) + ω2,ϕ,ψ(δ),

(28)

∫
M

|RescFδ,ξ(ϕ)|2 dvgξ ≤ ω3,F,ϕ(δ),

where limR→+∞ ω1,F,ϕ,ψ(R) = limδ→0 ω2,F,ϕ,ψ(δ) = limδ→0 ω3,F,ϕ(δ) = 0.

Proof of Proposition 3.1: We fix ϕ,ψ ∈ D2
1(Rn). We consider a domain D ⊂M . A

change of variable yields
(29)∫

D

(
∇RescFδ,ξ(ϕ),∇RescFδ,ξ(ψ)

)
gξ
dvgξ =

∫
Dδ,ξ

(∇(φδ,ξϕ),∇(φδ,ξϕ))gδ,ξ dvgδ,ξ ,

where Dδ,ξ := δ−1( ˜exp
gξ
ξ )−1(D ∩Bgξr0 (ξ)), gδ,ξ(x) := (( ˜exp

gξ
ξ )?g)(δx) and

φδ,ξ(x) := F (ξ, ˜exp
gξ
ξ (δx))

for all x ∈ Rn. Integrating (29) by parts yields

(30)

∫
D

(
∇RescFδ,ξ(ϕ),∇RescFδ,ξ(ψ)

)
gξ
dvgξ

=

∫
Dδ,ξ

(
φ2
δ,ξ(∇ϕ,∇ψ)gδ,ξ + φδ,ξ(∆gδ,ξφδ,ξ)ϕψ

)
dvgδ,ξ .

Since F is smooth, there exists C(F ) > 0 such that

(31)

 |φδ,ξ(x)− φδ,ξ(0)| ≤ C(F )δ|x| , |φδ,ξ∆gδ,ξφδ,ξ(x)| ≤ C(F )δ2,

|gδ,ξ(x)− gδ,ξ(0)| ≤ C(F )δ Eucl , and |dvgδ,ξ(x)− dx| ≤ C(F )δ dx

for all x ∈ Br0/δ(0) ⊂ Rn. Since φδ,ξ(0) = F (ξ, ξ) and gδ,ξ(0) = Eucl the Euclidean
metric in Rn, plugging (31) into (30) yields∣∣∣∣∣

∫
D

(
∇RescFδ,ξ(ϕ),∇RescFδ,ξ(ψ)

)
gξ
dvgξ − F (ξ, ξ)2

∫
Dδ,ξ

(∇ϕ,∇ψ)Eucl dx

∣∣∣∣∣
≤ C(F )

∫
Dδ,ξ

(δ|∇ϕ| · |∇ψ|+ δ2|ϕ| · |ψ|) dx

≤ C(F )δ‖∇ϕ‖2‖∇ψ‖2 + C(F )

√
δ2

∫
Br0/δ(0)

ϕ2 dx ·
√
δ2

∫
Br0/δ(0)

ψ2 dx .(32)
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Independently, for any R > 0, we have that

δ2

∫
Br0/δ(0)

ϕ2 dx ≤ δ2

∫
Br0/δ(0)\BR(0)

ϕ2 dx+ δ2

∫
BR(0)

ϕ2 dx

≤ δ2 ·

(∫
Br0/δ(0)\BR(0)

dx

) 2
n
(∫

Br0/δ(0)\BR(0)

|ϕ|2
?

dx

) 2
2?

+δ2 ·

(∫
BR(0)

dx

) 2
n
(∫

BR(0)

|ϕ|2
?

dx

) 2
2?

≤ Cr2
0

(∫
Rn\BR(0)

|ϕ|2
?

dx

) 2
2?

+ Cδ2R2

(∫
Rn
|ϕ|2

?

dx

) 2
2?

.(33)

Since ϕ ∈ D2
1(Rn), it follows from Sobolev’s inequality (13) that ϕ ∈ L2?(Rn) and

(34) lim
δ→0

δ2

∫
Br0/δ(0)

ϕ2 dx = 0 .

As a consequence, for all ξ ∈ Uγ , all δ > 0, and all domain D ⊂M , we have that

(35)

∣∣∣∣∣
∫
D

(
∇RescFδ,ξ(ϕ),∇RescFδ,ξ(ψ)

)
gξ
dvgξ − F (ξ, ξ)2

∫
Dδ,ξ

(∇ϕ,∇ψ)Eucl dx

∣∣∣∣∣
≤ ω4,F,ϕ,ψ(δ),

where limδ→0 ω4,F,ϕ,ψ(δ) = 0. Taking alernativelyD := B
gξ
Rδ(ξ) orD := M\BgξRδ(ξ),

and letting R → +∞ yields (26) and (27). Taking R = 0 in (33), taking D := M
and ψ = ϕ in (32), and using Sobolev’s inequality (13), we get that

(36)

∫
M

∣∣∇RescFδ,ξ(ϕ)
∣∣2
gξ
dvgξ ≤ C(F )

∫
Rn
|∇ϕ|2 dx+ C(F )

(∫
Rn
|ϕ|2

?

dx

) 2
2?

for δ < 1. A change of variable and Hölder’s inequality yields∫
M

Rescδ,ξ(ϕ)2 dvgξ = δ2

∫
Br0/δ(0)

|φδ,ξϕ|2 dvgδ,ξ ≤ C(F )δ2

∫
Br0/δ(0)

ϕ2 dx .

Assertion (28) follows from inequality (10), (34), and the latest inequality. Assertion
(25) follows from (36), inequality (10), Sobolev’s inequality (13), and (28). �

As a consequence, we get the following orthogonality property:

Proposition 3.2. Let ϕ,ψ ∈ D2
1(Rn) be two functions and h ∈ L∞(M) such that

‖h‖∞ < C1. Then for any ((δi)i, (ξi)i) ∈ Dk(ε,N), we have that∣∣∣∣(RescFδi,ξi(ϕ),RescFδj ,ξj (ψ))h − δi,jF (ξ, ξ)

∫
Rn

(∇ϕ,∇ψ) dx

∣∣∣∣ ≤ ω5,F,C1,ϕ,ψ(ε,N)

for all i, j ∈ {1, .., k}, where limε→0 ;N→+∞ ω5,F,C1,ϕ,ψ(ε,N) = 0. Here, δi,j = 1 if
i = j and 0 otherwise.
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Proof of Proposition 3.2: We let R > 0 be a positive number. We have that

(37)

∣∣∣∣∫
M

(∇RescFδi,ξi(ϕ),∇RescFδj ,ξj (ψ))g dvg

∣∣∣∣ ≤ ∫
M\BgRδi (ξi)

· · ·

+

∫
M\BgRδj (ξj)

· · ·+
∫
BgRδi

(ξi)∩BgRδj (ξj)

· · ·

It follows from (10), and assertions (27) and (25) of Proposition 3.1 that

(38)

∫
M\BgRδi (ξ)

∣∣∣(∇RescFδi,ξi(ϕ),∇RescFδj ,ξj (ψ))g

∣∣∣ dvg
≤
√∫

M\B
gξ
Rδi

(ξ)

|∇RescFδi,ξi(ϕ)|2gξ dvgξ · ‖RescFδj ,ξj (ψ)‖H2
1
≤ ω6,F,ϕ,ψ(R),

where limR→+∞ ω6,F,ϕ,ψ(R) = 0.

We first assume that i 6= j. If BgRδi(ξi) ∩ B
g
Rδj

(ξj) = ∅, we get (41) from (37) and

(38). We assume that BgRδi(ξi) ∩ B
g
Rδj

(ξj) 6= ∅ and i 6= j. Then we have that

dg(ξi, ξj) < R(δi+ δj). Since ((δi)i, (ξi)i) ∈ Dk(ε,N), exchanging if necessary i and
j if necessary, we then get that for N large enough and ε small enough that

(39)
δi
δj
<

2(1 +R2)

N
.

Therefore, using (25), we get that∫
BgRδi

(ξi)∩BgRδj (ξj)

∣∣∣(∇RescFδi,ξi(ϕ),∇RescFδj ,ξj (ψ))g

∣∣∣ dvg
≤ ‖RescFδi,ξi(ϕ)‖H2

1 (M) ·
√∫

B
gξj
Rδi

(ξi)∩B
gξj
Rδj

(ξj)

|∇RescFδj ,ξj (ψ)|gξj dvξj

≤ C(F )‖ϕ‖D2
1
·
√∫

δ−1
j

˜exp−1
ξj

(B
gξj
Rδi

(ξi))∩BR(0)

|∇ψ|2Eucl dx .(40)

Via Lebesque’s theorem, it follows from (39) that for R > 0 fixed, the right-hand-
side above is as small as desired for N > 0 large. Plugging together (37), (38), and
(40), we get that for i 6= j,

(41)

∣∣∣∣∫
M

(∇RescFδi,ξi(ϕ),∇RescFδj ,ξj (ψ))g dvg

∣∣∣∣ ≤ ω7,F,ϕ,ψ(N),

where limN→+∞ ω7,F,ϕ,ψ(N) = 0.

We now assume that i = j. For R > 0 fixed, we have that |gξi − g| ≤ C(R)δig on
BRδi(ξi) since Λξi(ξi) = 1. We then get with (25) that

(42)

∣∣∣∣∣
∫
B
gξi
Rδi

(ξi)

(∇RescFδi,ξi(ϕ),∇RescFξi,δi(ψ))g dvg

−
∫
B
gξi
Rδi

(ξi)

(∇RescFδi,ξi(ϕ),∇RescFξi,δi(ψ))gξi dvgξi

∣∣∣∣∣
≤ C(F,R)δi‖RescFδi,ξi(ϕ)‖H2

1
‖RescFδj ,ξj (ψ)‖H2

1
≤ C(F,R, ϕ, ψ)δi .
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Proposition 3.2 then follows from (41), (38), (26), (28), and (42). �

As a corollary, we get an orthogonality property for the Zδi,ξi,j ’s defined in (20):

Corollary 3.3. Let h ∈ L∞(M) be such that ‖h‖∞ ≤ C̃1. For any i, i′ ∈ {1, .., k}
and any j, j′ ∈ {0, .., n}, we have that∣∣(Zδi,ξi,j , Zδi′ ,ξi′ ,j′)h − δi,i′δj,j′‖∇Vj‖22∣∣ ≤ ω8,C̃1

(ε,N),

where limε→0 , N→+∞ ω8,C̃1
(ε,N) = 0. Here, δi,i′ = 1 if i = i′ and 0 otherwise.

Proof of Corollary 3.3: Taking F (ξ, x) := χ(dgξ(x, ξ))Λξ(x), the corollary is a
direct consequence of (24), Proposition 3.4 above, and the fact that the Vj ’s form
an orthogonal family of D2

1(Rn). �

We now deal with the nonlinear interactions of different rescalings:

Proposition 3.4. Let ϕ,ψ ∈ D2
1(Rn) be two functions. Then for any i 6= j ∈

{1, .., k} and all r, s ≥ 0 such that 1 ≤ r + s ≤ 2?, we have that

(43)

∫
M

|RescFδi,ξi(ϕ)|r|RescFδj ,ξj (ϕ)|s dvg ≤ ω9,F,ϕ,ψ(ε,N),

where limε→0 , N→+∞ ω9,F,ϕ,ψ(ε,N) = 0.

Proof of Proposition 3.4: We let R > 0 be a positive number. We have that

(44)

∫
M

|RescFδi,ξi(ϕ)|r|RescFδj ,ξj (ψ)|s dvg ≤
∫
M\B

gξi
Rδi

(ξi)

· · ·+
∫
M\B

gξj
Rδj

(ξj)

· · ·

+

∫
B
gξi
Rδi

(ξi)∩B
gξj
Rδj

(ξj)

· · ·

It follows from (10), Hölder’s inequality, (25), and Sobolev’s embedding (14) that∫
M\B

gξi
Rδi

(ξi)

|RescFδi,ξi(ϕ)|r|RescFδj ,ξj (ψ)|s dvg

≤ (V olg(M))
2?−(r+s)

2?

(∫
M\B

gξi
Rδi

(ξi)

|RescFδi,ξi(ϕ)|2
?

dvgξ

) r
2?

· ‖RescFδj ,ξj (ψ)‖s2?

≤ (V olg(M))
2?−(r+s)

2?

(∫
Rn\BR(0)

|ϕ|2
?

dx

) r
2?

· C(F )‖RescFδj ,ξj (ψ)‖sH2
1

≤ C(F ) · (1 + V olg(M)) ·

(∫
Rn\BR(0)

|ϕ|2
?

dx

) r
2?

· ‖ψ‖sD2
1
≤ ω10,F,ϕ,ψ(R),(45)

where limR→+∞ ω10,F,ϕ,ψ(R) = 0.

We now assume that B
gξi
Rδi

(ξi) ∩ B
gξj
Rδj

(ξj) 6= ∅ and i 6= j. Then we have that

dg(ξi, ξj) < C1R(δi + δj), where C1 > 0. Since ((δi)i, (ξi)i) ∈ Dk(ε,N), up to
exchanging i and j if necessary, we then get that

(46)
δi
δj
<

2(1 + C2
1R

2)

N
.
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Therefore, using the comparison between gξi and gξj given by (10), we get that∫
B
gξi
Rδi

(ξi)∩B
gξj
Rδj

(ξj)

|RescFδi,ξi(ϕ)|r|RescFδj ,ξj (ψ)|s dvg

≤ (V olg(M))
2?−(r+s)

2? ‖RescFδi,ξi(ϕ)‖rL2? (M)

×

(∫
B
gξj
C8Rδi

(ξi)∩B
gξj
Rδj

(ξj)

|RescFδj ,ξj (ψ)|2
?

dvgξ

) s
2?

≤ C(F )‖RescFδi,ξi(ϕ)‖H2
1
·

(∫
δ−1
j

˜exp−1
ξj

(B
gξj
C2Rδi

(ξi))∩BR(0)

|ψ|2
?

dvgξ

) s
2?

≤ C(F )‖ϕ‖D2
1
·

(∫
δ−1
j

˜exp−1
ξj

(B
gξj
C2Rδi

(ξi))∩BR(0)

|ψ|2
?

dvgξ

) s
2?

.(47)

Via Lebesque’s theorem, it follows from (46) that for R > 0 fixed, the right-hand-
side above is as small as desired for N > 0 large. Plugging (45) and (47) into (44)
yields (43). This ends the proof of Proposition 3.4. �

The last tool introduced here is the inverse rescaling. Let F̃ ∈ C∞(M × Rn) be

such that F̃ (ξ, z) = 0 if |z| ≥ r0. Let φ ∈ H2
1 (M) be a function. For ξ ∈ Uγ and

δ > 0, we define

(48) ˜Resc
F̃

δ,ξ(φ)(x) := F̃ (ξ, δ|x|)δ
n−2
2 φ ◦ ˜expξ(δx)

for all x ∈ Rn.

Proposition 3.5. For any φ ∈ H2
1 (M), ξ ∈ Uγ , and δ > 0, then ˜Resc

F̃

δ,ξ(φ) ∈
D2

1(Rn). In addition, if ‖h‖∞ ≤ C̃1, then

‖ ˜Resc
F̃

δ,ξ(φ)‖D2
1
≤ C(C̃1)‖φ‖H2

1 (M).

Proof of Proposition 3.5: By density, it is enough to prove the result for φ ∈
C∞(M). Then, ˜Resc

F̃

δ,ξ(φ) ∈ C∞c (Rn). A change of variable yields∫
Rn
|∇ ˜Resc

F̃

δ,ξ(φ)|2Eucl dx

=

∫
B
gξ
r0

(ξ)

|∇(F̃ (ξ, ( ˜exp
gξ
ξ )−1))φ|2

( ˜exp
gξ
ξ )−1)? Eucl

dv
( ˜exp

gξ
ξ )−1)? Eucl

.

Since F ∈ C∞(M × Rn) and (10) holds, we have that ( ˜exp
gξ
ξ )−1)? Eucl ≤ Cg and∫

Rn
|∇ ˜Resc

F̃

δ,ξ(φ)|2Eucl dx ≤ C(F̃ )‖φ‖2H2
1 (M)

for all φ ∈ C∞(M). Proposition 3.5 then follows by density. �

4. Preliminary computations 2: estimates of derivatives

This section is devoted to the proof of the following estimates:
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Proposition 4.1. For γ ∈ C, for any ξ ∈ Uγ and δ > 0, we have that

∂δWκ,δ,ξ = κ
n− 2

2

(
n(n− 2)

f0(ξ)

)n−2
4

· 1

δ
· (Zξ,δ,0 + o(1)) ,(49)

∂(ξ)jWκ,δ,ξ = κ
n− 2

2

(
n(n− 2)

f0(ξ)

)n−2
4

· 1

δ
· (Zξ,δ,j + o(1))(50)

for all j = 1, · · · , n, where ‖o(1)‖H2
1
≤ ω11(δ) and limδ→0 ω11(δ) = 0. Moreover,

we have that

(51) δ‖∂δZξ,δ,j‖H2
1
≤ C and δ‖∇ξZξ,δ,j‖H2

1
≤ C ,

where C > 0 is independent of ξ ∈ Uγ and δ ∈ (0, 1). The partial derivatives along
the center ξ ∈ Uγ in (50) are defined in (55) below.

In other words, the differentiation of the rescaling along (0,+∞)×M is essentially
the rescaling of the differentiation of U1 along the Lie algebra of (0,+∞)× Rn for
the action (16).

Proof of Proposition 4.1: Straightforward computations yield

∂δWκ,δ,ξ = κ
n− 2

2

(
n(n− 2)

f0(ξ)

)n−2
4

· 1

δ
· Zξ,δ,0 + ∂δBδ,ξ ,(52)

∂δZξ,δ,j =
1

δ
· RescF

(1)

δ,ξ (Φj) for all j = 0, · · · , n,(53)

where F (1)(ξ, x) := χ(dgξ(x, ξ))Λξ(x) for ξ, x ∈M and Φj ∈ D2
1(Rn) are such that

Φ0(x) :=
n−2

2 |x|
4 − (n+ 2)|x|2 + n−2

2

(1 + |x|2)
n+2
2

and Φj(x) :=
n(|x|2 − 1)xj

2(1 + |x|2)
n+2
2

for j = 1, .., n

for all x ∈ Rn. It then follows from (12), (52), (25), (53) that (49) and the first
inequality of (51) hold.

We now focus on the derivatives along the center ξ. Since the Wδ,ξ’s and the Zδ,ξ,j ’s
enjoy the same representation (24), we are going to work with the function

Wδ,ξ(x) := Ψ(ξ, x)δ−
n−2
2 V

(
δ−1( ˜exp

gξ
ξ )−1(x)

)
for all x ∈ M , where V ∈ D2

1(Rn) is such that ∂jV ∈ D2
1(Rn) for all j = 1, · · · , n

and Ψ ∈ C∞(Uγ ×M) is such that Ψ(ξ, x) = 0 if dgξ(x, ξ) ≥ r0. For ~τ ∈ Rn, we

define ~τ(t) := ˜exp
gξ
ξ (t~τ), and we consider

(54) Wδ,~τ(t) := Ψ(~τ(t), ·)δ−
n−2
2 V

(
δ−1Θξ

)
,

where Θξ := ( ˜exp
gξ
ξ )−1 with definition (21). We then define

(55) ∂(ξ)jWδ,ξ :=
d

dt

(
Wδ,~τ(t)

)
|t=0

for ~τ = (0, · · · , 0, 1, 0, · · · , 0) being the jth vector of the canonical basis of Rn.
Straightforward computations yield

d

dt

(
Wδ,~τ(t)

)
|t=0

= RescΨ0

δ,ξ(V ) +

n∑
k=1

δ−1RescΨk
δ,ξ (∂kV ),
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where Ψ0(ξ, x) := dΨ(ξ,x)(d( ˜exp
gξ
ξ )0(~τ), 0) and Ψk(ξ, x) := Ψ(ξ, x) ddt

(
Θ~τ(t)(x)

)k
|t=0

for k = 1, .., n and ξ ∈ Uγ , x ∈M . We define

Ψ̃k(ξ, x) := Ψk(ξ, x)−Ψk(ξ, ξ)F (1)(ξ, x), where F (1)(ξ, x) := χ(dgξ(x, ξ))Λξ(x)

for all k = 1, · · · , n and ξ, x ∈M . We then have that

d

dt

(
Wδ,~τ(t)

)
|t=0

=

n∑
k=1

δ−1Ψk(ξ, ξ)RescF
(1)

δ,ξ (∂kV )

+ RescΨ0

δ,ξ(V ) +

n∑
k=1

δ−1RescΨ̃k
δ,ξ (∂kV ).

Since Ψ̃k(ξ, ξ) = 0, it follows from Proposition 3.1 that

(56)

∥∥∥∥∥ ddt (Wδ,~τ(t)

)
|t=0
−

n∑
k=1

δ−1Ψk(ξ, ξ)RescF
(1)

δ,ξ (∂kV )

∥∥∥∥∥
H2

1

≤ δ−1ω12,V (δ),

where limδ→0 ω12(δ) = 0. We are left with computing Ψk(ξ, ξ). We define X(t) :=
Θ~τ(t)(ξ) and for t small. In particular, X and ξ are smooth with respect to t small.
The definition of Θ, Taylor expansions, and the fact that X(0) = 0 yield

0 =
(

˜exp
gξ
ξ

)−1 ◦ ˜exp
g~τ(t)
~τ(t) (X(t)) =

(
˜exp
gξ
ξ

)−1 ◦ ˜exp
g~τ(t)
~τ(t) (tX ′(0) + o(t))

=
(

˜exp
gξ
ξ

)−1 ◦ ˜exp
g~τ(t)
~τ(t) (0) + td

((
˜exp
gξ
ξ

)−1 ◦ ˜exp
g~τ(t)
~τ(t)

)
0
(X ′(0)) + o(t)

=
(

˜exp
gξ
ξ

)−1
(~τ(t)) + td

((
˜exp
gξ
ξ

)−1 ◦ ˜exp
gξ
ξ

)
0
(X ′(0)) + o(t)

= t~τ + tX ′(0) + o(t)

when t→ 0. Therefore X ′(0) = −~τ . Since ~τ = (0, · · · , 0, 1, 0, · · · , ) (the jth vector),
we then get that Ψk(ξ, ξ) = −Ψ(ξ, ξ) if k = j and 0 otherwise. Then (56) rewrites

(57)

∥∥∥∥ ddt (Wδ, ˜exp
gξ
ξ (t~τ)

)
|t=0
− δ−1Ψ(ξ, ξ)RescF

(1)

δ,ξ (∂jV )

∥∥∥∥
H2

1

≤ δ−1ω12,V (δ),

where limδ→0 ω12(δ) = 0. The assertion (50) and the second assertion of (51) follow
from the expressions (24) and (54), and from (12) and (57). �

5. Inversion and fixed-point argument

For ((δi)i, (ξi)i) ∈ (0,+∞)k ×Mk, we define

K(δi)i,(ξi)i := Span {Zδi,ξi ; Zδi,ξi,ωi ; ϕ/ i = 1, · · · , k , ωi ∈ TξiM , ϕ ∈ K0} .

We let {ϕ1, · · · , ϕd} be an orthonormal basis of K0 for (·, ·)h0
. We then have that

(58) K(δi)i,(ξi)i = Span {Zδi,ξi,j ; ϕl / i = 1, · · · , k , j = 0, · · · , n , l = 1, · · · , d} .

It follows from (24), (25), and (28) that the Zδi,ξi,j ’s go weakly to 0 in H2
1 (M)

when δi → 0 uniformly with respect to ξi ∈ Uγ(i). It follows from Corollary 3.3
that for ε > 0 small enough and N > 0 large enough, the Zδi,ξi,j ’s (i = 1, · · · , k
and j = 0, · · · , n) form an ”almost” orthogonal family. Therefore, the generating
family in (58) is ”almost” orthogonal for (δi)i, (ξi)i ∈ Dk(ε,N) for ε > 0 small and
N > 0 large, and therefore, dimRK(δi)i,(ξi)i = k(n + 1) + d. We define K⊥(δi)i,(ξi)i
as the orthogonal of K(δi)i,(ξi)i in H2

1 (M) for the scalar product (·, ·)h.
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We define ΠK(δi)i,(ξi)i : H2
1 (M) → H2

1 (M) and ΠK⊥
(δi)i,(ξi)i

: H2
1 (M) → H2

1 (M)

respectively as the orthogonal projection on K(δi)i,(ξi)i and K⊥(δi)i,(ξi)i with respect

to the scalar product (·, ·)h. As easily checked, v ∈ H2
1 (M) is a solution to (1) iff

(59)
ΠK⊥

(δi)i,(ξi)i

(
v − (∆g + h)−1(F ′(v))

)
= 0

and ΠK(δi)i,(ξi)i

(
v − (∆g + h)−1(F ′(v))

)
= 0 .

In this section, we solve the first equation of (59):

Proposition 5.1. Under the hypotheses of Theorem 1.1, there exists N > 0 and

ε > 0 such that for any h ∈ L∞(M), f ∈ C0(M), G ∈ C2,θ
loc (H2

1 (M)), and u ∈
C1(B1(0), H2

1 (M)) such that (6), (7), and (8) hold, there exists φ ∈ C1(Bε(0) ×
Dk(ε,N), H2

1 (M)) such that

u(z, (δi)i, (ξi)i) := u(z) +

k∑
i=1

Wκi,δi,ξi + φ(z, (δi)i, (ξi)i)

is a solution to

(60) ΠK⊥
(δi)i,(ξi)i

(
u(z, (δi)i, (ξi)i)− (∆g + h)−1(F ′(u(z, (δi)i, (ξi)i)))

)
= 0

for all (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N). In addition, we have that

φ(z, (δi)i, (ξi)i) ∈ K⊥(δi)i,(ξi)i and ‖φ(z, (δi)i, (ξi)i)‖H2
1
≤ C ·R(z, (δi)i, (ξi)i),

where C is a constant depending on (M, g), k, ν0, θ, C0, u0, h0, f0, and G0. The
remainder R(z, (δi)i, (ξi)i) is defined in (5). Moreover, we have that

R(z, (δi)i, (ξi)i) ≤ ω13(ε,N)

for all z ∈ Bε(0) and ((δi)i, (ξi)i) ∈ Dk(ε,N), where limε→0,N→+∞ ω13(ε,N) = 0.

5.1. Inversion of the linear operator.

Proposition 5.2. Under the hypotheses of Theorem 1.1, there exists c > 0, there

exists N > 0 and ε > 0 such that for h ∈ L∞(M), f ∈ C0(M), G ∈ C2,θ
loc (H2

1 (M)),
and u ∈ C1(B1(0), H2

1 (M)) such that (6), (7), and (8) hold, then there exists c > 0
such that for any z ∈ Bε(0) and ((δi)i, (ξi)i) ∈ Dk(ε,N), we have that

(61) ‖Lz,(δi)i,(ξi)i(ϕ)‖H2
1
≥ c‖ϕ‖H2

1

for all ϕ ∈ H2
1 (M), where

Lz,(δi)i,(ξi)i) :{
K⊥(δi)i,(ξi)i → K⊥(δi)i,(ξi)i

ϕ 7→ ΠK⊥
(δi)i,(ξi)i

(
ϕ− (∆g + h)−1(F ′′(u(z, (δi)i, (ξi)i)ϕ)

) } .
In particular, Lz,(δi)i,(ξi)i) is a bi-continuous isomorphism.

Proof of Proposition 5.2: We prove (61) by contradiction. We assume that there
exist (qα)α ∈ (2, 2?], (hα)α ∈ L∞(M), (fα)α ∈ C0(M), (zα)α ∈ B1(0), (uα)α ∈
C1(B1(0);H2

1 (M)), (Gα)α ∈ C2,θ
loc (H2

1 (M)), (δi,α)α, and (ξi,α)α for i = 1, · · · , k and
(φα)α ∈ H2

1 (M) such that

(62) lim
α→+∞

‖hα − h0‖∞ + ‖fα − f0‖C0 + dC2,θ
B

(Gα, G0) = 0 ,
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(63) lim
α→+∞

δi,α = 0 , lim
α→+∞

δ2?−qα
i,α = 1 , lim

α→0
zα = 0 , lim

α→+∞
qα = 2? ,

(64) uα(0) = u0 , ‖uα‖C1(B1(0),H2
1 ) ≤ C0 , f0(ξi,α) ≥ ν0 for all i = 1, · · · , k,

(65) lim
α→+∞

(
δi,α
δj,α

+
δj,α
δi,α

+
dg(ξi,α, ξj,α)2

δi,αδj,α

)
= +∞ ,

(66) ‖φα‖H2
1

= 1 , φα ∈ K⊥α ,

and

(67) Lα(φα) = o(1),

where limα→+∞ o(1) = 0 in H2
1 (M) and

Lα := Lzα,(δi,α)i,(ξi,α)i and Kα := K(δi,α)i,(ξi,α)i .

In the sequel, all convergences are with respect to a subsequence of α. It follows
from the boundedness of (φα)α in (66) that there exists φ ∈ H2

1 (M) such that

(68) φα ⇀ φ weakly in H2
1 (M) when α→ +∞ .

It follows from (67) that there exist (λijα )α ∈ R and (µlα)α ∈ R for i ∈ {1, · · · , k},
j ∈ {0, · · · , n}, and l ∈ {1, · · · , d} such that
(69)

φα − (∆g + hα)−1
(
F ′′α

(
uα(zα) +

k∑
i=1

Wi,α

)
φα

)
= o(1) +

∑
i,j

λijαZi,j,α +

d∑
l=1

µlαϕl ,

where limα→0 o(1) = 0 in H2
1 (M) and

(70) Fα(v) :=
1

qα

∫
M

fαH(v)qα dvg +Gα(v)

for all v ∈ H2
1 (M) and

Wi,α := Wκi,δi,α,ξi,α and Zi,j,α := Zδi,α,ξi,α,j for all i ∈ {1, · · · , k}, j ∈ {0, · · · , n}.

It follows from Proposition 3.1 that for any i ∈ {1, · · · , k} and j ∈ {0, · · · , n}, we
have that

(71) Wi,α ⇀ 0 and Zi,j,α ⇀ 0 weakly in H2
1 (M) when α→ +∞ .

Since φα ∈ K⊥α , for any i = 1, · · · , k and any j = 0, · · · , n, we have that

(72) (φα, Zi,j,α)hα = 0 and (φα, ϕ)hα = 0 for all ϕ ∈ K0 .

It follows from the local C2−convergence (62) of Gα to G0, from the continuity
properties of G0 (see Definition 2.1) and from (68) that

(73) φα − (∆g + hα)−1
(

(qα − 1)fαH
(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

φα

)
− (∆g + h0)−1(G′′0(u0)φ) = o(1) +

∑
i,j

λijαZi,j,α +

d∑
l=1

µlαϕl
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where limα→0 o(1) = 0 in H2
1 (M). We define

Λα :=

k∑
i=1

n∑
j=0

|λijα |+
d∑
l=1

|µlα| for all α.

We fix ϕ ∈ H2
1 (M). It then follows from (73) that

(74) (φα, ϕ)hα − (qα − 1)

∫
M

fαH
(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

φαϕdvg

−G′′0(u0)(φ, ϕ) = oα(1) (1 + Λα)) (‖ϕ‖H2
1
)+
∑
i,j

λijα (Zi,j,α, ϕ)hα+

d∑
l=1

µlα(ϕl, ϕ)h0
.

Here and in the sequel, limα→+∞ oα(1)→ 0 uniformly with respect to ϕ ∈ H2
1 (M).

Step 1: We first bound the µlα’s. We fix ϕ ∈ H2
1 (M). It follows from (62), (63)

(64), (24), and (25) that the family (fαH(uα(zα)+
∑k
i=1Wi,α)qα−2φα)α is uniformly

bounded in L2n/(n+2)(M) and converges a.e. to f0H(u0)2?−2φ when α → +∞. It
then follows from integration theory that the convergence holds weakly in L2?(M)′.
Therefore, passing to the limit α→ +∞ in (74) for ϕ ∈ H2

1 (M) fixed, we get that

(75) (φ, ϕ)h0 − (2? − 1)

∫
M

f0H(u0)2?−2φϕdvg −G′′0(u0)(φ, ϕ)

= (φ, ϕ)h0 − F ′′0 (u0)(φ, ϕ) = oα(1) (1 + Λα) +

d∑
l=1

µlα(ϕl, ϕ)h0 .

Passing to the limit α→ +∞ in the second equality of (72) yields (φ, ϕ)h0
= 0 for

all ϕ ∈ K0. It then follows from (3) that F ′′0 (u0)(ϕ, φ) = (φ, ϕ)h0 = 0, and then

d∑
l=1

µlα(ϕl, ϕ)h0
= oα(1) (1 + Λα)

for all ϕ ∈ K0. Since {ϕl/ l = 1, · · · , d} is an orthonormal basis of K0, we get that

(76)

d∑
l=1

|µlα| = oα(1) (1 + Λα) ,

where limα→+∞ oα(1) = 0.

Step 2: We bound the λijα ’s. We fix i0 ∈ {1, · · · , k}. We fix ϕ ∈ D2
1(Rn) and define

ϕi0,α := RescFξi0,α,δi0,α(ϕ), where F (ξ, x) := χ(dgξ(ξ, x))Λξ(x) for ξ, x ∈M.

In particular, it follows from Proposition 3.1 that

(77) ϕi0,α ⇀ 0 weakly in H2
1 (M) when α→ +∞.

We define

φ̃i0,α := ˜Resc
F̃

ξi0,α,δi0,α
(φα), where F̃ (ξ, x) :=

χ(|x|)
Λξ( ˜exp

gξ
ξ (x))

for ξ ∈M, x ∈ Rn.

Note that it follows from Proposition 3.5 that (φ̃i0,α)α is bounded in D2
1(Rn), and

then, there exists φ̃i0 ∈ D2
1(Rn) such that

(78) φ̃i0,α ⇀ φ̃i0 in D2
1(Rn) when α→ +∞.
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As easily checked, RescFξi0,α,δi0,α(φ̃i0,α) = φα+τα, where (τα)α is bounded in H2
1 (M)

with support in M \B
gξi0,α
ξi0,α

(r0/3). It then follows from (27) and (28) that

(79)(
RescFξi0,α,δi0,α(φ̃i0,α),RescFξi0,α,δi0,α(ϕ)

)
hα

=
(
φα,RescFξi0,α,δi0,α(ϕ)

)
hα

+ oα(1),

where limα→+∞ oα(1) = 0. Applying (74) to ϕi0,α yields

(φα, ϕi0,α)hα − (qα − 1)

∫
M

fαH

(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

φαϕi0,α dvg

−G′′0(u0)(φ, ϕi0,α) = oα(1) (1 + Λα) (‖ϕi0,α‖H2
1
)

+
∑
i,j

λijα (Zi,j,α, ϕi0,α)hα +

d∑
l=1

µlα(ϕl, ϕi0,α))h0 .

It then follows from (79), (32), (42), the properties of G0 (see Definition 2.1), (77),
and Proposition 3.2 that

(80) (φ̃i0,α, ϕ)Eucl − (qα − 1)

∫
M

fαH

(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

φαϕi0,α dvg

= oα(1) (1 + Λα) +
∑
j

λi0jα (Vj , ϕ)Eucl .

Without loss of generality, we can assume that θ < min{1, 2? − 2}. Then, there
exists C(θ) > 0 such that∣∣∣∣H( k∑

i=0

Xi

)qα−2

−H(X0)qα−2

∣∣∣∣ ≤ C(θ)|X0|θ
k∑
i6=0

|Xi|qα−2−θ + C(θ)
∑
i6=0

|Xi|qα−2

for all Xi ∈ R, i = 0, · · · , k. As a consequence, we get that∣∣∣∣ ∫
M

fα

(
H

(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

−H(Wi0,α)qα−2

)
φαϕi0,α dvg

∣∣∣∣
≤ C

∫
M

(
|Wi0,α|θ|uα(zα)|qα−2−θ +

∑
i 6=i0

|Wi0,α|θ|Wi,α|qα−2−θ
)
|φα| · |ϕi0,α| dvg

+

∫
M

(
|uα(zα)|qα−2 +

∑
i 6=i0

|Wi,α|qα−2

)
|ϕi0,α| · |φα| dvg

≤ C
∫
M

|Wi0,α|θ|ϕi0,α| · |φα| · |uα(zα)|qα−2−θ dvg

+

∫
M

|ϕi0,α| · |φα| · |uα(zα)|qα−2 dvg

+
∑
i 6=i0

‖|Wi0,α|θ|Wi,α|(qα−2−θ)‖2?/(2?−2)‖ϕi0,α‖2?‖φα‖2?

+
∑
i 6=i0

‖|Wi,α|qα−2ϕi0,α‖2?/(2?−1)‖φα‖2? .

Since (|ϕi0,α|·|φα|)α goes to 0 almost everywhere and is bounded in L2?/2(M), since

(|Wi0,α|θ|ϕi0,α|·|φα|)α goes to 0 almost everywhere and is bounded in L2?/(2+θ)(M),
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it follows from standard integration theory and Proposition 3.4 that∫
M

fα

(
H

(
u(zα) +

k∑
i=1

Wi,α

)qα−2

−H(Wi0,α)qα−2

)
φαϕi0,α dvg → 0

when α→ +∞. Plugging this limit in (80) yields

(81) (φ̃i0,α, ϕ)Eucl − (qα − 1)

∫
M

fαH (Wi0,α)
qα−2

φαϕi0,α dvg

= oα(1) (1 + Λα) +
∑
j

λi0jα (Vj , ϕ)Eucl.

For any R > 0, we have that∣∣∣∣ ∫
M\B

gξi0,α

Rδi0,α
(ξi0,α)

fαH (Wi0,α)
qα−2

φαϕi0,α dvg

∣∣∣∣
≤ C‖Wi0,α‖

qα−2
2? ‖φα‖2?

(∫
M\B

gξi0,α

Rδi0,α
(ξi0,α)

|ϕi0,α|2
?

dvg

)1/2?

≤ C‖ϕ‖L2? (Rn\BR(0)) .

Since ϕ ∈ L2?(Rn), we get that

(82) lim
R→+∞

lim
α→+∞

∫
M\B

gξi0,α

Rδi0,α
(ξi0,α)

fαH (Wi0,α)
qα−2

φαϕi0,α dvg = 0 .

A change of variable, (62) and (63) yield∫
B
gξi0,α

Rδi0,α
(ξi0,α)

fαH (Wi0,α)
qα−2

φαϕi0,α dvg

=

∫
BR(0)

fα( ˜exp
gξi0,α
ξi0,α

(δi0,α·))
(
δ2?−qα
i0,α

)n−2
2

H
(
κiUf0(ξi0,α)

)qα−2

φ̃i0,αϕdvgα

=

∫
BR(0)

U2?−2
1 φ̃i0,αϕdx+ o(1),(83)

where gα := ( ˜exp
gξi0,α
ξi0,α

)?g(δi0,α·), and we have used that κi = 1 if H = (·)+.

Moreover, it follows from Hölder’s inequality that

(84)

∣∣∣∣∣
∫
Rn\BR(0)

U2?−2
1 φ̃i0,αϕdx

∣∣∣∣∣ ≤ C‖U1‖2
?−2
L2? (Rn\BR(0))

‖φ̃i0,α‖2?‖ϕ‖2? .

Plugging (82), (83), and (84) into (81), and using (78) yields

(φ̃i0 , ϕ)Eucl − (2? − 1)

∫
Rn
U2?−2

1 φ̃i0ϕdx(85)

= oα(1) (1 + Λα) +
∑
j

λi0jα (Vj , ϕ)Eucl .

It follows from (72), from (79), (32), and (42) that

(86) (φ̃i0 , Vj)Eucl = 0 for all j = 0, · · · , n.
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Since the Vj ’s are solutions to (17), we then get that
∫
Rn U

2?−2
1 φ̃i0Vj dx = 0 for all

j = 0, · · · , n. Since the Vj ’s are orthogonal in D2
1(Rn), taking ϕ := Vj in (85) yields

(87) λi0,j = oα(1) (1 + Λα) for all i0 = 1, · · · , k and j = 0, · · · , n.

Step 3: It follows from (76) and (87) that Λα = oα(1) (1 + Λα), and then Λα =
oα(1) when α → 0. As a consequence, (75) rewrites ∆gφ + h0φ = F ′′0 (u0)φ, and
then φ ∈ K0. Moreover, passing to the limit α → +∞ in the second equation of
(72) yields φ ∈ K⊥0 . Therefore φ = 0, and then (68) rewrites

φα ⇀ 0 weakly in H2
1 (M) when α→ +∞.

Similarly, (85) rewrites ∆Euclφ̃i0 = (2? − 1)U2?−2
1 φ̃i0 with φ̃i0 ∈ D2

1(Rn). Then

φ̃i0 ∈ KBE (see Subsection 2.6). On the other hand, (86) yields φ̃i0 ∈ K⊥BE .

Therefore φ̃i0 ≡ 0, and then (78) rewrites

φ̃i0,α ⇀ 0 weakly in D2
1(Rn) when α→ +∞

for any i0 = 1, · · · , k. Since φ ≡ 0, taking ϕ := φα in (74) yields

‖φα‖2hα = (qα − 1)

∫
M

fαH

(
uα(zα) +

k∑
i=1

Wi,α

)qα−2

φ2
α dvg + o(1)

≤ C
∫
M

|uα(zα)|qα−2φ2
α dvg + C

k∑
i=1

∫
M

|Wi,α|qα−2φ2
α dvg + oα(1),(88)

where limα→+∞ oα(1) = 0. Since φα ⇀ 0 when α→ +∞, it follows from integration
theory that

∫
M
|uα(zα)|qα−2φ2

α dvg → 0 when α→ +∞. For any i ∈ {1, · · · , k}, on
the one hand, for any R > 0, we have that∫

M\B
gξi,α
Rδi,α

(ξi,α)

|Wi,α|qα−2φ2
α dvg ≤ C‖φα‖22?

(∫
M\B

gξi,α
Rδi,α

(ξi,α)

|Wi,α|2
?

dvg

) qα−2
2?

≤ C‖φα‖2H2
1

(∫
Rn\BR(0)

U2?

1

)(qα−2)/2?

,(89)

and then

lim
R→+∞

lim
α→+∞

∫
M\B

gξi0,α

Rδi0,α
(ξi0,α)

|Wi,α|qα−2φ2
α dvg = 0 .

On the other hand, we have that

(90)

∫
B
gξi0,α

Rδi0,α
(ξi0,α)

|Wi,α|qα−2φ2
α dvg ≤ C

∫
BR(0)

Uqα−2
1 φ̃i,α dx .

Since φ̃i,α ⇀ 0 when α → +∞, it follows from integration theory that the right-
hand side in (90) above goes to 0 as α→ +∞. Plugging this latest result and (89)
into (88) yields ‖φα‖hα = o(1) when α → +∞. A contradiction with (66). This
proves (61).

We write Lz,(δi)i,(ξi)i := Id − L̃, where L̃ is a compact operator. It then follows
from (61) and Fredholm theory that Lz,(δi)i,(ξi)i is a bi-continuous isomorphism.
This ends the proof of Proposition 5.2 �
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5.2. Rough control of the rest. We prove the following proposition:

Proposition 5.3. We have that

(91) R(z, (δi)i, (ξi)i) ≤ ω14(ε,N)

for all (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N), where limε→0,N→+∞ ω14(ε,N) = 0.

Proof of Proposition 5.3: We argue by contradiction. We assume that there ex-
ist (qα)α ∈ (2, 2?], (hα)α ∈ L∞(M), (fα)α ∈ C0(M), (zα)α ∈ B1(0), (uα)α ∈
C1(B1(0);H2

1 (M)), (Gα)α ∈ C2,θ
loc (H2

1 (M)), (δi,α)α and (ξi,α)α for i = 1, · · · , k and
c0 > 0 such that

(92) lim
α→+∞

‖hα − h0‖∞ + ‖fα − f0‖C0 + dC2,θ
B

(Gα, G0) = 0 ,

(93) lim
α→+∞

δi,α = 0 , lim
α→+∞

δ2?−qα
i,α = 1 , lim

α→0
zα = 0 , lim

α→+∞
qα = 2? ,

(94) uα(0) = u0 , ‖uα‖C1(B1(0),H2
1 ) ≤ C0 , f0(ξi,α) ≥ ν0 for all i = 1, · · · , k,

(95) lim
α→+∞

(
δi,α
δj,α

+
δj,α
δi,α

+
dg(ξi,α, ξj,α)2

δi,αδj,α

)
= +∞ ,

and

(96) Rα := R(zα, (δi,α)i, (ξi,α)i) ≥ c0 for all α ∈ N.

We define Wi,α := Wκi,δi,α,ξi,α . In particular, Proposition 3.1 yields

(97) Wi,α ⇀ 0 weakly in H2
1 (M) when α→ +∞.

Defining H̃qα(x) = H(x)qα−2x and Fα as in (70), we have that

Rα =

∥∥∥∥uα(zα) +

k∑
i=1

Wi,α − (∆g + hα)−1

(
F ′α

(
uα(zα) +

k∑
i=1

Wi,α

))∥∥∥∥
H2

1

≤
∥∥uα(zα)− (∆g + hα)−1 (F ′α(uα(zα))))

∥∥
H2

1

+

k∑
i=1

∥∥∥Wi,α − (∆g + hα)−1(fαH̃qα(Wi,α))
∥∥∥
H2

1

+

∥∥∥∥(∆g + hα)−1

(
F ′α

(
uα(zα) +

k∑
i=1

Wi,α

)
− F ′α(uα(zα))

)

−
k∑
i=1

(∆g + hα)−1(fαH̃qα(Wi,α))

∥∥∥∥
H2

1

.

The control (94) yields limα→+∞ uα(zα) = u0 in H2
1 (M). The convergence (92)

then yields

lim
α→+∞

∥∥uα(zα)− (∆g + hα)−1(F ′α(uα(zα)))
∥∥
H2

1

=
∥∥u0 − (∆g + h0)−1(F ′0(u0))

∥∥
H2

1
= 0 .
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Since (uα(zα) +
∑k
i=1Wi,α)α ⇀ u0 weakly in H2

1 (M), it follows from the conver-
gence (92) of (Gα)α and the Definition 2.1 of subcriticality of G0 that

(98) G′α

(
uα(zα) +

k∑
i=1

Wi,α

)
→ G′0(u0) strongly in H2

1 (M) when α→ +∞.

As a consequence, we get with the Riesz correspondence (22) that

Rα ≤ o(1) +

k∑
i=1

∥∥∥Wi,α − (∆g + hα)−1(fαH̃qα(Wi,α)
∥∥∥
H2

1

+ C‖Aα‖ 2n
n+2

,

where

Aα := H̃qα

(
uα(zα) +

k∑
i=1

Wi,α

)
− H̃qα(uα(zα))−

k∑
i=1

H̃qα(Wi,α).

As easily checked, for all family (Xi)i=0,··· ,k ∈ R, we have that

∣∣∣∣H̃qα

( k∑
i=0

Xi

)
−

k∑
i=0

H̃qα(Xi)

∣∣∣∣ ≤ C∑
i6=j

|Xi| · |Xj |qα−2

for all α ∈ N large. Therefore, with Hölder’s inequality, we get that

‖Aα‖
2n
n+2
2n
n+2

≤ C
∑
i

∫
M

|uα(zα)|
2n
n+2 |Wi,α|(qα−2) 2n

n+2 dvg

+ C
∑
i

∫
M

|uα(zα)|(qα−2) 2n
n+2 |Wi,α|

2n
n+2 dvg

+ C
∑
i 6=j

∫
M

|Wi,α|
2n
n+2 |Wj,α|(qα−2) 2n

n+2 dvg .

Since uα(zα) → u0 in L2?(M), (|Wi,α|(qα−2) 2n
n+2 )α is bounded in L(n+2)/4(M) and

goes to zero a.e. on M when α→ +∞, integration theory yields the convergence to
0 of the first term of the right-hand side when α→ +∞. Similarly, the second term
goes to 0 as α→ +∞. The expression (24), the property (12), and Proposition 3.4
yield the convergence to 0 of the third term when α→ +∞. Therefore, we get that
(‖Aα‖ 2n

n+2
)α → 0 and then

Rα ≤ o(1) +

k∑
i=1

∥∥∥Wi,α − (∆g + hα)−1
(
fαH̃qα(Wi,α)

)∥∥∥
H2

1

.

We define

W 0
i,α := χ(dgξi,α (·, ξi,α))Λξi,α

(
δi,α

√
n(n−2)
f0(ξi,α)

δ2
i,α + dgξi,α (·, ξi,α)2

)n−2
2
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so that Wi,α = κiW
0
i,α + o(1) when α→ +∞ (see (11)). Therefore, since κi = 1 if

H = (·)+, (22) yields

Rα ≤ o(1) +

k∑
i=1

∥∥∥κiW 0
i,α − (∆g + hα)−1(fαH̃qα(κiW

0
i,α)
∥∥∥
H2

1

≤ o(1) +

k∑
i=1

‖(∆g + hα)W 0
i,α − fα(W 0

i,α)qα−1‖ 2n
n+2

.(99)

In the sequel, o(1) 2n
n+2

denotes a function going to 0 in L
2n
n+2 (M) when α → +∞.

We define cn := n−2
4(n−1) , and we let Rg be the scalar curvature of g. We denote

Lg := ∆g + cnRg the conformal Laplacian. If g′ := $2?−2g and $ ∈ C2(M)
positive, the conformal invariance properties of Lg yields

L′g(ϕ) := $1−2?Lg($ϕ)

for all ϕ ∈ C2(M). Using the expression of the Laplacian in radial coordinates,
omitting the index i and writing r := dgξ(x, ξ), we get that

(∆g + hα)W 0
i,α = LgW

0
i,α + (hα − cnRg)W 0

i,α

= L
Λ2−2?

ξ gξ
W 0
i,α + o(1) 2n

n+2
= Λ2?−1

ξ Lgξ(Λ
−1
ξ W 0

i,α) + o(1) 2n
n+2

= Λ2?−1
ξ ∆gξ

(
χ(r)δ−

n−2
2 Uf0(ξ)(δ

−1r)
)

+ o(1) 2n
n+2

= Λ2?−1
ξ ∆Eucl

(
χ(r)δ−

n−2
2 Uf0(ξ)(δ

−1r)
)

− ∂r ln
√
|gξ|∂r

(
χ(r)δ−

n−2
2 Uf0(ξ)(δ

−1r)
)

+ o(1) 2n
n+2

= Λ2?−1
ξ ∆Eucl

(
χ(r)δ−

n−2
2 Uf0(ξ)(δ

−1r)
)

+O

(
δ
n−2
2

(δ2 + r2)
n−1
2

)
+ o(1) 2n

n+2

= Λ2?−1
ξ χ(r)∆Eucl

(
δ−

n−2
2 Uf0(ξ)(δ

−1r)
)

+ o(1) 2n
n+2

= Λ2?−1
ξ χ(r)f0(ξ)

(
δ−

n−2
2 Uf0(ξ)(δ

−1r)
)2?−1

+ o(1) 2n
n+2

= f0(ξ)
(
χ(r)Λξδ

−n−2
2 Uf0(ξ)(δ

−1r)
)2?−1

+ o(1) 2n
n+2

= f0(ξ)(W 0
i,α)2?−1 + o(1) 2n

n+2

= f0(W 0
i,α)2?−1 + o(1) 2n

n+2
= fα(W 0

i,α)2?−1 + o(1) 2n
n+2

.

Therefore, it follows from (99) that

(100) Rα ≤ o(1) + C

k∑
i=1

‖(W 0
i,α)2?−1 − (W 0

i,α)qα−1‖ 2n
n+2

.
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We fix i ∈ {1, · · · , k}. For any R > 0, a change of variable and (93) yields∫
B
gξi,α
Rδi,α

(ξi,α)

∣∣∣(W 0
i,α)2?−1 − (W 0

i,α)qα−1
∣∣∣ 2n
n+2

dvg

≤ C
∫
B
gξi,α
Rδi,α

(ξi,α)

∣∣∣(W 0
i,α)2?−1 − (W 0

i,α)qα−1
∣∣∣ 2n
n+2

dvgξi,α

≤ C
∫
BR(0)

∣∣∣U2?−1
f0(ξi,α) − δ

n−2
2 (2?−qα)

i,α Uqα−1
f0(ξi,α)

∣∣∣ 2n
n+2

dx = o(1)(101)

when α→ +∞. Independently, we have that∫
M\B

gξi,α
Rδi,α

(ξi,α)

∣∣∣(W 0
i,α)2?−1 − (W 0

i,α)qα−1
∣∣∣ 2n
n+2

dvg

≤ C
∫
M\B

gξi,α
Rδi,α

(ξi,α)

∣∣W 0
i,α

∣∣2? dvg + C

(∫
M\B

gξi,α
Rδi,α

(ξi,α)

∣∣W 0
i,α

∣∣2? dvg)
qα−1
2?−1

≤ C
∫
Rn\BR(0)

U2?

1 dx+ C

(∫
Rn\BR(0)

U2?

1 dx

) qα−1
2?−1

.

Then

(102) lim
R→+∞

lim
α→+∞

∫
M\B

gξi,α
Rδi,α

(ξi,α)

∣∣∣(W 0
i,α)2?−1 − (W 0

i,α)qα−1
∣∣∣ 2n
n+2

dvg = 0 .

Plugging (101) and (102) into (100) yields Rα = o(1) when α→ +∞, a contradic-
tion with (96). This proves Proposition 5.3. �

5.3. Proof of Proposition 5.1 via a fixed-point argument. We let ε,N > 0
satisfy the hypotheses of Proposition 5.2 to be fixed later, and we let h, f,G, u satisfy
the hypotheses of Theorem 1.1. We consider (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N), and
we define K := K(δi)i,(ξi)i . For any φ ∈ K⊥ ⊂ H2

1 (M), we have that
(103)

ΠK⊥

(
u(z) +

k∑
i=1

Wκi,δi,ξi + φ− (∆g + h)−1

(
F ′
(
u(z) +

k∑
i=1

Wκi,δi,ξi + φ

)))
= 0

if and only if

φ = T (φ),

where T : K⊥ → K⊥ is such that

T (φ) := L−1 ◦ΠK⊥ ◦ (∆g + h)−1 (N(φ))− L−1 ◦ΠK⊥(R),

where L := L(δi)i,(ξi)i ,

N(φ) := F ′
(
u(z) +

k∑
i=1

Wκi,δi,ξi + φ

)
− F ′

(
u(z) +

k∑
i=1

Wκi,δi,ξi

)

− F ′′
(
u(z) +

k∑
i=1

Wκi,δi,ξi

)
φ
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and

R := u(z) +

k∑
i=1

Wκi,δi,ξi − (∆g + h)−1

(
F ′
(
u(z) +

k∑
i=1

Wκi,δi,ξi

))
.

We prove the existence of a solution to (103) via Picard’s Fixed Point Theorem.
We let φ1, φ2 ∈ K⊥ be two test-functions. Since ΠK⊥ : H2

1 (M) → H2
1 (M) is

1-Lipschitz continuous, it follows from (61) that

‖T (φ1)− T (φ2)‖H2
1
≤ C‖N(φ1)−N(φ2)‖H2

1

≤ C
∥∥∥∥F ′(u(z) +

k∑
i=1

Wκi,δi,ξi + φ1

)
− F ′

(
u(z) +

k∑
i=1

Wκi,δi,ξi + φ2

)

−F ′′
(
u(z) +

k∑
i=1

Wκi,δi,ξi

)
(φ1 − φ2)

∥∥∥∥
(H2

1 )′
.

It then follows from the mean value inequality that

‖T (φ1)− T (φ2)‖H2
1 (M) ≤ C · S · ‖φ1 − φ2‖H2

1
,(104)

where

S := sup
t∈[0,1]

∥∥∥∥F ′′(u(z) +

k∑
i=1

Wκi,δi,ξi + φ1 + t(φ2 − φ1)

)

− F ′′
(
u(z) +

k∑
i=1

Wκi,δi,ξi

)∥∥∥∥
H2

1→(H2
1 )′

≤ sup
t∈[0,1]

(
‖F‖C2,θ(BR̃(0)) · ‖φ1 + t(φ2 − φ1)‖θH2

1

)
≤ C‖F‖C2,θ(BR̃(0)) ·

(
‖φ1‖θH2

1
+ ‖φ2‖θH2

1

)
,(105)

with R̃ = R̃(z, (δi)i, (ξi)i) := ‖u(z)‖H2
1

+
∑
i=1 ‖Wκi,δi,ξi‖H2

1
+1, ‖φ1‖H2

1
, ‖φ1‖H2

1
≤

1. It then follows from (6) and Proposition 3.1 that R̃(z, (δi)i, (ξi)i) ≤ C. As easily
checked, for 2 < q ≤ 2?, we have that

F ′′(v)(ψ1, ψ2) = (q − 1)

∫
M

fH(v)q−2ψ1ψ2 dvg +G′′(v)(ψ1, ψ2)

for all v ∈ H2
1 (M) and all ψ1, ψ2 ∈ H2

1 (M). Without loss of generality, we may
assume that 0 < θ < 2? − 2. Requiring that ε < 1 and using (6), we then get that

(106) ‖F‖C2,θ(BR̃(0)) ≤ C(R̃, θ)

for ε > 0 small enough. Plugging together (104), (105), and (106) yields

(107) ‖T (φ1)− T (φ2)‖H2
1 (M) ≤ C1 ·

(
‖φ1‖θH2

1
+ ‖φ2‖θH2

1

)
· ‖φ1 − φ2‖H2

1

for φ1, φ2 ∈ K⊥ such that ‖φ1‖H2
1
, ‖φ1‖H2

1
≤ 1. Moreover, it follows from (22) and

(5) that

(108) ‖T (0)‖H2
1
≤ C‖R‖H2

1
≤ C2R(z, (δi)i, (ξi)i).

We define

c := 2C2R(z, (δi)i, (ξi)i).
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We let φ1, φ2 ∈ K⊥ ∩Bc(0): it then follows from (107) and (108) that

‖T (φ1)− T (φ2)‖H2
1 (M) ≤ 2C1(2C2)θR(z, (δi)i, (ξi)i)

θ · ‖φ1 − φ2‖H2
1

and

‖T (φ1)‖H2
1
≤ C2R(z, (δi)i, (ξi)i) + C1(2C2)1+θR(z, (δi)i, (ξi)i)

1+θ

≤
(
C2 + C2(2C2)1+θR(z, (δi)i, (ξi)i)

θ
)
·R(z, (δi)i, (ξi)i).

It follows from Proposition 5.3, that there exists ε > 0 and N > 0 such that

R(z, (δi)i, (ξi)i)
θ ≤ min

{
1

C1Cθ221+θ
;

1

4C2(2C2)θ

}
for all z ∈ Bε(0) and ((δi)i, (ξi)i) ∈ Dk(ε,N). It then follows that for such a choice,
the map T is 1/2−Lipschitz from Bc(0) onto itself. It then follows from Picard’s
fixed point theorem that there exists a unique solution φ(z, (δi)i, (ξi)i) ∈ Bc(0)∩K⊥
to T (φ(z, (δi)i, (ξi)i)) = φ(z, (δi)i, (ξi)i), in particular

‖φ(z, (δi)i, (ξi)i)‖H2
1
≤ 2C2R(z, (δi)i, (ξi)i).

We are left with proving the C1−regularity of φ. We define the map

F : Bε(0)×Dk(ε,N)×H2
1 (M) → H2

1 (M)
(z, (δi)i, (ξi)i, φ) 7→ F(z, (δi)i, (ξi)i, φ),

where

F(z, (δi)i, (ξi)i, φ) := ΠK(φ) + ΠK⊥

(
u(z) +

k∑
i=1

Wκi,δi,ξi + ΠK⊥(φ)

− (∆g + h)−1(F ′(u(z) +

k∑
i=1

Wκi,δi,ξi + ΠK⊥(φ)))

)
.

It follows from Proposition 5.2 that the differential with respect to φ is an iso-
morphism of H2

1 (M) for all (z, (δi)i, (ξi)i, φ) ∈ Bε(0) × Dk(ε,N) × H2
1 (M), with

‖φ‖H2
1
< c0 for some c0 > 0 small. Since F(z, (δi)i, (ξi)i, φ(z, (δi)i, (ξi)i)) = 0 for

all (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N), it follows from the implicit functions theorem
that (z, (δi)i, (ξi)i) 7→ φ(z, (δi)i, (ξi)i) is C1 on Bε(0) × Dk(ε,N). This ends the
proof of Proposition 5.1. �

6. Equivalence of the critical points

We prove Theorem 1.1 in this section. With Proposition 5.1 above, this amounts
to prove the equivalence of the critical points for ε > 0 small and N > 0 large. For
ε,N > 0 satisfying the hypothesis of Proposition 5.1, there exists φ ∈ C1(Bε(0)×
Dk(ε,N), H2

1 (M) such that

(109) ΠK⊥
(δi)i,(ξi)i

(
u(z, (δi)i, (ξi)i)− (∆g + h)−1(F ′(u(z, (δi)i, (ξi)i)))

)
= 0 ,

where

u(z, (δi)i, (ξi)i) := u(z) +

k∑
i=1

Wκi,δi,ξi + φ(z, (δi)i, (ξi)i),

and

(110) φ(z, (δi)i, (ξi)i) ∈ K⊥(δi)i,(ξi)i and ‖φ(z, (δi)i, (ξi)i)‖H2
1
≤ C ·R(z, (δi)i, (ξi)i)
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for (z, (δi)i, (ξi)i) ∈ Dk(ε,N). By (58), it follows that there exist λij(z, (δi)i, (ξi)i) ∈
R (i = 1, · · · , k and j = 0, · · · , n) and µl(z, (δi)i, (ξi)i) ∈ R (l = 1, · · · , d) such that

(111) ΠK(δi)i,(ξi)i

(
u(z, (δi)i, (ξi)i)− (∆g + h)−1(F ′(u(z, (δi)i, (ξi)i)))

)
=

k∑
i=1

n∑
j=0

λij(z, (δi)i, (ξi)i)Zδi,ξi,j +

d∑
l=1

µl(z, (δi)i, (ξi)i)ϕl .

It then follows from (109) and (111) that for any ϕ ∈ H2
1 (M), we have that

DJ(u(z, (δi)i, (ξi)i))ϕ

=
(
u(z, (δi)i, (ξi)i)− (∆g + h)−1(F ′(u(z, (δi)i, (ξi)i))), ϕ

)
h

=

k∑
i=1

n∑
j=0

λij(z, (δi)i, (ξi)i) (Zδi,ξi,j , ϕ)h +

d∑
l=1

µl(z, (δi)i, (ξi)i)(ϕl, ϕ)h .(112)

If u(z, (δi)i, (ξi)i) is a critical point of J , then (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N) is a
critical point for (z, (δi)i, (ξi)i) 7→ J(u(z, (δi)i, (ξi)i)). Conversely, we assume that
(z, (δi)i, (ξi)i) ∈ Bε(0) × Dk(ε,N) is a critical point for the map (z, (δi)i, (ξi)i) 7→
J(u(z, (δi)i, (ξi)i)). We then get that

0 =
∂

∂zl0
J(u(z, (δi)i, (ξi)i))(113)

= DJ(u(z, (δi)i, (ξi)i)).
(
∂l0u(z) + ∂zl0φ(z, (δi)i, (ξi)i)

)
,

0 =
∂

∂δi0
J(u(z, (δi)i, (ξi)i))(114)

= DJ(u(z, (δi)i, (ξi)i)).
(
∂δi0Wαi0 ,δi0 ,ξi0

+ ∂δi0φ(z, (δi)i, (ξi)i)
)
,

0 =
∂

∂(ξi0)j0
J(u(z, (δi)i, (ξi)i))(115)

= DJ(u(z, (δi)i, (ξi)i)).(∂(ξi0 )j0
Wαi0 ,δi0 ,ξi0

+ ∂(ξi0 )j0
φ(z, (δi)i, (ξi)i))

for all l0 = 1, · · · , d, i0 = 1, · · · , k, and j0 = 0, · · · , n. From now on, for the sake of
clearness, we omit the variables (z, (δi)i, (ξi)i). We define

Λ :=

k∑
i=1

n∑
j=0

|λij |+
d∑
l=1

|µl| .

We are going to prove that Λ = 0, which will imply that u(z, (δi)i, (ξi)i) is a critical
point of J due to (112).

6.1. Consequences of (113). It follows from (112) and (113) that

k∑
i=1

n∑
j=0

λij
(
(Zδi,ξi,j , ∂l0u)h + (Zδi,ξi,j , ∂zl0φ)h

)
(116)

+

d∑
l=1

µl
(
(ϕl, ∂l0u)h + (ϕl, ∂zl0φ)h

)
= 0 .

It follows from (110) that

(117) (Zδi,ξi,j , φ)h = (ϕl, φ)h = 0 .
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Differentiating (117) with respect to zl0 yields (Zδi,ξi,j , ∂zl0φ)h = (ϕl, ∂zl0φ)h = 0,

and therefore (116) rewrites

(118)

k∑
i=1

n∑
j=0

λij(Zδi,ξi,j , ∂l0u)h +

d∑
l=1

µl(ϕl, ∂l0u)h = 0 ,

and therefore, since ‖h− h0‖∞ < ε, for all l0 = 1, .., d, (24), and (25) yield

(119)

∣∣∣∣∣
d∑
l=1

µl

(
ϕl,

Πh0

K0
(∂l0u)

‖∂l0u‖H2
1

)
h0

∣∣∣∣∣ ≤ C · ε · Λ + C sup
i,j
|λij | ,

where Πh0

K0
is the orthogonal projection on K0 (see (3) and (4)) with respect to

the Hilbert structure (·, ·)h0 . We define the matrix (A(z))ll′ := (ϕl,Π
h0

K0
(∂l′u))h0

for all l, l′ ∈ {1, · · · , d}. With no loss of generality, we can assume that the basis
β0 is {ϕ1, · · · , ϕd}: it then follows from (8) and Cramer’s explicit formula that the
coefficients of the inverse of the matrix A(z) are bounde from above by a constant
C. Therefore, it follows from (119) that

(120)

d∑
l=1

|µl| ≤ C · ε · Λ + C sup
i,j
|λij |

for (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N).

6.2. Consequences of (114). It follows from (112) and (114) that

k∑
i=1

n∑
j=0

λij
(
(Zδi,ξi,j , ∂δi0Wδi0 ,ξi0

)h + (Zδi,ξi,j , ∂δi0φ)h
)

(121)

+

d∑
l=1

µl
(
(ϕl, ∂δi0Wδi0 ,ξi0

)h + (ϕl, ∂δi0φ)h
)

= 0 .

Differentiating (117) with respect to δi0 , we get that (ϕl, ∂δi0φ)h = 0 and also

(∂δi0Zδi,ξi,j , φ)h + (Zδi,ξi,j , ∂δi0φ)h = 0, and therefore (121) rewrites

(122)

∣∣∣∣ k∑
i=1

n∑
j=0

λij
(
Zδi,ξi,j , ∂δi0Wδi0 ,ξi0

)
h

∣∣∣∣
≤

d∑
l=1

|µl| ·
∣∣(ϕl, ∂δi0Wδi0 ,ξi0

)h
∣∣+

k∑
i=1

n∑
j=0

∣∣λij∣∣ · ‖∂δi0Zδi,ξi,j‖H2
1
‖φ‖H2

1

For any i = 1, · · · , k and j = 0, · · · , n, it follows from (49) and Corollary 3.3 that(
Zδi,ξi,j , ∂δi0Wκi0δi0 ,ξi0

)
h

= κi0
n− 2

2

(
n(n− 2)

f0(ξi0)

)n−2
4

· 1

δi0
·
(
(Zδi,ξi,j , Zδi0 ,ξi0 ,0)h + o(1)

)
= κi0

n− 2

2

(
n(n− 2)

f0(ξi0)

)n−2
4

· 1

δi0
· (δi,i0δj,0‖∇V0‖2 + o(1)) ,(123)
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where |o(1)| ≤ ω15(ε,N) and limε→0,N→+∞ ω15(ε,N) = 0. Plugging (123) into
(122) yields

|λi0,0| · n− 2

2

(
n(n− 2)

f0(ξi0)

)n−2
4

· 1

δi0
‖∇V0‖2

≤
( d∑
l=1

n− 2

2

(
n(n− 2)

f0(ξi0)

)n−2
4 1

δi0

∣∣(ϕl, Zδi0 ,ξi0 ,0)h
∣∣

+

n∑
j=0

‖∂δi0Zδi0 ,ξi0 ,j‖H2
1
‖φ‖H2

1
+ δ−1

i0
ω12(ε,N)

)
· Λ .

It then follows from (51) and (110), Proposition 3.1, and the expression (24) that

(124) |λi0,0| ≤ ω16(ε,N) · Λ
for all i0 = 1, · · · , d, where limε→0,N→+∞ ω16(ε,N) = 0.

6.3. Conclusion for the equivalence. Arguing as above for (115), we get that

(125) |λi0,j | ≤ ω17(ε,N) · Λ
for all i0 = 1, · · · , d and j = 1, · · · , n, where limε→0,N→+∞ ω17(ε,N) = 0. Summing
(120), (124), and (125) yields

Λ =

k∑
i=1

n∑
j=0

|λij |+
d∑
l=1

|µl| ≤ ω18(ε,N) · Λ ,

where limε→0,N→+∞ ω18(ε,N) = 0. Therefore, there exists ε,N > 0 such that
ω15(ε,N) < 1/2, and therefore, we get that Λ = 0. As mentioned earlier, this
implies that DJ(u(z, (δi)i, (ξi)i)) = 0, and then u(z, (δi)i, (ξi)i) is a critical point
of J for (z, (δi)i, (ξi)i) ∈ Bε(0)×Dk(ε,N). This ends the proof of Theorem 1.1. �
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