GREEN’S FUNCTION FOR A SINGULAR HARDY-TYPE
OPERATOR WITH BOUNDARY SINGULARITY

INFORMAL NOTE

FREDERIC ROBERT

ABSTRACT. This note is devoted to the construction of the Green’s function
for coercive operators like —A — (y|z|~2 + h) on a smooth domain © with
singularity 0 € 02. We prove existence and asymptotics when €2 is a bounded
domain. We also prove existence and asymptotics when 2 is the half-space

R”™ and h = 0.
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1. MAIN RESULT

Let Q be a smooth bounded domain of R™, n > 3, such that 0 € 9Q2. The model
space for such domains is R” := {& = (z1,...,2,) € R"/2; < 0}. The Hardy
inequality for the half-space is

Jgn |Vul? dz n2

in _— ,
weHI RN} fpo i dz 4

where, for any domain Q C R", H}(Q) is the completion of C°(Q) for the norm
u > ||Vul|a. We refer to Ghoussoub-Robert [1] for discussions and further references
on such Hardy inequalities. We fix h € L>®(Q2) and v € R. We assume that the
operator —A — (y|z|=2 + h) is coercive, that is there exists ¢ > 0 such that

/ (|Vu|2 — (72 +h) u2) dx > c/ u? dx
Q |z Q
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for all uw € H}(Q). Tt follows from the proof of Proposition 3.1 in Ghoussoub-Robert
[1] that a necessary condition for coercivity is that v < n?/4.

Definition 1. Let Q be a smooth bounded domain of R™, n > 3, such that 0 € 0.
We fiz v < n?/4 and h € C%%(Q), 6 € (0,1) such that —A— (y|z|~2+h) is coercive.
We say that G : Q@ x Q\ {(z,z)/ x € Q} is a Green’s function for —A —~|z|~2 — h
if

e For anyp € Q, G, := G(p,-) € L}(Q).

e Forall f € C(Q) and all p € Q, then

o) = | Gyfo) () da.
where p € H}(Q) N C%(Q) is the unique solution to
—Ap — (a’/‘y|2+h(x))cpf in ;5 pan =0.

Our main result is the following:

Theorem 1 (Existence). Let Q be a smooth bounded domain of R™ such that
0 €00 Wefiry < %2. We let h € C*%(Q) be such that —A — y|z|~2 — h is
coercive. Then there exists a Green’s function for —A — ~|x|~2 — h. Moreover,
(a) The Green’s function G is unique, G, € C*%(Q\ {0,p}) and G, > 0 for all
p e Q.

(b) For allp € Q and all n € CX(R™\ {p}), we have that nG, € H} (D).

(c) For dll f € L%(Q) NLIQ\ Bs(0)) for all § > 0 and some g > n/2, then for
any p € ), we have that

) o) = | Gyfo)fa)da.
where ¢ € H} () N C%(Q) is the unique solution to
(2) —Ap — <Z|2 + h(w)) =1 1inQ; ppq =0,

In particular,

~AG, ~ (F +h(@)) Gy =0 in )\ {p}
3) G, >0 in 0\ {p}

Gp=0 in O\ {0}
Theorem 2 (Asymptotics). Let © be a smooth bounded domain of R™ such that
0 €00 Wefiry < 1—2. We let h € C%%(Q) be such that —A — y|z|~2 — h is
coercive. Let G be the Green’s function for —A — ~|z|=2 — h. Then
e For all p € Q\ {0}, there exists co(p) > 0 such that

d(z, 00) 1

(4) Gp(.fl,‘) ~r 0 Co(p)W and Gp(x) ~r—p

(n—2)wy_1|z — p|n—2

n n2 n n2
a_(y) = 5 V71 77 and oy () = STV 7

e There exists ¢ > 0 such that

where
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(5) ¢ Hy(7) < Gp(x) < cHy(x) for x € Q — {0, p}.
where

_ (max{lpl e} f d(,092)d(p,09)
© e = (Gagey) e {n ST
and

(7)

max{lp|, |}, dp.09)
VG, ()| Sc(min{|p|,|:c}> |z—pl| mln{l, T —pl } for x € Q—{0,p}.

This note is devoted to the proof of Theorems 1 and 2. We also prove (Theorem
3) the existence and asymptotic behavior for the Green’s function of the unbounded
domain R™ when h = 0. The pointwise control (5) will be seen as a consequence
of infinitesimal convergence results for the Green’s function when = — p, namely
Theorems 4, 5 and 6.

The note is organized as follows. In Section 2, we prove the existence of the Green’s
function (Theorem 1). In Section 3, we prove the upper bound in (5). In Section
4, we prove the existence of the Green’s function on the half-space R™. Section 5
is devoted to the proof of the asymptotic behavior of the Green’s function when
x — p, namely in the neighborhood of the diagonal. The pointwise controls in
Theorem 2 are proved in Section 6. The last section is an Appendix for the proof
of a technical lemma.

Notations: In the sequel, C(a,b,c),Ci(a,b,...)... will denote a constant depending
only on a, b, c. The notation C, ¢, ... will sometimes denote different constants from
line to line, and even in the same line. In order to simplify notations, we will often
drop the dependence in the domain €2 and the dimension n > 3. If F: Ax B — R
is a fonction, then for any x € A, we define F, : B — R by Fj(y) := F(z,y) for all
y € B. Finally, we will write Diag(A) := {(x,z)/z € A} for any set A.

2. PROOF OF THEOREM 1

Fix dp > 0 such that Bs,(0) C Q. We let n.(z) := 7j(e~*|z|) for all z € R™ and
e > 0, where 77 € C*°(R) is nondecreasing and such that 7(¢) = 0 for ¢ < 1 and
7(t) =1 for ¢t > 1. It follows from Lemma 1 (see the Appendix) and the coercivity
of =A — (y]z|72 + h) that there exists ey > 0 and ¢ > 0 such that such that for all
o € H} () and € € (0, ¢),

/Q (|V502 - (m; + h(a:)) @2) do > C/Q(pz de.

As a consequence, there exists ¢ > 0 such that for all ¢ € H(2) and € € (0, ),

3) [ (1902 = (L +0@)) ) o > clolity.

Let Ge > 0 be the Green’s function of —A — (yn¢|z|~2 + h) on Q with Dirich-
let boundary condition. The existence follows from the coercivity and the C°?
regularity of the potential for any € > 0 (see Robert [3]). In particular, we have
that

(9)

~AG.(z,) - (7,7; + h) Ge(z,)=0 inQ\{z}
Ge(z,-)=0 on 0N
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and ¢’ € (0,6), there exists C(d,q) > 0 and C(4,¢") > 0 such that

(10)  [Ge(®, )l Lage) < C(0,q) and [|Ge(z, )| < (6,0

s 772 (Q\By (x) —

for all x € €, |z| > 6. We prove the claim. We fix f € C2°(Q) and let . € C?%(Q)
be the solution to the boundary value problem

(1) { Ao (BB h@) e =f o

(pe:O on 0f)

Multiplying the equation by ., integrating by parts on €2, using (8) and Hoélder’s
inequality, we get that

[ Ve dz < i,
Q
where C' > 0 is independent of ¢, f and ¢.. The Sobolev inequality ||¢|| 2 <
C||Vepllz for ¢ € HE(Q) then yields

lcll 2, < CILfl 22,

where C' > 0 is independent of ¢, f and .. Fix p > n/2 and § € (0,5y) and
91,02 > 0 such that é; + 62 < §, and = € Q such that |z| > §. It follows from
standard elliptic theory that

(| 2n
Pell 2n;

[pe(@)] < llvellooss, @)

C € n T
(PR T Py

(IIfIILM @ T s, 1, (z)))

where C' > 0 depends on p, 4, d1, 62, v and ||h]|co. Therefore, Green’s representation
formula yields

(12)
for all f € C°( ) It follows from (12) that
[ G rsa] < €Ml

for all f € C°(2) where p > n/2. It then follows from duality arguments that
for any ¢ € (1,n/(n — 2)) and any & > 0, there exists C(d,q) > 0 such that
Ge(,-)||Laay < C(6,q) for all € < g and z € 2\ B5(0).

Let ¢’ € (0,0) and 61,2 > 0 such that d; + d2 < ¢’. We get from (12) that

[t )fdy‘<0|f||

for all f € C*(Q\ Bs/(x)). Here again, a duality argument yields (10), which
proves the claim in Step 1.

IN

IN

fdy‘ <C (llfl 2 ||f||m<le+52<z>>>

Ltz (@)

(13)

72 (Q\ By (2))

Using the same method, we can get an improvement of the control, the cost being
the integrability exponent g. When ¢ € (1,n/(n — 1)), we get that p > n. Then,
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¢ellor(Bs, (2)ne) is controled by the LP and L7 norms. Moreover, |pe(x)] <
lecllcos z)mgz)d(l‘ 0€). The argument above then yields

n
(14) 6o Maiey < CG ), 00) for g e (1,25

Step 2: Convergence of G.. Fix x € Q\ {0}. For 0 < e < ¢, since G¢(z, ),
Ge(z,-) are C? outside z, (9) yields

Ve V(e = 1)
—A(Ge(z,) = Ge(z,)) — <| Tt h) (Gelw,) = Celw,) = == Cele,)
in the strong sense. The coercivity (8) then yields Ge(z,) > G (x,-) for 0 < e < ¢
if v > 0, and the reverse inequality if v < 0. It then follows from the integral bound
(10) and elliptic regularity that there exists G(z,-) € C*?(Q\ {0,2}) such that

(15) lim Ge(,) = G(z,-) > 0 in 2 —{0,2}).

loc

In particular, G is symmetric and

(16) —AG(z,-)— (||2 + h) G(z,-)=0in Q\ {z} and G(z,-) = 0 on ON.
Moreover, passing to the limit e — 0 in (10), (14) and using elliptic regularity, we
get that for all 0 > 0, 1 < ¢ < "5 and ¢’ € (0,6), there exist C(d,q) > 0 and

C(6,9") > 0 such that for all z € Q, |z| > 4,

17 G(z,)||Lag) < C(6, d ||G(z,- <068
(17) |Gz, )| Laga) < C(0,q) and ||G(z )||Ln B () (5,0")
and

n
(18) G (2, ) Lao) < C(9,q)d(x,08) for q € (17 nl) )

In particular, for any x € Q\ {0}, G(z,-) € L¥(Q) for all 1 < k < n/(n — 2) and
G(z,-) € L/ (=2(Q\ Bs(z)) for all § > 0. Moreover, for any f € L7 () N
L1(Q\ Bs(0)) for all § > 0 with ¢ > n/2, let ¢ € Hi(2) be such that (11) holds.
It follows from elliptic theory that ¢, € C%7(Q\ {0}) for some 7 € (0,1) and that
for all §; > 0, there exists C(d1) > 0 such that ||¢c|| o, 7 (Q\Bs, (0) < 0(51) We fix

z € Q\{0}. Passing to the limit € — 0 in the Green identity ¢(z) = [, Ge(x,-) f dy
yields
(19) o(x) = / G(z,-)f dy for all z € Q\ {0}

Q

where ¢ € HH(Q) N C(Q )\ {0}) is the only weak solution to

ngp—(#Jrh(x))(p:f in
=0 on 05}

Since G(z,-) > 0, (16) and the strong comparison principle yield G(z,-) > 0. These
points prove that G is a Green’s function for the operator and that (c) holds.

We prove point (b). We fix n € C°(R™ — {z}) such that n(y) = 1 when y € B;s(0)
for some § > 0. Then nG.(x,-) € C*%(Q) N H(Q). It follows from (9) and (15)
that

7A(77Ge(xa )) - (P/nl; + h) (nGe(‘Ta )) = 1B5(O)“fe in
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where || fe[[co@) < C for some €' > 0 and all € > 0. Therefore, with the coercivity
(8) and the convergence (15), we get that

G )y < | o NG dy <@
5

for all € > 0. Reflexivity yields convergence of (nGe(z,-)) in H}(Q)NL?(2) ase — 0
up to extraction. The convergence in C? and uniqueness then yields nG(z,-) €
HY(Q) and nG(z,-) — nG(z,-) in H}(Q) as e — 0. The case of a general 7 is a
direct consequence. This proves point (b).

We are now left with proving uniqueness. We let G’ be another Green’s function.
We fix x € Q and we define H, :== G, — G". Then H, € L'(Q) and for any
f e C(Q), we have that fQ H, fdy = 0. Approximating a compactly supported
function by smooth fonctions with compact support, we get that this equality holds
for all f € C%(Q2). Integration theory then yields H, = 0, and then G/, = G,.. This
proves uniqueness. This finishes the proof of (a).

This proves existence and uniqueness of the Green’s function and Theorem 1.

3. THEOREM 2: PROOF OF THE UPPER BOUND IN (5)

The behavior (4) is a consequence of the classification of solutions to harmonic
equations and Theorem 4.1 in Ghoussoub-Robert [1].
In the proof, we will often use sub- and super-solutions to the linear problem. The
following existence result is contained in Proposition 4.3 of [1]:
Proposition 1. Let Q2 be a smooth domain and h € C°(Q) be a continuous fonction.
We fix v < % and o € {a_(7),a4(v)}. Then, there exist v > 0, and Uq,u, €
C>(Q\ {0}) such that

U, t, =0 on IQN B.(0)
(20) —Au, — #4-}1 Uy, >0  in QN B.(0)
—Auy = (pr +h)u, <0 in QN B (0).

Moreover, for some T > 0, we have that, as x — 0, z € €,
_ . d(x,00) -
(21) U (1) = uq (2)(1+ O(|z]7)) = W(NrO(\xl )
Step 3: Upper bound for G(z,y) when one variable is far from 0.
Step 3.1: Tt follows from (16), elliptic theory, (18) and (17) that for any 6 > 0,
there exists C'(J) > 0 such that

(22) 0< G(z,y) < C(8)d(y,00)d(x,00) for z,y € Q s.t. |z|,|y| >4, |z —y| > 6.
Step 3.2: We claim that for any § > 0, there exists C'(J) > 0 such that
(23)

|z —y|"2G(x,y) < C(§) min {1, d(z,0)d(y, 992)

|z —yl?

} for z,y € Q s.t. |z|,|y| > 4.

Indeed, with no loss of generality, we can assume that § € (0,8p). Let Qs be a
smooth domain of R™ be such that Q\ Bs;,4(0) C Q5 C Q\ Bj/2(0). We fix z € Q

such that |z| > 6. Let H, be the Green’s function for —A — <# + h(gc)) in Qs
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with Dirichlet boundary condition. Classical estimates (see [3]) yield the existence
of C(6) > 0 such that

d(x,00)d(y, 0N)
|z —y|?

|z —y|" " ?H,(y) < C(§) min {1, } for all x,y € 5.

It is easy to check that

“A(G, — H,) — (ﬁ + h) (Gy — H,) =0 weakly in Qg
G, —H, =0 on (0%%s) \ Bss;a(0)
G, —H, =G, on (82) N Bys 4(0).

Regularity theory then yields that G, — H, € C?Y(Q;). It follows from (22) that
Ge(y) < C1(9)d(y,0Q)d(x,00Q) on (02s) N Bss/a(0) for |z| > §. The comparison
principle then yields G, (y) — H;(y) < C1(8)d(y, 9Q)d(z, 0) for y € Qs and |z| > 4.
The above bound for H, and (22) then yields (23).

Step 3.3: We now claim that for any 0 < ¢’ < §, there exists C(d,0") > 0 such that
(24)
ly|®=DG(x,y) < C(6,8)d(y, dQ)d(x, Q) for z,y € U s.t. |z| >8>0 > |y.
We let 61 € (0,0") that will be fixed later. We use (22) to deduce that G;(y) <
C(6,61)d(x,00)d(y, 0N) for all x € Q\ Bs(0) and y € dBs, (0) N . Since &; < |z,
we have that
~AG, — (#Jrh) G, =0 in QN Bs, (0)
0 <G, <C(6,61)d(y,00)d(x,00) on (2N Bs, (0))\ {0}.
We choose a supersolution %, (,y as in (20) of Proposition 1. It follows from
(21) and (22) that for §; > 0, there exists C(d,6;) > 0 such that G,(z) <
C(6,01)d(x,00)uq_(z) for all z € (2N By, (0)). It then follows from the compar-
ison principle that G, (y) < C(6,01)d(x, 0Q)u,_(y) for all y € (2N B, (0)) \ {0}.
Combining this with (22) and (20), we obtain (24).
Note that by symmetry, we also get that for any 0 < §’ < §, there exists C'(d,d") > 0
such that
(25)
2| NG (z,y) < C(6,8)d(z, dQ)d(y, dN) for z,y € s.t. |y >8> 8 > |z|.

Step 4: Upper bound for G(z,y) when both variables approach 0.

We claim first that for all ¢1,co,c3 > 0, there exists C(cq, co,c3) > 0 such that
for z,y € Q such that ¢;|z] < |y| < ez|x| and |z — y| > c3|x|, we have
d(x,0Q)d(y, 0N)

(26) ‘x - y|n72G(l‘7 y) S O(Cla C2, CS) ‘LL‘|2

When one of the variables stays far from 0, (26) is a consequence of (22). We now
consider a chart at 0, that is 6 > 0, 0 € V C R™ and ¢ : Bas,(0) = V a smooth
diffeomorphism such that ¢(0) = 0 and

(27)  p(Bas(0) NR) = o(U) N and (Bas, (0) N OR™) = p(U) N 99,

Without loss of generality, we can assume that dyg : R® — R™ = Idg~. In partic-
ular, we have that

(28) p(X)] = (14 O(IX]))|X] for all X € Bss,/2(0).
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We fix X € R™ such that 0 < | X| < 3dp/2. We define

H(2) = Go(x)(¢(1X|2)) for 2 € Bs,/x/(0) \ {0’ |§|} :

so that

A H | 2 L IXPRp(X]2) HzomBso/Xm\{ X}.

. 0, —
(\mxwz\)) Ry

1X]
where gx := (¢*Eucl) x is the pulled-back metric of the Euclidean metric Eucl via
the chart ¢ at the point X. Since H > 0, it follows from the Harnack inequality
on the boundary (see Proposition 6.3 in Ghoussoub-Robert [1]) that for all R > 0

large enough and r > 0 small enough, there exist §; > 0 and C > 0 independent of
| X| < 3dp/2 such that

/
HE) _ HE)
EIRET

X

for all z, 2" € (Br(0) NR™)\ (BT(O) UB, (IXI)) :

which, via the chart ¢, yields

G (y) G.(y')
@) G000 = iy o0

for all € Q such that |z| < §y. We let W be a smooth domain of R™ such that for
some A > 0 small enough, we have

(30) B)\(O) NQcCcWc Bg)\(O) N Q and B,\(O) NOW = B)\(O) N on.

We choose a subsolution u,, () as in (20) of Proposition 1. It follows from (21)
and (22) that for |z| < 2 small

<C- for all y, " € QN Brjz|/2(0)\ (Bzr(| (0) U Bayay () -

a . Gy
Go(z) > C(R)|z|*+ () (yGQﬁc}?%f;g o d(y,E?é)) Uq, (1) (2) for all 2 € WNIBR|4|/3(0).

Since —AG, — (y|- |72 + h)G, = 0 outside 0, it follows from coercivity and the
comparison principle that

ey . Gy

We fix zg € W\ {0}. Then for d3 small enough, when |z| < d3, it follows from (25)
and the Harnack inequality (29) that there exists C' > 0 independent of x such that
Ga(y) < Cla~*+ == ld(z, 8Q)d(y, 09) for all y € Brja ()\(By121(0) U By ()

Taking r > 0 small enough and R > 0 large enough, we then get (26) for |z| < d3.
The general case for arbitrary x € Q\ {0} then follows from (23). This prove (26).

Step 4.2: We claim that for all ¢;,co > 0, there exists C(cq,ca) > 0 such that
d(z,0)d(y, 0N) }

|z —yl?

(31) & — y"2G(x,y) < Cler, ) min {1,

for all z,y € Q s.t. e1]z| < |y| < c2|x|. To prove (31), we distinguish three cases:

Case 1: We assume that

(32) 2| < Chd(z,8Q) with Cy > 1.
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We define
H(z):= |:U|"*2G:,3(:U + |z|2) for z € By, (0) \ {0}.

Note that this definition makes sense since for such z, z + |x|z € . We then have
that H € 02<Bl/(201)(0> \ {0}) and

% + |z|?h(x + |z|2) | H = 6 weakly in B1/(2¢,)(0).

l+2’

||

—AH —

We now argue as in the proof of (23). From (26), we have that |[H(z)| < C for all
z € 0By/(2¢,)(0) where C' is independent of z € '\ {0} satisfying (32). Let I'g be
the Green’s function of —A — (|112 + |z|2h(z + |x|z)> at 0 on By/(2¢,)(0) with
m z
Dirichlet boundary condition. Therefore, H — T’y € 02(31/(201)(0)) and, via the
comparison principle, it is bounded by its supremum on the boundary. Therefore
2|"2H(2) < C for all By(ac,)(0) \ {0} where C is independent of z € 0\ {0}
satisfying (32). Scaling back and using (26), we get |z — y|""2G.(y) < C for
all z,y € @\ {0} such that ¢1]x| < |y| < ec2]z| and (32) holds. This proves
(31) if d(x,00)d(y, ) > |z — y|?>. If d(z,09)d(y,00) < |r — y|?, we get that
d(z,00) < 2|z —y|, and then (32) yields |z| < 2C;|x —y|, and (31) is a consequence
of (26).
This ends the proof of (31) in Case 1.
Case 2: By symmetry, (31) also holds when |y| < Cid(y, 09).

Case 3: We assume that d(z,0Q) < C;*|z| and d(y, Q) < C;'|y|. We consider a
chart at 0, that is 69 > 0, 0 € V C R™ and ¢ : Bas,(0) — V a smooth diffeomor-
phism such that ¢(0) = 0 and that (27) and (28) hold. We fix 2/ € R"~! such that
0 < |2'| < 3d0/2.

We assume that r < ¢g|a’|. We define

Hy(2) 5= 1" 72 G (0,047 (9((0,27) +12)) for y, 2 € Byy(2(0) NR™ \ {0}

We then have that H, € C*(Bg,(0) NR" \ {0,y}) and

—Ay H,— % +72h(p((0,2') +r2)) | H, = §, weakly in Bg,(0)NR"™,
(\v((o’w’)ﬂfa))
where g, := (¢*Eucl),4/)4r- is the pulled-back metric of the Euclidean metric

Eucl via the chart ¢ at the point (0,2') + rz. We now argue as in the proof of
(23). From (26), we have that |H,(z)] < C for all z € dBg,(0) NR™ where C' is
independent of y € Bg,/2(0) and 7 € (0,60/4). Let I', be the Green’s function of

—Ay — (M +7r2h(((0,2") + 7“2))) at y on B, /2(0)NR™ with Dirichlet

boundary condition. Therefore, H, —T', € C?(B,, /2(0) NR™) and, via the compar-
ison principle, it is bounded by its supremum on the boundary. It follows from (26)
and elliptic estimates for I'y, (see for instance [3]) that |H, —T'y|(z) < Clyi1|-|z1| for
2 € 0(Be,2(0)NR2) and y € B, /4(0) NR™. Applying elliptic estimates, we then
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get that [H, —T'y|(z) < Clys| - |z1] for z € By /2(0) NR™ and y € B, ,4(0) "R,
and since

—n s Yl -1z n
ry(z) §C|z—y|2 mm{l,||y1|_|z|12|} for all y,ZEBCO/Q(O)ﬁR_

(see [3]), we get that
n— : Y1l - 1= n
|z —y[""2H,(2) < C'min {1, |yl|— 212| } for all y,z € B, /2(0) NR™
where C is independent of 2’ € Bs,/2(0) \ {0}. This yields

n— ~ Yil -1z
B Il G0y ((0.0) +2) < Coin, L]
for |2'| < 80/3, r < cola’| and |y, |z| < ¢o/4.
We now prove (31) in the last case. We fix z € Q\ {0} such that |z| < do/3.
We assume that d(x,0Q) < C x|, d(y,0Q) < Clly| and |z — y| < eolz|. We
let (z1,2'), (y1,y") € Bs,(0) be such that z = p(z1,2") and y = ¢(y1,y'). Taking
the norm |(x1,2’)| = |z1] + |2|, we define r := max{d(z,dQ), |z — y|}. Using that
|X1]/2 < |p(X)] < 2|X]| for X € Bs,(0), up to taking ey > 0 small and C7,¢o > 1
large enough, we get that

a0 |(ny -
— 4 T r

Therefore, (33) applies and we get (31) in Case 3.

‘901 Co
r

< %O and r < cola’|.

We are now in position to conclude. Inequality (31) is a consequence of Cases 1, 2,
3, (23) and (26). This ends the proof of (31).

Step 4.3: We now show that there exists C' > 0 such that
(34)

ly|®= x|+ NGz, y) < Cd(x,00)d(y, Q) for z,y € Q such that |y| < %m

The proof goes essentially as in (24). For |z| < § with 6 > 0 small, we have that

~AG, — (|7|2 + h) Go = 0in H (20 By /5(0)) N C*@Q N By 3(0) \ {0}).

It follows from (26) that G, (y) < Clz[~"d(x,0Q)d(y,0N) in QN OB, /3(0). We
choose a supersolution %, () as in (20) of Proposition 1. It follows from (21) and
(26) that there exists C' > 0 such that

G (y) < Cla|=*+Dd(x, 00T, (1) (y) for all y € QN OB, /3(0).
The comparison principle yields that this inequality holds on QN B,,3(0).
Step 4.4: By symmetry, we conclude that there exists C' > 0 such that

1
(35)  |z|*=OD|y|*+ D G(x,y) < Cd(x, 0Q)d(y, Q) for 2,y € Q s.t. |z] < 5\y|.

Step 5: Finally, it follows from (34), (35) and (31) that there exists ¢ > 0 such
that

(36) Glz.y) < (

max{]y]. |x|})“-<” & — g~ min {1 d(, 0Q)d(y, %) }
min{Jy], 2]} T
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for all z,y € Q, x # y. This proves the upper bound in (5) of Theorem 2. The
lower-bound and the control of the gradient will be proved in Section 6.
4. GREEN’S FUNCTION FOR —A — v|z|~2 oN R"

In this section, we prove the following;:

Theorem 3. Fiz vy < "72. For all p € R™ \ {0}, there exists G, € L*(R™) such
that
(i) nGp € Hi o(R2) for alln € CZ(R" — {p}),
(ii) For all p € C*(R™), we have that
2
(37) o) = [ Gyl (~a0 - ) dn
Moreover, if Gy, Gy, satisfy (i) and (ii) and are positive, then there evists C € R
such that Gy(x) — Gjp(x) = Clas| - |27~ for all 2 € R™ \ {0, p}.
In particular, there exists one and only one function G, = G(p,-) > 0 such that (i)

and (i) hold with G, = G, and

|1]
‘x|0‘+(’7)

(i) 6,(a) =0

We say that G is the Green’s function for —A —~|z|=2 on R™ with Dirichlet bound-
ary condition.

) as x| — +oo.

In addition, G satisfies the following properties:
e For all p € R™\ {0}, there exists co(p), coo(p) > 0 such that

co(p)]1] Coo ()] 71]
(38) gp(l') ~z—0 W and gp(;(;) ~r oo W
and
(39) G, () 1

p T—p (TL _ 2)wn_1|$ — p|n_2 .
e There exists ¢ > 0 independent of p such that
(40) Cial(iU) < Gp(x) < cHp(x)
where
(@) M) = (“m{“'”"x'})ﬁm o —pftmin {1,221
! min{[p, |2/} N

Proof of Theorem 3: We shall again proceed with several steps.

Step 1: Construction of a positive kernel at a given point: For a fixed
po € R™\ {0}, we show that there exists G,, € C*(R™ \ {0, po}) such that

—AGp, = g Gp, =0 in RZ A {0, po}
(42) Gp, > 02771 -
Gp, € L"-2(Bs(0) NRR™) with ¢ := |po|/4

G, satisfies (i) with p = po.
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Indeed, let 77 € C*°(R) be a nondecreasing function such that 0 <7 <1, (¢t) =0
forallt <1and7(t) =1forallt > 2. Fore > 0, set n.(z) := 17 (\acl) for all z € R™.

We let Q7 be a smooth bounded domain of R™ such that R™ N By(0) C Q1 C
R™ N B3(0). We define Qg := R- Q4 so that R™ N Br(0) C Qg C R™ N B3r(0). We
argue as in the proof of (8) to deduce that the operator —A — &”5 is coercive on

Qg and that there exists ¢ > 0 independent of R, e > 0 such that

VMe 0
/ <|V<p|2 iz |230 > dx > c/ |Vp|?dz  for all p € C2(QR).
Qr Qr

Consider R,e > 0 such that R > 2|pg| and € < ‘po‘, and let Gg be the Green’s
function of —A — mz in Qg with Dirichlet boundary condition. We have that

G R, > 0 since the operator is coercive.

Fix Ry > 0 and ¢’ € (1, "5), then by arguing as in the proof of (10), we get that
there exists C' = C(’y,po,q Ry) such that

(43) |GR.e(po, ) Lo (Brg () < C forall R > Ry and 0 <€ < \po|

and

Ipol
(44) |GR,e(po, .)”L%(BJO(O)HR" <Cforall R> Rpand 0 <e<

where § := |pg|/4. Arguing again as in Step 2 of the proof of Theorem 1, there
exists G, € C*(R™ \ {0,po}) such that

GRr,e(po,-) = Gpy >0 in C2 (R™ \ {0,po}) as R — +o00, € = 0
—AG), — mQGpO =0 in R™ \ {0, po}

Gp, =0 on OR™ \ {0}

G, € L73(Bs(0) NR™)

and nG,, € H}(R™) for all 77 € C*(R"\ {po}). Fix ¢ € C*(R™). For R > 0 large
enough, we have that ¢(pg) fR" Gr.c(po, ) (—Ap — yn|z|~2¢) dz. The integral

(45)

bounds above yield x — Gy, (z)|z|72 € L},.(R™). Therefore, we get
(46) o(po) = / Gp, () <A<p — ZPQO) dx for all ¢ € C(R?).
R?

As a consequence, G, > 0.

Step 2: Asymptotic behavior at 0 and p, for solutions to (42). It fol-
lows from Theorem 6.1 in Ghoussoub-Robert [1] that either G, behaves like |x1] -
2|7~ or |xy| - |7+ at 0. Since G, € L%(Bg(()) N R™) for some small
d>0and a_(y) < § < ag(y), we get that there exists co > 0 such that

lim GPO (SC)

47 _
( ) z—0 |x1| |Jj| a_(v)

= Cp.

Since G, is positive and smooth in a neighborhood of py, it follows from (46) and
the classification of solutions to harmonic equations that

1
48 G NZL’ '
(48) 0 (T) ~a—spo (n — 2)wn_1|x — po|*—2
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Step 3: Asymptotic behavior at co for solutions to (42): We let

- 1 x Po }
Gy (r):=——G,, | —5 | forallz € R” \ 0, —= >,
@)= s (117) o
be the Kelvin’s transform of G. We have that
~AG,, — #C}po =0in R™ \ {0, |§O|2} ;G =0ondR™ \ {po}.
0

Since G, > 0, it follows from Theorem 6.1 in [1] that there exists ¢; > 0 such that

. = :E ~ x
Coming back to Gy, we get that
. |1 |21
(49) either G () ~|z|—o00 C1W or Gp, (%) ~|z| o0 C1 z]a= ()

Assuming we are in the second case, for any ¢ < ¢;, we define
lz1| .
|$|a,('y) in RY \ {07p0}7

which satisfy —AG. — #GC = 0in R” \ {0,po}. It follows from (49) and (48)
that for ¢ < ¢;, G. > 0 around pg and oco. Using that nG, € H}(R™) for all
n € C2(R™\ {po}), it follows from the coercivity of —A — v|z|~2 that G, > 0 in
R™ \ {0,po} for ¢ < ¢;. Letting ¢ — ¢; yields G, > 0, and then G., > 0. Since
Ge, () = o(|z1] - |2|~*- ) as |z| — oo, another Kelvin transform and Theorem
6.1 in [1] yield |z |7 |z|*+ G, (z) = ¢z > 0 as || — oo for some ¢y > 0. Then
there exists c3 > 0 such that

Ge(x) == Gpy(z) —

(50) lm — o @ 0and tim — Ca®@

250 [z - |2 P- ) w00 [z - Ja|or ™ T

Since @ 1 [a|- || =) € HE 1, (R"), we get that 9(p) = [ e, (2) (~A¢ — ) da
for all p € C(R™).
Step 4: Uniqueness: Let G1,G2 > 0 be 2 functions such that (4), (¢¢) hold for

p = po, and set H := G; — G,. It follows from Steps 2 and 3 that there exists
c € R such that H'(z) := H(x) — clzy| - |#|7*~ ) satisfies

(51) Hl(m) =20 0 (|$1| . |x‘_a*(7)> and H/(x) =|z|moo O (|$1| . |x‘—a+("/)) )
We then have that nH’ € H}(R™) for all n € C=(R™ \ {po}) and

H'(z) (—A(p — lap) dr =0 forall ¢ € C°(R™).

R™ |z

The ellipticity of the Laplacian then yields H' € C®(R™ \ {0}). The pointwise
bounds (51) yield that H € H}(R™). Multiplying —AH' — 25 H' = 0 by H’,

<[

integrating by parts and the coercivity yield H' = 0, and therefore, (G — G2)(z) =
clzy| - |x|7*=1) for all x € R™. This proves uniqueness.

Step 5: Existence. It follows from Steps 2 and 3 that, up to substracting a
multiple of z — |z1| - |2|~* (), there exists a unique function Gp, > 0 satisfying
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(i), (ii) and the pointwise control (iii). Moreover, (47), (48) and (50) yield (38) and
(39). As a consequence, (40) holds with p = po.

For p € R™ \ {0}, consider p, : R” — R” a linear isometry fixing R” such that
Pp(\%\) = |%|, and define

Gp(z) = <|z;°|>n2 Gpo ((p,,l (“;f)”x))) for all z € R™\ {0, p}.

As one checks, G, > 0 satisfies (i), (ii), (iii), (38), (39) and (40).

The definition of G, is independent of the choice of p,. Indeed, for any linear
isometry p,, : R — R™ fixing po and R™, G, o p, ! satisfies (i), (ii), (iii), and
therefore G,, o p;ol = Gp,- The argument goes similarly of any isometry fixing p.

5. BEHAVIOR AT INFINITESIMAL SCALE

We prove three convergence theorems to get a comprehensive behavior of the
Green’s function

Theorem 4. Let Q be a smooth bounded domain of R™ such that 0 € 0Q2. We fix
7 < %2~ We let h € C%9(Q) be such that —A —~y|x|~2 — h is coercive. Let G be the

Green’s function of —A —v|x|=2 — h with Dirichlet boundary condition on 9). Let
(xi)i € Q and (r;); € (0,+00) be such that

lim r; =0 and lim M:—l—oo.
1—+00 i——+o00 T
Then, for all X, Y € R™ such that X #Y, we have that
1

lim 7 2G(z; +r X, 2 + 1Y) = X —Y |

i—+4o00 (n —2)wp_1

Moreover, the convergence holds in C% ((R™)?\ Diag(R™)).

We now deal with the case when the points approach the boundary. For any
xg € 0N, there exists dg > 0, 29 € V C R™ and ¢ : Bs,(0) — V a smooth
diffeomorphism such that ¢(0) = z¢ and

(52) (B, (0) NR™) = o(U) N Q and ¢(Bas, (0) NOR™) = (U) N O
Without loss of generality, we can assume that dyg : R — R™ = Idgn.

Theorem 5. Let Q be a smooth bounded domain of R™ such that 0 € 0Q2. We fix
2 J—
v < 2. Welet h € C%%(Q) be such that —A —~|z|~ — h is coercive. Let G be the

Green’s function of —A —v|x|=2 — h with Dirichlet boundary condition on 0). Let
()i € O and (r;); € (0,+00) and xg € O be such that

lim r, =0, lim z; =29 € 90 and lim M
1——+o00 i——+00 i——+o00 T

We let ¢ be a chart at x¢ as in (52). We define x;, € R such that z; = (0, z}).
Then, for all X, Y € R™ such that X #Y, we have that

= 4-00.

. n— 1
Jm ri G (02 +riX) o (02 + 1Y) = s
where (Y1,Y')* = (=Y1,Y’) for (Y1,Y’) € R x R"~1. Moreover, the convergence
holds in CZ,((R™)?\ Diag(R™)}).

loc

(|X o Y|27n o |X o Y*|27n)




GREEN’S FUNCTION WITH HARDY BOUNDARY SINGULARITY 15

Theorem 6. Let Q2 be a smooth bounded domain of R™ such that 0 € 092. We fix
v < %2. We let h € C%9(Q) be such that —A —~y|x|~2 — h is coercive. Let G be the
Green’s function of —A —v|x|=2 — h with Dirichlet boundary condition on 09). Let
(ri)i € (0,400) be such that lim;_, ;oo = 0. We let ¢ be a chart at 0 as in (52).
Then, for all X,Y € R™ \ {0} such that X # Y, we have that
Jim PG (e (riX) @ (1Y) = G(X,Y)

11—
where G(X,Y) = Gx(Y) is the Green’s function for —A — ~v|z|=2 on R™ with
Dirichlet boundary condition. Moreover, the convergence holds in C2 ((R™ \ {0})%\
Diag(R™ \ {0})).
Proof of Theorem 4: We let (r;); € (0,+00) and (z;); € Q as in the statement of
the Theorem. For any X,Y € R", X #Y | we define
GZ(X, Y) = 7,,;7,72(;(1,1_ + 7"7;X, x; + ’I’ZY)

for all 4 € N. Since r; = o(d(z;,99Q)) as i — +oo, for any R > 0, there exists ig € N
such that this definition makes sense for any X,Y € Bg(0). Equation (3) yields

b r2h(zi + i) | Gi(X,) =0 in Ba(0)\ {X}.

(53)  —AGiI(X,) —
s

The pointwise control (36) writes

max{fo: +r X o VPO o

min{|xi + ’I“in, |37z + ’I“lY|}

for all X,Y € Bg(0) such that X # Y. Since 0 € 02, we have that d(z;,9Q) < |z,

and therefore r; = o(|z;|) as i — +oo. Equation (53) and inequality (54) yield
—AG;(X,)+0;(X,)G;i(X,-) =0in Br(0) \ {X}.

where 6; — 0 uniformly in CP_((R")?) and 0 < G;(X,Y) < /X — Y[*~™ for all
X,Y € Bg(0) such that X # Y. It then follows from standard elliptic theory that,
up to a subsequence, there exists Goo (X, ) € C?(R™ \ {X}) such that G;(X,-) —
Goo(X,) > 0in C7 (R™\ {X}) and
“AGoo(X,) = 0in R"N{X} and Goo(X,Y) < X—Y[>™ for X,Y € R", X £Y.
It then follows from the classification of positive harmonic functions that there
exists A > 0 such that Goo(X,Y) =ANX —Y[? " forall X,Y e R", X £Y.
We let p € C2(R"). We define p;(x) := o(r; (x — x;)) for x € Q (this makes
sense for 4 large enough). It follows from (2) that
~y

s +1iX) = [ Glaitrix) (~aptn = (T3 000 ) i) ) dn

Via a change of variable, and passing to the limit, we get that

(54) 0<Gi(X,Y)<ec <

p(X) = N Goo(X,Y) (=Ap(Y)) dy.
Since Goo (X,Y) = A\|X =Y |27", we get that A\ = 1/((n—2)w,_1). Since the limit is
unique, the convergence holds without extracting a subsequence. The convergence
in C?_((R™)?\ Diag(R™)) follows from the symmetry of G and elliptic theory. [
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Proof of Theorem 5: The proof goes as in the proof of Theorem 4, except that we
have to take a chart due to the closeness of the boundary. We let (r;); € (0, +00),
(x:)i € 0Q and g € 09 as in the statement of the Theorem. We let ¢ be a chart at
xo as in (52) (in particular dpo = Idgn) and we set x; € R™ such that z; = (0, 27).
In particular, lim; ;o 2} = 0. For any X,Y € R”, X # Y, we define

Gi(X,Y) =17 7?Gp ((0,2) +1:X) ¢ ((0,2) + r;Y))

for all i € N. Here again, provided X,Y remain in a given compact set, the
definition of G; makes sense for large i. Equation (3) then rewrites
(55)

where

0:;(Y) == W +rih(p((0,27) +7:Y))
and g; = ¢*Eucl((0, z})+r;-) is the pull-back of the Euclidean metric. In particular,
since dpg = Idrn, we get that g; — Eucl in C7_(R™). Since r; = o(|z;]), we get
that r; = o(|z}]) as i — 400, and, using again that dgpg = Idgrn, we get that
0; — 0 uniformly in Br(0) NR”™. The pointwise control (36) rewrite G;(X,Y) <
X —Y]2" for all X,Y € R*, X # Y. With the same arguments as above, we
get that for any X € R”, there exists Goo (X, ) € C?(R™ \ {X}) such that

lim Gi(X,) = Guo(X, ) in O, (BT \ {X})

i——+o00
“AGK(X,)=0 nR"\{X}
with Goo(X,) >0
Go(X,)=0 on OR™ \ {X}
and
o(X) = Goo(X,)(—Ap) dY for all p € CF(R™).
R™
with 0 < Goo(X,Y) < ¢|X — Y27 for all X,Y € R", X #Y. Define
FRZ(X’Y) _ 1 (|X—Y‘2_n—|X—Y*|2_n).

(n —2)wp—1
As one checks (see for instance [3]), T'rn satisfies the same properties as Goo. We
set f 1= Goo(X,:) — Trn (X,-). As one checks, f € C°(R” \ {X}), —Af =0
in the distribution sense in R™, |f| < C|X — -[*=™ in R” \ {X} and fog» = 0.
Hypoellipticity yields f € C°°(R™). Multiplying —Af by f and integrating by
parts, we get that f = 0, and then G (X, ) = I'rn (X, ). As above, this proves the
convergence without any extraction. The convergence in C?_((R™)? \ Diag(R™))
follows from the symmetry of G and elliptic theory. O

Proof of Theorem 6: Here again, the proof is similar to the two preceding proofs.
We let (r;); € (0,400) such that lim; 4.7 = 0. We let ¢ be a chart at 0 as in
(52) (in particular dpg = Idgn). For any X, Y € R™ \ {0}, we define

Gi(X,Y) :=r2Gp (riX), ¢ (riY))
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for all 7 € N. Equation (3) rewrites

—A4,Gi(X, ) = +r7h(p(ri) | Gi(X,-) =0 in Br(0) NRZ\ {0, X}.

’«pm» ’2
T4
with G;(X,-) = 0 on Bgr(0) N OR™, where g; = ¢*Eucl(r;-) is the pull-back of
the Euclidean metric. In particular, since dpg = Idg~, we get that g; — Eucl in
C2 (R™). The pointwise control (36) writes

loc
max{| X, [Y]}
min{| X1, |V}
It then follows from elliptic theory that G;(X, ) = Goo(X, ) in CZ _(R™ \ {0, X }).

In particular, G (X, -) vanishes on OR™ \ {0} and
(56)

a—(v)
OSGi(X,Y)SC( ) X —Y[]* ™" for X, Y €R", X £Y.

max{|X], [V}
min{| X[, [Y ]}

Moreover, passing to the limit in Green’s representation formula, we get that

o(X) = / G (X,Y) <Acp — |Y7|2g0) dY for all p € C°(R™).
R

a—(v)
0<GOO(X,Y)<C< ) X —Y]* " for X,Y €R", X #Y.

Since G(z, ) is locally in Hg () (see (b) in Theorem 1), we get that (nG;(X,-)); is
uniformly bounded in Hf 3(R™ ) for all n € C2°(R™\{X}). Up to another extraction,
we get weak convergence in Hi(R™), and then nGuso(X,-) € Hi(R™) for all
n € CP(R™\ {X}). It then follows from Theorem 3 and (56) that G (X,-) = Gx
is the unique Green’s function of —A — 7|z|~2 on R™ with Dirichlet boundary
condition. Here again, the convergence in C? follows from elliptic theory. O

6. A LOWER BOUND FOR THE GREEN’S FUNCTION

We let €2, v, h be as in Theorems 1 and 2. We let G be the Green’s function for
—A — (y]z|~2 + h) on Q with Dirichlet boundary condition. We let (;), (;)ien be
such that z;,y; € Q and x; # y; for all i € N. We also assume that there exists
Toos Yoo € Q such that

lim x; = o and lim y; = Yoo
i——+00 i——4o00

and that there exists ¢y, ¢y such that
lim G(xi,yq)

imtoo H(x,y;)

where H(x,y) is defined in (6) and

oy o (BN o)

1€ [0,400] and lim 1Y Cz W)l

= 0
i——+00 F(l‘z,yl) @€ [ 7+OO}

min{|z|, [y|} |z -yl
for z,y € Q,  # y. Note that ¢; < +00 by (36). We claim that
(57) 0<c and 0 <y < 400

The lower bound in (5) and the upper bound in (7) both follow from (57).

This section is devoted to proving (57). We distinguish several cases:
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Case 1: Zoo 7 Yoos Toos Yoo € 2. As one checks, we then have that lim; o G(x;,y;) =
G(Zoo,Yoo) > 0. Therefore, we get that ¢; € (0,400). Concerning the gradient,
lim; s 4 oo |[VGy, (4:)| = |VGa. (Yoo)| > 0 and this yields ca < +o00. This proves (57)

in Case 1.

Case 2: 2o € Q and y,, € 90\ {0}. Since Zo, Yoo are distinct and far
from 0, we have that G(z;,y;) = d(y;,0Q) (—0,Gz. (Yoo) +0(1)) as i — o0,
where 0,G,__(Yso) is the normal derivative of G, > 0 at the boundary point
Yoo- Hopt’s Lemma then yields 9,Gs__ (¥oo) < 0. As one checks, we have that
H(zi,yi) = (¢ + o(1))d(y;, 0?) as i — +oo. This then yields 0 < ¢; < +o0.
Concerning the gradient, we get that lim; 1o |VGy, (¥:)] = [VGs (Yso)| > 0 and
lim; oo T4, yi) € (0, 4+00), which yields ¢o < 400. This proves (57) in Case 2.

Case 3: z, € Q and y, = 0 € 09. It follows from Case 2 above that there exists
¢ > 0 such that G, (y) > cd(y, 0Q)|y| =~ for all y € H(QN B,,(0)). We take the
subsolution u, (,) defined in Proposition 1. With (21), there exists ¢’ > 0 such
that G, (y) > ciu, (,)(y) for all y € 9(2 N B,,(0)). Since Gy, is locally in H}
around 0, the comparison principle and (21) yields G, (y) > ¢”d(y, 9Q)|y| >~
for all y € QN By, (0). This yields ¢; > 0.

We deal with the gradient. We let ¢ be a chart at 0 as in (52) and we define
Gily) =177 7 G (p(riy) for y € R 0 By(0)

with r; — 0. It follows from (36) that G;(y) < Cly1|-|y|~*~ ) for all y € R NBy(0).
It follows from (3) that —Ay,G; — (7| - |* + o(1)) G; = 0 in R™ N By(0) where g; :=
@*Bucl(r;-) and o(1) — 0 in LyS.(R™). Elliptic regularity then yields |[VG;(y)| < C
for y € R” N By/5(0). We now let r; := |;| where y; := ¢(7;), so that r; — 0.
We the have that |VG;(5:/ri)| < C, which rewrites |VGy, (y;)| < Clys|~*- ). By
estimating I'(x;, y;), we then get that co < 4+00. This proves (57) in Case 3.

Case 4: Too 7 Yoos Loos Yoo € 0N\ {0}. Since T, Yoo are distinct and far from 0,
we have that G(z,y;) = d(yi, 0Q)d(xi,09) (0y,0,, e (Yoo) + 0(1)) as i — +o0,
where 0, is the normal derivative along the first coordinate, and 9, is the normal
derivative along the second coordinate. Since y — G, (y) is positive for z,y € Q,
x # y, and solves (3), Hopf’s maximum principle yields —d,, G(z,yos) > 0 for
r € Q. Moreover, it follows from the symmetry of G that —0,,G(z,ys) > 0
solves also (3). Another application of Hopf’s principle yields d,,0,, Gz (4oo) > 0.
Estimating independently H(x;,y;), we get that 0 < ¢; < +00.

We deal with the gradient. We have that |V, Gy, (vi)| = |Vy(Ge, — Gs,)(ys)| where
#; € 052 is the projection of x; on 9. The C?—control then yields |V, G, (y;)| <
Cd(z;,00). Estimating independently I'(x;, y;), we get that ¢ < +oo. This proves

(57) in Case 4.

Case 5: Too # Yooy Too € 0N\ {0} and yoo = 0. It follows from Cases 2 and
4 that Gy, (y) > Cd(z;,09Q)d(y;, 09) for all y € (B, |/2(0) N Q). Using a sub-
solution as in Case 3, we get that G, (y) > cd(x;, 0Q)d(y,0Q)|y|~*- ) for all
y € O(B|y1/2(0) N ). This yields 0 < ¢;.

For the gradient estimate, we choose a chart ¢ around y., = 0 as in (52), and we let
r; == |U;| = 0 where y; = ©(g;)we define G;(y) := rft—(ﬂy)_le (o(riy))/d(z;, 0Q)
for y € R NBy(0) where r; — 0. The pointwise control (36) and equation (3) yields
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L (R™ N By(0)\{0}) as i — +o00. The boundedness of
|VG;| yields c2 < 4+o00. This proves (57) in Case 5.

the convergence of (G;) in C}-

Since G is symmetric, it follows from Cases 1 to 5 that (57) holds when xoo # Yoo-

We now deal with the case o = Yoo, Which rewrites lim; , o |2; — y;| = 0. Via
a rescaling, we are essentially back to the case T, # ¥y~ via the convergence
Theorems 4, 5 and 6.

Case 6: |x; —y;| = o(d(x;,00)) as i — +oo. We set r; := |x; —y;| = 0asi — +00
and we define

Q—Jii

0}.
5 q0)
It follows from Theorem 4 that G; — c¢,| - |*™™ in C7 . (R™\ {0}) as i — o0,

with ¢, == ((n — 2)wp—1)~!. We define ¥; := =74, and we then get that [y; —

2" 2G(xy,y;) = Gi(Yi) — ¢, as i — +oo. Estimating H(x;,y;) (and noting that
d(x;,00) < |z; — 0] = |z4]), we get that 0 < ¢; < +o0.

The convergence of the gradient yields |[VG;(Y;)| < C for all 5. With the original
function G and points z;, y;, this yields co < +o00. This proves (57) in Case 6.

G;(Y):= T?72G($i,$i +rY)forY e

Case T7: d(z;,00) = O(|z; — vi]) and |z; — y;| = o(|x;]) as ¢ — +oo. Then
lim; oo T = Too € 0. We let p be a chart at z as in (52) such that dgpg = Idgn.
We let z; = p(zi1,2;) and y; = ¢(yi1,y;) where (z;1,2}), (Yi1,y)) € (—00,0) x
R"~1 are going to 0 as ¢ — +oo. In particular d(x;,dQ) = (1 + o(1))|z;1| and
d(y;,00) = (14 o(1))|y; 1] as ¢ — 4+o00. We define r; := [(y;.1,y}) — (21, 25)]- In
particular r; = (1 + o(1))|x; — y;| as i — +o0o. The hypothesis of Case 7 rewrite
x;1 = O(r;) and r; = o(|(xs,1,2;)]). Consequently, we have that y; 1 = O(r;) and
r; = o(|z}]) as i — +o00. We define

Gi(X,Y) =1} 72G(p ((0,27) +1:X) 0 ((0,27) + 1Y)
for X, Y € R™ such that X # Y. It follows from Theorem 5 that

dim Gi(X,Y) =¢, (| X =Y = [X —Y*[*™") := ¥(X,Y)

1—+00
for all X, Y € R”, X # Y, and this convergence holds in CZQOC. We define X; :=
(ri_lxiyl,O) and Y; := (ri_lyi,l,ri_l(yg —x})): the definition of r; yields X; — X €
R” and Y; — Y., € R” as i — +o0o. Therefore, we get that

2 — il "G @i, ys) = (14 0(1))Gi(X4,Y;) — (X, Yao)

as ¢ — +o00, and

(58) Xoor| = tim ol gy 9@000)

1—+o0 r; 1——+00 T
Case 7.1: Xoo1 # 0 and Yoo 1 # 0. We then get that lim;_, oo |~y |" 3G (24, y;) =
U(Xo,Ys) > 0. Moreover, it follows from (58) that d(x;,0Q)d(y;, Q) = (c +
o(1))|z; —yi|? as i — +o0 for some ¢ > 0. Since |z;| = (1+0(1))|y:| as i — +oo (this
follows from the assumption of Case 7), we get that lim; | o |7; — ;|2 H (24, ;) €
(0, +00). Then 0 < ¢1 < +o0.
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Case 7.2: Xoo1 # 0 and Yoo1 = 0. Then Y;; — 0 as 4 — +oo, and then,
there exists (7;); € (0,1) such that G;(X;,Y;) =Y, 10y, G;(X;, (Y51, Y/)). Letting
i — 400 and using the convergence of G; in C', we get that

lzi — ui|"2G(zi ) = (1+0(1)Gi(X4,Y;) = Y10y, Gi(Xi, ;Y5)
_ Tgii?(—&fﬂXwJ&)+0O»

as i — 4o00. As one checks, 0y, U(X,Yoo) < 0. Arguing as in Case 7.1, we get
that 0 < ¢; < 4o00.
Case 7.3: Xoo,1 = Yoo,1 = 0. As in Case 7.2, there exists (7;);, (0;); € (0,1) such
that Gl(XZ,Y;) = i71Xi’18y18X1Gi((0'iXi71,X{)Xi,(Ti}/iﬁl, 1/)) We COIlChlde as
above, noting that 9y, dx, ¥(Xoo, Yoo) > 0. Then 0 < ¢1 < +00.
The gradient estimate is proved as in Cases 1 to 6. This proves (57) in Case 7.
Case 8: d(z;,00) = O(|z; — yil), |zi] = O(|lx; — wi|) and |y;| = O(|lz; — wi])
as i — 4oo. In particular, xo = Yoo = 0. We take a chart at 0 as in Case 7,
and we define (z;1, %), (yi,1,y;) similarly. We define r; := |(yi1,¥}) — (zi1, 2})| =
(14 o(1))|z; — yi| as i — +o00. We define

Gi(X,Y) = 17?G(p (riX) o (1Y)

for X,Y € R. Tt follows from Theorem 6 that G; — G in C2_((R™ \ {0})?\
Diag(R™ \ {0})), where G is the Green’s function for —A —~|-|~2 in R". Then

|2 — yi" G (@i, yi) = (14 0(1))Gi(Xi,Y;) = G(Xoo, Yoo) + 0(1)
as 1 — +o0.

Case 8.1: We assume that Xoo 1 # 0 and Y1 # 0. Then we get 0 < ¢; < 400 as
in Case 7.1.

Case 8.2: We assume that Xoo € R™ and Yoo € OR” \ {0} or X0, Yoo € OR™ \
{0}. Then we argue as in Cases 7.2 and 7.3 to get 0 < ¢; < +oo provided
{0v,0(Xoo, Yoe) < 0if Xoo € R™ and Yoo € 9R"} and {0y, 0x,G(Xoo, Yoo) >
0if Xoo, Y € OR™ }. So we are just left with proving these two inequalities.
We assume that X, € R™. It follows from Theorem 3 that G(X,:) > 0 is a
solution to (—=A — 7] [72)G(Xw, ) = 0 in R™ — {X .}, vanishing on OR" \ {0}.
Hopf’s maximum principle then yields —0y, G(X oo, Yoo) > 0 for Yo € OR™ \ {0}.
We fix Y, € OR™ \ {0}. For X € R”, we then define H(X) := —0y,G(X,Y) >0
by the above argument. Moreover, (—A —«|-|72)H = 0 in R”, vanishing on R™ \
{0, Y }. Hopf’s maximum principle then yields —0x, H(X ) = 0y, 0x, G (X0, Yoo ) >
0 for X, Y, € OR™ \ {0}
Case 8.3: we assume that Xoo =0 or Yoo = 0. Since | X — Yoo| = 1, without loss
of generality, we can assume that X, # 0. It follows from Cases 8.1 and 8.2 that
there exists C' > 0 such that
d(x;,0Q) d(y, 00

(0,09) 6.0 _ g, () < C
|in‘"_a—(7) |y|0‘—(’)’) °
for all y € 9(B|z,|/2(0)NQ2). We let u, (. be the sub-solution given by Proposition
1. Arguing as in Case 3, it then follows from the comparison principle that (59)
holds for y € Bj;,|/2(0) N Q. Since |y;| = o(|x;]), we then get that (59) holds with
y :=vy;. Estimating H(x;,y;), we then get that 0 < ¢; < +00.

—1
(59) ¢ ‘in‘"_a—('Y) |y|0‘—(’)’)




GREEN’S FUNCTION WITH HARDY BOUNDARY SINGULARITY 21

The gradient estimate is proved as in Cases 1 to 6. This proves (57) in Case 8.
Since G is symmetric, it follows from Cases 7 and 8 that (57) holds when z+, = Yeo.

Conclusion: We then get that (57) holds, which proves the initial claim. As noted
previously, the lower bound in (5) and the upper bound in (7) both follow from
these results. This ends the proof of Theorem 1.

7. APPENDIX: A TECHNICAL EIGENVALUE LEMMA

Lemma 1. Let Q@ C R™, n > 3, be a smooth bounded domain. Let (V)i : @ — R
and Vs :  — R be measurable functions and let (x)r € Q be a sequence of points.
We assume that

i) limg—s 100 Vi(2) = Vo () for a.e. x € Q,

i) There exists C > 0 such that |Vi,(z)| < Clz — xx|72 for all k € N and x € Q.
m) limg_s 400 1 = 0 € 0N

iv) For some o < n?/4, there exists § > 0 such that |Vi.(z)| < yolz — 21| =2 for all

k€N and z € Bs(0) C Q.

v) The first eigenvalue A\ (—A + V) is achieved for all k € N.

Then
lim )\1(—A + Vk;) = )\1(—A + Voo)
k——+oo

Proof of Lemma 1: We first claim that (Aj(—A + V%))x is bounded. Indeed, fix
v € H(Q)\ {0} and use the Hardy inequality to write for all k € N,

JoVelP + Vi) de _ [o(Ve|* + Cla — a4 *¢?) da
Jo p?dx - Jo p?dx
For the lower bound, we have for any ¢ € H}(2),

/(|V<p|2+Vkap2)dx = /|V<p|2dx+/ Vk<p2dsc+/ Vip? do
Q Q Bs(0) Q\B;(0)

A (—A+Vy) < =M < 400

2 / |V<P|2dff—70/ |z — x| 2% da
Q B;5(0)
74C5*2/ o’ dx
Q\B;5(0)
(60) > (1—470/712)/ |Vg0|2d:1:—40572/g02d3:.
Q Q

Since vy < n?/4, we then get that A\;(—A+V}) > —4C§~? for large k, which proves
the lower bound.

Up to a subsequence, we can now assume that (A;(—A 4 Vi))r converges as k —
+00. We now show that

(61) Hminf A (=A 4+ Vi) > M (—A+ V).

k—-+o0
For k € N, we let ¢}, € Hj(£) be a minimizer of A\ (—A+V},) such that [, ¢} dz = 1.
In particular,
(62) ~ Ay + Vipr = M (—=A + Vi)pr weakly in H} ().

Inequality (60) above yields the boundedness of (¢)xr in H}(Q). Up to a sub-
sequence, we let ¢ € H}(Q) such that, as k — +o0, pr — ¢ weakly in H}(Q),
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©r — ¢ strongly in L*(Q) (then [, ¢*dz = 1) and @x(z) = ¢(z) for a.e. z € Q.
Letting k& — 400 in (62), the hypothesis on (Vi) allow us to conclude that
—Ap+ Voo = hlf M (—A 4 Vi) weakly in HJ ().
—+o0

Since [, ¢ dz =1 and we have extracted subsequences, we then get (61).

Finally, we prove the reverse inequality. For € > 0, let ¢ € H}(Q) be such that
Jo(Vel® + Vacp?) da
Jo @2 dx

<AM(-A+ Vo) +e

We have
fQ Vi — Volp? da

Jo ©?dx '
The hypothesis of Lemma 1 allow us to conclude that [, [Vi — Vis|@® dz — 0 as
k — +o00. Therefore limsupy,_, , . A1(—A 4 Vi) < M (A + Vo) + € for all € > 0.
Letting € — 0, we get the reverse inequality and the conclusion of Lemma 1. (I

MEA+VE) <M (—A+ V) +e+
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