SPECTRAL DECOMPOSITION OF SOME NON-SELF-ADJOINT OPERATORS
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ABSTRACT. We consider non-self-adjoint operators in Hilbert spaces of the form H = Hy + CWC,
where Hy is self-adjoint, W is bounded and C' is bounded and relatively compact with respect to Ho.
We suppose that C' is a metric operator and that C(Ho — z)~'C' is uniformly bounded in z € C\ R.
We define the spectral singularities of H as the points of the essential spectrum A € gess(H) such
that C(H:I:iE)ACW does not have a limit as e — 07. We prove that the spectral singularities of H
are in one-to-one correspondence with the eigenvalues, associated to resonant states, of an extension
of H to a larger Hilbert space. Next, we show that the asymptotically disappearing states for H,
i.e. the set of vectors ¢ such that ei“Hga — 0 as t — o0, coincide with the generalized eigenstates
of H corresponding to eigenvalues A € C, FIm(A) > 0. Finally, we define the absolutely continuous
spectral subspace of H and show that it satisfies Hac(H) = Hp(H*):, where H,(H™) stands for the
point spectrum of H*. We thus obtain a direct sum decomposition of the Hilbert spaces in terms of
spectral subspaces of H. One of the main ingredients of our proofs is a spectral resolution formula
for a bounded operator r(H) regularizing the identity at spectral singularities. Our results apply to
Schrédinger operators with complex potentials.
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1. INTRODUCTION

We are interested in this paper in the evolution of a quantum system governed by the time-
dependent Schrodinger equation

with a non-self-adjoint operator H.

Non-self-adjoint ‘Hamiltonians’ in Quantum Mechanics are considered in various contexts, see
[4, 46] and references therein. We mention here two frameworks that are especially relevant for our
study.

As effective or phenomenological operators, non-self-adjoint operators are used to describe non-
conservative phenomena. A celebrated example is the optical model in nuclear physics describing
both the elastic and inelastic scattering of a neutron — or a proton — at a nucleus. It was introduced
by Feshbach, Porter and Weisskopf [31] as an empirical model allowing, in particular, for the de-
scription of the formation of a compound nucleus [7]. In this model, the unnormalized state of the
neutron at a positive time ¢ is given by the solution ¢; = e~#p to (1.1), with H = —A + V(z)
a dissipative Schrodinger operator in L?(R9), Im(V(z)) < 0. Part of the energy of the neutron
may be transferred to the nucleus, possibly leading to the absorption, or capture, of the neutron
by the nucleus. Mathematically, this is reflected in the dissipative nature of the equation since, in
particular, given a normalized initial state ¢ € L?(RY), we have that |le”*H |2 < 1 for all ¢ > 0.
The probability of absorption

—itH

pabs(gp) =1- tli}go He SOHZQ

does not vanish in general.

The nuclear optical model leads to predictions that correspond to experimental scattering data to a
high precision. Theoretical justifications of the model have been given in [27-29] (see also [4, 30, 39]).
The idea of the justification consists in projecting out, in the Schrédinger equation associated to the
total system nucleus — neutron, the degrees of freedom corresponding to the nucleus. This can be
performed using Schur’s complement formula and leads to a Schrédinger equation for the neutron
which is non-linear in energy. The effective, non-self-adjoint Hamiltonian for the neutron is then
obtained by averaging over energy.

PT -symmetric operators constitute another widely used class of non-self-adjoint operators in
Quantum Mechanics. It was observed by Bender and Boettcher [5] that a large class of ‘“PT-
invariant Hamiltonians’ have real spectra and can therefore be quantum mechanically relevant in
many situations. For Schrédinger operators, H = —A+V () on L?(RY), with V a complex potential,
PT-symmetry means that

[H,'P'T] =0,

where P is the parity operator, (Py)(z) = ¢(—z), and T the time-reversal operator, (T ¢)(z) =
m. In recent years, PT-symmetric operators have attracted lots of attention, from theoretical
studies showing that P7T-invariant operators have real spectra under suitable conditions |17, 45, 47,
49, 55, 63|, to experimental studies revealing PT-symmetry-like structures, in particular in optics
[51, 59, 61]. See [21] for more references and more recent developments, [49] for results on the
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pseudo-spectra of PT-symmetric operators, and [8; 9, 69| for the study of PT-symmetric operators
having continuous spectra.

In this paper, we consider an abstract class of non-self-adjoint operators in a complex Hilbert space
‘H, of the form H = Hy+ V. We suppose that Hy is a self-adjoint operator with purely absolutely
continuous spectrum and that V is a relatively compact perturbation of Hg. In particular, the
essential spectra of H and Hy coincide. We suppose furthermore that V' admits a factorization as
V =CWC, with W bounded and C' a strictly positive operator such that

C(Hy—2)"'C < 00.
zi?:l\)RH (Ho = 2)71Cl| pgq) < 00

Such factorizations go back to the seminal work of Kato [42], see also [50].

We are interested in a spectral decomposition of the non-self-adjoint operator H, in relation with
the long-time behavior of the solutions to (1.1). Note that H being a bounded perturbation of Hy,
the operator —iH generates a strongly continuous group {e " },cr and hence, for any ¢ € H, (1.1)
admits a global solution R 3 t — e #Hp € H.

Roughly speaking, our main contributions can be summarized as follows. First, defining the
spaces of asymptotically disappearing states as

HaaaH) = Lo € 7 Tim el = 0},
we will show that ’H;tds (H) coincide with the vector space spanned by all eigenvectors, or general-
ized eigenvectors, corresponding to eigenvalues A of H such that FIm(\) > 0. Next, defining the
absolutely continuous spectral subspace Hao(H) of H as the closure of

[oeH Ge,> 090 € H, /R (e o), "t < ey el ).

we will prove that Hac(H) = Hy(H*)*, where H* stands for the adjoint of H and H,(H*) is
the point spectral subspace of H*, i.e. the vector space spanned by all eigenstates or generalized
eigenstates of H*. These characterizations of H;tdS(H ) and Hac(H) in turn imply a J-orthogonal
decomposition of the Hilbert space (for some conjugation operator J) given by

H=Hae(H) S H | (H)®H_, (H) ® Hp(H), (1.2)

where Hy(H) is the space of ‘bound states’, i.e. the closure of the vector space spanned by all
generalized eigenvectors of H corresponding to real eigenvalues. Hence we obtain a decomposition
of the Hilbert space into ‘scattering states’ (corresponding to elements of H,.(H)), asymptotically
disappearing states and bound states. This generalizes the well-known spectral decomposition for
self-adjoint operators without singular continuous spectrum (in the case of self-adjoint operators H,
of course, we have HI_(H) = {0}).

To prove these results, we will require that H only have finitely many eigenvalues (counting
algebraic multiplicities) and finitely many spectral singularities. As in previous works concerning
dissipative operators in Hilbert spaces [24-26], the notion of spectral singularities plays a central
role in this paper. In our context, we will define a spectral singularity as a point A of the essential
spectrum of H such that one of the two limits

lim C(H — X\ +ie) 'CW

e—=0t
does not exist in the norm topology of L(#H). We will prove that A is a spectral singularity of H if
and only if it is an eigenvalue of an extension H' of H to a larger Hilbert space H¢,, corresponding
to an eigenstate (a ‘resonant’ state) belonging to a suitable subspace of Hy, (the space H will be
defined as the anti-dual of Ran(C), equipped with a suitable norm).
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Our results concerning the spaces of asymptotically disappearing states %;tds (H) generalize previ-
ous results for dissipative operators recently obtained in [25]. Our proof is more direct, in particular
it does not rely on the scattering theory for the pair (H, Hp), which was a crucial element of the
proof in [25]. Our results showing that Hac(H) = H,(H*)* seem to be new. It is worth mentioning
that, contrary to previous results on absolutely continuous spectral subspaces for non-self-adjoint
operators (see [13| for dissipative operators and [44, 56| and references therein for a more general
context), we do not use the theory of dilations of contractive semigroups.

The abstract theory developed in this paper applies to Schrodinger operators H = —A + V(z)
on L%(R?), under suitable decay assumptions on the complex potential V. In this case, spectral
singularities correspond to real resonances. Some of our results on spectral singularities may thus
be seen as abstract versions of corresponding well-known properties in the theory of resonances for
Schrédinger operators [20]. On the other hand, the characterizations of the subspaces H (H) and
Hac(H), as well as the spectral decomposition formula (1.2), seem to give new results also in the
context of Schrédinger operators.

Before stating our results in more precise terms in Section 3, we begin with describing in details
the abstract setting studied in this paper in Section 2.

Notation. In what follows, given two Hilbert spaces Hi, Hz, the notation L£(H1,Hz) stands for
the set of bounded operators from H; to Ho. If Hy1 = Ha, we set L(H1) := L(H1, H1).
If F is a Banach space and E’ its anti-dual, we denote by

(u,®)p.pr = ®(u), PE€E, wek,

the usual duality bracket.
The domain of an operator A on a Hilbert space H is denoted by D(A). The spectrum and
resolvent set of A are denoted by o(A) and p(A), respectively. For z € p(A), we let

Ra(z) :=(A—2)"!

be the resolvent of A. In the case where A is the unperturbed operator Hy, we will also use the
shorthand R := Rpy,.

We let C* := {z € C, £Im(z) > 0} and C* := {z € C, £Im(z) > 0}. The complex open disc
centered at A and of radius r is denoted by

D\ r):={z€C, |z—) <1}

2. ABSTRACT SETTING

2.1. The model. Let (H,(.,.);,) be a complex separable Hilbert space. On H, we consider the
operator
H:=Hy+V, (2.1)

where Hj is self-adjoint and semi-bounded from below and V' € L(#) is a bounded operator. In
particular, H is a closed operator with domain D(H) = D(Hy) and its adjoint is given by

H* = Hy+V*, D(H*)=D(Hy).

Without loss of generality, we suppose that Hy > 0. Since H is a perturbation of the self-adjoint
operator Hy by the bounded operator V', —iH is the generator of a strongly continuous one-parameter

group {e‘“H } teR satisfying
e g < Ve, e,

(see e.g [15] or [22]).
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FIGURE 1. Spectrum of H. The essential spectrum of H, represented by thick lines, coincides
with that of Ho and is contained in [0,00). Eigenvalues of H are represented by crosses. The
discrete spectrum of H consists of isolated eigenvalues of finite algebraic multiplicities which may
accumulate at any point of the essential spectrum. The point spectrum of H may also contain
eigenvalues embedded in the essential spectrum.

We assume that there exists a metric operator C € L(H) such that C is relatively compact with
respect to Hy and V' is of the form
V=CWC, (2.2)
with W € L(H). We recall that a metric operator is a strictly positive operator, i.e. C > 0 and
Ker(C) = {0}, see e.g. [3].

2.2. Spectral subspaces, spectral projections. Recall that o(H) stands for the spectrum of H
and p(H) = C\ o(H) its resolvent set. As usual, the point spectrum of H is defined as the set of
all eigenvalues of H,

op(H) := {X € C, Ker(H — \) # {0} }.
The discrete spectrum of H, ogisc(H), is the set of all isolated eigenvalues A with finite algebraic
multiplicities my(H), where

oo
my(H) := dim( U Ker((H — )\)k)>
k=1
Under our assumptions, since V' is a relatively compact perturbation of Hy, the essential spectrum
Oess(H) 1= o(H)\oqisc(H) coincides with the essential spectrum of Hy and the discrete spectrum
odisc(H) is at most countable and can only accumulate at points of oess(H). See Figure 1. We define
in addition the set of all eigenvalues embedded in the essential spectrum of H:

Temb(H) = 0p(H) N 0ess(H).

2.2.1. Eigenspaces corresponding to isolated eigenvalues. For A € ogisc(H ), we denote by

1 -1
Iy(H) = — Id—H) " dz 2.3
MH) = g | 1= (23)
the usual Riesz projection, where ~ is a circle oriented counterclockwise and centered at A, of
sufficiently small radius (so that A is the only point of the spectrum of H contained in the interior of

7). The algebraic multiplicity of A satisfies my(H) = dim Ran(II(H)). Since the restriction of H to
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Ran(II)(H)) may have a nontrivial Jordan form, Ran(IIy(H)) is in general spanned by generalized
eigenvectors of H associated to )\, i.e., by vectors u € D(H¥) such that (H — \)*u = 0 for some
1<k <my(H). We set

Haise(H) := Span {u € Ran(Ily(H)), \ € ogisc(H)},

where A stands for the closure of a subset A C H. We will sometimes assume that the discrete
spectrum of H is finite. The spectral projection Hgis.(H) onto Hyise(H) is then defined by

Mase(H) :== Y T\(H). (2.4)
Aeo’disc(H)

We will also consider the following three subspaces of Hgisc(H):
HE (H):= Span{u € Ran (II(H)), A € oaisc(H),Im(\) < 0}, (2.5)

disc (
HY...(H) := Span {u € Ran (I\(H)) , A € ogise(H),Im(\) = 0}, (2.6)

H (H) := Span {u € Ran (T[y(H)), A € ogisc(H),Tm(\) > 0} (2.7)

Observe that ’H:{iSC(H ) is the closure of the vector space spanned by all generalized eigenvectors
corresponding to eigenvalues with negative imaginary part, and likewise for H g, (H). The reason
for these conventions will be understood later (see Theorem 3.2). Clearly, if ogisc(H) is finite, we
have the following direct sum decomposition:

Hdisc (H) = H(;jsc (H) @ HgiSC(H) ® H(—ESC(H)

The corresponding spectral projections 0 (H), where § stands for +, — or 0, are defined as in

disc
(2.4).

2.2.2. Eigenspaces corresponding to embedded eigenvalues. Suppose now that A is an eigenvalue of
H embedded in its essential spectrum. The Riesz projection corresponding to A is then ill-defined,
but, under some further conditions, one can define the spectral projection II\(H) as follows.
In the following (see Hypothesis 4 below), we will suppose the existence of a conjugation operator
J € L(H) satisfying
J?=1d, JD(Hy) C D(Hy) and Yu € D(Hpy), JHu= H*Ju. (2.8)
In particular, J establishes a one-to-one correspondence between Ker((H — \)¥) and Ker((H* — \)¥)
for all kK € N and hence
m)(H) = my(H").
To shorten notation, let my = my(H) = m5(H*). In order to study the absolutely continuous
spectral subspace of H (see (2.13)—(2.14)), we will suppose that for each embedded eigenvalue
A € 0ess(H ), my, is finite and the symmetric bilinear form
Ker((H — X\)™) 3 (u,v) = (Ju,v)y is non-degenerate. (2.9)
This implies that there exists a basis (¢r)i1<k<m, of Ker((H — X)™*) such that
We can then define the spectral projection II)(H) onto the generalized eigenspace corresponding to

A as
my

\(H)u =Y (Jop u)yor, ueH. (2.10)

k=1
It is not difficult to observe that ITy(H) is a projection commuting with H, such that II\(H) € L(H)
and II)(H)* = II\(H™*) (see Proposition 2.1 below for a more precise statement). Note however that
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if (2.9) does not hold, it is not clear how to define such a projection. In fact, in the simplest case
where my = 1, one easily verifies that the condition (Jy, ) # 0 for any ¢ € Ker(H — \) \ {0} is
necessary to have the existence of a projection onto Ker(H — A) commuting with H.

The closure of the vector space spanned by all generalized eigenstates corresponding to embedded
eigenvalues of H will be denoted by

Hemb(H) := Span {u € Ran(Ily(H)), A € oemb(H)}".

If 0empb(H) is composed of finitely many eigenvalues with finite algebraic multiplicities and such that
(2.9) holds, we will also use the notation

e (H) := Z I\ (H).
)‘Eaemb(H)

2.2.3. Point spectral subspace. With the definitions of the spectral projections IT)(H) given in Sec-
tions 2.2.1 and 2.2.2, we have the following proposition, which covers both cases of isolated and
embedded eigenvalues.

Proposition 2.1. Suppose that there exists a conjugation operator J such that (2.8) holds. Let A
be an eigenvalue of H with finite algebraic multiplicity my. If X\ € oess(H), suppose in addition that
(2.9) holds. Then II\(H) € L(H), II\(H) is a projection which preserves D(H) and commutes with
H. Its range and adjoint are given respectively by
Ran(II\(H)) = Ker((H — X\)™), IL\(H)* =II(H").
We have
(HII\(H))" = H TI5(H"),
and if X\, \' are two distinct eigenvalues of H, then

I\ (H)ILy (H) = 0.

In the case of isolated eigenvalues, Proposition 2.1 follows from the definition (2.3) of the Riesz
projection II\(H) (see e.g. [58, Theorem XIIL.5|). In the general case, it suffices to observe that
the restriction of H to H,(H) has a discrete spectrum (since H,(H) is finite dimensional) and that
the Riesz projections associated to its eigenvalues are given by the restrictions of (2.3) or (2.10) to
Hp(H).

We will assume below that H only has a finite number of eigenvalues with finite algebraic multi-
plicities. Under this simplifying assumption, we set

M(H):= Y T(H),
Aeop(H)

and observe that

My(H) = S Tig(H") = T,(H").
Aoy (H)

The point spectral subspace of H is then defined by
Hp(H) = Ran(IL,(H)),
and likewise for H*. It satisfies

HP(H) = Hdisc(H) D Hemb(H).
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We also observe that under our assumptions, the point spectral subspace corresponding to eigenval-
ues with positive/negative imaginary parts identifies to the corresponding discrete spectral subspace:

S (H) := Span {u € Ran (I[\(H)) , A € op(H), Im()\) < 0} = H L (H), (2.11)
H (H) := Span {u € Ran (I[\(H)), A € op(H), Im(X) > 0} = Hg, (H). (2.12)

2.2.4. Subspaces of asymptotically disappearing states. We define the subspaces of asymptotically
disappearing states as

ads

cl
HE (H) = {u eH, tiigloo HefthuHH = 0} .

Note that H, (H) and H_, (H) are closed. Using that for a generalized eigenvector ¢ € ’Hlf(H ),

ads
—itH

the norm |e ©l|ly decays exponentially as ¢ — 00, it is not difficult to verify that

My (H) C Hog (H),

ads

(see Proposition 5.6). In Theorem 3.2 below, we will give conditions under which this inclusion
becomes an equality.

2.2.5. Absolutely continuous spectral subspace. Let
i 2
M(H) := {u €H, Je, > 0,Vv € H, /RKe Z“‘Tu,v%i‘ dt < ¢, ””H?{} : (2.13)

We define the absolutely continuous spectral subspace of H, Hac(H), as the closure of M(H) in H,
Hae(H) := M(H). (2.14)

Note that if H is self-adjoint, then M (H) is closed and coincides with the usual absolutely continuous
spectral subspace of H.

Such a definition of an absolutely continuous spectral subspace for non-self-adjoint operators goes
back to [12], where dissipative operators, Im(V) < 0, are considered, and the integral in (2.13) is
taken over [0, 00) instead of R. For self-adjoint operators, our definition and that of [12] coincide; this
is however not the case for non-self-adjoint operators. See Section 3.4 for a discussion comparing our
results and those of [12, 13] for the absolutely continuous spectral subspace of dissipative operators.
Note also that other definitions of an absolutely continuous spectral subspace for non-dissipative
perturbations of a self-adjoint operator have been considered in the literature, using the theory of
dilations. See [44, 56] and references therein.

Our definition of H,.(H) is motivated by the following fact: it is not difficult to see that if v is a
generalized eigenvector of H*, then ¢ — <6_itHu, v> cannot belong to L?(R) unless (u,v) = 0 (see
Section 5.5). In other words

H

Hae(H) C Hyp(H*) .

Theorem 3.3 will show that, under suitable assumptions, Hac(H) = Hp(H*)*. This generalizes
the equality Hac(H) = Hp(H )+ which holds for self-adjoint operators without singular continuous
spectrum.

2.3. Extension of the Hilbert space. In this section, we construct an extension of the Hilbert
space H containing the ‘outgoing and incoming resonant states’ that will be introduced below (see
Definition 2.3). To this end we consider a Gelfand triple defined in terms of the metric operator C
appearing in the definition (2.1)—(2.2) of H.
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2.3.1. Gelfand triple. Recall that C' is supposed to be relatively compact with respect to Hy. Let
He := Ran(C).
Since C is self-adjoint and injective, its inverse C~! is a self-adjoint unbounded operator with dense
domaine D(C~!) := He. We equip He with the scalar product
(u,v>7{c = <C_1u,C_1v>H,

It is not difficult to verify that the identity operator from H¢o to H is a continuous embedding,
Ho — H.

Let H{, be the anti-dual of H¢ (the set of anti-linear continuous maps from (Hc, || - [[u) to C).
Setting

u,v € He.

(u,v) == (Cu,Cv)y, u,veH,
one verifies that H¢, identifies with the completion of H for the norm ||.||, associated to (-,-)c. Thus
we obtain the Gelfand triple
Ho — H — He.

Now, given A € L(H¢) a bounded operator in K¢, the anti-dual of A, denoted by A" € L(H,),

is defined by
(u, Ay, = (A", W)y, V€ He, ueHe (2.15)

Since the restriction of C' to H¢ belongs to L(H¢), we can consider its anti-dual defined by (2.15);
we still use the symbol C’ to denote the anti-dual of Cly,. It is not difficult to show that, for all
U € Hy,, C'VU extends to an anti-linear continuous form on #H which identifies to an element of H via
the (anti-linear version of) the Riesz representation theorem. The map C’ : Hy, — H then extends
to a bounded operator C" € L(H, H) satisfying

|c’ <1

e 20

Moreover, C” is an extension of C' and for all ¥ € Hy,, there exists a sequence (vy)neny C H such
that

HC"‘IJ — C’vnH% — 0, n—oo.

Note that the anti-dual of C~1 € L(H¢, H), denoted by (C~1) € L(H,H,), satisfies C'~! = (C~1).
Note also that Hj, is equipped with the scalar product

(U, @)y, = (C"V,C'®),, VT, &cH,
which is an extension of (-, )~ to H..

2.3.2. Extension of H. Our next concern is to define the anti-dual of the operator
H=Hy+V =Hy+CWC.

First, we observe that since V.= CWC belongs to L(H(, Hc), its anti-dual V' € L(H, He) is
well-defined and given by

vV =Ccwc('.
Now, in order for the anti-dual of the unbounded operator Hy to be well-defined, we will assume
(see Hypothesis 5 below) that

’D(HO"HC) = {u € D(H()) NHe, Hyu € Hc}
is dense in H¢ for the topology of He. The anti-dual H{y of Hy is then defined by

D(Hp) == { ¥ € Hiz, 3o > 0,Yu € D(Holpe ), | (How, W), 4| < allullyy,
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and

<u, H(/)\IJ>’HC,’H’C = <H0u, \IJ>HC,'H/C’ U c 'D(H(l)), u € D(Ho‘q.[c).
In the same way, we can define

D(H |y, ) :={u e D(Ho) NHc,Hu € Hel},

(u, H' W)y g, = (Hw W)y gy, W€ D(H), € D(Hly).

Then it is not difficult to see that D(Ho|y,) = D(H|n.), D(Hy) = D(H'), and
H' =H{+V'=H,+CwW(C'.

Clearly, H' is an extension of H since for all u € D(Hp), we have

Vv € D(HO"Hc)a |<u7H0U>’H‘ S ||HOUH7-[ ”CHH HUH’HC 5

which implies that v € D(H|) and that H'u = Hu, using the anti-linear version of the Riesz
representation theorem.

2.3.3. The resolvent of Hy. One of our main hypotheses (see Hypothesis 1) will imply that the limits
CRo(A£i0T)C := lim CRo(\ £ie)C (2.16)
e—0t

exist for a.e. A € 0ess(Hp), for the topology of £(H). In other words, the family of operators
(Ro(A % i€))e>0 converges in L(Hc, Hy) as € — 07 and its limit is denoted by

Ro(A+£i07) € L(He, HE).

2.4. Regular spectral points and spectral singularities. In this section we define the notions
of regular spectral points and spectral singularities that we consider in this paper.

Definition 2.2 (Regular spectral point and spectral singularity). Let A\ € oess(H).

(i) We say that X is an outgoing/incoming regqular spectral point of H if X is not an accumulation
point of eigenvalues located in A + i (0,00) and if the limit

CRy(A£i0M)CW := 11%1+ CRu(\+ie)CW (2.17)
e—

exists in the norm topology of L(H). If \ is not an outgoing/incoming regular spectral point,
we say that \ is an outgoing/incoming spectral singularity of H.

(ii) We say that X\ is a regular spectral point of H if it is both an incoming and an outgoing
regular spectral point of H. If X\ is not a reqular spectral point, we say that A is a spectral
singularity of H.

Our definition of a spectral singularity is related to that of [62] and to the notion of spectral
projections for non-self-adjoint operators [18|, which will also be an important tool in our paper.
See (3.17) for the definition of the spectral projection 1;(H) corresponding to a spectral interval I C
0ess(H) without spectral singularities. In [62], a spectral singularity corresponds to an exceptional
point g outside of which the ‘spectral resolution’ I — 1;(H) is countably additive and uniformly
bounded. In our context, this is a weaker requirement than that of Definition 2.2, see Section 5.1.

Definition 2.2 generalizes the definition of spectral singularities considered in the context of dis-
sipative operators in [24-26]. As we explain below (see Section 3.3), for Schrédinger operators,
H=-A+V(z)on L? (Rd) with V' a complex, decaying potential, spectral singularities correspond
to real resonances. Clearly, in our abstract setting, Definition 2.2 depends on the choice of the de-
composition V = CWC. For Schrédinger operators, however, C'is usually chosen as a multiplication
operator C' = (z)~° /2 for ¢ larger than some critical exponent o > 0. It is then natural to consider
the intersection over all ¢ > gg to define a resonance. See Section 3.3 for more details.
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Various characterizations of the notions introduced in Definition 2.2 will be given in Section 4.
Note in particular that, under the assumption that the limits (2.16) exist, the operator W could
have been put to the left of CRy(A+i0%)C in (2.17), i.e. the limits in (2.17) exist if and only if the
limits WCR g (X +ie)C, € — 0T exist. Moreover, under the same assumption, we will show that A
is an outgoing/incoming regular spectral point of H if and only if Id +R(A4:0")V” is invertible in
L(H¢). (Here it should be recalled that V' € L(H{,, ") and, assuming that the limits (2.16) exist,
that Ro(A £140") € L(Hce, Hy)). Hence spectral singularities are naturally associated to resonant
states defined as follows.

Definition 2.3 (Incoming/outgoing resonant states). Let A\ € oess(H) be a spectral singularity of
H. The space ’H'gf()\) C Hg of outgoing resonant states corresponding to X is defined by

HT () == Ker (Id+Ro(A +i07) V') .
The space 7—[’5()\) C Hy of incoming resonant states is defined by
He (A) == Ker (Id+Ro(A — i07) V') .

As kernels of bounded operators, the vector spaces 7-[’5:()\) are closed. We will prove that eigen-
vectors associated to embedded eigenvalues of H belong to ’H'éc()\)

Note that in the case of complex Schrodinger operators, H = —A + V(x) on L?(R?), X is usually
called an outgoing/incoming resonance if the quotient vector space

Ker ((Id FRo(A £ 07V |H/C) / Ker ((Id +Ro(A £ i0T)V)|3) # {0},

where (Id +Ro(A£i0%)V")|3,, stands for the restriction of (Id +Ro(A£i07)V’) to Hi, and likewise

for (Id+Ro(A £ i07)V”’)|. An outgoing/incoming resonant state then corresponds to an element
of Ker((Id+Ro(X £ i0+)V/)|7-L’C) which does not belong to H. See Section 3.3 for more details.

3. ASSUMPTIONS AND MAIN RESULTS

3.1. Hypotheses. In this section we detail our main abstract hypothesis. In Section 3.3 we will
show that they are satisfied in the case of complex Schrédinger operators, under suitable assumptions
on the potential.

In our first hypothesis, we require that Hy satisfies a limiting absorption principe (with weight
(') at any point of the essential spectrum.

Hypothesis 1 (Limiting absorption principle for Hy). We have
sup ||CRo(2)C < 0. (3.1)
sup [CRo1C

Note that (3.1) implies (see e.g. [11, Proposition 4.1]) that the spectrum of Hy is purely absolutely
continuous, i.e. that opp(Ho) =0, 0ac(Ho) = 0(Ho), 0sc(Ho) = 0, where op,(Hop), 0ac(Ho), 0sc(Ho)
stand for the usual pure point, absolutely continuous and singular continuous spectra of the self-
adjoint operator Hy.

By Fatou’s Theorem, (3.1) yields that the limits CR(A£i0T)C exist for almost every A\ € cess(H),
in the norm topology of £(H), and that the map R 3 X\ — CRo(A £i0")C € L(H) is bounded
(observe that CRo(A £ i0T)C = CRo(N\)C if X € R\ gess(H)).

Note also that Hypothesis 1 implies (see [42]| or [58, Theorem XIII.25 and its corollary]) that C
is relatively smooth with respect to Hy in the sense of Kato, i.e. that there exists a constant ¢y such
that

Yu € H, / |CemitHou||3 dt < & [|ul3, (3.2)
R
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Recall that (3.2) is equivalent to
Vu e H, / (ICRo — 0% )ullZ, + |CRoN + 0 Jul[2) A < 2wl [l (33)
R

where A — CRo(\ £ i07)u denotes the limit of A — CRo(A £ ie)u in L?(R;H) as e — 0.
Next we will assume that the point spectral subspace of H is finite.

Hypothesis 2 (Eigenvalues of H). H has only a finite number of eigenvalues with finite algebraic
multiplicity.

Hypothesis 2 prevents the essential spectrum of H from having an accumulation point of eigenval-
ues. It does not exclude, however, the presence of eigenvalues embedded in the essential spectrum
of H.

Our next hypothesis concerns the spectral singularities of H. We will assume that H has finitely
many spectral singularities with a ‘finite order’, in the sense that the map z — CRy(z)CW blows
up at most polynomially as z approaches any spectral singularity A € oess(H). We will also allow
for singularities ‘at infinity’, in the sense that z — CRp(z)C may blow up polynomially as z tends
to oo (z close to the real axis).

Hypothesis 3 (Spectral singularities for H). H only has a finite number of spectral singularities
{A1,. .. A} C oess(H) and there exist eg > 0 and integers vy, ..., Un, Voo > 0 such that

sup

- S |Z_Zo|ym(H |y])Hc7zH )W <00 (34)

where zq is an arbitrary complex number such that zo € p(H), zp € C\ R.

The factors |z —\;|"7 ‘regularize’ the singularities of z — C'R(2)CW as z approaches \;. Divided
them by |z — 2z9|* produces bounded terms. The factor |z — zp| > regularizes a possible singularity
at oo.

Observe that since Aq,..., A\, are the only spectral singularities of H, for all A € oess(H) \
{M, ..., An}, the limits CRy (A £i01)CW exist in the norm topology of £(#H). The condition (3.4)
then implies that the maps

1 T A= 0+
Fess )\ DXt Ank 2 A (Hl ’)\720|Vj>C’RH()\izO )C € L(H) (3.5)

are bounded. Since, as we will show below (see Proposition 4.6), embedded eigenvalues are special
spectral singularities, Hypothesis 3 is also a condition on embedded eigenvalues.

As mentioned above, to study the absolutely continuous spectral subspace of H, we require the
existence of a conjugation operator J satisfying, in particular, JH = H*J.

Hypothesis 4 (Conjugation operator). There exists an anti-linear continuous map J : H — H such
that
(i) J? =1d,
(ii) Yu,v € H, (Ju, Jv)y = (v, 1)y,
(ZZ’L) JD(H()) C D(Ho) and Yu € D(H(]), JHou = HyJu.
(iv) JC =CJ and JW = W*J.

Moreover, for all embedded eigenvalues X € oess(H ), the symmetric bilinear form

Ker ((H — A)™) 3 (u,v) = (Ju,v) is non-degenerate. (3.6)
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Here it should be recalled (see Section 2.2) that the main purpose of (3.6) is to allow us to define
suitable spectral projections for embedded eigenvalues.

Our last technical hypothesis is required in order for the anti-dual operators H|), H' to be well-
defined, see Section 2.3 for more details.

Hypothesis 5. The domain of the restriction of Hy to He, defined as
D(HD|HC) = {u € D(Ho) NHgo, Hyu € HC},
1s dense in Ho for the topology of He.

3.2. Main results. Now we can state our main results. First, we characterize the outgoing (respec-
tively incoming) spectral singularities of H as eigenvalues of H' associated to eigenvectors belonging
to the space of outgoing resonant states Hei (A) (respectively Hi (A)).

Theorem 3.1. Suppose that Hypothesis 5 holds. Let \ € oess(H) and suppose that the limits
CRo(A+i0T)C := lim CRo(\ £ie)C
e—0t

exist in the norm topology of L(H). The following conditions are equivalent:
(i) A is an outgoing/incoming spectral singularity of H,
(ii) X is an eigenvalue of H' associated to an eigenvector U € H(N).

Theorem 3.1 shows that ) is a spectral singularity of H if and only if the equation H'¥ = AW has
a solution ¥ in ”H/ij()\) (recall that H' is an extension of H, acting in the Hilbert space H, which
contains the original Hilbert space #H). For non-self-adjoint Schrédinger operators, this corresponds
to A being a real resonance of H = —A + V() if and only if the equation (—A 4 V(x))¥ = AV has
a distributional solution such that ¥ belongs to suitable weighted L?-spaces. See Section 3.3 for a
more detailed discussion.

Theorem 3.1 also has various consequences that we will detail in Section 4. Here we mention
the following two consequences. We will show that the eigenvalues of H embedded in the essential
spectrum are special spectral singularities, see Proposition 4.6. Moreover, in the particular case
where H is dissipative, we will prove that H cannot have outgoing spectral singularities unless its
self-adjoint part, Re(H), already has some, see Section 4.6.

Our next result shows that the subspace H;tds(H ) of asymptotically disappearing states at oo
(recall that H;tds(H ) has been defined in Section 2.2) coincides with the vector space spanned by all
generalized eigenstates of H corresponding to eigenvalues A of H such that +£Im(\) < 0. In other
words, the only solutions to (1.1) that vanish at as ¢ — +oo are linear combination of generalized
eigenstates corresponding to non-real eigenvalues.

Theorem 3.2. Suppose that Hypotheses 1-3 hold. Then
o (H) =My (H). (3.7)

ads

An analogous result was proven in [25] in the particular case of dissipative operators, answering
a question left as an open problem in [13|. The proof in [25] relies in an essential way on the
existence and properties of wave operators. Besides the fact that we are considering non-dissipative
operators, our proof here is more direct — we do not use scattering theory — and allows for more
general assumptions (compare Hypothesis 2.5 in [25] and Hypothesis 3 of the present paper, where
a singularity at infinity of the weighted resolvent is allowed). The core of our argument is a suitable
spectral decomposition formula, see Proposition 3.10 in the next subsection.

Next we will prove that the absolutely continuous spectral subspace of H defined in Section 2.2
coincides with the orthogonal complement of the point spectral subspace.



14 J. FAUPIN AND N. FRANTZ

Theorem 3.3. Suppose that Hypotheses 1-4 hold. Then
Hae(H) = Ran(Id — 11, (H)) = H,(H*)*.

As mentioned before, in the particular case where H is dissipative, Theorem 3.3 may be compared
with a result of [13]. The absolutely continuous spectral subspace for dissipative operators is defined
in [13] in the same way as in (2.13), but with the integral taken over [0, c0) instead of R. Using the
theory of dilations of dissipative operators, it is then proven in [13] that within such a definition,
the absolutely continuous spectral subspace coincides with the orthogonal complement of ‘bound
states’ (generalized eigenstates corresponding to real eigenvalues). In our context where H is not
necessarily dissipative, the argument of [13] fails and there is no reason to choose positive times over
negative times to define Hac(H).

Our definition of Hac(H) is also justified by the following two facts. First, Theorem 3.3 generalizes
the well-known identity Hac(H) = Hp(H)+ which holds for self-adjoint operators without singular
continuous spectrum. Another justification comes from dissipative scattering theory. Indeed, com-
bined with the results of [12, 13, 25, 52|, Theorem 3.3 implies that, in the particular case where
H is dissipative, we have Ran(W_(H, Hy)) = Hac(H), where W_(H, Hp) = s-lim e it ¢itHo
t — 00, is the usual wave operator. This again generalizes the well-known relation which holds in
the self-adjoint case.

We mention that if H has no embedded eigenvalues, Hypothesis 4 can be dropped in the statement
of Theorem 3.3. This is also the case if H is supposed to be dissipative (see Proposition 5.10). In
the general case, it is however clear that some assumption should be added to treat the pathological
case where the map in (3.6) is degenerate. Indeed, considering the simplest case where my = 1, if
(Jp,p) = 0 for any ¢ € Ker(H — )), then one can check that Ker(H — \) C H,(H*)*. Therefore,
since Hac(H) should not contain eigenstates of H, we do not expect that the equality Hac(H) =
Hp(H *)1 holds. Another possibility to handle such pathological cases might be to suitably modify
the definition of Hac(H). We do not consider this possibility here.

To prove Theorem 3.3, we cannot rely on the theory of unitary dilations as in the dissipative case
studied in [13]|. In the same way as for Theorem 3.2, our proof of Theorem 3.3 relies on the spectral
decomposition formula stated in Proposition 3.10.

The next remark gives the J-orthogonal spectral decomposition of the Hilbert space mentioned
in the introduction.

Remark 3.4. Combining Theorems 3.2 and 3.3, using in addition that J : Hy(H) — Hp(H*) is
bijective and that the map Hyp(H) > (u,v) — (Ju,v) is non-degenerate, we obtain the following
J-orthogonal direct sum decompositions of the Hilbert space:

H =Hac(H) ® Hp(H)
= Hac(H) ® Haisc(H) ® Hemb(H)
= Hac(H) & H o (H) & Mg, (H) & Hiso (H) & Homn (H),
the direct sum HY: (H) @ Hemp(H) =: Hp(H) being the space of ‘bound states’, i.e. the closure

disc
of the vector space spanned by all generalized eigenvectors of H corresponding to real eigenvalues

(either isolated or embedded).
3.3. Application to Schrédinger operators. We suppose in this section that
H =1L (Rd)7 Hy=—-A and V is a complex-valued potential.

For simplicity, we suppose that d = 3. (The following arguments easily generalize to any dimension
d > 3. In dimension d = 1 or d = 2, the situation is more subtle, due to the singularity of the
weighted resolvent of —A at 0).
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3.3.1. Spectral singularities for short-range complex potentials. We begin with showing that Theorem
3.1 can be applied to H = —A + V(z), under a short-range condition on V. It is well-known that
the limits

() Ro(A£i0T)(z)™%, A >0, (3.8)

exist in the norm topology of L(H), for any s > 3, where (z) := (1 + xZ)% Hence, assuming that
V' satisfies the short-range condition

x = (2)°V(x) € L®(R?), (3.9)

with ¢ > 1, we can choose C to be the multiplication operator by <x>_"/ 2. The Hilbert space Hc
then identifies with the weighted L?-space

Ho =12, ={f:R®*—=C, a— ()2 f(z) € *(R)},
equipped with the usual norm, its dual being given by
Ho=I17,,={f R =C z~ (x)2f(z) € L’(R*)}.

Since the set of smooth functions with compact supports is contained in D(Hy) N He, one eas-
ily deduces that Hypothesis 5 is satisfied. Applying Theorem 3.1, we thus obtain the following
proposition.

Proposition 3.5. Suppose that V' is a complez-valued potential satisfying (3.9) with o > 1. Let
C(x) = (x)~9/2. Then for all A\ > 0, the following conditions are equivalent

(1) X\ is an outgoing/incoming spectral singularity of H in the sense of Definition 2.2,

(ii) There exists U € HE(\) C L%Uﬂ, U #£ 0, such that

(~A+V(z) = AT =0. (3.10)

If ¥ in (ii) belongs to L*(R3), then ) is an eigenvalue of H. Otherwise, \ is usually called a real
resonance associated to a resonant state U € chi()\) \ L?(R3). Such a resonant state satisfies the
outgoing/incoming Sommerfeld radiation condition

1
u(@) = Ja]2eF 1 (aﬁ) +o(1)), Jal = oo,
with a € L?(S?), a # 0. By Proposition 3.5, one can choose any ¢ > 1. A resonant state is thus a
distributional solution to (3.10) belonging to ﬂg>1Lza/2.

Note that if V' is real-valued, Agmon’s fundamental work [2| shows that H = —A + V has no
spectral singularities in (0,00). Likewise, if H is dissipative, a simple argument combined with [2]
proves that H cannot have outgoing spectral singularities in (0,00) (see [66]). In general, however,
spectral singularities cannot be excluded (see again [66] for an example showing that, for any A >
0, there exists a smooth, compactly supported potential V' such that A is an incoming spectral
singularity of H in the dissipative case).

At the threshold energy 0, the limiting absorption principle states that the limits

(@)~ *Ro(Fi0)(z)

exist in the norm topology of £(H) for any s > 1. Note that, as we will argue in Section 4, the two
limits above in fact coincide with the limit

()" Ro(0)(z) " := ol e ()" Ro(2)(z) "

(Note also that the limit (z)~*Ro(0)(z)~* exists, more generally, provided that s,s’ > 1/2 and
s+ s > 2, see [41].) Assuming now that V satisfies the short-range condition (3.9) with o > 2, we
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can choose C' to be the multiplication operator by (1:>_U/ 2 and proceed as before. Since, as we will
see in Section 4, 0 is an outgoing spectral singularity of H if and only if it is an incoming spectral

singularity of H, this gives the following proposition.

Proposition 3.6. Suppose that V' is a complez-valued potential satisfying (3.9) with o > 2. Let
C(z) = (x)~79/%2. Then the following conditions are equivalent

(i) 0 is a spectral singularity of H in the sense of Definition 2.2,
(ii) There exists ¥ € ’H'éc()\) C ng/z such that

(—A + V(2))¥ = 0.

Anticipating results that we will prove in the abstract setting in the case where H is dissipative
(see Section 4.6), we also have the following proposition.

Proposition 3.7. Suppose that V' is a complez-valued potential such that Im(V) <0 and Im(V) < 0
on a non-trivial open set. Suppose that (3.9) holds with o > 1 and let C(z) = (x)~/2. Then

H has no positive outgoing spectral singularities.
In particular, H has no positive embedded eigenvalues. Suppose that (3.9) holds with o > 2. Then

0 is not a spectral singularity of H.

See Section 4.6 for a proof of Proposition 3.7. Note also that the results of Proposition 3.7 have
been established in [65, 66, using different arguments.

3.3.2. Asymptotically disappearing states for compactly supported complex potentials. We now show
that Theorems 3.2 and 3.3 can be applied to H = —A + V(x) under the condition that

V € LP(R?) := {u € L°(R®), u is compactly supported}. (3.11)
Similarly as in (3.8), we have

sup [(2) " Ro(2)(2) || 39 < 00

for any s > 1/2. Hence, choosing C(x) = (x)~°, Hypothesis 1 is satisfied.

Assuming (3.11), it is known that H has only finitely many eigenvalues with finite algebraic
multiplicities. See, e.g., [33] and references therein. In particular, Hypothesis 2 is satisfied.

To verify that Hypothesis 3 holds, we can rely on the theory of resonances, defined as poles of the
meromorphic extension of the weighted resolvent, see e.g. [20]. Assuming (3.11), the map

{z€C,Im(2) >0} 3z (H — 22)71: L*(R3) — L*(R?)
is meromorphic and extends to a meromorphic map
C3 2z R(2): LA(R?) — LE . (R?), (3.12)
where L2(R?) := {u € L*(R3?),u is compactly supported} and L (R3) := {u : R® — C,u €

loc

L?(K) for all compact set K C R3}. Poles of the map in (3.12) are called resonances of H. One
then verifies that a real resonance +Xy of H, with A9 > 0, corresponds to an outgoing/incoming
spectral singularity )\% in the sense of Definition 2.2. Moreover, H has only finitely many spectral
singularities {A1, ..., A, } and Hypothesis 3 is satisfied, with v; the multiplicity of the corresponding
resonances £4/A;, and vo, = 0. See e.g. [20] and references therein for an exposition of the theory
of resonances of Schrédinger operators, and [25, Section 6] for a more detailed comparison between
the notions of resonances and spectral singularities considered in this paper.

Applying Theorem 3.2, we obtain the following result.
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Proposition 3.8. Suppose that V is a complex-valued potential such that V € L°(R3). Then
Ho (H) =M (H).

ads

To apply Theorem 3.3, we need to verify in addition that Hypothesis 4 holds. Clearly, we can
take the conjugation operator J as the complex conjugation. We then obtain

Proposition 3.9. Suppose that V is a complex-valued potential such that V € LP(R3). Assume
that, for all embedded eigenvalues \ € [0,00), the symmetric bilinear form

Ker ((H — \)™) 3 (u,v) — u(x)v(x)dx is non-degenerate. (3.13)
R3

Then
Hae(H) = Hyp(H*) . (3.14)

Obviously, if H has no embedded eigenvalues (in particular, if H is dissipative), Condition (3.13)
can be dropped. Otherwise, as explained before, (3.13) seems necessary for (3.14) to hold. We
mention that an assumption comparable to (3.14) has been used, for thresholds eigenvalues, in the
recent works [1, 67] to study the large-time behaviors of solutions to Schrédinger equations with a
complex potentials.

3.4. Organisation of the paper and ingredients of the proof. The proof of Theorem 3.1 (given
in Section 4.2) relies, in particular, on a ‘boundary value version’ of the Birmann-Schwinger principle
that we state and prove in Section 4.1, see Proposition 4.1. This proposition extends a related result
for dissipative operators proven in [26, Lemma 4.1|. Further results concerning spectral singularities
are proven in Section 4.

As mentioned in the previous section, the main ingredient in the proofs of Theorems 3.2 and 3.3
is a spectral decomposition formula suitably modified to take into account the spectral singularities
{)\j};‘zl of H. It can be stated as follows. Assuming Hypothesis 3, with vq,..., vy, Vs defined by
this hypothesis, we set, for all z € C\ {20},

r(z) 1= (z — 29) ") TT (2 — X)), (3.15)
j=1
where we recall that zg € p(H), zo € C\ R. We then write

Y’(H) _ RH(ZO)*(V1+---+V7L+V00) H(H _ /\j)uj’
j=1

which defines a bounded operator in £(H). Note that if A; is an embedded eigenvalue of H, then for
any generalized eigenstate ¢; corresponding to A;, we have r(H)y; = 0 (provided that v; is large
enough). We will prove the following proposition.

Proposition 3.10. Suppose that Hypotheses 1, 2 and 3 hold. Then

e—0+ 271

r(H) = r(H)gisc(H) + w-lim L / o r(N) (Ru(X + i) — Ru(\ —ig))dA. (3.16)

Proposition 3.10 generalizes the well-known resolution of the identity formula for self-adjoint op-
erators to a class of non self-adjoint operators with finitely many spectral singularities. In particular,
if H has no spectral singularities and v, = 0 in Hypothesis 3, then we can take r = 1 and (3.16)
reduces to

1
Id = Igise(H) + w-lim —— / (Ru(X+ig) — Ru(X —ie))dA,
O'ess(H)

e—0+ 271



18 J. FAUPIN AND N. FRANTZ

which corresponds to Stone’s formula in the particular case where H is self-adjoint.
Equation (3.16) is also related to the notion of spectral projections for non-self-adjoint operators
[18, 19, 62|, defined by

1AHy_g§$3;Wl(RHQ+4@—JQAA—m»dx (3.17)
where I C oess(H) is a closed interval without spectral singularities. We mention that such spectral
projections were used in a stationary approach to non-unitary scattering theory, for differential
operators in [53, 54|, and in an abstract setting in |36, 37, 40].

We will recall in Section 5 that the spectral projections (3.17) are well-defined on intervals without
spectral singularities, and show that they induce a bounded Borel functional calculus. In intervals
containing spectral singularities, we will construct a ‘regularized’ functional calculus, which in turn
allows us to prove Proposition 3.10. Based on the latter, the proofs of Theorems 3.2 and 3.3 are
given in Sections 5.4 and 5.5, respectively.

Some extensions of results already appearing in the literature are collected in appendices.

4. SPECTRAL SINGULARITIES

In this section we prove various characterizations of our definition of spectral singularities (see
Definition 2.2). We will consider an arbitrary A € oess(H). Our main assumption will be that the
limits

CRo(A£i07)C := lim CRy(\ +ic)C. (4.1)
e—0t+

exist in the norm topology of L(H).

We begin in Section 4.1 with a characterization of spectral singularities analogous to the Birmann-
Schwinger principle for eigenvalues. Next we prove Theorem 3.1 in Section 4.2. In Section 4.3, we
define the set of spectral singularities for the adjoint operator H* and show that it coincides with
the set of spectral singularities of H. Section 4.4 proves that eigenvalues embedded in the essential
spectrum of H can be seen as particular spectral singularities. In Section 4.5, assuming that (4.1) is
regular with respect to A in a suitable sense, we show that the notion of spectral regularity introduced
in Definition 2.2 is a local property. We also consider the special case of spectral singularities located
at thresholds of the essential spectrum, and show that in this case outgoing and incoming spectral
singularities coincide. Finally, Section 4.6 is devoted to the particular case where H is a dissipative
operator.

4.1. Birmann-Schwinger principle for spectral singularities. Assuming that Hy satisfies a
limiting absorption principle at A, as stated in (4.1), we have the following characterizations of the
definition of a regular spectral point. Item (ii) can be seen as a ‘boundary value’ version of the
Birmann-Schwinger principle (see e.g. [6, 35, 38] and references therein). The proof of the next
proposition is a quite straightforward extension to that of [26, Lemma 4.1|, where the result is
proven for dissipative operators. It is therefore deferred to Appendix A.

Proposition 4.1. Let A € oess(H) and suppose that the limits (4.1) exist in the norm topology of
L(H). Then the following conditions are equivalent:

(1) X is an outgoing/incoming regular spectral point of H,
(ii) Id +CRo(X £i0T)CW is invertible in L(H),
(iii) Id + Ro(A £ i0T)V" is invertible L(Hy).

Proof. See Appendix A. O
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It should be noted that, since C is relatively compact with respect to Hy, the operator CRy(A £+
ie)CW is compact in L(H), for all € > 0. Hence CRy(A+i0")CW is also compact in L(H). By the
Fredholm alternative, (ii) is then equivalent to Ker(Id +CRo(X +i0T)CW) = {0}. Likewise, (iii) is
equivalent to Ker(Id + Ro(A £i07)V’) = {0} since Ro(A £ i0")V" is compact in L(H},).

4.2. Proof of Theorem 3.1. Now we turn to the proof of Theorem 3.1, which characterizes out-
going/incoming spectral singularities as eigenvalues of the extended operator H' corresponding to
eigenvectors belonging to the space H%()\) of outgoing/incoming resonant states.

Before proving Theorem 3.1, we need two preliminary lemmas. The first one is the following
well-known estimate of the operator norm ||Ro(A £ ie)C||, assuming that the limits (4.1) exist.

Lemma 4.2. Let A\ € 0ess(H) and suppose that the limits (4.1) exist in the norm topology of L(H).
There exists co > 0 such that

Ve >0, ||Ro(A=£ic) Ol < coe 2. (4.2)
Proof. See Appendix A. O
Next we show that, under our assumptions, Ro(A & i0") are right inverses of H} — .

Lemma 4.3. Suppose that Hypothesis 5 holds. Let A € oess(H) and suppose that the limits (4.1)
exist in the norm topology of L(H). Then for all v € He, Ro(A+i0")v € D(H|) and

(Hj — N Ro(A £i01)v = v. (4.3)

Proof. Let v = Cp € He. Since Ro(A + ie) converges to Ro(A £ :07) in L(H¢, Hy,), we have, for
all u € D(H()‘HC),

((Ho — N)u, Ro(A £1407)v) = lim ((Ho — Nu,Ro(X%ic)Cp)y

e—0t

= (u,Cp)y £ lim ic (u, Ro(A £ic)Cp)y -
e—0t

Hc;H'C

It follows from (4.2) that
IRo(A £ i€)Cly = O(e72), &— 0.
Thus we obtain that, for all u € D(H|y,,),
((Ho — A)u, Ro(A + ¢0+)U>HC% = (u,v)q, .
Since [ (u,v)y | < ||ullpe [[v]l7,, this shows that Ro(A + i0")v € D(H|) and that (4.3) holds. O
Now we are ready to prove Theorem 3.1

Proof of Theorem 3.1. (1)=(ii) Suppose for instance that A is an outgoing spectral singularity. By
Proposition 4.1, Id + Ro(A +¢07)V" is not invertible in £(H},). Since Ro(A +i07)V’ is compact in
L(H), it follows from the Fredholm alternative that there exists ¥ € H¢,, ¥ # 0, such that

—Ro(A+i0M)V'¥ = T, (4.4)
By Lemma 4.3, this implies that ¥ € D(H|)) = D(H') and that
— VU = (H) - \)T. (4.5)

Since H' = Hy + V', this proves (ii).
(ii)=(i) Suppose now that A is an eigenvalue of H’ associated to an eigenvector ¥ € Hg (M),
W £ 0. Then
(H =AU =0 with ¥=-Ry(\+i0")V'V.
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In particular,
(Id +Ro(A + 0 H) V)T = 0,
and hence Id +Ro(A + ¢07)V” is not invertible in £L(H},). By Proposition 4.1, this proves (i). O

4.3. Spectral singularities of the adjoint operator. Recall that the regular spectral points and
spectral singularities of H have been defined in Definition 2.2. The corresponding definition for the
adjoint operator H* is the following.

Definition 4.4 (Regular spectral point and spectral singularity for H*). Let A\ € oess(H ).
(i) We say that X is an outgoing/incoming regular spectral point of H* if \ is not an accumulation

point of eigenvalues located in A\ F i (0,00) and if the limit

CRy(AFi0T)OW* := liI(I)IJr CRpu+(\ Fie)CW* (4.6)
e—

exists in the norm topology of L(H). If X is not an outgoing/incoming regular spectral point,
we say that \ is an outgoing/incoming spectral singularity of H*.

(ii) We say that X is a regular spectral point of H* if it is both an incoming and an outgoing
reqular spectral point of H*. If A is not a reqular spectral point, we say that A is a spectral
singularity of H*.

The following proposition shows that, under our assumptions, A is an outgoing/incoming regular
spectral point of H if and only )\ is an outgoing/incoming regular spectral point of H*.

Proposition 4.5. Let A € oess(H) and suppose that the limits (4.1) exist in the norm topology of
L(H). Then the following conditions are equivalents:
(i) X is a regqular outgoing/incoming spectral point of H,

(i1) X is not an accumulation point of eigenvalues located in A £ (0, 00) and
lim WCRg(A £ ie)C
e—=0t
exists in the norm topology of L(H),
(iii) X is a regular outgoing/incoming spectral point of H*.

Proof. Taking adjoints, it is clear that (i) < (iii). We prove that (i) = (i¢). Suppose for instance
that A\ is an outgoing regular spectral point of H. By Proposition 4.1, Id +CRo(\ + i0T)CW is
invertible in £(H). We claim that Id +WCRo(A+i07)C is invertible in £(H). Indeed, for all € > 0,
a direct computation gives

Id = (Id —(W(Id +CRo(\ + ie) CW) " 'CRo(A + ie)C)) (Id —WCRo(\ + ic)C)..
Letting € — 0", we obtain that
Id = (Id —=(W(Id+CRo(A + i0T)CW)'CRo(A +i07)C)) (Id+WCRo(X +i07)C) .

Thus Id +WCRy(A+i07)C is injective. Since WCR(A+i07)C is compact, Fredholm’s alternative
implies that Id +WCRy(A +i07)C is bijective in £(H). Now, writing

WCORE(\ +ie)C = (Id+WCRo(A + i) O) LW CRo(A + ig)C,
for € > 0 small enough and next letting ¢ — 0%, we deduce that lim,_,qg+ WCOR g (A +ig)C exists in
L(H).

The proof of (i) = (ii) in the case of an incoming regular spectral point as well as the proof of
(77) = (i) are analogous. O
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4.4. Embedded eigenvalues. In this section, we prove that given our definition of spectral sin-
gularities (see Definition 2.2), an eigenvalue of H embedded in the essential spectrum is both an
incoming and an outgoing spectral singularity.

Proposition 4.6. Let A € oess(H) and suppose that the limits (4.1) exist in the norm topology of
L(H). If X is an eigenvalue of H, then X is both an outgoing and an incoming spectral singularity

of H.

Proof. Let A be an eigenvalue of H. There exists u € D(H), u # 0, such that (H —A)u = 0. Suppose
by contradiction that A is an outgoing regular spectral point of H. Since A is not an accumulation
point of eigenvalues located in A + (0, 00), we can write, for € > 0 small enough,

0= CRo(A+ie)(H — Nu = (Id +CRo(A + ie) CW)Cu + ieCRo (A + ie)u. (4.7)

Lemma 4.2 yields
lim eCRy(A+ie)u = 0.

e—0t
Inserting this into (4.7), we obtain that

(Id+CRy(A +i0T)CW)Cu = 0,

which is impossible since Id +CRg(\ + i107)CW is injective by Lemma 4.1.
Similarly, A cannot be an incoming regular spectral point of H. This concludes the proof of the
proposition. ]

It should also be noted that, by Theorem 3.1, the eigenvectors associated to an embedded eigen-
value A belong to Hgt()\)

4.5. Local spectral regularity. In this section, we show that the notion of spectral regularity
introduced in Definition 2.2 is a local property. We will need to distinguish the case of a spectral
singularity embedded in the essential spectrum of H from the case of a ‘threshold spectral singular-
ity’. We mention that spectral singularities at thresholds have been recently studied, in a Banach
spaces setting, in [10].
Here we will say that a point A € oess(H) is a spectral threshold of H if there exists r > 0 such
that either
Oess(H) N D(A, 1) C [, 00), (4.8)
or
Oess(H) N D(A, 1) C (—o0, AJ. (4.9)
We say that A is a left threshold if (4.8) holds and a right threshold if (4.9) holds.
If X\ belongs to oess(H ), we will in this section make the assumption that there exists r > 0 such
that the maps

DO\ 7r)NCE 3 2 CRo(2)C (4.10)

extend by continuity to D(\,r) N C*.
The next proposition shows that the notion of spectral regularity is a local property. Note that
Item (ii) of Proposition 4.7 corresponds to the definition of a regular spectral point in [25, 26], in the

particular case where H is dissipative. The proof of the next result being a quite straightforward
extension of the proof of |26, Lemma 4.1], it is deferred to Appendix A.

Proposition 4.7. Let A\ € oess(H ). Suppose that there exists v > 0 such that the maps (4.10) extend
by continuity to D(\,r) N C*. The following conditions are equivalent:

(i) A is an outgoing/incoming regular spectral point,
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(ii) There exists a compact interval Ky C R whose interior contains X\, such that Ky does not
have any accumulation point of eigenvalues of H located in C*, and such that the limit

CRu(p+i0M)CW = lim CRu(p+ic)CW
exists uniformly in p € Ky in the norm topology of L(H).
Proof. See Appendix A. O
Proposition 4.7 has the following consequence.

Corollary 4.8. Suppose that for all A\ € oess(H), there exists v > 0 such that the maps (4.10)
eatend by continuity to D(\,r)NC*. Then the set of spectral singularities of H is a closed set whose
Lebesgue measure vanishes.

Proof. Let E := E* U E~, where
E* := {\ € 0ess(Hyp), ) is an outgoing/incoming spectral singularity of H}.

It follows from Proposition 4.7 that E+ and E~ are closed. Hence E is closed. Moreover, by the
assumption that z — CRy(z)CW extends by continuity to the real axis, we can apply |70, Theorem
1.8.3], which implies that Id +CRo(A £ i0T)CW is invertible in L(H) for a.e. X\ € oess(H). By
Proposition 4.1, this proves that the Lebesgue measures of E+ and E~ vanish. O

Our next concern is to characterize outgoing/incoming regular spectral points A € oess(H) as
nontangential limits of the weighted resolvent CR g (2)CW, as z — A. If A is a left spectral threshold,
we will assume that there exists » > 0 such that the map

N4, v <7 0<arg(v) <2r} = DA, r) \ [\ 00) 32— CRy(2)C (4.11)

extends by continuity to {A+v, |v| < r, 0 < arg(v) < 2m}. II A is a right spectral threshold, we will
assume that there exists r > 0 such that the map

N+v, v <r, —7 <arg(v) <7} =D\ 7))\ (—00,\] 3 z = CRy(2)C (4.12)

extends by continuity to {\ + v, |v| < r, =7 < arg(v) < w}. The next proposition proves, in
particular, that under these assumptions, outgoing and incoming spectral singularities at thresholds
coincide.

Proposition 4.9.

(1) Let X be in the interior of oess(H). Suppose that there exists v > 0 such that the maps (4.10)
extend by continuity to lo?()\, r) N CE. The following conditions are equivalent:
(i) A is an outgoing/incoming regular spectral point,
(ii) There exist a complex neighborhood Oy of A such that Of = 0\NC* C p(H) and a
continuous map vy : (0,1] — Of such that
lim v(e) =X and lim CRy(y(e))CW
e—0t e—0t
exists in the norm topology of L(H).

(2) Let A € oess(H) be a spectral threshold of H such that (4.8) holds. Suppose that there exists
r > 0 such that the map (4.11) extends by continuity to {\ + v, [v| < r, 0 < arg(v) < 27}.
The following conditions are equivalent:

(i) A is an outgoing reqular spectral point of H,
(i) A is an incoming reqular spectral point of H,
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(i1i) There exist a complex neighborhood Oy of X such that Oy \ [\, 00) C p(H) and a con-
tinuous map 7 : (0,1] = Oy \ [, 00) such that
lim v(e) =X and liIg)l+ CRu(y(e))CW (4.13)
E—

e—0t
exists in the norm topology of L(H).
The same holds if (4.9) holds instead of (4.8), assuming that there exists r > 0 such that
the map (4.12) extends by continuity to {\ + v, |v| < r, =7 < arg(v) < 7w} and replacing
Ox\ [ 0) by Ox \ (—o0, A] in (i)

Proof. Consider the most difficult case (2). We prove that (2)(i) = (2)(iii). Let X\ € oess(H) be
an outgoing regular spectral point of H and suppose that (4.8) holds. By Proposition 4.1, we know
that Id +CRo(X + i0T)CW is invertible in £(#H). Since, by assumption, the map (4.11) extends
by continuity to {A + v, |v| < r, 0 < arg(v) < 27} for some r > 0, and since the set of invertible
operators in £(H) is open, this implies that there exists a complex neighborhood O, C lo)()\, r) of
A, such that the map

Ox\ [N, 00) 3 2 = (Id+CRo(2)CW) ™ (4.14)
is analytic. The usual Birmann-Schwinger principle yields Oy \ [\, 00) C p(H). It then suffices to
take v(e) = A 4 ide, with ¢ > 0 small enough.

Next we prove that (2)(i7i) = (2)(¢). In the same way as in Proposition 4.1, the existence of the
limit (4.13) is equivalent to the invertibility of Id + CRo(v(0"))CW in L(H). Note that the limit
CRo(7(01))C exists in the norm topology of L£L(H) since we have assumed that there exists r > 0
such that the map z — CRy(z)C extends by continuity to {\ + v, |v| <7, 0 < arg(v) < 27}. We
can then argue as before; this gives the existence of a complex neighborhood Oy of A such that the
map (4.14) is analytic and extends by continuity to {A+v, |v| < r, 0 < arg(rv) < 27}. In particular,
Id +CRo(\ +i0T)CW is well-defined and invertible in £(H). Applying Proposition 4.1, this shows
that A is an incoming regular spectral point of H.

The proof of (2)(ii) < (2)(iii) is identical. One proceeds analogously to prove (2) in the case
where (4.9) holds instead of (4.8).

Finally, the argument easily adapts to prove (1). O

Note that in the case of an outgoing/incoming regular spectral point A € oess(H ), our proof shows
that z — CRpu(2)CW has a nontangential limit at A, in the sense that the limit

lim CRu(y(e))CW (4.15)
e—0t
does not depend on the continuous curve v : (0,1] — C* such that y(s) — X as ¢ — 0. See

Figure 2. This property can also be deduced from Lindel6f’s Theorem (see e.g. [60]) if the map
2+ ORp(2)OW is known to be analytic and bounded in the domain OF.

AR

Y

FIGURE 2. Outgoing spectral singularity located inside the essential spectrum. The
figure shows an example of a curve 7 : (0,1] — OF, where Of = O, NC" and O, is a complex
neighborhood of A. The thick line represents the essential spectrum of H.

Likewise, in the case of a regular spectral point A located at a spectral threshold of H, the limit
(4.15) does not depend on the continuous curve v : (0,1] = C\ [X,00) (or v : (0,1] = C\ (—o0, A],
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depending on whether (4.8) or (4.9) holds). This is the reason why the incoming and outgoing
spectral singularities coincide. See Figure 3.

FIGURE 3. Spectral singularity located at a threshold. The figure shows an example of a
curve v : (0,1] = Ox \ [\, 00), where O, is a complex neighborhood of A. The thick line represents
the essential spectrum of H.

4.6. Spectral singularities for dissipative operators. In this section, we focus on the particular
case where the operator H is dissipative. Recall that H = Hy + V with V € L(H). We write

V=V—ilh, Vi=CWC, V,=CWyC,

where Wy := Re(W) and Wy := —Im(W). Here the real and imaginary parts of a bounded operator

A € L(H) are defined as usual by Re(A) := $(A + A*), Im(A) := % (A — A*). We suppose that
W2 > 07

so that

H=Hy+ Vi —iVy =: Hy, —iVa

is indeed dissipative. Our purpose is to prove that if A is an outgoing regular spectral point of the
self-adjoint part Hy, = Hg + V1, then X is also an outgoing regular spectral point for H. In other
words, adding the ‘dissipative part’ —iV5 cannot create outgoing spectral singularities.

We begin with recalling the following easy lemma (see [13, Lemma 6.1 or [25, Lemma 3.1]). We
include a proof for the convenience of the reader.

Lemma 4.10. Let A € R be a real eigenvalue of H. Then X is an eigenvalue of Hy, and
Ker(H — X) C Haise(Hy,) N Ker(V2). (4.16)
Proof. Let uw € Ker(H — \), u # 0. Then

12
A H'LLH%{ = (u, Hu)y = (u, Hyu), — Z'HWQ2 CuHH

1
Since A € R, identifying the real and imaginary parts, we obtain that u € Ker(W,;C) C Ker(V5)
and therefore Hu = Hy,u = Au. This establishes (4.16). O

Note that Definition 2.2 of a regular spectral point of H applies to Hy, as well. In other words,
A\ € 0ess(Hy,) is an outgoing/incoming regular spectral point of Hy;, if

CRy, (A +i0T)CW; = 11%1+ CRy, (N +ig)CW,
e—

exits in £L(H). Otherwise, A is an outgoing/incoming spectral singularity of Hy,. Moreover, Propo-
sition 4.1 applied to Hy, shows that X is an outgoing/incoming regular spectral point of Hy, if and
only if Id+CRo(A £ i0T)CV; is invertible in £(H), which is also equivalent to Id +Ro(X £ i0T)V]
being invertible in L(H},).

The next proposition is the main result of this subsection.
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Proposition 4.11. Suppose that Hypothesis 5 holds. Let A\ € oess(H) and suppose that the limits
(4.1) exist in the norm topology of L(H). If X is an outgoing reqular spectral point of Hy, then X is
an outgoing regular spectral point of H.

Proof. Suppose that A is an outgoing regular spectral point of Hy,. Suppose also, by contradiction,
that X is an outgoing spectral singularity of H. By Theorem 3.1, there exists ¥ & ’Hg such that

U =-Ro(A+i0")V'¥ and (H —A)¥ =0. (4.17)

Recall from Section 2.3 that V' € L(H{, Hc) is given by V' = CWC’. Since W = W — Wy, this
yields

(V'O W)gy g, = (WWC'0,C0), + i (WoC'0,C'W),
and hence, since Wy > 0,
Im ((V'W, W)y 90.) = (WoC'0,C'0), > 0. (4.18)
Now, using (4.17), we have
Im ((V'W, W)y 3¢, ) = = Im (VT Ro (A + z'0+)V’\IJ>HC%

— ;71 (<WC’\IJ,CRO()\ + i0+)V/\11>H — <C’R0()\ + Z'O"L)V'\I’,WC’\I/>H)

—1
=5 (WC'W,CRo(A +i0T)V'T), — (WC'W,CRo(A —i07)V'D)
= lim —& (WC'W,CRy(A +ie)Ro(A — ie)V'¥),,

e—0t
= lim —e(Ro(X —ie) V¥, Ro(A —ie)V'¥),, < 0. (4.19)

e—0t

%)

Equations (4.18) and (4.19) imply that WoC’¥ = 0. Inserting this into (4.17), we obtain that
U= -Ro(A+i0N)V/¥ and (Hj+ V] —\T¥ =0.
which is a contradiction since A is a regular spectral point of Hy;. O
Remark 4.12. The previous proof actually shows that, under the conditions of Proposition 4.11,
X is an outgoing spectral singularity of H = WoC'U = 0. (4.20)
Since C' is injective, this in turn yields
Wy is injective = H has no outgoing spectral singularities.

In the context of Schrédinger operators, one can also combine (4.20) with the unique continuation
principle (see e.g. |58, Theorem XIII.63]) to obtain Proposition 3.7.

Proof of Proposition 3.7. Let A > 0. Assuming that (3.9) holds with o > 1, suppose by contradiction
that X is an outgoing spectral singularity of H. Then, by Proposition 3.5, there exists ¥ & L2_U /2
W £ 0, such that

(—A+V(z)—N)¥ =0.
This implies that ¥ € HZ_(R3) and that |AU(z)| < (|[V||Le + A)|¥(z)| for a.e. z € R3. Now,
since there exists a non-trivial open set U such that Im(V) < 0 on U, (4.20) and the fact that
C(x) = (x)~°/? imply that ¥(z) = 0 on U. By [58, Theorem XIIL.63|, we conclude that ¥ = 0.
This is a contradiction.

The same argument holds for A = 0 under the condition that (3.9) holds with o > 2. O
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5. SPECTRAL RESOLUTION FORMULA AND SPECTRAL SUBSPACES

In this section, we begin with constructing a functional calculus for H. In Section 5.1, we consider
the simplest case of intervals without spectral singularities, next, in Section 5.2, we construct a
regularized functional calculus in intervals possibly containing spectral singularities. The latter is
subsequently used in Section 5.3 to establish the spectral resolution formula stated in Proposition
3.10. Finally we prove Theorems 3.2 and 3.3 in Sections 5.4 and 5.5, respectively.

5.1. Functional calculus in intervals not containing spectral singularities. Consider first a
closed interval I C R that does not contain any spectral singularities of H. We will furthermore
assume that a limiting absorption principle holds for H in I, in the sense that there exists g9 > 0
such that

sup HC’RH(z)CWHE(H) < o0. (5.1)

Re(z)€l,+Im(2)€(0,e0)

Note that, in the same way as for Hy, Fatou’s Theorem and (5.1) yield that the limits CRy (A £
i0T)C'W exist for almost every A € I, in the norm topology of £(H), and that the map I > \ —
CRu(\ £+ i07)CW € L(H) is bounded. The main purpose of this subsection is then to define a
spectral projection for H in I by mimicking Stone’s formula, setting

1,(H) := ?Jégl 2%” /I (R (A +ie) — Ru(X —ie))dA. (5.2)

The next proposition shows that, under our assumptions, 1;(H) is a well-defined non-orthogonal
projection. The proof is similar to that given in |25] for dissipative operators. For the convenience of
the reader, a sketch of the proof of Proposition 5.1 focusing on the differences with [25] is reported
in Appendix B.

Proposition 5.1. Suppose that Hypothesis 1 holds. Let I C R be a closed interval and suppose that
there exists €9 > 0 such that (5.1) holds. Then the weak limit (5.2) exists in L(H) and we have

1y, (H)p,(H) = 15,01, (H), (5.3)
for any closed intervals I, Iy C I without spectral singularity, with the convention that 1y(H) = 0.

In particular, 1;(H) is a projection. Its adjoint is given by

1;(H)* =1;(H") = w-lim i / (R= (X +ie) — R+ (X —ig))dA. (5.4)

e—0t 2T Jr

Proof. See Appendix B. O

We note the following representation formula which follows from our proof:
1
1;(H) = 1;(Hy) — i /Ro()\ Fi0T)CWCRo(A £i07)dA
I
1
+ 5 /RQ(A +i0T)CWORE (A £i0T)CWCOR(A £i07)d), (5.5)
I

in the sense of quadratic forms on H x H. We recall that, for all u € H, A — CRo(A£i0")u denotes
the limit of A = CRo(A £ ie)u in L?(R;H) as e — 0F, while, for a.e. A, CRy (A £i07)CW is the
limit of CRy (A +ie)CW as € — 07, in the norm topology of L(H).

Under the same assumptions and using similar arguments, we also have the following functional
calculus. We denote by Cy,(I) the set of bounded continuous functions on I.
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Proposition 5.2. Under the conditions of Proposition 5.1, the map

1
Co(I) 5 f > F(H) = w-lim ,/f(A)(RH(/\ Vie) - Ru(A—ie))dA e L(H)  (5.6)
e—0t 2mi J;
18 a Banach algebra morphism. Moreover, for allt € R,
. 1 .
itH — w13 itA 2\ — 3
e 1(H) _VEVJ%)? 27Ti/16 (Ru(A+ie) — Ry (A —ic))dA (5.7)
and for all zy € p(H),
o] 1 , .
Ru(z0)11(H) = \;Vi(l)ril 5 /I(/\ —20) '(Ru(A +ig) — Ru(X —ie))dA. (5.8)

Proof. See Appendix B. O

We mention that this functional calculus uniquely extends to a Borel functional calculus, i.e. an
algebra morphism L>°(I) 5 f — f(H). See e.g. [34, Theorem 2.4].

5.2. ‘Regularized’ functional calculus. Our next concern is to regularize the definition (5.2) in
the case where the spectral interval I contains spectral singularities. More generally, we will now
consider a closed interval I C R and a bounded holomorphic function

h:U—C, {2€C,Re(z)€el,|Im(z)] <e}CU,
with g > 0 and U open, such that
sup \h(z)\HC'RH(z)CWHE(H) < 0. (5.9)
Re(z)€l,+Im(2)€(0,e0)

We will also assume that

A= sup |B/(\+ie)| e LA(I), (5.10)
0<e<eo

where I/ stands for the derivative of h. The ‘regularized spectral projection’ for H in I is then
defined by

(hl;)(H) := w-lim L / (h(A + ie)Ru (X + i) — h(X —ie)Ru (X — ie))dA. (5.11)

e—0+ 2mi J;

In this context, Proposition 5.1 should be modified as follows.

Proposition 5.3. Suppose that Hypothesis 1 holds. Let I C R be a closed interval. Suppose that
there exist ¢g > 0 and a bounded holomorphic function h defined on a complex neighborhood of
{z € C, Re(z) € I, |Im(2)| < eo} such that (5.9) and (5.10) hold. Then the weak limit (5.11) exists
in L(H) and its adjoint is given by

(hl;)(H)* = (hl;)(H*) = w-lim = / (R(X +ie)Ru= (A + ie) — h(X — ie) R+ (X — ig))dA.

e—0t+ 271 I
Proof. See Appendix B. O

It is not difficult to verify that, if H is self-adjoint, then (hl;)(H) = h(H)1;(H) (see the proof
of Proposition 5.3). However, under the assumptions of Proposition 5.3, this formula does not make
sense since 17(H) is ill-defined in general.

Similarly as in (5.5), our proof will show that

(hl;)(H) = (hl;)(Ho) — % /1 h(\Ro(A F i0T)CWCR(A £ i0+)dA

+ 2i R(A)Ro(A £i0T)CWCRy (A £i0T)CWCORe(A £i07)d), (5.12)
mJr
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in the sense of quadratic forms on H x H.
One can also define a ‘regularized functional calculus’ on the set of functions

Cpreg(!) := {f : I — C,3g € Cy(I), f = hg}.
Proposition 5.4. Under the conditions of Proposition 5.3, the map
1
Coreg(I) 3 f = F(H) = w-lim —— / g (ROA + ie) R (A + i) — h(A — )R (A — i) dA € L(H)
’ e—0+ 2mi J;

1s an algebra morphism and there exists ¢ > 0 such that

£ (E) 2y < cllgllne, (5.13)
for all f € Cpreg(I), with f = hg. Moreover, for allt € R,

¢ () () = wlim - / eMh(A+ie)Ru(A+ig) — h(A —ie)Ri(A —ie))dN  (5.14)
I

e—0t+ 271

and for all zg € p(H),

Ru(z0) (k) (H) = W—liml,/()\zo)_l(h()\+i5)RH()\+is) —h(A—ie)Ru(A—ie))dX. (5.15)

e—=0+ 27 J

Proof. See Appendix B. O

Again, this functional calculus uniquely extends to a Borel functional calculus. For other defini-
tions of functional calculi for general operators on Banach spaces under an assumption of polynomial
growth of the resolvent near the real axis, we refer to [14, 34].

5.3. Spectral resolution formula. We now turn to the proof of the resolution formula stated in
Proposition 3.10. It relies in particular on the following resolvent bounds.

Lemma 5.5. Suppose that Hypothesis 1 holds. Let I C R be a closed interval and suppose that there
exists eg > 0 such that (5.1) holds.

(1) There exists ¢ > 0 such that, for a.e. A € I, for all e € (0,¢e9),
IR\ +ie)l gy < ce™
(it) There exists ¢ > 0 such that, for all € € (0,¢0), for all u € H,

[ 1R(x £ deyulfan < = ul
I

Proof. See Appendix B. O

To prove Proposition 3.10, we will rely on the following construction. Assume that Hypotheses
2 and 3 hold. Let ogiscreal(H) = {e1,...,€p} be the set of real, discrete eigenvalues of H, with
e1 < --- < ep. Note that ogiscreal(H) is finite by Hypothesis 2. Let 6 > 0 be the distance between
Odisc,real (H) and oess(H). For € > 0 small enough, we consider the complex open set U, such that
o(H) C U, and the boundary of U, is given by (i) small circles surrounding each discrete eigenvalue
of H and no other point of o(H), (ii) rectangles whose opposite sides are given by the complex
segments [e; + 0/2 + ic,epy1 — 0/2 + ic] and [ep + 6/2 — ig,ep11 — 6/2 — ie] and (iii) the curve
given by the complex segments [e, + 6/2 +ig,e 73 + i€, [ep + /2 — ic, e, + 0/2 + ic] and the (long)
circle arc centered at the origin and joining the complex points e 2 + ie and €73 — ie. The circles
and rectangles defined by (i), (ii) are oriented counterclockwise, while the curve defined by (iii) is
oriented clockwise. See Figure 4. We denote by I'(;) the union of curves defined by (i) and by I'c 4
the unions of curves defined by f, where § stands for (ii) or (iii). If oqisc real(H) is empty, then T, s
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is absent and we replace e, — d > 2 by —1 in the definition of T, ;) (fixing arbitrarily —1 as a real
number such that —1 < inf ges(H)).

®
@

O
O

FIGURE 4. The contour I'.. The crosses and thick lines represent the eigenvalues and essential
spectrum of H, respectively.

We are now ready to prove Proposition 3.10. Recall that the function r has been defined in (3.15),
for some zp € p(H), z0 € C\ R.

Proof of Proposition 3.10. In order to be able to apply Proposition 5.4 for a suitable function h, it
is convenient to add a decaying term to the regularizing function r. Hence we set

F(2) = (2 — 20) 7 r(2) = (2 — 20) Wttt D T (2 = A, (5.16)
j=1

so that 7 satisfies (5.10) in any interval I C R. Let C := C U {oo} denote the Riemann sphere.
We note that o(H) U {oco} C U: U {oo} and that U. U {oo} is an open set in C. The function 7 is
extended to C by setting #(oo) = 0. By the Riesz-Dunford functional calculus (see e.g. [19, Section
VIIL.9]), using in particular that 7 is analytic in a neighborhood of o(H) U {00} in C, we have that
1
T(H)=—— [ 7(2)Rpu(z)d=. (5.17)
A% I
We consider successively the contributions to this integral from I'(;), T i) and I'c (). The con-
tribution from I';) gives, by definition, the Riesz projection onto the discrete spectral subspace of
H,
1 . -
= 95 F(2)Ru(2)dz = 7(H )aisc (H). (5.18)
I
The contribution from I', ;) gives, for each rectangle, four terms. The integrals over the vertical
segments are of order O(¢e). This easily follows from the fact that z — [7(2)|||R g (2)| £(3) is uniformly
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bounded on these segments, whose lengths are equal to 2¢. The sum of the integrals over the
horizontal segments can be rewritten as

1 6[+1—(S/2
5 (F(\ +ie)Ru(X +ig) — F(A — ie) Ry (X — ig))dA.
ep+9/2

Applying Proposition 5.4, we deduce that

err1—9/2
w-lim (FA+ie)Ru (A +ie) — F(A — ie) R (A — ie))dA
e=0% Je,+6/2

er+1—6/2
:/ F)(Ru(A+i0%) — R (A —i07))dA.
€g+6/2

Therefore, the contribution to (5.17) from I, ;) gives

L[ amatts = 225 [ 0 Rk 00 - R 0o 519
e—0+ 2w T. i 2im = Jerro)2
It remains to consider the contribution from I', (). As before, the integral over the small vertical
segment is of order O(g). The sum of the integrals over the horizontal segments can be rewritten as
1
— (FX+ ie)Ru (X + i) — F(A — ie) R (A — ig))dA.
207 Je,15/2

First, we note that

/OO (FA+ ie)Ru (X +ig) — F(A —ie) R (X — ie))dA = O(e).

-3

Indeed, we have |F(A4ig)| < c|A|~! for A large enough and hence, by the Cauchy-Schwarz inequality,
00 00 1
/ (i, F(A £ i) Rz (A = i), JdA < ce? HUHH(/ [Ra(x £ iee]2,ar)
=3 =3

< cellulln vl

the second inequality being a consequence of Lemma 5.5(ii). Hence

-3

1 €

— u, (TN +ie) Rg(A+1ie) = T(A —ie)Rg(A —i€))v),, dA

Sir ), 3y e FOHEREO L i€) = FOA = ie)RA (A~ i)0),,
1 [e.e]

=5 (u, (FX+ie)Ru (A +ie) — F(A — ie)Ru (A — ie))v),, dX + O(e) [lull 2| v]l%-
T Je,46/2

Combining this with Proposition 5.4, we obtain that
-3

w-lim i /6 (FA+ie)Ru (A +ie) — F(A — ie) R (A — ie))dA

1 [e.e]
= — FA)(Rg(A+i0%) = R (A —i07))dA.
2im ep+6/2
The integral over the circle arc in I'; 555 can be estimated as follows. Denote by C. this circle arc.
For z € C., |Im(z)| < o, Lemma 5.5(i) implies that Rz ()|l < ce2. Using in addition that
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17(2)] < C|z|7t = O(e3) for z € C., we obtain

] / f(z)RH(z)dz’ = 0.
C:n{Im(2)|<e0}

For z € C., [Im(z)| > o, it suffices to use that [|Rp(2)|| g < ¢ together with |7(z)] < Clz|™! =
O(£?) to conclude that

‘ / F(z)RH(z)dz‘ = 0.
-N{Im(2)[><0}

Putting together the previous estimates, we have shown that
1 1 [
-lim — — F(2)Ru(z)dz = —— FA) (Ra(A+i0%) = Rp(A—i07))dX.  (5.20
ok 2 /Fs (i) He)Raz)dz 20T Je,15/2 PN (R (r +i07) #(A—i07) (5.20)
Equations (5.17), (5.18), (5.19) and (5.20), together with the fact that Ry (A+i0") = Ry (A—i0") =
Ru(A) if X € p(H), yield
1
F(H) = #(H)gjee(H) + — / FA)(Ra(A+i0%) = Ry (A —i07))dA. (5.21)
27 Uess(H)
It remains to show that one can replace 7 by r in the previous equation. For the first two terms, we
have that 7(H) = Ry (z0)r(H) by definition, while (5.15) in Proposition 5.4 implies

/( FA)(Ra(A+1i0%) = Ry (A —i07))dA
Oess(H

= Ru(z0) / o r(A)(Ra(A+i07) = Ruy (A —1i07))dA.

Hence, applying (H — zp) to both sides of (5.21), we obtain (3.16). This concludes the proof. [

5.4. Proof of Theorem 3.2. Now we prove Theorem 3.2. We recall that Hg (H) is the vector space
spanned by all generalized eigenstates corresponding to eigenvalues A € C such that FImA > 0 and
that H is the closure of {u € H, limy o0 [leF*u|lz; = 0}. We begin with proving the following
easy inclusion, Hg(H ) € HE,_(H), which holds under the assumption that H has finitely many

ads
eigenvalues with finite algebraic multiplicities.

Proposition 5.6. Suppose that Hypothesis 2 holds. Then
HE(H) C Hiy (H).

ads

Proof. We prove that H} (H) C H

aas(H). Let X € 0qisc(H) with Im(X) < 0 and let u € Ran(II\(H)).
For all t > 0, we estimate

—itH 1/ tIm(z)
e ully < 5 | M 1R ul d,

where + is the circle defined as in (2.3). Since v C C~, we have

e~ <€t5/||7z (2)ull,, d
H= on - H HE

for some 6 > 0. Hence u € H}y (H). The proof of Hy (H) C H,, (H) is analogous. O

ads
To prove the converse inclusion, we will use the following easy lemma. Recall that

Miisc(H) = > TA(H), gie(H) = S mH).
Aeagisc(H),FIm(A)>0 A€0disc(H),Im(A)=0
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Lemma 5.7. Suppose that Hypothesis 2 holds. Then

/Haids(H) C Ker(Hiisc(H) + HngC(H))
Proof. Let u € H}\ (H). We have
(Wie (H) + Mgiee () e ™" = 7 (I3, (H) + e (H) ). (5.22)
The restriction of H to Ran(Il3, (H) 4+ Y. (H)) = Hy(H) ® HYoo(H) is a linear mapping from

a finite dimensional space to itself, whose eigenvalues have non-negative imaginary parts. Hence, by
Lyapunov’s Theorem,

lim || (T, (H) + Mo (H))ul|,, #0 unless (TI

P disc disc

Since the left-hand-side of (5.22) tends to 0 as t — oo (for u € H}, (H)), we conclude that indeed

(I (H)+1Y. (H))u = 0. Hence we have proven that H', (H) C Ker(IL;__(H) + 1Y, (H)). The

disc disc ads disc disc

proof of H_; (H) C Ker(IlL_ (H) + 113, (H)) is similar. O

disc disc

disc

(H) + i (H))u = 0.

disc

Now we are ready to prove Theorem 3.2. We will use the regularizing function r defined in (3.15),
for some zg € p(H), zo € C\ R.

sas(H) C H(H). We
prove that ;7 (H) C H(H), the inclusion H_y (H) C H, (H) can be proven in the same way.

Proof of Theorem 3.2. In view of Proposition 5.6, it remains to show that H=

Let u € H:dS(H). By Proposition 3.10, we can write
r(H)u = gise(H)r(H)u + ress(H)u, (5.23)
where .
reSS(H) = vavj(l]rp 2—7” /UQSS(H) 7"()\) (RH()\ + ZE) — RH()\ — Zé‘))d)\

is a bounded operator. A
Clearly, since r(H) is bounded and commutes with e~ we have that »(H)u € H', (H). Lemma

ads
5.7 then implies that r(H)u € Ker(Il3, (H) + I19,..(H)). Inserting this into (5.23) gives
r(H)u =115 (H)r(H)u + ress(H)u. (5.24)

Now we show that u € Ker(ress(H)). We have Ker(ress(H)) = Ran(ress(H)*)* where, by Proposition
5.3,

1
Tess(H)* = w-lim — / r(A) (Ru= (X +ie) — R+ (A —ig))dA.
Uess(H)

For all v = ress(H)*w € Ran(ress(H)*), we can write

(v, u)y| = ‘(e_itH*v,e_itHwH’ < He_itH*v |HH€_itHuHH. (5.25)
By (5.13) and (5.14) in Proposition 5.4, we have
e wlly, = [le™ " ress(H) ], < cllwle.

Inserting this into (5.25), letting t — oo and using that u € H, (H), we obtain that (v,u) = 0.
Hence u € Ker(ress(H)) and therefore (5.24) reduces to

r(Hyu =1L} (H)r(H)u. (5.26)
We have proven that r(H)u belongs to H}  (H) = M} (H). Now the Riesz-Dunford functional

calculus shows that the restriction of r(H) to H,} (H) is bounded invertible. Hence we deduce that
u € H}(H). This concludes the proof. O
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5.5. Proof of Theorem 3.3. Recall that H,(H) is the closure of the vector space spanned by all
generalized eigenvectors of H, and that the absolutely continuous spectral subspace of H has been
defined in Section 2.2. We want to prove that Hac(H) = Hy(H*)L. We begin with the following
proposition which only requires that H,(H) be finite dimensional.

Proposition 5.8. Suppose that Hypothesis 2 holds. Then
Hac(H) C Ran(Id —IT,(H)) = H,(H*)™ .
Proof. Let u € Hae(H). We decompose
w=1I,(H)u+ (Id —II,(H))u.

Suppose by contradiction that II,(H)u # 0. Then there exists v € Hy(H*) such that (u,v),, = 1.
Indeed, if (u,v);, = 0 for all v € Hy(H*), then u € H,(H*)L = Ker(IL,(H)).
Now, if v € H,(H*) satisfies (u,v) = 1, the map ¢t — <e_itHu,v>H cannot belong to L2(R, C)
since
<e_itHu,v>H = <u, eitH*v>H
and the restriction of iH* to H,(H*) is a linear mapping on a finite dimensional vector space.
This proves that II,(H)u = 0 and hence that v € Ran(Id —II,(H)). O

To prove the converse inclusion, we will use the following easy lemma. Recall that r has been
defined in (3.15), for some zg € p(H), zo € C\ R.

Lemma 5.9. Suppose that Hypotheses 2 and 3 hold. Then

Ran(r(H)(Id —~II,(H))) is dense in Hy(H*)*.
Proof. Since H commutes with II,(H), r(H) preserves H,(H*)* = Ran(Id —II,(H)). The adjoint
of r(H)(Id —II,(H)) is given by

[r(H)(1d ~II,(H))]" = [H(H — )\j)”ﬂ}RH*(ZO)—(V1+"'+Vn+V°0)(Id —II,(H™)).

j=1
Since the restriction of H* to Ran(Id —II,(H*)) has no eigenvalues, the right-hand-side of the pre-
vious equation is an injective operator, which concludes the proof of the lemma. O

Now we prove Theorem 3.3.

Proof of Theorem 3.5. By Proposition 5.8, we know that Ha.(H) C Hp(H*):. To prove that
Hyp(H*)E C Hac(H), since Hac(H) is closed, it suffices by Lemma 5.9 to show that
Ran(r(H)(I1d —II,(H))) C Hac(H).
Let u = r(H)(Id —II,(H))v € Ran(r(H)(Id —II,(H))). Let (vp)nen = (Cwp)nen be a sequence

in Hc = Ran(C') such that v, — v as n — oo (recall that H¢ is dense in H). We claim that

up, :=r(H)(Id ~II,(H))vy € Hac(H). (5.27)
To prove (5.27), applying Proposition 3.10 and the fact that (Id —II,(H))Igisc(H) = 0, we first
observe that, for all p € H,

(tn, ) = (r(H)(1d ~II, (H))vn, ¢)
1

=g [ TR+ 0%) = Ria (3= 107, )
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where, to simplify notations, we set A := oess(H) and ¢ := (Id —II,(H*))p. Next we apply (5.14)
in Proposition 5.4 and Plancherel’s Theorem to obtain

o—itH,, 2
/RK nv¢>|7{dt
= /A [(r(A) (R (A — i0T) = R (A +1i0)) v, ), |* A, (5.28)
Using the resolvent identity
Ru(z) = Ro(2) — Ro(2)VRo(z) + Ro(2)VRu(2)VRo(2),

for all z € p(H), we decompose

/A PO (Rir (A — ie) — Rag(A + i) vn , )52 dA
< / PN ((Ro(A — i) — Ro(A + i) tn, )y |?
A
+ [ OV (R0 = VR = i2)) )1
/|1“ (Ro(X + ig)Ro(A +i€)) v, )4 |* AN
+/ r(\) ((Ro(A — ie) VR (A — ie) VRo(X — ig)) vy, 1) | AN

/ PO (Ro(A + i) VR (A + i) VRo(A + 82)) v 1|2 . (5.29)

We claim that each term of the right-hand-side of the previous equation is bounded by ¢, Hcp||,2H, for
some positive constant ¢, depending on n. We estimate each term separately.

For the first term in the right-hand-side of (5.29), it suffices to use that Hy is a self-adjoint
operator with purely absolutely continuous spectrum (by Hypothesis 1), which yields

J IO ((Ro(A = 07) = Ro(A -+ 107)) ) aA < el [ (5.30)

Next, remembering that v,, = Cw, and V = CW(C, the second and third terms in the right-hand-
side of (5.29) are estimated as

/|r (Ro(A % ie)CWCR(A + i) Cuw,,, 1) |2, dA

< Wl Il sup (ICRo(N £ 82)C g ) ol [ ICROO T i)
< callvlBe (5:31)

where we used Hypothesis 1 (and (3.3)) in the second inequality.
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Finally, to estimate the fourth and fifth terms in the right-hand-side of (5.29), we write similarly
/ PN (Ro(A % i) CWCR i (A £ i) CW CRo(A £ i2)) Cag , 1) 52 dA

< W2y 51 (IFOICR A+ i)W 25 ) sup (| CRo(A % i) Cl 2 5 ) el
AEA AEA

« /A ICRo(A T i) |12, dA

< call¥ )3, (5.32)

where we used Hypotheses 1 and 3 in the second inequality.
Inserting (5.29)—(5.32) into (5.28) and using that |[¢|% < ||¢||%, we deduce that

[ e @)t < Cullel
Therefore, u, € Hac(H) for all n € N. Since u,, — u in H as n — oo, and since H,.(H) is closed,
this implies that u € Hac(H) and hence the proof of the theorem is complete. O

Our last proposition shows that in the case where H is dissipative, Hypothesis 4 can be dropped in
the statement of Theorem 3.3. Using the notations from Section 4.6, we know that the only possible
generalized eigenvectors corresponding to a real eigenvalue of H are eigenvectors in the usual sense,
and that they are also eigenvectors of Hy, (and of H*). In other words, if A € R is an eigenvalue of
H, then Ker((H — \)?) = Ker(H — \) and we have

u € Ker(H — \) = u € Ker(Hy, — A\) NKer(V2) = u e Ker(H* — \),

see also Lemma 4.10. Choosing an orthogonal basis {eq,...,e,} in Ker(H — \), the spectral projec-
tion corresponding to A can then be defined in the usual way, setting
n
II\(H)u = Z(ej,u>ej, u € H.

=1

One readily checks that ITy(H)* = II\(H*). The spectral projection II,(H) onto the point spectral
subspace of H can then be defined as in Section 2.2. Modifying the previous proof in a straightfor-
ward way, we deduce the following.

Proposition 5.10. Suppose that Hypotheses 1-3 hold and that H is dissipative, Im(H) < 0. Then
Hae(H) = Ran(Ild — T1,(H)) = H,(H*)*.

APPENDIX A. APPENDIX TO SECTION 4

In this appendix, we provide the proofs of Propositions 4.1 and 4.7. They consist in a suitable
adaptation of the corresponding proofs in [26] where the particular case of dissipative operators have
been considered.

Proof of Proposition 4.1. We prove the result in the case of an outgoing regular spectral point, the
proof in the case of an incoming regular spectral point is identical.

First we prove that (i)=-(ii). Suppose that A is an outgoing regular spectral point of H. There
exists g9 > 0 such that, for all € € (0,e9), Ru (A + i) exists in £L(H). The resolvent identity gives

(Id —CRy (A + ie) CW)(Id +CRo (A + ie) CW) = 1d.. (A1)
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Thus Id +CRo(A + ie)CW is surjective on H. Since CRo(A + ic)CW is compact, the Fredholm
alternative implies that Id +CRo(A + ie)CW is invertible in £(H). Letting ¢ — 0T, using that the
limits in (4.1) exist, we obtain from (A.1) that
(Id —CRu (A +i0T)CW)(Id +CRo(A +i0T)CW) =1d.

Thus Id +CRo(A+1i01)CW is surjective, and hence invertible in £(#) by the Fredholm alternative.

Next we prove that (ii)=-(i). Suppose that Id +CRo(A +i0")CW is invertible in £(H). Suppose
by contradiction that A is an accumulation point of eigenvalues of H located in A 4 (0, 00). Then
there exists a sequence (&y,)nen of positive real numbers such that ¢, — 0 as n — oo and, for all
n € N, vectors u, € H, |luy|l2 =1, such that

(H — (A +ien))u, = 0.
Applying CRo(A + iey,) to this equations yields
CRo(A +ien)(H — (A +ien))un = (Id+CRo(\ + i, ) CW)Cuy, = 0.

Since Id +CRo(A +i0T)CW is invertible in £(H), for n large enough, Id +CRo (A + i, )CW is also
invertible. Therefore CRo(A+icy,)(H — (A +iey)) is injective, which is a contradiction since u,, # 0.

It remains to show that CRy (A + ic)CW converges in L(H) as ¢ — 01, Since for € > 0 small
enough Id +CRy(A + ie)CW is invertible in £L(H), (A.1) gives

CRu(A+ie)CW = (Id+CRo(A + ie)CW) "

—1d,
This proves that
CRu(A+i0H)CW = (Id+CRo(A +i01)CW) ™" —1d
exists in L(H). O

Before proving Proposition 4.7, we recall the proof of Lemma 4.2 which was used several times in
the main text.

Proof of Lemma 4.2. Consider for instance the operator Rg (A +i€) C. Let € > 0, u € H. We have
|Ro (A +ig) Cull3, = (Ro (A +ig) Cu, Ro (X + ig) Cu)y,

-1

- 2ie

= éIm((u, CRy ()\ + ie) CU)’H) .

(Cu,[Ro (A+ i) — Ro (A — ig)] Cu)y,

Since the limits (4.1) exist, there exists ¢g > 0 such that
sup Im ((u, CRo (X + ig) Cu)y,) < 3 ||ull3, -

e>0
Hence 1
[Ro (A + i) Cully, < —cfllullz,-
This proves the lemma for Rg (A 4 ic) C. The proof for Ry (A — ie) C is identical. O

Proof of Proposition 4.7. Again, we prove the result in the case of an outgoing regular spectral point,
the proof in the case of an incoming regular spectral point being identical.
(ii)=(i) is obvious. We prove that (i)=-(ii). Suppose that A is an outgoing regular spectral point.
By Proposition 4.1,
A(N) == Id +CRo(X +i0T)OW
is invertible in £(H). Since the maps in (4.10) extend by continuity to D(X,r) N C*, there exists a
compact interval K\ C R whose interior contains A such that, for all u € K, A(u) is invertible. By
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Proposition 4.1, this implies that each p € K, is not an accumulation point of eigenvalues located
in p+4(0,00) and that, for all u € Ky, CRy(p+ i07)CW exists in L(H). Finally, the fact that
the limit

CRy(p+i07)CW = Tim CRyy(p+ie)CW = (1d+CRo(n + 0 CW) ! —1d
e—

is uniform in p € K follows from the continuity of the map z — (Id +CRo(2)CW)~! on D(X,7) N
C*+. -

APPENDIX B. APPENDIX TO SECTION 5

Proof of Propositions 5.1 and 5.2. To prove the existence of the weak limit in (5.2), we use twice
the resolvent formula, which gives for € € (0,eq), g9 > 0 small enough,

Ru(ALie) =Ro(A£ic) — Ro(A L ic)VRo(A Ltic) + Ro(A L ie)VRu (A £ie)VRo(A £ ig). (B.1)

Stone’s formula for the self-adjoint operator Hy shows that

1
im ie) — _ —1,(H, B.2
wlim /1 (Ro(A + ie) — Ro(A — ig))d = 1 (Hp) (B.2)
in £(H). Since CRo(\ % ic)u converge in L?(I;H) as € — 07 by Hypothesis 1, we deduce that the
weak limits

w-lim / Ro(A % ie)VRo(A + i)dA = w-lim / Ro(A+ie)CWCORG(A £ig)dh  (B.3)
I I

e—0t e—0t

exist in L(H). For the last term from (B.1), we write

w-lim [ Ro(\ £ ie)CWCOR (A £ i) CWCRo(A + ig)dA

e—=0t Jr

= W;%gl Ro(A £i0T)CWCRy (A +ie) CWCORo(A £4i01)d), (B.4)
£ I
where we used that, for all u € H, A = CRo(\ & ie)u converge in L?(I;H) as ¢ — 0T, together
with the fact that CRpy(\ £ ie)CW is uniformly bounded in ¢ € (0,g0) by (5.1). Since A —
CRo(A £ i0T)u belongs to L*(I,H) for all u € H, combining the fact that CRy(\ & ic)CW
converges to CRy(A+i0T)CW in L(H) for a.e. A € I and again that CR g (A +ic)CW is uniformly
bounded in € € (0, (), we obtain

lim <u Ro(\ £ ie) COWCR (A + ie) OW CRo (A + ie)v>d>\

e—=0t Jr
= / <CR0(>\ Fi0 )u, WCRy(\ £i0T)CWCRy(\ + i0+)v>d)\, (B.5)
I

by Lebesgue’s dominated convergence theorem.
Equations (B.1)-(B.5) prove that the weak limit in (5.2) exists. Moreover, for all u,v € H, we
have that

1
(u, 17 (H)v) = (u, 17 (Hg)v) — i / (CRo(AF i0T)u, WCORy(A +i0%)v)dA
T™JI
1
+ 5 (CRO(AF i0%)u, WCR (A 0 )CW CR(A + 0™ )u ).
I

By the same argument, we obtain that (5.6) is a Banach algebra morphism. Equation (5.4) is easily
proven, while (5.3), (5.7) and (5.8) follow as in [25]. O
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Proof of Propositions 5.8 and 5.4. The proof has the same structure as that of Propositions 5.1 and
5.2, with the following modifications. First, (B.2) is replaced by the following argument. We write

/1 (h(A+ie)Ro(A + ig) — h(A — ie)Ro(A — ig) ) dA

- /h()\) (Ro(A + ie) — Ro(A — ie))dA
I

+ / ([h()\ +ig) — h(A)]Ro(A +ie) — [h(A —ie) — h(A)]Ro(A — is))d/\.
I
For the first term, since Hy is self-adjoint, we have

w-lim i / h(A) (Ro(A + ie) — Ro(X — ig))dA = h(Hy). (B.6)

e—0+ 271 I

For the second term, we use the mean-value Theorem together with the Cauchy-Schwarz inequality,
writing for all u,v € H,

/I |(u, [M(X £ ig) = h(N)]Ro(A + ig)v), [dA

§5||u||H</I( sup \h’(Aiis)DQd)\);(/IHRO()\iie)vHid)\)%. (B.7)

0<e<eo

The first integral is bounded by (5.10). The second integral can be rewritten as

/ [Ro(A £ ie)o]|5,d\ = / (v, Ro(A F ig)Ro(A £ ie)v),,dA
1 1

1

=5/, (v, (Ro(A = ig) = Ro(X + ig))v),, dA, (B.8)

from which we deduce that
2 3 1
(/HRO(/\iis)quHd)\)Q <ce 2 |v|n. (B.9)
I
Together with (B.6), (B.7) and (B.8), this implies that

w-lim —— / (h(A + ie)Ro(A + ic) — h(A — ie)Ro(A — ig))dA = h(Hy).

e—0t 271 I

The rest of the proof follows in the same way as in the proof of Propositions 5.1 and 5.2 (see
in particular (B.3) and (B.4)), using that h(A £ ie) and h(X £ ic)CRy (A £+ ic)CW are uniformly
bounded in € € (0,¢p). O

In the proof of the spectral resolution formula stated in Proposition 3.10, we used Lemma 5.5
which we now prove. The arguments are similar to those used in the previous proofs.

Proof of Lemma 5.5. To prove (i), it suffices to use the resolvent equation (B.1) together with the
fact that V' = CWC and the estimates [|[Ro(X £ ig)|z) < et [CRo(A £ ie) || g3y < ce /2 (see
Lemma 4.2) and [|[CR(H +ig)CW ||y < ¢ by (5.1).
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To prove (ii), we use again (B.1), writing
/I||RH()\ + ie)u|3,d\ < 2/1 | Ro(\ =+ ie)ul|3,dX
- 2/} | Ro(\ +ie) CWCRo(\ =+ ie)ul|3,dX
+2 /I IRo(A % i)W C Ry (A + i) CW CRo(A + ic)ul Zyd .

By (B.9), the first term is bounded ce~!. The same holds for the second and third terms, using
again that [|CRo(\ % ig)l () < ce /2 and |CR(H + ie)CW ||y < c. O
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