NEW COHOMOLOGICAL INVARIANTS OF FOLIATIONS

GEORGES HABIB AND KEN RICHARDSON

ABSTRACT. Given a smooth foliation on a closed manifold, basic forms are differential forms that
can be expressed locally in terms of the transverse variables. The space of basic forms yields a
differential complex, because the exterior derivative fixes this set. The basic cohomology is the
cohomology of this complex, and this has been studied extensively. Given a Riemannian metric,
the adjoint of the exterior derivative maps the orthogonal complement of the basic forms to itself,
and we call the resulting cohomology the “antibasic cohomology”. Although these groups are
defined using the metric, the dimensions of the antibasic cohomology groups are invariant under
diffeomorphism and metric changes. If the underlying foliation is Riemannian, the groups are
foliated homotopy invariants that are independent of basic cohomology and ordinary cohomology
of the manifold. For this class of foliations we use the codifferential on antibasic forms to obtain
the corresponding Laplace operator, develop its analytic properties, and prove a Hodge theorem.
We then find some topological and geometric properties that impose restrictions on the antibasic
Betti numbers.

1. INTRODUCTION

The ordinary Hodge decomposition theorem on a closed Riemannian manifold (M, g) of dimen-
sion n gives an L?-orthogonal decomposition of differential forms:

OF (M) = im (dy—1) © H* @ im (841), 0 <k <n,

where dj, : QF (M) — QFFL (M) is the exterior derivative with LZ-adjoint &1 : QF1 (M) —
QF (M), and where H* = ker (A},) is the space of harmonic k-forms. Note also that

ker (dy,) = im (dj_1) & H* and ker (0;) = H* & im (841) .

From this we get that the de Rham cohomology groups satisfy H* (M) =2 H*. Now, an alternative
way of looking at this is to define a “new” de Rham homology H, ('5‘3 (M) using 6§ instead of d: 62 =0,

SO
ker 5k

HE(M)= —" 0<k<n,
» (M) imdpy T T
is well-defined. By the equations above for ker &, and kerdy, HF (M) = HE (M). So no one ever
defines H f (M) separately, because it does not provide anything new, and it seems to require a
metric.

We consider however the situation where M is endowed with a smooth foliation F of codimension
g. Many researchers have studied the properties of basic forms on foliations (see [I3] for the original
work and the expositions [I5], [11], [20] and the references therein). Specifically, the basic forms are
differential forms on M that locally depend only on the transverse variables. Because the exterior
derivative preserves the set Qj (M) of basic forms, one can define the basic cohomology groups as

ker(d:&)f(ﬂ[)—+ Q§+1(A4)>

HF (M, F) := ,0<k<q.

hn(d:(ﬁ‘l(ﬂl)—>ﬁf(mﬂ>
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These cohomology groups are invariants of the foliation and can in general be infinite dimensional
even when M is compact. The isomorphism classes of these groups are invariant under any homo-
topy equivalence between foliations that preserve the leaves. For certain classes of foliations, such
as Riemannian foliations, these cohomology groups are finite dimensional.

Let L? (€ (M)) denote the completion of the space of smooth basic forms with respect to the
L? inner product on differential forms on M. This is a subspace of the Hilbert space of differential
forms with respect to this same inner product. Since the latter Hilbert space is complete, the
subspace is the same as the closure of the space of smooth basic forms with respect to the L?
norm. Since d preserves the smooth basic forms as mentioned previously, the formal adjoint §
of d with respect to the L? inner product preserves the smooth forms inside the L? orthogonal
complement (€2 (M )™, and we denote the set of smooth forms in this subspace by Q* (M, g), the
set of “antibasic forms”. Because % = 0 on this space, we may define the “antibasic cohomology
groups” as
ker (6 : QF (M, g) — QF1 (M, g))

im ((5 QL (M, g) — QF (M, g))

HE (M, F,g) = L0<k<n.

We see that H* (M, F, g) depends on the choice of g, but we show that the isomorphism classes of
these groups are independent of this choice (Theorem and are in fact invariants of the smooth
foliation structure (Corollary . For that reason, we henceforth remove the background metric g
from the notation. Unlike the case of the de Rham cohomology of ordinary manifolds defined using
0 above, these cohomology groups provide new invariants of the foliation, which are not necessarily
isomorphic to either the basic or ordinary de Rham cohomology groups.

We are interested in whether these new foliation invariants give obstructions to certain types of
geometric structures on the manifolds and foliations. In Theorem we show that if the foliation
is codimension one on a connected manifold, and if the mean curvature form of the normal bundle
is everywhere nonzero, then HY (M) = {0}, and H} (M) = H’ (M) for j > 1.

Starting with Section 3| we consider the case of Riemannian foliations, where the normal bundle
carries a holonomy invariant metric; c.f. [14], [11], [20]. As is customary, we choose a bundle-like
metric, one such that the leaves of the foliation are locally equidistant. In this particular case,
the geometry forces many consequences for the antibasic cohomology. One crucial property of
Riemannian foliations that allows us to proceed with analysis is that the L? orthogonal projection
P, from all forms to basic forms preserves smoothness. This was shown in [I2] and [1], and it is
false in general for non-Riemannian foliations (see Example . As a consequence, it is also true
that the L? orthogonal projection P, from all forms to antibasic forms preserves smoothness. In
Proposition [3.1], we derive explicit formulas for the commutators [d, P,] and [8, P,], which are zeroth
order operators that are in general not pseudodifferential. These formulas allow us to express the
antibasic Laplacian A, = (P, (d + 0) P,)? in terms of elliptic operators on all forms in Theorem
That is, A, can be written in terms of the ordinary Laplacian A on M by the formula

Ay = (A + 0Pe™ + Pye™0) P,

where €* is a zeroth order differential operator determined by the geometry of the foliation and
defined explicitly in Proposition (3.1

Because A, and D, = P, (d + §) P, are similar to elliptic differential operators but are in general
not pseudodifferential, we do not necessarily expect them to satisfy the usual properties of Laplace
and Dirac operators. However, in Section [5] we are able to show many of the functional analysis
results with a few modifications. Specifically, we prove a version of Garding’s Inequality (Lemma
, the elliptic estimates (Lemma , and the essential self-adjointness of both D, and A,
(Corollary. Also, we show that elliptic regularity holds (Proposition, and finally we prove
the spectral theorem (Theorem [5.17) for A, = D2 and D,, showing that there exists a complete
orthonormal basis of L? (Q (M)) consisting of smooth eigenforms of D,, and the eigenvalues of A,
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have finite multiplicity and accumulate only at +oco. In all of these cases, the proofs are a bit more
complicated than usual because of the antibasic projection and the issue of operators not being
pseudodifferential.

In Section |§|, we are able to prove the Hodge theorem and decomposition (Theorem and
Corollary for the antibasic forms, again only for the Riemannian foliation case. For these
foliations, there is an alternate way of expressing the antibasic cohomology, using d, = P,dP, as a
differential. Then it turns out that if f : (M, F) — (M',F’) is a foliated map, which takes leaves
into leaves, then P,f*P! induces a linear map on d,-cohomology. We show that for Riemannian
foliations, the isomorphism classes of antibasic cohomology groups are foliated homotopy invariants;
see Theorem and Corollary We do know in general that the antibasic Betti numbers are
foliated diffeomorphism invariants, but it is an open question whether they are foliated homotopy
invariants; see Problem [1| and the preceding discussion.

In Section [7], we prove identities for antibasic cohomology in special cases. If the foliation is
Riemannian, then HY (M, F) = {0} and

dim H' (M) < dim H} (M, F) + dim H} (M, F);

see Proposition and Proposition [7.6] If in addition the normal bundle is involutive, then for all
k,
H* (M) = Hy (M, F) ® Hy (M, F),

by Proposition In the special case where the Riemannian foliation is the set of orbits of a
connected, compact Lie group of isometries, we show that antibasic cohomology can be computed
using only the subspace of invariant differential forms; see Proposition

The case of Riemannian flows is investigated in Section [§| In this setting, we are able to char-
acterize H! (M, F). We prove in Proposition that when the flow is taut, meaning that there
exists a metric for which the leaves are minimal,

dim (H, ' (M, F)) > dim (H} (M, F))

for 7 > 0. In the particular case where H! (M) = {0} and M is connected, we get H} (M) = R
always (Theorem . On the other hand, if M is connected and the flow is nontaut, we have that
H} (M) = {0}.

In Section [9) we compute the antibasic cohomology of specific foliations in low dimensions.
These examples include Riemannian and non-Riemannian foliations and illustrate the results we
have proved.

2. BASIC AND ANTIBASIC COHOMOLOGY OF FOLIATIONS

Let M be a smooth, closed manifold, and let F be a smooth foliation on M of codimension ¢
and dimension p (i.e. the dimension of M is n = p + ¢). The subspace €, (M) C Q (M) of basic
differential forms is defined as

O (M) ={Be€Q(M): X8=0,X_d3 =0 for all X € T (TF)}

where X denotes interior product with X. Since d maps basic forms to themselves, we may
compute the basic cohomology

) ker (d: Qf (M) = Q1 (M)

im (d L QE1 (M) — QF (M))

for 0 < k < ¢q. Because d commutes with pullbacks, these vector spaces are smooth invariants of
the foliation, meaning that foliated diffeomorphisms (diffeomorphisms that map leaves onto leaves)
preserve the basic cohomology groups. In [§], it was shown for complete Riemannian foliations
that the basic cohomology algebra is a topological invariant. In general, it is not true that the
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basic cohomology is topologically invariant, because there exist smooth foliations that are foliated
homeomorphic (but not foliated diffeomorphic) with nonisomorphic basic cohomology groups (see
the introduction of [§] for an example). However, in [2, Théoreme 1, Corollaire 1], the authors show
for arbitrary smooth foliations that smooth foliated homotopy equivalences induce isomorphisms
on basic cohomology.

In general, Hf (M, F) need not be finite dimensional, unless there are topological restrictions
(such as the existence of a bundle-like metric), and even when such restrictions apply, Poincaré
duality is not satisfied except in special cases, such as when the foliation is taut and Riemannian.
Much work on these cohomology groups has been done (c.f. [I], [II], [20], [2], [B], [6], and the
associated references).

Suppose next that M is endowed with a Riemannian metric g. For simplicity, we will assume that
M is oriented and F is transversally oriented in what follows, to make the Hodge star operators
well-defined. However, many of the results carry over to the general case with minor changes and
simple adjustments to the proofs.

A metric on the bundle of differential forms is induced from g, and in fact for any o, 5 € Q" (M),

@8)= [ ans.
M
where * is the Hodge star operator. The formal adjoint § of d with respect to this metric satisfies
6= (1) ds = (1) 7L dx

on Q" (M). We let the smooth part of the L?-orthogonal complement of 7 (M) be

QL (M, g) =y (M) ={aeQ (M): {a,8) =0forall 8 O (M)}
the space of antibasic r-forms. Observe that for all 8 € Q' (M), a € QF (M, g),

0=(dB,a) = (8,00},
so that § preserves the antibasic forms, and again 42 = 0. We now define the antibasic cohomol-
ogy groups H] (M, F,g) for 0 <r <n by
ker (6 : Q7 (M, g) — Q1 (M,
HY (ML Fog) = r ( a+(1 9) =% (Mg))
im (0: Q" (M, g) — Qr (M, 9))

Theorem 2.1. Let F be a smooth foliation on a smooth, closed, oriented manifold M that is
endowed with a metric g. The isomorphism classes of the groups H (M,F,g) do not depend on
the choice of g and are thus invariants of (M, F).

Proof. Consider a general change of metric from g to ¢’. Let * denote the Hodge star operator for
metric g, and let ¥ denote the Hodge star operator for ¢’. Similarly we define § and §’. We define
the invertible bundle maps A™ and B" on " (M) by

AT =+ QT (M) - QT (M),
B" : =¥571:Q" (M) = Q" (M).
Then observe that
A"B" =« 1« /571 = identity,
and also B"A" is the identity. Thus we also have that
AT = L =« (*' -1 ,
BT = 571 = (*’)71 .

With these definitions,
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Then on Q" (M), the formal adjoint of d in the ¢’ metric is
§ = £x AV s AT
= B"5A"
Then we check
0 = (¢)=B"2A"'B1oA
= B'T5%A"
Consider the map on differential r-forms given by 1 — ¢/ = (AT)_1 1) = B, which is an isomor-
phism. Then we see that
Br15AT (A Ly
B (6¢) = (69"
Restricting now to the foliation case and the antibasic forms, we must determine if B” maps the

g-antibasic r-forms to the ¢g’-antibasic r forms. We check this by taking any g-antibasic r-form 1
and any basic form f:

0 = <B,w>=/MBA*w

5/wl

= [ Bad ) ww= [ BasBe =8 B

Hence B” maps the g-basic forms to the g’-antibasic forms. By the above, & (B"v¢) = (6¢)
for antibasic r-forms 1, so that B” (kerd) = kerd’ and B" (imd) = im¢’, so that the antibasic
cohomology groups corresponding to g and ¢’ are isomorphic through the map [¢] — [B"y]). O

Corollary 2.2. Suppose that (M, F) is a smooth foliation of a smooth, closed, oriented manifold
M. Suppose that F : M — M’ is a diffeomorphism, and let F' be the foliation induced on M’.
Then for any two metrics g, g on M and M', respectively, H: (M, F,g) = H (M',F',g"). Thus,
the isomorphism class of H. (M, F,g) is a smooth foliation invariant.

Proof. Given the setting as above, observe that F*¢' is another metric on M. By construction and
the theorem above, H, (M',F',¢") = H, (M, F,F*q') = H] (M, F,g). O

Notation 2.3. Henceforth we will denote Q, (M) = QF (M,g) and H] (M,F) = H] (M,F,g),
with the particular background metric g understood.

Lemma 2.4. Let (M, F) be a smooth foliation of codimension q on a closed, oriented manifold M
with any Riemannian metric. Then HY (M, F) = H* (M) for k > q, and HE (M, F) is isomorphic
to a subspace of H1 (M).

Proof. Since QF (M) = QF (M) for k > q, H¥ (M, F) = H* (M) for k > q. We also have

HI (M, F) = e (agan) _ Ker (Gozn) ke (v — H(M).

im <(5\Qg+1(M)) im (5’Qq+1(M)> im <5‘Qq+1(M))

In the case of codimension 1 foliations, we can say more.

Proposition 2.5. Let M be a closed, connected, oriented Riemannian manifold with codimen-
sion 1 foliation F. Assume that the mean curvature form of the normal bundle is everywhere
nonzero. Then the only basic functions on M are constants, HY (M) = {0}, H) (M,F) =R, and

H) (M, F) = HI (M), H] (M, F) = {0} forj>1.
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Proof. Since the normal bundle (T'F )+ has rank 1, it is involutive. Let v be the transverse volume
form of F. Note that TF = ker v. By Rummler’s formula [I§],

dv = —kN AV,

where Ky is the mean curvature 1-form of (T'F )J‘. By assumption, ky is nonzero everywhere.
Observe that any one-form may be written 5 = av + 7, where a is a function and + is orthogonal
to v. Note that a one-form S is basic if and only if X158 =0 and X_.dg = 0 for all X € kerv. The
first condition implies 8 = av, and the second condition implies

0 = Xi(daANv+adv)=Xi(daANv—aky AV)
= XJ[(da —akn) AV,

which implies
X.i(da—aky) =0
for all X e I'(T'F), or
da = aky + bv

for some function b. Since ky # 0 and is orthogonal to v, the maximum and minimum of the
function a on M must occur when a = 0, so a = 0. Thus, there are no nonzero basic one-forms, so
that Q! (M) = Q' (M). Every function f on M can be written as f = ¢+ da for some one-form
« and constant ¢ by the Hodge theorem. Since « and da are necessarily antibasic, we have the
natural decomposition of f into its basic component ¢ and antibasic component da. Therefore, every
antibasic function is J-exact, and every basic function is constant, so we have H? (M, F) = {0},
HY (M,F) =R, and H (M,F) = H) (M), H} (M,F) = {0} for j > 1, because ¥}, (M) = Q7 (M)
for j > 1. O

Remark 2.6. In the next section, we consider the case of Riemannian foliations. Codimension
one Riemannian foliations always have kx = 0, so the proof of the previous proposition does not
apply. Indeed, it is not true that there are mo basic one-forms, since the transverse volume form v
s always a basic one-form. Also, it is quite possible that there are nonconstant basic functions. The
cohomological facts in this case are only different in degree 1: HY (M, F) = {0}, HY (M, F) = R,
H! (M,F) =R, H' (M) 2 H} (M,F) ® H} (M, F), and H3 (M,F) = H’ (M), H} (M,F) = {0}
for j > 2.

Given two smooth foliations (M, F) and (M', F'), amap f : (M, F) — (M', F') is called foliated
if f maps the leaves of F to the leaves of F’, which implies f.(TF) C TF'. Tt follows that the
basic forms on (M’, F’) pull back to basic forms on (M,F). Two foliated maps f,g : (M, F) —
(M', F') are foliated homotopic if there exists a continuous map H : [0,1] x M — M’ such that
H(0,z) = f(z) and H(1,z) = g(z) and for all ¢t € [0, 1] the map H (¢, ) is foliated and smooth as
a map from (M, F) to (M', F'). A foliated map f : (M,F) — (M’',F') is a foliated homotopy
equivalence if there exists a foliated map h : (M', F') — (M, F) such that foh and ho f are
foliated homotopic to the identity on the two foliations.

It is proved in [2] (also in [8] for the case of foliated homeomorphisms) that foliated homotopic
maps induce the same map on basic cohomology and that basic cohomology is a foliated homotopy
invariant. We now examine whether or not antibasic cohomology satisfies the same property.

Note that since in general the codifferential § does not commute with pullback f* by a smooth
map f : (M, F) — (M',F'), we do not expect that pullback induces a linear map on antibasic
cohomology. However, since it is true that on differential forms d o f* = f* o d, we also have that

(f)tos =001,

where T denotes the formal L2-adjoint. Note that f* is not necessarily bounded on L2. If we restrict
to the case of closed manifolds, f* does map smooth forms to smooth forms in L?, so it is a densely
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defined operator on L2. Here (f*) is the formal adjoint defined on its domain. From unbounded
operator theory, the domain of (f *)T is

Dom ((f*)T) ={a € L*(Q(M)) : 3y € L* (2 (M')) such that (f*B, )y = (B,7)y VB € Q (M)}

But it is known that if a is smooth, and if the linear map ®; (3) := (f*8, o), is bounded, then
Qs (B) = (B,7), for some v by the Riesz representation theorem. However, it turns out that ® (-)
is unbounded for almost all choices of f (the rank of its differential must be constant, for instance).

In the cases where ® is bounded, (f *)T induces a linear map on antibasic cohomology. The usual

proof applies in this case to show that maps ( f*)Jr are invariant over the homotopy class of such f.
Another possible approach is to use the Hodge star operator * and *” on M and M’ respectively,
and to consider *f**' as a map that commutes with ¢ up to a sign. However, this would not apply
in our case since x f*x’ does not necessarily preserve the antibasic forms.
Thus, we still have the following open problem:

Problem 1. If the foliations (M, F) and (M', F') with Riemannian metrics are foliated homotopy
equivalent, does that mean that their antibasic cohomology groups are isomorphic?

Remark 2.7. This problem is solved in the case of Riemannian foliations, as we see in Theorem
[6-8 and Corollary[6-9. In this case, P, preserves the smooth forms, so we show that the operator
P,f*P. induces a linear map on antibasic cohomology, which is an isomorphism when f is a foliated
homotopy equivalence.

3. RIEMANNIAN FOLIATION SETTING

In the Riemannian foliation setting, we often restrict to basic forms. Let (M, F) be a foliation
of codimension ¢ and dimension p, endowed with a bundle-like metric. Again, for simplicity of
exposition, we assume the foliation and manifold are oriented.

From [I2], the orthogonal projection P, : L?(Q(M)) — L? (£ (M)) maps smooth forms to
smooth basic forms; this was also stated and used in [I]. Because of this, it is also true that

Po= (1= By): 2(Q (M) — L* (2 (M) ")
maps smooth forms to smooth “antibasic forms”. As described in [12], we have
dy = PydPy, = dPb,
(i.e. d restricts to the basic forms). Letting § = &, : QF (M) — QF~1 (M) be the L? adjoint of dj_1,
we then have
0p = Pyo Py = Pyo,
and note that the basic adjoint is §, = P,6 = P,0P,. Note also that the formulas above imply that
(I-P)d(I—-P) = (I-Ph)d,
I-PR)s(I-F) = ¢(I-h),
or
dqy = PudP,= P,
0o = PP, =0P,. (3.1)
We see
62 = P,0P,P,6P, = 6°P, = 0.
The adjoint of §, restricted to antibasic forms is d, = P,dP, = P,d, and again
d? = P,dP,P,dP, = P,d*> = 0.
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Also in [12], it is shown that
Py —-06P, = ecobP,= [— (PaH)J + (—l)p ((poJ) (X]:/\)] o Py, (3.2)
APy — Pyd = Pyoe® =Pyo[—(Pur) N+ (—1)P (xF2) (poN)]
on Q* (M). Recall here that xr is the characteristic volume form of T'F and ¢q is a (p + 1)-form
with the property that vi---Jv,a00 = 0 for any set {v;} of p vectors in TF. Note that ¢g vanishes
precisely when (TF)L is completely integrable. We observe that the only information about the
foliation needed to obtain the formulas above in [12] is the fact that the orthogonal projection
P, maps smooth forms to smooth forms, that P, commutes with %, the transversal Hodge star-
operator, and that P, (a A Bpy3) = (Pya) A (Byf) for all smooth forms «, 5. These facts are true

for Riemannian foliations. From the formulas above and the notation k, = P,x, we obtain the
following.

Proposition 3.1. On an oriented Riemannian foliation (M,F) on a closed, oriented manifold
with bundle-like metric,

0Py — Pod = €0 Py = [~rqs+ (=1)" (poa) (xzA)] © B, (3.3)
Pud—dP, = Pyoe" =DPyo[—kra A+ (=1)" (xF2) (voN)] (3.4)
on ¥ (M). The operation & maps (M) to Q4 (M, F)*, and it follows that
PPy = Pe*Py =0,
ePy, = PuP,, 'P,= P,*P,,
PP, = Py, Pe*P, = Pye*. (3.5)

4. THE ANTIBASIC LAPLACIAN

Again we assume that (M, F) is a foliation of codimension ¢ and dimension p, endowed with a
bundle-like metric, with orientations on both the foliation and the manifold. Recall that the basic
Laplacian is Ay = dpdp + dpdp = restriction of Pydd + dPyd to  (M). We wish to do a similar
restriction to antibasic forms. Let the subscript a denote the restriction to Q,(M), the antibasic
forms. Then

Aa - 6ada + dada - (da + 50,)2
= restriction of 6 Pyd 4+ P,dd to Qq(M).
From the formulas (3.4) and ({3.5),
A, (6P,d + Padé)]Qa(M)
(60dP, + §Pye™ P, + dP,0 + Pbs*Pa5)|Qa(M)
(A + (SPbE* + PbE*(S)’Qa(M) .

Thus A, is the restriction of an elliptic operator on the space of all differential forms. Note that
it is not clear whether this operator is differential or pseudodifferential or not, since P, is not
pseudodifferential in general, because it is not pseudolocal. Simple examples show that P, can take
a smooth function to a discontinuous function.

We summarize the results below.

Theorem 4.1. The antibasic Laplacian A, satisfies the following.
A.P, = AP, = P,A* = P,AP,,
where A = A + O Pye* + Pye*d, A*=A+ ePyd + dePy is its adjoint, and A = A — e Pye*.
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Proof. The first equality was shown above. To prove that &Pa = P,AP,, we compute

AP, =

Here we have used the fact that P,P, = 0, P? = P,, sz = B, and formula (3.3). Note that since

P,AP, = P, (A + 6P,c* + Pye*8) P,
P,AP, + P,6Pyc*P,

P.AP, + Py (Pad) Pie* P,

P,AP, + P, (6P, — cP,) Pyc*P,
P,AP, — P,ePe*P,

P, (A — ePye™) P,.

P,AP, is formally self-adjoint, AP, = <£Pa>* = Paﬁ*.

Corollary 4.2. The antibasic Laplacian is the restriction of the ordinary Laplacian if the mean

curvature is basic and the normal bundle of the foliation is involutive.

Proof. If the mean curvature is basic and the normal bundle of the foliation is involutive, then
P,x = 0 and ¢y = 0, so that ¢ = 0. Then A = A* = A in this case, so by the theorem above

AP, = AP,.

Also we show a few more facts about the projections and the operators d, 9, e.

Proposition 4.3. With notation as above,

Proof. By (3.4), we have

Py(d+e*) Py =(d+¢*) P,

P,(d+e*)P, = PudP,+ Pe*P,

= (dP,+ Pye*) P, + P,e*P,
= dP,+ (P, + P,)€e"P,
(d+e%)P,.

Now, we let the first order operator D¢ be defined as

and the antibasic operator D¢ by

Corollary 4.4. We have

Df =65+d+¢€",
D =P, (6 +d+e")P,.

a

Dt = P,D°P, = D°P,,

so that D¢, is the restriction of the elliptic operator D*.

Corollary 4.5. Let A® := A +¢e*§ + de*. Then P,A°P, = A®P,, so that the operator P,A*P, on

antibasic forms is the restriction of an elliptic operator.

Proof. By Proposition and , we compute
P,A°P, = P,(A+e"0+0")P,=P,(6(d+¢€")+(d+¢€")0) P,
= PP, (d+€&*)Py+ (d+¢€") PP,
= 0P, (d+¢e")P,+ (d+¢€")P,
= d(d+e")P,+ (d+¢e")0P, = A®P,.
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5. FUNCTIONAL ANALYSIS OF THE ANTIBASIC DE RHAM AND LAPLACE OPERATORS

In this section, we show that the antibasic de Rham and Laplace operators on a Riemannian
foliation have properties similar to the ordinary de Rham and Laplace operators on closed man-
ifolds, namely that they have discrete spectrum consisting of eigenvalues corresponding to finite-
dimensional eigenspaces. Note that we must work out the standard Sobolev and elliptic theory
for these operators, because in fact they are not pseudodifferential and are not even restrictions of
pseudodifferential operators to antibasic forms.

Throughout this section, we assume that (M, F) is a foliation with bundle-like metric g, and as
in the previous section, we denote the antibasic Hodge-de Rham and Laplace operators as

D, = P,dP,+ P,0P, =d, + 6q,
Ay = dyby+0ud, = D2

First, let H* denote the Sobolev space H* (Q, (M)), defined as the completion of €, (M) with
respect to a choice of the k™™ Sobolev norm ||e||,; this is the same as the closure of ,(M) inside the
(complete) Sobolev space H¥(Q(M)). We notate the ordinary L? norm as the 0" Sobolev norm
[®]ly, so that HY = L* (QF (M)). Note that Rellich’s Theorem still holds on this subspace, i.e. the
inclusion of H¥ «— H! is compact for k > £. The proof follows easily from the standard case.

Also, note that the Sobolev embedding theorem holds for the antibasic forms, so that for any inte-
ger m > MM the space HFT™ C C* (M). This follows from the fact that HXT™ C H¥™ (Q (M)).

Lemma 5.1. There exists a constant ¢ > 0 such that || Do) ||y < c ||y for all ¢ € Q4 (M).

Proof. By , for any ¢ € Q, (M),
Dot = (da+6a) ¥ = (Pad+06) ¢ = (dPy + Poe™ 4+ 0) ¢
= (d+ )¢ + Pe™.
Then, since d + ¢ is a first order differential operator and £* is a bounded operator,
[1Datpll < [I(d+0)Pllg + [[Pee™ ]l
<l +llello < e ll9lly + e ll¥llo

for some positive constants ¢; and co, so that there exists ¢ > 0 independent of v such that
[1Datllg < cllell;- O

Lemma 5.2. (Garding’s Inequality) There exists a positive constant ¢ such that

191l < c([¥llg +1Datllg) for all ¢ € Qo (M).

Proof. By the ordinary Garding’s Inequality, since d+ 4 is an elliptic, first order operator on € (M),
there exists a constant ¢; such that for all ¢ € Q, (M) C Q (M),

191y < e (lllp + [1(d + 8) 2llo) -
Then, again by (3.4)) and the proof of Lemma

[l < e (¥llo + [[(da + 00 — Poe™) i)
< ca(ldllg + 1PePllo + [1(da + da) ¥lo)
< ([[9llo + lg¥%llg + [1(da + 0a) ¥l) ,
so since €* is bounded, the result follows. ]

Lemma 5.3. For all nonnegative integers k, there exists a positive constant ci such that

1Paglly, < ek lllly and [Podlly < ckll¢ll
for any differential form ¢.
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Proof. We use induction on k. Let ¢ be any differential form. Observe first that ||Py¢|, <
ollos 1 Pslly < ll@llg- Next, suppose that the results have been shown for some nonnegative
integer k. Since D¢ is elliptic on all forms, it satisfies the ordinary elliptic estimates: there exist
constants b; and by such that

"Pa¢“k+1 < b ”DEPa¢”k+b2||Pa¢|’k
= bi|[(d+6+¢e") Padll + b2 || Paclly,
= b ||(Pad — Pose™ 4+ Pyd + Py +€"FP,) o], + b2 | Pad|l,
= b ||(Pad — Pose™ Py + Py + Py + " Py) ||, + b2 | Pt
= by ||(Pad + Pab + Py + Pue™ Py) Ol + b2 | Pu|l,
by (|1Pa (d +0) ol + llePodll, + | Pag™ Pablly,) + b2 ([ Fadll), -

Using the fact that € is a zeroth order differential operator and the induction hypothesis,

IN

|Pallpy < (constant)[|(d+ ) @l + (constant) 6]l
< (constant) ¢l + (constant) ], < (constant) 9], -

since d + 4 is a first order operator. Also,

[P0l 1 = 16 — Padblljy1 < 1@llgsy + [[Padbllyyy < (constant) |4, -

By induction, the proof is complete. O

Lemma 5.4. Let D =d+ 6 +€* as an operator on all differential forms, and let Dy = dgq + 64 be
the antibasic de Rham operator. For all nonnegative integers k, there exists a positive constant cg
such that

D=l — cr 1]l < [[1Datlly, < D%l + cr |9y,

for any antibasic form .
Proof. For any antibasic 1,
Dol = [D°% + (D* = D°) ||}, = | D¢ + Pae™ |, -
It suffices to bound ||P,e*®||,. This follows from a bound on ||P,¢||, from Lemma since €* is

a zeroth order operator. [l

Lemma 5.5. (Elliptic Estimates for D,) For every integer k > 0, there exists a positive constant
Ci such that [lly.; < Ci (|0l + 1 Dattlly) for all v € Qq (M).

Proof. Let k be a nonnegative integer. From the elliptic estimates for the operator D® on all forms,
there exists a positive constant by such that for any ¢ € Q, (M),

[Pllksr < b (10l + 1D 1)
< b (191l + 1Datlly, + cr l91lx)

for a positive constant ¢, by Lemma The inequality follows by letting Cy = max (bg, br (1 + cx)).
O

Remark 5.6. The case k = 0 is Garding’s Inequality, which we have shown independently in
Lemma [5.2.

Lemma 5.7. The operator D, on Q. (M) is formally self-adjoint.
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Proof. For any antibasic forms a and £,
<Daaaﬂ> = ((Pa (d+6) Pa) a,ﬁ>
= <a7pa(d+5)Pa6>:<aaDaB>'

Lemma 5.8. The domain of the closure of Dy is H_..

Proof. The graph of Dg is G, = {(w, Daw) : w € Q (M)} C Hy x Hy. The closure of G, is also
a graph, by the following argument. We must show that for any (0,7) € G4, n = 0. For any
(0,m) € G, there is a sequence (wj;) of smooth antibasic forms with w; — 0 and Dew; — 7 in
H? C L%, But then for any smooth antibasic form -,

(Dawj,y) = (1,7) ; and (wj, Day) — 0

as j — oo. But (wj, Dgy) = (Dewj,7y) by Lemma so (n,v) = 0 for all smooth 7, so n = 0.
Thus G, = {(w, Aw) : w € dom (A)} for some operator A, which is defined to be the closure of D,.
Thus the domain is the set of all w € H? such that there exists a sequence (w;) of smooth antibasic
forms such that w; — w in H Yand (D awj) converges in H?. By Garding’s Inequality (Lemma .
and Lemma dom (A) = H&

Lemma 5.9. (Existence of Friedrichs’ mollifiers) There exists a family of self-adjoint smoothing
operators {Fp}pe(o 1) on HY such that (F,) is bounded in H?, F, — 1 uniformly weakly in HY as

p— 0, and [F,, Dy extends to a uniformly bounded family of operators on HY.

Proof. Let F g be defined as the usual Friedrichs’ mollifiers; c.f. [16, Definition 5.21, Exercise 5.34].
Thus, these operators satisfy the properties above, except with H? replaced by L? (2 (M)) and D,
replaced by any first order differential operator. Now let F,, = P, F ;9 . Note that F), is smoothing
because FS is smoothing and since P, maps smooth forms to smooth forms; its kernel is the kernel
of F[? followed by P,. We now check the three properties. First, for any o € HY C L? (2 (M),

Iyl = [[PeBall, < [[ECall, < elall
for some ¢ > 0, by the first property of F/? . Next, for any o € H?, for all smooth antibasic forms 3,
(Fy=1) o, B) = ((PaF) —1) o, B) = ((F)) = 1) a, B) ,

which approaches 0 uniformly as p — 0 by the corresponding property of F g. Lastly, for any
smooth antibasic forms w,n,

([F,, D] = (P,F}Dow,n) — (DaPoFJw,n)
= (F)(6+d+Pe*)w,n) — (Pa (0 +d+ePy) Fw,n)

<F0 S+ d)w,n) + <F£sz—: w,n) —((0+d+eh,) Fgw,n>
= <[Flg,((5+d]w,77>+<FBPb€*w,n>—<6PbF£w,77>.
The operator [Fg, (0 + d)] is bounded by the corresponding property of F B, and F [?Pbe* and e P, F /9
are both zeroth order operators that are uniformly bounded in p on L?, so we conclude that [Fp, D)
is uniformly bounded on H?. O

Corollary 5.10. Let {F,} be a family of Friedrichs’ mollifiers. Then F,, and [Dy, F,] are uniformly
bounded families of operators on HF for any k > 0.

Proof. We proceed by induction using the elliptic estimates in Lemma (Il

Proposition 5.11. Suppose that o, 3 € H? and Dyo = B weakly. Then o € H} = dom Dg, and
D,a = .
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Proof. For any «, 3 € H?, suppose D,a = 3 weakly. Then for any smooth antibasic form ~ and
any p € (0,1),

(DaFpa, ) (Fper, Do)
= (a, FpDa7> = (a, Dan’Y> + (a, [va Dqlv)
<57 FP7> + <a7 [Fm Da]7>

= <Fp/8a7> + <a’ [va Da]7>
by Lemma Thus, for a constant C' > 0 independent of p and ~,
[(DaFpe, )| < Clivllg -

Then [|D,Fyal, < C. By Garding’s Inequality (Lemma and the fact that F}, is a bounded
operator in HY, {Fpo‘}pe(o,l) is a bounded set in H}. By the weak compactness of a ball in the
Hilbert space H. (with equivalent metric (£,0); = (Dy&, Do) + (€,0)), there is a sequence pj — 0
and o/ € H]} such that F, p; ¢ — o weakly in H!. By Rellich’s Theorem, the subsequence converges

strongly in HY, so Fya— o in HY. But we know already that F,ja — ain H? soa=d € H.
O

Corollary 5.12. The antibasic de Rham and antibasic Laplacian are essentially self-adjoint oper-
ators.

Proof. From the proposition above, the domain of the closure of the symmetric operator D, is
the domain of its H?-adjoint, so that D, is self-adjoint. Then A, = D? is also essentially self-
adjoint. O

Proposition 5.13. (Elliptic regularity) Suppose that w € ker D, C HL. Then w is smooth.

Proof. If Dw = 0 for some w € H!. We will show by induction that w € HF for all k, and then the
Sobolev embedding theorem implies that w is smooth. Suppose that we know w € H¥~! for some
k > 2. Let {F,} be a family of Friedrich’s mollifiers. Then from the elliptic estimates (Lemma[5.5)),
there is a constant Cy_1 > 0 such that
1Fpwll, < Crr (1Fwll_y + [ DaFpwll;, )
S Ckfl (Hprkal + HFpDalecfl + H[Da’ FP] w”kfl)
Cr—1 (HFpWHk71 + ||[DG=FP]WH1€71) .
Thus || F,wl|, is bounded by Corollary We now proceed as in the proof of Proposition to

say that there is a sequence p; — 0 such that F, w — W' weakly in H¥ and strongly to H?. Thus,
we get w = w' € HE. O

Corollary 5.14. FEigenforms of D, are smooth.

Proof. The proof above also is easily modified if D,w = Aw to show that the eigenforms of D, are
smooth. g

We will now use a standard technique to derive the spectral theorem for D, and A, from these
basic facts (c.f. [16, Chapter 5])

Lemma 5.15. Let G = {(w,D.w) : w € H}} C H! x HY denote the closure of the graph of D.
Let J : H) x H) — HY x H_ be defined by J (z,y) = (y,—x). Then there is an orthogonal direct
sum decomposition

HaH’=CGo JG.
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Proof. Suppose (z,y) € a. Then, for all w € Q, (M),
0 = <($a y) ) (OJ, Daw» = <IE,(U> + <vaaw> ’
so that D,y + x = 0 weakly. By Proposition y € HL so (y,—z) € G, so (z,y) € JG. O

Definition 5.16. Let the operator Q, : HY — H} be defined by the following equation: for any
a € HY, (Quo, D,Qquq) is the orthogonal projection of («,0) to G in HO @ HY.

As HaHS > HQaaHg + HDaQaaHg > ¢||Qaa|?, then Q, is bounded as an operator from HC to H}.
By Rellich’s Theorem, ), is compact as an operator from H? to HO. It is self-adjoint, positive,
and injective, and has norm < 1. By the spectral theorem for compact, self-adjoint operators, H
can be decomposed as a direct sum of finite-dimensional eigenspaces of (J,, and the eigenvalues
approach 0 as the only accumulation point. Given an eigenvector « of ), corresponding to the
eigenvalue p > 0, so that 0 < p < 1, by Lemma there exists n such that

(@,0) = (Qae, DaQacx) + (=Dan,1)
= p(a,Dea) + (=Dan,n),
so that (4 —1)a = Dy and n = —pDga. Letting A2 = 1_7” and 8 = —M%\n, we have
D,a= A3, DS = A
Thus a#3 are eigenforms of D, with eigenvalues £\. Thus, H? can be decomposed as an orthogonal

direct sum of finite-dimensional eigenspaces of D,. We now have the following.

Theorem 5.17. (Spectral Theorem for the antibasic operators) The spectrum of the antibasic Lapla-
ctan and antibasic de Rham operators consists of real eigenvalues of finite multiplicity, with accu-
mulation points at infinity. The smooth eigenforms of D, are also the eigenforms of A, and can
be chosen to form a complete orthonormal basis of HY.

Proof. Besides the above computations, observe that A, = D2, O

6. THE ANTIBASIC HODGE DECOMPOSITION AND HOMOTOPY INVARIANCE

Let M be a closed manifold of dimension n endowed with a foliation of codimension ¢ and a
bundle-like metric. The basic Hodge decomposition theorem (proved in [12]) gives
Qf (M) = im (dy 1) & H © im (G p41) ,
where dp, = d : Q¥ (M) — ngﬂ(M ) is the exterior derivative restricted to basic forms with
L%-adjoint Gppi1 = Pof : Q]gH(M) — Q’g(M), and where ”Hff = ker (Ap ) is the space of basic
harmonic k-forms. Also
ker (dy 1) = im (dpx_1) © HY and ker (8,1) = HE © im (5 p11) ,

so the basic cohomology groups satisfy Hl]f (M, F) = ’H’,f. We now have the tools to prove the
antibasic version.

First, note that there is an alternative de Rham complex that uses ¢ as a differential. Writing
Q) = QJ (M), the complex

On—
QAN oL e ST o N

satisfies §;_10; = 0 for 0 < k < n, and the de Rham cohomology satisfies
ker (5k. SOk Qk_l)
im (5k+1 C Q-1 Qk)

H* (M) =
Abbreviating (¥, = (M), the antibasic de Rham complex is a subcomplex

On 1 On— 6
o Amont s 00—
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We adopt a standard proof of Hodge decomposition to our case (c.f. [16, Chapter 6]) and utilize
the analytic results proved in the previous section.

Theorem 6.1. (Antibasic Hodge Theorem) Suppose that (M, F) is a Riemannian foliation
with bundle-like metric. Then for 0 < k < n the antibasic cohomology groups satisfy

HF (M, F) = #HF.

Proof. From Theorem 5.17, H* = ker (Aa|m) is finite dimensional for all k. Consider the following

subcomplex of the antibasic de Rham complex, with 0 being the codifferential, and the inclusion
maps:

0 i+1 0 i 0 i—1 0
— M S ", S MW —
\LZ (2 \J/Z
5.+2 . 5.+1 . S - §i1
J Qé—i-l J QZL J le 1 J

We will show that the inclusion z is a chain equivalence. We define the map P : Q) — H? to be the
restriction of the orthogonal projection L? (Q{I) — HJ to smooth antibasic forms. Then Pr = 1
and 1P =1— f(D,), where
1 ifAF#0

JO) = { 0 ifA=0

and where we have used Theorem [5.17] and the functional calculus. Let
1 .

9 { 0 ifaA=0

Then g is bounded on o (D,), so the Green’s operator G, = g (D,) extends to a bounded operator
on H?. We see that DG, = f (D,) = 1 — P, and also

D2Gy = (6dy + dyd) Gy = 8dyGo + Gadyd.
Since A, commutes with d,, we have H, = d,G, = G,d,. Thus, H, satisfies
1—wP=06H,+ H,0

and is thus a chain homotopy between +P and 1, so 7 is a chain equivalence.
O

Corollary 6.2. On a Riemannian foliation on a closed manifold, the antibasic cohomology groups
are finite dimensional.

Remark 6.3. After reading an early version of this paper, J.A. Alvarez-Lépez observed that when
F is Riemannian, the Hodge star operator maps the antibasic complex isomorphically to the p-basic
complex investigated in [19], where the author showed that every k-basic cohomology group is finite
dimensional; the corollary also follows from that observation. If p = 1, M is oriented, and F is
Riemannian, then H3(M,F) is in fact isomorphic to the term E;" of the spectral sequence of F;
see [19, Lemma 2.5]. This agrees with computations made for the case p = 1.

Remark 6.4. For general foliations, the antibasic cohomology groups can be infinite-dimensional.

See Example [9.3
The following corollary follows in the standard way.

Corollary 6.5. We have the following L?-orthogonal decomposition:

QF = 1* @ im ((5\Q§+1) @ im (da‘Qﬁ—l) .
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Proof. We utilize the spectral theorem again, noting the eigenform decomposition A, > 0. For any
smooth antibasic k-form o, Aya = (dg + 5a)2 «a = 0 if and only if
0 = ((do+da)c,(dg+ o))
= (dyo,dga) + (da, dar)

if and only if dya = 0 and da = 0. Because d, and §, commute with A,, the spaces of forms Q§’+
with positive A, eigenvalues are mapped isomorphically by d, + . Thus

bt = d, (Qb*) @ () C ol e ot
Then
0 =y +im (o, ) +im (dalo, ).
Also im <5|Q§+1) and im (d|9571) are orthogonal:
(dacr,68) = (dier, B) =0
for all a, 8 and likewise if v € 7—[’;, then for all antibasic forms n, 8 we have

(dan,y) = (n,07) =0,
(66,7) (0, da) = 0.
Therefore, the result follows. U

Remark 6.6. For the same reason that § can be used in place of d in computing de Rham co-
homology, the same reasoning shows from the Hodge theorem (in the Riemannian foliation case)
that

ker (da L QF - QZ‘H)

im (da QL Q’;) '

1

HE (M, F)

We now use the above formula for antibasic cohomology to prove the foliated homotopy invariance
of antibasic cohomology in the case of Riemannian foliations.

Lemma 6.7. Let (M,F) and (M',F') be Riemannian foliations of closed manifolds with bundle-
like metrics, and let f be a foliated map from (M,F) — (M',F'). Then P,f*P, induces a linear
map on antibasic cohomology.

ker(da:Q(’i—>95+l)
im(dazﬂﬁflﬂﬂﬁ) ’
Then we have the following equation on antibasic forms, using (3.4)) and the fact that pullbacks by
foliated maps preserve the basic forms:
P.f*P.d, = P,f*P.d

= P,f* (dP; + Pye™)

= P,f*dP,+ P,f*Pye"

= P,df*P., + P,P,f*Pie"

= P,dP,f*P. = d,P,f*P..
Therefore, P, f*P! induces a linear map from d,-cohomology to d,-cohomology. O
Theorem 6.8. (Foliated Homotopy Axiom of Antibasic Cohomology) Let (M, F) and (M', F') be
Riemannian foliations of closed manifolds with bundle-like metrics, and let fi and fo be two foliated

maps from (M, F) — (M',F'). If fi is foliated homotopic to fa, then P,fiP. and P,f5P. induce
the same map on antibasic cohomology.

Proof. We consider antibasic cohomology through the isomorphism HY (M, F) =
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. : — . . k ~ ker(da:Qk—QETT)
Proof. Again we view antibasic cohomology through the isomorphism H; (M, F) = (e TS 0E)

Let H : [0,1] x M — M’ be a foliated homotopy such that H (0,z) = fi (z) and H (1,z) = fa(x).
Then, define js : M — [0,1] x M by js (x) = (s,z), and let h: QF (M) — QF~1 (M) by

1
fﬂa)::/_ﬁ(@JH*a)d&
0

Note that h preserves the basic forms since H is a foliated homotopy. By a standard calculation,
we have that

fos — fi =dh+hd
on Q(M"). Then we apply P, on the left and P, on the right and use the equation P,dP, = P,d
to get

P.fsP, — P.ffP, = P,dhP.+ P,hdP.
= PudP,P,hP, + P,h (P,d — Pje™)
= P,dP,P,hP. + P,hP,P.d — P,hP/e"
= do (P,hP)) + (P,hP)) dy — Py PyhPle™
= dq (P.hP,) + (PuhP)) dy,.
Thus P,hP. is a chain homotopy between P, f5 P, and P, f{P.. O

Corollary 6.9. (Foliated Homotopy Invariance of Antibasic Cohomology) If (M, F) and (M', F")
are Riemannian foliations of closed manifolds with bundle-like metrics that foliated homotopy equiv-
alent, then their antibasic cohomology groups are isomorphic.

Proof. Suppose that f; : M — M’ is a foliated map such that there exists a foliated map fo : M’ —
M such that fi o fo and fo o fi are each foliated homotopic to the identity. Then we have that

Pi(fiofo)* P, = 1d':HE(M')— HF (M),
P,(fao f1))*P, = 1d:HF (M) — HY (M).
Since the pullback by fo preserves the basic forms,
I = P fsfiP,=P,fs (P.+F)fiP,
= P fsPuPufi Py + PofsPofi P,
= PfsPuPufi P+ PyPy f3 Py fi Py = (Paf3Pa) (PafiPy)
and similarly (P, fiP.) (P.f5P,) = Id, so we must have that P,f{P, is an isomorphism from
HF (M) to HEF (M). O
7. PROPERTIES AND APPLICATIONS

First we consider the simple case when the operators € and €* are zero. In this case, the antibasic
Betti numbers can be computed from the ordinary Betti numbers and basic Betti numbers.

Proposition 7.1. Suppose that (M, F) is a Riemannian foliation of a closed manifold of dimension
n, such that the normal bundle (TF)* is involutive. Then for any bundle-like metric, the antibasic
cohomology and basic cohomology add to the ordinary cohomology. That is, for 0 <k <n

H* (M) = Hf (M, F)® HF (M, F).

Proof. First, we choose a bundle-like metric so that the mean curvature is basic; this can always
be done [7]. The operator €* satisfies

e = —ka A+ (=1)F (x72) (90N
0
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under the hypotheses, since g = 0 if and only if the normal bundle is involutive. Then, by Theorem
the antibasic Laplacian is precisely a restriction of the ordinary Laplacian. Similarly, by formula
and the results of [12], the basic Laplacian is a restriction of the ordinary Laplacian. Thus the
ordinary Laplacian preserves the basic and antibasic forms, and it decomposes as a direct sum of
the basic and antibasic Laplacians. The harmonic forms decompose into basic and antibasic parts,
and the Hodge theorem implies the result. O

Corollary 7.2. Suppose that (M,F) is a Riemannian foliation of a closed manifold of dimen-
sion n, such that the normal bundle (TF)* is involutive. Then dim HZf (M, F) < dim H* (M),
dim HY (M, F) < dim H* (M).

Remark 7.3. It was essentially already known that dim Hf (M, F) < dim H* (M) in this case,
because using [12] and [7] we see that for a metric with basic mean curvature, §, = § when restricted
to basic forms.

Proposition 7.4. Suppose that (M, F,g) is a Riemannian foliation of a closed manifold of di-
mension n with bundle-like metric, such that the mean curvature form is basic and the normal
bundle NF = (T]-')L s involutive. Then the wedge product induces a bilinear product on basic and
antibasic cohomology:

A:H] (M, F)® HS (M, F) — H,™ (M, F).

Proof. The operator ¢ = 0 under the assumptions, so that both d and § restrict to both basic and
antibasic forms. The wedge product of a basic and antibasic form is antibasic (since P, (Pya A ) =
PyaA Py from [12]), so that the result follows from the standard result in de Rham cohomology. [J

In more generality, if the mean curvature is basic but without the assumption on g, the same
result is true for k = 0.

Proposition 7.5. Suppose that (M, F,g) is a Riemannian foliation of a closed manifold of dimen-
sion n. Then

HY (M) = H) (M,F)® H)(M,F).
In particular, if M is connected, then HP (M,F) =R and HY (M,F) = {0}.

Proof. We first choose a bundle-like metric such that the mean curvature is basic. By Theorem
A, is the restriction of A + §Pye* 4+ Pye™d to QF (M), and on functions this is A + §Pe*. But
also e* = —kq A+ (—1)F (x72) (woA) = 0 on functions, so that A, is the restriction of the ordinary
Laplacian. Also, by the results of [12], Ay is the restriction of A + ed + de to Q; (M), and on
functions this is A + ed, but in our case ¢ = (—1)* (o) (xFA) is zero on basic one-forms so that
Ap is the restriction of A. Thus A is the orthogonal direct sum of the restrictions to basic and
antibasic functions, and the result follows from the Hodge theorem. O

Proposition 7.6. Suppose that (M, F) is a Riemannian foliation on a closed, connected manifold.
Then,
dim H' (M) < dim H} (M, F) + dim H! (M, F).

Proof. First, we choose a bundle-like metric with basic mean curvature. Given a A-harmonic form
B, consider P,5. We see that

da(PaB) = Pad (Pof) = Po (Pa (dB) — Py (£78)) = 0.
Also,
5apaﬁ:6PaB:Pa5B+5(Pbﬁ) =0,
because € = 0 on basic one-forms. Thus the map g — P, maps harmonic one-forms to antibasic

harmonic one-forms. The kernel of this map is the set of basic forms g such that d8 = 0 and 0 =
0B = (0 —€) B = 0pf3, since ¢ is zero on basic one-forms. Thus the kernel is the set of Ay-harmonic
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forms. By the Hodge theorem, the result follows, since H' (M) = H}! (M,F) ® P, (H' (M)) C
H} (M, F)®HL (M, F). O

Remark 7.7. Note that in general H} (M) — H' (M) is an injection for all foliations, so always
dim H} (M) < dim H' (M). Thus, if H: (M,F) = {0}, then H} (M) = H' (M), so that every
harmonic one-form is basic.

Another simple class of examples of Riemannian foliations occurs when the orbits of a compact
connected Lie group action all have the same dimension. In this case, we may choose a metric such
that the Lie group acts by isometries. The Lie group acts on differential forms by pullback, and
this action commutes with d and 6. Thus, if we decompose the differential forms according to the
irreducible representations p € G of G, we have the L?-orthogonal direct sum

Q" (M) = P (M)

pe@
where Q*? (M) is the space of differential forms of type p : G — U (V). That is,
QHP (M) = U F (V).

feHome (V,,Q*(M))

Because of the metric invariance, both d and d respect this decomposition. It is well-known that the
harmonic forms are always invariant (i.e. belong to Q**° (M), where py is the trivial representation).
Also, for the foliation F by G-orbits, we have (M) C Q%P0 (M). We let d;,d; refer to the
restrictions of d,d to 7, and we let da,j,0aj, dp j,0p; denote the corresponding restrictions to basic
and antibasic forms. We use the superscript p to denote further restrictions to Q*# (M). Then we

have
d = D,

pe@
dbj = dg;a
' - BO@E
pel
PF#po
0pj = 55]9,
o~ oD
pe@
p#po

Thus, in computing either the basic or antibasic cohomology, it is sufficient to restrict to invariant
forms. The result below follows.

Proposition 7.8. Let G be a connected, compact Lie group that acts on a connected closed manifold
M by isometries. Let (M,F,g) be the Riemannian foliation with bundle-like metric given by the
G-orbits. Then

2 (M) e kerdg;? I (M) e ker5§?
b( ; )_Wa a( ) )_m

In particular,

Hy) (M, F) = R; H] (M, F) = {0}
Proof. The first part follows from the discussion above. Next, observe that all G-invariant functions
are basic, so that Q) (M,F) = Q%0 (M), so that ker (dfy) = ker (df°) consists of the constant

functions, and ker §7) = {0}. The second part also follows from Proposition since the mean
curvature is always basic in this case. ([l
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8. THE CASE OF RIEMANNIAN FLOWS

In this section, we study tautness and cohomology for Riemannian flows. The following result
shows a relationship between basic and antibasic cohomology when the flow is taut. We will see
evidence of this behavior in Example [0.1] and Example [9.2] We will use standard techniques in the
study of these flows, which can also be found for example in [3], [11], [4].

Proposition 8.1. Suppose that (M, F) is a Riemannian flow on a closed manifold with bundle-like
metric g with basic mean curvature k and characteristic form xr. If K = 0, then for all r, the map

a = xr A\ a maps basic harmonic r-forms to antibasic harmonic (r + 1)-forms injectively. Thus,
dim (H; ™ (M, F)) > dim (H} (M, F)) whenever [s] =0 € H} (M, F).

Proof. Suppose that [k] = 0. We then choose a bundle-like metric such that x = 0. Note that g
(from Rummler’s formula) is basic for every Riemannian flow with bundle-like metric with basic
mean curvature, and so it is certainly basic in this case. With this metric, for any basic harmonic
r-form «,
d(xrNa) = dyrNa—xrAda
= poNa,
which is basic, so that d, (xz Aa) = 0. Let xﬁ = £, and choose the usual adapted orthonormal

frame {b;} = {e;}U{¢} near a point, where the e; are basic and V¥-parallel at the point in question.
Note that dxr = 0 because the metric is bundle-like, and then

S(xrhNa) = —ZbiJVé‘f (xF A )

7

= —Zbi_l (V{,‘fX]:/\Oé—I—X]:/\V{)\:[OJ)

)

= (dxr)a+ Z Vé‘fx; A (bjua) — Véuoz +xFA Z (bi_,Vé\fa)

2 3

= ZV{)\Z[X]:/\(bi_na) —Vé\/la—xf/\éa.

But since « is basic harmonic, da = dpa—ea = 0+ o (xF A @) = xFA(pooa) . Thus, xrAda =0,
so that

S(xrha) = ZV{,\Z[X]:/\(bZ-_Ia)—VéWa
= ZVé\fx]:/\(ei_na)—Véwa

= Z (hei)’ A (e5aar) — Véwa

2

= Zg(hei, ej)ed A (ejaq) — Vé\/[a
1]
= — Zej A ((hej)oa) — Véwa,
J

where the skew-adjoint O’Neill tensor h satisfies hX = V¥ ¢ for X € T'(NF). Now observe from
one hand that (Vé‘”a) (f, €iry ey eiT_l) = 0 since « is basic and k£ = 0. On the other hand, we use

VU Z=VZ+h(Z)—k(Z2)E=VEZ+h(Z)
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for Z € I' (NF) to compute

(Vév‘[oz) (€iyy-n€i) = E(a(eiy, .. e)) — Za (6’11, ...,Vév‘[eik, ...,eir)
k
= &(a(eiy, . €i)) — Za (€iys s hEsy s .oy €4))
k
= (V?a) (€iyy ey i) — Za(eil, whei .. e)
k

= - Za (eil, ceey heik, ceey €ir) .
k

Now we write

1 , ,
Véwa = = Z (Véwa) (€iyy ey i) €T AL NET
r!

(ilrnyir)

1 i i
= —— ) ale, . hej, e ) et AL AeT

7!

1 k-1 ~ i i
= = (=) (hegy, ucr) (€iyy ey iy oy €, ) €L A L AN ET
= —1' (heguar) (eil,...,eirfl)ee/\eil/\.../\e”—1

7!

= — Z e’ A (hegaa) .
¢

Thus, substituting we have

S(xrha) = —Zej/\((hej)Ja)—Véwa
J

= — Zej A ((hej)oa) + Zee A (heg) s
] ¢
= 0,

so that xr A a € HIH (M, F). If a is nonzero, then xr A « is nonzero, so the class [y A o] is
nontrivial. O

Remark 8.2. In particular, if [x] =0 € H} (M, F), then dim H! (M, F) > 1.

Lemma 8.3. Suppose that (M,F) is a Riemannian flow on a closed, connected manifold, with a
bundle-like metric chosen so that the mean curvature is basic. Then for any antibasic one-forms «

and (3,
(Aacr, B) = (Aax, B) — / Py (xr ) Py (x5 B) [ o2 du,.
M

Proof. From Theorem
Aga = Aa+ dPye*a + Peda.
Since £*da = 0 and
e'a = —xri(po Na) = — (xF, @) po,
we have
oPe"a = —6P ((xF,a)po) = =0 (P (X7, a) ¢o)
= df spo — fowo,



22 G. HABIB AND K. RICHARDSON

where f = P, (xr,a). Now, using dpg = dppo — o with epg = —poa(xF A o), we write
(Aga, B) = (A, B) + (df spo — foo, B)
(Aa, B) + (o, df A B) — (fdpo, B)
(Aa, B) = (f (65 — €) 0, B)
= (Aa,B) + (fepo, B)
(Aa, B) = (f (poaxF A o), B)
(Aa, B) = (fl¢ol* xr. 8)

— (Aa,f) - /Mf\soﬁpb (x+ B) dvg

= (Aayf) - /M Py (xr+0) Py (x5 8) ol dv,.

This completes the proof. O

Theorem 8.4. Suppose that (M,F) is a Riemannian flow on a closed, connected manifold. If
H' (M) = {0}, then

dim H} (M, F) = 1.
If [K] is a monzero class in H} (M,F) C H' (M), then

dim H} (M, F) = 0.

Proof. We choose the bundle-like metric so that x is basic-harmonic 1-form (as in [10]). We write
any antibasic one-form « as

a= fxr+ 8= (faxr+B)+ (fixr) = a1 + az,
where f, = Pof, fo = Bof, a1 = faxr + 8, as = fyxr and [ is an antibasic section of N*F. The
L? inner product gives
(Aga, o) = (Agan, o) + (Agaz, az) + 2 (Ao, a2)
= (Agar,a1) + (Agag, a2) + 2 (Ag (faxF)  foxr) + 2 (Aub, foxF)

= (Aay,a1) + (A (foxr), fixr) — /M fleol? dvg + 2 (A (foxF) » faxz) + 2 {A(foxF), B) -
(8.1)

In the last equality, we use the formula in Lemma In order to express each of the above inner
product, we will compute A (fpxr), for any basic function f,. To simplify the notation, we will
omit the subscript “b” in f in the following computations. First we have (keep in mind that f = f;
is basic)

6 (fxF) = —df oxF + foxr =0

since xr is divergence free. Therefore, d(6(fxr)) = 0. Next, using Rummler’s formula dyr =
—K N\ XF + o, we write

d(fxr) = fdxr+df Axr=—feAXF+ feo+df AxrF,
éd (fxr) = O(=frAxF+ foo+df Nxr)
= dfa(kAXF— o) — fO(KAXF— o) +6(df AxF). (8.2)

To express the divergence terms in the above equality, we consider an orthonormal frame {b;} of
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TM and we compute for any basic 1-form 6,

S(OAXF) = =Y biaVi (04 xF)

= —Zbi_l (V{,\ZIQ/\X_F-I—@/\V{)\:[X]:)

= (00) xF+ V0 — Vyixr — 0 N oxr
= (60) xr+ V0 — ViixF

b
= (@0) xr + [, 0]
= (00 — (K,0)) xXF.
Therefore, we deduce for either § = k or 6 = df that

S(kAxF)=— k" xF and 8(df Axr) = (Apf — (df, 1)) xF
since & is basic harmonic. Then we substitute into (8.2) to get

6d(fxr) = dfs(kAXxF) —df spo — [ (kA XF) + fopo + 0 (df A xF)
= (df,R) xF — df 0o + f 6P XF + FO0 + (Dof — (df, k) xF
= —df a0 + f|KI> XF + Fopo + (Do f) xF
= —dfspo + 161 X7+ F (6 —€) o + (Ao f) X7
since 6P, = P,6 — P, from . As epg = —poa (XF N o) = — |<,00|2 XF, we arrive at (replace f
by fp)
A (foxF) = —dfysoo + f5 |6 X7 + fubopo + fo lool* xF + (Aufi) XF-

In particular, one can easily get that

<A(bef)»faXf> =0 and <A(be]:)7B> =0, (83)

since (3 is antibasic and orthogonal to &. Also, we have that
AU fixr) = [ (1024 5 lool? + 1) v (8.4
Now substituting Equations and into Equation , we find that
(Aga, @) = (A, a1) + /M (f,_l,2 |k* + ydf,,|2> dvy,

which is non-negative. Then (A,a, ) = 0 if and only if a; is harmonic (i.e. a3 € H'(M)), fp is
constant and fyx = 0. Recall that o = a; + ag with az = fyx7. In the case where H'(M) = {0}
and a is Ag-harmonic 1-form, then oy = 0 and o = fxr = (constant) xr. But this constant
cannot be zero in view of Remark Hence dim H! (M, F) = 1. This proves the first part of
the theorem. To prove the second part, we use the exact Gysin sequence for non-taut Riemannian
flows established in [17]

0— Hy (M) — H" (M) — H2, (M) — ...
where Hg?b (M) = H} (M), which is zero because the foliation is not taut. Thus, H} (M) = H' (M).

By the proof of Proposition we get that P, (7—[1 (M )) = (0. That means for every harmonic one-
form w, we have P,w = 0, and thus is basic. Hence (A a, ) = 0 implies that «; is basic-harmonic
and f, = 0. Thus both oy and ay are zero and then H} (M, F) = {0}. O
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Remark 8.5. It might seem at first glance that Proposition may contradict Proposition [7.1]
But in fact, if H* (M) = {0} for some compact manifold M, then any Riemannian flow of M must
have a normal bundle that is not involutive. The reason is as follows. First, the mean curvature
can be chosen to be zero after a change in bundle-like metric, since the mean curvature must be
exact. If the normal bundle is involutive, then dxr = 0 from Rummler’s formula, and dxr = 0
(true for any Riemannian flow), so that xr is a harmonic one-form and therefore represents a
nontrivial class in H' (M), a contradiction. So Proposition does not apply.

9. EXAMPLES

We illustrate the antibasic cohomology and our theorems in some one-dimensional examples of
foliations. These examples are certainly not meant to comprise a comprehensive list.
To simplify the exposition, we denote the Betti numbers for each example foliation (M, F) as
follows: A A ‘ ' A A
W =dim H’ (M), hi =dim Hj (M,F),h) = dim H} (M, F).
We start with the Hopf fibration, which is a taut Riemannian flow.

Example 9.1. Using Theorem above, we consider the Hopf fibration of S* < C? - (CP‘1 via
(20,21) = [20,21]. The leaves of the foliation F are the orbits of the S' action €' (e”zo,e”zl).
This is a Riemannian flow, but the normal bundle is not involutive. The lengths of the circular
leaves are constant, so the mean curvature is zero. By Theorem hl =1, and from Proposition
h) = 0. Also H? (5%, F) C H? (S®) because of Lemma so that h2 =0, and h} = h3 = 1.
In summary, we have

(h07h17h27h3) = (1707071)7

(h07 h‘l%? hl%) - (17 0, 1)7
(h?w htll’ h27 hi) = (Oa 1,0, 1)-
The following example is a Riemannian flow of a 3-manifold that is not taut.

Example 9.2. We will compute the antibasic cohomology groups of the Carriére example from [3]
2 1

in the 3-dimensional case. Let A = 11 ) We denote respectively by Vi and Vs the eigenvectors

associated with the eigenvalues \ and % of A with A > 1 idrrational. Let the hyperbolic torus ng
be the quotient of T? x R by the equivalence relation which identifies (m,t) to (A(m),t +1). The
flow generated by the vector field Vo is a transversally Lie foliation of the affine group. The Betti
numbers of this closed manifold are b/ =1, for 0 < j < 3. We choose the bundle-like metric (letting
(z,s,t) denote the local coordinates in the Vo direction, Vi direction, and R direction, respectively)
as
g = A"2dx? + N*ds? + dt*.

The mean curvature of the flow is k = Ky, = log () dt, since xF = \"'dx is the characteristic form
and dxr = —log(\)X7tdt Adx = —k A xF. It is easily seen that the basic cohomology satisfies
hi =1 for 5 =0,1 and hg = 0 (class of the mean curvature class being nonzero implies this; see
[1]). The foliation has an involutive normal bundle, so that Proposition applies, so that h2 =1,
h3 =1 and hE =0 for k =0,1. In summary,

(R, hY h2 R%) = (1,1,1,1),
(hp, hy,hi) = (1,1,0),
(R, nt W2 h3) = (0,0,1,1).
We now consider an example of a foliation that is not Riemannian (for any metric). This is a

standard example of a foliation on a connected, compact manifold with infinite-dimensional basic
cohomology; this example is from [9].
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Example 9.3. Let M be the closed 3-manifold defined as R x T? /7, where T?> = R? /7% and
m € Z acts on R x T? by m (t,x) = (t +m, A™z), where A is the matriz (1) 1 . We define the
leaves of the foliation to be the t-parameter curves. Then observe that that leaf closures intersect
each torus with a set of the form S x {xs}, where xo € R,/Z and S is a finite number of points
for rational xo and is R /7 for irrational xo. Thus, the basic forms in the “coordinates” (t,x1,x2)
have the form

QY (M) {f e QM) : f(t,x1,22) is constant in z1,t},

Q (M) = {fdrz: feQM)},

Q (M) = {fdryNday: feQUM)}.

From this we can easily calculate that b = 1, hi = 1, and HZ (M,F) = Q2 (M), which is in-
finite dimensional. One may also check with a cell complex that the ordinary homology satisfies
H7 (M,Z) =2 Z for j = 0,3 and H? (M,Z) = Z? for j = 1,2, so that the ordinary de Rham coho-
mology satisfies ! =1 for j = 0,3 and b/ =2 for j = 1,2. We choose the metric in the O, Oy, , Ox,
basis as

1 0 0
(gij) = 0 1 —t
0 —t 1+1¢2

One can check the invariance with respect to the action of m € 7Z; it is chosen so that
{e1 = 0,9 = Oy, €3 =0y, + Ou, } forms an orthonormal basis at each (t,x1,x2). Then the metric
on covectors with basis {dt,dxy,dzs} is

1 0 0
(99)=1{0 14+ ¢t |,
0 t 1
and the dual orthonormal basis 1s {el:dt,eQZdacl—tdxg,e3:dx2}. Note also that

g = det(g;j) = 1.

We now compute the antibasic forms with respect to this metric, which are the sets of smooth
forms that are L*-orthogonal to the sets of basic forms listed above. For any x2 € R /Z, let Cy,
denote the torus {(t,z1,x2) : t,x1 € R /Z}. Then:

QM) = {f e QM) : f(t,z1,22) dt Adxy =0 for all x9 € R/Z} ,

Cay
Q) (M) = {fdvo+g (dvy —tdas) +hdt: f € Q(M),g,h € Q (M)},

Q2(M) = {fdziNdve+gdtA(dey —tdzs) +hdt Adws s f € QY(M), g, h € Q° (M)},
QM) = Q¥ (M).

Immediately we have h? = 1. We compute the divergence on one-forms:

(df,adt + c1 (dx1 — tdxg) + codxa) = /fta + forcr + (tfuy + foy) C2

= [ (o= (), — te, — (@),)5
0 (adt + ¢1 (dzy — tdxa) + cadza) = —ay — 01 (c1) — (L0 + O2) (¢c2) ,

which makes sense since all three vector fields are divergence-free.
We next compute the divergence of 2-forms, writing in terms of our frame and coframe. Note
that in terms of an orthonormal frame {e;} with Christoffel symbols defined by V.,e; = ijek

or d(ek) = —ijei A el (using Einstein summation convention here and subsequently) we have
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6 (bije’ 1 e?) = —eilbig)e? + e (big)e’ + biy (Giydl — G0t — Gy + G, ) e In what follows, we will

assume that the two form is anti-symmetrized, so that bj; = —b;;, and then the formula above
simplifies to §(bije' N e?) = —2¢;(bij)e? + Qbij(G@e(Sﬁ — G}T)e’". In our case with ey = 0y, ea = Oy, ,
e3 = tdy, + Ou,, the covariant derivatives give 3 = G35 = Gyy = G, = —G3, = —G3, = -G},

with all other G’fj zero. Also, all Lie brackets between these basis vector fields are zero except that
le1,e3] = —[e1, e3] = ea. After a bit of calculation, we have (for antisymmetrized bije' A e’)
1 (bijei A €j)
= (—62 (2521) —e3 (2[)31)) 61 + (—61 (2[)12) —e3 (2[)32) — 2()13) 62 + (—61 (2b13) — €9 (2b23)) 63,

which implies also that (substituting bijei A€l below with %bijei ANel — %bijej N above)

) Z bijei A el

1<j
= (62 (blg) + e3 (blg)) 61 + (*61 (blz) +e3 (bgg) - blg) 62 + (*61 (blg) — €2 (bgg)) 63. (9.1)
Finally we calculate divergence of 3-forms:
S(fetne*ne’) = —xdx(fe ne®ne’) =—x(df)

= —= sgn (o) eq, (f) €72 Ne??

= —ei(f)eEned —ex(fled Nel —es(flel A€

From these formulas, we note that the divergence of a basic one-form (one of the type co (x2) dxs)
is always a basic function (—0aca), so that & maps basic one-forms to basic functions and antibasic
one-forms to antibasic functions. Then hQ = 0, since in this case

HO (M) = Q- Q0 e QY
im 5‘01 (im 5|Q¢11) &) (im (ﬂgi)
Q0 Q0

@
= H)(M,F)® Hy) (M, F)= H)(M,F) & H®(M).
(Note that the first and second step fail for foliations in general).
We now compute H2 (M, F). We have

i (ML F) = Olog  ker g

a

2 ~ T2
In the ordinary §-cohomology, the generators of H?* (M) are [61 Ae? =dt A (dxy — tdazg)] and
[62 Aed =dry A dacg]. But byadt A (dzy — tdxe) = biae! A €? is antibasic and basdxi A dxs is basic
for any choice of constants by, baz. Thus, h? = 1.

We now consider 1-forms. QObserve that basic 2-forms have the form bas (x2)dxy A dre =
bas (z2) €2Ae3, and from formula above § (bog (z2) dry A dxg) = bys(22)e? = byg(x2)(dxt —tda?)
for all basic functions bag; note that the image is an antibasic one-form. It follows that the image
of 0, is a proper subset of the image of § on 2-forms, which is contained in the space of §-closed
antibasic one-forms. Thus, we have

H; (M’ ]__) _ ker 5|Qé ker (ﬂﬂé ker 6’(21

=HY (M) = R
im 6|2 - im 6. — im 6|qe (M)
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In fact, we will show HL(M,F) is infinite-dimensional. Consider the subspace {F'(x3)e? : F €
C>(R/Z)}/ ker é|gz of HY(M,F); The set {F'(z2)e*} is clearly infinite-dimensional and is a sub-
space of ker 6]%. We wish to determine when two elements of this space are equivalent mod §(2).
If §(B) = F'(x2)e?, then by Hodge theory B = —F(x3)e? A €3 + (harmonic 2-form) + (element of
Im 6|3). The first term is basic, and the second term is (constant)e® Ae+ (constant)e! Ae?, so we
may rewrite 3 = —(F(z2) +c1)e? Aed+ (antibasic 2-form). The form 3 can be antibasic if and only
if F(z2) +c1 = 0, so we conclude that the space {F'(x3)e?}/86(Q2) is infinite-dimensional. Thus,
h}l = oo.
In summary,

(R, RY, 2. %) = (1,2,2,1),
(hb, by, hy) = (1,1,00),
(RO Rl R2 B3) = (0,00,1,1).

a’'farar"a

The following non-Riemannian flow is a simple example where the basic projection P, and antiba-
sic projection P, do not preserve smoothness. In spite of that, the basic and antibasic cohomology
can be calculated. From the calculations, we also see that the Hodge theorem is false for this
foliation.

Example 9.4. Let M be the flat torus [0,2] x [0, 1] with opposite sides of the boundary identified.
Let ¢ (x) be a smooth function on the circle [0, 2] mod 2 such that ¢ is positive and < 1 on (0,1) and
identically zero on [1,2]. Consider the foliation that whose tangent space at each point is spanned

by the vector field V(x,y) = <gz5 (x),4/1— ¢($)2> All the leaves in the region 0 < x < 1 are

noncompact and have x = 0 and x = 1 in their closure, and the leaves in the region 1 < x < 2 are
vertical circles. The set of basic functions is

QO (M) = f:10,2] x[0,1] = R: f(x,y) = g (x) for a smooth function g '
b on R 27 such that g (x) = constant for x € [0,1] mod 2

Since every basic normal vector field approaches 0 as x — 07 and x — 17, there are no bounded
basic one-forms for 0 < x < 1, so we have

QL (M) = w=h(x)dx: h is a smooth function on R, 27
b N such that h (z) =0 for x € [0,1] mod 2

Then, the set of antibasic forms are those smooth forms orthogonal to Q (M) in L. We obtain
1 1,1
QM) = {f : M—)R:/ f(z,y)dy =0 for x € [1,2]mod 2 and / / f(z,y)de dy =0 },
0 0 Jo

Qq (M)

1
{a:aldx—i—azdy:/ ay (z,y)dy =0 for x € [1,2]m0d2.}.
0

Note that in this example, the basic and antibasic projections are not smooth maps to differential
forms. Observe that on functions,

[ average of f over [0,1]? x € (0,
By (£) (2,y) = { average of f (x,-) over [0,1] =z € (1,

so for instance

2
.o
sin(rx) z € (

Psin(ra)) = {
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which is not a continuous function. Likewise, P, (sin (wz)) = sin(mx) — Py(sin(nx)) is not smooth.
In any case, we may calculate the basic and antibasic cohomology groups.

H) (M, F) = ker(d:Q)(M)— Q(M)) =R,
2, (M)
im (d: QY(M) — Q}(M))
2, (M)
{h(m) dx : ffh(x) dx =0 and h(x) =0 for x € |0, 1]}
= {[c- bump on [0,1]]} = R.

H} (M, F) =

Note that H,} is not represented by a basic harmonic form. Also,

_ Qa (M)
Hi (M. 7) = im (6 : QL (M) — Q(M))
0
- L) ~ {0},
{(al)z + (a2),, : Jo a1 (z,y)dy =0 for x € [1,2] mod 2}
HI (M, F) ker (6 : QL (M) — QO (M))

im (6 : Q2(M) — QL(M))
{aldx + asdy : fol a1 (z,y)dy =0 for z € [1,2]mod 2 and (a1), + (a2), = 0}
{fyde - frpdy}

= {ledyl} =R,

H?>(M,F) = H*(M)=R.

And we also have h® = h? =1, h' = 2. In summary,

[1]
2]

3]

(10]

(1]

(h07h17h2) = (1727 1)7
(hp,hy) = (1,1),
(hgahzlzvhg) = (07171)'

REFERENCES

J. Al Alvarez—Lépez7 The basic component of the mean curvature of Riemannian foliations, Ann. Global Anal.
Geom. 10 (1992), 179-194.

M. Benameur and A. Rey-Alcantara, La signature basique est un invariant d’homotopie feuilletée, C. R. Math.
Acad. Sci. Paris 349 (2011), no. 13-14, 787-791.

Y. Carriére, Flots riemanniens, in  Transversal structure of foliations (Toulouse, 1982), Astérisque 116 (1984),
31-52.

G. Habib, Energy-momentum tensor on foliations, J. Geom. Phys. 57 (2007), no. 11, 2234-2248.

G. Habib and K. Richardson, Modified differentials and basic cohomology for Riemannian foliations, J. Geom.
Anal. 23 (2013), no. 3, 1314-1342.

G. Habib and K. Richardson, Homotopy invariance of cohomology and signature of a Riemannian foliation,
Math. Z. 293 (2019), no. 1-2, 579-595.

D. Dominguez, Finiteness and tenseness theorems for Riemannian foliations, Amer. J. Math. 120 (1998), no. 6,
1237-1276.

A. El Kacimi-Alaoui and M. Nicolau, On the topological invariance of the basic cohomology, Math. Ann. 295
(1993), no. 4, 627-634.

E. Ghys, Un feuilletages analytique dont la cohomologie basique est de dimension infinie, Publ. de 'IRMA de
Lille, VII (1985).

P. March, M. Min-Oo, E. Ruh, Mean curvature of Riemannian foliations, Canad. Math. Bull. 39 (1996), no. 1,
95-105.

P. Molino, Riemannian foliations, Progress in Mathematics 73, Birkhauser, Boston 1988.



NEW COHOMOLOGICAL INVARIANTS OF FOLIATIONS 29

[12] E. Park and K. Richardson, The basic Laplacian of a Riemannian foliation, Amer. J. Math. 118 (1996), 1249-
1275.

[13] B. L. Reinhart, Harmonic integrals on almost product manifolds, Trans. Amer. Math. Soc. 88 (1958), 243-276.

[14] B. L. Reinhart, Foliated manifolds with bundle-like metrics, Ann. Math. 69 (1959), 119-132.

[15] B. L. Reinhart, Differential geometry of foliations: The fundamental integrability problem, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, vol. 99, Springer-Verlag, Berlin, 1983.

[16] J. Roe, Elliptic operators, topology and asymptotic methods, Second edition, Pitman Research Notes in Mathe-
matics Series, 395, Longman, Harlow, 1998.

[17] J. I. Royo Prieto, The Gysin sequence for Riemannian flows, Global differential geometry: the mathematical
legacy of Alfred Gray (Bilbao, 2000), 415-419, Contemp. Math., 288, Amer. Math. Soc., Providence, RI, 2001.

[18] H. Rummler, Quelques notions simples en géométrie riemannienne et leurs applications auz feuilletages compacts,
Comment. Math. Helv. 54 (1979), no. 2, 224-239.

[19] V. Sergiescu, Sur la suite spectrale d’un feuilletage riemannien, in Proceedings of the XIXth National Congress
of the Mexican Mathematical Society, Vol. 2 (Guadalajara, 1986), 33—39, Aportaciones Mat. Comun., 4, Soc.
Mat. Mexicana, México, 1987.

[20] Ph. Tondeur, Geometry of foliations, Monographs in Mathematics 90, Birkh&duser Verlag, Basel 1997.

LEBANESE UNIVERSITY, FACULTY OF SCIENCES II, DEPARTMENT OF MATHEMATICS, P.O. BoX 90656 FANAR-
MATN, LEBANON AND UNIVERSITE DE LORRAINE, CNRS, IECL, F-54506, NANCY, FRANCE
Email address, G. Habib: ghabib@ul.edu.1lb

DEPARTMENT OF MATHEMATICS, TEXAS CHRISTIAN UNIVERSITY, FORT WORTH, TEXAS 76129, USA
Email address, K. Richardson: k.richardson@tcu.edu



	1. Introduction
	2. Basic and antibasic cohomology of foliations
	3. Riemannian foliation setting
	4. The antibasic Laplacian
	5. Functional analysis of the antibasic de Rham and Laplace operators 
	6. The antibasic Hodge decomposition and homotopy invariance
	7. Properties and applications
	8. The case of Riemannian flows
	9. Examples
	References

