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Nous avons découvert moins d’une goutte d’eau dans un océan de concepts encore sans nom.

Quelques éléments de mathématiques, Jérémy Dousselin

- Pour étre bon, bosser c’est que la seconde condition.
-Ah oui ? Et c’est quoi, la premiére ¢
-Aimer.

Ulysse et Cyrano, Stéphane Servain, Xavier Dorison, Antoine Cristau






Remerciements

Nicolas, Coralie, Sylvain, vous avez été mes interlocuteurs privilégiés durant ces trois
années de these, et je tiens d’abord a vous remercier conjointement pour l’ensemble de
nos échanges mathématiques, intellectuels et humains. Vous étes a la fois I’étincelle qui a
allumé la flamme, et la brise qui I’a entrenue sans relache. Merci.

Nicolas, tu m’as dit un jour que la thése n’était pas un sprint, mais une course de fond.
Durant ce marathon, tu as été a mes cotés pour partager ton intuition mathématique, ton
savoir et tes techniques, ton expérience de chercheur. Au-dela de ton réle de directeur de
these, tu incarnes a mes yeux la figure d’'un mathématicien aguerri, chez qui la passion
est restée intacte. Malgré les taches administratives et tes projets multiples, j’ai pu ob-
server lors de nos séances de travail la joie pure que tu éprouvais a simplement “faire des
mathématiques”. Dans ton sac a dos, tu portes un tas de paperasses, un ordinateur et des
stylos, et une générosité immense. Merci.

Coralie, quelles seraient mes intuitions allométriques sans tes conseils et ton expertise
sur les simulations numériques ? J’ai énormément apprécié que tu m’offres I'opportunité
d’encadrer un projet de recherche aux Mines avec toi, ¢’était une expérience stimulante et
agréable de travailler a trois sur les algorithmes que tu as utilisés durant ta these. Je te
souhaite bon courage pour I'obtention de ton HDR, nous franchissons tous les deux une
belle étape cette année ! Merci.

Sylvain, au cours de plusieurs de nos nombreuses discussions, tu as affirmé que personne
n’était plus libre qu’un chercheur. Cette parole m’a guidé dans les moments de recherche
ol, précisément, je ressentais cette liberté comme un gouffre immense qui s’ouvrait devant
moi. Je suis sincerement heureux que cette these soit 'aboutissement d’une collaboration
entre Nicolas, Coralie, toi et moi et j’espére pouvoir la faire perdurer dans les années a
venir. Merci.

Je remercie M. Joaquin Fontbona et M. Bastien Mallein de m’avoir fait I’honneur de
rapporter ma these. Merci pour l'intérét que vous portez a mon travail et pour vos com-
mentaires qui permettront d’améliorer ce manuscrit. J’adresse un remerciement particulier
a Bastien qui a accepté de rapporter ma thése malgré un calendrier tres serré. Je remercie
également M. Peter Czuppon, Mme Marie Doumic et M. Raphaél Forien d’avoir accepté
de participer a mon jury de thése. Je ne doute pas que nos échanges seront riches et
sources de perspectives enthousiasmantes. J’adresse un remerciement particulier a Mme
Anne Gégout-Petit, qui a également accepté de faire partie de mon jury de these, pour sa
bienveillance, sa bonne humeur et son efficacité en tant que directrice de 'TECL durant
mes trois années de these.

Au sein de mon laboratoire nancéien, j’ai été accueilli par une équipe dynamique, joviale,
qui a accepté sans rechigner mon envie de mettre la brioche a I’honneur le jeudi matin.
Merci & Didier de m’avoir si bien expliqué le principe du babycluster de 'IECL. Merci &

iii



Elodie d’avoir accepté que je dévalise son stock de fournitures. Merci & Laurence de suivre
nos parcours de doctorants avec une implication sans faille. Merci a Nathalie d’avoir nav-
igué sur les eaux dangereuses de Notilus avec moi. Merci & Rémi qui, sans le savoir et au
détour d’un couloir, a illuminé une sombre journée d’avril. Merci a Valentin pour la sim-
plicité de nos échanges et ta “force tranquille” tres apaisante. Merci a Yannick pour son
implication dans les enseignements aux Mines de Nancy et nos partages amicaux. Merci
a toutes celles et ceux que je n’ai pas cités et qui ont fait partie de mon quotidien durant
ces trois années de these.

Je remercie plus spécifiquement tous les doctorants de 'IECL croisés dans les couloirs,
le temps d’un sourire, d’'un séminaire, d’une discussion. Dans le méme bateau que moi,
vous avez parfois écopé mes propres fuites par la simplicité de nos échanges. Mathilde, tu
as toutes les qualités pour devenir une chercheuse épanouie, merci pour ce bout de ran-
donnée mathématique parcouru du méme pas. Rodolphe, tu as rejoint la joyeuse bande
du bureau 226, pour former un trio détonant, merci pour ta bonne humeur contagieuse.
Victor, pour moi, tu resteras cet homme qui a toujours du chocolat sur lui, merci pour la
richesse de nos échanges.

Merci a I’équipe Inria BIGS-SIMBA de m’avoir intégré au sein d’'un groupe de chercheurs
qui m’a offert de nombreuses possibilités de déplacements, d’interactions et de découverte
du monde de la recherche. Merci Denis de t’étre saisi d’une craie un beau jour a Toulouse
et de m’avoir lancé sur les traces d’une fonction de Lyapunov. Merci Edouard pour ta
sympathie, ton enthousiasme et les conseils de randonnée autour de Saverne. Merci Ulysse
d’avoir suivi de loin, mais avec le sourire, I’évolution de mes PDMPs en parallele des tiens.
Merci a Emmanuelle et Ouiza d’avoir géré mes ordres de mission multiples avec efficacité
et bienveillance. J’adresse un remerciement a part entiere a Isabelle, qui a contribué a la
réussite de cette theése par son sourire ineffagable, lors de chacun des déjeuners que j’ai
pris au sein du batiment Inria de la FST.

Merci a I'ensemble des membres de la Chaire MMB qui, bien que je I'aie délaissée en
troisieme année de these, m’a apporté un immense souffle d’inspiration, au contact de
chercheurs et chercheuses passionnés et sympathiques. Je remercie tout particulierement
Sylvie Méléard, qui porte ce projet depuis le début et donne ainsi 'opportunité & de nom-
breux étudiants comme moi de découvrir un monde de la recherche stimulant et vivant.

Jérémy, lorsque je suis arrivé a Nancy, tu m’as accueilli dans ton humble demeure, puis au
sein du bureau 226 a 'IECL. Il m’est difficile de trouver une maniere concise de décrire la
profondeur de notre amitié, d’autant plus que tu as déja utilisé la formule de Montaigne
qui résume tout dans tes propres remerciements de these... Je pourrais parler de Basile
Bertienne et des recettes de baklava, de ta présence assidue au labo, du TFJM?2... mais il y
aurait la de quoi revivre plus de beaux moments que cette thése ne contient de caracteres,
alors j’en reste la | Merci du fond du coeur mon ami.

A propos de TFJM?, j’en profite pour remercier ici Allan, Florentin, Ian-Karl, Iyass,
Margot et Ulysse qui m’ont fait revivre, dix ans apres, le plaisir des mathématiques en
équipe de la plus belle des fagons ; ainsi que Chloé, Damien et Olivier qui nous ont donné
I'opportunité d’encadrer cette belle équipe de jeunes mathématiciens et mathématicienne

iv



du lycée Jeanne d’Arc. J’adresse un remerciement particulier et chaleureux a M. Goisque
pour m’avoir initié, accompagné et encouragé au début de mon voyage mathématique.

Benjamin, c’est loin Edimbourg. Et pourtant, lors de tes multiples voyages pour par-
ticiper a des conférences, tu n’as jamais oublié de faire un petit crochet par Nancy quand
tu pouvais te le permettre. Mon ami, c’est empli d'une émotion particuliere que je repense
a ce moment crucial ou, en septembre 2017, nous avons poussé la porte de la résidence
Monod en méme temps pour rejoindre les jardins Descartes a quelques centaines de metres.
Ce qui s’est passé ce soir la peut étre évoqué en deux mots que je n’écrirai pas dans ce
manuscrit, mais ce qui s’est passé le lendemain, puis le surlendemain, puis tous les jours
qui ont suivi, c’est le fleurissement d’une amitié nouvelle. Ou que tu sois, a Edimbourg, a
Toulouse, a Orlu, tu peux compter sur mon soutien et mon amour fraternel. Merci pour
tout.

Pascal, il n’y a pas si longtemps, c’est toi que j'accompagnais a Marseille pour ta sou-
tenance de these. Merci d’avoir su trouvé les mots pour me motiver en retour, et surtout
merci de partager avec moi 'amour des belles mathématiques. Il nous reste encore tant
de choses & faire ensemble !

Antoine, dans quelques mois, ce sera a ton tour d’achever ton travail de thése a Lyon.
Je souhaite de tout coeur étre la pour t’épauler, ou simplement pour préparer un millier
de mini-burgers pour le pot de these. Tu as une place particuliere dans mon coeur, celle
d’un ami discret (aussi surprenant que puisse paraitre I'usage de cet adjectif dans ton cas)
et d’une sensibilité immense. Merci de m’avoir accueilli & Lyon, merci d’étre toi.

Raphagél, que ce soit pour des virées invraisemblables dans les Pyrénées, ou dans la quiétude
studieuse de ta vie lilloise, j’ai toujours énormément apprécier marcher a tes cotés. Tu
es une personne d’une profonde bienveillance, qui questionne le monde qui ’entoure et se
questionne en retour. Merci pour nos partages, merci pour la richesse de notre relation,
merci pour notre amitié.

Antoine, ou étions nous il y a quelques jours, que faisions-nous ensemble, aux confins
de I’Orient ? En fait, je n’en sais rien au moment ou je rédige ces remerciements, et je
pense que je n’en saurais pas plus au moment du voyage ! Ce que je sais en revanche,
c’est que notre amitié est de celles qui résistent a des températures négatives, a des vents
violents, & des tourbillons émotionnels. Au-dela de notre amour partagé du voyage, il y
a cette envie de se regarder en face et de ressentir dans nos coeurs la gratitude immense
de pouvoir dire “Mon ami”. Longue vie a notre correspondance épistolaire, longue vie a
I’amour que l'on se porte. Merci du fond du coeur.

Vianney, nos chemins se sont croisés, recroisés puis entremélés durant cette période de
these, et je suis tres heureux du lien que 'on a tissé. Tu es au-dela des mers maintenant,
mais tu fais partie de ma vie au méme titre que tous les amis restés sur le continent. Merci.

Théodore, si tu lis ces lignes, sache que j’ai pensé a toi souvent lors de la rédaction
de ce manuscrit. Prends soin de toi mon ami.

Théo, je t’ai plus vu au cours de cette these que n’importe lequel de mes amis mathématiciens
qui ne vit pas & Nancy ! Comme quoi, il est des amitiés qui ne se soudent pas exclusive-



ment via les mathématiques dans ma vie... Que te dire que tu ne sais déja, tant nous
parlons et exprimons avec joie et simplicité nos émotions lorsque nous sommes réunis ?
Je souhaite que tu prennes soin de toi, je souhaite étre la pour toi, pour t’accompagner
dans tes multiples projets, pour rire, danser, chanter avec toi. Je souhaite te remercier de
m’avoir offert ton amitié simplement, instantanément, entierement.

Madeline, Pierre, vous étes bien plus que des amis. La vie a Nancy aurait été bien
différente si je n’avais pas croisé le chemin du Choeur Universitaire de Nancy un beau jour
de Féte de la Musique il y a un peu plus de 3 ans. Votre énergie généreuse, votre passion
débordante, votre confiance 'un en l'autre et en les autres, m’ont profondément touché.
Merci.

J’en profite pour remercier chaleureusement tous les membres du Choeur Universitaire qui
m’ont simplement frolé sur scene, ou pris dans les bras avec émotion, ces trois dernieres
années. Chanter avec vous m’a fait me sentir vibrer, heureux, en vie. Je remercie tout
particulierement Jules, avec qui je partage également ’amour des mathématiques, mais
aussi Anaél, Anna, Aricia, Aude, Chloé, Florian, Jimmy, José, Lise, Marie B., Marie C.,
Marlene, Nadir, Natacha, Nicolas, Noémie, Pierre, Quentin, Samuel, Syrine, Vincent, et si
vous n’apparaissez pas sur cette liste malgré le fait que nous sommes suffisamment proches
pour que vous lisiez ces remerciements de theése, envoyez-moi un message pour y remédier !

Francgoise, Richard, Aurélian, merci d’avoir fleuri nos vies le temps d’un passage & Nancy.
Vous étes de belles personnes, et votre amitié m’est précieuse. Prenez soin de vous, merci
pour tout.

Merci a I’échoppe de Jean, a Delphine et Hervé des Régals d’Etreval, a Benjamin et
Marie de la Ferme de la Fontenelle, au GAEC du Berger, a Mamie Liiger, aux Vosgiens, a
la Tomme Bio de Lorraine, a la Ferme de Marie, a Ninie et plus généralement aux paysans
et artisans du marché de Vandoeuvre. Merci & Charly et Julie de la Ferme Romé, a Arthur
et Pierre du Pain de Coté, a Cécile et Odile de TAMAP de la MJC Lorraine a Vandoeuvre.
Vous avez largement contribué a la réussite de cette these, par I’énergie que vous déployez
a nourrir les autres, par vos sourires et le partage simple des mardis et vendredis soirs.

Merci aux paysans-boulangers et autres réveurs qui m’ont appris a pétrir, a faconner
et a savourer entre amis la crotite dorée d’un bon pain, qui connaissent a la fois le Vir-
gile mathématicien et le Virgile boulanger. Merci Mica, Yves, Marie-Thé, Fa’, Lu’, Saul,
Gabz’, Brice, Julie G., Julie T., Paco.

Merci a Anne-Marie, Coline et Steph’, pour la raclette interminable du Nouvel An, pour
I’amour de la montagne, pour ’amour du jardin et des poules, pour I'amour dont vous
étes les témoins et garants.

Merci a Camiberri, Charlotte Munerelle et Chloé Revel pour I’art nancéien, merci a Aurélie
pour lart périgordin, merci & Laura Bonnefond pour 'art lyonnais.

*

Papa, Maman, nous voila arrivés tous ensemble a ce qui peut s’apparenter a 1’acheévement
d’une période de ma vie, méme si les mathématiques sont éternelles ! Un sacré chemin

vi



parcouru depuis que je vous ai dit aimer le chiffre 8 (“ouitte” pour les intimes)... Vous
avez été la pour me regarder parler de mes maths dans les phases radieuses de ces trois
années, pour me soutenir par vos mots et votre force lors des phases difficiles, et en toutes
circonstances, vous m’avez apporté votre amour. La these n’est qu'un prétexte pour vous
exprimer avec une joie sans bornes a quel point je vous aime. Merci.

Lalie, je te dédie cette these. Ce qui compte vraiment n’est pas que tu comprennes
ce que j’ai voulu retranscrire dans ce manuscrit, mais bien que tu regoives par ce présent
tout ’amour que je souhaite t’exprimer. Je suis immensément reconnaissant du lien que
I'on a tissé, de notre enfance & notre vie d’adultes. Meéme si je marche vite a tes cotés,
avec les sourcils froncés, et que tu dois courir pour me rattaper, cela ne veut pas dire que
je veux m’enfuir. Je réfléchis a la meilleure maniere de te prendre dans mes bras pour te
dire que je t’aime.

J’en profite pour remercier ici toute ma famille élargie d’avoir suivi de prés ou de loin
mon parcours doctoral et de maniere plus générale, de faire partie de ma vie. Merci MC
et JC pour votre tendre fierté. Merci Rémy et Noélla pour votre infinie générosité. Merci
Mathis pour tes mots justes. Merci Emma pour nos partages lyonnais. Merci Nini et Julie
d’étre des tantes extra ! Merci Marie-Lou pour les crudités avant le plat principal. Merci
Jean-Christophe de m’avoir considéré et écouté, merci pour nos débats et nos partages.
Merci Estelle pour ton ouverture et nos partages culinaires. Merci Erevan de prendre soin
de ma soeur. J’adresse un remerciement particulier a Billy, Cajou, Ella et Pito, qui ne
sont pas classés par ordre de préférence mais bien par ordre alphabétique, et dont je me
demande bien ce qu’ils en feraient si on leur donnait cette these a lire.

*

Merci a toutes celles et ceux que je ne connais pas et qui ne me connaissent pas non plus,
mais qui ont contribué d’une maniere ou d’'une autre, sans le savoir, a la bonne réussite
de cette these et a 'ordre du monde tel que je le connais.

*

Lou, il est d’usage de garder le meilleur pour la fin et je ne déroge pas a la réegle. Oignons,
carottes et poireaux furent les premiers témoins de notre complicité naissante. Sous le
soleil de Dordogne, nous avons choisi d’avancer main dans la main, de nous faire confi-
ance. Malgré I’éloignement de la premiere année, nous avons fait grandir notre lien et
lorsque 'occasion de s’installer ensemble & Nancy s’est présentée, nous I'avons saisie avec
joie. Que de rencontres, que d’émulation, que de tourbillons dans cette phase nancéienne !
Dans le désordre, nous avons affronté le froid terrible du 46b, traversé les Vosges avec nos
sacs & dos et nos émotions sur les épaules, fait rentrer notre voiture dans ’enceinte du
Zénith de Nancy, parcouru Vienne a 7h du matin a moitié éveillés... Nous avons décidé de
nous dire oui sur la colline du parc Richard Pouille une belle journée de juin. Nous avons
ri, chanté, pleuré, crié, couru, dansé. Nous avons affronté mes sautes d’humeur a deux, en
prenant soin I'un de I'autre, en communiquant et en privilégiant la confiance en nous plutot
que les émotions fugaces. Nous avons observé et questionné le monde qui nous entoure.
Avec toi, j’ai cultivé une part de moi laissée en friche, et je t’en remercie du fond du coeur.

Je t’aime.

vii



Résumé

La premiere partie de ce travail s’attache a la conception et a I’étude d’un modele individu-
centré, structuré en un trait appelé énergie, décrivant une population d’individus consom-
mant une ressource supposée constante au cours du temps. Afin de pouvoir comparer
les comportements de différentes especes vivantes, nous introduisons notamment 1’énergie
typique d’un individu & la naissance comme parametre du modele. Les mécanismes en jeu
sont de deux types : des sauts aléatoires correspondant a des événements de naissance et
mort ; et une évolution continue et déterministe des énergies individuelles entre ces instants
de saut. Les taux de saut du processus dépendent de 1’énergie des individus au cours du
temps et, bien que notre modele soit formulé de maniére générale, nous nous intéressons
en particulier au cas de taux allométriques (i.e. au cas de fonctions de type puissance).
Les trajectoires individuelles sont indépendantes conditionnellement a 1’état initial de la
population, du fait de I’absence de compétition pour la ressource. Nous étudions donc
un processus de branchement, et obtenons des conditions nécessaires sur les parametres
allométriques du modele pour que ce processus soit surcritique, et que les trajectoires indi-
viduelles soient biologiquement acceptables (i.e. les énergies individuelles n’explosent pas,
ne s’annulent pas, et les individus meurent en temps fini), et ce quelle que soit I’espece
considérée (c’est-a-dire quelle que soit ’énergie typique d’un individu & la naissance).
Dans une deuxiéme partie, nous modifions le modeéle précédent en autorisant la ressource
a varier au cours du temps, via un terme de renouvellement indépendant de I'état de la
population, et un terme de consommation qui correspond a une compétition indirecte en-
tre les individus. Apres une étude préliminaire de la bonne définition des objets étudiés,
nous considérons une suite de renormalisations du processus sous-jacent, et démontrons
un résultat de tension pour les lois associées dans une asymptotique de grande popula-
tion. Nous caractérisons les valeurs d’adhérence de cette suite comme des solutions d’un
systeme d’équations intégro-différentiel, ce qui démontre au passage 'existence de solu-
tions mesures a ce systeme. De plus, sous réserve que ce dernier admette une unique
solution mesure, notre résultat de tension devient un résultat de convergence en loi vers
cet unique processus. La nouveauté de nos résultats réside dans le caractere non-borné
des taux de sauts, et nous étudions en particulier le cas allométrique.

Dans une derniere partie, nous montrons des résultats complémentaires sur le systeme
d’équations intégro-différentiel décrit dans la deuxieéme partie. Nous présentons des simu-
lations numériques illustrant notamment le résultat de convergence (sous réserve d’unicité
de la solution mesure au systéme étudié) en grande population de la deuxiéme partie dans
le cas allométrique, et discutons des nombreuses difficultés de mise en oeuvre d’un schéma
numérique dans le cadre de notre modele.

Mots-clés : allométries, modele individu-centré, processus de branchement, probleme

de martingale, analyse asymptotique, Processus de Markov Déterministe par Morceaux,
taux de saut non-bornés.
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Abstract

The first part of this work focuses on the design and study of an individual-based model,
structured in a trait called energy, describing a population of individuals consuming a
resource assumed to be constant over time. In order to be able to compare the behaviour
of various living species, we introduce the typical energy of an individual at birth as a
parameter of the model. The mechanisms involved are of two types: random jumps cor-
responding to birth and death events; and a continuous and deterministic evolution of
individual energies between jump times. The jump rates of the process depend on the
energy of the individuals over time and, although our model is formulated in a general
context, we especially focus on the case of allometric rates (i.e. they are assumed to be
power functions). Individual trajectories are independent conditionally to the initial state
of the population, because there is no competition for resources. We therefore study a
branching process, and obtain necessary conditions on the allometric parameters of the
model for this process to be supercritical, and for individual trajectories to be biologically
relevant (individual energies do not explode, do not reach 0, and individuals die in finite
time), for every living species we consider (i.e. for every typical energy of an individual
at birth).

In the second part, we modify the previous model by allowing the resource to vary over
time, adding a renewal term independent of the state of the population, and a consump-
tion term corresponding to indirect competition between individuals. After a preliminary
study to construct well-defined objects, we consider a sequence of renormalizations of the
underlying process and show a tightness result for the associated laws in a large population
asymptotic. We characterize the accumulation points of this sequence as solutions of an
integro-differential system of equations, which proves the existence of measure solutions to
this system. Furthermore, if such a measure solution is unique, then our tightness result
becomes a convergence result towards this unique process. The originality of our results
lies in the fact that we study unbounded jump rates, and in particular the allometric case.
In a final part, we show additional results for the integro-differential system of equations
described in the second part. We present numerical simulations illustrating in particular
the convergence (if the solution to the previous system is unique) result in a large popula-
tion limit of the second part in the allometric case, and discuss the numerous difficulties
encountered when we implement a numerical scheme within the framework of our model.

Keywords: allometry, individual-based model, branching process, martingale problem,
asymptotic analysis, Piecewise Deterministic Markov Process, unbounded jump rates.
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1— Introduction en francais

Dans cette section, nous présentons tout d’abord les questionnements de biologie évolutive
qui sont a la genese de ce travail de these. Ensuite, nous décrivons succintement les
résultats existants sur les modeles individu-centrés du meéme type que celui que nous
développons. Nous décrivons ensuite les résultats principaux et les outils mathématiques
utilisés dans chacun des trois chapitres de cette these. Pour conclure, nous donnons les
perspectives de recherche liées a I'ensemble de ce travail.

1.1 Motivations biologiques

Depuis le travail de synthese de Peters | ], de nombreux articles dans le domaine de
I’écologie évolutive | , , , ] ont mis en évidence une relation
tres particuliere entre la masse corporelle moyenne, ou la taille moyenne des individus, et
le métabolisme moyen, ou taux métabolique moyen (qui peut étre vu comme la vitesse
moyenne de perte ou gain de masse des individus) d’une espece a une autre. Cette relation
est connue sous le nom de relation allométrique, ou simplement allométrie, présentée sous
la forme B o M%, ou B est une mesure du taux métabolique moyen au sein d’une espece,
M la masse moyenne des individus au sein de cette espece, et « désigne le coefficient
allométrique. Typiquement, les courbes obtenues justifiant ces relations allométriques
sont similaires au graphe présenté en Figure 1.1. Il n’existe pas de consensus clair sur la
valeur précise du coefficient allométrique a reliant masse moyenne et taux métabolique
moyen : certains travaux démontrent qu’il existe un coefficient théorique unique basé sur
une modélisation précise des systémes vasculaires | ], tandis que d’autres montrent,
données a 'appui, que le coefficient peut dépendre de caractéristiques spécifiques au sein
des espeéces, et varier a travers la large gamme des organismes vivants | ].

Nourrie des travaux précurseurs d’Arrhénius et Kleiber | ], la Théorie Métabolique
de I’Ecologie a pour ambition de placer le métabolisme comme mécanisme central per-
mettant de décrire les dynamiques écologiques de l’ensemble du vivant | ]. En
s’appuyant sur la relation allométrique fondamentale reliant métabolisme moyen et masse
moyenne au sein des especes, cette théorie propose une large gamme de relations al-
lométriques reliant des grandeurs physiologiques ou démographiques a la masse moyenne
des individus au sein des especes | |. Ainsi, la mortalité des individus, le taux
de croissance d’une population, la capacité de charge d’un milieu (quantité maximale
d’individus qu’un environnement peut accueillir au vu des ressources disponibles), et
jusqu’a la diversité des especes au sein des écosystemes | |, sont des grandeurs
écologiques étroitement reliées au métabolisme, et vérifient également des relations al-
lométriques dont 'expression des coefficients est théoriquement prédite | ]. Méme
si les allométries semblent étre un ingrédient clé pour modéliser le comportement des
especes et leurs caractéristiques écologiques, elles sont encore principalement justifiées
par des données brutes et des approches phénoménologiques, s’appuyant sur la mise
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Figure 1.1: Taux moyen de production de biomasse (mesuré en grammes par individu et
par an), corrigé en fonction de la température des organismes considérés, en fonction de la
masse moyenne (mesurée en grammes) pour une grande variété d’organismes vivants, des
eucaryotes unicellulaires aux plantes et aux mammiferes (chaque point correspond donc a
des grandeurs moyennes mesurées pour une espece donnée). L’échelle est logarithmique,
et I’équation de la droite de régression est présentée en haut & gauche du graphique,
ainsi que le coefficient de régression r2 et le nombre d’especes étudiées n. La pente de la
droite de régression s’identifie comme le coefficient allométrique reliant la production de
biomasse moyenne a la masse corporelle moyenne, ici égal a 0.76. Ce graphique est extrait
de [ ]

en évidence statistique d’une relation log-linéaire entre métabolisme et masse des indi-
vidus [ ]. D’autres études sont basées sur des arguments physiques et physiologiques
pour les individus, ajustés en fonction de la température des organismes | . La
Théorie Métabolique de I’Ecologie justifie a posteriori ces relations par des arguments
d’optimisation énergétique et de dimensionnement | ], négligeant tous les autres
processus évolutifs et écologiques comme par exemple les phénomenes de compétition
pour l'acces aux ressources ou la saisonnalité (c’est-a-dire la variabilité de I’environnement
au cours du temps), qui devraient étre pris en compte pour expliquer pleinement ce
phénomene | , , ]. De plus, ces allométries sont dites interspécifiques,
dans le sens ou elles font intervenir des grandeurs moyennes a 1’échelle des especes, et sont
valides pour une trés large gamme d’organismes vivants, méme si la fluctuation de leurs
masses se fait a des échelles différentes (voir Figure 1.1). Ces relations entre des grandeurs
populationnelles sont alors souvent extrapolées a ’échelle individuelle | ]. De
nombreux articles [ , , , | montrent que ce passage d’une
comparaison entre especes a une comparaison entre individus au sein d’une méme espece
n’est pas fondé. Ces travaux exhibent des relations allométriques dites intraspécifiques,
c’est-a-dire valides au sein d’une espece donnée, ou les coefficients allométriques mesurés
different fortement des coefficients allométriques prédits par la Théorie Métabolique de
I’Ecologie, comme présenté en Table 1.1.

Le questionnement fondamental qui sous-tend l’ensemble de ces travaux, que ce soit
pour les adeptes ou les détracteurs de la Théorie Métabolique de I’Ecologie, porte sur
I’émergence des relations allométriques, observées de fagon systématique au cours de la
mise en oeuvre d’innombrables procédés expérimentaux | . Au centre de ce débat,
ce sont des visions de 1’écologie évolutive qui s’affrontent, mettant a I’honneur tantot
loptimisation de facteurs internes et physiologiques comme le métabolisme [ ],



Parameter (units) General theory Generation Predicted scaling exponent Observed scaling exponent

Max. intrinsic growth rate MP-! 200 0.17 0.18
(; 1/time) 300 —0.11 013
400 ~0.07 038
Biomass M-P 200 -0.17 0.7
(Kpio; biovolume) 300 0.11 —%
400 0.07 0.35
Density M-bP 200 —1.17 -0.47
(Kpop; cell density) 300 —0.89 —0.88
400 ~093 ~0.59
Biomass product. M° 200 0 0.83
(rpio; biovol./time) 300 0 —0.13
400 0 041
Cell product. M 200 -1 -0.17
(rpop; cell/time) 300 -1 1.13
400 -1 ~0.59
Total energy use M° 200 0 0.71
(Eor; energy) 300 0 0
400 0 034
Table 1.1: Ce tableau est tiré de | |. Les auteurs sélectionnent des individus au sein

de la méme espece d’algue verte Dunaliella tertiolecta par centrifugation. Cette sélection
artificielle permet de séparer les individus les plus gros des plus petits, pour introduire
ces deux types d’individus dans de nouveaux milieux distincts, et les faire se reproduire
indépendamment. Cette centrifugation suivie d’une sélection est répétée entre chaque
génération, et cela a pour conséquence une évolution artificielle de la taille des individus
au cours de I'expérience. Les auteurs mesurent différents parametres démographiques aux
générations 200, 300 et 400. La Théorie Métabolique de I’Ecologie prédit alors un ensemble
de relations allométriques vérifiées par ces parametres, qui font intervenir la taille du corps
M et le coefficient allométrique fondamental S reliant vitesse de perte de masse au cours
du temps et taille du corps. Ces prédictions théoriques sont comparées aux coefficients
allométriques observés au cours de l'expérience. Les coefficients allométriques observés
pour lesquels les intervalles de confiance sur les mesures effectuées ne contiennent pas les
prédictions théoriques sont présentés en rouge.

ou au contraire insistant sur les facteurs externes tels que la compétition ou la pression
environnementale | ]. Les relations allométriques sont vues comme un mécanisme
structurant les écosystemes, et une meilleure compréhension des phénomenes évolutifs
aboutissant a de telles relations est encore a développer pour des réseaux trophiques com-
plexes (i.e. ensemble d’especes en interaction au sein d’un écosystéme, incluant des dy-
namiques de production de ressources, de prédation, et de décomposition des organismes).
Nous pouvons citer les travaux récents de Wickman et al. pour un systeme d’interaction
proie-prédateur entre deux especes, avec apport de ressources extérieures pour la popu-
lation de proies | |. Dans cet article, les auteurs proposent de voir les allométries
interspécifiques (décrivant des grandeurs moyennes sur les populations considérées) comme
un phénomene émergent des dynamiques individuelles, structurées par des allométries in-
traspécifiques, et de mécanismes éco-évolutifs tels que la compétition (voir Figure 1.2).
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Figure 1.2: Cette figure est tirée de [WLIK24]. L’objectif des auteurs est de concevoir un
modele d’interactions entre une population de phytoplanctons consommant une ressource
dont l’apport est controlé, et une population de zooplanctons qui se nourrissent des
phytoplanctons. Ils disposent de données expérimentales a 1’échelle microscopique (ce
sont les graphes en bleu au bas de la figure) et a ’échelle macroscopique (ce sont les
graphes en jaune en haut de la figure). Plus précisément, les figures F & I présentent en
échelle logarithmique les relations allométriques mesurées, dites microscopiques, reliant
diverses propriétés individuelles des phytoplanctons a la taille de leur corps (chaque point
représente un individu, contrairement a la Figure 1.1 ou chaque point représentait une
espece), et les coefficients allométriques intraspécifiques av sont précisés. Les figures A a
D présentent en échelle logarithmique les relations allométriques mesurées, dites macro-
scopiques, reliant diverses propriétés populationnelles moyennes des zooplanctons a la
densité moyenne observée en phytoplanctons (cette fois-ci, chaque point représente une
expérience indépendante et des grandeurs moyennes associées aux différentes populations
de plancton étudiées), et les coefficients allométriques interspécifiques « sont précisés. Les
auteurs proposent un modele dont les mécanismes sont présentés en figure E, qui prend
en entrée les données microscopiques, et propose en sortie des prédictions pour les valeurs
des coefficients allométriques macroscopiques mesurés expérimentalement (ces coefficients
théoriques ne sont pas présentés sur cette figure). Les coefficients obtenus a partir des
données expérimentales en jaune sont compatibles avec les valeurs théoriques prédites,
les auteurs expliquent donc 'apparition d’allométries interspécifiques comme phénomene
émergent d’allométries intraspécifiques et de mécanismes éco-évolutifs.

(A et B) Densité de biomasse des zooplanctons par rapport a la densité de biomasse des
phytoplanctons, respectivement pour la Manche et ’océan Atlantique. (C) Masse moyenne
du corps cellulaire des phytoplanctons par rapport a la densité de biomasse des phyto-
planctons. (D) Production de phytoplancton en fonction de la densité de biomasse des
phytoplanctons. (E) Schéma du modele éco-évolutif proposé. (F) Masse du corps cellulaire
du phytoplancton en fonction du volume cellulaire. (G) Respiration du phytoplancton en
fonction du volume cellulaire. (H et I) Affinité d’absorption d’azote du phytoplancton et
absorption d’azote renormalisée en fonction du volume cellulaire.



Ainsi, en s’inspirant de travaux récents en écologie évolutive | , , 1,
I'un des objectifs principaux de ce travail de theése est de renverser la maniere classique
de justifier les relations allométriques précises proposées par la Théorie Métabolique de
I’Ecologie par un modele théorique. Plutét que de considérer les allométries comme un
mécanisme impactant les dynamiques écologiques des écosysteémes (dans | | par
exemple, les auteurs utilisent une structure allométrique explicite pour prédire I’évolution
de la structure de communautés marines dans un contexte de changement climatique), nous
concevons un modele ol ce sont au contraire les mécanismes écologiques qui contraignent
les coefficients allométriques a prendre des valeurs précises. Nous nous affranchissons donc
de contraintes allométriques imposées a priori dans notre modele, qui constituaient une
des limites majeures des modeles existants [ , , ], pour étudier
de fagon systématique les relations émergentes sur les allométries interspécifiques. Enfin,
a notre connaissance, les modeles mathématiques proposés par les biologistes en écologie
évolutive pour étudier les relations allométriques sont pour la plupart déterministes | ,

, ]. Nous présentons dans ce travail de theése des modeles stochastiques qui
rentrent dans la catégorie des modeles individu-centrés, et proposons donc un formalisme
probabiliste pour aborder des questionnements similaires a ceux traités par les modeles
déterministes antérieurs. De plus, nous obtenons dans le Chapitre II un résultat de tension
pour notre modele stochastique dans une asymptotique de grande population, et exhibons
a la limite un modele déterministe, régi par un systeme d’EDP proche des équations du
type McKendrick-Von Foerster proposées par des modeles existants [ ].

1.2 Les modeéles individu-centrés dans la littérature

Dans ce travail de theése, nous proposons un modele général pour décrire 1’évolution d’un

systeme d’interactions entre une population d’individus, caractérisés par un trait appelé

énergie, et une ressource, d’abord supposée constante au cours du temps, puis variable

avec un terme de consommation modélisant la compétition entre individus. Ce modele

s’inscrit dans la lignée des modeles individu-centrés structurés | , , ,
, |, dont les ingrédients principaux résident dans:

- Dexistence d’une structure, c’est-a-dire de traits caractérisant les individus et dont
nous pouvons décrire ’évolution en tout temps,

- des mécanismes intervenant a ’échelle individuelle, dépendant du trait de I'individu
considéré, et qui décrivent les dynamiques aléatoires de naissance et mort au sein
de la population, ainsi que les dynamiques déterministes d’évolution du trait car-
actérisant les individus (celui-ci peut sauter brusquement lors d’un événement aléatoire,
et évolue continument entre les sauts),

- I’étude d’'un processus a valeurs mesures (u¢)i>0 de la forme

o=y Oen, (1.2.1)

ueVy

ou V; est un ensemble d’indices décrivant les individus vivants au temps ¢, et pour
u € Vi, (&)¢ est la trajectoire de 'individu u (c’est-a-dire I’évolution de son trait au
cours du temps).

Ces modeles ont a l'origine été introduits par Fournier et Méléard | |, puis étoffés par
Champagnat avec I’ajout d’une structure de traits variables pour étudier des phénomeénes



de mutation et de sélection [ |. Ensuite, Tran propose 1’ajout d’une structure d’age
[ |, et 'interaction avec une ressource dans le cas d’une structure en masse est étudiée
par Campillo et Fritsch | |]. Tchouanti propose également dans des travaux récents
[ ] de rajouter un terme de diffusion dans les dynamiques stochastiques individuelles
du modele.

Plus précisément, nous construisons le processus & valeurs-mesures (j¢)y>p comme un
Jumping Markov Process | ], c’est-a-~dire que nous construisons une suite d’instants de
saut (correspondant aux naissances et aux morts au sein de la population) entre lesquels le
processus est déterministe et donné par un systeme d’équations différentielles ordinaires.
La simulation numérique d’un tel processus est généralement cofiteuse a la fois en temps
de calcul et en espace de stockage, en particulier dans le cas de I’étude de grandes popula-
tions. L’un des résultats fondamentaux a la base de cette riche littérature sur les modeles
individu-centrés est un théoreme de convergence, dans une asymptotique de grande pop-
ulation, d’une suite de renormalisations du processus (ft)¢>0 vers la solution déterministe
d’un systeme d’équations intégro-différentiel. En particulier, simuler un systeme d’EDP
permet de réduire considérablement le temps de calcul nécessaire, et ouvre la voie a une
étude numérique des dynamiques de population d’un point de vue évolutif | ]. Dans
ce travail de these, nous établissons notamment dans le Chapitre II un résultat de tension
similaire au résultat de convergence du type précédent, mais dans un espace de mesure a
poids.

1.3 Chapitre I — Un modele stochastique individu-centré
avec ressources constantes : contraintes vérifiées par les
coefficients allométriques pour un processus de branche-
ment surcritique

La premiere partie de notre travail s’attache a la conception et a I’étude d’un modele
individu-centré structuré en énergie décrivant une population d’individus consommant
une ressource supposée constante au cours du temps. Nous utilisons délibérément le mot
énergie au lieu de masse ou taille. En effet, les biologistes mesurent le transfert de biomasse
plutét que les masses elles-mémes lorsqu’ils estiment les taux métaboliques des individus
[ , ]. C’est pourquoi nous préférons ce terme générique d’énergie, associé a4 un
stock variable de ressources destinées a étre investies par un individu pour sa subsistance
ou sa reproduction. Nous introduisons comme parametre du modele une énergie typique
xo > 0 caractérisant ’espece considérée, qui représente 1’énergie de chaque nouvel individu
apparaissant dans la population lors d’une naissance. Ce mécanisme de reproduction
spécifique rend notre modele plus proche des modeles structurés par age [ , ]
que des modeles de croissance-fragmentation [ , |. Nous supposons que la
ressource consommeée par les individus est maintenue a un niveau constant R, négligeant
ainsi les interactions des individus a travers la consommation de la ressource. L’ensemble
du systeme est régi par deux types de mécanismes :

- des sauts aléatoires correspondant aux naissances et morts dans la population, ou les
taux de naissance et mort dépendent de I’énergie d’un individu au cours du temps,
et sont notés respectivement b et d,

- une évolution continue et déterministe de 1’énergie des individus entre les sauts, ou
chaque énergie individuelle évolue a la vitesse g(., R), qui dépend de I'état R de la



ressource. Cette vitesse est décomposée en deux termes, g(x, R) := f(x, R) — {(x),
ou f(.,R) > 0 représente un terme de croissance qui dépend a la fois de ’énergie
individuelle et de I'état R de la ressource, et £ > 0 est un terme modélisant la
perte d’énergie des individus au cours du temps, c’est-a-dire leur métabolisme, et
ne dépend que de énergie d’un individu. La fonction (z, R) — g(z, R) peut donc
prendre des valeurs positives ou négatives.

Nous définissons les trajectoires individuelles a valeurs dans R* x {0} ol 0 est un état
cimetiere représentant la mort de I'individu, de fagon itérative. Nous construisons une suite
d’instants de saut pour chaque trajectoire, représentant les événements de naissances et
mort pour chaque individu. Nous rassemblons alors ces processus individuels en un pro-
cessus populationnel, associé lui aussi a une suite d’instants de saut, qui est la réunion des
instants de saut individuels. Les trajectoires individuelles sont indépendantes condition-
nellement a la condition initiale pour la population, car nous supposons qu’il n’y a pas de
compétition pour la ressource. Nous étudions donc un processus de branchement et comme
les individus sont tous identiques a la naissance, nous pouvons nous focaliser plus parti-
culierement sur ’étude d’une trajectoire individuelle d’énergie initiale z¢. Nous étudions
alors un Processus de Markov Déterministe par Morceaux | ], dont le générateur
étendu est donné pour toute fonction ¢ vérifiant de bonnes conditions de régularité par

. (2, R)¢'(z) + b(z) (p(z — 20) — ¢(2)) Lzsagy + d(2)(0(0) — @(x)) if x # 0,
wwH{g @ @ 0 9022) (>0} @ v 7o

Le terme g(z, R)¢'(z) représente Iévolution déterministe de 1’énergie individuelle entre
les instants de saut a vitesse g ; le terme b(x) (p(r — o) — p()) L{z>a,) signifie qu'a un
taux b(.) dépendant de ’énergie de I'individu, un événement de naissance survient et le
parent perd une quantité d’énergie xy pour le transmettre a son enfant (pour empécher les
énergies individuelles de prendre des valeurs négatives, nous imposons que les naissances
surviennent, si et seulement si ’énergie du parent est strictement supérieure a xg) ; et le
terme d(z)(p(0) — p(x)) signifie qu’a un taux d(.) dépendant de I’énergie de 'individu, ce
dernier meurt et son énergie rejoint 1’état cimetiere 9. Par rapport aux modeles individu-
centrés développés précédemment dans la littérature, les nouveaux ingrédients que nous
proposons sont les suivants.

- Les modeles précédents étudient le cas classique de la mitose cellulaire | , ,
], ot la masse d’un individu a la naissance est égale a celle du parent multipliée
par un rapport a € (0, 1), éventuellement aléatoire et tirée suivant un noyau de prob-
abilité. Dans notre cas, nous souhaitons pouvoir distinguer les especes étudiées via
Iénergie typique d’un individu a la naissance zg, introduite comme parametre du
modele. Ainsi, nous remplacgons le mécanisme de division “multiplicatif” précédent,
par un mécanisme “additif”, ot ’on retranche 1’énergie caractéristique xg a 1’énergie
des individus concernés par un événement de naissance. Ce mécanisme de division
spécifique sera conservé dans ’ensemble de la these et amene de nombreuses compli-
cations, a la fois théoriques pour I’étude du processus de branchement du Chapitre
I ou pour prouver le résultat de tension du Chapitre II ; et numériques pour la
conception de nos algorithmes dans le Chapitre III.

- Les modeles structurés en age [ | ou en masse | | étudiés précédemment
font I’hypothése d’un trait croissant au cours du temps en dehors des événements
de naissance. Nous autorisons le trait des individus — I’énergie dans notre cas — a
étre non-monotone (i.e. la fonction (z, R) — g(z, R) peut changer de signe), ce qui



permet par exemple de modéliser des populations d’individus subissant des famines

[ J

- Dans 'ensemble des modeles individu-centrés décrits auparavant, les taux de sauts
individuels sont bornés | , , , ]. L’ambition principale de
notre travail est de s’affranchir de ces hypotheses, notamment pour pouvoir étudier
le cas de taux de sauts allométriques.

Le fait d’autoriser les taux de naissance, mort ou croissance des individus & étre non-bornés
pose d’emblée un probleme de bonne définition de notre processus. En effet, les trajectoires
individuelles peuvent alors exploser ou toucher 0 en temps fini, ou la suite des instants de
saut admettre un point d’accumulation fini, ce qui ne reflete pas les comportements bi-
ologiques attendus. Une premiere partie de notre travail consiste donc, en toute généralité,
a spécifier les hypotheses qui garantissent la bonne définition de notre processus en tout
temps dans le cas de taux non-bornés. Apres ce travail préliminaire, nous nous intéressons
plus particulierement au cas ol les parametres fonctionnels du modele sont allométriques.
Précisément, nous supposons qu'il existe (3,6) € R et (Cg, Cs, Cy, C,, @, 7) € R% tels que
pour tout x > 0 et R > 0,

- b(z) == CyaP,
- d(z) := Csa9,
- l(x) =

f(z,R) := ¢(R)Cy27, et donc g(z, R) := ¢(R)CyzY — Cpz®,

avec 0 < ¢ < 1 une fonction croissante et typiquement sigmoidale, qui représente une
réponse fonctionnelle, par exemple de la forme Holling de type II ou III | ]. L’allure
typique d’une trajectoire individuelle dans le cadre allométrique est présentée en Fig-
ure 1.3.
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Figure 1.3: Allure typique de I’évolution d’une énergie individuelle & en fonction du temps,
dans le cas allométrique avec les parametres xg = 1, a =y =3d+1 = 3/4, f = —0,2,
Cs=2,C; =05 C, =2 Cy=1cet (R) =2/3. Chaque discontinuité correspond a
un instant de saut ou 'individu donne naissance a un descendant et perd I’énergie xy. La
ligne orange verticale en pointillés représente la mort de I'individu.



Ainsi, les parametres b, d, f, respectivement £ font intervenir des fonctions de type puis-
sance, associées respectivement aux coefficients allométriques 8 pour le taux de naissance,
6 pour le taux de mort, v pour le taux de croissance, et o pour le taux métabolique.
Dans ce chapitre, notre objectif principal est de mettre en évidence des relations entre ces
coefficients allométriques, nécessaires pour vérifier les hypothéses suivantes:

Hypotheéses I: Pour toute espéce considérée (c’est-a-dire pour toute valeur de xg),

- le modéle est biologiquement pertinent (i.e. presque sirement, les énergies individu-
elles n’explosent pas et ne s’annulent pas, et les individus meurent en temps fini),

- la probabilité de survie de la population dans un milieu ot la ressource est suffisante
est strictement positive (i.e. avec une quantité suffisante de ressources, le processus
de branchement que nous avons construit est surcritique).

Nous proposons donc un modele interspécifique général dans 'esprit de la Théorie Métabo-
lique de I’Ecologie, mais ol les hypotheses allométriques sont faites a 1’échelle de I'individu,
et nous étudions la loi de reproduction d’un processus de branchement. Notre but n’est pas
d’expliquer I’émergence des allométries et leurs aspects évolutifs, mais plutét d’identifier
les valeurs admissibles des coefficients allométriques 3, § et v en fonction du coefficient
fondamental « reliant métabolisme et énergie individuelle. Des relations précises entre ces
coefficients allométriques sont justifiées par la Théorie Métabolique de I’Ecologie [ ,
| et présentées sous la forme

a=vy=0+1=p0+1. (1.3.2)

Nous introduisons également les relations allométriques suivantes, définies dans le cas ou
Cy>Cqy:

a=v=0+1 and B>a—-1+C5/(C,—C,). (1.3.3)

Le résultat principal de ce chapitre est le Théoreme 1.2.1, dont un énoncé informel est le
suivant.

Théoréme : Sous les Hypotheses I, les coefficients allométriques (o, 7, d, B) vérifient
(1.3.2) ou (1.3.3).

Réciproquement, si (1.3.2), alors les Hypothéses I sont vérifiées. De plus, il existe
des coefficients (a, 7,6, B) vérifiant (1.3.3) tels que les Hypothéses I sont vérifiées.

Pour démontrer ce résultat, nous utilisons notamment des techniques de couplage pour
comparer les trajectoires individuelles. Par ailleurs, nous avons été inspirés pour une
partie de ces travaux par le concept de pseudotrajectoire asymptotique développé par
Benaim et Hirsch | ], qui permet d’établir un lien entre le comportement asympto-
tique des trajectoires d’un processus stochastique et les courbes intégrales associées a un
flot déterministe. Notre vision interspécifique s’appuie sur des raisonnements ou xzg — 0
ou +oo pour déduire des contraintes mathématiques de nos hypotheses biologiques.

Bien que nous retrouvions les relations allométriques précises proposées par la Théorie
Métabolique de I’Ecologie, elles ne constituent pas le seul jeu de parametres compatible
avec les Hypotheses 1. Nos arguments purement probabilistes et provenant de raison-
nements mathématiques éclairent d’un jour nouveau les approches habituelles basées sur
des résultats expérimentaux. Nous explorons les différences de comportement entre les



jeux de parametres (1.3.2) et (1.3.3) dans des simulations numériques. Notamment, au
vu de ces simulations, nous conjecturons que pour tout zog > 0 et R tel que g(xo, R) > 0,
I’espérance du nombre de descendants directs d’un individu d’énergie initiale x( est finie
dans le cas (1.3.2) et infinie dans le cas (1.3.3). Le travail présenté dans ce chapitre a
fait 'objet d’un article, soumis & la revue Annals of Applied Probability, et en cours de
relecture.

1.4 Chapitre II — Un modele stochastique individu-centré
avec ressources variables : un résultat de tension avec
des taux de croissance, de naissance et de mort non-
bornés

La deuxieme partie de notre travail propose une modification du modele du Chapitre
I, en autorisant la ressource a varier au cours du temps, via un terme de renouvelle-
ment, et un terme de consommation représentant une compétition indirecte entre les
individus. L’objectif est double : tout d’abord, il est naturel de souhaiter intégrer des
dynamiques de compétition pour la ressource pour une étude plus aboutie des relations
allométriques | , , ] ; ensuite, ce travail s’inscrit plus généralement dans
la lignée des modeles individu-centrés d’évolution darwinienne oli compétition, mutation
et sélection sont des ingrédients centraux [ , , ]. Contrairement a la
partie précédente, nous ne bénéficions plus d’une propriété de branchement pour simplifier
I’étude du processus populationnel. Les trajectoires individuelles dépendent maintenant
de I’évolution de la ressource au cours du temps, qui dépend elle-méme des énergies indi-
viduelles. Ainsi, nous étudions un processus (i, R¢)t>0, OU 4 est une mesure ponctuelle
finie de la forme (1.2.1) représentant 1’état de la population, et R la quantité de ressource.
Les individus sont repérés par des indices u € U := |J,,c(N*)"", et I'ensemble des in-
dividus vivants au temps ¢ est donné par un ensemble aléatoire V;. Nous construisons
a nouveau le processus populationnel de maniere itérative, en introduisant des mesures
ponctuelles de Poisson N et N7 sur U x R x R™ pour déterminer les instants de saut cor-
respondant & des naissances, respectivement des morts, au sein de la population. Comme
dans le Chapitre I, entre les instants de saut, chaque énergie individuelle &' pour u € V;
vérifie

dgi'

3 =9 Re) = fE Re) — A&, (1.4.4)

ou f(x,R) représente la vitesse de consommation de la ressource R par un individu
d’énergie x, et {(x) le taux métabolique d’un individu d’énergie xz. L’évolution de la
ressource R; est donnée par

% = p(Ry, i) :==<(Ry) — X o f(x, Ry)p(d), (1.4.5)

+

ou ¢ est un terme de renouvellement choisi de telle sorte que la ressource reste dans un
compact [0, Ryax] au cours du temps, avec Rpax > 0. Le parametre x > 1 est 'inverse
du coefficient d’efficacité de conversion énergétique (i.e. 1/x représente la proportion de
ressources consommeées par un individu effectivement convertie en énergie individuelle), et
pt est donnée par (1.2.1). Le terme intégral représente donc la vitesse de consommation
totale de la ressource par la population, pondérée par le parametre y. La fonction ¢
est choisie de facon assez générale, notre modele englobe donc les modeéles de chemostat
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ou la ressource est abiotique | |, mais peut aussi suivre I’évolution d’une ressource
biotique | , : ]. Sur un ouvert ¥ € Mp(R%) X [0, Rmax] x RT, ou
Mp(R%) est I'ensemble des mesures ponctuelles finies, nous définissons un flot & valeurs
dans Mp(R%) x [0, Ryax] sous la forme

X Y — MP(Rj_)X[O,Rmax]
(1, Rit) = Xi(p, R) == (X{(1, R), X]* (1, R)) -

Ce flot déterministe représente ’évolution des énergies individuelles (cette information est
regroupée dans la mesure X/'(u, R) de la forme (1.2.1)) et de la ressource X/*(u, R) &
partir d’une condition initiale (p, R), et suivant le systéeme d’équations couplées (1.4.4)
et (1.4.5). Une des principales difficultés qui survient dans notre cas comparé a d’autres
modeles existants [ , ] est que ce flot n’est pas défini globalement pour tout
(1, R, t) € Mp(R%) x [0, Ryax| X RT, mais seulement localement sur I'ouvert 4. De plus,
pour un individu donné d’indice u, la fonction ¢t — g¢(&', R;) peut changer de signe au
cours du temps, donc I’évolution de &' n’a donc aucune raison d’étre monotone. De la
méme maniere que dans le Chapitre I, a ces difficultés pour définir la partie déterministe
de notre processus s’ajoute une potentielle accumulation de temps de saut en temps fini.
Ces problemes sont essentiellement diis au choix de taux de saut non-bornés b, d et g,
et un travail préliminaire est nécessaire pour assurer la bonne définition du processus en
tout temps. Une fois ce travail effectué, nous montrons que le processus (i, Rt)t>0 peut
s’écrire

(pe, Re) = Xt (po, Ro)
t
+ / / Liueve 1 Yn<nen )y [ Xi—s(ps— + 6z + 0¢v —gy — Ogv, Rs)
0 Z/{><Ri

- ths(,udsfa RS)]N(CIS, du, dh)

t
+ / / Liueve ylin<dier )3 [ Xe—s(ps— — G¢v , Rs)
0 Z/{XR:

— Xi—s(ps—, Rs)|N'(ds, du, dh),

olt 'on adopte une convention pour pouvoir écrire le flot X' (11, R) pour tout (u, R,t) €
Mp(R%) %[0, Rmax| xR, Cette écriture formelle est classique dans la littérature (Définition
2.4. dans | ], Section 4.1 dans | ]), et doit étre comprise comme une somme
téléscopique. Tout d’abord, les énergies et les ressources individuelles évoluent de maniere
déterministe, en suivant le flot Xy(po, Rp). Ensuite, a chaque événement de naissance
ou mort, nous remplacons le flot actuel par un nouveau flot, modifié en suivant les
mécanismes de naissance et de mort de notre modele. Nous construisons ainsi un Jump-
ing Markov Process | | dont le générateur étendu est donné pour toute fonction de la
forme Fy, : (p,r) — Fo(p,7) := F({i, ), ), avec F' : (z,7) — F(z,7) et ¢ des fonctions
vérifiant certaines conditions de régularité (et en notant 0,F,(u,r) := 0, F ({1, ¢),r) et
OpFyo(p, 1) := 0, F ({1, ), 7)), par

LE, (1) = p(p, )0 Fip(pay ) 4 (pt, g (1) 0" () 0u Fip (1, 7)

+ /R ib(gc) (Fw(u + 0ag + Og—ag — 0z, 7) — Fip(ps, r)> p(dz)

- /R* d(@) <F('D(’u — 0z, 1) = Foo, T))M(dx).
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Le terme p(pu, )0, F,(p,7) est relatif a I’évolution de la ressource au cours du temps, suiv-
ant (1.4.5) ; le terme (u, g(.,r)¢'(.))0rF,(p,7) est relatif & I'évolution déterministe des
énergies individuelles entre les instants de saut a vitesse g, suivant (1.4.4) ; le premier
terme intégral signifie que pour chaque individu d’énergie x et vivant au temps ¢, a un
taux b(z) dépendant de Iénergie de 'individu, un événement de naissance survient et le
parent perd une quantité d’énergie xg pour le transmettre a son enfant, qui apparait alors
dans la population comme une masse de Dirac en xg ; et le second terme intégral signifie
que pour chaque individu d’énergie = et vivant au temps ¢, a un taux d(x) dépendant
de I'énergie de 'individu, un événement de mort survient et on retire cet individu de la
population.

Nous introduisons ensuite une suite de processus renormalisés (1<, RX ;>0 construits sur le
meéme modele que précédemment. Le parametre K est un parametre d’échelle représentant
le nombre d’individus constituant la population a I'instant initial. Dans le cas de I'étude
d’un chemostat, ce parametre peut également étre vu comme le volume total de la cuve ou
les bactéries interagissent avec le substrat | |. Nous souhaitons regarder le comporte-
ment de notre modele dans une asymptotique de grande population, lorsque le parametre
K tend vers +o0o. Contrairement aux travaux précédents sur des renormalisations sim-
ilaires de modeles individu-centrés, nous devons ajouter une hypothese supplémentaire
importante, due au fait que nos taux sont non-bornés, de la forme suivante (la forme
précise est donnée en Section I1.1.4.2).

Hypothese I1.1: Il existe une fonction réguliére et croissante w, vérifiant des condi-
tions du type “fonction de Lyapunov” associée au générateur étendu £ du processus.

Déterminer une fonction de Lyapunov associée au générateur étendu d’un processus de
Feller général permet par exemple d’énoncer des résultats de retour du processus dans des
ensembles compacts en des temps exponentiels, mais constitue un probleme difficile | ,

]. Sous réserve d’existence d’une telle fonction w, nous définissons une topologie &
poids sur I'ensemble M, (R% ) des mesures intégrant la fonction w, appelée topologie w-
étroite. C’est la topologie la plus fine pour laquelle les applications p +— (u, f) sont
continues, avec f toute fonction continue sur R% telle que f/w soit bornée, et (u, f) :=
fRi f(x)u(dz). Nous construisons alors un espace polonais (M, (R%),w) qui peut étre
muni d’'une distance qui métrise la topologie w-faible. Nous travaillons également sous
une hypothese classique d’existence de moments pour la condition initiale ué( , controlés
uniformément en K | , , ], adaptée au poids w :

Hypothese I1.2: [l existe p > 1 tel que

sup E (((,u(l)(, 1 +Id+w))p> < +o0.
KeN*

Le résultat principal de ce chapitre est le Théoreme I1.3.1. Il indique que pour tout 7" > 0,
sous les Hypotheses II.1 et I1.2, la suite des lois des processus ((uf , RE )te[o,T]) fo>p €st
tendue dans l'espace de Skorokhod D([0, 7], (My(R%), w) X [0, Rmax]). De plus, toute
valeur d’adhérence (117, R} );eo,r] de cette suite est un processus continu & valeurs dans
(My(REL),w) x [0, Ripax], déterministe conditionnellement a la condition initiale (s, Rf),
et caractérisé par le systéeme d’équations intégro-différentiel au sens faible suivant. Pour
tout t € 0,77,

t
R = Ry + / p(R, 10)ds (1.4.6)
0
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et pour toute fonction ¢ : (t,x) € [0,7] x R+ ¢;(x) suffisamment réguliere et controlée
par le poids w,

o = o+ [ [ (0umu(0) + g0 RO

+ b(z) (ps(z0) + ps(x — 20) — @s(z)) — d(x)gos(x)> pi(de)ds. (1.4.7)

Le schéma de preuve de ce résultat de tension suit un chemin bien balisé, proposé initiale-
ment par Fournier et Méléard [ |, mais a chaque étape de la preuve, nous rencontrons
des difficultés supplémentaires du fait de l'interaction avec la ressource et des taux non-
bornés. Nous devons notamment formuler des critéres de tension dans des espaces de
mesure a poids, et non plus simplement pour I’espace des mesures finies. Nous adap-
tons les résultats de Roelly | ], et Méléard-Roelly | | pour travailler avec la
topologie w-étroite. Sous réserve qu’il existe une unique solution au systeme d’équations
(1.4.6) et (1.4.7), notre résultat de tension devient un résultat de convergence vers la limite
(1t 5 Rf )tefo,r) ainsi identifiée. A notre connaissance, il s’agit du premier résultat de tension
de ce type pour un modele individu-centré avec des taux non-bornés. Nous montrons en
particulier que notre théoreme s’applique dans le cas allométrique (i.e. nous démontrons
lexistence d’une fonction poids w adaptée au cas allométrique). En particulier, notre
résultat de tension s’applique pour une gamme de coefficients allométriques qui comprend
le cas (1.3.2) proposé par la Théorie Métabolique de I’Ecologie. Nous proposons également
dans le Théoreme I1.5.3 une extension du Théoreme I1.3.1 sous I’hypothese supplémentaire
suivante concernant les valeurs d’adhérences (i, Rf)icjo,r)- En notant w := 1 +1Id + w,
et de la méme maniere que nous avons défini la topologie w-étroite sur 'espace M, (R%),
nous pouvons définir une topologie w-étroite sur 'espace M (R%) des mesures intégrant
la fonction w, et nous notons (Mq(R%), w) 'espace polonais associé.

Hypothése I1.3: Toute valeur d’adhérence (puy)icio,r] est un processus continu a
valeurs dans (Mg (R%),w), et pour tout t € [0,T], (uf,dw) < +oo.

Sous "'Hypothese I1.3, nous étendons le résultat du Théoreme I1.3.1 a une tension dans
I'espace de Skorokhod D([0,T7],(Mx(R%),w) % [0, Ryax]). Conditionnellement a ug, le
processus limite (if);c(o,r) est déterministe et caractérisé par (1.4.6)-(1.4.7). Ainsi, nous
transposons notre questionnement probabiliste en un questionnement déterministe. 11
reste a prouver un résultat de régularité et de controle d’une solution mesure a un systeme
d’EDP, ce qui constitue une piste potentielle de collaboration avec des spécialistes du
domaine. Le travail présenté dans ce chapitre est I’objet d’un article de recherche qui sera
soumis prochainement dans un journal a comité de lecture.

1.5 Chapitre III — Lien entre modeles stochastiques et déter-
ministes, et illustration numérique avec des parametres
allométriques

Le Chapitre III se distingue des deux premiers chapitres de par sa nature exploratoire, et
présente de nombreuses conjectures étayées par des simulations numériques de nos proces-
sus. La derniere partie de notre travail présente d’abord des résultats complémentaires sur
les solutions au systeme (1.4.6)-(1.4.7) décrit dans la deuxiéme partie. Nous travaillons
notamment sous ’hypothese ou une solution mesure p; admet une densité u; par rapport
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a la mesure de Lebesgue sur R*. pour tout ¢ € [0, 7], et cela nous permet de reformuler le
systeme d’équations (1.4.6)-(1.4.7). Cela donne, sous réserve d’existence des termes mis
en jeu, pour tout ¢ € [0,7] et x € R} \ {z0},

Opur(x) + Oy <g(a:, Rf)ut(a;)) = b(x + zo)ut(x + z9) — (b(x) + d(z))us(x),

avec

dR;
dt

= S(B) = x [ fla Ryu(x)ar

+

et la condition de bord

J

Nous proposons également une version simplifiée du systéme précédent, a ressources fixées
R > 0, sous la forme

by)us (y)dy = <ut(fﬁo+) - ut<xo—>)g<xo,Rz‘>.

*
+

Orur(x) + Oy (g(x, R)ut(m)> = b(x + xo)ut(z + zo) — (b(x) + d(x))us(x),

/R b(y)ue(y)dy = (Ut(xoﬂ - Ut(ﬂfo—)>9(9€0, R).

Nous cherchons alors des solutions particuliéres au systéme a ressources fixées R, dites
décorrélées, sous la forme u : (t,z) — ure?, R), avec ug > 0, Ag € R. Ces solutions
sont associées a un probleme aux valeurs propres pour lequel nous conjecturons I’existence
de solutions. En particulier, pour Ar = 0, cela correspond a des équilibres non-triviaux
pour notre systeme d’individus en interaction avec une ressource. Dans le cas allométrique,
nous montrons l'unicité de la valeur pour la ressource Ry a un tel équilibre, sous réserve
d’existence. Tout d’abord, cela nous permet de formuler un critere explicite de validation
des schémas numériques utilisés pour simuler le systeme d’EDP (1.4.6)-(1.4.7).

*
+

Critere: Un schéma d’approximation numérique utilisé pour simuler [’évolution
temporelle du couple (ug, Ry); est considéré comme incorrect s’il vérifie Ry — Req
quand t — +oo.

Ensuite, dans le Corollaire I11.1.11, nous montrons que parmi les deux jeux de coefficients
allométriques (1.3.2) et (1.3.3) identifiés dans le Chapitre I, le seul qui est compatible
avec la valeur de ressource a I’équilibre R, vérifie la premiere relation (1.3.2), qui est
précisément celle proposée par la Théorie Métabolique de I’Ecologie. Il resterait a prouver
I’existence d’un tel équilibre dans le cas allométrique.

Dans la suite de ce chapitre, nous présentons des simulations numériques illustrant notam-
ment le résultat de convergence (sous réserve d’unicité de la solution mesure au systéme
(1.4.6)-(1.4.7)) en grande population du Chapitre II dans le cas allométrique, comme en
Figure 1.4. De nombreuses difficultés surgissent dans la mise en oeuvre de nos algorithmes,
dues au caractere non-borné des taux de saut et a notre mécanisme de division spécifique
lors des événements de naissance. Nous débattons en détail des méthodes mises en place
pour les contourner. Les calibrations de nos algorithmes sont tres spécifiques au jeu de
parametres allométriques que nous choisissons, et nous ne proposons donc pas une fagon
systématique de traiter les difficultés évoquées ci-apres, mais plutot des pistes de réflexion
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pour valider nos schémas numériques au regard du critere que nous nous sommes donné.
Par exemple, nous discutons l'utilisation d’algorithmes d’acceptation-rejet | ] pour
la simulation du modele individu-centré en Section IT1.3. Aussi, en Section I11.4.1, pour
la construction des schémas d’approximation numérique de 'EDP vérifiée par la den-
sité wuy, nous proposons une grille de discrétisation en énergie spécifique pour respecter
la dynamique des naissances qui fait intervenir le parametre xg, en s’inspirant de grilles
proposées dans la littérature | , |. Enfin, il nous faut calibrer précisément le
pas de temps associé a notre schéma d’approximation numérique en fonction de la grille
de discrétisation en énergie choisie.

IBM
— EDP
Moyenne des IBM

IBM
—— EDP
Moyenne des IBM

IBM
— EDP
/ Moyenne des TBM

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
Temps ¢ Temps ¢ Temps ¢

(a) K=100 (b) K=1000 (¢) K=10000

Figure 1.4: Evolution temporelle de la taille de la population pour des tailles initiales
K petites (a), moyennes (b) et grandes (c). La courbe rouge est obtenue par résolution
numérique de 'EDP vérifiée par u;. Les courbes bleues représentent les trajectoires de
100 simulations stochastiques indépendantes du modele individu-centré (IBM). La courbe
verte en pointillés représente la valeur moyenne de ces simulations stochastiques

1.6 Perspectives

L’apport principal de ce travail de these réside dans la conception d’un modele individu-
centré général avec des parametres fonctionnels non-bornés. Les modeles individu-centrés
s’appliquent a de nombreux questionnements biologiques, parmi lesquels nous pouvons
citer 'estimation des taux de naissance et mort cellulaires dans le cas d’un modele d’épidé-
miologie développé pour traiter des données cubaines sur I’épidémie du SIDA | l;
la modélisation informatique d’un chemostat sans entrée ni sortie de substrat | l;
I’étude des dynamiques de mutation et sélection pour un modele de chemostat multi-

ressources | ] ; le controle de la propagation spatiale d’un biofilm & la surface d’un
liquide [ | ; et une mesure de lefficacité d'un traitement d’immunothérapie des
tumeurs malignes [ ]. Nos travaux pourraient permettre de mener des études

similaires en utilisant des taux de saut non-bornés, et en ce qui concerne la motivation
principale de cette these, de s’intéresser a des questionnements d’écologie évolutive liés a
I’émergence des relations allométriques dans les écosystemes.

Les modeles développés dans les chapitres I et II, avec ressource respectivement constante
ou variable, peuvent étre étendus dans au moins deux directions différentes. Tout d’abord,
dans lesprit de la dynamique adaptative [ , ], nous pouvons introduire un
mécanisme de mutation a la naissance sur le coefficient allométrique « par exemple, mais
cela peut se faire sur I’ensemble des parametres du modele, et étudier les phénomenes
de sélection qui en résultent. Un objectif possible serait d’identifier I'atteinte du jeu de
parametres allométriques (1.3.2) proposé par la Théorie Métabolique de I’Ecologie comme
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une Stratégie Evolutivement Stable [ | pour le maintien des écosystémes tels que nous
les observons aujourd’hui. En paralléle, nous pouvons rajouter un niveau de complexité
trophique en introduisant une espece prédatrice qui consomme une espece proie, elle-méme
en interaction avec une ressource inerte comme dans le cadre de notre modele. L’enjeu
serait alors, a I'image des travaux de Wickman, Litchman et Klausmeier | |, de pro-
poser une structure allométrique pour la population de proies, et d’identifier les relations
allométriques émergentes pour la population prédatrice, engendrées par les dynamiques
éco-évolutives de compétition wvia la prédation. Plus généralement, ’ambition serait de
comprendre les bonnes mises a 1’échelle des tailles typiques des especes entre différents
niveaux d’un réseau trophique pour respecter une structure allométrique stable. Comme
dans le Chapitre I, cette structure allométrique devrait garantir la bonne définition des
trajectoires individuelles, ainsi que la survie des populations au sein du réseau trophique
considéré. L’ensemble de ces questionnements biologiques sont ’objet d’un travail en cours
avec Sylvain Billiard, qui donnera lieu a un article de recherche transdisciplinaire destiné
a un public de biologistes.

Mathématiquement, de nombreux questionnements restent ouverts et nous formulons un
certain nombre de conjectures dans chacun des trois chapitres. Dans le Chapitre I, nous
pourrions étudier plus finement la loi de reproduction du processus de branchement sous-
jacent pour montrer que le jeu de parametres allométriques (1.3.3) autorise cette loi a
étre d’espérance infinie (voir Conjecture 1.2.3). Cela permettrait de distinguer les com-
portements biologiques associés aux relations allométriques (1.3.3) des comportements
associés aux relations (1.3.2) proposée par la Théorie Métabolique de I’Ecologie, pour
lequel l'espérance de la loi de reproduction du processus de branchement est toujours
finie. Dans le Chapitre II, notre résultat de tension nous incite a étudier un processus
limite (pf, Rf)¢epo,r) caractérisé par (1.4.6)-(1.4.7). Tout d’abord, la question de I'unicité
des solutions mesures a ce probleme reste ouverte. Ensuite, nos propositions d’extension
du Théoreme I1.3.1 se rameénent a une question d’existence et de controle de solutions
réguliéres a ce probleme d’EDP (i.e. a montrer I'Hypothese I1.3). Dans le Chapitre II1, il
serait intéressant de démontrer I’existence de solutions au probléme aux valeurs propres
que nous associons au systeme d’EDP a ressources fixées (voir Conjecture I11.1.1), notam-
ment l'existence d’un équilibre non-trivial. Cela completerait le résultat d’unicité de la
valeur de ressource a I’équilibre Ry dans le cas allométrique que nous donnons en Corol-
laire I11.1.9. Enfin, les questions de stabilité et convergence des schémas numériques utilisés
pour les simulations n’ont pas été abordées, notamment car les méthodes exploratoires
utilisées dans nos algorithmes mériteraient d’étre systématisées. Cela pourrait permettre
une estimation plus fine de la quantité de ressource a 1’équilibre pour des parametres al-
lométriques généraux. Campillo, Champagnat et Fritsch ont en effet montré dans le cadre
d’un modele similaire qu’'une population mutante peut envahir un chemostat, si et seule-
ment si la ressource a 1’équilibre pour le mutant est inférieure a la ressource a 1’équilibre
pour le résident [ ]. Ceci donnerait lieu & un critére de fitness d’'une population
mutante dans un chemostat, exprimé en fonction des parametres allométriques.
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2— Introduction

In this section, we first present the evolutionary biology questioning that is at the root of
this thesis. We also briefly describe existing results on individual-based models, originating
in the work of Fournier and Méléard | |. Then, we provide the main results and
mathematical tools used in each of the three distinct chapters of this thesis. To conclude,
we highlight the future lines of research inspired by our work.

2.1 Biological motivations

Since the synthesis work of Peters | |, alot of papers in the field of evolutionary ecology
[ , , , | have stood for a very particular relationship between
average body mass, or average size of individuals, and average metabolism, or average
metabolic rate (which can be seen as the average rate of mass loss or gain of individuals),
across several orders of magnitude of species size. It is known as an allometric relationship,
or simply allometry, presented in the form B o« M“, where B is a measure of the average
metabolic rate and M is the average mass of individuals within various species, and « is the
so-called allometric coefficient. Typically, the curves obtained to justify these allometric
relationships are similar to the graph shown in Figure 2.1. There is no clear consensus on
a precise value for the allometric coefficient « linking average mass and average metabolic
rate: some authors prove that there exists a single theoretical coefficient based on precise
modelling of vascular systems [ ], while others argue, with empirical data, that the
coefficient may depend on specific characteristics within species, and vary across the wide
range of living organisms | ].

Inspired by the historical work of Arrhenius and Kleiber | ], the Metabolic Theory of
Ecology aims to consider metabolism as the central mechanism for describing the ecolog-
ical dynamics of all living organisms. Based on the fundamental allometric relationship
linking average metabolism and average mass within species, this theory proposes a wide
range of allometric relationships linking physiological or demographic variables to the av-
erage mass of individuals [ ]. Thus, the mortality of individuals, the growth rate
of a population, the carrying capacity of an environment (maximum quantity of individ-
uals that an environment can accommodate given the available resources), and even the
diversity of species within ecosystems [ |, are ecological quantities closely linked
to metabolism, and also verify allometric relationships whose allometric coefficients are
theoretically predicted [ |. Although allometric relationships appear to be a key in-
gredient in modelling the behaviour of species and their ecological aspects, they are still
mainly justified by raw data and phenomenological approaches, based on statistical evi-
dence of a log-linear relationship between metabolism and mass [ ]. Other studies are
based on physical and physiological arguments for individuals, corrected according to the
temperature of the considered organisms [ ]. The Metabolic Theory of Ecology
justifies a posteriori these relationships by arguments of energy optimisation and dimen-
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Figure 2.1: Temperature-corrected average rate of biomass production (measured in grams
per individual per year), as a function of average mass (measured in grams) for a wide
variety of living organisms, from unicellular eukaryotes to plants and mammals (thus, each
dot on the graph corresponds to average values measured for a given species). The scale
is logarithmic, and the equation of the regression line is presented in the top left corner
of the graph, along with the regression coefficient 2 and the number of studied species
n. The slope of the regression line can be identified as the allometric coefficient relating
average biomass production to average body mass, here equal to 0.76. This graph is taken
from | ].

sioning | ], neglecting all the other evolutionary and ecological processes such as, for
example, competition for resources or seasonality (i.e. periodic variability of the environ-
ment over time), which should be taken into account to fully explain this phenomenon
[ , , ]. In addition, these allometries are said to be interspecific, in the sense
that they involve average quantities for species, and are valid for a very wide range of living
organisms, even if the fluctuation of their masses occurs on different scales (see Figure 2.1).
These relationships between populational average variables are then often extrapolated to
the individual level [ ]. Numerous articles | , , , ]
show that this shift from a comparison between species to a comparison between individ-
uals within the same species is controversal. Thus gives rise to another kind of allometric
relationships, said to be intraspecific (i.e. valid within a given species), where the mea-
sured allometric coefficients differ strongly from the allometric coefficients predicted by
the Metabolic Theory of Ecology, as shown in Table 2.2.

The fundamental underlying questioning behind all these articles, for both supporters and
detractors of the Metabolic Theory of Ecology, is about the evolutionary emergence of
allometric relationships, systematically observed through numerous experimental proce-
dures | ]. At the heart of this debate lie opposing visions of evolutionary ecology,
where some authors emphasize the optimisation of internal and physiological factors such
as metabolism [ ], and others insist on external factors such as competition or
environmental pressure [ . Allometric relationships are seen as a core mechanism
structuring ecosystems, and a better understanding of the evolutionary phenomena lead-
ing to such relationships has yet to be developed for complex food webs (i.e. interacting
species within an ecosystem, including dynamics of resource production, predation and
decomposition of organisms). We can cite the recent work of Wickman et al. for a system
of prey-predator interaction between two species, with external resources provided for the
prey population | |. In this article, the authors propose to see interspecific allome-
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Parameter (units) General theory Generation Predicted scaling exponent Observed scaling exponent

Max. intrinsic growth rate M1 200 0.17 0.18
(; 1/time) 300 —0.11 0.13
400 ~0.07 038
Biomass M-P 200 -0.17 0.7
(Kpio; biovolume) 300 0.11 —@
400 0.07 0.35
Density MP 200 -1.17 -0.47
(Kpop; cell density) 300 —0.89 —0.88
400 -0.93 -0.59
Biomass product. M° 200 0 0.83
(rpio; biovol./time) 300 0 —0.13
400 0 041
Cell product. M-! 200 -1 -0.17
(rpop; cell/time) 300 -1 1.13
400 -1 —0.59
Total energy use M° 200 0 0.71
(E10r; energy) 300 0 0
400 0 0.34
Figure 2.2: This table is taken from [ ]. The authors select individuals within the

same species of green algae Dunaliella tertiolecta by centrifugation. This process sepa-
rates artificially the largest individuals from the smallest, then introduce these two types
of individuals into new distinct environments, and make them reproduce independently.
This centrifugation followed by selection is repeated between each generation, and this
results in an artificial evolution of the size of individuals during the experiment. The
authors measure different demographic parameters at generations 200, 300 and 400. The
Metabolic Theory of Ecology then predicts a set of allometric relationships verified by
these parameters, which involve body size M and the fundamental allometric coefficient 3
linking metabolism and body size. These theoretical predictions are compared to the al-
lometric coefficients observed during the experiment. The observed allometric coefficients
for which the confidence intervals on the measurements do not contain the theoretical
predictions are shown in red.

tries (concerning average values for the species under consideration) as a phenomenon
emerging from individual dynamics, structured by intraspecific allometries, and from eco-
evolutionary mechanisms such as competition (see Figure 2.3).

Thus, drawing our inspiration from recent works in evolutionary ecology | ,

, |, one of the main objectives of this thesis is to reverse the classical
way of justifying the precise allometric relationships proposed by the Metabolic Theory of
Ecology by a theoretical model. Rather than considering allometries as a mechanism im-
pacting ecological dynamics of ecosystems (in | | for example, the authors use an
explicit allometric framework to predict the evolution of the structure of marine communi-
ties in a context of climate change), we design a model where it is on the contrary ecological
mechanisms that constrain allometric coeflicients to take precise values. We therefore free
ourselves from allometric constraints imposed a prior: by the model, which constituted
one of the major limitations of existing models [ , , |, for a
systematic study of emerging interspecific allometric relationships. Finally, to the best of
our knowledge, the mathematical models proposed by biologists in evolutionary ecology
to study allometric relationships are mostly deterministic | , , ]. In this
thesis, we present stochastic models, falling into the category of individual-based models,
and therefore propose a probabilistic framework to tackle similar questionings as those
treated by previous deterministic models. Furthermore, we obtain in Chapter II a tight-
ness result for our stochastic model in a large-population asymptotic regime, and outline
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a limiting deterministic model, determined by a PDE system close to McKendrick-Von
Foerster equations proposed by existing models [DDA22].
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Figure 2.3: This figure is taken from [WILI<24]. The goal of the authors is to design a
model of interactions between a population of phytoplankton consuming a resource whose
supply is controlled, and a population of zooplankton that feeds on phytoplankton. They
have experimental data at the microscopic scale (these are the blue graphs at the bottom
of the figure) and at the macroscopic scale (these are the yellow graphs at the top of the
figure). More precisely, Figures F to I present in logarithmic scale the measured allometric
relationships, referred to as microscopic relationships, linking various individual properties
of phytoplankton to their body size (each dot represents an individual, unlike Figure 2.1
where each dot represented a species), and the intraspecific allometric coefficients « are
specified. Figures A to D present in logarithmic scale the measured allometric relation-
ships, known as macroscopic relationships, linking various average population properties
of zooplankton to the average density observed in phytoplankton (this time, each dot
represents an independent experiment and average quantities associated with the differ-
ent populations of plankton), and the interspecific allometric coefficients « are specified.
The authors propose a model whose mechanisms are presented on Figure E, which takes
microscopic data as an input, and provides predictions for the values of the macroscopic
allometric coefficients measured experimentally as an output (these theoretical coefficients
are not presented on this figure). The coefficients obtained from the experimental data in
yellow are compatible with the predicted theoretical values, therefore the authors identify
interspecific allometries as an emerging phenomenon from intraspecific allometries and
eco-evolutionary mechanisms.

(A and B) Zooplankton biomass density as a function of phytoplankton biomass density
for the English Channel and Atlantic Ocean, respectively. (C) Average phytoplankton cell
body mass as a function of phytoplankton biomass density. (D) Phytoplankton production
as a function of phytoplankton biomass density. (E) Schematic diagram of the proposed
eco-evolutionary model. (F) Phytoplankton cell body mass as a function of cell volume.
(G) Phytoplankton respiration as a function of cell volume. (H and I) Phytoplankton
nitrogen uptake affinity and renormalised nitrogen uptake as a function of cell volume.
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2.2 Individual-based models in the literature

In this thesis, we propose a general model to describe the evolution of a population of
individuals, characterised by a trait called energy, interacting with a resource, initially
assumed to be constant over time, then fluctuating with a consumption term modelling
competition between individuals. This model is in line with existing structured individual-
based models [ , , , , ], whose main ingredients are:

- the existence of a structure, i.e. traits which characterise individuals and whose
evolution can be described at any time,

- mechanisms operating at the individual level, depending on the trait of the individu-
als, and that describe the random dynamics of birth and death within the population,
as well as the deterministic dynamics of evolution of the trait characterising the in-
dividuals (this trait can jump instantaneously during a random event, and evolves
continuously between the jumps),

- the study of a measure-valued process (p¢)¢>0 of the form

p=Y den, (2.2.1)

ueVy

where V; is a set of indices describing alive individuals at time ¢, and for u € V;,
(&f)¢ is the trajectory of individual u (i.e. the evolution of its trait over time).

This type of model was originally introduced by Fournier and Méléard | ], then ex-
tended by Champagnat with the addition of a variable trait structure to study mutation
and selection phenomena | ]. Tran then proposed the addition of an age structure
[ |, and the interaction with a resource in the case of a mass structure was studied
by Campillo and Fritsch | ]. Tchouanti also proposes in a recent work | ] to add
a diffusion term to the individual stochastic dynamics of the model.

More precisely, we construct the measured-valued process (ut)¢>0 as a Jumping Markov
Process [ ], i.e. we construct a sequence of jump times (corresponding to births and
deaths in the population) between which the process is deterministic and given by a system
of ordinary differential equations. Numerical simulations of such a process are generally
costly both in terms of computing time and storage space, especially when studying large
populations. One of the fundamental results underlying this rich literature on individual-
based models is a theorem of convergence, in a large population asymptotic, of a sequence
of renormalisations of the process (j¢)i>0 towards the deterministic solution of a system
of integro-differential equations. In particular, simulating a system of PDEs considerably
reduces the computing time required, and paves the way to a numerical study of popula-
tion dynamics from an evolutionary point of view | ]. In this thesis, we establish a
tightness result similar to the previously mentioned convergence result, but in a measure
space with a weighted topology.

2.3 Chapter I — An individual-based stochastic model with
constant resources: constraints verified by allometric
coefficients for a supercritical branching process

The first part of our work focuses on the design and study of an energy-structured
individual-based model describing a population of individuals consuming a resource as-
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sumed to be constant over time. We deliberately use the word energy instead of mass or
size. This is because biologists measure biomass transfer rather than the masses themselves
when estimating the metabolic rates of individuals | , |. This is why we prefer
this generic term of energy, associated with a fluctuating stock of resources meant to be
invested by an individual for its subsistence or reproduction. We introduce as a parameter
of the model a typical energy xg > 0 characterising the species under consideration, which
represents the energy of each new individual appearing in the population during a birth
event. This specific reproduction mechanism makes our model closer to age-structured
models | , | than growth-fragmentation models [ , ]. We as-
sume that the resource consumed by individuals is maintained at a constant level R, thus
neglect interactions of individuals through resource consumption. The whole system is
ruled by two types of mechanism:

- random jumps corresponding to birth and death events in the population, where
the birth and death rates depend on the energy of an individual over time, and are
denoted by b and d respectively,

- a continuous and deterministic evolution of the energy of individuals between jumps,
where each individual energy evolves at the speed g¢(., R), which depends on the
state R of the resource. We decompose this speed into two components, g(x, R) :=
f(x, R)—£(z), where f(., R) > 0is a growth term and depends on both the individual
energy and the state R of the resource, and ¢ > 0 is a term representing energy loss
over time through metabolism, and depends only on individual energy. Thus, the
function (z, R) — g(z, R) can take positive or negative values.

We define individual trajectories iteratively, with values in R* x {0} where 0 is a cemetery
state representing the death of the individual. We construct a sequence of jump times for
each trajectory, representing birth and death events for each individual. We then combine
these individual processes into a population process, also associated with a sequence of
jump times, which is the union of individual jump times. The individual trajectories are
independent conditionally to the initial condition for the population, because we assume
that there is no competition for resources. We therefore study a branching process and
as individuals are all identical at birth, we focus more specifically on the study of an
individual trajectory with initial energy xg. We then study a Piecewise Deterministic
Markov Process | |, whose extended generator is given for any function ¢ satisfying
appropriate regularity conditions by

o nes { o FOF () ) (e = 0) (o) iy + ) (0(0) —te) 120

The term g(x, R)¢'(z) represents the deterministic evolution of individual energy between
random jumps at speed g; the term b(z) (¢(x — x0) — ¢(2)) L1{y>a,) Tepresents the fact
that at rate b(.) depending on the individual energy, a birth event occurs and the parent
loses an amount of energy equal to z( to transmit it to its offspring (note that to prevent
individual energies from taking non-positive values, we impose that this only happen if
the energy of the parent is higher than x); and the term d(z)(p(0d) — ¢(x)) represents
the fact that at rate d(.) depending on the individual energy, a death event occurs and
individual energy goes to the cemetery state 0. Compared to existing individual-based
models in the literature, the new ingredients we propose are the following.

- Previous models study the classical case of cellular mitosis | , , ],
where the mass of an individual at birth is equal to that of the parent multiplied by
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a ratio a € (0, 1), possibly random and drawn according to a probability kernel. In
our case, we want to be able to distinguish between studied species using the typical
energy of an individual at birth zg > 0, introduced as a parameter of the model.
We therefore replace the previous ‘multiplicative’ division mechanism by an ‘addi-
tive’ mechanism, in which we subtract the characteristic energy xy from the energy
of individuals concerned by a birth event. We keep this specific birth mechanism
throughout the whole thesis, and this leads to several technical difficulties, both
theoretical for studying the branching process of Chapter I or proving the tightness
result of Chapter II; and numerical for designing our algorithms in Chapter III.

- The age-structured models [ | or mass-structured models [ | previously
studied assume that the trait of an individual is increasing over time apart from
birth events. We allow the trait of individuals — energy in our case — to be non-
monotonous (i.e. the function (x, R) — ¢g(x, R) can change sign), which allows for
example to model populations of starving individuals [ ].

- In all the previously described individual-based models, individual jump rates are
bounded | , , , |. The main ambition of our work is to free
ourselves from these assumptions, in particular to be able to study the case of allo-
metric jump rates.

Working with possibly unbounded birth, death and growth rates immediately raises a
problem for the good definition of our process. This is because individual trajectories
can then explode or reach 0 in finite time, or the sequence of jump times can admit a
finite accumulation point, which does not reflect the expected biological behaviour. The
first part of our work therefore consists, within a general framework, in specifying the
assumptions that guarantee the good definition of our process at all times in the case of
unbounded rates. After this preliminary work, we focus on the case where the functional
parameters of the model are allometric. Precisely, we assume that there exist (3,d) € R
and (Cg,Cs,Cq, Cy,,y) € RY such that for all z > 0 and R > 0,

- b(z) == CyaP,
- d(z) := Csa9,
- l(z) := Cyz?,

f(z,R) .= ¢(R)Cy27, so that g(z, R) := ¢(R)Cya" — Cux®,

where 0 < ¢ < 1 is an increasing sigmoid-shaped function, which represents a functional
response, for example with the shape of a Holling type IT or III | ]. The typical shape
of an individual trajectory in the allometric case is presented on Figure 2.4. Thus, we
introduce the parameters b, d, f, respectively ¢ as power functions, associated respectively
with the allometric coefficients 3 for the birth rate, d for the death rate, v for the growth
rate, and « for the metabolic rate. In this chapter, our main objective is to highlight
relationships between these allometric coefficients, that are necessary to verify the following
assumptions.

Assumptions I: For any species considered (i.e. for any value of x),

- the model is biologically relevant (i.e. almost surely, individual energies do not ex-
plode or reach 0, and individuals die in finite time),
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- the probability of survival of the population in an environment where there are enough
resources is positive (i.e. with a sufficient amount of resources, the branching process
we construct is supercritical).
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Figure 2.4: Typical shape of an individual trajectory & over time, in the allometric case
with parameters xo =1, a =vy=04+1=3/4,8=-02,C3=2,C5=0.5,C, =2,C, =1
and ¢(R) = 2/3. Each discontinuity corresponds to a jump time where the individual gives
birth to offspring and loses the energy xg. The vertical dotted orange line represents the
death of the individual.

We therefore propose a general interspecific model in the spirit of the Metabolic Theory of
Ecology, but where allometric assumptions are made at the individual level, and we study
the offspring distribution of a branching process. Our goal is not to explain the emergence
of allometries and their evolutionary aspects, but rather to identify the admissible values
of allometric coefficients 5, § and - to verify Assumptions I, depending on the fundamental
coefficient « linking metabolism and invidual energy. Precise relationships between these
allometric coefficients are justified by the Metabolic Theory of Ecology | ) ]
and presented in the form

a=y=0+1=p+1. (2.3.2)

We also introduce the following allometric relationships, defined when C > Cy:
a=vy=606+1 and B>a—-1+Cs5/(Cy—Cy). (2.3.3)
The main result of this chapter is Theorem 1.2.1, which can be informally stated as follows.

Theorem: Under Assumptions I, the allometric coefficients (a, 7y, 0, B) satisfy (2.3.2)
or (2.3.3).

Conversely, if (2.3.2), then Assumptions I are satisfied. Moreover, there exists co-
efficients (o, vy, 0, B) satisfying (2.3.3) such that Assumptions I are satisfied.

To prove this result, we mainly use coupling techniques to compare individual trajectories.
Furthermore, we were inspired for a part of this work by the concept of asymptotic pseu-
dotrajectory developed by Benaim and Hirsch | ], which allows us to establish a link
between the asymptotic behavior of the trajectories of a stochastic process and the integral
curves associated with a deterministic flow. Our interspecific vision relies on reasonings
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where zg — 0 or +00 to deduce mathematical constraints from our biological assumptions.

Although we recover the precise allometric relationships proposed by the Metabolic Theory
of Ecology, they do not constitute the only parameter set compatible with Assumptions I.
Our purely probabilistic and mathematical reasonings shed new light on the usual ap-
proaches based on experimental results. We explore the differences on the population
behavior between the two parameter sets (2.3.2) and (2.3.3) in numerical simulations. In
particular, with these simulations, we conjecture that for all g > 0 and R such that
g(zo, R) > 0, the expected number of direct offspring of an individual with initial energy
xo is finite in the case (2.3.2) and infinite in the case (2.3.3). The work presented in this
chapter is the subject of an article, submitted to the journal Annals of Applied Probability,
and is currently under review.

2.4 Chapter II — An individual-based stochastic model with
variable resources: a tightness result with unbounded
growth, birth and death rates

The second part of our work proposes a modification of the model of Chapter I, by allowing
the resource to vary over time, via a renewal term, and a consumption term representing
indirect competition between individuals. We have two main goals: first, it is natural to
integrate competition dynamics for the resource for a more exhaustive study of allometric
relationships | , ) |; then, this work is in line with individual-based models
of darwinian evolution in which competition, mutation and selection are central ingredients
[ , , ]. Contrary to the first chapter, we no longer benefit from a
branching property to simplify the study of the population process. Individual trajectories
now depend on the evolution of the resource over time, which in turn depends on individual
energies. Thus, we study a process (pu, R¢)i>0, where p is a finite point measure of the
form (2.2.1) representing the state of the population, and R the quantity of the resource.
Individuals are identified by indices u € U := UneN(N*)"H, and the random set of alive
individuals at time t is written V;. We again construct the population process iteratively,
introducing Poisson point measures A" and A’ on U x R% x RT to determine jump times
corresponding to births and deaths in the population. As in Chapter I, between jump
times, every individual trajectory &' with u € V; verifies

d&it

3 = I Re) = fE Be) = UE), (2.4.4)

where f(z, R) represents the speed of consumption of the resource R by an individual with
energy x, and /(x) is the metabolic rate of an individual with energy x. The evolution of
the resource is given by

% = p(Ry, ) :==s(Ry) — X o f(x, Ry)p(dx), (2.4.5)

where ¢ is a renewal term chosen so that the resource remains in a compact [0, Rpax] over
time, with Rpyax > 0. Also, x > 1 is the inverse of the conversion efficiency coefficient (i.e.
1/x represents the proportion of resources consumed by an individual actually converted
into individual energy), and p; is given by (2.2.1). The integral term therefore represents
the total consumption rate of the resource by the population, weighted by the parameter x.
The function ¢ is chosen quite generally, so we can model a chemostat where the resource
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is abiotic | |, but can also track the evolution of a biotic resource | , ,
]. On an open set B C Mp(R%) x [0, Ryax| x RT, where Mp(R%) is the set of
finite point measures, we define a flow with values in Mp(R%) x [0, Rmax] in the form

X g — MP(Rj_)X{OaRmaX]
(u, R,t) = Xe(p, R) = (X{'(u, R), X{* (11, R)) -

This deterministic flow represents the evolution of individual energies (this information is
summarized into the measure X! (i, R) of the form (2.2.1)) and of the resource X{*(u, R)
from an initial condition (u, R), following the system of coupled equations (2.4.4) and
(2.4.5). One of the main difficulties in our case compared to other existing models | ,

] is that this flow is not defined globally for all (i, R,t) € Mp(R%) X [0, Rmax] X RT,
but only locally on the open set 0. Moreover, for a given individual of index u, the
sign of the function ¢ — ¢(&}*, R;) can change over time, hence the individual trajectory
&' has no reason to be monotonous between random jumps. As in Chapter I, besides
these difficulties in defining the deterministic part of our process, there is a potential
accumulation of random jump times. These problems are essentially due to the choice
of unbounded jump rates b, d and g, and preliminary work is necessary to ensure that
the process is well defined for every ¢ > 0. Once this is done, we show that the process
(¢, Re)¢>0 can be written

(pe, Re) = X (o, Ro)
t
+/ / LiuevioyLin<nen )y [Xi—s(ps— + 020 + gv —zy — Oev . Rs)
0 Juxr:

— Xi—s(ps—, Rs)IN (ds, du, dh)

t
+/ / Liueve 1 Yn<dger )3 [ X—s(ps— — 0gv_, Rs)
0 UXR:_

— X s(ps—, Rs)IN'(ds, du, dh),

where we adopt a convention to be able to write the flow X['(u, R) for all (u, R,t) €
Mp(R%) x [0, Rmax] x RT. This formal writing is classic in the literature (Definition 2.4.
in [ |, Section 4.1 in | ]), and should be understood as a telescopic sum. First,
individual energies and resources evolve deterministically, following the flow X;(uo, Ro).
Then, at each birth or death event, we replace the current flow with a new one, modi-
fied according to our specific birth and death mechanisms. We thus construct a Jumping
Markov Process [ ] whose extended generator is given for any function of the form
Fo o (1) = Fo(p,r) == F((i, ), 7), with F : (x,7) = F(x,r) and ¢ functions veri-
fying regularity conditions (and denoting 0,F, (i, r) := 0, F ({1, ¢),r) and Oy Fy,(p,r) =
e F((11,0),7)), by

LF, () = p(ps 7)0r Fip(pt,m) + (1 (s 1) (1)) O Fip (1, 7)

n /Rib(x) (Fw(u + 0 + Ox—ag — 0z, ) — Fip(p, 7"))/i(duf)

+ /Rid(m) <F@(u — 0z, 1) — Fyo(pt, r))u(dl‘)-

The term p(p, 7)0pFp(p, 1) is related to the evolution of the resource over time, according
to (2.4.5); the term (u, g(.,7)¢'(.))0xFy(1, 1) is related to the deterministic evolution of
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individual energies between random jump times at speed g, according to (2.4.4); the first
integral term means that for each individual of energy = and alive at time ¢, at a rate b(x)
depending on the individual energy, a birth event occurs and the parent loses an amount
of energy zg to transmit it to its offspring, which then appears in the population as a
Dirac mass at xg; and the second integral term means that for each individual of energy
x and alive at time ¢, at a rate d(x) depending on the individual energy, a death event
occurs and we remove this individual from the population.

Then, we introduce a sequence of renormalized processes (1, RX)i>0 constructed with
the same procedure as the previous process. The parameter K is a scaling parameter
representing the number of individuals in the population at the initial time. In the case
of studying a chemostat, this parameter can also be seen as the total volume of the vessel
where bacteria interact with the substrate | |. We want to understand the behavior
of our model in a large population asymptotic, when the parameter K tends to +oo. Im-
portantly, unlike previous work on similar renormalizations of individual-based models,
we have to add an additional assumption, due to the fact that our rates are unbounded,
of the following form (the precise form is given in Section 11.1.4.2):

Assumption II.1: There exists a reqular and increasing function w, satisfying
conditions similar to the ones verified by “Lyapunov functions” associated to the
extended generator £ of the process.

Finding an appropriate Lyapunov function associated with the extended generator of a
general Feller process entails, for example, a result of exponential returns in compact
sets, but constitutes a difficult problem [ , ]. Provided that such a function
w exists, we define a weighted topology on the set M,,(R") of measures integrating the
function w, called the w-weak topology. It is the finest topology for which the applications
o {u, f) are continous With [ any continuous function on R* such that f/w is bounded,
and (p, f) : fR* . We then construct a Polish space (M (R’ ), w) that can be
equipped with a dlstance that metrizes the w-weak topology. We also work under a classical
assumption of existence of moments | , ) |, controlled uniformly in K,
adapted to our context with the weight function w:

Assumption I1.2: There exists p > 1 such that

sup E (((,ué(, 1+1Id+ w))p) < 400.
KeN

Then, we establish our main result in Theorem I1.3.1. It states that for all T > 0, un-
der Assumptions IL.1 and I1.2, the sequence of laws of the processes ((uf, RF )te[o,T]) o1
is tight in the Skorokhod space D([0, T, (M (R%), W) X [0, Rmax]). Furthermore, every
accumulation point (y7, Rf)sec(o,7] is continuous with values in .(My,(R%), w) x [0, Rinax],
deterministic conditionally to the initial condition (ug, Rf), and characterized by the fol-
lowing weak integro-differential system of equations. For all ¢ € [0, T7,

t
R = Ry + / p(RY,12)ds (2.4.6)
0

and for every ¢ : (t,x) € [0,T] x R% + ¢;(x) regular enough and dominated by w,

iso = o) + [ [ (0puta) + e RO 0)

+ b(x)(ps(z0) + ps(x — z0) — ps(T)) — d(x)gos(x))uZ(dx)ds. (2.4.7)
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The sketch of the proof for this tightness result follows the procedure initially proposed
by Fournier and Méléard | ], but at each step of the proof, we encounter additional
difficulties due to the interaction with the resource and unbounded rates. In particular,
we must formulate tightness criteria in weighted measure spaces, and not only in the space
of finite measures. We adapt the results of Roelly | ], and Méléard-Roelly | ] to
work with the w-weak topology. If in addition, there exists a unique solution to the system
(2.4.6) and (2.4.7), then our tightness result becomes a convergence result towards a fully
indentified limit (uf, Rf)iejo,r)- To the best of our knowledge, this is the first tightness
result of this kind for an individual-based model with unbounded rates. In particular, we
show that our theorem applies in the allometric case (i.e. we construct an appropriate
weight function w for which the theorem holds true), and in line with the Metabolic Theory
of Ecology, we verify that we can choose allometric coefficients verifying (2.3.2). We also
propose in Theorem I1.5.3 an extension of Theorem II.3.1 under the following additional
assumption concerning the accumulation points (u;, R;)te[o,T]- Writing @ :=1 4+ Id + w,
and in the same way as we defined the w-weak topology on the space M, (R% ), we can
define the w-weak topology on the space M (R%) of measures integrating the function
w, and we denote (Mg (R% ), w) the associated Polish space.

Assumption I1.3: Every accumulation point (u; )te[o’T] 1S a continuous process
taking values in (Mg(R%),w), and for all t € [0,T], (uf,dw) < 400.

Under Assumption I1.3, we extend the result of Theorem I1.3.1 to a tightness in the
broader Skorokhod space D([0,T7], (M (R%),w) x [0, Rmax]). Conditionally to pf, the
limiting process (u; )efo,r) is deterministic and characterized by (2.4.6)-(2.4.7). Thus, we
transpose our probabilistic questioning into a deterministic problem. It remains to prove a
result of regularity and control of a measure solution to a PDE system, which can lead to
a potential collaboration with specialists in the field. The work presented in this chapter
is the subject of an article that will soon be submitted to a peer-reviewed journal.

2.5 Chapter III — Link between stochastic and determinis-
tic models, and a numerical illustration with allometric
parameters

Chapter III differs from the first two chapters by its exploratory nature, and presents
numerous conjectures supported by numerical simulations of our processes. The last part
of our work first presents complementary results on the solutions to the system (2.4.6)-
(2.4.7) described in the second chapter. In particular, we work under the assumption that
a measure solution p; admits a density u; with respect to Lebesgue measure on R for
all t € [0,7], and this allows us to reformulate the system of equations (2.4.6)-(2.4.7).
This gives, given the existence of the different terms in the following, for all ¢ € [0, 7] and

z € R\ {zo},
Oyur () + Or (g(% RI)Ut(x)) = b(x + zo)u(z + 20) — (b(2) + d(z))ui(z),

with

dR}
dt

=<(R}) — x . f(z, R} )uy(x)dx

+
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and the boundary condition

J

We also propose a simplified version of the previous system, with fixed resources R > 0,
of the form

by )ue(y)dy = (ut<mo+> . ut<xo—>)g<xo, RY).

*
+

Ayur(x) + Oy (g(:c, R)Ut(:v)> = b(x + xo)ur(x + o) — (b(2) + d())us (),

[ bt = (wlert) = o) )ateo, B,

We then search for particular solutions to the system with fixed resources R, called decorre-
lated solutions, of the form u : (¢, ) — ugre™?t, R), with ug > 0, A € R. These solutions
are associated to an eigenvalue problem for which we conjecture the existence of solu-
tions. In particular, for Agp = 0, this corresponds to non-trivial equilibria for our system
of individuals interacting with a resource. In the allometric case, we show the uniqueness
of the value for the resource Req at such an equilibrium, assuming that it exists. First,
this allows us to formulate an explicit criterion for validating numerical schemes used to
simulate the PDE system (2.4.6)-(2.4.7).

*
+

Criterion: A numerical approrimation scheme used to simulate the time evolution
of the pair (u, R )¢ is considered inaccurate if it satisfies Rf - Req when t — +00.

Then, in Corollary II1.1.11, we show that among the two sets of allometric coefficients
(2.3.2) and (2.3.3) identified in Chapter I, the only one that is compatible with the value
R of the resource at equilibrium verifies the first relation (2.3.2), which is precisely the
one proposed by the Metabolic Theory of Ecology. It remains to prove the existence of
such an equilibrium in the allometric case.

In the rest of this chapter, we present numerical simulations illustrating, in particular,
the large-population convergence (if there exists a unique measure solution to the system
(2.4.6)-(2.4.7)) result of Chapter II in the allometric case as in Figure ?7.
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Figure 2.5: Temporal evolution of the population size for small (a), medium (b) and
large (c) initial population sizes K. The red curve is obtained by numerical resolution
of the PDE verified by u;. The blue curves represent the trajectories of 100 independent
stochastic simulations of the individual-based model (IBM). The green dotted curve is the
mean value of these stochastic simulations.
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Many difficulties arise in the implementation of our algorithms, due to the unbounded
jump rates and our specific division mechanism during birth events. We discuss in detail
the methods implemented to avoid these hindrances. The calibrations of our algorithms
are very specific to the set of allometric parameters we choose, and we therefore do not
propose a systematic way to deal with the difficulties mentioned below, but rather lines
of reflection to design our numerical schemes so that they respect our validation criterion.
For example, we discuss the use of arejction-sampling algorithms [ ] for the simulation
of the individual-based model in Section II1.3. Also, in Section II1.4.1, for the construction
of numerical approximation schemes for the PDE verified by the density u;, we propose
a specific energy discretization grid to respect the birth mechanism which involves the
parameter xg, inspired by grids proposed in the literature | , |. Finally, we
need to precisely calibrate the time step associated with our numerical approximation
scheme according to our specific energy discretization grid.

2.6 Perspectives

The main contribution of this thesis is the design of a general individual-based model with
unbounded functional parameters. Individual-based models are applicable to many bio-
logical questions, among which we can cite the estimation of cell birth and death rates in
the case of an epidemiology model developed to process Cuban data on the AIDS epidemic

[ |; the modeling of a chemostat without substrate input or output [ |; the
study of mutation and selection dynamics for a multi-resource chemostat model | l;
the control of spatial propagation of a biofilm on the surface of a liquid | ]; and

a measurement of the effectiveness of an immunotherapy treatment for malignant tumors
[ ]. Tt is possible to adapt our work to carry out similar studies with unbounded
jump rates, and with regard to the main motivation of this thesis, to address questions of
evolutionary ecology linked to the emergence of allometric relationships in ecosystems.

The models developed in Chapters I and II, with respectively constant or variable re-
sources, can be extended in at least two different directions. First, in the spirit of adap-
tive dynamics [ , ], we can introduce a mutation mechanism at birth on the
allometric coefficient « for example, but this can be done on the whole set of parameters
of the model, and study the selection phenomena that result. A possible objective would
be to identify the convergence to the set of allometric parameters (2.3.2) proposed by the
Metabolic Theory of Ecology as an Evolutionarily Stable Strategy [ ] for the main-
tenance of ecosystems as we observe them today. Simultaneously, we can add a level of
trophic complexity by introducing a predator species that consumes a prey species, itself
interacting with an inert resource as in the framework of our model. The challenge would
then be, like in the work of Wickman, Litchman and Klausmeier | ], to propose
an allometric structure for the prey population, and to identify emerging allometric re-
lationships for the predator population, generated by the eco-evolutionary dynamics of
competition via predation. More generally, the ambition would be to understand the cor-
rect scaling of typical species sizes between trophic levels in a food web to respect a stable
allometric structure. As in Chapter I, this allometric structure should guarantee that in-
dividual trajectories are well-defined, as well as the survival of species interacting in the
considered food web. All of these biological questionings are the subject of ongoing work
with Sylvain Billiard, which will result in a transdisciplinary research article intended for
biologists.

31



Mathematically, many questions remain open and we formulate numerous conjectures in
each of the three chapters. In Chapter I, we could study the offspring distribution of the
underlying branching process in details to show that the allometric parameter set (2.3.3)
allows this law to have infinite expectation (see Conjecture 1.2.3). This would distinguish
the biological behaviors associated with the allometric relationships (2.3.3) from the be-
haviors associated with the relationships (2.3.2) proposed by the Metabolic Theory of
Ecology, for which the expectation of the offspring distribution of the branching process is
always finite. In Chapter 11, our tightness result encourages us to study a limiting process
(1t Ri )iefo,) characterized by (2.4.6)-(2.4.7). First, it is still an open question to assess
whether there exists a unique measure solution to this PDE system. Then, our attempts
of extension of Theorem II.3.1 reduce to a problem of existence and control of regular
solutions to this PDE system (i.e. we want to show Assumption I1.3). In Chapter III, it
would be interesting to demonstrate the existence of solutions to the eigenvalue problem
associated to the PDE system with fixed resources (see Conjecture II1.1.1), in particular
the existence of a non-trivial equilibrium. This would complete the uniqueness result for
the value of resource Req at equilibrium that we give in Corollary I11.1.9. Finally, the sta-
bility and convergence issues of the numerical schemes used for the simulations have not
been addressed, in particular because of the exploratory methods used in our algorithms.
This could allow a more precise estimation of the quantity of resources at equilibrium for
general allometric parameters. Campillo, Champagnat and Fritsch have indeed shown in
the framework of a similar model that a mutant population can invade a chemostat, if and
only if the equilibrium resource for the mutant is lower than the equilibrium resource for
the resident [ |. This would give rise to a fitness criterion for a mutant population
in a chemostat, expressed as a function of the allometric parameters.
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3— Notations

Every notation used in this thesis will be introduced at the first moment it is written all
along Chapters I, II and III. This section is only used to list them so that the reader can
refer to it easily while reading. Importantly, the notations of Chapters I, IT and III are
independent, although there are some similarities between them because they are related
to similar individual-based models.

Parameters of the individual-based model
- The energy of an individual at birth is z¢ > 0.

- The function b is the individual birth rate. In the allometric case, it is of the form
b:xz >0~ Cgazﬁl{x>x0}. We possibly specify the dependence on zg with the
notation by, .

- The function d is the individual death rate. In the allometric case, it is of the form
d:z>0— Csal.

- The function ¢ is the individual metabolic rate (speed of loss of energy over time).
In the allometric case, it is of the form ¢ : z > 0 — Cyz“.

- The function f : (z,R) — f(z,R) is the individual growth rate, that depends
both on the individual energy and the state of the resource R. It is of the form
f(z, R) := ¢(R)¥(x), where ¢, respectively v, is a function related to the availability
of resources, respectively the individual speed of consumption of the resource. In the
allometric case, 9 is of the form ¢ : > 0 — C,27. We write Cg := ¢(R)C — C,.

- The function g : (z,R) € R, x R" — g(z,R) := f(z,R) — {(x) is the individual
speed of variation of energy, and can be positive or negative.

- In Chapter II, ¢ is the speed of renewal of resource.
Deterministic flows

- In Chapter I, the flow describing the evolution of individual energy between random
jumps with constant resources R is denoted by (o, R,t) — Ag, r(t). For § > 0, we
write tmax(§o) for the deterministic time when Ag; r(tmax(€0)) = 0 or 400 (tmax(§0)
is equal to 400 if this never happens).

- In Chapter II, the flow describing the evolution of both measure-valued population
process and amount of resources between random jumps is denoted by (uo, Ro, t) —
Xi(po, Ro). For a given (uo, Ro), we write texp(po, Ro) for the maximal time of
existence of the previous flow starting from (ug, Rg) at time 0.
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Construction of the stochastic processes

The set U := U,,cn (N*)"*1 is used to enumerate individuals in the population with
the usual Ulam-Harris-Neveu notation.

For ¢t > 0, the set V; C U is the set of individuals alive at time t.

The process (£;)i>0 describes the evolution of the energy of individual u over time.
It is R% x {0}-valued, where 0 is a cemetery state, and for every ¢t € [0,T], & = 0,
if and only if u ¢ V;. In Chapter I, it can also take the value b, which is another
cemetery state meaning that the individual energy exploded or reached 0 in finite
time. We write £ for the extended generator of this process. The process (£"*):>0

is an auxiliary process used for the construction of individual trajectories.

The process (pt)¢>0 is measure-valued, and describes the evolution of the population

over time, with
=) Oy
ueVy

In Chapter II, we define £ the extended generator of this process.

In Chapter I, we define a branching process (Y,),>1, representing the population
size generation by generation in (j)¢>o.

If the resource is constant, it is written R. If it is fluctuating over time, it is written
(Rt)+>0 and evolves in a compact space denoted as [0, Rpax]-

In Chapter I and II, the sequence of jump times used to construct the process of
interest is denoted as (Jp)n>0. In Chapter I, where we study the individual process,
we write J := sup,,>g Jn. To distinguish in Chapter 11, where we study the population
process, we write Joo i= SUp,>0 Jn-

For i € N, E; is an exponential random variable with parameter 1, and U; is a
uniform random variable on (0, 1).

The notation N is used for a Poisson point measure, with support supp(N), and
associated compensated measure N.

In Chapter II, we define a renormalization of our process ((,utK , RE )tzo) e>10 With
a scaling parameter K > 1. Any accumulation pont of this sequence is written
(7, Rf)i>0. The notation .Z is used for the law of a stochastic process.

Good definition and study of our processes

In Chapter I, we associate to each individual trajectory its time of death Ty, and
write Ty, respectively T, for the times when it reaches 0, respectively +o0o. These
stopping times are possibly finite or infinite.

For R > 0, we say that R € fRg, if and only if
Jz > 0,Vy €]0,z], g¢g(y,R) <0,
and we say that R € R, if and only if
dx >0,Vy >z, g(y,R)>0.
Also, we define Qg := {§ > 0,Vz > &, g(z, R) > 0}.
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- For x > 0, we say that R € R, if for all y > z, g(y, R) > 0. We naturally extend
this notation to Ry := {R > 0,Vy > 0, ¢(y, R) > 0}.

- For R > 0 and 29 > 0, we define the operator K, g such that for any bounded
function f: R} — R,

tmax (§0=R)
Kapnl 60 | [bxo (e r(w))

) / *(bay + d)(Agy (7))
e Jo f(Ag r(w) — 20) | du,

and we write 1 for the constant function equal to 1.

- We write Ny, re, for the number of direct offspring of an individual with ini-
tial energy &p, characteristic energy xg, and interacting with the constant resource
R during its life (i.e. the number of birth events on its trajectory). We write
Mao,R(§0) := E(Ngg, R, ). For k > 1, we write Mme’gO, or simply MP*, for the event
{NIO,R,&) > k}.

- We write S* for the maximal value reached by the auxiliary process £2"* before time

Jy, which is given by S* := max S
1<i<k /i

3
- In Chapter I, for j > 0, we write ©O; := ;,;6’—/3 +37.

- In Chapter II, we write 7oy, the stopping time when an individual energy in the
population reaches 0 or explodes.

Spaces of functions

We write i : 2z € RY = 2+ 2% and g : @ > 0 — suppeo .. 9(2, R)|. Remark
that for z > 0, g(x) = max(¢(z), p(Rmax)¥(x) — £(z)). In Chapter II, we define a weight
function w on R positive, non-decreasing, continuously differentiable and such that

e 3Cy > 0,Vz >0, g(z)(1+w'(z)) <Cy(l+z+w(x)),
e JC, > 0,Vx >0, b(x)(1+ h(lw(zo) +w(z —20) —w(z)])) < Cp(1+ 2z + w(z)),
e 3Cy; >0,V >0, d(z)h(w(x)) < Cy(l+x+w(x)).

In the following, X,Y are metric spaces, I C R an interval, w : I — R is a positive and
continuous function and we define general notations, mostly used with the weight function
w.

- We write B,,([) for the set of functions f such that f/w is a bounded function on
1.

- We write C1(X), respectively C1'1(X x Y), for the set of functions defined on X,
respectively X XY, that are differentiable with continuous derivatives. If ¢ : (¢, ) —
¢(z) is a CHL(RT x R*) function, we write 9;p and 0, for the associated partial
derivatives, and also for every ¢t > 0 we define

Py : (R,z) € RT x RE = Opp(t, ) + gz, R)Opp(t, ).
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- We write C.(I), respectively C°(I), for the set of functions defined on I that are
continuous, respectively infinitely differentiable, and with compact support. If ¢ is
such a function, its support is denoted as supp(y).

- We write Cy(I) the space of bounded continous functions on I, and ||.||s the usual
uniform norm on this space.

- We write C,(I) for the space of continuous functions f such that f/w is bounded on
I. For f € Cyy(RY), we define || f||w = ||f/w]|co- It is straightforward to verify that
||-||w is a norm on C,,(R%) (it is a weighted norm with respect to ||.||o). If w =1,
the norm |[|.||,, coincides with ||.||co.

- We define Ciy' (R xI) the set of functions ¢ € C1(RTxI) such that ¢ : (¢, %) — w(z)
or

w(z)

3C > 0,vx €I, sup (’@t(xﬂ + 0zt (z) |w(x) + \3t¢t($)’1+x—+w($)

teRt+

) < cuto)

- For every T > 0, we define Co;°([0,T] x I) for the set of continous functions on
[0,T] x I such that

3C > 0,Vs € [0, T,V € I, |ps(x)| < Cw(z).

- For every T > 0, we define C;’IT(RJr x I) the set of functions ¢ € CH'(R* x I) such
that

SCsoveel,  sup (m<x>r<1+d<x>>+|ax¢t<x>rw<x>+ratwt<x>\) < Cu(a).
te[0,7

- For T' > 0, D([0, 7], X) is the Skorokhod space of cadlag functions from [0,7] to X
endowed with its usual topology.

Spaces of measures

In the following, for p measure on I and f measurable from I to R, we write (u, f) =

fdu.

Ry

- For t > 0, we write N; := (uy, 1) the population size, E; := (u, Id) the total energy
in the population and € := (u;,w), and use similar notations with an exponent K
for quantities associated to uf<.

- In Chapter III, for ¢ > 0, u; is the density of the measure p; with respect to Lebesgue
measure on R* .

For any metric space (X, d), we write B(X,d) for the Borel o-algebra on (X,d), i.e. the
o-algebra generated by open sets of (X,d). For I C R an interval, we simply write 5(I).

- The set Mp(I) is the set of finite point measures on I.

- The set M,,(I) the set of positive measures on (I, B(I)) that verify (u,w) < 4o0.
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- The vague, respectively w-weak, topology on M, (I) is the finest topology for which
the applications p — (u, f) are continous, with f in C.(I), respectively in Cy ().
We write (Mo, (I),v), respectively (My (1), w), when we endow M, (1) with the
vague topology, respectively the w-weak topology. Remark that if w = 1, the w-
weak topology coincide with the usual weak topology, which is the finest topology
for which the applications p — (u, f) are continous, with f € Cp(I). We show in
Appendix A.2 that these topologies on M,,(I) define Polish spaces.

Allometric parameters

- In Chapter I, we define two sets of allometric parameters
L ={(v=a,d=a-1,=a-1)}

and
12 = {(’7:@75:@_17/8)) BZO&—l-{—C(S/(C'y_Ca)}
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Chapter I- An individual-based
stochastic model with constant
resources: constraints verified by
allometric coefficients for a
supercritical branching process

In this chapter, we design a stochastic individual-based model structured in energy, for
single species consuming an external resource, where populations are characterized by a
typical energy at birth in R% . The resource is maintained at a fixed level, so we benefit from
a branching property at the population level. Thus, we focus on individual trajectories,
constructed as Piecewise Deterministic Markov Processes, with random jumps modelling
births and deaths in the population; and a continuous and deterministic evolution of
energy between jumps. We are mainly interested in the case where metabolic (i.e. energy
loss for maintenance), growth, birth and death rates depend on the individual energy
over time, and follow allometric scalings (i.e. power laws). Our goal is to determine in a
bottom-up approach what are the possible allometric coefficients (i.e. exponents of these
power laws) under elementary —and ecologically relevant— constraints, for our model to be
valid for the whole spectrum of possible body sizes. The main result of this chapter is
Theorem 1.2.1. Informally, it states that assuming an allometric coefficient « related to
metabolism strongly constrains the range of possible values for the allometric coefficients
B, 0, ~, respectively related to birth, death and growth rates. In the eco-evolutionary
literature, this allometric structure is very precise and often presented as

b=0d=~v—1=a—1.

We recover Equation (2.3.2), but also identify other possible choices for allometric coeffi-
cients. We explore the richness of the different behaviors at the individual and population
level, depending on the coefficients, and many directions of research remain open. We
further highlight and discuss the precise and minimal ecological mechanisms that are in-
volved in these strong constraints on allometric scalings.

In Section 1.1, we describe the general features of our model. At the individual level
in Section 1.1.1.1, we precise the main mechanisms involved: births, deaths, energy loss
and gain. In this paper, individual trajectories (& ):>0 are the main object of interest.
In Section 1.1.1.2, we give a necessary and sufficient condition for these trajectories to be
biologically relevant (this is Theorem 1.1.1), and the extended generator (see Definition
5.2. in | ]) of the individual process under this condition. At the population level
in Section 1.1.1.3, we gather individual trajectories into a measure-valued process u. In
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Section 1.1.1.4, we focus on a Galton-Watson process, describing the size of generations of
. In Section 1.1.2, we introduce allometric relationships in the model. In Section 1.2, we
present the main results of this chapter. First, assuming that the allometric coefficient for
metabolism verifies < 1 (a lot of papers argue for a = 0.75 | , , D,
we state our main theorem in Section 1.2.1 (see Theorem 1.2.1). We also present our results
when « > 1 in Section 1.2.2, where we obtain similar but weaker constraints on the allo-
metric coeflicients in Theorem 1.2.4. In Section 1.3, we discuss the mathematical aspects
and biological interpretations of our modelling and results, and give some perspectives.
Section 1.4 is devoted to the technical intermediate results, leading to Theorem I.1.1, 1.2.1
and I.2.4. The proofs are based on three different ways to construct the individual process.
The first one, given in Section 1.4.1, uses exponential random variables and is useful for
Sections 1.4.4 to 1.4.8. The second construction highlights a coupling between two pro-
cesses, distinct by a different value for zg, and is established in Section 1.4.7. Also, we
construct two other useful couplings between our process and similar ones with modified
birth and death rates, in Section 1.4.8. The third construction, in Section 1.4.9, uses a Pois-
son point measure, which brings useful martingale properties. In Section 1.5, we present
numerical simulations to illustrate our results and conjectures. In Appendix A.1, we give
some technical details about the definition of the population process of Section 1.1.1.3,
and the embedded branching process of Section 1.1.1.4. In Appendix A.2, we give details
for the proof in Section 1.4.9.

I.1 Description of the model

I.1.1 A general setting

We design an individual-based model, structured by a positive trait called energy. We
study single species characterized by their energy at birth x¢ > 0, living in an environment
described by a constant amount of resources R. First, we will describe in Section I.1.1.1
the individual dynamics through the process (&;):>0, which is the main process of interest
in this chapter. We give in Theorem I.1.1 of Section 1.1.1.2 a necessary and sufficient
condition for this process to be biologically relevant, and provide its extended generator
under this condition in Proposition 1.1.3. Then in Section 1.1.1.3, we gather individual
trajectories into a population process. One standard way to look at it is to construct
a measure-valued process | , ], such that at time ¢ > 0, the population is
described by a point measure p; on R% . In our context, this measure-valued process will
benefit from a branching property, which is the case for classical and similar approaches
(see | ] or Remark 2.2. in | ]). Finally in Section 1.1.1.4, we define a process
(Y5)n>0, representing the population size generation by generation in (u¢):>0, and such
that (Yy,)n>1 is a Galton-Watson process. This allows us to draw a link between a survival
criterion for the population process (fi):>0, and the mean number of birth jumps for the
individual process (&t)¢>0-

1.1.1.1 Individual trajectories

For x9,& > 0 and R > 0, we denote by (& .., )t>0 the process describing the evolution
of energy over time, for an individual starting from energy &y at time 0, within a species
characterized by xq, with resources R. We simply write (&);>0 in the following if there is
no ambiguity. An individual trajectory will be deterministic between some random jump
times, corresponding to birth or death events. We define two cemetery states 9,b ¢ R. If
an individual energy reaches 0 at time t, it means that the associated individual is dead
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and then & = 0 for s > ¢. If an individual energy reaches b at time ¢, it means that this
energy exploded in finite time or reached the value 0 at time ¢, and then & = b for s > ¢.
The process § takes its values in R% U {0,b}. We precise now the general structure and
parameters of our model.

e Birth
At time ¢, an individual with energy &_ ¢ {0,b} jumps from &_ to & = &— —xp at
rate by, (&—). This event corresponds to the transfer of a constant amount of energy
xg to a single offspring born at time ¢.

We assume that the birth rate b,,, defined on R, is equal to 0 for every x < g, so
that no individual with non-positive energy appears during a birth event. Also, we
assume that it is equal to some positive and continuous function b (not depending
on xq) for x > xg. Finally, for z > 0,

by () = Losgeb().

e Death
At time t, every individual with energy &_ ¢ {0,b} dies at rate d(&_). The energy
then jumps from & to & := 0, and we set {5 := 0 for all s > t. The function d is
defined on R, and assumed to be positive and continuous.

e Energy loss and resource consumption

1. Every individual with energy & ¢ {0,b} loses energy over time at rate £(&;).
The function £ is defined on R%} and assumed to be positive, increasing and
continuous. This is the function related to metabolism, that is the loss of
energy for maintenance, in our model. The metabolism is commonly observed
to increase when the mass of an individual increases [ ]-

2. In order to balance this energy loss, an individual with energy & ¢ {9,b} con-
sumes the resource at rate f(&, R). Importantly, we suppose that f is of the
form f(&, R) := ¢(R)Y(§), where ¢ is a continuous, non-negative, and increasing
function on R™. Also, we assume that 1 is a continuous, positive and increasing
function on RY.

The fact that there is no resource consumption without resource imposes ¢(0) =
0, and for a fixed energy =, we assume that the resource consumption is bounded
even if there is an infinite amount of resource, which can always be reformulated
as limp_, 400 ®(R) = 1. The shape of ¢ is typically the one for the functional
response in evolutionary ecology: we can think of Holling type II or III func-
tional responses | |. The function ) accounts for the conversion of resource
into energy by the individual, which is why it is positive and increasing with
energy, as for £.

For every z > 0 and R > 0, we write g(x, R) := f(x, R) — {(x). We suppose that for
every R >0, g(.,R) is C! on R, so in particular it is locally Lipschitz continuous.
Between two random jump times (due to birth or death events), the energy evolves
according to the following equation:

ae,
= g6 R). (LL1)
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The regularity of g ensures that Equation (I.1.1) admits a unique positive local
solution, starting from any positive energy {y. This solution is denoted as A¢) R :
t — Ag r(t) or simply Ag(.) if there is no ambiguity on R. It is defined on an
interval [0, tmax (&0, R)[, where tmax (&0, R), or simply tmax(§o), is the deterministic
time when it reaches 0 or 400 (tmax(§0) is equal to +oo if this never happens). If
this happens between two random jumps at some time ¢, then the energy jumps
from &_ to & :=b, and we set {s = b for all s > ¢. Classical arguments show that
the flow (&o,t) > Ag, () is 1! on [0, tmax(€0)[, meaning that it is differentiable with
continuous derivatives in both variables (&, t).

In the following, we refer to all the previous assumptions for the model as the ‘general
setting of Section 1.1.1.1°. We define formally the process (&);>0 in Section 1.4.1, using
an iterative construction of jump times. Also, we give constructions that are equivalent
in law (in the sense that they have same distribution of sample paths) in Sections 1.4.7
and 1.4.9. In the following, we denote by P,  r¢, the law associated to the individual
process (&.z,R,¢)t>0- 1f there is no ambiguity on some of these parameters, we will allow
ourselves to lighten the notations into P¢, for example. The associated expectations are
naturally written as E; r¢,, or simply E.

1.1.1.2 Necessary and sufficient condition for a biologically relevant individual
process

We consider the process (& z0,R. )¢>0 defined in Section 1.1.1.1, and formally constructed
in Section 1.4.1. We write respectively T 4, r.¢, and Tog z9.R.¢0, OF simply Ty and T, for
the random times when the process (& 4, Rr.¢,)t>0 reaches respectively 0 and 4o00. Also, we
denote by Ty 4o Ry, or simply Ty, the random time when our process reaches 0 (i.e. the
time of death of the individual). All these hitting times may be finite or infinite. We say
that a trajectory (&:)i>o is biologically relevant, if and only if the following event occurs:

{Ty < Ty ATso}.

Remark that this event is equivalent to {Ty < 400}, because if the time of death is finite,
it necessarily means that the process did not reach 0 or +co before the death. In other
terms, (&)¢>0 is not biologically relevant if it reaches b before 0, or if (&;):>0 never reaches
0 (i.e. the individual never dies). Let us state a first situation where the trajectories are
biologically relevant. For R > 0, we say that R € Ry, if and only if

Jz > 0,Vy €]0,z], g(y,R) <0,
and we say that R € R, if and only if
dx >0,Vy >z, g(y,R)>0.

Remark that under the general setting of Section I.1.1.1, we always have 0 € Ry, and
both PRy and R are intervals when they are non-empty. We will see in Lemma 1.4.6 in
Section 1.4.5 that if R ¢ g U R, then the process is almost surely biologically relevant
for every xg,&). In the following, we make additional assumptions for our individual
trajectories to be biologically relevant almost surely for the remaining values of R (see
Theorem 1.1.1 below). Let us introduce some notations for this purpose. For R > 0 and
xo > 0, we define the operator K, r such that for any bounded function f: R} — R,

tmaX(§07R) _/u(bﬂ’»‘o + d) (Aﬁo,R(T))dT
KxO,Rf N L /0 bxo (AgO’R(u))e 0 f(AgO’R(u) — xo)du.

(1.1.2)
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We write 1 for the constant function equal to 1. Remark that K, g is linear, positive and
K;y,r1 < 1. For any bounded function f and k > 1, we write Kfoﬂf for the operator

K., r applied to Kf;}lzf, and K((E)(),Rf = f. Remark that K, r1(&) corresponds to the
probability that, starting from energy &y with characteristic energy xy and resource R, the
next jump of the process is a birth event (see Lemma 1.4.7 of Section 1.4.5 for a proof).

Assumption I.1.1 (Individual energy avoids 0). For all xg > 0,

/Owo %(m)dx = +o00. (I.1.3)

Assumption 1.1.2 (Individual energy avoids +oc). For all xg > 0, for all R € R,
for all & > 0 such that g(x, R) > 0 for x € [£, +00],

Kﬁo,Rl(ﬁo)mO and/ (bay + d)(=)

dz = 4o0. 1.1.4
50 g(.’f7 R) ( )

Remark: If R and &y are chosen like in Assumption 1.1.2, we can use the change of
variables © = Ag, r(u) and write for any bounded function f : R% — R and such &, R,

" b + D7)
Ko rf (&) = /+oo Me_ & 91 R) Tf(m — 20)dz
o, - .
° 50 g(l‘7 R)
We precise in the following theorem how these assumptions lead to a process £ with almost
surely biologically relevant paths.

Theorem 1.1.1. Under the general setting of Section 1.1.1.1, we have

Assumptions 1.1.1and 1.1.2 & (Vxg > 0,V > 0,YR >0, Py pe)(Ty < +00) =1).

Remark: Theorem I.1.1 states that Assumptions [.1.1 and 1.1.2 are necessary and suffi-
cient to obtain a biologically relevant individual process for every R > 0 in our setting.
More precisely, Assumption I.1.1 almost surely prevents individual energy from reach-
ing 0 (we only need a condition in the worst possible case, that is R = 0). We give
an equivalent formulation in Proposition 1.4.4 of Section 1.4.4. Assumption 1.1.2 almost
surely prevents individual energy from reaching +o0o (in the case where it would be pos-
sible, that is R € Ry). We give an equivalent formulation, under Assumption I.1.1, in
Proposition 1.4.11 of Section 1.4.5. To prove Theorem I.1.1, we will remark at the end
of Section 1.4.5 that it is the combination of Proposition 1.4.4, Lemma 1.4.6 and Proposi-
tion 1.4.11.

Finally, we provide the extended generator (see Definition 5.2. in [ ]) of our pro-
cess. We denote by C*(R%. U {9}, R) the space of functions in C'(R%,R) that take some
real value at 9. We define the operator £ such that for every ¢ € C}(R*%. U {8},R),

Loz { g(x, R)¢' () + bay (2) (p(2 _;(Oa))_ p(x)) + d(z)(p(9) — p(z)) ii i i gf
(1.1.5)
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We write D for the subset of C!(R%. U {8},R), such that ¢ € D, if and only if ¢ and L
are bounded on R U {0}. Under Assumptions I.1.1 and 1.1.2, thanks to Theorem I.1.1,
the process (& )¢>0 almost surely avoids b, so we can almost surely write (&) and Lo(&;)
for every ¢ > 0 and ¢ € C*(R%. U {8}, R).

Proposition 1.1.3. Under the general setting of Section 1.1.1.1, and under Assump-
tions 1.1.1 and 1.1.2, the individual process (&2 R, )t>0 (formally defined in Section 1.4.1)
is a Piecewise Deterministic Markov Process (PDMP) with extended generator L, where
the domain D(L) of this generator contains D.

In particular, it means that for every ¢ € D, the process (M;)i>o defined for t > 0
by

t
M 1= pl6r) — p(60) — [ Lolas
s a martingale.

Proof. We refer to the formalization of PDMPs by Davis in [ ]. Under Assump-
tions I.1.1 and 1.1.2, our process almost surely does not explode or touch 0 in finite time.
Furthermore, Equation (I.1.1) admits a unique positive local solution, starting from any
positive energy &) thanks to the regularity of g. Jump rates b;, and d are L110c<R*+)’ hence
classical techniques using Gronwall inequality show that we verify Assumption 3.1. of
[ ]. Thus, our result is a consequence of Theorem 5.5. in | ], which charac-
terizes the full domain D(L). The fact that D C D(L) can be checked using classical
arguments. Indeed, Theorem 5.5. in | | immediately entails that C*> functions with
compact support are in D(L£), and we then use localisation and approximation by these
test functions. ]

Remark: In Theorem 5.5. of | ], the domain D(L) is entirely characterized. We
only presented here a partial result on D, for the sake of simplicity.

1.1.1.3 The measure-valued population process

In the previous section, we described an individual process £ for which we can interpret
random jumps as birth or death events. Our goal here is to define a measure-valued
population process (u¢); based on these individual trajectories. In the following, we fix
xo > 0, R > 0, and we work under the general setting of Section I.1.1.1. To enumerate
individuals in the population, we use the Ulam-Harris-Neveu notation. We define

U= J (N9

neN

Over time, every individual will have an index of the form v := wg...u,, with some n > 0,
and some positive integers ug, ..., Up, i.e. some u € U. The generation of u is |u| :=n. We
denote as V; the set of indices of individuals alive at time ¢ (i.e. individuals born before t,
and whose energy is not in {9,b} at time ¢). The size of the population at time ¢ is then
naturally Card(V%).

Let Mp be the set of finite point measures on R%. At time ¢ = 0, we pick a random
variable pg € Mp. Then, there exists a random variable Cy € N and a random vector
(&, ..., go) € (R*)% such that

fo= >, Oeu,
ueVy
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with Vp := {1,...,Co}. Initial individuals have single labels u € V}), their trajectories are
independent conditionally to pug, distributed as the process £ of Section I.1.1.1 started
from & at time 7, := 0, and are denoted by (£,"™)i>0.

Then, we define a family of i.i.d. processes (£"),ci\n+, such that for every u € U \ N*,
& is distributed as the process £ of Section I.1.1.1 started from z¢ (which corresponds
to the fixed amount of energy transferred to offspring). Also, these processes are taken
independent from the initial processes (£%°)yey,. We also define, for every 7 > 0 and
u € U \ N*, the shifted process (§"")i>r with &7 := & _ for every t > 7. When a birth
event occurs at some random time 7 among one of the individuals in V;_, we create a new
individual trajectory. We index the offspring in the following manner: if the parent has
the label u := uguq...u,, and has already given birth to k children for £ > 0, the index of
the new offspring is taken as uk := upuy...upUn+1 With u,41 = k, and we add the index uk
to V. Also, we define 7,5, := 7 and the offspring energy follows the process £“%7k. When
an individual dies or if its energy reaches b at time 7, we remove this individual from V.
In this manner, over time, we describe the population with a point measure written as

20 u;w 55t )
with V; C U. Since it relies on the construction of ¢ in Section 1.4.1, we do not further
detail here the construction of  and postpone it to Appendix A.1.1. In particular, pu; is
well-defined for ¢ € [0, ©[, where © < +o0 if there is an accumulation of jump times (and
in that case, © is the supremum of the jump times), and © = +oc otherwise. We prove in
Appendix A.1.1, Proposition A.1.1, that under Assumptions I.1.1 and I.1.2, then © = +oc0
almost surely for every random variable g € M p. The study of such measure-valued pro-

cesses is standard, the reader can refer to | | for an age-structured measure-valued
process; and for growth-fragmentation models, to | | in an evolutionary and ecolog-
ical context, or to [ ] for the spatial spreading of a filamentous fungus.

Finally, we denote as Q, z,,r the law associated to the population process u, with initial
condition pg, offspring energy xo and resource R. We define the event 8 := {3t > 0,Ju €
Vi,u ¢ Vi}, i.e. there is at least one birth event in the population. For any zo > 0, R > 0,
we also define Mpg, r = {0 € Mp,Quye0,rR(B) > 0}. Remark that Mp,,r # 9,
because d2,, € Mpy, r for example. We will investigate in this chapter under which
conditions on the model parameters the following assumption holds true.

Assumption 1.1.4 (Supercriticality of the population process). For every xy > 0,
there exists Ro > 0, such that for all R > Ry, for every jio € Mpgag R,

(Quuo,wo,2(© = 4+00) = 1) and (Qugz0,r(Vt >0, V; # @) > 0).

The first condition Q, 4, Rr(© = +00) = 1 ensures that the population process is almost
surely well-defined for all ¢ > 0. On this event, Assumption [.1.4 states that for any
studied species, there exists an amount of resources from which the population can survive
indefinitely with positive probability. Assumption I.1.4 could be verified if at least one of
the individuals in the population never dies. Thanks to Theorem 1.1.1, we will not consider
this case if we work under Assumptions I.1.1 and 1.1.2. Furthermore, Proposition A.1.1 in
Appendix A.1.1 implies that under Assumptions 1.1.1 and 1.1.2, Q. 2,,r(© = +00) =1
for every g, zg, R. We want to work under Assumption 1.1.4, to model the fact that living
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conditions can be enforced in laboratory studies, which allow populations of bacteria or
algae to last as long as we want with high probability, if we maintain a sufficient level of
resources | |. We insist here on the fact that it is this particular choice of a fixed
value for R that fully supports our assumption. If there were competitive dynamics on
R, the birth and death process could lead to almost sure extinction, and the best we can
do in this case is to study existence and/or uniqueness of quasi-stationary distributions

[ I

1.1.1.4 The generation process

Finally, we define a process (1, )n>0 describing the size of generations of y, taking values
in NU {400}. We refer the reader to Corollary 2 in | ] for a general description of
the embedding of a generation process into a continuous in time population process. For
every n > 0, we define the random set

Gp:={uel,|ul =n,3t >0,u € V;},
which contains all the individuals of the n-th generation and let
T, := Card(G,).

With this definition, Y could a priori be infinite at some point, but as soon as it should
represent the generation sizes of a population, we want Y,, to be almost surely finite for
every n > 0, so we need the following assumption. For every xzg,& > 0 and R > 0, we
write Ny, Re, for the number of direct offspring of an individual following the process
(&t20,R 60 )t>0 during its life (i.e. the number of birth events on its trajectory). We write
Vio,R,€o for the law of Nz Roo-

Assumption I.1.5. Vzg > 0,VR > 0,¥§ > 0, PNy Rre < +00) = 1.

We will see in Corollary 1.4.9 of Section 1.4.5 that Assumption [.1.2 implies Assump-
tion I.1.5.

Proposition 1.1.6. Under Assumption 1.1.5, (Ty)n>1 is a Galton-Watson process with
offspring distribution vy, Rz, -

The proof of this fact is developed in Appendix A.1.2. The Galton-Watson process (Yp,)n>1
is either subcritical, critical, or supercritical. We use classical results on Galton-Watson
processes to infer the following equivalent formulation of Assumption I.1.4. Let us write

me,R(fO) = E(Nxo,R,Eo)7 or simply Mg, (50)

Proposition 1.1.7. Under the general setting of Section 1.1.1.1, under Assumptions I.1.1
and 1.1.2, we have that

Assumption 1.1.4 < (Vzg > 0,3Rg > 0,VR > Ry, Mgy r(zo) > 1).

The proof of Proposition 1.1.7 is given in Appendix A.1.2. Finally, we state an additional
assumption.

Assumption I.1.8. Vzy > 0,3Ry > 0,VR > Ry, g¢g(xo,R) > 0.
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In Assumption 1.1.8, we assume that for every species characterized by g, there exists
an amount of resource Ry that allows individuals to grow. This assumption seems very
natural if we think of our model as a general model able to allow the survival of any
species within a broad range of characteristic energy xg. We do not want that for some
x0, individuals can not grow, no matter the available resources. Thanks to the definition
of the generation process T, we can show that this last assumption is an immediate
consequence of Assumptions I.1.1, 1.1.2 and 1.1.4.

Lemma 1.1.9. Under the general setting of Section 1.1.1.1,
(Assumptions 1.1.1, 1.1.2 and 1.1.4) = Assumption I.1.8.

Proof. Assume that Assumptions [.1.1 and 1.1.2 hold true, and that Assumption 1.1.8 is
not verified. Considering Equation (I.1.1), there exists xg such that no individual starting
with this characteristic energy can reach higher energies, which leads to a birth rate equal
to 0. Then, for any R > 0, my, r(xo) = 0 and Assumption 1.1.4 is not verified by
Proposition 1.1.7. ]

Assumptions 1.1.1, [.1.2 and 1.1.4 are the main assumptions of this paper. They imply
Assumptions I.1.5 and 1.1.8, and they allow us to model biologically relevant processes,
both at the individual and population levels. We will now define an allometric setting, and
our motivation in the rest of this chapter will be to determine the allometric coefficients
verifying Assumptions I.1.1, 1.1.2 and 1.1.4.

I.1.2 The allometric setting

In this section, we highlight a specific choice for the functions E, d, ¢, f. The parameters
R and zy remain general constants, but we assume here allometric shapes on the four
remaining functional parameters. More precisely, we impose:

1. b(x) := Cpa?, so that by, () == Lysz, Cpa?,
2. d(x) := Csa?,
3. U(z) := Cyz®,
4. f(z,R) = ¢(R)Cy2Y (i.e. Y(x) = CyxY),
with (3,6) € R and (Cg,Cs,Co, Cy, ,7) € R%. Recall that ¢ and ¢ are increasing, which

is why « and ~ are positive. In the following, we refer to all these specific assumptions for
the model as the ‘allometric setting of Section 1.1.2°.

1.2 Main results

Now that our model is fully described, let us present the main results of this paper. First,
in Section I.2.1, we work under the allometric setting of Section 1.1.2 with 0 < < 1, and
give in Theorem 1.2.1 necessary conditions on the allometric coefficients 3, 9, v in order to
verify Assumptions [.1.1, I.1.2 and 1.1.4. Recall that these assumptions express conditions
that need to be valid for every zg > 0. We give a partial result for the converse implication
in Proposition 1.2.2. Finally, we present our conjectures about a necessary and sufficient
condition on the allometric coefficients to verify Assumptions I.1.1, 1.1.2 and 1.1.4. We also
present our results in the case & > 1 in Section 1.2.2. The details of the proofs are given
in Section I.4. Even if our aim is to have a biological interpretation for precise allometric
relationships, most of our intermediate results in Section 1.4 are presented and valid under
the general setting of Section 1.1.1.1.

48



1.2.1 Allometric constraints in the case a <1

For some 0 < a < 1, we introduce two sets of allometric coefficients. The first one is a
singleton, accounting for the usual allometric relationships highlighted in (2.3.2):

L ={(y=a,d=a-1,=a—-1)}

The second one contains a more complex condition on the allometric coefficient 8 of the
birth rate, and is well-defined if C;, > Cy:

IZ = {(7:0475:04—175)7 18205_1+C(5/(C’Y_006)}

Theorem 1.2.1. Let 0 < o < 1. Under the allometric setting of Section I.1.2, under
Assumptions 1.1.1 and I1.1.2 (biologically relevant model for every xg > 0) and Assump-
tion 1.1.4 (supercriticality for every xo > 0), we have either

(v.0,8) € i, Cy>Ca, Cp>Cs (1.2.6)
or

(1,6,8) €I, Cy>Ca, C5<Cy—Co. (L.2.7)

Remark: In Section 1.4.2, we give a detailed list of the constraints on the allometric
coefficients implied by Assumptions I.1.1, [.1.2 and 1.1.4, proved in the rest of Section I1.4.
These constraints together lead to Theorem [.2.1. The reader can visualize the restrictions
on allometric coefficients thanks to Figure I.1. Note that the conditions on C,,, C,, Cg and
Cjs are not represented on this graph. In the following, when the allometric coefficients
are in I; (respectively I5), we refer to it as ‘the I; (respectively I3) case’.

a_1+C»YC—6Ca
d=a—-1
Y=o

a—-1 0 a 1 B
Figure I.1: Visual representation of Theorem 1.2.1. The green dot represents the singleton
I, and the green line represents the set I5. The non-admissible allometric coefficients £

for our model with o < 1 are highlighted in red (and also, every (7,4, ) with § # a — 1
or v # « is non-admissible).

An immediate consequence of Theorem I.2.1 is the following.

Corollary 1.2.1. Under the allometric setting of Section I.1.2 and Assumptions I.1.1, 1.1.2
and 1.1.4, if Cs > C, — Cy, then

(’77575) Ella C’y>0a7 Cﬁ>C§.

Hence, we recover in this specific case the usual allometric relationships highlighted by the
Metabolic Theory of Ecology | ], but it is supported by clear biological assumptions.
We discuss more extensively the consequences of Theorem 1.2.1 in Section 1.3. Finally, we
give a partial result for the converse of Theorem 1.2.1.
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Proposition 1.2.2. Under the allometric setting of Section 1.1.2, if
(v,6,8) € I, Cy > Cq, Cg > (e — 1)Cy, Cs+Cs < Cy —Cq, (1.2.8)
then Assumptions 1.1.1, 1.1.2 and 1.1.4 hold true.

We give the proof of this fact in Section 1.4.10. Remark that (I1.2.8) = (1.2.6), but we
will show in Proposition 1.4.42 of Section 1.4.10 that (I1.2.6) is not sufficient to obtain
Assumption I.1.4. Also, it is still an open question to know if (I1.2.7) is sufficient to verify
Assumption 1.1.4. We present detailed numerical simulations in Section 1.5, that lead
to the following conjectures about a necessary and sufficient condition to verify Assump-
tions 1.1.1, I.1.2 and 1.1.4, and the behavior of mg, r(&), in the 5 case.

Conjecture 1.2.2. Let 0 < o < 1. Under the allometric setting of Section 1.1.2, we have
(Assumptions 1.1.1, 1.1.2 and 1.1.4) < ((1.2.7) or (1.2.9)),

where (1.2.7) is already presented in Theorem I1.2.1 (it is the Iy case), and the second
condition is

(7,6,8) €L, Cy>Co, Cs<Cy—C, Czg>E <0050> Cs, (1.2.9)
v VYa

with = :]0,1[—]1, +00[ a convex increasing function.

Conjecture 1.2.3. Let 0 < oo < 1. Under the allometric setting of Section 1.1.2, if (1.2.7)
(in the Iy case),
Vxg > 0,VR > 0,V& > 0, mmmR(fo) = +00.

Remark: Our last conjecture expresses that in the I5 case, the average number of offspring
starting from any xg, R, &y is infinite, which is indeed sufficient to verify Assumption 1.1.4
(supercriticality of the population process). This is very different from the I case, where
we can show that mg, r(§o) is always finite (see for example the proof of Proposition 1.4.18).

1.2.2 Allometric constraints in the case o > 1

We can adapt most of our reasoning from the case o < 1, and obtain the following theorem.

Theorem 1.2.4. Let o > 1. Under the allometric setting of Section 1.1.2, under Assump-
tions 1.1.1, 1.1.2 and 1.1.4, we have:

1. y=a, C, > C,.
2. 0<a—-1<8§6.
3. If =0 =a—1, then Cg > Cs.

Cs

4. If =a—-—landf>a—1), thenf>a—1+ ——F.
C, —Cq

5. If B> a, then § > o — 1. Moreover, if > o and 6 = a — 1, then Cs < C, — C,.
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Remark: All our results until Section 1.4.9 are either valid under the general setting of
Section I.1.1.1, or the computations can be adapted to the allometric setting of Section 1.1.2
with @ > 1. This is why in the following, we consider that the proofs for every point
of Section 1.4.2 give the similar points in Theorem 1.2.4. However, we cannot use the
conclusions of Section 1.4.9 (see the remark before Lemma 1.4.26). This explains the
weaker conditions obtained in Theorem 1.2.4, when we compare it to Theorem I[.2.1. Still,
we think it is important to present our conclusions in that case. Indeed, DeLong and
al. measured that metabolic rate scales with body mass superlinearly (i.e. « > 1) for
prokaryotes [ |. Malerba and Marshall also highlighted this superlinear scaling
within a population of green algae | . We visualize the restrictions on allometric
coefficients in the case a > 1 thanks to Figure 1.2.

1)
pr— C
7 « o T+ a—1 a_l—i_cfy_éca
1+
(0%
a—1
0 B

Figure 1.2: Visual representation of Theorem 1.2.4. All the coefficients (v, d, 3) verifying
one of the following conditions are non-admissible: 1) v # «; 2) § # o — 1, except for the
ones in the hatched area and its border; 3) v = o, d = @ — 1 and 3 on the red line (except
for the green dot).

1.3 Discussion

Before going into the mathematical details, we discuss the biological interpretation of our
assumptions in Section 1.3.1, and Section 1.3.2 gives our general conclusions and perspec-
tives.

I.3.1 Revisiting dimensional arguments of the Metabolic Theory of Ecol-
ogy

In Assumption 1.1.2, we emphasize the ratio (by, + d)/g(., R). The numerator accounts
for the influence of birth and death rates, whereas the denominator represents the speed
of acquisition or loss of energy by the individual in environment R. A classical idea is that
(bzy +d)/g(., R) can be expressed as the inverse of an energy, because one can view by,
and d as dimensionless rates and g as a gain of energy per unit of time | I, [ .
Usually, this is a justification for the choice 5 = § = @ — 1. We underline here that this
choice for the allometric coefficients is only a sufficient condition to obtain a biologically
relevant individual process.

Precisely, Assumption I.1.1 and Assumption I.1.2 indicate that the ratio (by, +d)/g(., R)
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has divergent integrals, respectively near 0 and +o0o. One possibility is to have the same
allometric coefficient for b, and d, and in that case we necessarily have f =6 = o — 1, so
that the previous ratio is of order 1/z. But there are plenty of other possibilities to obtain
this divergent integral: for example, it happens when 8 > a—1 and § = a— 1, and we see
in Figure I.1 that the green area allows this kind of other reasonable choice. Hence, the
choice § = § = o — 1 is sufficient but not necessary to verify Assumptions I.1.1 and 1.1.2.
This is why we need an assumption about the population, which is Assumption 1.1.4,
to be more precise about the interspecific allometric constraints. This last assumption
goes beyond the considerations about the ratio (b, + d)/g(., R), so beyond the classical
dimensional argument.

1.3.2 General conclusion and perspectives

To put it in a nutshell, here are the assumptions we can make for the conception of our
model:

e The functions ruling energetic dynamics and the underlying birth and death process
have allometric shapes.

e An individual almost surely never reaches energy 0 before dying.

e An individual almost surely never reaches energy +oo before dying. Also, an indi-
vidual has almost surely a finite lifetime.

e Any population, characterized by the energy at birth x(, survives with positive
probability, at least for a sufficient amount of resources.

The way we put it here highlights that this is really the first allometric assumption that
is restrictive and leads to the conclusions of Theorem 1.2.1. The other assumptions are
strikingly basic, even if we underline that what we call a death event only accounts for
intrinsic causes of death (i.e. individuals only die because of the energy loss due to
metabolism, and not competition factors). Notice that the previous assumptions also
imply the following biologically relevant and basic features:

e An individual has almost surely a finite number of direct offspring.

e An individual can always feed himself and grow if there are enough resources in the
environment.

Recall here that a crucial aspect of our reasoning is that we want our model to respect
the previous constraints for any kind of living species, tiny or gigantic. Thus, it is cer-
tainly adapted for the study of allometries involving several species, in the spirit of the

guiding work of | | where the linear regressions are performed on a broad range of
living species (nearly 20 orders of magnitude of body mass). The constraints we obtain
are interspecific, and not intraspecific. One can refer to | | or | | to understand

this gap between interspecific allometries and within-species dynamics. An interesting
opening would be to study the evolution of the allometric coefficient o, adding a mutation
mechanism in our previous setting. In other terms, we could adopt an evolutive point of
view in line with the philosophy of adaptive dynamics [ , ].

Our feeling is that the main phenomenon at stake here is the universality of a along

xg. It is eventually not a surprise that we get close to the results of the Metabolic Theory
of Ecology. The simple case considered in this paper is meant to give an insight about
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what kind of mechanisms, other than competition for resources or trait evolution, are
important to balance the energetic dynamics. To aim for the complex reality of an entire
food web, one would add interaction between individuals and/or species and a dynamic
evolution of the resource (see [ ] or [ ] for a general approach). We leave this
for future work.

I.4 Construction of the process and proofs

In Section 1.4.1, we construct the individual process highlighted in Section 1.1.1.1. In
Section 1.4.2, we give the different steps of the proof of Theorem 1.2.1. Even if we chose to
highlight the allometric consequences of our reasoning in Section 1.2, the results presented
in the following are valid under the general setting of Section 1.1.1.1, so their interpretation
goes beyond the allometric setting (except for Sections 1.4.8 and 1.4.9).

I.4.1 Construction of the individual process (&):>o

Let us fix xg, R,&. Recall that A : (§,t) — Ag (t) is the homogeneous-in-time flow
associated to Equation (I.1.1) (R is implicit in the notations). For & > 0, Ag(.) is
defined on [0, tmax(&0)[, where tyax(&o) is the deterministic time when Ag (tmax(&0)) = 0
or 400 (tmax(§0) is equal to +oo if this never happens). One way to construct (& )¢>0 is
to use two ingredients: 1) we first construct an auxiliary process (£"*):>o starting from
£ = o with birth events at rate (by, +d)1(gauxs .,y and death event at rate d1jgaux<yy,
and then 2) kill this process at a random time to obtain the appropriate birth and death
rates by, and d. This construction of the process ¢ is made in the spirit of a Gillespie
algorithm [ |. Although this construction may not seem the most natural, it will be
convenient for couplings in the proofs in the following. We insist on the fact that for this
construction, we only work under the general setting of Section I.1.1.1, and in particular
without Assumptions I.1.1 and 1.1.2. This is essential if we want Theorem I.1.1 to be
meaningful.

e Let (E;)i>1 be ii.d. random variables with exponential laws of parameter 1. First,
if

tmax(g())
L e+ e (5))ds < By
0

we set Jy := +00. In that case, we set "™ = Ag, (t) for t € [0, tmax(§o)[ and ™ = b
for t > tmax(&0). Recall that reaching b means that the individual energy exploded
or reached 0 before time ¢. Otherwise, as (by, + d) is a positive function, we can
define the first time of jump as

t
Jp := inf {t € [O,tmax(&))[,/ (bzy + d)(Agy(s))ds = El} .
0
In that case, Ag,(J1) is well-defined, and we set £ = Ag () for t € [0, J1[, and

§57 = (Ao (J1) = 20) Liae, ()>z0y + 0Liag, (11)<uo}-

Remark that we need to check if Ag,(J1) < xo. If this occurs, the jump is necessarily
a death jump, as soon as by, = 0 on ]0, x|, and then we set & = 9 for t > J;. We
can derive the distribution function of Ji. For every u €]0, tmax(&0)[:

u — | (bzy +d)(Agy(5))ds
Pro.rg(J1 < ) =/0 (bzy + d)(Agy (t))e /0( FOUe) dt,  (1.4.10)
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and Pxo,R,Eo(Jl = —{—OO) =1- Pxo,R,Eo(Jl < tmax(&))).

Now, let us suppose that we defined J, and &5 for some n > 1. If J, = +oo0,
or Jy, < 400 and {7 = 0, we simply set J,41 1= +o00. In that case, " is al-
ready defined for all ¢ > 0, because it already reached b or 9. Now, we suppose that

Jn < 400 and 7 # 0, and we distinguish between two remaining cases. First, if

aux

Jn“l’tmax(fj
/ (baco + d)(A@lTle (8 — Jn))ds S En—&-l,

we again set Jpy1 = 400, & = Ag;ux(t — Jp) for t € [Jpn, Jn + tmax( f}zx)[ and
& = b for t > Jp, + tmax( 32x> Otherwise, we can define the (n + 1)-th time of
jump as

t
Jn+1 ;= inf {t S [Jn, Jn + tmax(ggzx)[,/ (bﬂ»‘o + d)(Aé‘gux (3 — Jn))ds = En-l—l} .
Jn "
In that last case, we set £ = Agaux(t — Jp,) for t € [, Jpt1[, and

é.taj:il = (Afgzx(Jn-‘rl - J'IZ) - xo) 1{A£ja]|:1x(Jn+1—Jn)>x0} + 81{A§31717‘X(Jn+1—Jn)§x0}'

If @:’il = 0, we then set & = 0 for ¢ > Jp41. Eventually, it is possible, in
the general setting of Section 1.1.1.1 and without further assumptions, that J :=
SUp,en+ Jn < +00 (i.e. we have an accumulation of jump times). In that final case,

we set &' = for t > J.

e Then, we define a sequence (U;);>;1 of i.i.d. random variables with uniform laws on
[0, 1], independent of (E;);>1. We define the time of death Ty as

. ux d ux
T, := inf {Ji, §r #band U; < by, +d (53’_)} ’

with the convention inf(@) = +oo. We also define T := inf{t > 0, "™ = b, {3 P
s—t—
0} and T = inf{t > 0, = b, 3™ = +oo}. Remark that {T; < To AT} C
s—t—

S

{J = 400}, so if our process is biologically relevant as defined in Section I.1.1.2, there
is no accumulation of jump times. We then define our final process & for t € R as

§ =& Ly + 0lg>7yy-

The reader can check that if for some n € N, the condition {Agawx(Jni1 — Jn) < o}

is verified, then we have bzod+d (532’1) =1 > U,, so that our jumps to 9 for &*"* are
consistent with the definition of T,;. These jumps for £*"* to 0 are necessary to keep a
well-defined positive (when it is not 9 or b) process £*"*. They account for deaths of
individuals with energy smaller than zg, whereas the definition of Ty also includes deaths
with an energy higher than zy. Finally, birth times for the process £ are exactly times J;
such that J; < 400 and J; # Ty, so the number of direct offspring of an individual during

its life, is defined as

Nwo,R@o = SUP{i >0,J; < Td}- (1.4.11)
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I.4.2 Sketch of the proof of Theorem I.1.1 and Theorem 1.2.1

We prove Theorem I.1.1 by splitting the different possible situations depending on the
resource R. We consider the case R € Ry \ Reo in Proposition 1.4.4 of Section 1.4.4,
the case R ¢ My U Ry in Lemma 1.4.6 of Section 1.4.5, and conclude for R € R in
Proposition 1.4.11 of Section 1.4.5. Also, we divide the proof of Theorem 1.2.1 in eight
distinct points. Let 0 < a < 1. Under the allometric setting of Section 1.1.2, we have:

1. Assumption 1.1.8 & (v = a and C,, > C,).

2. Assumption I.1.1 & § < a — 1.

3. Assumptions I.1.2 and 1.1.8 = (Assumption I.1.5 and max(3,9) > o — 1).

4. (Assumptions I.1.1, I.1.2, I.1.4 and max(8,d) > a—1) = (> a—1,and if f =0 =
a — 1, then Cz > Cj).

C
5. (Assumptions.1.2, I.14and 6 = a—1) = <if6 > a—1, then g8 > a—l—}—CéC>.
vy T Yo

6. Assumptions I.1.1, .1.2, 1.1.4 = (if 8 > «, then § > a — 1).
7. (Assumptions [.1.2, .14 and § =a — 1) = (if 8 > a — 1, then C5 < C, — C,).
8. Assumptions I.1.2 and 1.1.8 = (if § < «, then § > o — 1).

Remark: Theorem 1.2.1 is a consequence of points 1 to 8. Thanks to Lemma 1.1.9 and
point 3, we know that in Theorem 1.2.1, we work in fact under Assumptions I.1.1 to 1.1.8,
and max(3,0) > a — 1. Then, v = a and C,, > C,, because of 1. Also, 6 = o — 1 because
of 2, 6, 8. Finally, in Theorem 1.2.1, the remaining conditions on 3,Cg,Cs,Cy,C, are
the combination of 4, 5, 7.

For the previously enumerated results, we precise where the reader can find the asso-
ciated proofs, with some insight on the mathematical tools involved. Except for points 6,
7, 8, the following results are stated and valid under the general setting of Section I.1.1.1.

1. See Proposition 1.4.1 in Section 1.4.3, which is purely deterministic.

2. Under the allometric setting of Section 1.1.2, Equation (I.1.3) is
o C
Vg > O,/ 2O ph-ady = ~+o00,
0 Ca

which is equivalent to § < a — 1.

3. See Corollary 1.4.9 in Section 1.4.5. The proof is based on an operator point of view
on our probabilistic questioning.

4. See Proposition 1.4.12 in Section [.4.6, which uses basic probability calculus.

5. See Proposition 1.4.18 in Section 1.4.7.2. The proof is based on Proposition 1.4.16 in
Section 1.4.7, which uses a useful coupling to compare different individual trajecto-
ries.

6. This will be proven in Sections 1.4.8.1 and 1.4.8.2. We define several couplings of
our individual process with simpler processes, and also track the maximal energy
reached by an individual.
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7. We apply the reasoning of 6. in the case § = a— 1. This constitutes Corollary 1.4.24
in Section 1.4.8.3.

8. We use a representation of the individual process (& )¢>0 with Poisson point mea-
sures, and martingale techniques. We were inspired by the concept of asymptotic
pseudotrajectory developed by Benaim and Hirsch | ]. The complete proof of
this last point is developed in Section 1.4.9.

1.4.3 Proof of 1. in Section 1.4.2

We begin with a simple result that illustrates perfectly our way of reasoning. Also, this
section is particular in the sense that our considerations here are purely deterministic.
Assumption I.1.8 translates into a condition on functions v and ¢, ruling the energy
dynamics in Equation (I.1.1).

Proposition I1.4.1. Under the general setting of Section 1.1.1.1, Assumption 1.1.8 is
equivalent to

Ve >0, ¢(x)>Ll(x). (1.4.12)
Under the allometric setting of Section 1.1.2, (1.4.12) is equivalent to
v=aand C, > C,.

Proof. Let x > 0, we have g(z, R) = ¢(R)y(x) — {(x). It is straightforward to verify that
Assumption 1.1.8 is equivalent to (I.4.12), because ¢ is non-negative, non-decreasing and
¢(R) — 1 when R — +o0.

Under the allometric setting of Section I.1.2, by letting z — 400, we see that (1.4.12)
cannot be verified unless v > a or (y=aand Cy > C,).

In the same vein, if we consider now = — 0, we also obtain regarding (1.4.12) that v <
a or (y=aandCy > C,), which ends the direct implication. It is easy to see that the
converse also holds true. d

Remark: This result gives point 1. of Section [.4.2. We immediately observe one of
the major feature of the allometric setting: power functions of the form x +— z" have
an antagonistic behavior near 0 and near 400, depending on the sign of k. In order to
enforce general principles valid for any z(, one has to choose precise allometric coefficients.

Under the allometric setting of Section 1.1.2, an immediate consequence of Proposition 1.4.1
is that, under Assumption I1.1.8, Equation (I.1.1) becomes

d&; o
— = 1.4.1
dt CRét ) ( 3)

with Cg := ¢(R)C, — Cy < Cy — C,. Remark that if 0 < a < 1, for every (R, &), the
solution of Equation (I.1.1) starting from &, with avalaible resources R cannot explode
in finite time, but can possibly reach 0 depending on the value of R. In the case a >
1, a solution of (1.4.13) with Cr > 0 can reach +oo in finite time, but not 0. These

situations have been taken into account in the construction of the individual process
(&)t>0 in Section I1.4.1.
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I.4.4 Equivalent formulations of Assumption I.1.1

In the following, we give probabilistic interpretations of Assumption I.1.1.

Lemma 1.4.2. Under the general setting of Section 1.1.1.1, Assumption 1.1.1 is equivalent
to

VYxg > 0,VE > 0, PCL‘o,R=0,§o (Td < +OO) =1. (1414)

Proof. First, let us show that Assumption [.1.1 is equivalent to the weaker condition
Pao,R=0,60=a0 (Ta < +00) =1 (1.4.15)

for every xg > 0. We fix g, R = 0 and & = x¢ and investigate under which condi-
tion (I.4.15) holds true. In this situation, the energy only decreases over time, and the
only random event possibly occurring is a death, so from the construction of Section 1.4.1,
{Ty < +o0} = {J1 < tmax(20,0)} (With tmax(z0,0) possibly equal to +00). We use (1.4.10)
with (bz, + d) = d on ]0, x| to obtain

Paco,O,xo (Td < +OO) = Pxo,O,xo(Jl < tmax(xm 0))

tmax(IOyo) _/ d(A1'070(T))dT
_ / d( Ay o(s))e Jo ds
0

tmax (1'0 70)
/ d(Aggo(T))dr
0 .

=1-—e¢

. . _ rtmax(zq,0) .

Thus, (1.4.15) is equivalent to (e~ Jo d(Az,0(m)d™ — () for all £y > 0). The function ¢
is positive increasing and Az, o(.) is the solution of (I.1.1) with Az, ¢(0) = 29 and R =0
(so g(xz,R) = —{(x)). Hence, Ay, 0(t) goes to 0 when t goes to tmax(zo,0), and we can
perform the change of variables u = A, o(7), which gives exactly Assumption I.1.1. Now,
we suppose that (1.4.15) holds true and we show (I.4.14). The same reasoning as before
still applies when £y < xg, because there are no birth events (we just replace tmax(xo,0)
by tmax(0,0)). If & > xp, we define the random time

Txo,lo -— inf{t € [Ode[7 ft,mo,O,Eo < x0}7

with the convention inf(@) = +oo. First if 7,,¢, = +00, then Ty < Ty = +oo because
before Ty, the energy is in [xg,&y] and the death rate is positive continuous, so lower
bounded by a positive constant, on this segment. Else if 7, ¢, < +00, by Markov property,
we start at time 7., ¢, from a new initial condition &; < xg, for which the result is already
proven. O

In fact, Assumption I.1.1 also ensures that individual trajectories almost surely avoid 0
for every xg > 0, & > 0, and any amount of resources R > 0.

Proposition 1.4.3. Under the general setting of Section 1.1.1.1 and under Assump-
tion 1.1.1, we have

Voo > 0,V > 0,VR >0, Py re (Th = +o0) = 1.
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Proof. Let x,§ > 0 and R > 0 and assume by contradiction that P, r ¢ (T < +00) >
0. From the construction of Section I.4.1, on the event {7 < 400}, there exists a family
(E;)i>1 of i.i.d. exponential random variables with parameter 1, a family (U;);>; of i.i.d.
uniform random variables on [0, 1] and n € N* such that J,—1 < +o00 and

tmax (63, R)
/ (bay + d) (Agy (s))ds < B,
0 n-

with the convention Jy = 0. Moreover, as Ty < 400, we necessarily have

Agaux ( ) O7

$—tmax (55}2"_ 1R)

1

meaning that the flow s — Aganx - r(s) is decreasing and g(xz,R) < 0 for every x €

10,€5%, gl, according to Equation (I.1.1). The change of variables x = Agsux  p(s) is then
n—1

licit and we have

Eaux

1 (bzy + d)(x)
T ey e B e

As g is increasing in R and b, = 0 on |0, 2], this leads to

ST
/ o &dm < 400,
0 —g(x,O)

which contradicts Assumption 1.1.1 (because g(x,0) = —¢) and concludes the proof. [

Finally, we can give a stronger equivalent formulation of Assumption I.1.1.

Proposition 1.4.4. Under the general setting of Section 1.1.1.1, Assumption I1.1.1 is
equivalent to

Vg > 0,V& > 0,VR € Ry \9%00, P$07R,§0 (Td < +OO) =1.

Proof. First, remark that 0 € Ry \ Reo, so by Lemma 1.4.2, we only have to show that
Assumption 1.1.1 implies Py p e (Tg < +00) =1 for R > 0 in Ry \ R and any zo > 0,
& > 0 that we fix for now. Because R ¢ R, there exists x2 > &y such that g(z2, R) < 0.
Then, Tt = 400, and for t < Ty A To, & 29,R¢, < T2. Also, by Proposition 1.4.3, we
also have Ty = 400 almost surely. However, R € fRg, so there exists x; > 0, such that
9(y,R) < 0 for y < z1. We define the random time

= inf{t (S [O,Td[, §t7$07R,§0 < x1 A .’L‘O},

with the convention inf(@) = +oo. First, if 7 = 400, we have & 5 re, € [T1 A o, 2]
before T,; and the death rate is positive continuous on this segment so T; < +oo. Else if
T < +00, by Markov property, we start at time 7 from a new initial condition & < x1 Axyp.
As d(x) > Z fl for x < &1, the same reasoning as Lemma 1.4.2 applies, from the initial

—g(z,R)
condition &1 with resource R, so Ty < +o0. O
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1.4.5 Proof of 3. in Section 1.4.2 and consequences of Assumption 1.1.2

First, we prove intermediate lemmas that lead to Corollary 1.4.9, which entails point 3.
in Section [.4.2. Then, we will give in Proposition 1.4.11 an equivalent formulation of
Assumption 1.1.2 under Assumption I.1.1, which completes the proof of Theorem I.1.1
with Proposition 1.4.4 and Lemma 1.4.6. We begin with a technical lemma on J, the
supremum of jump times of £*"* defined in Section 1.4.1.

Lemma 1.4.5. Under the general setting of Section 1.1.1.1, for every xo, R, &, we have
almost surely

Proof. We fix xg, R, &y in the following. Remark that
{J < +oo} C{Vn e N* &5 ¢ {0,b}} C {Vn e N*, J, < Ty ATo ATy}

Thus, on the event {J < +00}, the only possible random jumps on the finite time interval
[0, J[ are birth events, and there is an infinite amount of such birth events. Remark that
the event {J < T} is equal to

(3M > 0,V € [0,3], 3s €]t, 3, € < M}, (1.4.16)

so we suppose by contradiction that {J < +oo} and (1.4.16) occur with positive probability
and we work on these events in the following. We define 7 := sup{t € [0, J[, & > M +1},
and distinguish between two cases. First, if 7 < J, it means that there is an infinite
number of birth events and 2" < M + 1 on the finite time interval |7, J[. This happens
with probability 0, because the birth rate by, is bounded on [0, M + 1]. Else if 7 = J,
by (1.4.16), we can define two random sequences (si)gen and (tx)gen such that for all
k€N, 0<sp <t <sprr <J, with & < M and '™ > M + 1. By definition of the
process, the only way £*"* can increase is deterministic, between random jumps. Hence,
there exists a deterministic time ¢ > 0 such that for all &K > N, ¢, — s > 0. This is a
contradiction and concludes the proof, because we would then have

400 = Za < Z(tk —s;) < Z(Sk+1 —s;) < J < +o0.

k>0 k>0 k>0

O]

For R > 0, we define Qp := {& > 0,Vz > &, g(z, R) > 0}, and notice that R € R, if
and only if Qr # .

Lemma 1.4.6. Under the general setting of Section 1.1.1.1, we have
Vag > 0,VR ¢ Ro UReo, V& > 0, P:):O,R,&)(Td < +OO) =1,

and

Vzg > 0,VR € R \ MRo, Vo §é Qr, ng,R,&)(Td < —|—OO) = 1.
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Proof. Let & >0, g > 0 and R ¢ Rp U Reo, then
Vo > 0,3y €]0,z], g(y,R) >0,

and
Ve >0,3y >z, g(y,R)<0.

In that case, according to (I.1.1), we have Ty = T = +00. In particular, J = 400 almost
surely by Lemma [.4.5, because if J < 400, we would have J = T < 400. We can
find ¥ > xo V & such that ¢g(g, R) < 0, so before Ty, we have { < 7. If R € Ry \ Ro
and & ¢ Qg, we verify that we can work in the exact same setting. Now, suppose by
contradiction that {T; = 400} occurs with positive probability, and work on this event.
We define

f ;= inf §t-

20

First, if £ > 0, the process stays in [£,7] over time. Otherwise, £ = 0, and the only way
this could happen with R ¢ Ry is that there is an infinite number of birth events. Hence,
we can construct two random sequences (si)xen and (tx)gen such that for all & € N,
0 < sp < tp < Spy1, with E8% < x0/2 and X > xo. As in the proof of Lemma 1.4.5,
this implies that the process stays almost surely an infinite amount of time in the segment
[£0/2, x0]. In both cases, the process stays an infinite amount of time in a segment, where
the death rate d is lower-bounded by a positive constant, so the time of death T,; would

be almost surely finite, which is a contradiction. O

Recall that K, r is the operator defined by (I.1.2). In the two following lemmas, we
give a probabilistic interpretation of K fo’ gl for k > 1, as the probability that the k first
jumps of the process are birth events. For k > 1, we write M fo’ Ry OF simply MP¥, for the
event { Ny, re, > k} (i.e. an individual starting from &y with characteristic energy xo and
resources R has at least k direct offspring during its life), with Ny, r ¢, defined by (1.4.11).
We write By, Rr¢,, or simply B, for the event {J; < Ty}, (i.e. the first jump event is a
birth). Also, we write Dy, g, or simply D for the event {J1 = Ty} N {J1 < tmax($0, R)},
(i.e. the first jump event is a death).

Lemma 1.4.7. Under the general setting of Section 1.1.1.1, for every xg,& > 0, R >0
and 0 < u < tmax(&0), we have

“ - ba:0+d Ao, s))ds
Pag, kg ({1 <u}NB) :/0 by (Ago,r(t))e /0( JAe () o,

In particular,

P-TO,R:50 (B) = Kx07R1(§O)'

Proof. From the construction of Section 1.4.1, on the event {J; < u < tmax(&o)}, the event
B is exactly

{Ul > bzoder (Ago,R(Jl))}y
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with Uy being a uniform random variable on [0, 1] independent of .J;. Hence, conditioning
on the value of J; and using (1.4.10), we obtain

_d
by, +d

Proeo(( <upnB) = [ (1= -2 snl0)

(t)) _/0 (bzg +d)(A§0,R<3)) ds

(bﬂfo + d) (Aéo,R dt,

which leads to the result. The second equality of the lemma comes from the limit v —
tmax (&0, R) (increasing events on the left-hand side and increasing integral when u increases
on the right-hand side). O

Lemma 1.4.8. Under the general setting of Section 1.1.1.1, we have

Vk>1, Vag>0,Y& >0,YR >0, P(My p.) =Kk zl(&), (1.4.17)

T x

so that

k—4o00

Assumption 1.1.5 < <Vw0 >0,YR >0,V > 0, KfO’Rl(fg) — O).

Proof. We prove (1.4.17) by induction on k& > 1. The base case is given by Lemma 1.4.7,
because M' = B. Now we suppose that the result holds true for some & > 1. We
define (é,zo’ Rz )z>0 a family of processes with same law as £ ;, r .+, but independent from
our initial process £ ;) Rr¢,, and in particular independent from M;O? Réo- We denote by

M :fo, R the associated events, defined like M f;o, Rt for £ 40,Rr.¢,- By Markov property, we

have that
k+1 _ 1 rk
P(M. ) =P 0,R, [ M, R7A§0,R(J1)*xo>'

$07R7£O &z Zo,

Conditioning on the value of .J; (which is in ]0, tmax (&) [ on the event M') and using (1.4.10)
like in the proof of Lemma 1.4.7, we obtain

tmax (0, — [ (bzy +d)(Agy,r(s))ds
POML he) = | O, iy e O T

x0,R.&o mo,R,AgoyR(t)—xO)dtv

because éxo R and & ;o Rz have the same law. This concludes by induction hypothesis.
The equivalence of Lemma 1.4.8 follows from

k
{Nxo,R,fo - +OO} = m M$07R,50'
k>1

O]

We highlight the following consequence of Lemmas 1.4.6 and 1.4.8, which implies point 3.
in Section 1.4.2.

Corollary 1.4.9. Under the general setting of Section 1.1.1.1,
Assumption 1.1.2 = Assumption [.1.5.
Under the allometric setting of Section 1.1.2, we also have

(Assumptions 1.1.2 and 1.1.8) = max(8,d) > a — 1.
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Proof. For the first point of the corollary, thanks to Lemma 1.4.8, the only thing to verify
is that for any g > 0, P(Nyg,re, < +00) =1, for every R ¢ R, or R € Ry and § > 0
such that there exists xo > &, with g(z2, R) < 0 (i.e. & ¢ Qr). Remark that R ¢ R
implies the existence of such x5 for any & > 0. We work with such parameters in the
following, and remark that in both cases, Too = +00, so J = +0o by Lemma 1.4.5. First,
if R ¢ Mo, Ty < +00 by Lemma 1.4.6 so Ny, p¢, < +00 by definition, see (1.4.11). Then
if R € Ry, there exists x; > 0 such that g(y, R) < 0 if y < x1. We define

7= inf{t > 0,& 20.Re < o AT1},

with the convention inf(@) = +o0o. We have again two cases. First if 7 = +oo, then
&t o R6 Stays in [xg A x1, 22 before Ty, and the death rate is positive continuous on this
segment, so Ty < 400, hence N, r¢, < +oo. Else if 7 < +o00, there are no possible births
after time 7 because individual energy remains under xg, so Ng, r ¢, < +00.

Under the allometric setting of Section 1.1.2 and Assumption 1.1.8, according to Proposi-
tion [.4.1, v = a and R # &. We take R in this set and then for all y > 0, g(y, R) > 0.
The integral condition of Assumption I.1.2 then leads to the second point. O

Now, we give another consequence of Assumption I.1.2.

Proposition 1.4.10. Under the general setting of Section 1.1.1.1,

Assumption 1.1.2 = (Vxg > 0,VR € R \ R0, V€0 > 0, Py re(Ty < +00) =1).

Proof. We fix any g > 0, R € R \ Ro, {o > 0, and we compute Py e (Ty < +00).
In the following, we write py : @ > 0 — Py ro({Ty = Ji} N {Ty < +00}). On the event
{Ty < +o0}, Ty is one of the Ji, so we immediately have

Pao, e (T < +00) = Y pi(&o)- (1.4.18)
k>1

First, we have from the construction of Section 1.4.1 that

P1(60) = Py rigo(Ta = J1, Ty < +00) = Puy Ry (D) = Pug Rty (J1 < tmax(€0)) — P, R (B);

which gives thanks to (1.4.10) and Lemma 1.4.7,

P1(&0) =1 — 040,R¢0 — Kao,r1(0)s (1.4.19)

tmax(£07R)
with o4 re = exp —/ (bzo + d)(Ago,r(7))d7 |. Then, for £ > 1, we use
0

Markov property as in the proof of Lemma 1.4.8, but with the events {Ty = Ji} N {Ty; <
+oo} instead of Mme?go, to obtain

b o) _ / (b + d) (Ao (r))dr
P (69) = / bao (Aeo (u))e 0 pr(Ago p (1) — z0)du

= Kuo, 1Pk (&0),
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and this is valid for every &, > 0 and k£ > 1, so
Pk+1 = Kxo,Rpk = Kgo,Rpl' (1.4.20)
Now, thanks to Equations (1.4.18), (1.4.19), (1.4.20), we obtain

Pao,R.6o (Ty < +00) Z Kg];o }1{ — 020,R,. — Ku,r1)(&0)

k>1
k k
= KE L= Koy m1)(&) — Y K howy k. (%)
k>1 k>1
=1- lim_ Kh p1(60) = > KE howr.(S0).

k>1
We can split the sums from the first line to the second, because one of them is telescopic
(and limg_y o0 K 507 r1(&) exists as the limit of a decreasing non-negative sequence) and
the first line is the wanted probability. Now, if £ € Qpg, then g(x, R) > 0 for x > &,
and we can make the change of variables x = A¢, r(7) in the expression of o, r¢,, With
Ag, r(T) going to +00 when 7 goes to tmax (o, R), so

0
Remark that for §y € Qg, if 04, re, =0, then 0,y g, = 0 for every x € (g, by continuity
of by, d and g(.,R). Also, if & ¢ Qpg, recall that R ¢ Ro, S0 tmax(§o, R) = 400 and
Ag, r(T) remains in a compact for 7 > 0, hence o, r¢, = 0. This implies that for every
{0 S QR, (UIO,R,&) =0« Oz0,R,. = O). Thus, for fo S QR, (Pazg,R,go(Td = +OO) = 1) is
equivalent to (0g,r¢ = 0 and limy_, 4o Kﬁle(fO) = 0). Assuming Assumption 1.1.2
implies that (044,re¢ = 0 and limy_, | Kmel(go) = 0) for every R € Ry \ Ro and
& € Qp. Also, if R € R\ Rp and &y ¢ Qr, then Py r ¢, (Tq = +00) = 1 by Lemma 1.4.6,
which ends the proof. O

Finally, we complete the proof of Theorem I.1.1.

Proposition 1.4.11. Under the general setting of Section 1.1.1.1, and under Assump-
tion 1.1.1, we have

Assumption 1.1.2 < (Vxg > 0,VR € Roo, V€ € Qr, Py re(Ta < +00) =1).

Also, under Assumption 1.1.1, for every o > 0, R € Ry and & ¢ Qr, we have
PR, (Ta < +o00) =1.

Proof. We fix R € Ry in the following. By Assumption 1.1.1 and Proposition 1.4.3,
we have almost surely Tp = +0o. We can work on this event and apply the exact same
technique as in the proof of Proposition 1.4.10 (in particular, we verify that we still have
Oao,R¢, = 0 for every &y ¢ QR) to prove that (P ¢ r(Ty = +00) = 1) is equivalent to
(020,RE = 0 and limy_, 4 o Kxo r1(&) = 0) for every R € R and & € Qg, which con-
cludes for the equivalence. Finally, if &y ¢ Qg, it is as if we work with R ¢ fRo., and under
Assumption I.1.1, we can use the same techniques as in the proofs of Proposition 1.4.4 or
Lemma 1.4.6 to obtain the second part of Proposition 1.4.11. O

Remark: What is important for the equivalence in the previous proof is the use of
Assumption I.1.1 first to ensure that Ty = +o0o almost surely, even if R € Ry. Also, we
need to consider & € Qg to perform the change of variables x = Ag, r(7) in the proof of
Proposition 1.4.10, and to ensure tmax(&o, R) = +00. At this point, the reader can verify
that the combination of Proposition 1.4.4, Lemma 1.4.6 and Proposition 1.4.11 implies
Theorem 1.1.1.
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1.4.6 Proof of 4. in Section 1.4.2

A first immediate consequence of Assumption 1.1.4 is the following, which entails 4. in
Section 1.4.2.

Proposition 1.4.12. Under the general setting of Section 1.1.1.1, Assumptions 1.1.1, 1.1.2
and I.1.4, we have

Ve > 0,3y >z, bly) > d(y). (1.4.21)
Under the allometric setting of Section 1.1.2, (1.4.21) is equivalent to

B>5or(ﬁ:(5, Cg>C§).

Proof. Let us suppose that
3 >0,y >z, bly) < d(y).

Then, recall that b, = 0 on ]0, z¢], so for every x¢ > z,

bao (y)

But in that case, no matter the choice of R and the instant at which the individual energy
jumps, the probability of giving birth instead of dying will be lower than or equal to 1/2.
In other terms, we have

V:Eo Z HZ,\V/R 2 O, mxo,R(LUO) S 1,

which contradicts Assumption 1.1.4, by Proposition 1.1.7. The allometric consequence is
straightforward. O

Remark: It is natural to compare the birth and death rates to conclude about the su-
percriticality of the process. Informally, Proposition 1.4.12 says that the birth rate should
dominate the death rate, at least in the high energy regime. It seems biologically nat-
ural to assume that a well-fed individual is more likely to give birth to offspring than to die.

An important difficulty in the sequel is to conclude for small zg. It could be possible
to have a lower birth rate than the death rate when the energy is low, but higher if the
individual energy increases (as it is the case in the allometric setting of Section 1.1.2 if
B > 0). Then, we have to control the probability for individuals to reach the favorable
high energies, to know better about the expected number of offspring starting from =z,
which is mg, r(zo). This is the main goal of the next subsections.

1.4.7 Proof of 5. in Section 1.4.2

In this section, we first introduce a coupling between the processes £ ;, r¢, for different
values of zp and/or &y, in the same environment R. The main result of this section is
Proposition 1.4.16, valid under the general setting of Section 1.1.1.1. Then, we apply the
same techniques in the allometric setting of Section 1.1.2 and the particular case § = a—1,
to obtain 5. in Section 1.4.2.
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1.4.7.1 Preliminary results

In the following, for > 0, we say that R € R, if for all y > z, ¢g(y, R) > 0 (note that
R € R, if and only if there exists > 0 such that R € R,). We naturally extend this
notation to Rg := {R > 0,Yy > 0,¢(y, R) > 0} (be careful that Ry is distinct from the
previous notation fRy). These sets are possibly equal to @ under the general setting I.1.1.1,
and in that case most of our following results do not apply. However, the following lemma
states that under the allometric setting of Section 1.1.2 and Assumption [.1.8, Ry # &.

Lemma 1.4.13. Under the general setting of Section 1.1.1.1, for x > 0, if there exists
R > 0 such that R € R, then

[R,4+00[C R,.

In addition, under the allometric setting of Section 1.1.2 and Assumption 1.1.8, there exists
Ro > 0 such that

]R07+OO[: 72’0-

Proof. The first point comes from the fact that g(x,.) is increasing on Ry for any = >
0. The allometric consequence is straightforward by Proposition 1.4.1 and considering
Equation (I1.4.13). O

In the following, we will use the notation B, r¢, from Section 1.4.5. In this section,
we present our results with the assumption that d/ bis non-increasing. In fact, under
the allometric setting of Section 1.1.2, Assumptions I.1.1, I.1.2 and 1.1.4, this assumption
is a natural consequence of Proposition 1.4.12. The following lemma highlights a useful
coupling between the processes & g, for different values of zg and/or & and the same
well-chosen R.

Lemma 1.4.14. We work under the general setting of Section 1.1.1.1. We suppose As-
sumptions 1.1.1 and 1.1.2, and that d/l; is non-increasing. Let (xg,:ﬁg,{o,éo) > 0 and
R € REo/\éo' Let & 4o R, and 5.,550,}2,50 be individual trajectories with law described in Sec-
tion 1.4.1, respectively characterized by xg and g, and respectively starting from & and
é[), in the same environment R. Then there exists a coupling of these random processes
such that

e [f max(xg,&y) > max(;%o,fo), then on the event By, rg, N By, Réo’

s B £ . a3 < R, +z
S g, mgy T IO S oo g g T

where JfO’R’go and JfO’R’go denotes the first time of jump, respectively associated to
€. xo,RE AN & 5 g

o If & > & and &g > o, then

Bé@oﬂ:éo C Buo,Réo-

Proof. The proof is divided in three steps.
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Step 1: construction of a coupling

First, we couple & 4, r¢, and 5@0’ Ry’ and more generally define simultaneously all the
&2,y for x > 0 and y > 0. The reader can check that this new definition of the indi-
vidual process and the one of Section 1.4.1 will have same distribution of sample paths.
Indeed, instead of constructing jump times at inhomogeneous exponential rate depending
on by, +d, we will separate it into inhomogeneous exponential rates depending on b,, and
d separately, and the fact that the jump times have the same law comes from the usual
property for the law of the minimum of independent exponential random variables. The
following construction is very similar to the one given in Section 1.4.1. We use it because
it is convenient for our coupling purposes.

We pick i.i.d. random variables (F;);>0, following exponential laws with parameter 1,
and define auxiliary processes (&' y)tzo, with random jumps occuring at the following
times.

- First, if
tmax (y,R)
/ be(Ay,r(s))ds < Fi,
0

we set JIY = 400, §iry = Ay r(t) for t € [0, tmax(§o, B)[ and &5, = b for
t> tmax(go, R). Otherwise, we define the first time of jump as

t
JoRY 1nf{t € [0, tmax (v, R)]. / bo(Ay r(s))ds = Fl},
0

we set 5?‘;XRy Ay r(t) for t € [0, J‘TRy[ and

aux _ z, Ry
IV e Ry Ayr(Ji) — @

- Now, let us suppose that we defined JZ™Y for some n > 1. If JE®Y = 400, we
aux

simply set J, ¥ ’y = +oo and {7 s already defined for all ¢ > 0, it already
reached b. Else 1f

Jﬁ’R7y+tmax ( 3‘;’,‘R,y R ) R
/ n Yz Ry b Afa;xR (3 _ ng 721) ds < Fn-{—l;
JE JERY 4Ry

z, R,y
7R I‘7R7 I7R7 $7R7
we also set J; 7Y i= +o0, {iNg = Agxux . (t—Jn Y for t € [T, T ™Y +
:I Y
z,R .
b 3;;3;%}24/) [and &%, = b for £ > JET 4ty ( 327(&14@,3,@,)' Otherwise,

we can define the (n + 1)-th time of jump as

ZE,R, . . ,R, 7R1
Jn+1y :— inf {t S [J,;f y, J;f Y + tmax ( ;g?(R,y - Ry)) ’

t
/ by (AfaiXRy (s — JﬁR’y)) ds = Fn-l-l}v
n Jn 72, Ry

aux ) _ yx,Ry z,R,y :rrR,y
we set {0 R = Aﬁj‘i’fR,y . y(t Jp ) for t € [Jp Y, J077 [, and
aux z,Ry _ qz,Ry\ _
sziy,x Ry Agal Ry R,y(Jn+l Jn ) Z.
Notice that the jump rate of £2"* is b, so fa‘;XR YRy > 0.
n+1 ’
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Then, we define the time of death:

t
Tiz.py = inf {t > 07/ (& y)ds = Fﬂ} )
0
and finally set &, ry = Swrylit<Tyon,) T al{tZTd,w,R,y} for all ¢ > 0. Under As-
sumptions I.1.1 and I.1.2, this process is almost surely biologically relevant thanks to
Theorem 1.1.1.
Step 2: proof of the first point of the lemma.

Our coupling allows us to obtain immediately

J

Thanks to the choice of R, g(z, R) > 0if z > & /\éo, so we can use the change of variables
u = Ag(s), or u= Ag (s) and obtain

zg,R,€o io,R,éo
Ji Ji

beo(Ag (s = Fr = [ sy (A (9)ds

Ag, (J7OTH50) by, (1) AéO(JfO’R’éo) ba, (1)
/ ——=du :/ O du,
&o g(u7 R) f g(u7 R)

/Ago(Jfo’R’go) b(u) . /Aéo(JfO’R’éo) b(u)

SO

max(z0,£0) g(u, R) max(£0,£0) g(u’ R)

As max(z, &) > max(Zo,&) and b(.)/g(., R) is positive on the integration intervals, this

R, 20,16
enforcfesuAgo((f]iBo 5(}]1) ZbAéo (d,]fff ‘ %0). ’fThus, on the even‘i1 Buo,rgo N By g, the first
point follows from the above definition o fjfo,R,§O’$O’R7§O an ngO‘R’éD,io,R,éo'

Step 3: proof of the second point of the lemma.

: M) b, ()
Remark that if we fix z > 0 and consider y € [{o A o, +o0[— / du,

y 9(u, R)
then this function is constant, equal to F;. One can check that this function is almost
surely differentiable thanks to Theorem 1.1.1, the choice of R, and the regularity of the
flow, and the previous fact means that its derivative vanishes, so that for every x > 0 and

y > &o A &o:

OA(IT)  be(Ay (7)) bae(y)

%y g(A, (77" R) 9y, R) > (14.22)

Now, for x > 0 and y > & A éo, the event B, g, translates into

, R,y
Ji

; d(Ay(s))ds < Fy,

because A,(.) and £ , g, coincide before Jy Y With the change of variables u = Ay(s),

we obtain -
Ay (J7Y)
/ o d(u) du < Fy.
y g(u, R)
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Hence, to prove the second point, it suffices to establish that

/Aﬁo(Jfo,R’EO) d(u) du</AéO(Jf07R7§O) d(u) du
&o g(u’R) N é g(u7R)

As Tg > xo, we have by, (Ag,(s)) > bz, (Ag,(s)) for s >0, so JfO’R’&) < JfO’R’SO. The flow
is increasing because g(., R) is positive so

A TT9) < A (),

and d(.)/g(., R) is positive so it suffices to prove that

io,R,éo)

/Aﬁo(Jfo’RVEO) d(U) duS/AéO(Jl d(u) du
&o g(u7 R) é g(”? R)

. ) Ay (7O
Finally, £ > &, so it suffices to show that y € [{p A &, +oo[— /
y

" _dw)

non-increasing. Again, this function is differentiable, so we prove that

. A, (JEoR d(A, (JEoRy d
vy 2 60 A 50’ y(al ) > ( y(iolRy )) _ (y;% S O
Y g(A,(JPRY R)  9(y. R)

Equation (I1.4.22) leads to

OA (TP ™) (AT dly)  bay(y) | dATY)  d(y)

dy g(A,(JPRN Ry 9. R) gy, R) by (A, (JF0RY))  g(y, R)
7 Qfo,R,y
This is equal to by) (?(Ay(J; 7 ) — El(y)> if y > g, and to — dy) otherwise.
9y, B) \ b(A4, (J7ORY))  b(y) 9(y, R)

In both cases, this quantity is non-positive because d/b is non-increasing, b(.)/g(., R)
and d(.)/g(., R) are non-negative, which ends the proof. O

Remark: The reader can check that the definition of the individual process £ in the proof
of Lemma 1.4.14 and the one of Section 1.4.1 have same distribution of sample paths,
thanks to Lemma 1.4.19 of Section 1.4.8.

We can still define the number of offspring of an individual during its life as in (1.4.11):
N$0,R,§0 = Sup{i > 07 JizO’Rfo < Td,$o,R,§0}a

and mg, r(§0) = E(Ngg,R,)- In the following, consistent with these notations, we write
mo,r(§o) for the expected number of birth jumps of an individual starting from &g, but
losing no energy when a birth occurs. Indeed, the previous coupling makes perfect sense
for xg = 0 and we implicitly extend it to this remaining value in the following. We insist
here on the fact that it makes sense to work with an individual process with zy = 0,
but we cannot relate it to a population process anymore, because we do not want to see
offspring with energy 0 appear in the population. We continue to use the expression “birth
jump”, but in the case zg = 0, the reader should be aware that this does not relate to
any underlying branching process. Lemma 1.4.14 still apply for ¢ = 0, and we use it to
stochastically dominate mgz, r(.) by mo r(.) for £op > 0 in the upcoming lemma.
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Lemma 1.4.15. We work under the general setting of Section 1.1.1.1. We suppose {15-
sumptions .1.1 and 1.1.2, and thatAd/b is non-increasing. We fix R € Ry, and (Zo, &0, &0),
such that &g > 0 and § > max(zg,&p). Then, under the same coupling as in Lemma I.4.1},
we have

NO’R7§0 = N‘%OuRvéO‘

Taking the expectation immediately leads to

mo,r(&0) > may,r(0)-

Proof. The second point of Lemma I.4.14 allows us to assess that if an individual starting
from (&0, &o) has a child, then an individual starting from (0,&p) has one too. Moreover,
the first point of Lemma 1.4.14 shows that the new starting energies after the birth verify

£

; 3 .+ 2o <€ or, .
JR0 R0 5o péy 0= £J1 0.0, R,

This implies that

)7

so the vector (I, £J§>,R,EO7O7R7£O,5!]?0’&50 ,aio,R,éo) satisfies the assumptions of Lemma 1.4.15.

Thanks to Markov property, we can apply again the previous reasoning and obtain the
same result for the second time of birth. This leads by induction to the fact that for every
¢ > 1, if an individual starting from (j:o,fo) has ¢ children, then an individual starting
from (0, &) has at least ¢ children. This gives the wanted conclusion. O

> T on R.E .
éJIU’R’go,O,R,fo > max(Zo, fJfO*R’fo &0,R.€o

Finally, we use this lemma to prove the following proposition.

Proposition 1.4.16. We work under the general setting of Section 1.1.1.1, with Assump-
tions I.1.1, I.1.2 and 1.1.4. Also, we assume that d/b is non-increasing, and that R € Rg
satisfies that d/g(., R) has a divergent integral near +o0c. Then, we necessarily have

Yz >0, /x o < /m ' gfifz)z) ds> g(cgj‘])%) du = +oo. (1.4.23)

Under the allometric setting of Section 1.1.2, with Assumptions I.1.1, 1.1.2 and 1.1.4,
Equation (1.4.23) implies that if 6 > o — 1, then

B+0>2a—1).
Proof. We take x > 0 and R € Rg. Lemma 1.4.15 gives in particular that
my r() < mor(x). (1.4.24)

Without any loss of energy when a birth occurs, we can compute mg r(z). The resource

R has been chosen so that N
> d(y)
dy = +o0,
/z g(y, R)"Y

so from the coupling of Lemma 1.4.14 with zg = 0, we have T; < 400 almost surely.
We know the law of Ty when g = 0, it is an inhomogeneous exponential law with rate
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depending on d and the flow A,(.). Conditionally to the time of death Ty, the number of
jumps before T} is then Poisson with parameter f(;[ 4 b( Az (w))dw. Hence:

—+o00 t
mo.r(x) = b w))dw e_fotd(Aw(T))dT Uu. 4.
(@)= [ ( [ b )d(Am)) a (1.4.25)

From the change of variables s = A, (w), then u = A,(t), we obtain

) ¢ od(r)
mo,r(z) = /;OO (/xu g(bSJ)Q) ds) ggllf,?%)e/x v dTii“
(L i v

Let us suppose by contradiction that the right-most integral above is finite for some x > 0,

then
/;m (/: g(BSJ)%) ds) g(df;g) dv =2 0, (1.4.27)

as the remainder of a convergent integral. For y > z, as IN)() /g(., R) is positive for our
choice of R, we also have

/y+°° (/y“ 9(58(,8 1)%) ds) gzjlfj%) du= /y+°° </: g([;s(,s 1)%) ds) géE?LR) du. (I.4.28)

From (1.4.24), (1.4.26), (1.4.28) and finally (1.4.27), we would get

my,R(y) <1

for y high enough. One can check that we still get this result for this specific y, if we
take a higher R because g(y,.) is non-decreasing. This contradicts Assumption 1.1.4 by
Proposition 1.1.7 and ends the proof.

Under the allometric setting of Section 1.1.2 and Assumptions I.1.1, I.1.2 and 1.1.4, the
assumption 0 > a — 1 ensures that the integral of d/g(., R) diverges near 400, because
with point 1. of Section 1.4.2, we have v = a.. Then, it follows from computations that if
B+ < 2(a—1), then (1.4.23) does not hold, considering that with Proposition 1.4.12, we
have 5 > . O

Remark: This result gives a first insight on the possible regimes where my, r(zo) > 1.
First, we can be in the case § = 6 = a — 1, and in that case Cg > (s according to
Proposition 1.4.12, so that the birth rate is higher than the death rate for every energy.
Otherwise, still according to Proposition 1.4.12, we have to be in the case 8 > d, so small
individuals are more likely to die. However, there is a small probability that they reach
high energies, and in that case, they could give birth to a lot of offspring, which could
balance the high death rate of these newborns. The allometric coefficient on the birth
rate should then be sufficiently high compared to the death rate, which is expressed in
Proposition 1.4.16.
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1.4.7.2 Proof of 5. in Section 1.4.2

Under the allometric setting of Section 1.1.2 and if § = — 1, we can be more precise in our
computations and extend the result of Proposition 1.4.16. We begin with an intermediate
result in the case § =0 = a — 1.

Lemma 1.4.17. Under the allometric setting of Section 1.1.2 and Assumption 1.1.8, if
B =6=a—1, we have that Ry # & and

VR € Rg,Vz > 0, moﬁ(x) = CB/C(;.

Proof. Thanks to Lemma 1.4.13, we introduce Ry such that | Ry, +0o[= Ro and we work
with R > Ry in the following. Thanks to Proposition 1.4.1, we have =0 =a—1=~v—1
and C, > C,. The result then follows from the equality in (I.4.26) and a straightforward
computation. ]

We are now ready to prove Proposition 1.4.18, which entails point 5. in Section 1.4.2.
Notice that under the allometric setting of Section I.1.2, if § = a—1, then Assumption [.1.1
is verified by point 2. in Section [.4.2. Also, with Assumptions I.1.1, 1.1.2 and 1.1.4, d/l;
is non-increasing by Proposition 1.4.12, and d/g¢(., R) has a divergent integral near +o0c by
Proposition 1.4.1.

Proposition 1.4.18. Under the allometric setting of Section 1.1.2 with § = o — 1, under
Assumptions 1.1.2 and 1.1.4, we have

Cs
(B=a—1and Cg > Cjs) or (6_04 1+07—Ca>

Proof. Thanks to Lemma I.1.9, we work under Assumption I.1.8. Thanks to Lemma 1.4.13,
we introduce Ry such that |Rg, +oo[= Ry and we work with R > Ry and = > 0 in the
following. First, thanks to Proposition 1.4.12, we necessarily have § > a—1. If f=a—1,
we obtain with (I.4.24) and Lemma 1.4.17 that m, r(z) < mo r(xz) = Cg/Cs, so Cg > Cs
is a necessary condition to verify Assumption 1.1.4.

Now, let us suppose by contradiction that o — 1 < < a—1+ . We recall that
Cr = ¢(R)C, — Cy < Cy — Cy and we obtain from (1.4.26):

. (x)_0606/+oo ub—atl _ pB—atl 1 x C&/CRdu
0.1 c% . f—a+1 u\u ’

C, —Ca

so according to (1.4.24), we have

m:p,R(m) <

From the definition of Cgr, 8 —a — — < f—a — ———— < —1, so that the integral
above converges and we finally get
CsCs oB—at+l

CH(6—a+Dia+ gt —p-1)

mx,R(x) S
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c,-C
We can pick R; high enough so that Cp > ———= 5 2 for R > Ry, because #(R) R—> 1,
—+00

and we obtain for R > Rjy:
4C3C,
) LBa+l

C
(€= CaPB-atlat+z—7 —F-1)

maz,R(x) S

Finally, we realize that if x is close enough to 0, my g(z) < 1 for any R > R;. This
contradicts Assumption 1.1.4 by Proposition 1.1.7 and concludes. 0

1.4.8 Proof of 6. and 7. of Section 1.4.2

In this section, we work under the allometric setting of Section 1.1.2, with Assump-
tions I.1.1, I.1.2 and 1.1.4. The result of point 7. of Section [.4.2 in the case a —1 < § < «
follows from Section 1.4.7.2 (see the proof of Corollary 1.4.24) and the fact that Assump-
tion I.1.1 is verified if § = a—1 (point 2. in Section 1.4.2). Then, in this section, except in
Corollary 1.4.24, we work with § > a and prove points 6. and 7. of Section 1.4.2. Recall
that for & > 1, M* is the event {N,, ¢ > k} (i.e. an individual starting from & with
characteristic energy xo and resources R has at least k direct offspring during its life).
Under Assumption 1.1.5, we can write

Mag.R(€0) = E(Nag rgo) = Y Pag.rigy (M").
k>1

We will study the general term of this sum to obtain points 6. and 7. of Section 1.4.2.
In the following proof, we assume by contradiction that 8 > « and 6 < oo — 1. We will
contradict Assumption I.1.4, i.e. obtain a subcritical or critical process. We highlight two
energy regimes: the low-energy regime and the high-energy regime. The contribution to
the expected number of offspring in the low-energy regime goes to 0 when zy goes to 0,
thanks to the assumption § < a — 1. For the high-energy regime, it is the assumption
B > « that is important to obtain the same convergence. A biological interpretation is
the following: in the low-energy regime, what prevents individuals to reproduce is that
the death rate dominates the energy dynamics (which is expressed by § < o — 1) so that
individuals are way too likely to die; in the high-energy regime, what is problematic for
reproduction is that the birth rate dominates the energy dynamics (5 > «), so that indi-
viduals lose energy too frequently and get back to the low-energy regime.

By Lemma 1.1.9, we work under Assumption 1.1.8, so Lemma 1.4.13 holds true. We fix
R > Ry once and for all and also work with some zg > 0, which will eventually converge to
0. Thanks to Assumptions I.1.1 and I.1.2, by Theorem I.1.1, our process is almost surely
biologically relevant. Recall that this means that & almost surely never reaches b and dies
in finite time.

In Section 1.4.8.1, we will use results for the construction of Lemma [.4.14, with & > 0.
In Section 1.4.8.2, we will use results for the construction of Section 1.4.1. Thus, we prove
now a technical result that allows us to use both constructions, started from the same
(zo, R,&o). In the following, for k > 1, we write Ji for the k-th jump time associated to
&2 defined in the coupling of Lemma [.4.14, and Ji, for the k-th jump time associated
to £ defined in Section 1.4.1, T,; and Ty for the associated death time, M* or MF¥ for
the associated events “the k-th first jumps are birth jumps”, and N or N for the total
number of birth jumps during the trajectory. Considering the auxiliary process £*"* in
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the coupling of Lemma 1.4.14, we write S*, for the maximal value reached by £ before
Ji. In our setting, £&*"* almost surely avoids b, and the energy is increasing outside birth
jumps. S* is then clearly the maximal energy reached at a jump time before Jj (i.e.

Sk .= sup &M = maxk ff}ff). In the same manner, considering the auxiliary process £*"*
t<Jg 1<i<

from the construction of Section 1.4.1, we write Sk , for the maximal value reached by £*"*

before J;,. We have to be more careful here, because ¥ can jump to 9 in the construction

of Section 1.4.1 and some J; can be equal to +oco. Thus, we set % = 0 and 0 < x for

every x > 0. With these conventions, Sk is again the maximal energy reached at a jump
aux

time before Ji (i.e. S* := sup & = max £3%).
t< 1<i<k Ji—

Lemma 1.4.19. Under the general setting of Section 1.1.1.1, under Assumptions 1.1.1
and I1.1.2, for every k > 1, J* conditionally to M* and Jk conditionally to M* have the
same law. It follows immediately from the definition of S* and S* that S* conditionally
to M* and S* conditionally to M* have the same law.

Proof. We prove the result by induction on k. Thanks to Theorem 1.1.1, the process
is almost surely biologically relevant, so the process avoid 0 and +oo and dies in finite
time almost surely. In this setting, on the event M L Ji # 400, and the law of Jy is
an inhomogeneous exponential law given in (1.4.10), with rate depending on b, + d. On
the event M*', J; = J; A Ty, and from the construction of Lemma 1.4.14, the law of .Jj,
respectively Ty, is an inhomogeneous exponential law with the same form as in (1.4.10),
but replacing b, + d with b,,, respectively d. Furthermore, J; and T, are independent.
Hence, the law of J; A Ty is an inhomogeneous exponential law whose rate is the sum of
those of J; and T);. This entails that J; given M! and jl given M have the same law.

Now, suppose that the result is valid for some k > 1. By Markov property, on the
event M*+1 respectively M**! we can apply again this reasoning starting from time Jj,
respectively jk (which is finite on the event M k), hence the result. ]

3

For j > 0, we write Q; := 25" + j. We choose z¢ smaller than 1 and small enough to
have Oy > 2z (this is possible because 3/(a — ) < 0). Thanks to Corollary 1.4.9, we
work under Assumption 1.1.5 and we have

mwo,R(fL‘U) = Z Pwo,R,ro (Mk)

k>1
= Z P, R,z (Mk N {Sk < Qo}) + Z Z Pao,R,zo (Mk N {@j < s < Q?jJrl})
k>1 k>1 3520
= Pupra(MFN{S" <Q0}) + D) Pagray (M N {0; < §5 < 0j1a}). (14.29)
k>1 E>17>0

We have partitioned our events MF depending on the maximal energy S* and used
Lemma 1.4.19 for the third line. In the following, we seek for a contradiction with As-
sumption 1.1.4. Our proof is divided in two parts, corresponding to the study of the two
sums in the right-hand side above. The left-most simple sum accounts for the low-energy
regime, where individuals are more likely to die fast than to give birth to many offspring.
The double-sum represents the high-energy regime, and we will show that the probability
to reach such a level of energy is decreasing to 0 when zy goes to 0, if 5 > «. Thus, we
want to show that the previously mentioned sums both converge to 0 when xy goes to
0. If this happens, thanks to the previous decomposition, we would have m,, r(xo) < 1
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for zy small enough, which contradicts Assumption 1.1.4 by Proposition 1.1.7, and proves
point 6. of Section 1.4.2. In the following, we refer to all the previously described setting
as ‘the setting of Section 1.4.8’.

1.4.8.1 Low-energy regime

We study the sum
> P (MF N {S% < Qp}).

k>1

We use the construction of Lemma 1.4.14 and define another coupling between our initial
individual process and a continuum of similar processes (¢F)¢>o for x > 0. Precisely, for z >
0, we define b : u > by (u)Lyu<etbey (2)1use, and similarly d* : u — d(u)ly<e+d(2)1yse.
These are simply the functions b, and d frozen after x. We define the process ((})i>0 in
the exact same manner as (§)¢>0, using the same random variables (F;);>o and starting
from &y at time 0, but simply replacing £, by, and d by respectively ¢*, b7 and d” in
the procedure of Lemma [.4.14. This is indeed a coupling between £ and (*, because we
use the same random variables to define the jump times. However, we insist on the fact
that we possibly define different jump times (J7);>1 for (¥, even if we still use the same

7
exponential variables as in the definition of the (J;);>1.

We naturally write Nj p . for the number of births occuring for the process (*. In
the same manner as in Section 1.4.7, we also remark that it is possible to formally define
¢* for xg = 0 and to compare it to the other processes. The previous coupling allows us

to state the following lemma.

Lemma 1.4.20. Under the setting of Section 1.4.8, for R > Ry, © > 0, zg > 0, & > 0,
k>1,

{Nao, o Lsk<a 2 K} C {Ngy rey 2k} S {Nore, = F}-

Proof. On the event {S* < z}, since b, and d coincide respectively with by, and d*
before z, & and (* also coincide until time Ji. Indeed, they both start from &, and as soon
as the energy does not exceed z, the birth and death rates and the energy dynamics are
the same. Hence, on the event {S* < x}, if the k first jumps are births for &, they also
are births for ¢*. This justifies the left-most inclusion of the lemma.

Now, remark that in the same manner as in Section 1.4.7, we can compare (7 and (g
and obtain the same conclusion for the N* as for N in Lemma [.4.15. The only thing that
differs between & and (* is the shape of the birth and death rates, but they still verify the
necessary condition highlighted in Lemma 1.4.15, that is d*/b7  is non-increasing, since

0 < a < . One can check that the exact same reasoning applies and we obtain

xT T
No.rgo 2 Nag,Rior

Z

which concludes for the right-most inclusion. O
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Applying Lemma 1.4.20 leads to

Z Px07R7x0(Mk N {Sk < QQ0}) = P(Nfco,RwolS’chﬁo > k)
E>1 E>1
v
< Z P( 0,1%7330 > k)
E>1
Q
= E(N07%7x0).

Remark that we did not used any information about Qp, so in fact we have

Voo > 0,Yy >0, Y Py ray(MF N {S* <y}) <EWNYR,,)- (1.4.30)
k>1

In the same manner as in the proof of Proposition 1.4.16, we can compute this expectation
because there is no energy loss anymore so it is easier to understand the trajectory of
C 0 R Since zg < Op, there exists to > 0 such that A, (to) = ©p. We obtain from

Equation (1.4.25) applied to the rates bgoo and d%0:
Vo e ! Qo Qo — [1d%0 (Ayy (7))dT
E(N(]’R’mo) = ; ; byl (Ao (w))dw |d0(Ag,y(t))e Jo 0 dt

_ /O< /Otbmmmw))dw)dm (1) ity g

N /t:w(< /0 ” be(AxO(w))dw) +(t—to)bzo(%)>

( ) fo d(Agq (7))dT —(t t@)d(vo)d

Now, we use the fact that f+oo t—to)e~ (tt0)d(@0)dt = d(Vy)~2. We also use the definition
of d¥° and by0

xo

and the change of variables u = Az, (t) to obtain

5 u§ 7)dT
E(VGhe) = [ ” (/ “b<w>dw)d<u>e_/wog( T

0 09 g

i ((/:0 Z( >dw> 0(%)) exXp ( - /:O ;Z(T)dr), (1.4.31)

where we write g instead of g(., R) for the sake of simplicity. Also, from Proposition 1.4.1,
as soon as 3 > «a, b/g is increasing. Hence, we compute the following upper bound:

“d “d
o B 220 g —/ —(r)dr B Yo g —/ —(r)dr
E(No Rap) < a:og(on)/ E(u)e zo 9 du + Q?gg(@g)/ —(u)e Jx0 9 du

o 2z g



At this point, one can check that all the terms in the upper bound converge to 0 when x
goes to 0, under the allometric setting of Section 1.1.2 and with 8 > a > §+ 1. Indeed, the

exponential factors with general term d/g dominate all the other quantities near 0 (they

both are of order exp(—cmg_o"H) with some constant ¢, the other terms are powers of x),

and 2(21'0) converges to 0 when xg goes to 0.

1.4.8.2 High-energy regime

Now, we deal with the double sum:
DD Puprae (MFN{0; < $* <y},
k>1§>0

We begin with another coupling argument. Recall that in this section, we use the con-
struction of Section 1.4.1. For x > 0, we define

Ny :=sup{i > 1,V1 <j <i, U; <r(x)},

with the convention sup(@) := 0 and r := bbzﬂr 5+ Remark that N, + 1 follows simply a
0

geometric law with parameter 1 — r(x), but it is coupled to Nwo, R.& because it depends
on the same (U;);>1. This coupling via the only variables (U;);>1 allows us to assess two
things.

Lemma 1.4.21. Under the setting of Section 1.4.8, we have:

1. For x,20,8 > 0, k > 1, Pay ey (Nap meoLgn ey > k) < Pag e (No > k).

2. N, is independent from Sk

Proof. 1. On the event {gk < x}, since d/by, is non-increasing, r is non-decreasing,
so we can assess that for every t < J, ATy, 1 — r(£8%) > 1 — r(z). But on this
event, if NI&R,&O > k (i.e. on the event Mk), then J, < Ty, and for every i < k,
U >1- r(ﬁf}i‘) >1—r(z). Hence,

= Pwo,R,ﬁo (N»’C > k)

2. N, is independent from (Ei)i>1, so independent from the (jz')iZL hence independent
from S*.

O]

This last independence property is crucial for the third line of the following computation.
We take k > 1 and j > 0, and by Lemma 1.4.21:

meR,xo(Mk N {Q?] < S'k < @j+1}) = P$O,R7$O({NIO,R,$01§I€§QQ],+1 > k} N {@] < Svk})
< P$07R1$0({N©j+1 >k} N {@j < gk})
= P$07R1‘1,0 (N©j+1 Z k)Pxo,R,xo (@‘7 < S’k)
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Finally, interverting the two sums leads to

E : E :PIO7R,$0(MIC N {QQJ < ¥ < Q?jJrl}) < E E P3307R,9£0(N©j+1 > k")Pwo,R,ro(@j < Sk)
k>1 >0 >0 k>1
(1.4.32)

Let 5 >0, k > 1, we have
Pﬂﬁoﬁ@o (Q?j < S’k) = Pxo,R,xo( max faﬁux > @j)

1<i<k ~Ji—
k

Z ro o (€3 > 3} N {¥n € [1,i — 1], €3 < O},
=1

For 0 <z <y, ¢ > 1 we define

0i(@,9) = Prp.ra (€5 > y} 1 {¥n € [1,i — 11, €2 < y})
so that

Px07Rx0 @ < Sk ZQZ l’o,

Remark that with our convention 0 < x for all > 0, on the event {§:‘}uf > y}, the ¢ first
jumps are necessarily birth events, for any ¢ > 1.

Lemma 1.4.22. Under the setting of Section 1.4.8, we have

) Yooby, +d
Vi > 1,Yy > zg,Vx € (0,y — xo], qi(z,y) <exp|— T(u)du .
y—o

Proof. We prove this lemma by induction on i. First, we know the law of J1, so for Yy > 2o
and z € (0,y — o)

q1 (x, y) = Pxo,R,x({ff}?f > y})

+o0o u
:/ M(u) exp <_/ W(T)dT) du
y 9 z 9
Y
—owp (= [ )
x
Y
< exp <— / W(u)du),
Y—x0 g

because froo(bmo/d)/g = 400 as soon as 5 > « under the setting of Section 1.4.8. Then,
for some 7 > 1, we suppose that the property is true for ¢;, and we use Markov property
to assess

Gi41(2,9) = Pay o ({63 <y} N{ER™ >y} 0 {vn € [2,1], € <))

y u
= [ (- [ i )t - v
x x
Y oby, +d Yoy, +d Yoy, +d
< exp <—/ O+(u)du> / ﬁ(u) exp <—/ 0+(7’)d7’> du
y—zo 9 x g x g
y
< exp ( / W(u)du> ,
y—zo 9

where the third line comes from the induction hypothesis. O
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This finally gives, because 2zy < ©; — xo,

QQ,
A by d
Pao. o (V7 < §¥) < hexp (/ ] 0+(U)du> |

Qj—zo g

Hence, as N@j .. + 1 follows a geometric law with parameter 1 — r(9©;;1), we obtain
from (1.4.32) that

DD Py ra(MFN{0; < 85 < 0j14})

k>13>0

>0 \k>1 —z0 9
< Z ]H exp —/% bﬂ(u)du
j>0 1 - T' ]+1 ) Qj—xo g
b2, +bx d Vi b,
=g Omew (— [ ).

By assumption, 8 > «, so that b,,/g is increasing, which leads to the first inequality in
the following. Also, the reader can check that we can pick xy small enough so that for all
7 >0, (V; —x)P > @6 ® /2, which entails the second line in the following.

YD Pugra(MFN{0; < 55 <))

k>1 >0

b2, +bx d C N
< 3 ) e (- gl @ - )0

7>0

b2 —|—bz d Cs o
= Z —(Dj41) exp <_2C'$ @B >

7>0

The term for j = 0, which we denote in the following as ¢y, converges to 0 when xy goes
to 0, because it is a power of xg multiplied by an exponential term of order exp(—z, 2).

Now for j > 1, recall that ©; := z§ o= + j. Hence, because 8 > «,

3

1‘0@]5_& = mo(x(?j +j)’8_a
3 3
— xo(zg " + )(ﬁ a)/3( =7 +j)(5—a)/3(x6%6 _|_j)(6—oc)/3 (1.4.33)
> pg b L sy
rox

Thus, we have

DN Pag e, (MFN{0; < §F < 0j1})

k>1§>0
3 b b b, +bx0d Cs 1 pa
< - 93 .
" +J>1 ]+1)6Xp< 2Cr 550‘7 >
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The general term of the sum in the right-hand side simply converges to 0 when zy goes to
0. Also, for zg <1 and j > 1, we have

Cs 1 pa _ % a8z O g Bge Cp 4 Cp Bie
exp _757] 3 — ¢ 4Cg 707 e ACR =g <e Crime 10gJ
2CR xg
2 c
b2+ byyd % 1

We let the reader check that, uniformly on xg < 1, the term (Vj41)e r*0 is

2
dominated by P(j) with some polynomial function P that does not depend on xy (this
comes essentially from the exponential term, that allows us to get rid of the dependence

on xo by rough bounds).

_Cp Bge
This entails that our general term is dominated by P(j)e *r’ ’ , which is the general
term of a converging sum as 3 > «. Hence, a dominated convergence argument allow us

to conclude: the double sum in the left-hand side above goes to 0 when zg goes to 0.

1.4.8.3 Proof of 7. in Section 1.4.2

In this section, we precise what happens for the previous decomposition if § = o — 1.
Precisely, we prove the following result.

Proposition 1.4.23. Under the allometric setting of Section 1.1.2, Assumptions 1.1.2
and 1.1.4, we have
(B>aandd=a—1)= (Cs < Cy —C,).

Proof. We work with R > Ry and xg > 0. Let us suppose by contradiction that 8 > «,
0 =a—1and Cs > Cy — C,. We can still use the decomposition of (I1.4.29). We begin
by the low-energy regime. The upper bound of Equation (1.4.30) is still valid for y = Qy,
so our goal is to prove that E(NS?}%’IO) goes to 0 when zy goes to 0. Equation (1.4.31) is
still valid here, but we can be more subtle in the computations because § = o — 1. Also,
we use Proposition 1.4.18 (Assumption 1.1.1 is verified if 6 = a — 1) to consider only the
case f > a— 1+ C5/(C, — Cy). Recall also that Cr = ¢(R)(C, — C,) < C, — C,. First
if f>a—1+Cs5/(Cy—Cy), we get

“o u O C 20\ Cs/Cr
Q 5 —a 5 0
<</@0 C’B Wi adw> Cs B8~ a+1> <$0>C6/CR
Cs Qo

f—a+l1—
<QZ:1:ORQ?O )

3
with some constant € that does not depend on xg. Finally, recall that Oy := a;g_ﬁ . The
reader can check that all of our previous reasonings still hold true if Oy is of the form

w

:1;6’_[3 with w > 1, and we take such a Qg until the end of this proof. The previous upper
bound then leads to

c W — .
(NG}, ) < Copn ) ),

We supposed that Cs > C, — C, > Cg. Hence, we can choose w close enough to 1

to obtain that for all R > Ry, (Nooj%m ) converges to 0 when zy goes to 0. If now
B=a—-14+Cs/(Cy—C,), and Cr < C’ — (4, the same reasoning applies. Otherwise, if
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Cr = Cy—C,, we obtain an upper bound of the form Q:UOC‘S/ Or In(zg), which still converges
to 0 when x( goes to 0.

The reasoning in the high-energy regime is exactly the same, since the crucial hypoth-
esis in this case is 8 > « to use dominated convergence. However, we have to check that
our new definition for Oy with w > 1 is still consistent with our reasoning. Precisely, we
have to replace the lower bound obtained in (I1.4.33) by

and the reader can check that all our other arguments hold true with these new exponents
(what is important is that 1 —w < 0 and 1 — 2 > 0). O

Finally, we highlight the following corollary, which completes the proof of point 7. in
Section [.4.2.

Corollary 1.4.24. Under the allometric setting of Section 1.1.2, Assumptions 1.1.1, 1.1.2
and 1.1.4, we have that if 6 = a — 1,

(B>a—1)= (Cs < Cy — C).

Proof. First, if 3 < o and C5 > C —C,, then Proposition 1.4.18 implies § = o —1, hence
B €la—1, o] implies C5 < C,—Cy,. Thenif § > «, we conclude with Proposition 1.4.23. O

1.4.9 Proof of 8. in Section 1.4.2

First, in Section 1.4.9.1, we work under the general setting of Section I.1.1.1, under As-
sumptions 1.1.1 and 1.1.2, and we suppose in addition that ¢ — Ag(t) is well-defined on
RT for every £ > 0 to obtain martingale properties for the individual process. Then, in
Sections 1.4.9.2, 1.4.9.3 and 1.4.9.4, we work under the allometric setting of Section 1.1.2
with o < 1, Assumptions [.1.2 and 1.1.8 and R € Ry. For these last sections, Assump-
tion I.1.8 ensures that Lemma [.4.13 holds true, so Ry # &. Remark that we do not
need to suppose Assumption I.1.1 anymore, because if R € Rg, then Ty = +oo. Getting
back to the notations of Section 1.4.1, we obtain that, if it is not 0 or b, £ < Ag (1)
for ¢ > 0 (this is due to jumps for reproduction). We will show that when < a, there
is a positive probability for £"* to be asymptotically lower bounded by (1 —&)Ag,(t), for
some 0 < ¢ < 1. If in addition § < a — 1, the death rate decreases too fast and there is
a chance that the full individual process & ¢ {0,b} for every ¢ > 0, so that an individual
never dies. This would contradict Assumption 1.1.2 thanks to Proposition 1.4.10 and our
choice of R.

First, we will give a third way to construct our process £ thanks to a Poisson point
process. Then, we will extract from this new definition some useful martingale properties.
Finally, we were inspired by the concept of asymptotic pseudotrajectory developed by
Benaim and Hirsch | | to compare our trajectories to the integral curves associated
to a deterministic flow. We fully exploit this concept in Section 1.4.9.5, where we prove a
stronger result in the case < a < 1, that is that there is a positive probability for £*
to be asymptotically equivalent to Ag, ().
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I1.4.9.1 Another construction of the individual process (& );>0

We give here another way to construct (&)¢>o, similar to the coupling of Lemma 1.4.14,
but using a Poisson point process for the construction of the jump events. For this con-
struction, we fix £ > 0, g > 0 and R > 0. We also suppose Assumptions 1.1.1 and 1.1.2,
so almost surely Ty < +oo by Theorem I.1.1. In other terms, we work in this section
with almost surely biologically relevant processes, so we ignore the value b in the following
construction, and the processes are well-defined for ¢t > 0.

First, we define an auxiliary process (X;);>o following all the wanted mechanisms ex-
cept for deaths (so (X;);>0 takes its values in R% ). Then, we kill this process to obtain

£.
1. Let Xg = & be the initial energy.

2. Let N(ds,dh) be a Poisson point measure on R™ x Rt with intensity ds x dh. We
write No(ds,dh) := N (ds,dh) — dsdh for the associated compensated Poisson point
measure. We define the process (X¢)¢>0 by

t
Xy i=Ag (1) + / /R+ L{h<bag (X )} (AXS—:BO (t—s)—Ax,_(t - 8)>N(d87 dh).
0

(1.4.34)

3. We define £ a random variable following an exponential law with parameter 1,
independent from N. We then stop the process X at the random time

t
Ty := inf {t >0, / d(Xs)ds = E} , (1.4.35)
0

and define & := X, 1<, + 0lio1y,.

This construction using a Poisson point process is standard [ , |. Let (Jn)n>1
be the jump times for the process X, and F; the canonical filtration associated to N.
Classical properties of Poisson point measures show that for n > 1 and given Fj , the
next jump time J,11 is distributed as in the construction of Lemma 1.4.14. This shows
that X and £*"* of Lemma [.4.14 have same distribution of sample paths. Hence, this new
definition of £ is consistent with the constructions of Section 1.4.1 and Lemma 1.4.14.

We prove martingale properties for our process. For this purpose, we suppose in addition
to Assumptions I.1.1 and 1.1.2, that t — Ag(t) is well-defined on R™ for every £ > 0. In
the following, if F is a C1'! function from R* x R’ to R, we write 01 F and 0, F' the partial
derivative according to the first and second variable, respectively. The quadratic varia-
tion of the process (X¢):>0 given in the following proposition is a predictable quadratic
variation (see Theorem 4.2. in [ D.

Proposition 1.4.25. Let F : (t,x) — F(t,x) be CY' and & > 0. Under the general
setting of Section 1.1.1.1, under Assumptions 1.1.1 and 1.1.2, if t — A¢(t) is well-defined
on RT for every € >0 and R >0, for all t > 0, we have:

F(t,X;) = F(0,&) + /Dt (81F(S,XS) + o F (s, Xs)g(Xs, R))ds

t
+ [ (F<s, X, — a0) — Fls, Xs>)ds T My,
0
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where

t
MF,t = / /+1{h§bzo(xs—)} (F(S, XS_ - .CE()) — F(S,XS_)>Nc(dS,dh)
0 JR

1$ a martingale with predictable quadratic variation

(M), == /0 tbxo (X,) (F(s, X, — w0) — F(s, Xs)>2ds.

The proof of Proposition 1.4.25 can be found in Appendix A.2.1. The reader can deduce
from this result that the process (¢, X;):>0 is a solution to the martingale problem for the
operator L, where for every C! function F, t > 0, z > 0,

LF = (t,x) — O F(t,x) + 02 F(t,x)g(x, R) + bsyy () <F(;17 —x0) — F(x))

We will design a relevant renormalization and time shift Z of X that verifies a similar
martingale problem. Then, we will control the martingale part of Z. First, we want to
compare X to the evolution of energy without any birth event, so we define

Xy
Y, := .
' Afo (t)

The process (Y;)i>0 takes values in [0, 1].

Remark: The rescaling of X; by Ag (t) is not appropriate under the allometric set-
ting of Section 1.1.2 in the case a > 1, precisely because Ag,(.) explodes in finite time,
so Y; would not be well-defined for all ¢ > 0. This is one reason why we cannot adapt
immediately the reasoning of this section for Theorem 1.2.4.

Lemma 1.4.26. Let F be a C' function Rt — R and & > 0. Under the general setting
of Section I.1.1.1, under Assumptions I.1.1 and 1.1.2, if t — A¢(t) is well-defined on R*
for every & >0 and R > 0, for all t > 0, we have:

tF/(YS)
0 Aﬁo (S)

t
o
+ /0 /Fﬁl{hébxo(flso(s)n)} (F (Y - A§0(3)> - F(Y;)> N (ds,dh).

F(Y) = F(1) + <g<Ago<s>Ys, R) - g(Ag(s), Rm)ds

Proof. This simply comes from Proposition 1.4.25 applied to (¢,z) — F < A x@)) -
€0

1.4.9.2 Martingale properties under the allometric setting of Section 1.1.2

In the following sections, we work under the allometric setting of Section [.1.2 with o < 1,
Assumptions I.1.2 and 1.1.8, and R € Ry (R # < thanks to Lemma 1.4.13). Remark that
this implies that t — Ag(t) is well-defined on R™ for every { > 0 by Proposition I.4.1 and
(I.4.13). Also, R € Ry so R ¢ Ry, and we do not need to add Assumption I.1.1 for the
process (X)i>0 of Section 1.4.9.1 to be biologically relevant. Thus, for this special choice
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of R, we will freely use results from Section 1.4.9.1, where Assumption 1.1.1 was necessary
only to ensure that Ty = +00. We consider the following change of time scale:

Zt = YTI’(t)?

Agy (7 (1))
9(Ag (7 (1)), R)

R). In our setting, g(x, R) = Crz® as in Equation (1.4.13), thanks to Proposition 1.4.1.
We also have the precise expression:

with 7/(t) = > 0 and 7(0) = 0 (7 is well-defined thanks to the choice of

a\1l/1—a .
V(o,t) € (RY)2, Ago<t>={ (poom &™) 0 Ko <h (ase)

This leads to 7'(t) = Ag,(n(t))!=*/Chg, so

v [ A—a)n(t) +£7/Cr ifa<1,
7(t) = { e O (1.4.37)
Hence
0" )
l—a)t :
Tt 9 COg(l—a) (e 1) ifa<l, (1.4.38)
t/Cr ifa=1.

In both cases, we obtain Ag,(m(u)) = &e*. Also, 7 is a deterministic bijection from R
to RT. To understand better the behavior of Z, we define another Poisson point measure
adapted to our modified time scale. Let (s;, h;);en be an enumeration of the random points

of N such that
N - Z 5si,hi7

€N

N = Z =1 (s) hare! (=1 (52))

ieN

we define

Lemma 1.4.27. N is a Poisson point measure, with intensity dsdh. Hence, N and N
have the same law.

Proof. From the definition of AV, for any A measurable set of RT x R*, we have A/ (A) =

N(A), where )
A= {(s,h), (7 (s), h’ (77 (s))) € A}.

Thanks to the fact that 7 is a bijection, N is a Poisson point measure with some intensity
measure A on R%. If we take now A = [sq, s2] X [h1, ha], we obtain

A= {6 |ty my ) T S0 S}

because 7 is positive increasing. Hence,

ha/m! (77 1(s))
A(A) = Leb(A / / dhds = / / dhdu,
hy/m!(m=1(s h1

by the change of variables u = 7~ 1(s), where Leb denotes the Lebesgue measure on R*.
N and N thus have same intensity. O
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In the following, we write /Vc for the compensated Poisson point measure associated to
N.
Lemma 1.4.28. Let F be a C' function Rt — R and & > 0. Under the general setting

of Section 1.1.1.1, under Assumptions 1.1.1 and 1.1.2, if t — A¢(t) is well-defined on R*
for every & >0 and R € Ry, for allt > 0, we have:

_ - 9(Agy(m(u)) Zu, R) o u
Pz =)+ | F(Z“)( o(Ae, (n(w)), B) Z“) d
T

T /0 (W) (A (w(0)) Z0) (F (Zu - W) - F<Zu>) du+ My,

where

t Zo ~
M :/0 /R+1{h§ﬂ"(u)bz0(Ago(ﬂ(u))Zu_)} <F<Zu— - A§0(7T(U))> _F(Zu—)> Nc(du,dh)

is a L?-martingale with predictable quadratic variation

X

t 2
(Mp) = / 7 ()b (Agy (m(w)) Zy,) (F (zu - 0) — F(Zu)> du.
0 P Agy(m(u))
The proof of this lemma can be found in Appendix A.2.2. Under our setting, it translates

into:

F(Z)= F(1)+ /Ot F'(Z,) (28 - Zy) du

u

&

1.4.9.3 Proof of point 8. in Section 1.4.2 for § < «

+ /Ot 7' (w)ba, (§0€" Zu) <F <Zu 20 _“> - F(Zu)> du + Mpy.

In this section, we study the case § < «. We focus on the martingale part Mg of Z,
where Id is the identity function on R, and then deduce a useful control of this process.
Lemma 1.4.28 for F' = Id, along with Equations (I.4.37) and (1.4.38) gives

t 1 a)u
Zt =1 +/ (ZS u / f Io (§Oe“Zu)e_“du + MId,t, (1439)
0
with
M /t/l 70 Ne(du, dh)
- — l—a —a)u
et 0o JR+ {hﬁ%bm(éoeuz }506“ ¢
and
61 ae(l a u .TO 2
(Mia)e = / beo (0€“Zy) (foe“) du. (1.4.40)

Lemma 1.4.29. Lete >0, xg > 0, R € Rg. For all & high enough, we have
Puo,rgo (Vt, [Miay| <€) > 0.
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Proof. We take any (t,x0,&). By definition of the predictable quadratic variation,
M2, — (Myq) is a local martingale. It is even a martingale, because of Lemma 1.4.28,
and E(M3,, — (Mia)) = E(M2,, — (M1a)o) = 0. We use Doob’s maximal inequality in

its L? version (Corollary I1.1.6 in | ]) to assess that
E(Miae) _ E(M)ua
Puo, o SUp [Miqs| > ) < ——4° = « 2>I t), (L4.41)
0<s<t £ £

Now, we consider (1.4.40). Remark that 0 < Z,, < 1 (because this is the case for Y), and

by (z) = l{x>xO}ng5. Hence, for u > 0, by, (§0e"Zy) < Cgﬁgeﬂu. Finally, we have a

deterministic upper bound for (M)q ¢, so from Equations (1.4.40) and (I1.4.41), we get
%0

Cﬂfgiail o [ 1
Pao.Réo( sup [Miqs| > €) < 02/ e(B—a=1u g,
0<s<t RE 0

C B—a—=1_2
Since # < a, we finally obtain Py, g ¢, (Supp<s<t [Mias| > €) < CRE@% —a ioﬁ)’ which

does not depend on ¢, and converges to 0 as &y goes to +00. Hence, for £ high enough,

Pmo’R,go(Ht, |M1d,t| > 5) < 1.
O

This uniform control of the martingale part of Z allows us to prove the following propo-
sition.

Proposition 1.4.30. Let e > 0, 9 > 0, R € Rg. For & high enough, we have

Puo, R (VE, Zt > 1 —¢) > 0.

Proof. We choose &) high enough so that the result of Lemma 1.4.29 holds true for /2.
Using (1.4.39), we obtain that on the event {Vt, |[Miq.| < ¢/2},

- C[—}’go _axo

t
Zt21+/ (70 — 2,)du
0 Cr

t
et ermdu s Mo,
0

C B—a t
21—5/2—M+/ (2% — Z,) du
0

Cr(a—B) !
C —Q
>1_gjo— Cb0 20

Cr(a—B)

. L Cs&o "o
because Z, < 1 for all u. We simply choose &y higher if necessary to enforce m <

Rl —

£/2. -

Now, we can try to evaluate what happens if we bring back death events. Let ¢ > 0,
R € Rg and xp > 0, thanks to Proposition 1.4.30, we choose &y high enough so that the
event {Vt, Z; > 1 — e} occurs with positive probability, and we work on this event, which
can be rewritten, as 7 is a bijection, as

{ {w, Xe>(1—¢) (7 +Cr(1- Oz)t)l/(l_a)} if a <1, (1.4.42)

{vt, X; > (1 —e)&ert} ifa=1.
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In order to prove point 8. of Section 1.4.2 for 8 < «, we suppose by contradiction that
0 < a—1<0. Then, d is decreasing. In the following, c¢ is a constant depending on &,
and e, possibly varying from line to line. We first assume o« < 1. Observe that on the
event {Vt, Z; > 1 — e}, we get for t > 0,

t t t
/ d(X)ds < / d (c(l + 3)1/(1—a)) ds < / (1 + 3)5/(1_°‘)d8.
0 0

0

As we assumed that 0/(1—a) < —1, the above integral converges when ¢ — +o00, and there
exists a constant, still denoted as ¢, such that fg d(Xs)ds < ¢ with positive probability.
One can check that the same result holds if & = 1. Finally, from the definition of Ty
in (1.4.35), on the event {V¢, Z; > 1 — ¢} (so on the event {fg d(Xs)ds < ¢} by the
previous reasoning), we have {¢ < E} C {T; = +o0}, so we obtain

Puo.ro (T = +00) > Py reo ({Ty = +oo} N{Vt, Z; > 1 —¢})
> Pwo,R,ﬁo ({e< EyN{Vt, Zt > 1 —¢})
= Pwo,R,ﬁo (C < E)Pxo,R,EO ({Vt7 Zy>1— E}) ,

because E is independent from X, so from Z. This lower bound is positive thanks to the
choice of &. By Theorem I.1.1, this contradicts Assumption 1.1.2 and ends the proof of
point 8. of Section 1.4.2 for 8 > a.

1.4.9.4 Proof of point 8. of Section 1.4.2 for =«

Finally, in the case 8 = «, we use another renormalization. Let k < 1, we define

Xy
Y.::= .
K’t Afo (ﬂ”

Lemma 1.4.31. Let F be a C' function RT — R. Under the allometric setting of Sec-
tion 1.1.2 with a < 1, Assumptions 1.1.2 and 1.1.8, for all R € Ry, for allt > 0, we
have:

FO) = P+ [ (00 (00 Yo B) = iy (o) 04 (9. BV

+ /O t /R by (g, (5) Vi) (F (Y - A;“(‘J)) - F(Y,@,S>> ds

t
Zo
+ 1 Sk FY;s— — — F(Y,. ) | No(ds,dh).
) o dessatsatorseon (7 (S = 5 ) = P05 etan

Proof. This is Proposition 1.4.25 applied to (¢, z) — F(A;(t)) O
0
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Applying Lemma 1.4.31 to F' := Id leads to

/ Ag, (5" ( (Aeo(s >“Ymsz>—f@A£@<s>ﬁ1g<Ago<s>,R>Yﬁ,s)ds

o
/ / 0 Afo ns)A (S)”ds
- 1 Yo ) Ne(ds, dh
/0 /R Lty (g (9o gy e (ds, dh)

t
> ¢ / <(CR — 2005) Ag, (8)" VY2, — cRmAgo(s)a—lyﬁ,s) ds

// Lhsbuy (e (4)Yrs-0) (59 ()Nc(ds ,dh).

We choose ¢ small enough such that Cr — £0Cg > Crk, and we obtain, for all £ > 0:

t
Yy > éé—n + / CRHAgo(s)O‘_l (Ago(s)(n—l)(a—l)ygs _ Yn,s) ds — M,,
0

with M, = / / L {h<bug (g (5)% Vis )}A ( G ~Nc(ds,dh). Also, we know that X; <
Ag, (1), so Yer < Ag,(1)17F for t > 0. We verify that for every x > 0, the function

y — 217 %® — y is non-negative on ]0, z], so for every s > 0:

Agy(s)sDlemye _y,  >0.
This entails that for ¢ > 0 and zg small enough,
Vi > 677 — M. (1.4.43)

1
Lemma 1.4.32. Lete >0, zg >0, R € Ry and k > 3 Then we can take & high enough

to have ]
Pao,roeo (VE, [My] <€) > 0.

Proof. We taket > 0 and o < 1. Asin the proof of Lemma 1.4.29, we use Doob’s maximal
inequality in its L? version to obtain

¥ E((M
Py g ( sUp [M| > ¢) < M
0<s<t c

< £§ me(A&O( ) Ks)ds
& Jo Afo( )
Cgx? [t o

= 520/A50(8) 2 s,

0

as byy () < CpaP, Yy < Agy(t)1" and B = a. Also, we choose £ > 1/2, which implies,

using Equation (1.4.36),

B C/jfﬁoé.l 2K

P M| >e) < L2100
330750(08;?;:’ S| - 5) — 620 (21{ _ 1)
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which does not depend on ¢, and converges to 0 as £y goes to +oo. Hence, for & high
enough,
Paoo (T, My 2 €) < 1.

One can check that in the case a = 1, we obtain the same result. ]

Corollary 1.4.33. Lete >0, R € Ry and k > 1/2. For x,&y respectively small and high
enough, we have

Pao.go (Vt, Yir = fé_ﬁ —e)>0.

Proof. Let xg be small enough such that (1.4.43) holds true, and let o be high enough so
that the result of Lemma 1.4.32 holds true for such xg. Then, on the event {V¢, |M;| < e},
we have thanks to (1.4.43), for all t > 0,

Yii > 67" —e.
O

In the same way as the previous section, we evaluate what happens if we bring back death

events. Let ¢ > 0 and x > 1/2. Thanks to Corollary 1.4.33, we choose z( small enough

and £ high enough (and even higher if necessary to have fé*“ > 1), so that the event

{Vt, Y+ > 1 — €} occurs with positive probability, and we work on this event, which can
be rewritten from Equation (1.4.36) as

{Vt, Xi>(1-9)( 3T+ Cr(1— a)t)'{/(lfa)} ifa<1, (1.4.44)

{vt, X; > (1 - e)gferCrt} if a = 1. h

To prove point 8. of Section 1.4.2 when § = «, we suppose by contradiction that ¢ <
a—1 <0, so d is decreasing. Once this is done, we also choose xk € (1/2,1) such that
0 < ‘XT_l In the following, ¢ is a constant depending on &y and €, possibly varying from
line to line. We first take o < 1. On the event (1.4.44), we get for ¢t > 0,

t t t
[aceods < [atetu+ sy 0nds < [ o0/,
0 0 0

with dx/(1 —a) < —1. Hence, the above integral converges when ¢t — +00. One can check
that the same result holds if a = 1. We conclude with the same arguments as in the end
of Section 1.4.9.3.

1.4.9.5 An asymptotic pseudotrajectory result for f < a <1

In this section, the goal is to show Proposition 1.4.36, which precises the asymptotic
behavior of (Z;)¢>0 (see Corollary 1.4.37), and is stronger than Proposition 1.4.30, in the
specific case where 8 < a < 1. We begin with some definitions. A flow ® on R*x]0,1] is
a continuous map

®: RT xR™x]0,1] = R*x]0,1]
(u,t,x) — Py (t,x) := (@i(t,x),@i(t,x})

with @ : (t,2) — (t,z) and Pyiy(t, ) = Py (Py (¢, z)) for all (u,v,t, z).

88



Definition 1.4.34 (Asymptotic pseudotrajectory). Let ® be a flow on RT x]0,1], then
a function Z : Rt — Rt x]0,1] is an asymptotic pseudotrajectory, or simply APT in the
following, for ® if for any T > 0,
lim sup d(Z(t+ h),®n(Z(t))) =0,
t—>+OOhE[O,T]

where d is the distance on RTx]0,1] defined by d((z,y), (2',vy)) = max(|x — /|, |y — ¢/|)
for every (z,y,2',y).

Being an APT for ® means that, given 7" > 0, the trajectory of h € [0,T] — Z(t + h)
is arbitrarily close to the trajectory of ® starting from Z(t) for ¢ high enough. We can

think of ® as the flow associated to an ODE that is inhomogeneous in time, and Z a
perturbation of this flow. This concept was introduced by Benaim and Hirsch to study

the asymptotic behavior of stochastic approximation algorithms | ]. Let us define
: + a Cs%0 - (p-a) ) _.
o:(t,z) e R"x]0,1] — | 1,2% —x — C & e 7 | = (e1(t, z), p2(t, x))
R

(1.4.45)

and denote as @ : (u,t,x) € RT xRTx]0,1] = ®,(¢, x) the flow induced by @ (¢, z) := (t,z)
and
0P, (t,
8(ux) = p(Py(t, 7). (I.4.46)

We first state a useful lemma.

Lemma 1.4.35. Let g > 0, R > Ry, &0 > 0 and B < a < 1, and ® the flow defined in
(1.4.46). For every (u,t,z) € RT x RTx]0,1], we have

dlL(t,z) =t +u.
Moreover, there exists ¢ > 0 and ty > 0 (depending on xg, R, a and ) such that
Vit > to, V& > 1, a(t,c) > 0.
Finally, there exists a constant K > 0 (depending on c) such that

vt > O,V(:L’,y) € [C7 1]7 |S02(t7x) - @2(tay)’ < K|.’E - y|

Proof. The first assertion of the lemma is straightforward from (1.4.45). Then, there exists
c €]0,1] such that ¢® — ¢ > 0 because a < 1. As e#~®* — 0, from Equation (I.4.45)

t—+o00
again, we can choose ty high enough such that y2(tg,c) > 0, uniformly on & > 1. For

every x €]0, 1], p2(., z) is non-decreasing, because 8 < «, which concludes for the second
part of the lemma. Finally, for t > 0, e#~®" < 1, and z — 2® — z and z — 27 are
Lipschitz-continuous on [¢, 1], because < « < 1. This ends the proof. O

We are ready to state the main result of this section. The essential ideas of the proof are
adapted from the work of Michel Benaim (Section 4.3 in [ D).

Proposition 1.4.36. Let xg > 0, R > Ry and B < a < 1. We consider the process
(Z)e>0 defined in Section 1.4.9.2. Then, for & high enough, (t, Z;)i>o is an APT for ®
defined in (1.4.46), with positive probability.
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Proof. We fix xyg > 0 and R > Ry. We choose ¢ > 0 and ty > 0 for which the results of
Lemma 1.4.35 hold true. We apply Proposition 1.4.30 with € = ¢, i.e. we choose &y high
enough so that

Pxo’R,go(Vt, Zy > C) > 0.

If necessary, we choose £ > 1 so that we can still apply the first part of Lemma 1.4.35.
In the following, we work on the event {Vt, Z; > c}, and we denote by P the probability
measure Py, r e (|VE, Zy > ¢). We fix T > 0, and for t,u > 0, we write

A(t,u) == sup |Zip — 2(t, Z1)).
0<h<u

From Lemma 1.4.35, we have for every (t,h),
t+h—®}(t Z)| =0

Thus, to prove our result, it suffices to show that
P < lim A(t,T) = 0) =1.
t——+00
First step: Lipschitz and Grénwall tricks.

We choose t > tg, h € [0,T], then by definition of ® in (1.4.46) and Lemma 1.4.35:

Zyvn — 4 (t, Zy)

h
Zoon— 7 / ot +u, ®2(t, Z,))du
0

h
< |\ Zgyh — Zt —/ w2t + u, Ziyq)du
0
h
4 / (@2t + 1, Zi) — oot + u, B2 (1, Z,))| du
0
t+h h
< \Zin— 7, - / pols, Z,)ds| + K / | Zoyu — ©2(t, Z,)| du.
t 0

The last inequality follows from Lemma 1.4.35 and the fact that we work on the event
{Vt, Z; > c}. We just have to verify that for u € [0, h], ®2(¢, Z;) > c. This comes again
from Lemma 1.4.35 and the definition of ®, we observe that ®2 (¢, Z;) cannot go under c
over time, as soon as it is true for © = 0, and its derivative is positive at this precise value.

Now, we take the supremum over [0,u] for the |Zyy, — ®2(t, Z¢)|-term in the last inte-
gral and extend it from [0, k] to [0,7], which keeps the inequality true. Then we take
the supremum over [0,7] in the first term of the right-hand side, and eventually in the
left-hand side to obtain

T
A(t,T) < A(t,T) + K/ A(t,u)du,
0

B t+h 3
with A(t,u) := sup |Zyn — Z¢ — / va(s, Zs)ds| for u > 0. Remark that u — A(t, u)
0<h<u ¢

is non-decreasing. We apply Gronwall’s lemma and get

A(t,T) < A(t,T)eXT. (1.4.47)

90



Second step: martingale properties.

We fix € > 0 and observe that

: t+h
P (A(t,T) > 5) <P|( sup (ZM iy —/ (pg(s,Zs)ds> > e
0<h<T t
t+h
+P | sup <— (Zt+h — 2t — / ©a(s, Zs)d8>> >e€
0<h<T t

From now on, we take § € {—1, 1}, and we try to estimate

t+h
P:=P ( sup <9 (ZHh — 7y — / wal(s, Zs)ds>> > 5) .
0<h<T t

which is equal to

t+h
P ( sup exp <r{9 (Zt+h -7 —/ va(s, Zs)ds>> > em)
0<h<T ¢

t
We now use Lemma 1.4.28 with F : z — €™ to obtain that F(Z;) — / LsF(Zs)ds is a
0

for any r > 0.

martingale, with
1— Oée(l a)s zo
LsF(2) := F'(z) (2% — ) + 22— by, (&e°2) (F (x - e_5> - F(:L’)) .
Cr €o

YLyF(Z
Mds is a martingale (Corollary 3.3 p.66 in
o F(Z)

[ ]). This gives naturally rise to another martingale for any fixed ¢t > 0: (Nyyp/N¢)p>0-

We get that
t+h L F(Z)
exp | r0| Zery, — Z; ) — = 8 s
< p( (”h ) / F(Z) )>h>o

is a martingale for any ¢ > 0. Now, we take tg higher if necessary to have el Zy > xg
(recall that we work on the event {Vt, Z; > c}), and we obtain for s > %,

l-a (1-a)s
LPZ) (g0 - 2+ 90, (qer ) <exp ( e _s) : 1>

It implies that Ny := F(Z;) exp <

F(Zs) Cr 0
B—a+l (B—a+1)s
= r0<p2(s, Zs) + Cso CZ Zf(exp (—rﬁz ) + 7’9&? e ® — 1>.

We know that e* — u — 1 < u? for u close enough to 0, so we can choose to higher if
necessary so that for s > tg,

0 —5 —2s
exp g0 ) +r— -1 < 0,2 .
< &o & &

Thus, for s > tg, we obtain

L,F(Zy)

ST \TS) < 2 (B—a—1)s
FZy) rOpa(s, Zs) < Cree ,
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2¢B—a—1
with € = 2708
Cr

choose & higher if necessary to have C' < 1. Finally, we know that

exp <7“9 (ZHh 7 /t T s, Zs)ds> - /t o [LFT;Z)) -~ ZS)} ds)>

is a martingale (simply adding and substracting a term in the expression of (N¢yp,/Ni)n>0),
so the process

~ t+h t+h
Np, := exp (7"9 <Zt+h — Zy — / Pa(s, Zs)d8> — CrQe(ﬁ_o‘_l)Sds)
t t

is a supermartingale for ¢ > .

max(1, cﬁ). We used here the fact that ¢ < Z, < 1 over time. We

Third step: Doob’s inequality.

In the following, we take t > ty. First, we assess that

. t+T
P<P| sup Np>exp <7‘<€ — Cr2e(ﬁa1)sds> .
0<h<T t
All this work has been done to apply Doob’s inequality for supermartingales and obtain

t+T
Crze(ﬁ_a_l)sds>

P < E(Np) exp (—re +
t

= exp (77“5 + C”T2e(ﬂ_o‘_1)t) ,

, . CelBelT _q , . .
with C" := 3 T The time has come to make a particular choice for . We fix
J— a J—

_E la1-B)
2C7

which is positive because C < 1 and 8 < «, and we obtain

62

Finally,
P(A(t,T) > ¢) < 2exp <—;e<a+1—5>t> : (1.4.48)
Last step: Borel-Cantelli to conclude
By (1.4.47) and (1.4.48), there exists € > 0 such that for every k € N* with kT > o,
P(A(KT,T) > &) < 2exp (—e:eQeW*l*ﬁ)’fQTQ) ,

which is the general term of a convergent sum in k. This is valid for every € > 0, so by
Borel-Cantelli lemma, we obtain that

P(AKT,T) —» 0)=1.

k—+o00

For ¢t > tp, if we take k € N such that kT <t < (k+ 1)T, we also assess that
A, T) <2AT,T)+ A((k+1)T,T)
which ends the proof. O
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Remark: We not only obtained that Z is almost surely an APT for ®, but also have a
strong exponential control on the possible deviations. Namely, there exists constants K
and € such that

P(A(t,T) > &) < Rexp (f@gemt/l—a) '

Nevertheless, the constants ¢’ and £ are unknown, and the previous ‘fast convergence’
result can be worsened by the precise values of these constants. One could wonder about
the interest of such a long technical proof to get only an asymptotic APT result. All the
power of this concept of APT is highlighted in [ ], and entails the following corollary.

Corollary 1.4.37. Under the assumptions of Proposition I.4.36, with positive probability,

Zy — 1,
t—-+o0

which immediately entails that with positive probability,

X SN
Afo(t) t—=r+00

1.

Proof. Without loss of generality, we can start our process from &y high enough so that
(t, Zt)e>0 is an APT for ® defined in (1.4.46), with positive probability, thanks to Proposi-
tion 1.4.36 (from any initial condition & > 0, there exists a positive probability for (X¢)¢>o
to reach &y in finite time and by Markov property, we can always start from this stopping
time). We define L(Z) the (random) limit set of Z as

L(Z) := () Z(]t, +o0]).

t>0

This is the set of limits of convergent sequences (Zy, )g>0, tx — +00. Note that (Z;);>0
lies in the compact set [0, 1], so L(Z) # 0. As (¢, Zt)¢>0 is an APT for @, and by the Limit
Set Theorem (Theorem 5.7 in | ]) we assess that L(Z) is internally chain transitive
for ®. It means that every point of L(Z) should be a chain recurrent point for @7,z (see
subsection 5.1 of | ]). The only possible chain recurrent point for ® is 1. Indeed, {1}
is a global attractor for ®: the solution to Equation (I1.4.46) starting from any 0 < z <1
converges to 1, because this is the equilibrium of 2’ = Cr(2® — 2), and the right-most term
goes to 0 over time. We also know that L(Z) is non-empty, hence

L(Z) = {1}.

We end the proof by a compactness argument: (Z;);>¢ lies in a compact and its limit set
is a singleton, so it should converge to this unique value. O

Remark: A simple monotony argument led us to X; < Ag (t). The previous corollary
highlights that in fact, without any death events and with positive probability, an indi-
vidual will ‘extract’ itself from the low-energy regime where births are likely to occur. It
will then grow up indefinitely with fewer and fewer birth events, mimicking the behavior
of A£0 (t)
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1.4.10 Converse implication in Theorem 1.2.1

In this section, we work under the allometric setting of Section I.1.2. Also, we work
under (1.2.6) or (I.2.8), and they both imply Assumption I.1.8 by Proposition 1.4.1. Hence,
we pick Ry verifying the result of Lemma 1.4.13. We begin by two preliminary results on
the operator K, rl for z9 > 0 and R > Ry.

Lemma 1.4.38. Let xg > 0, K > 0. Under the allometric setting of Section 1.1.2
and (1.2.6), we have for R > Ry,

C k

Proof. 1t is straightforward to prove this result by induction on k, using (I1.1.2), where we

tmax(&OaR)
notice that under (1.2.6), for R > Ry, we have / (bey + d)(Agy,r(u))du = +00. O
0

Lemma 1.4.39. Let xg > 0, k > 1. Under the allometric setting of Section I1.1.2
and (1.2.6), we have for R > Ry,

Cp \F -Gt
K gl k Cr
mrl(70) 2 <(Jg+(15> ’

Proof. We compute for k > 1,

KF 21(zg) = @ K*L1(u — z0)d
zo,R ($0) /zo g(u,R)e 0 zo,R (u I‘o) U

> /,;OO Poy (1) Q_A:de <Cﬁ>k_ldu

0 g(uv R) Cﬁ + 05
by Lemma 1.4.38. Under the allometric setting of Section 1.1.2 and (1.2.6), a straightfor-
ward computation leads to the result. ]

We are now ready to prove the converse implication in Theorem 1.2.1.

Proposition 1.4.40. Under the allometric setting of Section 1.1.2, under Assumptions 1.1.1
and I.1.2, we have

(1.2.8) = Assumption I.1.4.

Proof. We pick x¢p > 0 and R > Rg. Under Assumptions I.1.1 and 1.1.2, by Lemma [.4.8
and Lemma 1.4.39, we can write

Mg,k (T0) = E(Nag,R,20) Z Pao, Ry k) = ZK:ﬁo,Rl(mO)
k>1 k>1

k CB-‘rC(;
Cg —|— Cs

k>1
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Now, if (1.2.8), we have Cg 4+ C5 < C, — C, and we know that Cr — C,, — Cy, so we

R—+o00
can choose R > Ry high enough such that Cﬁ +Cs

the fact that Cg > (e — 1)Cj, gives

f (1—e b
Myy R r(z0) >Z CB+06 >ZT:1’

E>1 k>1

< 1, and the previous lower bound, with

which concludes since this is valid for every xg > 0. O

Finally, we prove that (1.2.6) is not a sufficient condition to obtain Assumption I.1.4. We
begin again by a preliminary lemma.

Lemma 1.4.41. Under the allometric setting of Section 1.1.2, if (1.2.6), then for z¢g > 0
and R > Ry, we have

C K
Vk > 1.V KE Rl _h 1.4.4
and
2 Cﬁ 2
3 1 K 1 < — ] . 1.4.
¢(Cs,Cs) < 1, 20.R (x0) < (’:(Cg,(}g)(cﬁ n C§> (1.4.50)

Proof. Tt is straightforward to prove (I1.4.49) by induction on k. Then, remark that

_Cs

C,8+C§ o 1f£ Z Zo,
K r1(E) c é‘ cvjca
< =L else.
— CB+C§ o

We use this fact and (1.4.49) to obtain

C
K2 p1(z0) < —2— /
{EO,R (330) — Cﬁ + C(S < 2 g(U,R

. [T +d(m)

Under the allometric setting of Section 1.1.2 and (I1.2.6), this gives

Cs \?
Ka:ORl(wO) <C’g Cg) ¢(Cs,Cs), (1.4.51)

Cs CB+C5 CB+C5
1\ C~7—Ca 2\ Cy—Ca 2\ Cy—Ca
with €(Cg, C5) := < <2) ! (1 — <3> ! ) + <3> ! ) < 1, which concludes.
O

Proposition 1.4.42. Under the allometric setting of Section 1.1.2, under Assumptions 1.1.1,
L1.2 and I1.1.4, if B =06 = a — 1, there exists = : RT —|1, +oo| such that

— > E(Cs) > 1.
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If in addition, Cs > Cy — Cy, then
=(Cs) > 1.07.

In particular, (1.2.6) is not a sufficient condition to verify Assumption I.1.4 under As-
sumptions 1.1.1 and 1.1.2.

Proof. We pick g > 0 and R > Ry. Under our assumptions, we necessarily have Cg > C;
by point 4. of Section 1.4.2. Under Assumptions I.1.1 and 1.1.2, by Lemma 1.4.8 and
Lemma 1.4.41, we can write

mzo,R(xO) = Z P20, R,x0 (Mk) = ZKo]cco,Rl(:UO)

k>1 E>1
k 2
Cs
- (- (o2 )

kZZI(CB—’_C‘s) b Cg+Cs
Cs Cs >2

=—=—(1-¢(Cs,C — .
2 (-G m(cﬁ%

For a given value of Cs, this upper bound goes to 1 — , with some L > 0, when Cpg

converges to Cs (see the explicit expression of €(Cp, C(g) in the proof of Lemma 1.4.41).
Hence, for a given value of Cs, if Cp is too close from Cj, mg, r(zg) < 1 so Assump-
tion 1.1.4 is not verified. This is valid for any Cs, hence the result.

If in addition, we assume that Cs > Cy — C,, we can go further in (1.4.51) and obtain

c c
K (o) < e 2 1 . 2 ol . 2 ol 13 Cs 2
z0,R Cs+Cs) \2 3 3 T 18\Cs+Cs)

Hence, we can pick €(Cs,Cs) = {3 in the previous reasoning, to obtain that

- ﬁ
(w0) < Cﬁ 5 0/3 2
m T — = — =——
zo,R\+L0 05 CB +C(S )
which is less than or equal to 1 if Cz < 1,07Cs. O

1.5 Simulations

In this section, we work under the allometric setting of Section 1.1.2 and a@ < 1. We
present simulations of individual trajectories (& z,.r.¢, )¢>0, and are mainly interested in the
behavior of the average number of offspring mg, r(x¢), for different values of parameters.
In particular, our main aim is to determine when we have my, r(xo) > 1, leading then to
the supercriticality of the population process (see Proposition 1.1.7). Precisely, according
to Theorem 1.2.1, we first fix the following parameters (unless specified otherwise):

Parameter | Value
« 0.75
y e
) a—1
o(R) 2/3
(O 2
Co 1
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We picked the usual value @ = 0.75 highlighted by the Metabolic Theory of Ecology
[ , , ]. In this section, we will independently make vary the following
parameters: xg, 3, Cg and Cs. We estimate my, r(2o) by a Monte-Carlo method and use
Python for the simulations. We present our numerical results, that lead to Conjecture 1.2.2
on a necessary and sufficient condition to verify Assumption I.1.4 under Assumptions I.1.1
and I.1.2, and Conjecture 1.2.3 about the behavior of my, r(&o) in the I> case.

Recall that the allometric coefficients § < o — 1 are non-admissible because they con-
tradict Assumption 1.1.2 (see Section 1.4.5), that is they allow individuals with Ty = +o0.
These are obviously trajectories that we cannot observe with numerical simulations, so we
focus in the following on the case 8 > o — 1.

I.5.1 Typical look of individual trajectories

We run independent simulations of the individual process with a set of parameters sat-
isfying (7,4, 8) € Iz (in particular § > « — 1). On Figure 1.3, we present six individual
trajectories, illustrating the three distinct shapes that we observed in our simulations.
The most common trajectories are shown on Figures 1.3a and I.3b, where individuals die
fast and have 0 or 1 offspring. Rarely, lifetime and energy increase and there is a huge
amount of birth events like on Figures I.3e and 1.3f (on Figure 1.3f, the energy increases
so fast that we barely see the negative jumps due to birth events anymore). Finally, we
have intermediate trajectories, as shown on Figures I.3c and 1.3d, where individual energy
stays close to the initial energy xp. They occur more often than I.3e and 1.3f, but less
often than I.3a and 1.3b. Modifying the parameter § > o —1 leads to similar observations.
Now if 8 = a — 1, we still encounter the shapes described earlier, but the frequencies of
observation of these three different shapes become relatively similar.

I.5.2 Subcriticality for § > a — 1, not in the I, case

We illustrate that condition (I.2.7) is necessary to obtain Assumption 1.1.4 if 8 > a — 1.
To do so, we choose values of 5 outside the I case, and we observe that there exists some
xo > 0 with mg, r(z9) < 1. On Figure 1.4, we represent mg, r(zo) depending on xg, for
values of 3 outside the I case. We verify that my, r(xg) < 1 for small values of x5. We
also observe that we need to look at smaller and smaller values for xy when 5 goes to
a — 1 to obtain a subcritical regime. Moreover, it seems that over a given value for zg,
depending on [, the regime is supercritical, but the mean number of offspring goes to 1
when zg goes to +00. There is a value for xy that maximizes the mean number of offspring
and it does not seem to depend on .

1.5.3 Explosion of m,, g(zo) in the I, case

When we continue to increase the value of 8 and look now at the I5 case, we obtain an
unstable behavior of the Monte Carlo estimate, which leads to Conjecture 1.2.3. Let us
write n for the number of individual trajectories simulated to estimate mg, r(zo9). On
Figure 1.5, we represent mg, r(x¢) depending on n, for various values of 3 in 5. Notice
that now, x¢ is fixed equal to 1. The Monte-Carlo estimation of the mean number of
offspring behaves badly. We see higher and higher peaks occuring for random values of
n when  increases. It becomes harder and harder to estimate correctly this expectation
with Monte Carlo estimation, because very rare trajectories like on Figure 1.3f have a very
high contribution. This is a typical heavy-tailed situation, where the mean number of
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Figure 1.3: Different shapes for individual trajectories, with parameters zo = & = 1,
B =-0.2,Cg=2,Cs=0.5. Most of the time, we obtain the shapes of I.3a and 1.3b, and
the rarest trajectory is [.3f. The dashed vertical orange line represents the time of death.

offspring can be very high due to very rare events with a huge amount of births, which
highlights a classical weakness of Monte-Carlo estimates. Simulations for others value of
xo lead to a similar behavior, so we conjecture that we observe this unstability because
Mgy, r(20) = +00 for every z for these values of .

I.5.4 Sufficient and non sufficient conditions to have supercriticality in
the [; case (F=a—1)

We illustrate that condition (I.2.8) is sufficient to obtain Assumption I.1.4, and that (1.2.6)
is not sufficient (see Section 1.4.10 for theoretical proofs). On Figure 1.6, we represent the
average number of offspring mg, r(zo) depending on xo. We illustrate that mg, r(zo) <
Cs/Cs (the blue line is always below the orange one), which is proven in Section 1.4.10
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Figure 1.4: Monte Carlo estimation of the average number of offspring mg, r(zg) for
ro € [10719° 1019] plotted on a log-scale, with parameters Cg = 2, Cs = 0.5, and
different values of « —1 = —-0.25 < 8 < —0.05 =a —1+ Cfi‘sca. For every value of x,
we simulated n = 50000 Monte-Carlo samples to obtain an estimation of mg, r(xo). If at
some xg, the blue line is above the orange line, the numerical simulation suggests that the
population process is supercritical for the corresponding value of xg, and if it is below, the

population process is subcritical.

(see (1.4.49)). This is a major difference between the I; and the I case: in the I; case, we
prove that mg, r(xo) is always finite, and we conjecture that in the Iy case, it is always
infinite. The scale of the z-axis is extremely large comparatively to the scale of the y-
axis. Hence, we can consider that the variations of the blue curve are essentially due to
the intrinsic randomness of the simulations, and that mg, r(zo) is independent from zo,
which is really different from the situation depicted on Figure 1.4. This illustrates the
independence of our model dynamics along the energy at birth zo when =6 =a—1. It
was possible to foresee this result, because in this particular case, the ratio d/b,, is constant
on |zg,+oo[. A simple time change shows that the birth and death dynamics of the
processes (&2, R,z )zo>0 are the same (up to a time scaling), no matter the value of zy. On
Figure I.6a, we choose parameters that verify (1.2.6) (and not (1.2.8)), but Assumption I.1.4
is not verified as mg, r(xo) < 1, so that (1.2.6) is not sufficient for Assumption I.1.4. On
Figure 1.6d, we choose parameters that verify (1.2.8) and Assumption 1.1.4 is verified.
Notice that on Figures I.6b and I.6¢, Assumption 1.1.4 is verified but not (I.2.8), so that
this condition is not necessary.
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Figure 1.5: Monte-Carlo estimation of the mean number of offspring mg,(xo) for o = 1,
Cg = 2, Cs = 0.5 and different values of 3. The z-axis represents the number n of
independent individual trajectories simulated to estimate mg, (o).

1.5.5 Necessary and sufficient condition for supercriticality in the /; case

We have verified numerically in Section 1.5.4 (and we prove it in Section 1.4.10) that
for the case § = J = a — 1, the necessary condition (I.2.6) and the sufficient con-
dition (I.2.8), respectively highlighted in Theorem I1.2.1 and Proposition 1.2.2; are not
sharp. This is why, for a given value of C, — C,, we numerically search for a nec-
essary and sufficient condition on the parameters to have a real equivalence in Theo-
rem [.2.1 (this gives rise to Conjecture 1.2.2). Precisely, we numerically find a function
2:C5/(C, — Cy) €]0,1[—= Z(C5/(Cy — Cy)) €]1,400] such that Assumptions 1.1.1, 1.1.2
and I.1.4 are verified, if and only if C5 < C,, — C,, and g—? > E(Cs/(Cy — Cu)).

On Figure 1.7, we represent in green the region of couples (C3/Cs,Cs5/(C, — Cy)) for
which the regime is supercritical. We observe that if C5/(Cy — Cy) > 1 then the popula-
tion process is subcritical. Moreover, the boundary between subcritical and supercritical
regimes (see the blue curve) draws a convex increasing curve, leading to the function Z in
our Conjecture 1.2.2; defined on ]0, 1[. Finally, Figures 1.7a and 1.7b are strikingly similar
(and it is a general observation for other values of C — C,), which is why we formulate
Conjecture 1.2.2 with = depending on the quotient Cs/(C, — Cy), rather than on the
couple (C5,Cy — Cy).
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Figure 1.6: Monte Carlo estimation of the average number of offspring mg, r(zg) for
xo € [107100 1009 plotted on a log-scale, and different values of Cs, with parameters
B8 =a—1, Cs =0.3. For every value of xg, we simulated n := 50000 Monte-Carlo samples
to obtain an estimation of mgy, r(zo), represented in blue. The orange line is constant
equal to C3/Cjs, and the green line constant equal to 1. If at some xg, the blue line is
above the green line, the population process is supercritical for the corresponding value of
xg, and if it is below, the population process is subcritical.
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(a) O,y — Cp = 0.1 (b) C — Cy =1

Figure 1.7: Supercriticality of the population process with respect to Cg/Cs and Cs/(C, —
Cy), for zp = 1, = o — 1 and two values of C, — C,. The dark and light green
areas correspond to parameters leading to a supercritical regime, whereas the orange
and red areas lead to critical or subcritical regimes. The set of parameters for which the
necessary condition for supercriticality (I.2.6) is not verified is the orange area, and the set
of parameters verifying the sufficient condition for supercriticality (1.2.8) are in the dark
green area. For 0.2 < C5/(Cy — Cy) < 1, the blue curve describes the value of transition
from (sub)critical to supercritical regime. For Cs/(C, — Cy) > 1, our simulations led only
to (sub)critical regime.
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Chapter II- An individual-based
stochastic model with variable
resources: a tightness result with
unbounded growth, birth and
death rates

In Section I.1.1 of Chapter I, we described a model for a population consuming a con-
stant resource over time, and thus ignored competition between individuals through re-
source consumption. This gave rise to a Galton-Watson process (see Proposition 1.1.6)
and the associated branching property was at the core of most of our reasoning. We in-
vestigated under which conditions on allometric coefficients our model ensures survival of
the population with positive probability (i.e. satisfies Assumption 1.1.4). In particular,
Proposition I.1.7 reduced the study of the whole population process into the study of one
single individual trajectory starting from energy xp. In Chapter II, the situation becomes
very different, because we allow the amount of resources to vary over time, and add a
competition term between individuals via resource consumption. As in Section 1.1.1.3, we
gather all individual trajectories into a measure-valued population process. To distinguish
between individuals, we define the set of indices as

U= J (N

neN

Over time, every individual in the population will have an index of the form u 1= uj...un11
with some n > 0, and some positive integers uq, ..., u,. At time ¢ > 0, an alive individual
u in the population is characterized by its energy &' € R, compete for a fluctuating stock
of resources R; € R", can die and reach the cemetery state 9, and can reproduce several
times during its life. When a birth occurs, we add an individual to the population, with
a new index in /. In the population, at time ¢ > 0, we denote as V; the set of alive
individuals at this time. Every alive individual v € V; is represented by a Dirac mass at
&'. Thus, we define the population process p; as a point measure given at time ¢ by

Mt = Z 5§g

ueVy

The population represents a specific species, which is characterized by a trait xzg > 0, the
energy parents transmit to their offspring. In all the rest of this chapter, we fix the pa-
rameter zg once and for all. The construction of our processes, and thus the main results
of this chapter, will implicitly depend on this parameter, but we will not make it vary
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in our reasonings. Note that this is an important difference with Chapter I, where the
main goal was to construct a model with allometric parameters valid for every value of
xg. In Chapter I, we thus made x( vary to obtain necessary conditions on the allometric
coeflicients for our model to verify Assumptions I.1.1, I.1.2 and [.1.4. Also, the definition
(2.2.1) of the measure-valued process (j;); is the same as the one of Section 1.1.1.3, but
importantly in this chapter, as resources are meant to vary over time, we cannot construct
individual trajectories independently from the evolution of (R;); over time. This also en-
tails that contrary to the general setting described in Section 1.1.1, we will not benefit
from any branching property anymore. Our construction in Section I1.1.2 thus focuses
directly on the measure-valued population process, instead of constructing and studying
only individual trajectories as in Section [.4.1. Whereas Chapter I was dedicated to the
study of individual trajectories constructed as R’ -valued Piecewise Deterministic Markov
Processes, Chapter II focuses on the large population asymptotic study of a measure-
valued process with martingales properties, constructed with Poisson point measures.

The first aim of Chapter II is to provide in Section II.1 a rigorous construction of the pro-
cess (e, Ri)t, and to give assumptions for this process to be almost surely well-defined for
every t > 0. Then, we introduce in Section I1.2 a scaling parameter K, representing the ini-
tial population size. We present our main result in Theorem I1.3.1 of Section I1.3. For any
T > 0, we establish the tightness of a sequence of renormalized processes (<, R )telo,1]
following the previous dynamics, and characterize any accumulation point (u;, R} )te[o,T]
with a deterministic system of integro-differential equations. The proof of Theorem I1.3.1
is developed in Section I1.4, and we provide extensions of this result in Section I1.5. In par-
ticular, if there exists a unique solution to the previously mentioned system of equations,
then our tightness result becomes a convergence result (see Corollary I11.5.2). Finally, in
Section I1.6, we introduce a new setting with allometric functional parameters that has not
been studied yet, and we draw links between our model and specific frameworks existing
in the literature. In Appendix B.1, we discuss the assumptions made in Section II.1. In
Appendix B.2, we develop the topological background of this chapter. In Appendix B.3,
we provide the proofs of intermediate theorems used in Section II.4.

This work is in line with a rich literature about similar tightness results for individual-based
models, originating with [ ], followed by [ ], adding an age structure in | ],
an interaction with resources in [ ], and a diffusion term in | ]. One common
feature of these papers is that birth and death rates are bounded, and any accumulation
point p* integrates bounded functions. Our work goes beyond these previous results for
the following reasons. First, our birth and death rates are not necessarily bounded, which
adds potential problems of explosion of individual energy or population size in finite time.
Thus, our tightness result in Theorem I1.3.1 occurs in a weighted space of measures in-
tegrating a weight w, adapted to these unbounded rates. Then, any accumulation point
p* integrates a broader set of functions, not necessarily bounded (see Corollary 11.5.3).
Because of our biological interests, we illustrate our results with the example of allometric

functional parameters.

II.1 Definitions and assumptions
First, in Section II.1.1, we define individual dynamics, i.e. deterministic metabolism and

resource consumption, and random birth or death events. Then, in Section 11.1.2, we
introduce notations to gather all the individual flows and resource dynamics into one de-
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terministic flow between random jumps. Then, we provide an algorithmic construction of
the process (u, R¢): with Poisson point measures, valid up to a stopping time accounting
for two possible problematic events. The first one is the possibility for individual trajec-
tories to reach 0 or +oo in finite time between random jumps, and the second one is the
possible accumulation of jump times at the population level. In Section I1.1.3, we address
the first problematic event, and make assumptions for individual trajectories to almost
surely not reach 0 or +00. Then, in Section I1.1.4, we resolve the second problem, by giving
assumptions under which the population process is almost surely well-defined for ¢t € R™
(i.e. there is no accumulation of jump times). Once this is done, in Section I1.1.5, we show
that (¢, Re)e>0 is a Jumping Markov Process (JMP). This particular type of Feller process
was initially introduced by Davis | | for R™-valued processes, and called Piecewise
Deterministic Markov Processes (PDMP). For a general definition and systematic study
of this kind of processes, adapted to our measure-valued setting, we refer to the work of
Jacod and Skorokhod | |. We further characterize the Feller process (ut, Ri)i>0 via its
extended generator (see p.45 in | -

I1.1.1 Individual and resource dynamics

In this section, we introduce the functional parameters and main mechanisms of our model,
but note that the formal construction of the process is done in Section II.1.2. An indi-
vidual trajectory will be deterministic between some random jump times, corresponding
to birth or death events. We give first a general framework under which, for any ¢ > 0,
u € U, an individual energy &' is in R% U {0}, where 0 is a cemetery state. A priori,
without further assumptions, an individual energy could reach 0 or +oo in finite time,
and we precise our convention in that case in the following. In Section I1.1.3, we will give
assumptions to ensure that almost surely, the previous situation does not happen.

Births

For t > 0, an individual indexed by u € V;_ with energy &' € R’ gives birth to a
single offspring at rate b(& ). This individual transfers a constant amount of energy xg
to the offspring. The energy of the individual goes from ' to &' := &' — xo. The
point measure then jumps to g := p— — dgp + dgr —zy + 0z, If the parent has the label
U := uj...u, and this is the k-th birth jump for this parent for k > 1, the index of the
offspring is uk := uy...upk. Then, we set V; := V;_ U {uk}.

O o

u
t—

§e — o
We assume that the birth rate b is equal to 0 for every x < xg, so that no individual with
negative energy appears during a birth event. Also, we assume that b is non-negative and
continuous for x > x.

Deaths

For t > 0, an individual indexed by u € V;_ with energy &' € R’ dies at positive and
continuous rate d(&* ). Then, the individual process jumps to &' := 0 and we set £ := 0
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for every s > t. The point measure jumps to pi; := - — ¢v_, and we set Vi := Vi \ {u}.

Energy loss and resource consumption

1. For t > 0, an individual v € V; with energy &' € R’ loses energy over time, at
non-negative and C*(R*) rate (/).

2. In order to balance this energy loss, this individual consumes the resource at rate
f(&, Ry). Importantly, we suppose that f is of the form f(&, R) := ¢(R)¥ (&), where
¥ is a C!(R%) positive function. Also, we assume that ¢ is a C'(R™) non-decreasing
function on R, verifying ¢(0) = 0 and lim,_, y o ¢(x) = 1. Finally, we suppose that
¢ is Lipschitz continuous on R*, meaning that

dk > O,VRl,RQ > O,Vl’ > O, ’f(.’I},Rl) — f(x,Rg)’ < k"Rl — RQ‘w(CL‘) (H.l.l)

Thus, between two random jump times (due to birth or death events), the energy evolves
according to the following equation:

d&i’

g = S R) &) =g Re). (I1.1.2)

Remark that g : (z, R) — g(z, R) is Cb}(R%. x R"), meaning that it is differentiable with
continuous derivatives in both its variables. Also, one can replace f by ¢ in (IL.1.1). It is
possible that at some time ¢ > 0, &' reaches either 0 or 400 (vanishing energy or explosion
of (II.1.2) in finite time before a jump event). We will make assumptions in Section II.1.3
to avoid this situation almost surely. For now, if this happens at some time ¢, we adopt
the convention &Y := 0 for every s > t and w € V;_. Also, we set the point measure to
ps := 0 for all s > t, and Vs := @ for s > t. Finally, for any t > 0 and v € U, if u ¢ V;, we
set &' := 0 (in particular, individuals that are not born yet at time ¢ have energy 0).

Resource dynamics

Let x > 1, Rmax > 0 and ¢ € C}(RY), such that ¢(0) > 0 and ¢(R) < 0 if R > Rpax.
Between random jumps, the quantity of resource R; € R satisfies the following equation

% = p(pe, Re) == <(Re) — x - f(x, Ry)pe(de). (I1.1.3)

The function p is well-defined on Mp(R%) x R, where Mp(R%) is the space of finite
point measures on R%. Equation (II.1.3) means that in the absence of individuals in
the population, the amount of resource eventually stabilizes at some Req € [0, Rmax]-
For the renewal function ¢, one can think for example of a logistic growth R > 0 —
R(Req — R) with Req < Rpmax. This is a classical assumption in literature for biotic re-

sources | , , |. Another example is the case of a chemostat, where we
can take ¢ : R > 0 — D(Rj, — R), with a dilution rate D > 0, and the constant Rip, < Rpax
can be interpreted as an abiotic nutrient flow in the chemostat | ]. The coefficient x

can be interpreted as the inverse of the conversion efficiency. The ratio 1/x < 1 represents
the proportion of resource consumed by individuals effectively converted to energy. In this
chapter, we suppose that x is a constant, which is a usual assumption in literature | ],
even if in | |, the authors make x depend on individual energy over time. The inte-
gral quantity represents the speed at which the whole population consumes the resource
at time ¢t. This non-linear term is an indirect source of competition between individuals.
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If we choose an initial condition Ry € [0, Rpmax], Equation (I1.1.3) enforces that R, €

[0, Rmax| for every ¢t > 0, as long as / Y(x)p(dz) < 400 (in particular, this is the case
RL

if iy € Mp(R%)). Moreover, if Ry > Rpax, even with no individuals in the population,

the resource will decrease to Rmax. Hence, without loss of generality, we assume that

Ry € [0, Rpax]. Also, we make the following assumption.

Assumption II.1.1. Vo >0 g(z, Ryax) > 0.

If Assumption II.1.1 is not verified, as ¢ is non-decreasing, we obtain
M > 0,Vz < M,VR € [0, Rpax] g(z, R) <0.

Considering (II.1.2), this means that if the initial energy of an individual is in (0, M], then
it will remain in this compact set over time. In other terms, if Assumption II.1.1 is not
verified, we impose an a priori upper bound on the maximal energy in our model. Similar
mass-structured models where the maximal mass M of an individual is deterministically
bounded are already developed in previous works | , . Although observed
living species obviously have bounded masses, we want to design a model where this
bound is not artificially imposed by the model, but results from interaction with a limiting
resource. This is why in our setting, we allow individual energies to increase indefinitely,
at least if there are sufficient resources (i.e. with Ry resources are available), which is
expressed in Assumption II.1.1.

Lemma TI1.1.2. Assumption I1.1.1 implies that
¢(Rmax) >0 and Vz >0, ¢¥(z) > l(x).

Proof. This is straightforward from our assumptions on v, ¢ and £. O

Remark: We recover a condition expressed in Assumption 1.1.8. It was a natural nec-
essary condition in the allometric case to obtain a supercritical branching process, in the
case where there was no competition for resources. In all the rest of this chapter, we
implicitly work under Assumption II.1.1.

I1.1.2 Algorithmic construction of the process with Poisson point mea-
sures

11.1.2.1 Deterministic flow between random jumps

We begin with the definition of the deterministic flow associated to individual energies and
the amount of resources between random jumps. We provide U with the lexicographical
order, denoted as <, and consider a finite subset V' C U of cardinality |V| € N. It means
that there exists u3 < ... < ujy| elements of U, such that V' = {u1, ..., uy |}, with V = @ if
V| = 0. Let us fix an initial condition Ry € [0, Rinax] and (£7)1<j<v € (R%)"
energies indexed by V. In the following, we will lighten this notation into = := (&§)ucv-
We write ((X{(Zo0, Ro))uev, X3t (S0, Ro)) for a solution to the system of |V| + 1 coupled
equations

individual

dX}* (S0, Ro _

t(dt) —r <Z 5X#<EO,RO)7X??(SO,R0)> : (IL.1.4)
ueV

dX7(Zo, R o B

t(dtOO) = 9(X}"(Z0, Ro), X{"(Z0, Ro)) foru eV, (I1.1.5)
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with initial condition at time 0

X' (Z0,Ro) = Ro,
X§(Z0,Ry) = & forueV.

Proposition I1.1.3. Let V C U be finite and ((§)uev, Ro) € (RL)VI x [0, Riax]. Then,
there exists a neighborhood O C (R%)IVI x [0, Rinax] of (€)uev, Ro), and a neighborhood
J CRT of 0, such that

1. For every ((£“)yev,R) € O, there exists a unique local solution with values in
(R*+)|V| X [0, Rmax] to the system of coupled equations (11.1.4)-(I11.1.5), starting from
((€")yev, R) at time 0. This solution is at least defined on J, and denoted as
((X#(EaR))u€V7XéR(EvR))} with = := (gu)ueV-

2. The function (t,(§“)yev, R) € J x O — ((X#(E,R))ueV,XER(E, R)) is CHY(J x O),

and C? in the variable t.

Proof. As ¢ € C}(R"), and f, g are CV!(R% x R™), classical arguments entails the result
(see Corollaire I1.2. and Théoréme II1.10. in Chapter X of [ D). O

Remark: The previous objects do not depend on the set of indices V. We use these
notations to be able to identify any individual by an index and keep track of its energy
over time, in the upcoming construction of our population process.

We introduce texp(Z0, Ro) € (0,+00] the maximal time of existence of the solution to
(I1.1.4)-(IL.1.5) starting from (Zp, Rp) at time O highlighted in Proposition II.1.3. The
deterministic time texp(Z0, Ro) is finite, if and only if one of the X{*(Z¢, Ro) reaches 0 or
400 in finite time. Finally, we define a flow X with a measure-valued first component,
to be able to use it in the upcoming definition of the stochastic measure-valued process
(pt, Ri)¢. Suppose that pg € Mp(R%) is such that

Ho =D deg,
ueV
with pg = 0 if V = @. Then, in the following, we write fexp (10, Ro) := texp(Z0, Ro), and
this does not depend on the set of indices V. Also, for t € [0, texp(p0, Ro)), we define

Xi(po, Ro) = <Zv 5X,;“(EO,R0)7X§/R(507RO)> ,
ue

and this again does not depend on the indexing by V. Finally, we adopt the convention
Xi(po, Ro) = (0,0) for every t > texp(po, Ro). We thus have defined the deterministic
flow with measure-valued first component

X : Mp(RY) xRt xRt — Mp(RY) xRt
(,LL, R7 t) = Xt(/jﬂ R)

In the following, for ;4 measure on R%} and f measurable from R% to R, we write

(w, f) = [ fdp.

RY
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I11.1.2.2 Algorithmic construction of the process

First, we define individual energies ((&}")ueu)t, the set of alive individuals (V;); and the
amount of resources (R;); inductively, by constructing a sequence of successive random
jump times (Jy)n>0, between which the dynamics are deterministic (note immediately
that our construction will then be valid only up to time sup,cn Jn). Then, we gather
individual processes into a measure-valued process (;);. Between two jump times, the
process (fu, Ry); will be deterministic and will follow the flow with measure-valued first
component X defined in Section I1.1.2.1. We consider N (ds, du,dh) and N’(ds, du,dh)
two independent Poisson point measures on RT x U x R* | with intensity ds x n(du) x dh,
with n(du) := Y, o, 0w(du). The support of N, respectively N7, on RT x U x R% is
a countable random set, denoted as supp(/N), respectively supp(N’). This is a random
variable verifying N (ds, du,dh) = Z( suh)esupp(A) O(s.u,h), Tespectively the same equation
with N”.

For the initial condition, let (w0, Ro) be a random variable taking values in Mp(R% ) x
[0, Rmax). We define Ny := (p0, 1) the initial number of individuals, V := {1,..., No} C U,
and Zg := (§§)uev, the initial individual energies. Thus, we index alive individuals at time
0 so that ug := ZuEVg d¢u. Also, for u ¢ Vo, we set & := 0. The Poisson point measures
N and N’ are independent from (g, Rp). The canonical filtration associated to (o, Ro),
N and Nl is (-Ft)t20~

We now define the sequence (J,)nen of successive jump times of the population pro-
cess. First, we set Jy := 0, and then suppose that our process is described until some time
Jp < 400 with n > 0. At time .J,,, there exists a finite V;, C U, associated to individual
energies =, 1= (§4 Juev,, - With the convention inf(@) = +oo, we define

Jgﬂ = inf{t € (Jp, Jn + texp(E,, RJ,)), (t,u, h) € supp(N),
weVy,, h<b(X{; (Es..R5))}
Jg—s—l = inf{t € (Jn, Jn + texp(Es,, Ry,))s (¢, u, h) € supp(N7),
weVy,, h<d(X/; (Es..R))}-
First if Jp, + texp(Es,, R,) = J3+1 A JﬁfH = 400, it means that there are no jumps
anymore, and no explosion of the solution to (II.1.4)-(II.1.5) starting from (=, ,Ry,).

Then, we set J,,11 = +00, and for t > J,, V; =V}, . Concerning individual energies, for
t > Jn, it u gV, , then & = 0, and

(€ )uevs, - o) = (X0 1, Es R uev, s X 5, (B R )

Else if J,, 4+ texp(Eg,, RJ,) < erLH A J;fﬂ = +o00, it means that one or several individual
energies reach 0 or +o00 at time Jy, + texp(Zs,, Ry, ) (which is an event that we will avoid
almost surely in Section II.1.3). Then, we set Jy41 = Jy + texp(ZE4,, Ry,), and for t €
(Jn, Jnt1), we set V; =V and if u ¢ V; , then & = 9. In addition, for ¢t € (Jy, Jnt1),
we set

(& )uev,,  Re) = <(Xtu_Jn(EJnaRJn))UGVJ,L,XﬁJn(EJmRJn)) :

Next, we set Vy, ., = &, Ry, = Ry,,,— and for u € U, £§ = 0. Remark that with
these conventions, we necessarily get back to the first case described above for the defini-
tion of Jy42 (S0 Jpt2 = +00), and eventually obtain that for all ¢ > J,,11, V; = @ and for
uel, & =0.
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Finally, if Jﬁﬂ A JfllH < Jp +texp(Eg,, Ry,), it means that one birth or death event oc-
curs. By property of Poisson point measures, we almost surely have Jg T F Jg 41, and the
infimum in the definition of J° 41 OF J4 41 is reached at a single element (Z,u, h) € supp(N)
or supp(N’). We distinguish again between two cases.

e First if J? 11 < JZ. ., it means that one birth event occurs. This event concerns
an individual indexed by some w € Vj . Then, we set J,11 = Jf; 41, and for all
t € [Jn,Jn+1), Vi = V. Concerning individual energies, if u ¢ Vj , we set {' = 0
and

(&) uev,, » Re) = ((X?_Jn(EJmRJn))UEVJnaXﬁjn(EJn7RJn)> :

Then, at time J,, 11, a new individual appears in the population. We set V; ., =
V; U{wk}, where k — 1 is the number of offspring individual w already produced
(i.e. the cardinality of the set {(t,u,h) € supp(N), u = w, 31 < m < n, J2, = t}).
We also set 5};’71’““ =20, &y, =&Y, —zoand {j =& _forueld \ {w, wk}.
Finally, RJnJrl = RJn+1_.

e Else if J,‘f 11 < Jg 11, it means that a death event occurs. This event concerns
an individual indexed by some w € Vj . Then, we set J,11 = Jﬁf 41, and for all
t € [Jn, Jnt1), Vi = V. Concerning individual energies, if u ¢ V; , we set &' = 0
and
(€ Yuevs, s o) = (X0 1, s B Duevi, s X5, (B ) ) -

Then, at time .J,41, individual w disappears from the population. We set V;, ., =
Vi, \{w}. We also set {§ == 0and {j =&  _ foru €U\ {w} Finally,
RJ’IH»I = RJ

n+l1—"

By convention, for all n € N, Jgﬂ = J,‘fH = Jp41 = +oo if J, = 400. The sequence
(Jn)nen+ is non-decreasing, so we can define Jo := lim, 4o Jp. Eventually, for every
t €10, Js), we define py as in (2.2.1), with p = 0if V; = @. We verify immediately that, if
no individual energy reaches 0 or explodes, for all n € N, for all ¢ € [J,,, J,+1), pt coincide
with the deterministic flow X;_j, (1, , Ry, ), and is modified at any jump time according
to the rules given in Section II1.1.1. Note that p; (as well as the (§}")uew, Vi and Ry) is well-
defined only for ¢ € [0, J«), with J possibly finite or infinite. For all ¢ € [0, J ), V% is the
set containing the indices of alive individuals at time t. The previously described update
rules of the set V; at each jump event make it adapted with respect to the filtration (F);.
Remark that for every t € [0, J), if u ¢ V;, then ' = 0; and if v € V}, then & € R%.. In
the following, we want to avoid almost surely the following situations:

Situation 1 One of the individual energy vanishes/explodes.
Situation 2 There is an accumulation of jump times.

We define
Texp = inf{Jn, Jn+1 - Jn + texp(EJn7 RJn) < +OO}7

with the convention inf(&) = +o00. To avoid Situation 1, respectively Situation 2, we need
to ensure that almost surely, ey, = +00, respectively Jo, = +00. In Section I1.1.3, we give
assumptions under which 7oy, = 400 holds true almost surely. In Section II.1.4, we work
under the assumptions of Section II.1.3, and we give further assumptions, under which
Joo = 400 holds true almost surely. To end this section, we also provide in Section II.1.5
martingale properties for our process when Jog A Texp = 400 almost surely.
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I1.1.2.3 Classical writing of the process on [0, Joo A Texp)

Before time 7eyp, individual energies never vanish or explode, hence the global jump rate
of the population is finite at any time in [0, Joo A Texp). Thus, for every J,, < Texp, the
next jump time Jy,4; is almost surely either +oo or a birth/death jump in the inductive
construction of Section I1.1.2. Then, for every ¢t € [0, Joo A Texp), We can almost surely
write, with the convention on the flow X in mind,

(,U«ta Rt) = Xt(HOa RO)
t
+ / / Liueve 1 Yn<ben )y [ Xe—s(tts— + 0z + Ogv —zy — Ogv_, Rs)
0 Juxry

— Xit—s(ps—, Rs)IN (ds, du, dh)

t
+ / / LuevioyLn<ager )3 [Xi—s(ps— — Ogu_, Rs)
0 JUxR:

— Xi—s(pis—, Rs)IN'(ds, du, dh).

This formal writing is classical in the literature (Definition 2.4. in | ], Section 4.1
in [ ]), and should be understood as a telescopic sum. First, individual energies and
resources evolve deterministically, following the flow Xy(uo, Rp). Then, at each birth or
death event, we erase the current flow and replace it with a new flow, modified according
to our birth and death rules.

I1.1.3 Assumptions for non vanishing/exploding individual energies

In this section, we introduce assumptions for our stochastic process to verify 7exp, = +o0
almost surely (see Corollary 11.1.7). We adopt the convention that for any = > 0, if
¢(x) = 0, then %(az) = +00. Also, recall that under Assumption II.1.1, g(., Rmax) is a
positive function on R .

Assumption I1.1.4 (Individual energy avoids 0). For all z > 0,

rd
/ z(y)dy = +00.
0

Assumption II.1.5 (Individual energy avoids +oo). For all z > 0,

/ Tb(y) +dly)

Yy = +00.
9(Y, Rinax)

Proposition 11.1.6. Under Assumptions 11.1.4 and 11.1.5, we have almost surely

(Jl = +OO) or (J1 < texp(,U/O;RO»-
Proof. In all the following proof, we suppose by contradiction that P(fexp(po, Ro) <
J1 < 400) > 0, and work under this event. Importantly, this implies that until time

texp (140, Ro), there are no random birth or death jumps in the population, so the pro-
cess (pt)¢ is well-defined and deterministic on [0, texp(po, Ro)). Thus, under the event
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{texp (o, Ro) < J1 < 400}, we have Vy # & (otherwise texp (o, Ro) = +00) and for every
u € Vpand s < texp(tto, Ro), we have £ = X¥(Eo, Ro) with the notations of Section I1.1.2.
We assess that one of the two following situations occurs:

Q) 3uelVp & — 50,
S—)texp(uo,Ro)

i) du e VW, — 4o00.
(i) o & s—rtexp(H0,R0)

Indeed, if (i) and (ii) are not verified, then by definition, we would necessarily have
texp(tt0, Ro) = +o00. By construction of our process with Poisson point measures, un-
der the event {texp(po, Ro) < J1 < 400}, we have in particular

texp(10,R0)
/ S (b -+ d)(er) | ds < oo (11.1.6)
0

ueVy

Indeed, before time texp(po, Ro), individual energies & follow the deterministic flows
X"(Zp, Ro), so the previous integral is a deterministic quantity. If the previous inte-
gral was infinite, the first jump time J; given by the Poisson point measures N and N’
would follow an inhomogeneous exponential law, and we would have

texp (p0,20)
P(J1 < texp(tto, Ro)) =1 —exp / Z b+d)E) |ds | =1.
0 u€eVp

First, suppose that u € Vj is such that (i) is verified. We have

teXP(MovRO) texp(HovRO)
/0 d(EN)ds > /0 A€ L1yee 1y <0yds.

By (i) and considering (II.1.2), there exists a sequence (Oy,)nen of disjoint open intervals
such that

{5 € (0, texp(pi0, Ro)), g(€,Rs) <0} = | | On and  (0,&) C{&% s | | On}.

neN neN

(IL1.7)
For every n € N, from (II.1.2), s — £ is a decreasing bijection from O,, to £“(0O,,), and

we write £ for its inverse function. We perform the change of variables w = &Y on each
interval O,, to obtain

texpmo,Ro) “ " d(w) S d
/0 d(&" ds>2/ (g ds_Z/ T )dwz Z(w)dw,

neN neN

because of (I1.1.7), and R — g(z, R) is non-decreasing for every = > 0. By (II.1.6), the
left-most integral is finite, which contradicts Assumption I11.1.4.

Else if there exists u € V{ such that (ii) is verified, we write in the same manner
texp(ﬂ07R0) texp(ND,RO)
/ b+ d)es> [ (b + D) (E) L y(ez. o0y ds.
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By (ii) and considering (I1.1.2), there exists a sequence (O),)nen of disjoint open intervals
such that

{s € (0. texp(po, Ro)), 9(&¥, R) > 0} = | | 0, and (&5, +00) C &Y, s € [ | O}

neN neN
(11.1.8)

For every n € N, from (I1.1.2), s = £ is an increasing bijection from Oy, to £"(Oy,), and
we continue to write £“ for its inverse function. We perform the change of variables w = £
on each interval O/, to obtain

tex (HOyRO)
/ ’ (b + d)(€ ds>2/ (b+ d)(£4)d
0

neN

‘Z/u G+dw) Z/*%b(wwd(w)dw

neN (On) g w Réu) u g(waRmax)

because of (II.1.8), and R + g¢(z, R) is non-decreasing for every x > 0. By (II.1.6), the
left-most integral is finite, which contradicts Assumption I1.1.5 and this ends the proof. [

Corollary II.1.7. Under Assumptions II.1.4 and I1.1.5, we have Texp = +00 almost
surely.

Proof. By definition of 7¢x, and construction of the process, it suffices to show that for
every n € N, we almost surely have

(Jn+1 = —l—OO) or (Jn+1 < Jp+ texp(ujn,RJn) < +OO).

Let us fix n € N and work in the following conditionnally to the event {J,+texp(pts,, R, ) <
+00} N {Jnt1 < +o00}. We aim to show that J, 11 < Jy + texp(ps,, Ry,) almost surely.
We define (jig, Ro) a random variable with same law as (7, , Ry, ), and (fit, R¢); a process
starting from the random initial condition (fg, Ro) and constructed with the algorithmic
procedure described above. The jump times with indices 0 and 1 associated to (i, Rt)
are naturally written Jo and Jl, and note that by construction, Jo := 0. Under the
event {J,4+1 < 400}, from the strong Markov property for Poisson point processes (see
Example 10.4(a) in | 1), the law of Jy, + texp(ptg,, Rj,) — Jn+1 conditionnally to
{Jn + texp(ps,, Ry,) < +oo} and Fy, is equal to the law of Jy + texp(fio, Ro) — J1 =
texp ([0, 1:20) — Ji, which concludes thanks to Proposition I1.1.6. O

I1.1.4 Assumptions for a well-defined population process (1), for every
t>0

At this step, thanks to Assumptions I1.1.4 and II.1.5, we have Ty, = +00 almost surely (it
is Corollary I1.1.7), and we work under this event. The process (¢, R¢)¢ is still well-defined
only on [0, Js ), with Jo possibly finite, i.e. there is a possible accumulation of jump
times. We begin with intermediate results in Section II.1.4.1. Then, in Section I1.1.4.2,
we define an appropriate weight function w. Finally, we give in Section 11.1.4.3 a setting
under which almost surely, Jo, = +00. In fact, under this setting, we will even obtain in
Proposition 11.1.16 a stronger result, which implies in particular that the expectation of
the population size |V;| is finite for every ¢ > 0, and this entails the non-accumulation of
jump times. To obtain this stronger proposition, that will also be important in the proof
of Theorem I1.3.1, we use the weight function w.
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11.1.4.1 Preliminary lemmas

Lemma II.1.8. Let © be a measurable function from Mp(R%) x [0, Rmax] to R. Under
Assumptions I1.1.4 and I1.1.5, we have almost surely, for allt € [0, Jx),

O (e, Ry) = ©(X¢(po, Ro))

t
+ / / Liuevi_yLin<oer ) <@(Xt—s(/~bs— + Oz + Ogu_—zy — Ogv_, Rs))
0 UXR:

— O(Xp—s(ps—, RS))>N(ds, du,dh)

t
+/ / 1{uevs}1{h§d(gg)}<@(Xt—s(Ms— — Ogv_, Rs))
0 UXR’:L

— O(X—s(ps—, RQ))N’(dS, du, dh).

Proof. Let t € [0, J), then there exists n > 1 such that ¢ < .J,,. Thus, there is a finite

number of jumps on the interval [0, ], and we obtain (as for (8) in Section 3 of | )
@(Mta Rt) = @(Xt(u()? RO)) + Z [@(Xt—s(/’tsa Rs)) - @(Xt—g(ll/s—, RS—))] ) (1119)
s<t

which is a valid notation with the convention on the flow X. From the algorithmic
construction of the process (ut, R¢): in Section I1.1.2, times of jump (i.e. times when
(s, Rs) # (us—, Rs—)) are given by the Poisson point measures N and N, so are almost
surely distinct. Furthermore, under Assumptions I11.1.4 and II.1.5, these jumps are not
associated to vanishing/exploding individual energies, but only to birth or death events,
hence the result (integrals against Poisson point measures are only a formal rewriting of
the telescopic sum in (II1.1.9)). O

Remark: We need Assumptions I1.1.4 and I1.1.5 to ensure, thanks to Corollary I1.1.7,
that almost surely individual energies do not vanish/explode before J. This is why the
decomposition in Lemma I1.1.8 is not well-defined pathwisely, but only almost surely.

Let ¢ @ (t,z) = ¢i(z) be a CYY(RT x R%) function. We write 9y and dy¢ for the
associated partial derivatives, and also for every t > 0 we define

®;: (R,z) € RT x RY = 9yo(t, ) + g(z, R)Dup(t, ). (I1.1.10)

Note that ® depends on ¢, but to lighten the notations, we choose to write it this way
in all the rest of this chapter. The notation ® will always be related to the definition in
(I1.1.10) with a function ¢ we work with without ambiguity.

Lemma II.1.9. Let ¢ € CHY(RT x R%). Under Assumptions I1.1.J and II.1.5, we have
almost surely, for allt € [0, Jx),

(s pt) = (pos Po)
4 [ G s

t
4 / / 1{uevg_}1{h<b(gg_>}<¢s<xo>+sos<5z—m)—sos(sz))Mds,du,dh)
0 Juxry

t
—// 1{uevs_}1{h§d(gg_)}<ﬂs(53—)/\[/((137duadh)7
0 JuxRry
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with ® associated to ¢ as in (11.1.10).

Proof. Let t € [0, J) and ¢ € CH(RT x R%). We apply Lemma I1.1.8 to © : (u, R) —
(i, o¢) and with (2.2.1) in mind, we obtain

(o) = 3 ou(X0 (o, Ro))

weVp
t
+ / / 1{uevs_}l{hgb(gg_>}< > (X (e + Ong + Geu_—ag — Oeu_, Ry))
0 UXR:_ wel
- > sOt(th_s(us_,Rs))>/\/(ds,du,dh)
wWEVs_
t
+ / / 1{u€Vs—}1{hSd(£g_>}( > ol(X (s — den_, Ry))
0 UXR:_ wel
- wt(Xﬁs(us_,Rs))>N’(ds,du,dh).
wEVs_

Let 0 < s <t , r>0and up € Mp(R), written of the form p := > dew with V C U
weV
and (§w)wev in RL. The chain rule gives that for w € V, (X (1, 7)) = @s(£Y) +

¢
/ O (X2 (p,7), X¥ (,7))d7, and we obtain
(1, ot) = (po, o) + To + T + 1>
T / / LiueviyLin<b(en )y <sos(fco) + os(§- — @0) — sos(fﬁ_))/\/ (ds, du, dh)
0 JuxRr:
¢
- / / Luev, }lin<aes yyps (&= )N (ds, du, dh),
0 Juxr:
with

= / Fno, Ro), X (o, Ro))d,

weVp

Ty = // LiueviyLin<p(en }/ ( ( Ds(ps— + 0zp + Ogu —zy — Oeu_, Rs),
Ux R* weVy

XE e+ g ez = O T )

-y @ (s ,Rs))> drN (ds, du, dh),

weVs_

t
T2:// 1{uevs_}1{h§d(£;‘_)}
0 Z/l><R’_j_

t
/ ( Z O, <Xg{s(:u’8— - 65?,7R8)7X7l—vfs(/1'5— - 65;‘7R8)>

’UJGVS

-y @ (s ,Rs))> drN'(ds, du, dh).

weVs_
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As t < Jy, there exists n € N* such that ¢ < J,,, so that integrals against Poisson point
measures are a formal pathwise writing of finite sums and we can use Fubini theorem
almost surely (under the almost sure event {7ex, = +00}) for Ty, T1 and T3 to obtain, for
Ty for example:

t T
Ty — / / / Liueviylin<dee )y
0 JO JUXRY

< Z P, (X‘%R—s(/‘s— - 555“,7—]%8)’ X7l o(ps— — 55;"RS)>

weVs

_ Z o (ps— ,Rs))>/\//(ds,du,dh)d7.

weVs_

Using Lemma I1.1.8 again, we realize that

t
TO +T +15 = / <,UIS7 (I)S(RS7 ')>d57
0

which concludes. O

For every F : (r,x) — F(r,z) in CY1([0, Rmax] X R), we write 9,F and 9,F for the
associated partial derivatives.

Lemma II.1.10. Let ¢ € CYY(RT x R%), and F € CY1([0, Rimax] X R). Under Assump-
tions I1.1.4 and I1.1.5, we have almost surely, for all t € [0, Jx),

F(Ry, (e, pr)) = F(Ro, (pos #o))
+/ |:p(/,l,5, )8 F( ) <MS;§08> + <N57 S(R57-)>a:cF(R57 <N57905>) ds

)
/ / Luev, yLgnener )}(F o (a4 Bz + et oo — Fer+p)
UXR*

PRy, (s gos>>)fv<ds, du, dh)

t
* / / LueviyHnsaer )y <F (Rs, (ps— — Ogu_, ps))
0 JUXRY
- F(RS’ <H5*’ @3>)>N/(d55 duv dh)a

with ® associated to ¢ as in (11.1.10).
Proof. Let t € [0,Jx), ¢ € CH'(RT x R%) and F € C1([0, Rmax] X R). We can apply
Lemma I1.1.9 to obtain a decomposition of (u, ¢¢), and (I1.1.3) gives

t
R, = Ry +/ p(s, Rs)ds.
0

As t < Jy, there exists n € N* such that ¢ < J,, so that (u,:) coincides with the
stopped process (pag, , Piag,) at time t. Hence, to obtain the desired expression, it suffices
to show that we can use It6’s formula for finite variation processes with right-continuous
sample paths (Theorem 31 page 78 in [ ) with F : (r,z) — F(r,z) applied to the
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process ({fitn,,» in,)s Rin, )t>o for any n € N*. By assumption, F' € CH1([0, Rimax] X R)
and by construction, the stopped process ({tnr,, Ping, ), Riag,)t>0 has right-continuous
sample paths, so we only need to show that it is a finite variation process (see Definition
page 39 in | ])- This is immediately the case for the component (R, )t>0, because
its derivative is bounded before time J,. Almost surely, any individual trajectory of the
stopped process (fia, s Biag, )t>0 has bounded jumps and is deterministic with a bounded
derivative between jumps, thanks to Corollary I1.1.7. Hence, ((tnJ,, ¥int,))t>0 has also
bounded variations, which ends the proof. O

Remark: Let ¢ € C'(R%), F € CH ([0, Rmax) XR) and f : (1, R) € Mp(R%) X [0, Rimax) —
F(R, (). If Joo = 400 almost surely, then Lemma I1.1.10 allows us to express

i B (e Be)) = f(po, Ro)
t—0 t

Y

for any (p0, Ro) € Mp(R%) X [0, Rmax). Hence, this result is a stepping stone in the def-
inition of the infinitesimal generator of the process (1, R¢): (see Section 4.6. in | D).
In fact, we will provide the extended generator of this process in Proposition I1.1.20.

In the following, for t € [0, Jx), we define E; := (u, Id) the total energy of the pop-
ulation at time t. In the dynamics described in (I1.1.3), as ¢ is C!, the speed of renewal
of R; is upper bounded by [[s[|oc 0, Ray] < 00, for every ¢ > 0. This resource renewal is
the only income of biomass into the system described by (p, R¢)¢, so this shall give us a
control on the total biomass of the system over time, i.e. for every ¢ > 0, we can upper
bound R; + E}.

Proposition I1.1.11. Under Assumptions I1.1.4 and I1.1.5, we have almost surely

YVt € [O, Joo), R+ E; < R0+E0+t’|g”oo,[0,Rmax] < +00. (H.l.ll)

Proof. Let t € [0, Jx), by Lemma I1.1.10 applied to F': (r,z) — r+x and ¢ : (t,z) — =z,
we have

t
RitBi=Fo+Eo+ [ [p(us,Rs>+<us,<1>s<Rs,.>> s
0
t
// LiueviyLin<aer yy&s-N'(ds, du, dh)
0 Z//XRi
t
§R0+Eo+/ o(Ry)ds,

0

which concludes. Note that we used in particular the fact that the constant y in the
definition (II.1.3) of p is larger than 1. O

Corollary I1.1.12. Let ¢ be a measurable function on R®_, such that ¢ is bounded on any
(0,y) with y > 0. Suppose also that E(Ey) < +00. Then,

VYT >0,Ve>0,3C >0, P sup  sup p(§) <C | >1-e.
t€[0,TAJoo) uEVL
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Proof. Let ¢ be measurable and bounded on any (0,y) with y > 0, > 0 and T > 0. We
have, for every y > 0,

P ( sup  sup @(&') < ||90||oo,(o,y)> >P < sup  sup &' < y)

te[0,TAJoo] uEVR te[0,TAJoo] uEVL

>P sup Fi<y
t€[0,TAJoo]
1

>1—-E sup FEi .
Yy t€[0,TAJoo]

1
Hence, taking y = . (E(E0) + Ruax + Tlsll0,0,Rmax]) and C = [[@]loo (0,y) concludes
thanks to Proposition I1.1.11. O

11.1.4.2 Definition of the weight function w

The main goal of this chapter is Theorem I1.3.1, which is a tightness result for measure-
valued processes in a weighted space of measures. Thus, in the following, we define a weight
function w adapted to the functional parameters b, d, ¢ and v for two reasons. First, if such
a weight function exists, we shall prove in Section I1.1.4.3 that (p); is well-defined on RT.
Then, we will obtain in Section I1.1.5 useful martingale properties for our process using the
weight function w. We write h: 2 € RT — .+ 22, and G: 2 > 0 — SUP Re[0, Rmas] 19(25 )]
Remark that for z > 0, g(z) = max(¢(z), ¢(Rmax)¥(x) — €(x)).

Assumption I1.1.13 (Existence of an appropriate weight function). There exists
w € CY(R%) positive and non-decreasing such that

e 3C; > 0,Vz >0, g(z)(1+u'(z)) <Cy(1+z+w(x)),
e IC, > 0,Vx >0, b(z)(1+h(Jw(zo) +w(x —x0) —w(z)|)) < Cp(l + 4+ w(z)),

e 3C; >0,V >0, d(z)h(w(x)) < Cq(l+ z+ w(z)).

Remarks: If the rates g, b and d are bounded (which is a classical assumption in the
literature | , , ]), the weight function w = 1 is a possible choice. We present
in Example 1 of Section I1.6 a choice of unbounded functional parameters, with allometric
shapes, and prove that there exists weight functions w verifying Assumption I1.1.13 in this
specific context. It is of order z"1, respectively 2, in a neighborhood of 0, respectively
+oo, with 0 < k1 < kg < 1 and (k1, k2) verifying constraints expressed in terms of the
allometric coefficients «, 5 and ¢ respectively associated to the maximal growth rate g,
the birth rate b and the death rate d (see Lemmas I1.6.2 and 11.6.3). The typical shape
of the weight function w is shown on Figure II.1. Nevertheless, in general, proving the
existence of a weight function w verifying Assumption I1.1.13 could be a difficult problem,
similar to the search for Lyapunov functions associated to the extended generator of a
Feller process (see for example condition (CD2) in Section 4.1. of | ]). Remark that
in particular, the third point of Assumption II.1.13 implies that dw should be bounded in
a neighborhood of 0. Hence, if d(z) — ~+00, which is usually the case with allometric

parameters, then w(x) —0> 0 as shown on Figure II.1. We will discuss in Section I1.3 how
—

this impacts the interpretation of the tightness result in Theorem I1.3.1.
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Figure II.1: Possible shape of the weight function w with an allometric choice of parameters

Finally, recall that b = 0 on (0, z¢]. Thus, we verify that if w is Lipschitz continuous on
(1,400) (which is equivalent to w’ bounded on (1, +00); and again, this is usually the case
with allometric parameters), the second point of Assumption I1.1.13 is equivalent to the
lighter assumption

AC, > 0,V > 1, b(x) < Cp(1 + z). (I1.1.12)

Lemma 11.1.14. Assumption 11.1.18 is equivalent to the combination of the following
properties. First, w € Cl(Ri, R% ), is non-decreasing, and then

Jw; > 0,Vz > 0,

g(z)(1+w'(z)) + b(x) (1 + |w(zo) + w(z — 20) — w(2)]) + d(z)w(x) < wi(l +z +w(z)),
(I1.1.13)

and

Jwy > 0,Vz >0, b(x)(w(zo) +w(z —z0) —w(®))? + d(@)w?(@) < wa(l + z + w(2)).
(IL.1.14)

Proof. The fact that Assumption I1.1.13 implies (I1.1.13) and (I1.1.14) is immediate. We
can take w; = Cy + C, + Cy4 and wy = Cy, + Cy4. Conversely, if (I1.1.13) and (I1.1.14) hold
true, we can take Cy = wy and Cj = Cg = wy + ws. O

Remark: Lemma II.1.14 gives us an insight on why Assumption II.1.13 is interesting
to obtain martingale properties for our process. This specific choice of a weight function
w shall provide a control for the stochastic integrals appearing in the decomposition of
(¢, p¢) in Lemma I1.1.9, as for classical Lyapunov functions. We will get back to these
considerations in Section II.1.5.

11.1.4.3 Proof of the non-accumulation of jump times

For t € [0, Jx), we define N; := (u,1). It represents the number of individuals in the
population at time ¢t. We also define Q; := (us,w). For M > 0, we define the stopping
time

v i=1inf{t € [0, ), Bt + Ny + Q¢ > M},

with the convention inf(&) = +oco. Finally, for any positive function w on R, we write
¢ € By(RY), if £ is a bounded function on RY.
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Definition I1.1.15 (General setting). In the following, we denote as ‘the general set-
ting’, the framework gathering dynamics described in Sections I11.1.1 and 11.1.2, Assump-
tions I11.1.4, 11.1.5 and I1.1.13, and the additional assumption

E(Eb-+>Ah-+§hﬁ < +o00.
We are now ready to prove the main result of this section.

Proposition I1.1.16. Under the general setting, we almost surely have

. II.1.1
™ e T (L1.15)
Then, for all T >0,
E sup (B + N+ Q) | < 4o0. (I1.1.16)
t€[0,TAJo0)

This immediately implies that for every ¢ € Bi11a4+w(R%), we have

E( sup ’<,U«t790>|> < +oo0.
te|

0,TAJoo)

Proof. Let M > 0 and T > 0. We use Proposition I1.1.11, and apply Lemma II1.1.9 to
¢ (t,x) = 1+ w(x), to obtain for every 0 <t <T A Tar A Joo,

t
By + Ny + Q < Ro + Eo + t[<]] 00,0, Runax] T No + Q0 + / (1s, 9., Rg)w')ds
0
t
+ / / Liuevi-yLin<o(er )
0 JuxRr:
(14 wlan) + ol = ) = (€l ) )V s, an)
t
—/ / Liuevi ylin<acer )y <1 +w(£§_)>/\/’(ds,du,dh)
0 MXRi
T
< Ruax + Eo + No + Q0 + T'[[s]|o0,[0, Rmax] T+ / (1, G ) Lscrprngoyds
0

T
+ / / 1{s<7-M/\Joo}1{u€VS_}1{h§b(£;‘_)}
0 UXRY

(1 + |w(xo) + w(€y — x0) — w({fj_)|>]\f(ds, du, dh).

We can take the supremum of the left-hand side over t € [0, A Tar A Joo). Then, we take
expectations and apply Fubini theorem, which is valid since all integrands are positive.
Also, all the expectations are finite thanks to the first and second points of Assump-
tion I1.1.13 and by definition of 737, so we have a true semi-martingale decomposition of
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the integrated term against the Poisson point measure N. We obtain

E< sup (Ey + Ny + Qt)) < Ruax + E(Eo + No + Q0) + T[<|]o0,0, Runas]
te[0,TATA A Too)

T
+ (Cg + Cb)/ E ((ES + Ng + Qs)l{s<TM/\JOO}) ds
0

< Rpax + E(EO + No + QO) + THgHOO,[O,RmaX]

T€[0,sATM AT o)

T
+ (Cy + Cb)/ E ( sup (E; + N, + QT)) ds
0

By Gronwall lemma, we then have

E ( sup (Ey + Ny + Qt))
tG[O,T/\T]\J/\JOO)
< (Rmax + E(EO + No + QO) =+ T’|g|’OO,[O,Rmax])e(CngCb)T' (11117)

Now, as (7ar) men+ is a non-decreasing sequence, to prove (I1.1.15), it suffices to show that
for all T'> 0, P(tas <T) —— 0. Because E(Ey + Ny + ) < +00, this follows from

M—4o00
(I1.1.17) and

Pty <T)

IN

P sup (Et + Nt + Qt) > M
te[O7T/\TM/\JOQ)

IN

1
—E sup (Et + Nt + Qt) .
M te[0,TATM AT o)

Finally, to obtain (II.1.16), we use (II.1.15) and apply Fatou lemma to obtain
E sup (Br+Ne+Q) | < lim E sup (B + Ne+ ) |
te[0,TAJoo) M=o\ te[0, AT AToo)
which ends the proof by (I1.1.17). O

Corollary I1.1.17. Under Assumptions II.1.4, I1.1.5 and II.1.13, the process ()¢ is
almost surely well-defined for every t > 0, i.e. P(Texp A Joo = +00) = 1.

Proof. First, by Corollary I1.1.7, we can work under the event {7ex, = +00}. Then, if we
write v the law of ug, we have that

Pu(Joo < +00) = / Puo(Joo < 400)r(dpug).
poEMPp(RY)

Thus, it suffices to show that for any fixed pg € Mp(R%), Pyo(Joo < +00) = 0. We
fix po in the following, so Ey + Np + €g is deterministic and finite, and we work under
the general setting. For every n € N*, with the convention inf(&) = +oo, we define
By :=inf{J,, n>1, J® = J,}, and for n > 1,

By = inf{Jp, Jm > Bpn, J2 = Jn}.
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This is the sequence of successive birth times of the process, and we write By, := lirf B,.
n—-+0oo

We assess that By < Jo. Indeed, the only problematic case arises if B,, = 400 for some
n € N*, but then only a finite number of jumps can occur after time J,,—1, corresponding to
the deaths of alive individuals at time .J,,_1. Hence, we have By, = J» = 400 in that case.
We suppose by contradiction that there exists Ty < +o0c such that P,,(J < Tp) > 0.
Then, P := P,,(Bsx < Tp) > 0, and by Corollary I1.1.12 applied to ¢ = b, T' = Tj and
¢ = P/2, there exists C' > 0 such that the event

A= { sup  sup b(&)) < C} N{Bx < Tp}
te[0,ToNJ0) UEVL

occurs with positive probability and we work under this event in the following. Then, we
assess that we necessarily have

VM >0,3n € N*, Np, > M. (11.1.18)

Indeed, if not, there exists M > 0 such that Np, < M for all n € N*. We could then
construct the times of birth jump (By),>1 as a subsequence of points given by a Poisson
process with intensity C'M, whose only accumulation point is almost surely 4+oco. This
cannot be verified on the event {By, < Tp}. Hence, (I1.1.18) holds true on the event A,
and in that case we would have

P(VM >0, 7y < Boo <Tp) > 0.

This contradicts the fact that (II.1.15) holds true almost surely by Proposition I1.1.16,
and ends the proof. O

Remark: We could define an alternative setting, gathering dynamics described in Sec-
tions I1.1.1 and II.1.2, Assumptions I1.1.4 and II.1.5, E(Ey + Ny) < 400, and the addi-
tional assumption b € B141q(R%) (in particular, this alternative setting does not contain
Assumption I1.1.13). For every M > 0, let 7, := inf {t € [0, Jx), Bt + Ny > M}. Then,
with the same techniques as in the proof of Proposition I1.1.16, under the alternative set-
ting described above, we verify that 7, — 400 when M goes to +o0o. Thus, similarly
to the proof of Corollary I1.1.17, we show that almost surely, the process (u¢, Ry): is well-
defined for every ¢ > 0. One can then wonder why we work under Assumption I1.1.13
instead of the previous alternative setting. Importantly, the weight function w ensures
useful martingale properties for our process, and we shall prove it in Section II.1.5 (see
Corollary 11.1.19). What makes Assumption II.1.13 necessary in this chapter is that we
need these martingale properties to obtain the tightness result in Theorem II.3.1.

Finally, we introduce and discuss in Appendix B.1 a stronger assumption that, in ad-
dition, makes our process almost surely biologically relevant in the sense of Section I1.1.1.2,
i.e. individual energy never vanishes/explodes, there is no accumulation of jump times,
and we add the condition that every individual dies in finite time, in line with Chapter I.
For the tightness result in Theorem I1.3.1, it is enough to work under Assumptions I1.1.4,
I1.1.5 and I1.1.13, and we do so in the following.

I1.1.5 Extended generator of the population process

In this section, we work under the general setting, so the process (¢, R¢)i>0 is almost
surely well-defined thanks to Corollary I1.1.17. We shall prove that it is a Jumping Markov
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Process (JMP) | |, characterized by its extended generator. We begin with martingale
properties for our process. We write § for the set of functions of the form Fy, : (u,r) €
Mp(RL) X [0, Rmax] — F(r, (1, ) € R, with F : (r,z) = F(r,z) in CY!([0, Rmax] XR) and
¢ € C}(R?%). For such a function, we write 9, F,(p, ) := 0, F(r, (u, ¢)) and 9y Fp(p,r) :=
O F (r, {11, ). Finally, for F € C1([0, Rmax] X R) and ¢ € CH(RT x R%) (so that for all
t >0, Fy, is well-defined in §), we define

mF,ga,t = Fgot (Rt7ut) - F‘PO (R07H0)

t
_ / pt1s, Re)Or o, (R, 1) + (i, Do(Ro, )0 Fp (R, 15)dls

/ /* I: 57M5+6:B0 +5LI: o 5$)_F@3(R57/’LS):|MS(d$)dS

/ / [ R, ps = 0z) = Fgos(Rs,Ms)]us(dx)ds, (I1.1.19)

with @ associated to ¢ as in (I1.1.10). The process (M, +)i>0 is almost surely well-
defined under the general setting by Corollary I1.1.7, Lemma I1.1.10 and Corollary II1.1.17.
In the following, quadratic variations of square-integrable martingales are predictable
quadratic variation defined as in Theorem 4.2. in | ]. Also, we write NV and N’
for the compensated measures associated to the Poisson point measures N and N’ (i.e.

N (ds, du, dh) := N(ds,du, dh) — dsdudh, and the same definition with A”).

Proposition I1.1.18. Under the general setting, let F € CY1([0, Rmax] X R) and ¢ €
CHM(RT x R%).

(i) Assume that for all t > 0,

([ fmo
a” (/ [

Then (Mppt)e=0 is a (Fi)e>o-martingale.

svﬂs + 5:00 + 5:0 o 596) - F¢S(R5,MS)

,us(dx)ds> < 400,

Rg, ps — 0z) — Fws(R&NS)

us(dx)ds> < +o0.

(ii) Suppose in addition that for all t > 0,

2
(/ / |: anJs + 5x0 + 5$ xo 633) - F(ps (R57 Us):| /,L5<dx>d8) < —|—OO,

(/ / [ R, pis — 0z) — F%(Rs,,us)] 2Hs(dx)ds> < too.

Then (Mppi)i>0 s a square-integrable martingale, with predictable quadratic vari-
ation given for allt > 0 by

2
chp / /* l: Ry, s +5zo + 0y zo 5$) — F¢S(RS,MS):| Ms(dx)ds
2
/ /* { S’MS_(SJJ)_FAOS(RmMs)] Ms(dx)ds
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Proof. We observe from Lemma I1.1.10 that
¢
Mp s = / / Liuevi_ylin<nen ) <F(Rs, (ts— + gy + Ogu_—zy — Ogu_, 05))
0 Z/{XRi

- F(R87 <,Ufs—7 Q08>)>Jv(d57 du7dh)

t
+/ / 1{u€Vs_}1{h<d(§“j_)}<F(R87 (Hs— — O¢u_, 05))
0 JUxR?
- PR () ) (s, ),
Then, Proposition II.1.18 follows from classical results from Ikeda and Watanabe on
stochastic integrals with respect to Poisson point measures (see p.62 in | - O

In the following, we define Cy' (RT x R%) the set of functions ¢ € C"'(R* x R%.) such that
¢ (t,r) = w(x) or

w(z)

teR+

> < Cw(z).
Note that the function ¢ : (t,x) — w(x) does not necessarily verify the previous condition
(in particular, w’ is not necessarily bounded). However, we include this specific function

in CLIU’I(RJr x R% ), because we need to be able to apply the following results to this function
for the proof of Theorem I1.3.1.

Corollary 11.1.19. Under the general setting, let ¢ € Ci,’l(RJr x R%). Then the process
((pet, 1))e>0 is a semi-martingale, with for allt > 0, a finite variation part given by

Voo 1= Go0) + [ o @u(Res = [ dla)en(wpsae)ds

/ / . (9"8 o) + ¢s( — o) — %(x)) ps(dx)ds,

with ® associated to ¢ as in (I11.1.10), and a square-integrable martingale part O, ; =
(e, ) — Vior whose predictable quadratic variation is given by

@ule= [ [ 1]tz + o2 - )] ptaagis [ [ d@ciepanys

Proof. We apply Proposition 11.1.18 to F' : (R,z) € [0, Rmax] X R — x and ¢. By
Lemma I1.1.10, it suffices to show that for all ¢ > 0,

([ [
</ / [ (z0) + ps(x — 20) — ¢S($):|2N8(d$)ds) < 4o
(/ / z)s(z ms(dx)ds> < +oo,
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: ( [ d(ﬂﬂ)@?(fﬂ)ﬂs(dx)d'S) < oo,

E (/Otms,@s(}zs, .))ds> < +o0,

with @ associated to ¢ as in (I1.1.10). All of this follows from the assumption ¢ € Coy' (R%)
(in particular, we use the fact that ||0;¢¢||cc < +00, so there exists a constant C' > 0 such
that |¢s(x — xo) — ps(2)| < Cxg for every s € [0,¢] and x > 0), Lemma I1.1.14 and finally
Proposition II.1.16. 0

In the following, Co™ ([0, Rinax] X R) is the set of C11([0, Rumax] x R) functions with compact
support; and similarly, C}(R%) is the set of C!(R*) functions with compact support. We
write D for the set of functions F, € §, with F' € CoM ([0, Rimax] X R) and ¢ € CLRY).
We endow M p(R?% ) with the topology of vague convergence, and [0, Rmax] with the usual
topology. The space Mp(R%.) x [0, Rimax| endowed with the product of these two topologies
is a Polish space (see Appendix B.2.1 for details). The set D is composed of bounded
continuous functions, and is an algebra that separates points, thus it is a separating
class of functions for Mp(R%.) x [0, Riax| endowed with the previously described topology
(Theorem 4.5 p.113 in | ]). Hence, it suffices to describe the extended generator of
(¢, Re)e>0 on D to characterize the distribution of this process. We define the operator £
such that for every F, € D, for every (u,r) € Mp(R%L) x [0, Rmnax],

LF, (1) = p(ps )0 Fip (g, 1) + (s g(,7) 0" () 00 Fip (1, 1)

+ /R ib(x) (F@(M + 0z + Or—ag — 0z, ) — Fip (i1, 7“)> p(d)

+ /Rid(I) <Fso(:u — 6z,7) — Fo(ps, T))M(dx).

Finally, for any ¢ € Cl(Ri) we continue to write (SJIF,%t)tZO for the process associated to
(t,x) — ¢(x) as in (11.1.19).

Proposition I1.1.20. Under the general setting, the process (jit, Rt)t>0 s a JMP with
extended generator £, where the domain D(L) of this generator contains D. Moreover,
for every F, € D, the process (Mr,,1)e>0 i a square-integrable martingale.

Proof. We refer to the formalization of JMPs in [ ]. Under the general setting, from
the iterative construction of Section II.1.2, and the strong Markov property for Poisson
point processes, (jit, R¢)i>0 is a strong Markov process. Furthermore, the filtration ()0
is a jumping filtration, associated to the jumping sequence (J,,)nen+, and this defines a
JMP. If we fix t > 0 and F|, € D, the associated F, 0, F, 0,F, ¢ and ¢ are continuous and
have compact supports, so the function s € [0,t] — £F,(us, Rs) is almost surely bounded,
thus integrable. In particular, for the integral term with b, as for the control of the first two
expectations in the proof of Corollary I1.1.19, we use the fact that ¢’ is bounded (hence ¢ is
Lipschitz continuous and we can control quantities of the form |p(z—z¢)—¢(x)| for z > 0).
We also use the second point of Assumption I1.1.13 and Proposition I1.1.16. The fact that
(MEpt)e>0 is a martingale then follows from (i) in Proposition I1.1.18 applied to Fi,. In
the same manner, we verify (ii) in Proposition II.1.18, which entails that (Mp,¢)e>0 is a
square-integrable martingale. O
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Remark: After the construction of the process (u¢, Rt)¢, one could already have guessed
the shape of the extended generator £ from Lemma I1.1.10, and this is exactly how we
proceeded. Then, to justify this expression for £, we needed to find conditions under
which J, = 400 almost surely, which essentially comes down to control quantities of the
form E (F,(u, Re)) for t > 0. Also, in view of the tightness result in Theorem II.3.1,
we wanted to guarantee the existence of square-integrable martingales with explicit pre-
dictable quadratic variations. In order to solve these problems, we naturally came up with
the conditions expressed in Assumption I1.1.13.

II.2 Renormalization of the process

In this section, we work under Assumptions I1.1.4, 11.1.5 and 11.1.13. In Section I1.2.1,

we define a sequence ((u{( , RE ) t>0) is a renor-

KeN £20
malization of the initial process (ju¢, R¢)i>0 defined in Section I1.1.2, and K is a scaling

parameter representing the population size of the initial condition, meant to diverge to-
wards +o00. In Section I1.2.2, we use the results of Section II.1 to obtain martingale and
control properties for the renormalized process (ufX, RE)>o.

, where every process (u{( , RtK )

I1.2.1 Definition of the renormalized process

We follow a classical procedure, first described in | ], and then reproduced in many
articles [ , , , |. First, for every K € N*, we will define an auxiliary
process (v, RE);>0, following the exact same construction as in Section I1.1.2, but with an
inverse conversion efficiency y g := x/K. Thus, all the results of Section II.1 will apply to
(vE, RE )t>0, simply replacing x with x x. We begin with the definition of the renormalized
deterministic flow followed by individual energies between jumps. We consider an initial
condition (v{f, Ry) € Mp(R%) x [0, Rimax| at time 0, which means that there exists N € N

and (ﬁg’K)lgugN in (R%)™ such that

N
= S,
u=1

where £ = 0 if N = 0. We write ((Xtu’K(Vé(,Ro))lSuSN,X?’K(Vé(,RQ)) for a solution
to the system of N + 1 coupled equations

dXimK(Vg(7 RO)

= (X" (. Ro)) — f(x XBE (L R)oK (de),  (11.2.20)

dt K
AX (e
t ((1’;0 ) Q(Xf’K(V(f(vRO>=X?%’K(V5(7R0)) for 1 <u< N, (IL.2.21)

where 7 = Z o and with initial condition at time 0

X“-K( KzRO)’
XgE’K(Vé(,Ro) = Ry,
XUEWE Ry = € for1<u<N.

Note that the system of equations (II.2.20)-(I1.2.21) is similar to (II.1.4)-(II.1.5), where
we only replace y by x/K. With the same arguments as in Proposition II.1.3, we can
define for ¢ in a neighborhood of 0, denoted as [0, tgf{p(ué( , Ro)) the renormalized flow
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§R7
X Fo) = ( 2 0y XS0 ) )

and it benefits from the same regularity properties as X of Section I1.1.2. We also adopt
the convention depicted in the remark after Corollary I1.1.7 to make sense of the previous
notation for ¢ > tg(p(l/g(, Ry).

Definition I1.2.1 (Renormalized process). Let Ry € [0, Rmax] be a random variable.
Let (V) k>1 be a sequence of random variables in Mp(R%), such that

1
sup ( E (. 1+1d +w)) > < +00. (11.2.22)
K>1 \ K
We use the Poisson point measures N' and N' of Section II.1.2, independent from Ry and
(V&) g>1. For every K > 1, the renormalized process (uf<, RE);>0 with initial condition

(1dS, Ro), is given for every t > 0 by pf := % and

(VtKaRt ) XK VO 7R0)

K K
/ /Z/{ R* 1{UEVK} {h<b( uK>}[Xt S( S— + 5:30 + 557;,71(_1‘0 - 6&':’7K7RS )

— XX (v RE)N (ds, du, dh)

t
+/0 /um: {ueVsy {hSd(ﬁng)}[ s (Ve gut<s By )

— X (v, REIN (ds, du, dh),

where for all t > 0, V;K is the set containing alive individuals at time t, and §tu’K are
individual energies, defined and actualized over time with the same conventions as in
Section I1.1.2, simply replacing the flow X by XK.

Under Assumptions II1.1.4, I1.1.5 and II.1.13, from the results of Section II.1 (see Corol-
lary 11.1.17), for every K € N* and almost surely, the renormalized process (1, RF)i>0
is well-defined, i.e. individual energies do not vanish/explode and there is no accumu-
lation of jumps in finite time. Our motivation is to keep the same amount of resources
and temporal dynamics, but to consider population sizes going to +oco. Intuitively, the
way we proceed is to make every individual in the population smaller, and the interac-
tion between individuals via resource consumption proportional to their typical size. The
parameter 1/K represents the amount of resource consumed by a single individual, and
modelling a population of K such individuals leads us back to the temporal dynamics of
Section I1.1.2. In the case of a chemostat, we can also interpret K as a scaling parameter
of the total volume of the vessel where bacteria interact with nutrients (see Section 5.1 in

[CEL5]).

Definition I1.2.2 (Renormalized setting). In the following, we denote as ‘the renor-
malized setting’, the framework refering to the previous renormalization. Hence, we work
with Assumptions I1.1.4, 11.1.5, 11.1.13, and the condition (11.2.22).

Remark: Note that for any K > 1, Assumptions I1.1.4, I11.1.5 and 11.1.13 do not depend
on K. In particular, we work with a fixed weight function w that does not depend on K,
and verifies Assumption II1.1.13. Moreover, the renormalized setting implies the general
setting (the construction of Section II.1.2 accounts for the case K = 1).
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I1.2.2 Properties of the renormalized process

We use the results of Section II.1 to obtain similar properties for the renormalized process
(1, RE)>0. We also prove an additional result in Lemma I1.2.6.

Lemma I1.2.3. Let ¢ € CYY(RT x R%), and F € CYY([0, Rin] x R). Under Assump-
tions I11.1.4, 11.1.5 and I1.1.13, we have almost surely, for all K € N*, ¢t > 0,

F(Rf, <:U’tl(7§0t>) = F(R07 <M6{7§00>)
t
T /0 (i RV, F(RE (4 p.))
+ (S B (RE, )0, F(RE (4 0,))ds
t
+ / / Lol o
0 Juxrs {ueVE}{n<b(el M)y
1
(FORE S+ e (804 By, = Feen) i)

— F(R, (i, %)))N(ds, du, dh)

t
1
L Lo e (F(Rf,ws%i—au,x,m
P e R R Ocuteo#s))

~ P(RE, (W sos>>)N'<ds, du, dh),

with ® associated to ¢ as in (11.1.10).

Proof. For K € N* and t > 0, it suffices to remark that

1
FORE, (it ) = F (REL 0 o).

and to apply Lemma II1.1.10. Remark in particular that we recover the function p because
we pick the appropriate renormalization of the parameter x in (II.1.4). The decomposition
is almost surely valid for every ¢ > 0 thanks to Corollary I1.1.17. O

In the following, we naturally write NX := (uf,1), EF = (uf,1d) and QF = (uff,w)
for t > 0 and K € N*.

Proposition I1.2.4. Under the renormalized setting, we have for all T > 0 that
sup E ( sup (B + NF —i—Qf{)) < +o00.

KeN* t€[0,T]

This immediately implies that for every ¢ € B141a+w(R%), we have
K
sup E ( sup |{u! ,sa>|> < +oo.
KeN* t€[0,T
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Proof. Let K > 1 and T > 0. With the exact same techniques as in the proof of
Proposition I1.1.16, and thanks to Corollary I1.1.17, we obtain similarly as in (I1.1.17)
that

E ( sup (1,14 1d + w>> < (Rmax +E(( 1+ 1d + w)) + T||<\|oo,[o,RW})e<09+cb>T-
t€[0,T]

We conclude with (I1.2.22) and the fact that that u := 5 /K. O

Proposition I1.2.5. Under the renormalized setting, let ¢ € Co' (RT x R%) and K € N*.

Then the process ({1, v¢))i>0 is a semi-martingale, with for all t > 0, a finite variation
part given by

V= Gl + [l o (RE s = [ ] dta)eneul (ae)as

/ / . (% z0) + ¢s(@ — x0) = %(@)uf(dx)ds,

with ® associated to ¢ as in (11.1.10), and a square-integrable martingale part @gt =
(s, o) — V@K,t whose predictable quadratic variation is given by

</ / [% o) + ps(x — m0) — ‘Ps<3«")ru§(dx)ds
* /Ot/ d(iv)wf(w)uf(dx)ds)

Proof. The proof is similar to the proof of Corollary II1.1.19, using Lemma I1.2.3 and
Proposition I1.2.4. [

We end this section with the following results, which will be useful in Section I1.4 for the
proof of Theorem I11.3.1.

Lemma I1.2.6. Let p > 1, and under the renormalized setting, assume in addition that

sup E ((Ef + NI +9f)") < +oc. (I1.2.23)
KeN*

Then, for all T > 0, we have

sup E | sup (EtK + NE + QtK)p < +o0.
KeN* te[0,T]

This immediately implies that for every ¢ € B111a+w(RY), we have

sup E<sup },ut ,gp} ><+oo.
KeN* t€[0,T]
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Proof. We fix T'> 0, K > 1, and apply Lemma I1.2.3 to F': (r,x) + 271,y (Which is
non-negative, non-decreasing on the variable = and C'*! ([0, Riax] X R) because p > 1) and
¢:(t,z) » 1+ x4+ w(x), to obtain for every ¢ € [0, 7],

(BF + NE + o) = (B + N+ oF)’

t
+p/o (g R +)) (BE + NS+ )" ds

+/ot/uxR: LwevieyLinap(ennyy
[F(Rf,ESK +NE 4o
n % (1 + w(zo) +w (g;”;K —~ xo) —w (fﬁ”’f{» )

— F(RE EE + NK +Q§_)]N(ds,du,dh)

t
0 Juxr: {ueVE} H{h<d(e™)}
1
K pK K K+ u,K u, K
[F(Rs JEE 4 NK 4 oK K(1+§S_ —l—w(fs_ )))

— F(RF,EEX + NE +oF) ]J\/”(ds,du,dh)

T
< (BE + NE + Y 1 pC, /0 (EX + NK 1+ 0F)" ds

T
+/ / 1 u K 1 u, K
0 Juxry {ueViE }{h<b(e" )}

p
(i + % a4 L))

— (BE + NE + Qf_)p}N(ds, du,dh).

We used the fact that w is positive and non-decreasing, the first point of Assumption I1.1.13
and the fact that F' is non-decreasing on the variable . Then, we assess that there exists
Cp,zo > 0 such that for every y > 0,

1 P z
<@/ + +;d<(x0)> Sy < Sy,

For M > 0, as in Proposition I1.1.16, we define the stopping times
Ty =inf {t >0, Bf + Nf +Qf > M},

with the convention inf(@) = +oo. We consider the supremum over [0,7 A 78] of
(EX + NE +Qf )p and then take expectations. In particular, we verify that integrals
against A/ are true semi-martingales thanks to the definition of the stopping time Tﬁ. We

130



also apply Fubini theorem because all the integrands are positive and this leads to

E( sup  (Ef + NS+ Q{f)”>
te[0,TATE]
T/\Tﬁ
<E((=E + NE + o)) +pcg/ E (25 + NE +0F)) ds
0

TATE
Cp,zo M

—pro E( WK o)(1+ (BEK + NE oK) !
K <<vs_,b>< + (B + N2 +0.0) ds

TATE
<E (B + NE + o)) +pcg/ VE((BF 4 NE 1)) ds
0

_l’_

T/\T]I\j
# GO [ E (B 4 NI 0l 4 (BE 4 NE 0 )) ds
0

where we used the second point of Assumption I1.1.13, and in particular the fact that
it implies (I1.1.12). Remark that all the expectations are well-defined and finite until
time Tﬁ by definition of this stopping time. Finally, we use the fact that for x > 0,
x + 2P < 2(1 4 zP) to obtain

E( sup (EtK—i—NtK—i-Qf)p)
te|

0,TATE]

<E((BF + NI+ 0)") +2TCp0, Gy

T
+ (pCy + 2Cp7xoCb)/ E ( sup (EX +NE + Qf)p> ds.
0

u€[0,sATE]

We conclude with Gronwall lemma that
E( sup (EtK + NE + Q{()P)
te[0,TATE]

< <E ((E§< + NE +f )p) + 2T0p,xocb> e(PCoH+2Cp,a0 Co)T

By (I1.2.23), this upper bound is finite, uniformly on K, and does not depend on M. By
the same arguments as in the proof of Proposition I1.1.16, the sequence Tﬁ goes to 400
when M — 400, and this ends the proof. ]

Corollary I1.2.7. Under the renormalized setting, let ¢ € Ci’l(Ri) and K € N*. Assume
that there exists p > 1 such that

sup E ((Eé{ + NE + Qg)p> < +o0.
KeN*

Then, for all t > 0, the family of square-integrable martingales (Q?K defined in

W:t)KGN*
Proposition 11.2.5 is uniformly integrable.

Proof. This follows from Lemma I1.1.14, Proposition II1.2.5, Lemma I1.2.6 applied to ¢
and p, and Proposition 2.2 p.494 in [ ]. O
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I1.3 Main theorem and sketch of the proof

In this section, we give our main result in Theorem II.3.1, and the sketch of its proof.
We begin with preliminary definitions and consider a function w : R} — R%. We write
My (R%) for the set of positive measures p on R% such that (@, w) < +oo. In particular,
Mp(R%) € My(R%). We define C.(R%) the space of continous functions with compact
support, and C,(R% ) the space of continuous functions f such that f € B,(R%). The
vague, respectively w-weak, topology on M, (R ) is the finest topology for which the ap-
plications p — (i, f) are continous, with f in C.(R?.), respectively in C,,(R%). We write
(My(R%), v), respectively (M, (R% ), w), when we endow M., (R*) with the vague topol-
ogy, respectively the w-weak topology.

The latter notation is not standard in the literature and can be seen as a weighted version
of the usual weak topology, which corresponds to the case w = 1. We introduce it because
in Theorem I1.3.1, our processes will take values in such weigthed spaces of measures. The
w-weak topology is always finer than the vague topology. However, note immediately that
depending on the weight function w, the w-weak topology is not necessarily comparable
to the usual weak topology. This is why we establish carefully distinct tightness results for
both topologies in the sequel (our main result, Theorem I1.3.1, is established with respect
to the w-weak topology, whereas an extension of this theorem that includes the usual weak
topology is given in Theorem I1.5.3). For example, if w(x) — 0 and w(z) o oo

a measure p € M, (R’ ) integrate functions that are negligible compared to a constant
function near 0, but dominate bounded functions near +o0o. The reader can refer to Ap-
pendix B.2.1 for further details on these two topologies, and especially the fact that both
spaces (M (R%),v) and (M, (R%), w) are Polish spaces. We naturally endow [0, Riax]
with the usual topology, and (My,(R%.),v) x [0, Rmax) or (My(R%), w) X [0, Ryax] with the
product topology, and these are again Polish spaces.

For i = v or w, we write D([0, T'], (M (R%.), 1) [0, Rmax]), respectively C([0, T, (M (R%.), %)
x [0, Rmax]), for the space of cadlag, respectively continuous, functions from [0, 7] to the
space (M, (R%), 1) x [0, Rmax|. These spaces are endowed with the usual Skorokhod topol-
ogy, hence are Polish spaces (see Appendix B.2.2 for details). Finally, for every T' > 0, we
define ij’le(R+ x R%) the set of functions ¢ € CH(RT x R%) such that

iC > 0,Vx >0, sup (|<pt(:1:)] (1+d(z)) + |Oppe()|w(z) + |8t<pt(x)) < Cw(z).
te[0,7)

For technical reasons, just before stating our main theorem, we formulate the following
additional assumption on the weight function w.

Assumption I1.3.1. The functions w (weight function), b (birth rate) and g (mazximal
speed of energy gain) are such that

- dep >0,V > 1, b(z) < qw(z),
- deg >0,V >0, g(z) < cqw(z).
This assumption is natural in a first approach and we use it in particular in Section 11.4.4.

It is possible to make it less restrictive on the choice of b, § and w, and we present in
Section I1.5.2 a refined argument to obtain Theorem I1.3.1 with a lighter assumption.
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Theorem I1.3.1. We work under the renormalized setting and Assumption I11.5.1. Let

((utK, RtK)t>0>K N the sequence of renormalized processes defined in Section I1.2 be such
= eN*

that

e there exists a random variable pfy € M, (R%) such that (ulf)kens converges in law
towards pf in (My,(R%), w),

o there exists p > 1 such that (11.2.23) holds true.

Then, for allT > 0, ( (,utK, RtK)te[o 1 ) is tight in D([0, T, (Mw(R%), w) x [0, Riax])-
’ KeN*

€
Any of its accumulation point (uf, Rf)cjom is in C([0,T], (My(R%L), w) X [0, Rimax]) and
deterministic conditionnally to p. Furthermore, it verifies almost surely, for allt € [0,T],

t
R' = Ro+ / o(RE, u)ds (11.3.24)
0

and for every ¢ € Cj}’éﬂ(R‘*' x R%),

o) =G+ [ [ (@t
F(a)pa(a0) + il — a0) = ula)) — dlalin(o) uido)ds, (11325)

with ® associated to ¢ as in (11.1.10).

On the one hand, the tightness result of Theorem I1.3.1 is an important contribution to
the study of individual-based models as in Section I1.1.2 with unbounded growth, birth
and/or death rates. In the literature, when the previously mentioned rates are bounded,
one of the main technical point of the proof is to provide uniform (on K and t € [0,71])
bounds and martingale properties for quantities of the form (u/,1). With Lemma I11.2.3
in mind, one can relate (u{<, 1) and quantities of the form (uf*, b) and (uf<, d). When rates
are bounded, (uf,b) and (uff, d) are themselves controlled by C(uf,1) with a constant
C > 0. One classically deduces a functional equation verified by (1/,1) and concludes
with Gronwall lemma. It is then possible to make sense of limiting quantities of the form
(uy,b) and (uf,d). With unbounded rates, the previous technique does not work any-
more, and it is even possible that for ¢t € [0,T], quantities of the form (u;,b) and (u;,d)
are infinite. Hence, instead of controlling quantities of the form (uf* 1), we search for a
function w such that (uf<,w) is related to (uf, bw) and (uf, dw), and the latter quantities
are themselves controlled by C(uf<, w) with a constant C' > 0. Also, we want to be able to
define (uf,bw) and (u;,dw) as finite quantities. The constraints that have to be verified
by w are expressed in Assumptions 11.1.13 and I1.3.1. We thus work in a weighted space
with respect to the function w and apply the same procedure as in the classical case. We
recover a classical result of tightness for measure-valued processes, initiated in | ],
but without a priori bounds on the growth, birth and/or death rates.

On the other hand, there is a price to pay to obtain this general tightness result. It

holds true only in the weighted space D([0,T7], (My(R%), w) x [0, Ryax]), with a weight

function w verifying Assumptions I1.1.13 and I1.3.1. In particular, if d(x) —0> 400, then
x—

w(x) *—0% 0. For biological reasons, this is the typical case we want to investigate if we
T—>
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think of an unbounded death rate (the Metabolic Theory of Ecology assumes a death rate
of the form x > 0+ 279 with § > 0 [ ). The tightness result of Theorem II.3.1 is
weaker ‘near 0’ than a tightness in D([0, 77, (M (R%),w) X [0, Ryax]) (i-e. with the usual
weak topology on M;(R%)), in the sense that Equation (II.3.25) is not valid for ¢ = 1,
because this function does not converge to 0 at 0. Still, it is possible that w(x) P +o0

(see Example 1 for an example with allometric rates), so that the tightness result of Theo-
rem I1.3.1 is stronger ‘near +o0c’ than a tightness with the usual weak topology on M1 (R ),
in the sense that Equation (I1.3.25) is valid for functions ¢ going to +o0o near +oc.

Note that classical results depicted in the literature (Theorem 5.3. in [ ], Corol-
lary 3.3. in | ], Theorem 5.2 in | ]) establish convergence in law and not only
tightness of sequences of similar renormalizations as the one described in Section I1.2.1.
In our context with unbounded rates, we did not succeed in proving that there exists a
unique measure solution to the system (I1.3.24)-(I1.3.25), which is the missing argument
to improve our tightness result to a convergence result. We discuss the difficulties en-
countered for this proof of uniqueness in Section I1.5.1. Also, in Section 11.5.3, we provide
an extension of Theorem II.3.1 to a tightness result in a broader set of measure-valued
processes, with additional regularity and control assumptions on the solutions to (II.3.24)-
(I1.3.25).

Finally, remark that for a given initial condition pf, Equations (I1.3.24) and (I1.3.25)
are the weak formulation of a PDE system, and Theorem II.3.1 provides the existence of
measure solutions to this problem. We will discuss in Section III.1.1 of Chapter III under
which assumptions there exists regular function solutions to this PDE system. The reader
can already consider the system (III.1.4), (III.1.5), (III.1.6) to have a clearer idea of the
kind of deterministic PDE we obtain in the large population limit for our renormalized
process.

Sketch of the proof of Theorem II.3.1:

In the following, we work under the assumptions of Theorem I1.3.1 and fix T > 0. For any

K € N*, we write 2% for the law of the process ( (,uf, Rg{)te[o 7] > . Every ZK is
’ KeN*

a probability measure on D([0, 7], My, (R%) X [0, Rimax]). Note that £ does not depend
on the choice of the topology on M,,(R%), if we choose among the vague topology or the
w-weak topology (see Lemma B.2.10 in Appendix B.2.2). Our aim in the following proof
is first to prove the tightness of (Z%) ken+ in D([0, T, (Mw(R%), W) X [0, Rimax]), and then
to characterize any accumulation point with (I11.3.24)-(I1.3.25). We divide the proof in
four steps.

e First, in Section I1.4.1, we show that (LX) gen+ is tight in D([0, T, (M (R%),v) x
[0, Rmax]). Remark that M,,(R% ) is endowed with the vague topology at this step.
We extend a criterion of Roelly | | to our weighted space of measures (see
Theorem I1.4.1), which reduces the problem to proving the tightness of a sequence
in D([0,T],R). To do so, we use a criterion of Aldous and Rebolledo [ | and
Proposition I1.2.5.

e In Section I1.4.2, we prove that any limit of a subsequence of < (MtK, RtK)te[o 7] >
"/ KeN+
converging in law in D([0, 77, (M (R%),v) x [0, Rmax]) is in C([0, T, (M, (R%), w) x
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[0, Riax]) (note that the limit is continuous for M,,(R%) endowed with the w-weak
topology). We use a criterion from | -

e Thanks to the continuity of the limit, in Section 11.4.3, we extend a result of Méléard
and Roelly [ ] to our weighted space of measures (see Theorem I1.4.2), and prove
that (£%)gen~ is tight in D([0, T, (Mu(R%), w) X [0, Rmax])- In particular, we use
the previous step to control the finite variation and martingale parts of <,uf( ,w) for
K >1andte€|0,T].

e Finally in Section I1.4.4, we characterize the limit (¢*, R*) of any converging subse-
quence of our process in D([0, 7], (M, (R%), w) %[0, Riax]), still written (€, RE) s,
with Equations (11.3.24) and (I1.3.25). It is precisely at this step that we use the ad-
ditional Assumption I1.3.1, to be able to control, uniformly on K > 1 and ¢ € [0,77,
quantities of the form E ((uf* — 1,0+ 7)).

I1.4 Proof of Theorem I1.3.1

We follow the sketch of the proof highlighted in Section II.3.

I1.4.1 Proof of the tightness of (.Z*) in D([0, T, (M (R%.),v) X [0, Riax])

KeN*

First, we prove the tightness of (.ZMK)KeN*, where for K € N*, XMK is the law of (MtK)te[o,T}-
We give the following criterion of tightness in D([0, 7], (M, (R%.), v)), which is an extension
of Theorem 2.1 in | | to weighted spaces of measures. For every f € B, (R%), we
define the projection

mp: D([0,T], (Mu(RY),v)) —  D([0,T],R)
(1) efo,m) > ((pes £))eefo,m-

Also, we write f € Co(R?%), if f is continous, f(z) —— 0 and f(z) —— 0.

x—0 T—+00
Theorem I1.4.1. LetT > 0, (PK)KGN be a sequence of probability measures on the space
D([0,T7], (Muy(R%),v)), and D be a dense countable subset of Co(R%) for the topology of
uniform convergence. Assume that for all f € DU{w}, (TI'f * PK)KeN 18 a tight sequence

of probability measures on D([0,T],R), where m; * PX is the usual pushforward of PX by

my. Then (PK)KeN is tight on D([0,T7], (My(R%),v)).

We prove Theorem 11.4.1 in Appendix B.3.1.

Lemma I1.4.1. There exists a countable set D C C°(RY.), such that D is dense in Co(R%.)
for the topology of uniform convergence.

Proof. The space R is a locally compact metric space, hence Cy(R? ) is separable, i.e.
there exists a sequence (f,)nen dense in Co(R?) for the topology of uniform convergence.
Furthermore, for every n € N, there exists a sequence (¢ r)ren of CZ°(RY) functions,
converging uniformly towards f,, precisely because f, € Co(R%). Then, the set D :=
(@n,k)keN,nen is dense in Co(R?.) for the topology of uniform convergence. d

Thus, thanks to Theorem I1.4.1 and Lemma I1.4.1, it suffices to show that for all ¢ €&
Ce(RL) U{w}, (my = XMK)KeN is a tight sequence of probability measures on D([0,77],R).
Let ¢ be such a function, and note that in particular, ¢ € B,,(R% ) and ¢ is bounded. Then
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by Proposition I1.2.5, applied to (¢, x) — @(z), for t € [0, T], we have the semi-martingale
decomposition

<,LL£<, Q0> + @go t
where (@f.f,t)tzo is a square-integrable martingale. The tightness of (7750 *Xf ) Ken D
D([0,T],R) is proven thanks to a criterion from Aldous and Rebolledo (] |, Corollary
2.3.3). It suffices to show that

1. For every t € [0, 7], the sequence of laws of ({uf, ))k>1 is tight in R.

2. For every t € [0,T], for every € > 0, for every n > 0, there exists 6 > 0 and Ky > 1,
such that for every sequence of stopping times (S, Tk ) gken+ such that Sg < T <t
for all K € N*, we have

sup P<|<@§>TK - (@g)sK] >n,Tk < Sk + 5) <e, (11.4.26)
K>Ko
su >0 T < S +5) 11.4.27
gop P(1V = VA 1= 0T < S (11427

First, we use Markov inequality to obtain, for any t € [0,7], M > 0, K € N*,

IN

PG )| 2 M) < - E(1(l o))

1

27 Sw E( sup (i )
KeN*  te[0,T]

IN

Remark that ¢ € B,(R%), so Proposition 11.2.4 entails that the sequence of laws of
((uF, @) k>1 is tight in R. Then, we fix t € [0,T], 6 > 0 and (Sk, Tx)Ken+ a sequence
of stopping times such that S < Tx < t for all K € N*. By Lemma I1.1.14, Proposi-
tion II.2.5, and using the fact that ¢ € C°(R%) U {w}, so ¢ is bounded or ¢ = w, there
exists a constant C' > 0 such that for K > 1,

E (95 )1 = (V) s 1L (i 5 <0})

E<1{|TK sK|<5}/TK /[ < o) + ¢z — z0) — 90(96)>2

+ d(a)(o) | (@)

C g
= EE (1{|TKSK|<5} <Ms 1 +Id+w> ds)
Sk
ggd sup E| sup (EtK—i—NtK—i-QtK) .
K ken- t€[0,T]

By Proposition 11.2.4 and using Markov inequality, for every € > 0 and n > 0, we can
thus find § and K such that (I1.4.26) holds true uniformly on the choice of the sequence
(Sk,Tk)Ken+. Similarly, we use Lemma II.1.14, Proposition I1.2.5, the fact that ¢ €
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CX(R%) U{w}, so ¢ and ¢’ are bounded and ¢ € B, (R%), or ¢ = w, to assess that
E (Vo = Vesi I Lime—sii<sy)
Tk
<E(tmesuen [ [ {s0l@l+d@lpw)
Sk Rj_

+ b(x)|¢(x0) + p(z — T0) — @()

Tk
=< le<1{|TKsK|<5}/S / (1 +z+ W(x))uf(dx)@)
K +

<wid sup E| sup (EtK—I—NtK—i-Qf() ,
KeN* t€[0,T]

bt (aa)as)

and we conclude in the same manner. Now, let us show the tightness of (Xé{ ) KeN® where
for K € N*, ZK is the law of (RF )telo,r)- We use a simpler criterion of Aldous, without
decomposing R{( into a finite variation part and a martingale part. First, for every ¢ > 0,
for every K € N*, then RE € [0, Ryay], so for every t € [0,T], (RF)k>1 is tight in R.
Then from Theorem 16.10. in | |, it suffices to show that for every ¢ € [0, T, for every
e > 0, for every n > 0, there exists 6 > 0 and Ky > 1, such that for every sequence of
stopping times (Sk,Tk)rken+ with Sg < Tx <t for all K € N*, we have

sup P (|Rf,, — RS, |20, Tk < Sk +96) <e.
K>Ky

Let us fix t € [0,7], d > 0, K > 1 and a sequence of stopping times as defined previously,
then we have by (II.1.3) that

E (‘R%( - RgK‘l{TKSSK+5})
Tk
SR < X 7 RE s

:E<
Sk

Tk
< 011¢l oo 0. + E <x /S (W5 g)ds 1{TKSSK+5})
K

1{TK§SK+5}>

<6 <|§||oo,[0,Rmax] +xCy sup E ( sup (B + NS + Qf())) :
KeN t€(0,77]

where we used the fact that for every R > 0 and = > 0, |f(z, R)| < g(z) and Assump-
tion I11.1.13. This concludes by Markov inequality and Proposition 11.2.4. At this step,
we have shown the tightness of (.,S”K)KGN* in D([0, 77, (Mu(R%),v) x [0, Ryax]). Then,
we can use Prokhorov theorem, because D([0, 7], (M (R%),v) X [0, Rpax]) is metrizable
(see Theorem 5.1. in | ]). This theorem states that we can extract a subsequence,

still denoted as ( (,uf( ,RE ) te[o T]> for the sake of simplicity, that converges in law
"/ KeN*
towards some (yf, Rf)iecpo,r) in D([0, T, (Mw(R%),v) X [0, Rmax])-

I1.4.2 Continuity of accumulation points

In this section, we show the continuity of the limit (uf, Rf);c(o,r) highlighted at the end
of Section I1.4.1, which is essential in the use of Theorem I1.4.2 in Section 11.4.3, and in
the identification of the limit in Section 11.4.4.
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Lemma I1.4.2. Any limit (11, R} );c(0,1) of @ subsequence of < (i, RF) te[o, T] > con-
eN*
verging in law in D([0,T], (M (R%L),v) X [0, Rmax]) 4s in C([0,T], (M (R%), w) % [0, Rmax])-

Proof. For the sake of simplicity, we write again <(,utK , RE )te[O,T]) for the converg-
KeN*
ing subsequence. We begin with the continuity of (uf)¢cpo,7]- From Theorem 10.2 p.148

in | ], it suffices to show that almost surely,

sup dp(uf, pft) —— 0,
te[0,T] K—=+o00

with d$ the w-Prokhorov distance defined in Proposition B.2.2 of Appendix B.2.1. By
Lemma B.2.5 in Appendix B.2.1, it suffices to show that this convergence holds true with
the w-Fortet-Mourier distance dy,, (see Definition B.2.4). Let D := (¢n)nen be a countable
and dense subset of the set {¢ € C°(RY), ||¢/wllso <1, [|¢'||oc < 1} for the topology of
uniform convergence, which exists by Lemma I1.4.1. Tt suffices to show that almost surely

sup dn(udS, puis) = sup sup [(uf — i<, pn)| = sup sup |[(uf — p, pn)| —— 0.
te[0,7) te[0,T] neN neN te[0,T) K—r+oo

Without loss of generality, we can prove that this convergence holds true in L', because
this implies almost sure convergence up to extraction, and our argument using Theorem
10.2 p.148 in | | remains true up to extracting a new subsequence that still converges
in law towards (uy)icpo,r] in D([0, 7], (Mw(R%),v) X [0, Rimax]). Furthermore, for K > 1
and n > 0, we have the domination

sup [(ur* — pis, pn)] <2 sup Q.
te[0,7] te[0,T]

The right-hand side above does not depend on n, and its expectation is bounded uniformly
on K by Proposition I1.2.4. Hence, by this domination argument, it suffices to show that

E(sup sup [(if* — pis,on)l | =supE | sup | — pf, on)| | — 0.
neNte[0,T] neN  \+€[0,T] K—r+0c0

Let us consider any ¢ € C°(R%) with ||¢/w|lec < 1 and ||¢'||c < 1. For t € [0,7] and
K > 1, we have from the decomposition of Proposition I1.2.5 that

<:U’{<_H’L{i7§0>:vcp V<pt—+©g,t_@£t—:©@ @gat )

because t € [0,T] — V + 1s continuous. Hence, we obtain

sup [l — pis ,w>|<2 sup |05,
t€[0,T) te[0,T)

Then, we use Doob maximal inequality for square-integrable martingales to obtain

2
= (s 10851) < 42 ((08)) < MO L0 gy s )
t€[0,T]

by Proposition I1.2.5, the fact that ||¢/w|le < 1 and ||¢'||ec < 1, and Assumption 11.1.13

(in particular, we use (II.1.14) in Lemma II.1.14). This upper bound is uniform on ¢
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and converges to 0 when K — +oo thanks to Proposition 11.2.4, which concludes for
the continuity of (41)sc(o,7- Finally, we use again Theorem 10.2 p.148 in [ ] for the
continuity of (Rf)iepo,7y, it suffices to show that

sup ‘Rf( —RtK_| — 0,
te[0,7) K—+o00

which is immediate because every (Rf*);c[o77 is continuous by construction.
U

Remark: In the previous proof, note that we need to use the w-Fortet-Mourier distance
with an additional control on the differential of the considered test functions compared
to the w-total variation distance (see Definition B.2.3) that is classically used in similar
contexts (see Lemma 5.7 in | ]). This is essentially because we need to control the

term p(z — xo) — p(z).

I1.4.3 Proof of the tightness of (£*) in D([0, T, (M (R%), w) x[0, Rmax])

KeN*

Considering Section I1.4.1, it suffices to prove the tightness of (,,Q”MK ) Kens D the space
D([0,T], (My(R%),w)). To this end, we extend Théoreme 3. in [ ] to weighted
spaces of measures.

Theorem I1.4.2. Let w be any positive and continuous function on R, ((ViK)te[QT])KeN
be a sequence of processes in D([0,T], (Mw(R%),w) and (v])ico,1] @ process in the space
C([0,T],  Mw(R%),w)). Then, the following assertions are equivalent

(i) ((VtK)te[o,T})KeN converges in law towards (v{)cio. 1 0 D([0,T], (My(R%), w)).

(ii) ((V;:K)te[o,T})KeN converges in law towards (Vik)te[o,T] in D([0,T], (Mw(R%),v)), and
(v w))eeiorm)) e converges in law towards ((u7,w))reoz) in D(0,T], R).

We provide the proof of this result in Appendix B.3.2, and use it in the following with the
converging subsequence still denoted as () K>1 constructed in Section I1.4.1, its limit p*
and w = w. Note that we could also have formulated Theorem I1.4.2 in terms of tightness
of the sequences instead of convergence. We proved in Section 11.4.1, using Aldous and
Rebolledo criterion, that (((M{(>W>>te[0,T])KEN is tight in D([0,7],R). Hence, also from
Section I1.4.1, extracting again if necessary and using Prokhorov theorem, we can find a

subsequence of (,u{( , RE ) te[0,T] that converges in law towards some (u5, R}).ejo,7)
"/ KeN+

in D([0, T, (Mu(R%),v) x [0, Rmax]), such that (((M{(>W>)te[0,T])KEN converges in law to-
wards some (z7);c(o,r) in D([0, 7], R). By Lemma II.4.2, we also know that these limits are
continuous. Hence, to use Theorem I1.4.2 and conclude this section, it remains to show
that (z7)iepo,7) and ((¢f,w))¢efo,r] have same law. Using Skorokhod representation theo-
rem (Theorem 6.7. p.70 in | ]) if necessary, we assume that the previous convergences
hold true almost surely. By a straightforward approximation argument by test functions
as in the proof of Theorem I1.4.2 in Appendix B.3.2, we then obtain almost surely

vte[0,T], o> (uf,w).
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Furthermore, if (¢5,)nen is a sequence of CZ°(R?.) positive functions that converges point-
wise to w such that ¢, < w for n € N, we obtain that for every ¢ € [0,T]

K—+oon—+o0

< dim lim E((uF, en) — (i on)

T K—+oon—4o00

= lim lim E ({1 0n) — (1}, ¢n)) =0,

n—+o00 K—-+o00

E(m:;—w:,w»:E( lm  lim (<u£<,son>—<u:,son>))

where we first used the convergence of ({1, w))sepo,11) Ken towards (27 )iejo ) in D([0, T, R),
then Fatou lemma, followed by a domination argument (because every ¢, is dominated
by w and we have the uniform control in K of Proposition 11.2.4), and finally used the

convergence of < (“5)te[o,T] > towards (p17 )ejo,r) in D([0, T, (Mw(R%.),v)) and dom-
KeN*

ination by w again. Hence, for every ¢ € [0, T], we obtain almost surely =} = (u;,w), which
concludes by continuity of the considered functions by Lemma I1.4.2.

I1.4.4 Characterization of accumulation points

The aim of this section is to prove the upcoming Proposition 11.4.5, which character-
izes the law of the limit of any subsequence of ((u{( , RE )te[o,T]) Kens converging in law
in D([0, 77, (M (R%), w) X [0, Rmax]). We begin with preliminary deterministic results,
writing Co° ([0, T x R% ) for the set of continous functions on [0,7] x R% such that

3C > 0,Vs € [0,T],Vz >0 |ps(z)| < Cw(z).

The following lemma presents a classical result that holds true in a more general context
(see Problem 26. p.153 in [ | or Proposition 2.4 p.339 in | ]). For the sake of
completeness, and because the classical case does not consider the w-weak topology, we
propose a proof valid in our particular context.

Lemma IL.4.3. For every t € [0,T), for every ¢ € CY°([0,T] x R%), the functions

D([0, T}, Mw(RL), w)) — R
t1Y p— sup (us,w) and
s€[0,T

D([0, T, (M (R%), w)) — R

Copt - t
P s 0<u5790s>d8

are continuous at every point p € C([0,T], (My(R%),w)).

Proof. Let us consider v := (vs)secpr) € C([0,7],(Mu(R%), w)) and ((VsK)se[O,T])Kzl
that converges towards v in D([0,T], (M (R%),w)). As the limit is continuous, this con-
vergence holds true on D([0, 77, (M, (R%),w)) for the topology of uniform convergence
(see Lemma B.2.8 in Appendix B.2.2), which translates into

sup da(vE, v) —— 0, (I1.4.28)
s€[0,T K—+o0

with d% the w-Prokhorov distance defined in Proposition B.2.2, which metrizes the space

(My(R%), w). We fix t € [0,T] and first prove the result for 3; (i.e. we want to show that

() = (v ﬁ 0). For s € [0,T], let us write &5 := d%(vX,vs). We have by
—+o0
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definition (see Proposition B.2.2 in Appendix B.2.1) that for every A open subset of R’
and K > 1,

with A% := {y € R%,infea|r — y| < &5} and w * p the usual pushforward of p by w.
Applying this with A = R*, so that A% = A, we obtain finally

[ = v = o 7 (RY) = w (R € b = AR (v ).
This entails

[Z%) = Suw)| < sup |(WK

sepo)’  sef0,1]

which concludes by (I1.4.28). Let us now consider ¢ € Co°([0,T] x R% ) and show that

Khm |Gt (W) = (ot (v)| = 0. For K > 1, we have that
H

T
6ot ") = G| < [ [ =] s

For every s € [0,t], we have that d4(vE, vy) o 0, so by definition of the w-weak
—+00

S

topology and because ¢, € C,(R" ), we then have ’<VK — Vs, gps>| R 0. Furthermore,
—+o00

as ¢ € C2V([0,T] x R%), and by continuity of ¥; and convergence of ((1f)se0r)K>1
towards v in D([0, T, (Mw(R%.), w)), there exists constants C' > 0 and C” > 0 such that

sup |<1/f - 1/5,303>‘ <C | sup (vs,w)+sup sup (X, w) | <C' sup (v, w) < 400,
s€[0,T7] s€[0,T7 K>1s€[0,T] s€[0,T7]

Hence, by dominated convergence, we have

T

165 = G| < lim | [ = v ) ds

T
— ; K _ —
= [ (im0 = v ) s =

O

Lemma I1.4.4. For every t € [0,T], for every ¢ € Cg’o([O,T] x R%) and ¢ continous on
[0, Rmax|, the function

D([0, 77, w) % [0, Riax]) — R

TN (i R) — / (Rs) (s, ps)ds
is continuous at every point (1, R) € C([0,T], (My(R%), w) x [0, Rmax])-
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Proof. Let (i, R) and (v, R') be elements of D([0,T7], (M, (R%),w) X [0, Ryax]). We com-
pute that

’E%é,t((ﬂ’R)) _Hwaﬁt V R))‘

/ |(o ¢ (R})) (Vs s ‘ds—i—/ |6 (R — Vs, )| ds
/|<Z5 R’)‘ sup (vr,w)ds

T€[0,7T

t
T 116lloo.fo. R /0 [t — vy 05)] ds.

Using the previous upper bound and the fact that ¢ is uniformly continuous on [0, Rmax],
the reader can check than the same techniques as in Lemma 11.4.3 lead to the result. [

In the following, for every ¢ € Ci’}(RJr x R%), for every v € D([0,T7], (My(R%),w)), and
for every t € [0,T], we define

W)= )~ o) — [ [ (@R

+0(2)(ps(w0) + ps(x = w0) = ps(2)) = d(%)%(ﬂf)) vs(dz)ds,

with ® associated to ¢ as in (II.1.10), and R” defined by Ry = Ry and for t € [0, 17,

dRY
dt

= p(R{, ). (11.4.29)

Proposition 11.4.5. Under the renormalized setting, let T'> 0 and we keep the notation
((,utK, RtK)tG[OvT])KeN* for a subsequence of our renormalized sequence of processes, con-
verging in law towards (uy, Ry )iejo,m i D([0, T], (My(R%), W) X [0, Rmax]). Then, almost
surely, for every t € [0,T] and ¢ € Culj”lT(RJr x R%),

Wi (p*) =0.

Furthermore, R* = R*" almost surely, with R*" defined as in (I1.4.29). We thus conclude
that almost surely, (ui, Rf)icjo,) verifies Equations (11.3.24) and (I1.3.25).

Proof. Let us fix ¢ € C‘}J’}T(RﬂL x R%), K € N*. We verify that we can always define a
function ¢ € Cy' (RT x R ) with ¢ = ¢ on [0,T] xR%.. The results of Proposition I1.2.5 are
then valid for ¢, for ¢ > 0, hence for ¢; for any ¢ € [0, T]. In the following, we fix t € [0, T
and to simplify the notations, we write ¢ instead of ¢. We divide the proof in three steps.
First, we reduce the problem of showing that W;(u*) = 0 almost surely to proving that
(Ui (1)) gens converges in law towards Wy(u*) in R. Then, we prove the convergence in
law of (W;(u®))xen+ (essentially by using the additional Assumption I1.3.1, the uniform
control in Proposition I1.2.4 and Lemmas I1.4.3 and I1.4.4) towards a randow variable
defined in the same manner as W,(y*), but replacing R* with R*. Finally, we prove that
almost surely, R* = R*", which concludes the proof.
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Step 1: Reduction of the problem of showing that ¥;(;*) = 0 almost surely

We consider W () = @gt defined in Proposition I1.2.5. By Proposition 11.2.5 applied to
©, by assumptions on ¢ and by Lemma I1.1.14, there exists a constant C' > 0 such that

C
E(|W,(u5))?) = E(\Qgtﬁ) — E(<@§>t) < 7 Sup E < sup (EE + NE + Qf)) ,
KeN~* t€[0,T)

which entails with Proposition 11.2.4 that E(|®;(u%)|) ﬁ 0, because E(|W;(uf)|)? <
—+00

E(JW:(u)|?) by Jensen inequality. Hence, it suffices to show that E(|¥(ufc)]|) PP
——+00

E(JU:(1*)|) to conclude that ¥y(p*) = 0 almost surely. By Corollary 11.2.7, the family of

square-integrable martingales (\Ilt(uK )) xen- is uniformly integrable. Then, by Proposi-

tion 2.3 p.494 in | ], it suffices to show that (¥;(u’))xen+ converges in law towards
\Ift([,b*) in R.

Step 2: Convergence in law of (U;(u))gen+ towards Wy (u*)

By definition, RM™ coincide with RE and we write
t
W) = () = () = [ 0 (RE) G (@) ()

+ /0 t<uf Ld(x)ps(z) —b(z) (mxo) + @s(x —30) — %(x)) — Opps(z) +€(x)6xsos(x>>ds7

with ¢, ¥ and ¢ defined in Section II.1.1, related to respectively the functional response,
the growth rate and the metabolic rate. Then, for s € [0,7] and = > 0, let us define

Boa() = d(z)pa(a) — b(z) <¢s(wo) Fpu(r— o) - sos(w)) ~ upul(a) + (2)Ouis(2),

which is well-defined because b = 0 on (0, zp), and we obtain

t t
W) = () — (S oo} + /O (UK B a)ds — /0 6 (RE) (X (2)nips) ds,

(11.4.30)
First, by Lemma I1.4.2, the limit (427 );(0,77 is in C([0, T, (M (R%), w)). Hence, from Theo-
rem 7.8 p.131in | ], and because ((“L{()te[OvT])KeN* converges in law towards (411 )ye[0,7]

in D([0,T7], (Mu(R%),w)), for every ¢ € [0,T], the marginal distribution (uf)gen+ con-
verges in law towards 6,» in (My(R%), w). By definition of the w-weak topology (which
makes every pu € My, (R%) — (u, ) continuous if |¢| € C,(R%)) and assumption on ¢, we
obtain that

((Mf, o) — <,ué(, @0>)K€N* converges in law towards (uf, ¢¢) — (15, o) in R.

Then, with the assumption ¢ € C:}’lT(RJr x R%), Assumption II.1.13 and the additional

Assumption I1.3.1, we verify that O, € cy0([0,T] x R%) (in particular, we use the fact
that Os¢s is bounded, uniformly on s € [0, 7] to control the term @s(x — xg) — p(z); the
fact that b(z) < cpw(x) for z > 1 thanks to Assumption I1.3.1; and the fact that dps/w
is bounded, uniformly on s € [0,7]). Hence, by Lemma II.4.3, thanks to the mapping
theorem (see Theorem 2.7. page 21 in | ]) and because ((uf )telo1]) Kens converges
in law towards (41 )scpo,7] in D([0, 7], (Mw(R% ), w)) where the limit p* is continuous, we
obtain that
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t t
(/ (uk, U%S)ds> converges in law towards / (1, Uy s)ds in R.
0 KeN* 0

Finally, by assumption on ¢ and Assumption I1.3.1, we have that 10, € Cg’o([O, T]xR%),
and the function ¢ is continuous on [0, Ryax] by assumption (see again Section II.1.1
for the definition of the functions i) and ¢). By Lemma I1.4.4, the mapping theorem
again, and the fact that ((uf*, Rl{()te[ovT])KeN* converges in law towards (uy, R} )icpo,7] in
D([0,T7], (M (R%), w) X [0, Ryax]), we obtain that

t t
/ ) (Rf) (15 1Dy ps)ds converges in law towards / o (R;) (s, Y0zips)ds.
0 0

Hence, to conclude the whole proof, it suffices to show that (R});cp0,r) and (R} *)te[O,T] are
equal almost surely.

Step 3: Proof of R* = R* almost surely

For every v € D([0,T7], (M (R%),w), R” is entirely determined by v with (IL.4.29). In-
deed, there exists a function R : D([0,T], (M (R%),w) — C([0,T],[0, Rmax]|) such that
R(v) = RY, and it is precisely given for ¢ € [0,T] by the functional equation

ROY = Fo+ [ (s(R)) = xloe SR ) s

Let us first prove that R is continuous at every v continuous. We take v := (vs)scjom €
C([0,T], (Mu(R%),w)) and a sequence ((vX)ejo77)k>1 that converges towards v in the

space D([0, 7], (My(R%),w)), and we aim to show that sup |R(v*); — R(v);| ——— 0.
te[0,7] K—+o00
For t € [0,7] and K > 1, we compute

ROAY, — RO
/ {cmws) SR — X (BRES) WS ) — SR W)e) ver ) }ds

t t
<9 oot | [ROP): = RO +x [ 6RO).) = 9RO (0K 0)0s
t
+X”¢||OO,[O,Rmax]/ ’<V§ — s, )| ds
0

T
< (IKletostoas + AT 500 sup (B +NE+91) ) [ sup [RO5), —R(w)rlas
K>1uel0,T] 0 7€[0,s]

+XH¢HOO,[O,Rmax]T Sup ‘<V5K_VS7¢> )

s€[0,T]
where we used the fact that ¢ is Lipschitz continuous (see (II.1.1)), that ¢ < g and
Assumption I1.1.13. Then, by Proposition I1.2.4, the previous upper bound is almost

surely finite and independent of ¢ so it is an upper bound for sup }R(VK )s — R(v) 5| and
s€[0,t]
by Gronwall’s lemma, there exists a constant C’ > 0 such that

sup [R(V5)e = R(1)e < XI9lloo 0. e T sup | (E — v, 1)) T
te[0,T] s€[0,T]

SXH¢HOO,[O,Rmax}T€CT sSup 6#)(”57”5)7

$€[0,7T
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where 0y, is a distance that is topologically equivalent to dﬁ (see Corollary B.3.3). Further-
more, by Assumption I1.3.1 and because 1) < g, then ) € C,(R% ). We also assume that
((VsK)se[o,T})Kzl converges towards v in D([0, T, (M, (R%),w)), we thus obtain by Corol-
lary B.3.4 that ((vX)seio17)x>1 converges towards v in D([0,T], (My(R%),w)), which
implies by continuity of the limit that

sup Oy(vE. v) — 0.
56[0%] wlva ) K—roo

This ends the proof of the fact that R is continuous at every v continuous. Now, let us
get back to the proof that R* = R*" almost surely. We consider (¢, )nen a sequence of
C°(R) positive functions that converges pointwise towards 1o, and such that ¢, (0) = 1
for every n > 0. By the mapping theorem and convergence in law of (1%, RE) > towards
(u*, R*), we have that for every n € N, for every ¢ € [0, 7],

il B (o (B = RT)) =l B (o (RE =R (1)) = (o (i —A)).
(I1.4.31)

On the one hand, for every K > 1, we have by definition that RE = RM" so that the left-
most term in (I1.4.31) is constant equal to 1. On the other hand, taking the limit n — +oo

in the right-most term gives E (1{0} (Rz‘ — R *>> (dominated convergence holds trivially

because everything is bounded), so we conclude that for every ¢ € [0, 7], we almost surely
have Rf = R}, which concludes thanks to the continuity of the considered functions. [

I1.5 Extensions of Theorem 11.3.1

In this section, we fix T" > 0 and present three lines of research to extend the tightness
result in Theorem I1.3.1. First in Section I1.5.1, we present the difficulties encountered for
showing that there exists a unique measure solution to the system (II.3.24)-(11.3.25). If
this uniqueness holds true, the tightness result of Theorem I1.3.1 is in fact a convergence
in law towards the unique limit identified by (II1.3.24)-(I1.3.25). Then in Section I1.5.2, we
provide alternative assumptions on the functions b, g and w to relax the restrictive Assump-
tion I1.3.1 and obtain the same tightness result in D([0, T, (M (R%.), w) X [0, Rmax]), using
the fact that we have uniform bounds on quantities of the form E ((NtK + EE +QF )p )
with p > 1 (see Lemma I1.2.6). In particular, this will allow us to work with a broader
set of allometric parameters in Section I1.6 (see Lemma I1.6.3). Finally in Section I1.5.3,
we aim for a stronger conclusion presented in Theorem I1.5.3, where the tightness holds
true in D([0, 7], (M141d4+w(R% ), W) x [0, Rmax|). Remark that this attempt of extension
aims to replace w with 1 4+ Id + w, thus is an amelioration of Theorem I1.3.1, only if w is
dominated by 1+ Id in a neighborhood of 0 or +o00. This is precisely the case in the allo-
metric case presented in Example 1 of Section I1.6 (see also Figure II.1), which is the main
biological motivation of this work. We begin with providing additional results and use
Theorem I1.4.2 to reduce the problem to proving the tightness of the sequence of laws of

(((u{(, 1+ Id>)te[0 T]>K N in D([0,T],R). We further give additional assumptions on the
k) e *

limit p* to obtain this tightness, reducing our probabilistic problem to the deterministic
study of the weak formulation of a PDE.
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I1.5.1 Uniqueness of a solution to (I1.3.24)-(11.3.25)

In this section, we want to investigate under which condition a solution (u;, Ry )te[o,T] to
(I1.3.24) and (I1.3.25) (such a solution exists by Theorem I1.3.1) is unique conditionally to
g 1f uniqueness holds true for any fixed initial condition g, we deduce that the law of
an accumulation point of ((uf, R{()tE[O:T])KeN* in D([0, T, (Mu(R%), w) % [0, Rmax]) is a
mixture between the law of ;1 and the solutions we provide for every ), so is unique in law.
Hence, without loss of generality, we work with pf fixed in the following, and everything
becomes deterministic as the only source of randomness of a solution to (II.3.24) and
(I1.3.25) is precisely the law of p§. First, let us explain how this uniqueness result would
allow us to improve the tightness result of Theorem I1.3.1. The following basic idea is at
the root of our reasoning.

Lemma II1.5.1 (Subsubsequences lemma). Let (X, d) be a metric space, © € X and
(xr)Ken+ a sequence of elements of X. Suppose that any subsequence of (x ) xen+ admits
a subsequence that converges to x. Then, (Tx)gxen+ converges towards .

Proof. This is a simple reasoning by contradiction. O

Corollary I1.5.2. We work under the assumptions of Theorem I1.3.1 and assume that
there exists a unique solution (uy, Ry )iejo,r) to (11.3.24) and (11.3.25). Then, for allT > 0,

<(M{<’R{<)te[0,T] >K converges in law in D([0,T], (My(R%),w) X [0, Rmax|) towards

N*

(17 BY )tefo)-

Proof. With the same sketch of proof of Theorem I1.3.1, we can show that any subse-
quence of (L) gen+ is tight in D([0, T, (M4, (R%), W) X [0, Rimax]), so admits a converging
subsequence by Prokhorov theorem. Furthermore, any accumulation point verifies (I11.3.24)
and (IL.3.25), so is uniquely determined and equal to (7, Rf):cjo,r] by assumption. We
conclude with Lemma I1.5.1. 0

Contrary to previous works in the literature (see Step 3. in the proof of Theorem 5.3.
in | ], Proposition 3.2. in [ ], Step 1 of the proof of Theorem 5.2 in | D,
we did not succeed in proving that there exists a unique solution to (I1.3.24)-(I1.3.25) in
our general case with unbounded birth and death rates. In the following, we present for
the sake of exhaustivity a proof of the uniqueness under additional restictive assumptions
(see Proposition I1.5.7), and then highlight the steps of this proof that are lacking in the
general case. We begin with a preliminary and general probabilistic result.

Lemma 11.5.3. We work under the assumptions of Theorem I1.5.1 and consider a subse-
quence of ((u{(, R{()te[o T])K N that converges in law towards (puy, R} )ejo,r) in the space
’ c * )

D([0,T], My (R%), w) X [0, Rmax]). Let ¢ : (t,z) € RT x R%. — ¢4(x) be continuous and
such that

3C > 0,Vx >0, sup |e(z)| < C(1l+z+w(z)).
t€[0,T]

Then, we have

E ( sup |<u:;,sot>|) < +o0.

t€[0,T
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Proof. Let T' > 0, for the sake of simplicity, we still denote as ((uf , Rf( ) teo T})K N the
’ eN*

converging subsequence in the assumptions of Lemma I1.5.3. Without loss of generality,
we can show that

E < sup |<,u2",1+1d+w>\> < +o00.
t€[0,T]

There exists an increasing sequence (yy)nen of C2°(RY) functions that converges simply
towards 1 + Id + w, so that by monotone convergence, for every t € [0, 7],

(up, 1+Id+w) = lim (uf,¢,) and V>0, suplp,(z)] <14+ z+ w(x).

li
n—-+4o0o neN

By convergence of (1) xen+ towards p* and by the Skorokhod representation theorem
(Theorem 6.7. p.70 in [ |), there exists a probability space © and random variables
(VX)) k>1 and v defined on © with values in D([0, T], (M, (R%.), w)), such that

e VK > 1, vX and ;* have same law,
e v and p* have same law,
o (V%) g>1 converges almost surely towards v in D([0, T, (M (R%), w)).

Moreover for every n € N, ¢,, € C':J’lf(RJr x R%) because it is in C2°(R? ), so for every n € N
and t € [0,7] we have almost surely |(v], on)| = Klim |V, pn)| and we obtain by the
—+00

previous equalities

E| sup [(u;,1+Id+w)| | =E[ sup lim |[(v,pn)
te[0,7] tefo, 7] T

- . . K
=E (t:Eé%] n£r+noo K1—1>I-r‘rloo ‘<Vt ;(Pn>‘)

<CE| sup lim (EE+NEK+QF
(te[O,T] K—>+°°( ! ! )

<CE| lim sup (EE+NEK+QF
(K_>+OOtE[O,T]( ¢ t t )

< CsupE| sup (EtK+NtK+QtK) ,
K>1 t€[0,T]

where we used Fatou lemma, and this concludes by Proposition 11.2.4. ]

Lemma I1.5.3 states that the accumulation points of ((,uf( ) integrate every

tE[O,T])KeN*
continuous function in By4144,(RE) for every t > 0. Hence, to obtain the uniqueness

result in Corollary 11.5.2, we will assume without loss of generality in the proof of Propo-
sition I1.5.7 below that a measure solution to (II.3.24)-(I1.3.25) satisfies this integrability
property for ¢ > 0. Let us now introduce some notations. For any z > 0 and tg > 0, we
consider the following equation with unknown function Fj, . and condition at to:

{ Ftlo,z(t) =g Fto,z(t)7 KJ(t)),
Fto,Z(tO) =2z,
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where p is any continuous and non-negative function on R*. With the same arguments
as in the proof of Proposition 1I.1.3, for every z > 0 and ty > 0, there exists a unique
local positive solution Fy .(.) to the previous equation (we omit the dependence in g in
the following). We will then work with the following assumption.

Assumption I1.5.4. We assume that the flow (to,z,t) — Fy, .(t) is globally well-defined
on RT x R x RT. Furthermore, we assume that there exists a constant C > 0 such that
for every T'> 0

- Vit € [0,T],¥2 > 0,Vt € [0,T), e CT < Fy,(t) <eT,

- Vto € [0,T),¥z > 0,¥t € [0,T], |0.F,.(t)] < eCT.
Remark: Assumption I1.5.4 is verified for instance if ¢ = Id and ¢ = Id/2 (i.e. g :
(x,R) = (¢(R) — 1/2)z). This corresponds to a linear growth, which is the allometric
case with a coefficient &« = 1. More generally, we verify Assumption I1.5.4 if g is sublinear
on R% (i.e. g/Id is bounded on R%). However, it is not verified if g is a power function

with an exponent a # 1, which will yet be the case in the allometric case in Example 1 of
Section II.6.

Lemma IL.5.5. Under Assumption I1.5.4, for every (s,z,t) € RT x RL x R*, we have
OsFs . (t) + g(z, p(8))0.Fs »(t) = 0.

Proof. Let (s,z,t) € RT xR% xRT, then for every u € RT, the flow F verifies the classical
identity
FS,Z(t) - Fu,Fs,z(U) (t)
We can differentiate this expression with respect to u and obtain by chain rule
0= 8SFU7FSVZ(U) (t) + 8UFS7Z(U) X 83Fuypsyz(u) (t)
= 8SI';ju,Fs,Z(u) (t) + g(FS,Z(u)v @(u))azFu,Fsyz(u) (t)’

where we used the definition of F; .. This entails the result with u = s. ]
Proposition I1.5.6. Under Assumption I1.5.4, for everyt € [0,T], for every ¢ € C3°(RY),

there exists a function y' : (s,z) € Rt x RL + yL(2) which is a solution to the following
transport equation

{ DsyL(2) + 9(z, 9(s))02yk(2) = 0,
yi(2) = o(2).

Proof. We adapt a generalisation of the characteristic method described by Evans (see
Theorem 1 and 2 in Section 3.2. of | ])- Let us fix t € [0,T], we can define for every
(s,2z) € Rt x R%,

Yi(2) =y (5,2) == @(Fsz(t)),
and for R € RT, we define

Y(z,R) := 0sy.(2) + g(2, R)D.yi(2).

For every (s,z) € R x R, we obtain

Y (2 (s)) = <ast,z<t> e p(s))ast,z@))so'(Fs,zos)) —0,

by Lemma IL.5.5. Furthermore, y}(2) = ¢(F}.(t)) = ¢(z), which ends the proof. O
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Once this preliminary work is done, we are ready to state the main result of this section,
but yet valid only for bounded rates.

Proposition I1.5.7. Under Assumption I11.5.4, if the birth and death rates b and d are
bounded and in C1(R%.), if b and d’ are bounded, if 1) € C1(R%.) and ¢ and ¢’ are bounded,
then there exists a unique solution (uf, Rf)icpo,r) in C([0,T], (Mw(R%L), w) X [0, Rmax]) to
(I1.3.24)~(I1.3.25).

Proof. We consider (i, Rt)iejo,7) and (N;aRg)te[O,T] in C([0, T], (My(R%), w) X [0, Rmax])
two solutions to (I1.3.24) and (I1.3.25), and in the following, we aim to show that

(1, Re)eeo,r) = (ks BY)eejo -

By Lemma I1.5.3, without loss of generality, we can assume that there exists Sy > 0, such
that for every ¢ € C°(R%) with ||¢||ee < 1,

sup | [, @) + [{ut, )| | < Sr < +oo. (IL5.32)
te[0,7)

In particular, the total variation distance distance dpv (pu, 11;) (see Appendix B.2.1) is well-
defined and uniformly bounded on ¢ € [0, T, hence the Fortet-Mourier distance dpy (g, f1;)
(see Definition B.2.4) verifies the same property. In the following, let us fix ¢ € [0, 7] and
consider ¢ € C°(R%) such that ||¢||c + ||¢||ec < 1. We apply Proposition I1.5.6 with for

all s > 0, p(s) = Rs. This defines a function y' in Cj}’}[,(RJr xR* ), because it is C11(RTxR*)
and for every s € [0,7], z — y%(z) has compact support (by Assumption I1.5.4 and the
fact that ¢ has compact support), so we can apply (I1.3.25) to y*. With the notations
in the proof of Proposition 11.5.6 with for all s > 0, p(s) = Rs, we also have ¢ = o,
Y(z,Rs) = 0 and Y(z, R,) = Y(z,R.) — Y(x, Rs) for every x > 0 and s € [0,7], so we
obtain the following expressions:

{2, ) —<ut,y€>
: ,U073/0

/ /R+ ( ) +0(x) (ys(xo) + ye(x — 20) — ys(x)) — d(ﬂ?)yﬁ(&t)) fis(dz)ds
=(u, yo) + /o /R+ (b( ) (vE(zo) + yh(z — z0) — yi(z)) — d(m)yi(@) ps(dz)ds,

and

{1y, o) —<M27y§>
Moyyo

[ ( Y (2, B) + b(z) (yz<xo>+yz<x—xo>—yz<x>)—d(x)ysm)u;(dx)ds

/Joy yo

/ /R< (z, RY) — g(x, Rs) } Oay/s()

+b(@) (ye(wo) + (o — o) — ye(@)) — d(w)ys(ﬂf)) ps(dz)ds.

149



This entails
[t — pt, 0)|

t
r ¢ /
<k [ R~ R0l [0uk) o) s

t

<

0

where we used (II.1.1). First, by Assumption I1.5.4 and assumptions on ¢ and 1, there
exists a constant Cy, such that ||1)||ec + [[¢]|cc < Cy, so that

Vo >0, ()]0t (x)| = () [0 Fsn(t)¢' (Fsu(t)] < Cpe™.
Then, for x > 0, we define
(x) = b(x) (ys(20) + ys(z — 20) — ys(x)) — d(2)ys(z).

By assumptions on b and d, by Assumption I1.5.4, assumption on ¢ and regularity of the
flow F, then » € C'(R%) and we verify that there exists constants b > 0 and d > 0 such
that for all z > 0,

/ (b(az) (v (20) + 9 — o) — o (x)) — d<x>y2<x>) (4, — i) (da)|ds.
R+

[u(z)| < 3b+d,
and
|V (x)] < (3+ 2e“T)b + (1 +eCT)d.

We finally obtain, using (I1.5.32),
t
(= 0)] < ksTcweCT/ R, — R.|ds
0

t
+ <(6 +2e“TVb + (2 + eCT)d>/ dpn (s, p1s)ds.
0

Finally, the previous reasoning is valid for every ¢ € C2°(R?.) such that |[¢||oc+||¢'||cc < 1,
SO

t
dps(y1f, o) < kSpCyeCT / IR, — R.|ds
0

t
+ ((6+ 26CTV 4 (2 4 eCT)d> / dent (1, 1s)ds.

0

Furthermore, remark that by (II.1.3) and (I11.3.24), for ¢ € [0,77,

Ry~ Ry| = / G(RL) — o(Ra) + x((t L BL) = {ptar (o Ra)))ds

IN

t
1¢lloo 0 A /0 IR, — Ry|ds

rx \ b SR = FRO) = (s = e S RV
0

t t
< (HgHoo,[o,Rmax] + XkaST)/O |Rls — Ry|ds + XC¢|’¢HOO,[0,Rmax}/O den(fs, //s)dS,

150



where we used again (II.1.1), the assumption on ¢ and (I1.5.32). By Gronwall lemma
applied to ¢ — |R} — Ry| + dpm(u, f1¢), we obtain that for all ¢ € [0, 7],

|R, — Ry| + den(pg, p1e) = 0.

These are positive quantities, so for all ¢ € [0,T], we obtain (u, Rt) = (u}, R};), which
concludes. O

Remark: Although Proposition I1.5.7 provides the missing uniqueness argument to im-
prove the tightness result of Theorem II.3.1 to the convergence result of Corollary I11.5.2,
it is only valid under restrictive assumptions on the rates b, d and ¢ (and in particular,
they are bounded). There are two main difficulties to overcome in the general case with
unbounded rates.

- First, in the general case, the flow (s,t,z) — Fjs.(t) is only locally well-defined on
an open set U C RT x R% x RT. This is because with a possibly unbounded growth
rate g, this flow can explode or reach 0 in finite time (we will take this fact into
account in Section III.1.1). In addition to the lack of global definition of the flow,
we do not benefit from any control as in Assumption I1.5.4 in general.

- Then, in the proof of Proposition 11.5.7, we use the Fortet-Mourier distance to show
that u¢ and p} coincide for every ¢ > 0. Hence, we pick test functions ¢ verifying
l1¢lloo + ||¢' ||l < 1, and we search for an upper bound for |(u; — ¢, ¢)| uniform on
. We provide an upper bound with integral terms, where integrands are functions
that verify the same conditions as ¢ (i.e. regularity and ||¢]|oo + ||¢||coc < 1), up to
a multiplicative constant, and conclude with Gronwall lemma. The main technical
point here is to verify that the integrands we obtain verify the same constraints as
, because they depend themselves on ¢ and the flow F. In the case of unbounded
rates, apart from the technical difficulties of well-definition of the flow, we did not
succeed in finding a control condition on ¢ or its derivatives that we are able to

recover for the previously mentioned integrands. This is left for future work.

I1.5.2 Obtaining Theorem I1.3.1 with less restrictive assumptions on the
functional parameters b, ¢ and w

In this section, we provide an alternative assumption in order to replace the restrictive
Assumption I1.3.1 in Theorem II.3.1. Remark that we use Assumption II1.3.1 in Sec-

tion I1.4.4 (charecterization of accumulation ponts) in order to control quantities of the
t
form / (15, p)ds for K > 1,t € [0,T] and ¢ € C2°([0,T] x R% ), where the functions

b and % naturally intervene in the conditions verified by ¢. Considering Lemma 11.4.3
for example, at first sight, it was very natural for us to ask for these functions to be
controlled by w (i.e. to work with Assumption I1.3.1). However, the uniform controls in
Proposition I1.2.4 and Lemma I1.2.6 encourage us to introduce the following assumption.

Assumption I1.5.8. There exists n € (0,1) such that
-3¢, > 0,Ve > 1, b(x) < é(w(x) +w(x)),
- 3¢, >0,V >0, g(z) < ¢g(w(x) +w(x)),

where @ : x > 0+ (z — 20) 71, _zy>0- In addition, we ask for 1/w to be bounded in a
neighborhood of +oo.
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Remark: In particular, the first two conditions of Assumption I1.5.8 are less restrictive
on b and ¢ than in Assumption I1.3.1, if w(z)/2'™" goes to 0 when x goes to +oco. We
will thus be less restrictive than Assumption I1.3.1 in the allometric case, where we will
prove that such a 7 exists in Lemma I1.6.2 (see also Figure I.1). Also, the additional
condition on 1/w is not a restrictive thing to ask if we think again of the allometric setting
highlighted in Example 1 of Section I1.6, because in that case, we can even construct w
such that w(x) —— +o0.
T—>—+00

Theorem I1.5.1. Under the assumptions of Theorem I1.3.1, replacing Assumption I1.53.1
with Assumption I1.5.8, the conclusions of Theorem I1.3.1 hold true.

Before giving the proof of Theorem I1.5.1, we begin with a preliminary important result.
As Assumption I1.3.1 does not intervene in Sections 11.4.1, 11.4.2 and 11.4.3, we fix T' > 0

in the following and can consider a subsequence, still denoted as ( (,utK , RE ) te[0,T] ) ,
"/ KeN+
converging in law towards (u;, R} )scjo,r) in D([0, T, (M (R%), W) X [0, Rimax])-

Proposition I1.5.9. We work under the assumptions of Theorem I1.3.1, replacing As-
sumption I1.3.1 with Assumption I1.5.8. Then, the following convergence in law in the
space D([0, T],R) holds true

((N{(,w))te[ (1t @) vego 1 -

EEE—
0,7] K—+00

Proof. Using the Skorokhod representation theorem, we assume that the convergence of
the sequence ((“1{(’]%{()756[01]) towards (7, R} )iejo,r) in D([0, T, (Mw(R%), w) x
KeN*

[0, Rmax)) is almost sure in the following. We then aim to show that

E( sup [(u — i )| | ———o.
te[0,7] K—+o0

We consider M > 0 and for ¢ € [0,T], K > 1, we write

<,uf(aw> = <:U’1{<a W1{w§Mw}> + <:U’1{<a Wl{w>Mw}> .

Hence, we have, as w is non-negative,

E < sup [(uf —u?,w>\> <E ( sup | (pr* — pf @ limento}) I)

t€[0,T t€[0,T]

+E < sup <u;‘,wl{w>MW}>> +sup E < sup <uf<,wl{w>MW}>) . (11.5.33)
te[0,T) K>1 te[0,T)

Let us focus on the integrand of the right-most term for a fixed ¢ € [0,7] and use Holder

inequality with p := ﬁ and ¢ := 1/n to obtain

<:ut{<aw-1{w>Mw}> = <lu’1{(7 %wl/ql{w>Mw}>

1/p
K wP K 1/q
< <ut 7wp/q> X <:u’t 7W1{w>Mw}>
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Then, by Assumption I1.5.8, 1/w is bounded on a neighborhood of +oc. This associated
to the facts that p/q > 0, w is continuous and w = 0 on (0, () entails that there exists
@”(x)
wp/Q(;p)
Assumption I1.5.8). Also, there exists a constant C" > 0 such that wliopy < @w/M <
C’' xId/M and 1/p+ 1/q = 1, so we finally obtain
C'cl/p
K K
<Ht 7W1{w>Mw}> < BV <Nt ,Id>.

a constant C' > 0 with

< Cxz for every x > 0 (we also use the definition of w in

Remark that we obtain the exact same bound, replacing K with *, so that

E < sSup <M:an{w>Mw}>> +sup E < sSup <M7{(7W1{W>Mw}>>

t€[0,T K>1 t€[0,T7]
c'cl/p [
<———|E| sup (u,Id) | +supE | sup (uf, Id ], 11.5.34
M1/a te[O,T]< ¢ 1d) K>1 te[o,T}< 1) ( )

which converges to 0 when M — +oco thanks to Proposition 11.2.4 and Lemma I1.5.3.

In the following, we thus fix ¢ > 0 and My > 0 such that (I1.5.34)< ¢/2. The function

x> 0~ @w(2)l{m<ppe) is positive and dominated by Mow. Hence, by the almost sure

convergence of ( (uf, R?{()te[o,T] > towards (uy, R} )iefo,r) in D([0, T, (Mw(R%), w) X
KeN*

[0, Rmax|), we obtain

E K wl 0
(tes[%%]|</'bt W@ {ngow}H) =0

so that there exists by (I1.5.33) some K > 1 such that for K > K,

E ( sup \(uf—u?@\) <e,

te[0,7

which ends the proof since this is valid for every £ > 0. O

Proof of Theorem I1.5.1:

The missing points to obtain the conclusion of Theorem I1.3.1 with Assumption I11.5.8
instead of Assumption I1.3.1 are the following:

t t
(1) </ (uk, U%S>ds> converges in law towards / (s, Uy s)ds in R,
0 KeN* 0

¢ t
(71) (/ (X, w8$903>d8) converges in law towards / (us,Y0zps)ds in R,
0 KeN* 0

with the notations of Section I1.4.4. Indeed, if we verify the previous points, this allows us
to characterize the limit as in Section I1.4.4. Now, under Assumption I1.5.8, both functions
Uys and 90, ¢ are dominated by w + w (in particular, we control the term b(z)p(xg))
up to a multiplicative constant. We proved in Section I1.4.1, using Aldous and Rebolledo
criterion, that (({uf, w))eefo, 1)) Ken converges in law in D([0, T, R) towards ({u;,w))ie[o,1]-
With Proposition I1.5.9, this entails the convergence in law of (({(uf, @ + w))elo,T]) KeN
in D([0,T],R) towards ({(uf, @ + w))iecpo,r]- With the same techniques as in the proof of
Lemma I1.4.3, we thus obtain (¢) and (¢7), which concludes the proof.

O]
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I1.5.3 Additional results and extension of Theorem II.3.1 with addi-
tional assumptions on the accumulation points u*

First, let us motivate the formulation of the main conjecture of this section, which is
Conjecture 11.5.2. Let T' > 0, thanks to Lemma I1.5.3, we have that for every ¢ € [0, 7],
any accumulation point u; integrates a broader set of functions than B.,(R%) (by an
approximation argument, we add any continuous function in 814144, (R%)). Thus, for
any continuous function ¢ € B14144,(R%) and ¢t > 0, even if we cannot give an explicit
expression for (i, ) as in (I1.3.25), we can compute this quantity as the limit

. . K
S - lim (s on),

where (¢n)nen is a sequence of C2°(R%) that converges pointwise towards ¢. The expres-
sion of every (uf<,p,) is explicit and given in Proposition I1.2.5. For instance, we are
able to compute (u}, 1), or (u;,1d) for any ¢ > 0 (at least numerically), and we know that
these quantities are finite. In fact, we even verify that we can adapt the reasoning of Sec-
tion I1.4.1 to obtain the tightness as a process in the space D([0, T, (M141a+w(R% ), v) X
[0, Rimax]) (with M1 1144w (R%) endowed with the vague convergence). This raises a natural
question: can we hope for the following extension of Theorem I11.3.17

Conjecture I1.5.2. For oll T > 0, the sequence of processes ( (,utK, RtK)te[o 7] > 18
"/ KeN+
tight in D([Oa T]v (M1+Id+w(Ri))W) X [07 Rmax])-

There are two difficulties to overcome, summarized in the following lemma. Without loss
of generality, we fix p) in the following.

Lemma I1.5.10. We work under the assumptions of Theorem I1.3.1, and make the three
following additional assumptions.

1. The sequence (ulf)ken+ converges in law towards pf in (Mit1a+w(RY), w).

2. The sequence of laws of (((uf(, 1+ 1d)) is tight in D([0,T],R).

tE[O,T]) KeN*

3. Any accumulation point (p17)ejo,r) s in C([0,T], (M111a+w(RY), w)).
Then, Conjecture 11.5.2 holds true.

Proof. We obviously need point 1. to be able to extend the tightness in Conjecture I11.5.2
with the same initial condition. Then, the only missing argument to obtain the conclusion
of Conjecture I1.5.2 in the previous proof of Theorem I1.3.1 lies in the use of Theorem 11.4.2

in Section II1.4.3 with w = 1 + Id 4+ w, to prove the tightness of < (u{{, Rf)te[o T]>
"/ KeN+
in D([0, 77, (Mi41d4+w(R%),w) x [0, Rimax]). Thus, we check if under the assumptions of

Lemma I1.5.10 we can use Theorem I1.4.2 for this broader set of measure-valued processes.
The tightness of ( (s, Rz{()te[o 7] ) in D([0, T, (Mi41d4+w(R%),v) % [0, Rmax]) (with
"/ KeN+

the vague convergence) is straightforward by Theorem I1.3.1, because C°(R% ) C B, (RY ).
We also already proved that ({1, w))ken+ is tight in D([0,T],R), and that (R})epo,r] is
continuous. The missing arguments to be able to use Theorem 11.4.2 are therefore those
introduced in points 2. and 3. of Lemma I1.5.10. O
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Lemma IL.5.11. Assume that d x (1 +1d?) € Bi11d+w(RG). Then, points 2. and 3.
of Lemma I1.5.10 hold true. As a corollary, under the assumptions of Theorem I1.53.1,
under this additional assumption on d, and if point 1. of Lemma I1.5.10 holds true, then
Congjecture 11.5.2 holds true.

Proof. With this additionnal assumption on d and Assumption 11.1.13, and writing V :=
1+ Id 4+ w, we verify that

e 3C) >0,z >0, g(z)(1+V'(z)) <C/V (),
e 3C; > 0,YVx >0, b(z)(1+h(|V(xo)+ V(z —xz9) — V(2)])) < C;V(2),
e 3C), > 0,Yz >0, d(z)h(V(z)) < CHV(x).

We thus have replaced w with V in Assumption II.1.13, and in particular can use it to
control the finite variation and martingale parts of (uf, V) for every t € [0,T] and K > 1.
We let the reader check that then, the Aldous and Rebolledo criterion for the tightness

of (((u{(, 1+ Id))te[0 T])K N we used in Section 11.4.1 apply in the exact same manner;
) (= *
and that with the same techniques as in Lemma I11.4.2, we verify that any accumulation

point verifies u* € C([0,T], (M141d+w(R%), w)), which ends the proof. O

Remark: In particular, if the death rate d is bounded, we verify the additional assumption
in Lemma I1.5.11. Hence, if we adopt the classical framework depicted in the literature
where growth, birth and death rates are bounded, Theorem I1.5.2 extends the usual tight-
ness result to a tightness in the weighted space D([0, T], (M141d4w(R%), W) X [0, Rmax])- In
particular, for any accumulation point p*, Equation (I1.3.25) is valid for ¢ : (t,x) — z, i.e.
we have an explicit expression of (u;,Id) for ¢ € [0,7] (in the case of a mass-structured
model, this represents the total biomass for the limiting system described by p* at time
t), which is a new result for individual-based models constructed as in Section I1.1.2, with
bounded rates.

In fact, the assumption on d in Lemma I1.5.11 implies that d is bounded in a neigh-
borhood of 0. Even if it entails Theorem 11.5.2 thanks to Lemma I11.5.10, we chose not
to present it directly in Assumption I1.1.13. Indeed, our main motivation is to obtain
a general tightness result, also valid for unbounded rates. In particular, we will see in
Section I1.6 that if we consider the allometric setting with a € (0,1), by Lemma I1.6.1,
we would have a death rate of the form = > 0 — 2% with § > 0, which is not bounded
in a neighborhood of 0. In the following, we present an approach to show the tightness
of ({(uf,1 4 1d))xen+ in D([0, T],R) without further assumptions on d. We fix T > 0 in

the following and can consider a subsequence, still denoted as ( (,u{( , R{( ) te[0 T]> ,

KeN*
converging in law towards (uf, Ry )icpo,r) in D([0,T], (M (R%), W) X [0, Rimax]). We begin

with a result in expectation.

Proposition 11.5.12. We work under the assumptions of Theorem I1.5.1, and assume in
addition that

o the sequence (U )ken+ converges in law towards iy in (Mis1atw(RY), W),

e the function t € [0,T] — E((u;,1+1d)) € R and the function t € [0,T] —
t
/ E ((us,9(., R:) + b)) ds are continuous.
0
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Then, we have

sup |E ((uf,1+1d)) — E ((uf, 1+ 1d))| ——— 0.
te[()g‘]‘ (<Mt >) ({pez >)‘ K100

Proof. For K € N, we write 9% : ¢t € [0,T] — E ((uf,1+1d)) and 9* : t € [0,T] —
E ((uf,1+1d)). These functions are deterministic and well-defined from [0, 7] to R thanks
to Proposition 11.2.4 and Lemma I1.5.3. Our aim is to show that (9%)xen+ converges
uniformly towards ¢* as real-valued functions defined on [0, T]. Using Theorem I1.3.1 and
Skorokhod representation theorem if necessary, we assume that (u’)gen+ converges al-
most surely towards p* in D([0, T, (M, (R% ), w)). We divide the proof in two steps: first,
we show the pointwise convergence of (95) xen+ towards 9*; and then we use a continuity
and monotony argument and Dini first theorem to conclude to the uniform convergence
of (95) gen+ towards 9*.

Step 1: Pointwise convergence of (9%)xcn+ towards 9*

We fix t € [0,T]. For any M > 0, we define 157 a C**(R?.) function such that 0 < 1p; <1,
1y (z) =1for x € (0,M/2) and 1ps(x) =0if x > M. Then, for K > 1 and f € {*, K} we

write

(i 1+ 1d) = (pf, 1+ Td) Lo ((f, 1+ 1d)) + (i, 1+ Td)(1 = 1ay((f, 1 +1d))), (I1.5.35)

where all terms are well-defined and almost surely finite thanks to Proposition I1.2.4 and
Lemma I1.5.3. With the same techniques as in the proof of Lemma I1.5.3, and using
(I1.2.23) and Lemma I1.2.6, we let the reader check that there exists p > 1 such that

E( sup [(uf,1+1Id)?| | + sup E| sup [(uf,1+Id)?| | =: € < +oc.
t€[0,T] KeN* t€[0,T]

Remark that for all z > 0, 1 — 1y(z) < 1,5 Mmy2- Hence, using Holder inequality with
p > 1, and then Markov inequality that for any K > 1 and § € {*, K}, we obtain

/p )(p—l)/p

1
E ((af 1+ 1) (1= Tar (e 1+ 1)) < E ((af 1+ 10)7) B (L0 raoargo
2 1E ((uf, 1+ 1)7)
<
2r-lg
< -
— Mp_17

and this upper bound goes to 0 when M goes to 0. Thus, in the following, we fix ¢ > 0
and choose My > 0 such that 2p_1€/M571 < ¢/3. In that case, we obtain with the
decomposition in (I1.5.35) and the previous upper bound,

E ({1 + 1)) — E (Gt 1+ 1] < %+ [E ((af, 1+ T Lagy (S, 1+ Ta))
CE( 1 1) L (i, 1+ 1A))) | (I15.36)

Now, let us consider (¢,)nen an increasing sequence of C2°(R% ) positive functions that
converges pointwise towards 1 4 Id. Because (u€)xen+ converges almost surely towards
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p* in D([0, T, (M (R%), w)), and the functions ¢, are in C2°(R% ), we obtain in particular
that ((uf, on))K>1 converges almost surely towards (i}, ¢n) for every n € N. Then by
continuity of x > 0 — x1ps,(z) and dominated convergence (we can dominate all the
integrands by M), we obtain

E (<:u:;’ 1+ Id>1Mo(</Lz<a 1+ Id>)) = lim lim E (<:utKa (Pn>1Mo(<:u{<’ §0n>))

n—+o00 K —-+o00

= lim lim E ({4, n) 1 ((1f, 0n)))

K—+oon—+o0

: K K
= KLHEOOE (</J’t 1+ Id>1M0(<:U’t 1+ Id>)) )

Hence, for K high enough, we obtain thanks to (I1.5.36) that
|Q97{< - ’192(| <e,

which concludes the proof of the pointwise convergence of (95)gen+ towards 9* since this
is valid for any € > 0.

Step 2: Continuity and monotony argument to use Dini first theorem

In addition to the pointwise convergence proved in Step 1, we also have ¥* € C([0,T],R)
by assumption. For K € N* and ¢ € [0,T], we first write thanks to Lemma I1.2.3,

t
(W11 1d) = <u521+1d>+/ (W g, RE))ds
0
1 t
+ K/O /Z/{XRi 1{ue‘/s}£}1{h§b(£gf<)}./\/’(d8,du, dh)

1 ! u, K
+

Thanks to Assumption I1.3.1, b/w is bounded, so that we can use similar arguments as
in Proposition 11.2.5 to give a semi-martingale decomposition of the integrated term with
respect to A in (I1.5.37). To show that the same holds true for the integrated term with
respect to N/, we isolate this term in Equation (I1.5.37) and use the same argument as in
Proposition 11.1.18 (importantly, we use Assumption I1.3.1 which states that (b + g)/w is
bounded, and then Proposition 11.2.4 to control the expectation of the integrated terms
uniformly on K). Once we identified (I1.5.37) as a true semi-martingale decomposition,
we take expectations and obtain

ok = ﬂé<+/0tE(<u§,g<.,R§>+b>)ds—/0tE<<u§,d>< (1+1d))) ds

= 9K + I5(t) + DX (1),

t
where I : ¢ € [0,T] — / E (4, g(., RE) + b)) ds is a non-decreasing function of ¢ and
0

¢
DX .t €[0,T] — —/ E ((uf,d x (1+1d))) ds is a non-increasing function of ¢. Re-
0

mark that DX (t) is well-defined and finite for all + > 0, by Fubini theorem and because
it is equal to 95 — 9 — I (¢), which is a well-defined function thanks to Proposition I1.2.4.
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Let t € [0,T], then by Assumption I1.3.1, (b 4+ §)/w is bounded, so by Theorem II1.3.1,

Lemma I1.4.4 and domination by Cw with C' > 0 a constant independent of K and ¢,
t

we obtain that (I/)xen+ converges to I} := / E((us,g(.,R;) +b))ds. Furthermore, we
0

assumed that [* : ¢t € [0,T] — I} is in C([0,T],R). By Dini first theorem, we deduce that

(I™) gen+ converges uniformly towards I*.

Now, by the pointwise convergence of (95)x>1 towards 9¥*, the previous pointwise con-
vergence of (1K) k>1 and our assumption on the convergence of the initial conditions
(1) k>1, we obtain that DE(t) = 9f — 9& — I¥(t) converges pointwise towards ¢ €
[0,T] — 97 — 95 — I*(t). Furthermore, this limit is continuous and the functions DX
are non-increasing. By Dini first theorem again, (D) gen+ converges uniformly towards
U* — 95 — I, and this ends the proof. O

Proposition I1.5.12 is not enough to obtain the tightness of ({1, 1+1d)) x en+ in D([0, T, R).
We introduce additional assumptions to work without expectations. Let us introduce some
notations, for K > 1 and t € [0, 7], we write thanks to Lemma 11.2.3,

<M{(71+Id>:A1{<—BtKv

with
t t
AR = (M5<,1+Id)+/ <uf,g(.,R§)>ds+/ / Lrueviy Lney(enmyy NV (ds, du, dh)
0 0 JUxRY s oA
(I1.5.38)
and

t
K . u, K
Bj _/O/M LueviyLpcaeniy (1+§s, >N’(ds,du,dh).
xR

For every ¢ € [0,T], we also define

A= 3 1 +10)+ [ R + 1)

For every ¢ € (0,1), we can construct Reg. € C*(R%}) such that 0 < Reg, < 1,
supp(Reg,.) C (2¢,1/2¢) and Reg, = 1 on (g,1/e). We then define for ¢t € [0,T], K > 1
and ¢ € (0,1),

)
t
Kv — u,K u,K
v '_/o /a ey Lnzaer ) <1+’55— )Regg (55— )Nl(ds’du’ dn), (I1.5.39)
><RJr
and

t
5?:/u&dXO+MB%Jm
0

and all these quantities are almost surely finite thanks to Proposition 11.2.4, the fact that
Reg, has compact support for any € > 0 for ﬁtK’E, and Lemma I1.5.3 for ;. For ¢ € [0, 7],
we finally write

t
) ;—/0 (i d x (1 +1d))ds.

Note that at this step, this quantity is possibly finite or infinite. We begin with a prelim-
inary result.
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Lemma I1.5.13. Under the assumptions of Theorem I1.3.1, for every ¢ > 0, a subse-
quence of (%) gen- converges in law in D([0,T],R) towards (8§ )seqo.11-

If in addition the sequence (u&)ken+ converges in law towards p in (Mit1a4+w(RE), W),
then a subsequence of (A™) converges in law in D([0,T],R) towards (At)cjom €
C([0,T],R).

KeN*

Proof. We fix ¢ > 0, and we know that dx (14+Id)Reg, € C2°(R%), so by similar arguments
as in Proposition I1.2.5, we can give a semi-martingale decomposition of the integrated
term against A in (I1.5.39), using the associated compensated Poisson point measure.
The quadratic variation associated to the martingale term is

1 t
& [ i x (14 10 Reg?) s,
0

so that this martingale term converges in L' to 0 when K goes to +oo by similar argu-
ments as in Step 1. of the proof of Proposition 11.4.5, and the fact that Reg, has compact
support. Then, with Theorem I1.3.1, Lemma I1.4.3 and the mapping theorem, we verify
that the finite variation part converges in law to (3} )c[o,7], Which ends the proof of the
first part of Lemma I11.5.13.

The proof of the second point is similar, but importantly, we use Assumption I1.3.1
(i.e. the fact that (b + g)/w is bounded) and the uniform control of Proposition I1.2.4
to show that we have a true martingale decomposition in (II.5.38), and to show that the
quadratic variation associated to the martingale part converges in L' to 0. Then, for
the convergence of the finite variation part towards (A¢).e(o,), We use our assumption on
(1) k>1, and then Theorem 11.3.1, Lemma I1.4.4 and the mapping theorem to conclude
for the integrated terms. The fact that (A;)¢co, ) is continuous follows from the facts that
pw* € C([0,T], (My(R%),w)) (see Theorem I1.3.1) and (b + g)/w is bounded. O

We are now ready to state the main result of this section.

Theorem 11.5.3. We work under the assumptions of Theorem I1.53.1, and assume in
addition that

(i) the sequence (uk)kens converges in law towards pi in (Miy1a+w(R%), w),
(ii) for any accumulation point p*, we have: ¥t € [0,T], [ < 400,
(iii) any accumulation point (uy)ie(o,r s 1 C([0,T], (M111a+w(R%), W)).
Then, Conjecture I1.5.2 holds true.

Proof. For every k € N*, we write ¢, := 1/2F. Without loss of generality, extracting if
necessary, from Lemma I1.5.13, we use the Skorokhod representation theorem and consider
that we work in a probability space where the following convergences hold true almost
surely:

- (uE) ken+ converges towards uf,
- Vk > 1, (%) gen+ converges towards (B:*)eepo, 1>
- (4%)

Ken- converges towards (Ay)iejo,77-
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Note that for the use of Skorokhod representation theorem, we carefully consider a count-
able number of processes. Obtaining another almost sure convergence result in this new
probability space will translate into a convergence in law for the initial process that we
consider. For t € [0,T], K > 1 and k > 1, we verify that

B < B = AK — (uf 1 +1d) < AF — (uf€, (1 + 1d)Reg., ).
First, we take the limit ' — +o0o and obtain almost surely

Bk < hm inf BX < limsup BE < Ay — (uf, (1 + Id)Reg,, ).
—rFoo K—4o00

Then, by (i7) and Lemma I1.5.3, we can take the limit & — 400 and obtain almost surely

B < l1m1nf BF <limsup BX < Ay — (u}, (1 +1d)).
—too K—+o00

Furthermore, we can write for all ¢ € [0, 7] that

(g, (L +1d)) = Ay + B,

using an approximation argument, Equation (I1.3.25), Lemma I1.5.3 and (i¢). This entails
that for every t € [0,7], Klim BE = B;. In addition to this pointwise convergence,
——+00

we assess that the limit (8¢)icjo,r) € C([0,77),R). Tt is given by (i), Lemma I1.5.13
and the equality 8; = (uf, (1 +1d)) — A;. Finally, every (B Jtelo,r] is an increasing
function, so by Dini first theorem, we obtain that, in the probability space given by
the Skorokhod representation theorem, we have almost surely that (B) K>1 converges
uniformly towards 3 in D([0, 7)), R). This implies that both sequences of laws of (AX) x>
and (BX)g>1 are tight, thus ((uf,1 +1d) = AKX — BEX))g>1 is tight and this ends the
proof by Lemma I1.5.10. O

Remark: Interestingly, note that conditionally to the initial condition p, the additional
assumptions we introduce in Theorem I1.5.3 depend only on the limit u*, which is a
deterministic object, and is characterized by (I1.3.24) and (11.3.25). Hence, we transposed
our probabilistic questioning into the study of the solution to the weak formulation of a
PDE system. The question of verifying assumptions (¢), (i) and (iéi) in Theorem I1.5.3
remains open, but could be settled with a deterministic approach, which is not our area
of expertise.

I1.6 Application to a new setting with allometric functional
parameters, and link with existing models

In this section, with Example 1, we first introduce a new setting that does not exist yet in
the literature, with allometric functional parameters. We show that this allometric case
falls within the framework of the general setting depicted in Section II.1, i.e. we prove
that there exists a weight function w verifying Assumption 11.1.13 when the functional
parameters of our model are allometric. Thus, the tightness result of Theorem I1.3.1 is
valid in this allometric case, and we will provide numerical illustrations in Section II11.4.2.
Then, with Example 2 and Example 3, we draw links between the general setting and
specific frameworks already existing in the literature.
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Example 1 (Allometric setting): We give a fundamental example, with allometric
scalings for the metabolic, growth, birth and death rates. To the best of our knowledge,
this case has not been studied with an individual-based approach so far. It is motivated by
our biological interests, and in the following, we will refer to it as the ‘allometric setting’.
For every z > 0 and R > 0, we set:

(z) == Cpx®
2. b(x) —1x>z00g33
3. f

1. ¢

(z,R) := ¢(R)Cya7 (i.e. ¥(x) = Cya?),
d(z) := Csa?,

with a, 3,7,6 € R and (Cy,Cg,C,Cs) € RY. If f and g are two functions on R} with g
positive, we write f =¢ g, respectively f = g, if f(x) = g(x) on a neighborhood of 0,
respectively a neighborhood of +00. We aim to choose a weight function w € C I(Ri) such
that there exists 0 < k1 < ko with

- 3C > 0, w(x) =5 C1z™
- 30y >0, w(z) =o Coz"?

so that w is non-decreasing. We verify easily that we can construct such functions for any
0 < k1 < kg, and we say in the following that w has an allometric form if it verifies the
previous conditions. In the upcoming lemmas, we investigate under which conditions on
the allometric coefficients we verify Assumptions 11.1.4, 11.1.5, I1.1.13 and I1.3.1.

Lemma I1.6.1. Under the allometric setting, we have

(Assumptions I1.1.4 and I1.1.5 ) < (6§ < a—1, max(5,0) > a—1, vy = a and Cy > C,).

Proof. We work under the allometric setting. We have that
Ve >0, ¢(z)—Ll(z)=Cyx) — Cux”,

so Lemma II.1.2 implies that v = a and C,, > C,,. Then, Assumption II.1.4 implies that
0 < a—1, and max(3,0) > a—1 follows from Assumption II.1.5. The converse implication
is straightforward. O

Lemma I1.6.2. Under the allometric setting, under Assumptions I11.1.4 and II.1.5, sup-
pose that the weight function w has an allometric form with 0 < k1 < Ko.

- Ifa—3<9§ < —1, then Assumption 11.1.13 is equivalent to

kK1 =kKy=—9, a€l0,1] and B <2+ 0;
- If =1 <90 <0, then Assumption I1.1.13 is equivalent to

1_
—5SH1S/€2STSL acl0,1], and B<1

- If0 >0 o0réd <a-—3, then Assumption I1.1.13 cannot be verified.

These constraints on the allometic coefficients are illustrated on Figure 1.2 and Fig-
ure 11.5.
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Proof. Under Assumptions I1.1.4 and 11.1.5, by Lemma I1.6.1, we work with § < a — 1,
max(f5,0) > o — 1,y = a and C,, > Cy, and an allometric form for w with 0 < k1 < ka.
First, we suppose that Assumption II1.1.13 holds true. If we consider the different points
of Assumption I1.1.13, it suffices to study the associated inequalities on a neighborhood of
0 and on a neighborhood of +o0, since all the considered functions are continuous. Under
the allometric setting, the third point of Assumption I1.1.13 gives

Vo >0, Csz’(w(z) +w?(z)) < Cq(1+ 2z +w(x)). (I1.6.40)

Considering * — 0, respectively x — —+o00, and an allometric form for w, we obtain
that (I1.6.40) implies that —d < k1, respectively that 2ke + § < max(1,k2). First if
ko > 1, then we necessarily have 1 < —§ = k1 = ko. Else, we verify that we have

1-9
-0 < K1 <Ky < —5 < 1. Then, the first point of Assumption I1.1.13 gives

Ve >0, max(¢(Rmax)Cy — Ca, Ca)z*(1+w'(2)) < Cy (14 2 + w(x)). (I1.6.41)

Considering  — 0 and  — 400, we verify that (I1.6.41) implies that 0 < o < max(1, k2).
In particular, we obtain that Assumption II1.1.13 cannot be verified if § > 0 (because in
that case, we would have 0 > —§ > 1 — a > 0). Also, if we suppose by contradiction that
a > 1 and kg > 1, then considering (I1.6.41) when z — 400, we would have a + kg — 1 <
max(1,k2) = k2 so @ < 1 which is a contradiction. Hence, we always have a € [0, 1].
Finally, we consider the second point of Assumption I1.1.13. First if —1 < § < 0, then
w is non-decreasing, and Lipschitz continuous on (1,+o00) by the previous work, so the
second point of Assumption I1.1.13 is equivalent to (I1.1.12), which entails 5 < 1. Else if
0 < —1, we verify that the left-hand side in the second point of Assumption 11.1.13 is of
order %29=2 in a neighborhood of +oco, and the right-hand side is of order ¢, hence we
necessarily have § < 2+ 4§. As max(53,6) > a — 1, Assumption II.1.13 cannot hold true if
0 < a—3. The converse implications in Lemma I1.6.1 are straightforward verifications. [

Remark: Note in particular that under the allometric setting, if we want to pick a weight
function that has an allometric form with 0 < x; < k9 and verifies Assumptions 11.1.4,
I1.1.5 and Assumption II.1.13, we restrict ourselves to the case a € [0,1]. If we want to
consider for example the case f+1 =0+ 1 = a = 3/4 supported by the Metabolic Theory
of Ecology | ], we can pick k1 = 1/4 and k2 = 5/8 according to Lemma I1.6.2 (and
this is the best choice in the sense that we cannot choose another weight function that
has an allometric form and dominates this particular weight near 0 or +00). Obviously,
we investigated here only a precise form of the weight function w, other choices may be
possible to be less restrictive in the case f+1=3d+1 = o = 3/4, or to study for example
the case a < 0. We leave this for future work.
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Figure I1.2: Visual representation of the constraints on § and S in Lemma I1.6.2, with
v =a € [0, 1] (we took a = 0 on this figure). The admissible coefficients (¢, 3) are those in
the green hatched area, and verify one of the two following conditions: (7) (a—3 <6 < —1
and 8 <2+6); (i1) (-1 <d <0and S <1). Remark that the green area always contains
the particular case § = § = a—1 = v —1 highlighted by the Metabolic Theory of Ecology,
represented by a green dot on the figure.

K1
T3«
11
11/2
a—3 ~1 0 o

Figure I1.3: Visual representation of the constraints on x; in Lemma I1.6.2, depending on
the value of 0 (we took av = 1 on this figure). This represents the fact that if a—3 < § < —1,
then k1 = —0, and if —1 <6 < 0, then —§ < k1 < (1—0)/2. Note that kg verifies the same
conditions in Lemma I1.6.2, so that this graph is also valid to visualize the constraints on
ko. To sum up, if we want to pick an admissible triplet (0, k1, k2), we first choose (4, x1)
on the green line or in the green hatched area. Then, the remaining possible values for ko
are such that the two following conditions hold true: ks > k1, and (0, k2) is also on the
green line or in the green hatched area.

163



Lemma I1.6.3. Under the allometric setting, suppose that the weight function w has an
allometric form with 0 < k1 < ky. Then,

(1) Assumption 11.3.1 is equivalent to
k1 < a < Kk and B < kg,
(13) Assumption I1.5.8 is equivalent to

dne(0,1), k1 <a<max(kz,1—n) and f < max(kg,1—n).

Proof. This is an immediate verification (in particular, if w has an allometric form, the
fact that 1/w is bounded near +oo is automatically verified). O

Remark: If we want to be able to apply Theorem I1.3.1 under the allometric setting, we
thus have to gather all the restrictive assumptions of Lemmas I1.6.1, 11.6.2 and 11.6.3. For
example, if we work with the less restrictive Assumption I1.5.8, and fix § = = a — 1
(this is motivated by Theorem I1.2.1 in Chapter I), this gives the following constraints on
k1 and Ko,

-031—a§n1§n2§1—§§1,

- 3dn € (0,1), a € [k1,max(ka,1 — n)], which implies with the previous point that
a€[1/2,1).

In particular, w is dominated by 1+Id, both near 0 and +oco (see again Figure I1.1). Hence,
from Corollary I1.5.3, the best we can obtain in that case is an expression for any (uu, @),
where ¢ is bounded (which is equivalent to ¢ € B;,14(R%)). In particular, any accumu-
lation point p; integrates Id, and we can recover the total energy in the population. More
generally, pf integrates z — x* for every k € [0,1]. We will illustrate numerically the
convergence result of Theorem I1.3.1 under the allometric setting in Section I11.4.2.

Finally, we draw links between the general setting and specific frameworks already ex-
isting in the literature in Example 2 and Example 3. Importantly, note that we are not
going to be fully explicit and the reader have to adapt our methods to the described
frameworks to recover a result similar to Theorem II.3.1. For example, in our model,
during a birth event, the allocation of masses between parent and offspring is very spe-
cific, whereas in classical growth-fragmentation models | , |, the mass of
the offspring is determined via a general division kernel. We verify that we can adapt our
notations and methods of proof to compare our model to the differents cases we investigate.

Example 2 (Age-structure setting): We introduce functional parameters similar to
those of the age-structured model in | ]. There is no interaction with resources in
this specific case, thus the function g is of the form ¢ — £, and we do not define ¢. Also,
the age-structure imposes naturally that we work with x¢p = 0, which does not modify
fundamentally the previous model, we simply define our functions on R™, and it makes
sense to see individuals appear with age 0. The author of | | proposes constraints on
functional parameters that we can rewrite as

e /=0,
e b,Vx >0, 0<b(x)<b,
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e 3>0,YVx >0, 0<t(z)<y(l+u),

_ _ + g
e 3d > 0,Vx >0, d(z)<d and VYy>0, / E(a:)d:r = +o0.
Yy
Note in particular that the death rate is bounded. For biological motivations, we could aim
to introduce an increasing and unbounded death rate, modelling the fact that individuals
are more likely to die as their age increases. For example, if we set

o V>0, b(z)=1,
o Vx>0, ¢(z)=1,
e Vx>0, d(zx)=+/z,

then with the convention d/¢ = +o00, we recover immediately Assumptions 11.1.4 and
I1.1.5. We verify that we can choose w : & > 0 — z'/4 to verify Assumption I1.1.13.
Finally, without interaction with resources, Proposition II.1.11 has to be modified. We
verify that with the assumptions £ = 0, ¢ = 1 and E(Ej) < 400, we can prove with the
same techniques as in Proposition I1.1.16 that for all T > 0, E(supyc ) E£t) < +o00. This
suffices to recover all our results for an age-structured model similar to | |, but with
an unbounded death rate. Furthermore, Theorem II.3.1 is stronger than the tightness
result of Proposition 3.1. in | ]. Let T >0, (117 )sejo,r) an accumulation point of the
sequence highlighted in Theorem I1.3.1, and ¢ € C*(R%). In | ], for t € [0,T7], the
author obtained an expression for quantities of the form (i}, ), if ¢ and ¢’ are bounded.
By Lemma I1.5.3, we obtain an expression of (uy, ¢), for any ¢ such that only ¢/(1+1d)
is bounded. In particular, we directly obtain an expression for (u;,Id), which represents
the sum of ages of all individuals in the population (analogous to the total biomass of the
population in the case of a mass-structured model), without using a monotone convergence
argument.

Example 3 (Chemostat setting): For the sake of completeness, we finally mention
the mass-structured model including interaction with a resource R in [ ]. In this pa-
per, individual masses remain in a compact [0, M] over time, thus we define our functions
on this segment instead of R* , and we fix xg € (0, M). We give details about this chemo-
stat setting here, because it is the initial model on which we based our construction of
Section II.1. The authors of | | propose constraints on functional parameters that we
can rewrite as

e (=0,

e b non-decreasing and continuous on [0, M] with b(x) pa— 0 (see Section 2.1 in
T—T0

[ | for the general shape of b),

e concerning the resource consumption, a Gompertz model for the z dynamics and a
Monod law for the R dynamics, i.e.

M
3> 0,¥z € [0, M],YR >0, f(z,R)= nfR log <x> ..

e d = D, with some constant D > 0.
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We presented here a precise form for b, ¢ and v, used for numerical simulations in [ ],
but we can be a bit more general in the choice of these three functions (see Section 2.1
in [ ]). With the convention d/¢ = +o0, we recover again Assumption I11.1.4. Con-
cerning Assumption II.1.5, recall that it is meant to ensure 7oy, = 400 almost surely,
together with Assumption II.1.4. In the chemostat setting, individual energies are com-
pactly supported and the death rate is constant equal to D over time, so that this fact
is immediately verified (any individual dies in finite time). Finally, as individual energies
remain in [0, M] over time, we only need to verify Assumption II.1.13 on this segment.
Suppose that w € C!([0, M],R% ), then every point of Assumption II.1.13 is verified on
the segment [0, M] by continuity of the considered functions. Hence, we can pick any
non-decreasing w € C!([0, M],R%) in that case. In other words, as rates are bounded and
individual energies are compactly supported in the chemostat setting, we verify that we
can adapt our work with any weight function w to recover the results of | ]. Our aim
in this chapter was to go beyond the previous setting, by providing an adapted framework
to relax both the assumption of a priori compactly supported masses, and the bounds on
the growth, birth and death rates, and in particular to study Example 1 with the choice
of allometric functional parameters.
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Chapter III- Link between
stochastic and deterministic
models, and a numerical
illustration with allometric
parameters

In this chapter, we fix T' > 0 and we work under the renormalized setting, so that we can
freely use every result of Chapter II, and in particular Corollary I1.1.7, Corollary 11.1.17
and Theorem I1.3.1, and except in Section II1.5, we fix the energy at birth xy once and for
all (see again Section II.1.1 for details on the birth mechanism). The first aim of Chapter
[T in Section II1.1 is to present additional results on the accumulation points (x5, R})sejo,7)
highlighted in Theorem I1.3.1. In the following, up to the extraction of a converging subse-
quence, we suppose that ( (,utK ,RE ) +e[0.7] converges in law towards (17, Rf)iec[0,7]

KeN*
in D([0,T7], (My(R%), w) x [0, Rmax]). Furthermore, we suppose for the sake of simplic-

ity that the initial condition of the limiting process (u, Rj) is deterministic. Under this
assumption, (uy, R} )iejo,r) is itself deterministic and characterized by Equations (I1.3.24)
and (I1.3.25). In similar contexts, if in addition the initial condition p§ admits a density
ug with respect to Lebesgue measure on R’ , then pj also admits a density u; for every
t € [0,T] (see Proposition 5.4. in [ ] or Section 3.3. in | ]). We only give a par-
tial justification of the previous result in our setting in Proposition I11.1.3, with restrictive
assumptions. In the rest of Chapter III, we assume that uf is absolutely continuous with
respect to Lebesgue measure on R for every ¢ € [0, T]. This gives rise to function solutions
to the weak formulation of the PDE associated to (uy, I} )ic[o,7] (whereas Theorem I1.3.1
provides only measure solutions to this PDE). With the notations of Section II.1.1 in
Chapter II and under additional regularity conditions, we show in Proposition I1I.1.5 that
the density u; verifies, for every ¢t € (0,7] and = € R\ {z0},

Drue(x) + 0, <g<x, Rf)ut(x)> = bz + zo)ue(z + x0) — (b(x) + d())us(x),

with
dR;y
dt

—o(8) = x [ Ryui(a)da
RL
and the boundary condition

| oy = (wlan) — wteo) ) atan, )

+
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In Section III.1.2, we search for specific solutions to the previous PDE system, associated
to an eigenvalue problem. After this preliminary work, valid under general conditions, we
focus in all the rest of this chapter on the allometric example described in Example 1 of
Section II.6. In particular, under this allometric setting and the assumption that there
exists a non-trivial equilibrium for the previous PDE, we obtain in Corollary 111.1.9 that
the value of the resource at equilibrium Req is unique. We draw a link with Chapter I, by
remarking that this equilibrium is compatible with only one set of allometric relationships
between (1.2.6) and (1.2.7) (see Theorem 1.2.1), and the only compatible one is precisely
(I.2.6), i.e. the one supported by the Metabolic Theory of Ecology. We further present in
Section II1.1.3, under the allometric setting, an attempt to reduce the problem of solving a
PDE system for the limit (3, R} );e[o,77, to solving a coupled system of ODE, by studying
quantities of the form ((u}, *)),c(0.7] for k € [0,1].

The rest of Chapter III is dedicated to numerical illustrations of the theoretical results of
Chapter II, and a discussion about the difficulties encountered to carry out the simulations.
They are implemented with Python, under the allometric setting where the functional pa-
rameters described in Section II.1.1 are power functions (see Example 1), and for the
renewal of the resource, we place ourselves in a chemostat setting. We specify our simu-
lation parameters for the rest of this chapter in Section III1.2. Then in Section III.3, we
discuss the usual way to simulate the stochastic process (uf, RK )t>o0 for K > 1, which
model a population interacting with a varying resource, via a Gillespie algorithm | ].
We will denote this stochastic model as the individual-based model, or simply IBM in the
following. In Section III.4, our main goal is to illustrate numerically the tightness result
of Theorem I1.3.1. In fact, our simulations lead to the convergence of the IBM towards
a unique limit, which motivated the discussion of Section II1.5.1. First, in Section I11.4.1,
we work under the specific context described in Section II1.1 where we study a density wu
solution to a coupled PDE system with the resource R;. We will denote this deterministic
model as the PDE model in the following. We provide our algorithm for the deterministic
simulations of (u¢, R} )+>0 given a fixed initial condition (ug, R). Then in Section I11.4.2,
we compare simulations of the IBM to simulations of the PDE model for increasing values
of K. The parameter K can be interpreted as a scaling parameter representing the initial
size of the population. In the case of a chemostat, we can also interpret K as a scaling
parameter of the total volume of the vessel where bacteria interact with nutrients (see
Section 5.1 in | ). We observe numerically the convergence of the IBM towards the
PDE model when K — +oco. Finally, in Section II1.5, we explore possible biological
behaviors simulated by our model, by making the parameter x( vary.

III.1 Link between the IBM, the PDE model and ODEs

We suppose that the initial condition of the limiting process (4, Rf) is deterministic, so we
study a deterministic process (uy, R} )e[o,r) determined through Equations (I1.3.24) and
(I1.3.25) (this process exists thanks to Theorem II1.3.1), which are the weak formulation of
a PDE system. In Section III.1.1, for T" > 0 and under restrictive assumptions, we prove
in Proposition III.1.3 that p; admits a density u; with respect to Lebesgue measure on
R for t € [0,7]. This result is only partial in the sense that our additional assumptions
are not verified under the allometric setting for example. Thus, in the rest of this section,
we will assume that uf is absolutely continuous with respect to Lebesgue measure for ¢ €
[0,7]. Under additional regularity assumptions, we prove that this entails the existence of
function solutions to the PDE in Proposition I11.1.5. Then in Section II1.1.2, we formulate
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a similar PDE system with fixed resources R > 0, and we search for specific decorrelated
solutions to this new PDE system of the form w(z) : (t,z) € [0,T] x R% + ug(z)errt
with some Ar € R and up a positive function. We are particularly interested in non-
trivial equilibria for the PDE system (i.e. values Req for which there exists a decorrelated
solution ueq associated to Ag,, = 0 to the PDE system with fixed resources Req), but note
that we shall not prove the existence of decorrelated solutions nor equilibria associated
to the PDE system. Nevertheless, this gives rise to an eigenvalue problem, and we give
necessary conditions verified by (ug, Ag, R) for the existence of such solutions. Our main
result is Corollary III.1.9, which identify the unique possible value of the resource Req at a
non-trivial equilibrium in a precise allometric setting, if we assume the existence of such a
non-trivial equilibrium. Then, we deduce that the only choice of allometric relationships
compatible with this non-trivial equilibrium between (1.2.6) and (1.2.7) (see Theorem 1.2.1)
is the first one, supported by the Metabolic Theory of Ecology. Finally, we further present
in Section II1.1.3 an attempt to reduce the problem of solving the PDE system to solving
a coupled system of ODEs, for the study of ‘allometric’ quantities of the form (u},z*)
with k € [0,1] for t € [0,T.

I11.1.1 PDE associated to the accumulation points of Theorem 1

We will investigate in the following the case where there exists function solutions to the
weakly formulated PDE system (I1.3.24)-(I1.3.25). We want to study the context where
for all t € [0,7], py admits a density u; with respect to the Lebesgue measure on RY.
First, we give a partial result that proves the existence of such a density under the restric-
tive Assumption III.1.2, following a classical procedure of | ]. We begin with some
definitions, and remark that we can define (u;, R}) for any ¢ > 0, simply by saying that
it coincides on any [0, 7] with 7' > 0 with the unique solution to (I1.3.24)-(I11.3.25) (recall
that we work under the renormalized setting of Chapter II). As in Section I1.5.1, for tg > 0
and z > 0, we consider the following equation with unknown function Gy, . and terminal
condition at tg, associated to the resource R;:

f‘,o,z(t) = g(Gto,z(t), R;),
{ oo (to) = 2. (IIL1.1)

With the same arguments as in the proof of Proposition I1.1.3, for every z > 0 and tg > 0,
there exists a neighborhood V;, , C RT of ¢y, such that there exists a unique local positive
solution Gy, .(.) to the previous equation, defined on V;, ., and we can assume that this
neighborhood is maximal. It is then possible to define U := {(to,2,t) € Rt xRL xRT, t €
Vio,=}, which is an open subset of R* x R% x RT, on which the flow (t, z,t) — Gy, .(t)
is well-defined and C''12(2) by the same arguments as in the proof of Proposition II.1.3.
For (to, z,t) € U, we can write

t
Gupolt) = 2+ [ 9(Gigo(s), B (TL1.2)

to

Contrary to classical results for similar models where the regularity of the flow is valid on
the whole space Rt x R% x R™ (see Proposition 2.1 in ] or Proposition 2.1 in | 1),
we only have a result on U, because of the possibly unbounded growth rate (individual
energy following this deterministic flow may explode in finite time). For (¢9,t) € Rt x R,
we define the open set Oy, := {z > 0, (lo,2,t) € U}; and for (z,t) € R% x RT, we also
define the open set U, ; := {tp > 0, (to,2,t) € V}.
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Lemma III.1.1. For every (to,t) € RY x RY, 2+ Gy, .(t) is a C'-diffeomorphism from
Oyt to its image. This image is denoted as D;}}t in the following.

Proof. Thanks to the regularity of our functional parameters, g and R* are C' functions,
so locally Lipschitz continuous, hence classical arguments entails this regularity with re-
spect to the terminal condition z (see Théoreme I1.10. in Chapter X of | D- O

However, an important new ingredient of our model compared to existing literature is that
for (to,z) € RT x R%, the sign of g(Gy, -(t), Rf) in (III.1.1) may change over time, so that
G',,-(.) would not be monotonous on V;, ., hence would not be a C L_diffeomorphism from
Vio,= to its image. This is why we introduce the following additional assumption.

Assumption II1.1.2.

(i) For every (to,z) € RT x R%, t > Gy, .(t) is a Cl-diffeomorphism from Vi, . to its
1mage.

(ii) For every (z,t) € R X R, tg = Gy, 2(t) is a Cl-diffeomorphism from A, to its
image. This image is denoted as L[;% in the following.

Remark: We acknowledge that Assumption II1.1.2 is restrictive and may not be verified
in a general context where (Rf);c|o,r) is not monotonous over time (which will be the
case under the allometric setting, at least numerically, of the third row of Figure I11.4).
Essentially, by considering (III.1.2), Assumption III.1.2 is the same as saying that for
all ¢ > 0, g(.,,Rf) > 0 (or for all t > 0, g(.,Ry) < 0). This assumption is for instance
verified if the resource R* is constant equal to Ry ax over time thanks to Assumption I1.1.1,
or if we choose g to be always positive (as in | |), but absolutely not guaranteed if
the resource vary over time or if g is not of constant sign uniformly on x and R. Still,
even if we did not succeed in proving it without Assumption III.1.2, we aim to provide
in Proposition III.1.3 a context where for all ¢ € [0,T], u; is absolutely continuous with
respect to the Lebesgue measure on R} . The proof of this result in a general context
without Assumption I11.1.2 is left open to conjecture, and we give a possible line of research
after the proof of Proposition I1I.1.3.

Proposition II1.1.3. We work under the assumptions of Theorem I1.3.1 with a de-
terministic initial condition (ug, Ry). We assume that there exists a density ug with
po(dz) = wo(x)dx, and that Assumption II1.1.2 holds true. Then, for all t € [0,T],
there exists an integrable density u; : R RT such that

wy (dz) = uy(z)de.

Proof. We use Radon-Nikodym theorem, ¢.e. it suffices to show that for every negligible
Borel set B C R% (i.e. such that the Lebesgue measure of B is 0) and ¢ > 0, then
(uf,1p) = 0. First, we consider a positive function ¢ € C2°(R% ). As in Section IL.5.1, we
can associate to ¢ the function

Yo(2) : (5,2,1) € B (Gsz(1)),

and then extend this function by y%(z) = 0 if (s, 2,t) ¢ U. By the same argument as in
Section IL.5.1 (using the fact that for every (s, z), V. is the maximal neighborhood on
which the solution t — G ,(t) is well-defined, so this solution escapes any compact near
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the boundary of U and especially the compact support supp(y) of the function ), this
defines a global C1'%2 function ¥ : (s, z,t) = y'(z) on RT x R x R* verifying the transport
equation in Proposition I1.5.6, replacing R, with R}. By convention, even if G ,(t) is not
well-defined if (s, z,t) ¢ U, we will write for every (s,z,t) € RT x R x R that

yé(z) = %D(GS,Z(t))l{xEDs,t} = ‘P(GS,Z(t))l{seuz,t}

We fix t > 0 in the following. Then, from Equation (I1.3.25) applied to y, the fact that
it is a positive function (so we can neglect negative terms in the following upper bound)
and that it verifies Proposition 11.5.6, we obtain

t t
i) = il < Gt [ [ s (@oast [ | el = )i
+
= [ 0 (Gual®) 2oy guo@in + [ oGOy / ) (da)d
+

t +o0
[ @G () e, g (dn)ds. (TLL3)
z0

By Lemma III.1.1, we can define u € D(ﬁ — Ga,t(t) the inverse function of z € D¢ —

G,2(t), which is also a C L_diffeomorphism from D& % to Oo¢. We then perform the change
of variables u = G 4 (t) in the left-most integral of the right-hand side in (II1.1.3) to obtain

/ 2 (Goa(t) Lizen, yuo(z)dz = /

Similarly, thanks to Assumption II1.1.2, we can define u € U wot > G (t) the inverse

*

o (0) G 100,610V o 1y |

function of s € 8y, ¢+ — G 5, (t), whichisa C L_diffeomorphism from leo’t to Uz ¢ From the
change of variables u = G5 4,(t) in the second integral of the right-hand side of (IIL.1.3),
we obtain

/ (G (D)L sese / Dui(dayds = [ o(w) [1{%&;03}8“6:;;0@)
¥

b
/* @z

More generally, by Assumption IT1.1.2, we can define u € 41 ot P Gu v, (t) the inverse
function of s € Ly > Gop—uao(t) for every z > xg, and thls is a Cl- diffeomorphism
from il;_lgm,t to Uyp—z,+- We perform the change of variables (u,y) = (Gsz—z,(5),t) in the
right-most integral of the right-hand side of (III.1.3) to obtain

t “+o00
/0 / b()9(Goero (D) Lpacst, . piit(dz)ds
Zo

-/ o [ T o

0 u,Yy—x()

(dx) | du.

(t)(dy)] du.

Hence, by (II1.1.3), we finally have (i}, p) < / o(u)¥(t,u)du, with

Wt 1) i= 10 (G (0)0.G O fuen 1) + Lpueast ) DG (0) [

R*

b(@)hgo (o) (de)

“+o0o
+/ 1{u€u_ 0, t}a G u,Y— oco( )b( )Hg— (t)(dy)

o u,Yy—x()
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Let us show that u — W(t,u) is integrable for every ¢ > 0. Let ($p)nen be an increasing
sequence of CZ°(R%) positive functions that converges pointwise towards the constant
function equal to 1 on R%. For any n € N, we associate as before a function y;,, to ¥y,
and recall that as we just made several changes of variables to obtain the expression of W,
with (II1.1.3) we have for all ¢ € [0, 7],

J

t
Euly ¥t = (i) + [ [ bt o) (da)as
+

*
t
[ bt o - oo,
0 Jry

By monotone convergence, from Assumption I1.1.13, the fact that every ¢, is lower than
or equal to 1, and the previous equality, there exists a constant C' > 0 such that for every
te[0,7],

[ twealan= tim [ o) w0 du < (G 1)+ TG, sup (i1 410+ ).
Ri n—-+00 Ri tE[O,T}

which is finite by Lemma I1.5.3, so that u +— W(¢,u) is integrable for every ¢ > 0. Let us
get back to our initial aim of proving that (u;,1p) = 0. We consider a sequence (¢, )nen
of C2°(R%.) functions that converges pointwise towards 1p. Without loss of generality, we
can assume that the functions ¢,, are positive and uniformly bounded on R* , and that the
sequence (¢ )neN 1S non-increasing with ¢g integrable. We can then apply the previous
work and obtain

(ni,1p) = lim (g, @n) < lim [ on(y)¥(t,y)dy = / 1p(y)¥(t,y)dy = 0.

We use monotone convergence for the first equality, then (I11.1.3), followed by dominated
convergence because V¥ is integrable, and finally the fact that B is a negligible event for
the last equality. This concludes the proof. ]

Remark: It might be possible to adapt the previous proof if we can split [0,7] into
a finite number of intervals (I,)1<n<ym with M > 1, such that for every 1 < n < M,
s € I, — Gs,(t) is a Cl-diffeomorphism on its image (equivalently, if we can split [0, T
into a finite number of intervals such that on each of these intervals, g(., R;) is either > 0
or < 0). This may allow us to work without Assumption III.1.2, but the technical point
would be to prove that there is indeed a finite number of such intervals, and we leave this
for future work. Also, the previous line of research will not work if g(xo, Rf) = 0 on an
interval I, because in that case, u; will have a Dirac mass at xq for ¢ € I.

In the rest of this section, we thus make the following assumption.

Assumption II1.1.4. For all t € [0,T], there exists an integrable density u; : R% — RT
such that

wy (dx) = uy(x)da.

Intuitively, the specific birth dynamics of Section I1.1.2, where offspring always have the
same energy xp, may create an accumulation of the mass of the measure p; at xg for t > 0,
and so u; will be discontinuous at xg. This is different from the classical case depicted
in the literature where the density function is usually assumed to be continuous at every
point x > 0 (see Proposition 3.6. in | ). We precise our intuition in the following
proposition.
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Proposition III.1.5. Let T' > 0. Under the assumptions of Theorem I1.3.1, under As-
sumption II1.1./, assume that:

- for all t € [0,T), the function z € R \ {zo} — w(x) is C,
- for allt € [0,T), the limits ui(xo+) and u(xo—) exist and are finite,
- for all x € R%, the function t € [0,T] — w(x) is C!,

- there exists a locally integrable function F on R, such that for all t € [0,T], for all
x>0, [Qu(z)| < F(z).

Then, the density (t,x) € [0,T] x R} + w(x) and the quantity of resources (R )ie(o,r)
verify the following PDE system. For everyt € (0,T] and x € R\ {zo},

Orur(z) + O <g(m, Rz‘)ut(x)> = b(z + zo)ut(z + x0) — (b(z) + d(z))us(x) (IT1.1.4)

and

dR;
dt

=s(R}) — X/R* f(z, R} )u(x)dz, (IT1.1.5)
+
so that in particular t — R} is C' on [0,T]. We also have the boundary condition
Rib(y)ut(y)dy = <ut(xo+) — ut(mo—)>g(azo, Ry), (IT1.1.6)
and the initial condition ug at time t = 0.

Proof. Considering Equation (I1.3.24), which provides an expression of R} with an in-
tegrated form for ¢ € [0,7], and thanks to our regularity assumptions on functional pa-
rameters ¢, f and u;, we obtain that R* is C! on [0,T], and Equation (III.1.5) follows
by definition of p. To show (III.1.4) and (IIL.1.6), we first remark that from the uniform
domination assumption on dyu; by a locally integrable function F' on RY, for every test
function ¢ € C2°(R%) and t € [0, 7], we have

(

Let ¢ € CX(R%), then from Equation (I1.3.25) and by assumption on the functional
parameters b, d, g and uy, t € [0, T] — (uf, @) is differentiable, and for every ¢ € [0, T], we
first have

(

@(m)ut(x)dx> :/R o(z)Opuy(z)de. (IT1.1.7)

* *
+ +

au(o)ds ) =0 (it o)) = [ ol R (e 4000) (o) +o(a-0) (o)

+ + —d(l’)g&(l’)] ug(x)dx
= /R ig(;c,1~z;f)gp’(g;)ut(:c)da:+ /R . [b(x)so(wo)w(w)

+ b(z + zo)ut(x + zo)p(x) — (b(z) + d(a:))@(a:)ut(a:)} dz, (II1.1.8)
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where we used a change of variables  — z¢g +— x and the fact that b = 0 on (0, 2] for the
term b(z + xo)ui(x + xo)p(z). If we consider a function ¢ such that ¢(x¢) = 0, then we
integrate by parts and use the fact that ¢ has compact support to obtain

J

oy) —+o00
9(z, B (@)u(z)de = /0 o, R/ (2)ur(z)da + / o(z, B (@) (z)de

x0
/R

where we first splitted the integrals to obtain vanishing terms in the integration by parts,
and then recombine them together to obtain a global integral on R* . Hence, we finally
obtain, for all test function ¢ such that ¢(zg) =0,

J

which entails (III.1.4) for all x € R\ {xo}, since the integrand above is continuous for
every x # xo. Finally, if we consider now ¢ € C2°(R%.) such that ¢(xg) # 0, we obtain in
the same manner

J

*
+

()0, (sl Rua) )

*
+

o(x) [(%ut(a:) + 0y (g(m, Rf)ut($)> + (b(x) + d(x))u(z) — b(x + xo)u(x + o) |dz = 0,

*
+

xo 400
o(z, B (@)uy(z)dz = /0 o, R (@)uy(x)dz + / o(z, B (@) () dz

.
+ zo

= olanlgten R) wla-) ~ o))

)

so from (III.1.4), (IT1.1.7) and (III1.1.8), we obtain (III.1.6), which ends the proof. O

o(@)0. (sl R uua) ) .

*
+

Remark: In Equation (II1.1.4), we can relate the terms to the individuals dynamics de-
picted in Section II.1.1. For x # ¢, the infinitesimal variation of u;(z) over a small step
time is due to three factors: the energy gain and loss dynamics lying in the transport term

Oy <g(a:, Ry )ut(x)>, the possible creation of offspring at z from individuals with energy

x 4 g, expressed with the term b(z + xg)us(z + xo); and the possible birth or death events
occuring from individuals with energy z, expressed with the term —(b(x) + d(z))u(x).
Finally, the boundary condition (III.1.6) expresses the fact that every birth event creates
offspring with energy zg, instantaneously driven out from this point by the continuous
evolution of energies with speed g(zo, R}).

The resolution of the system (III.1.4), (III.1.5), (III.1.6) with initial condition ug can
be implemented with a finite differences scheme presented in Section II1.4.1. In this
section, we will discuss numerous problems arising with the numerical approximation of
the PDE, among which dealing with the boundary condition (II1.1.6), the fact that the
growth rate g can be either non-negative or negative depending on the amount of resources
over time, and the fact that our energy discretization has to approximate well the term
b(x + xo)ut(x + o).
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I11.1.2 Eigenvalue problem and equilibrium for the PDE model with
fixed resources

In this section, we fix an initial condition ug, and we introduce a new PDE system similar
o (III.1.4), (III.1.5), (II1.1.6), but with fixed resources R over time. Our goal is to draw
a link between the results of Chapter I and Chapter II.

Definition I11.1.6 (PDE with fixed resources). In the following, for every R > 0, the
function (t,z) € RT x R% — w(x) is said to be a solution to the PDE with fized resources
R if it verifies the assumptions of Proposition II1.1.5 and

Vit > 0,Ve >0, Owu(z)+ 0y <g(:c, R)ut(yc)> = b(z + zo)ut(z + xo) — (b(z) + d(z))us(z),

with the boundary condition
w> 0 [ wulay = (o) - wlao) )gteo 2
+

It is possible to adapt the techniques used in Chapter II to obtain a similar tightness result
as Theorem I1.3.1, but with the model of Chapter I with fixed resources. Even if we shall
not give a proof of this fact here, because it would need to repeat all the steps of the proof
of Theorem I1.3.1, the PDE with fixed resources R naturally arises in the large-population
limit for the model of Chapter I, as it was the case for the PDE system (I11.1.4), (II1.1.5),
(IT1.1.6) for the model of Chapter II. We fix R > 0 in the following, and search for specific
solutions to the PDE with fixed resources R and initial condition ug.

Definition III.1.7 (Decorrelated solutions). A solution to the PDE with fized re-
sources R is called a decorrelated solution, if there exists Ar € R and a positive function
ug € CH(R\ {zo}) such that ur(zo+) and ug(zo—) ezist and are finite, with

VE>0,Ve >0,  wu(z) = ug(x)er.

We write (ur, Ar) for such a solution. It is called a non-trivial equilibrium if Ap = 0,
and we denote it as ueq in that case.

The search for such solutions is motivated for example by the work of Campillo, Champag-
nat and Fritsch (see Section 4.1 in | ]) and more generally gives rise to an eigenvalue
problem associated to the PDE with fixed resources.

Conjecture III.1.1. Under additional assumptions on the functional parameters of the
model, for every R high enough (to guarantee that the system does not go extinct), there
exists decorrelated solutions to the PDE with fixed resources R. This is equivalent to say
that there exists solutions (ur, Ar, R) to the eigenvalue problem

9z (g ) (AR + b+ d)ur = b(. + zo)ur(. + o),
/R b(y y)dy = (uR(xo—i-) - uR(xg—))g(xo, R),

with ug > 0 and/ ug(x
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A proof of Conjecture I11.1.1 could be based on the study of the expectation of the
stochastic process (ut)t>o defined in Chapter I with fixed resources R, conditioned to
non-extinction, and the general criteria for the existence of quasi-stationary distributions
developed in | ]. It might also be possible to adapt arguments from | ]. We
leave this for future work.

Conjecture II1.1.2. Under additional assumptions on the functional parameters of the
model, there exists Req such that the PDE with fized resources Req admits a non-trivial
equilibrium ueq (i.e. there exists a solution to the eigenvalue problem of Conjecture I11.1.1

with AReq = 0).

In Section II1.4.2, we will verify Conjecture I11.1.2 numerically under the allometric setting
described in Example 1 of Section I1.6 with v = a = § + 1. Even if proving the existence
of decorrelated solutions or non-trivial equilibria is left for future work, we can still give
necessary conditions for a solution (ug, Ag, R) to the previous eigenvalue problem to exist.

Lemma II1.1.8. We assume that there exists (ur, Ag) a decorrelated solution to the PDE
with fixed resources R > 0. We also assume that there exists an integrable function H on
R, such that

Ve >0, |(1+z+w())ur(z) < H(z). (III.1.9)

Then, for every f € C*(R%) N Bii1at+w(RY),

+oo +oo
AR/O f(@)ug(x)dx :/0 f(2)g(z, R)ug(z)dx
+oo
w [ () + s =) = @) loun(onts
+o0o
- [ @i untoa.

Proof. Let us fix f € CL(R})NB141a+w(RY) and write w : (t,2) € [0, T|XR%. — up(z)elre.
First, we check that u verifies the assumptions of Proposition I11.1.5, and thanks to the
domination (III.1.9), all the following integrals are well-defined and finite. The solution u
is decorrelated, so we immediately obtain

“+oo

+oo
; ()0 (z)de = AR/0 f(z)uy(z)de.

Then, we use (II1.1.4) to obtain

—+00

+o0 +oo
/0 f(x)0wuy(z)dr = — f(z)0y (g(x, Rt)ut(x)>dw — /0 f(z)(b(z) + d(z))us(z)dx

0

+ /O+Oo f(@)b(x + zo)us(z + x0)du,

Performing an integration by parts for the first integral in the right-hand side, then use
the boundary condition (III.1.6) for the additional term that appears, and finally perform
a change of variables y «— x + x in the last integral (recall that b =0 on (0, z¢)) leads to
the wanted result (we also simplify everywhere by eA#t). O
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Remark: If Assumption II1.1.4 is verified for u : (t,z) € [0,T] x R%. — upg(z)e ! associ-
ated to the decorrelated solution (ug, Ag) highlighted in Lemma II1.1.8, then the integra-
bility condition (II1.1.9) follows from similar arguments as in the proof of Lemma I1.5.3,
but adapted to the model of Chapter I with constant resources.

Lemma III.1.8 provides an infinite number of necessary conditions that has to be veri-
fied by (ugr,AR) for a decorrelated solution to the PDE with fixed resources R to exist.
For t > 0, k € [0, 1] and such a decorrelated solution, we define

“+oo
My, = / 2Fug(z)de.
0

Under the assumptions of Lemma, III.1.8, these quantities are finite and positive as ug > 0.
For example, if we take f = 1, we obtain

ApMy = /0 o [b(a:) - d(x)]uR(az)dx.

If we take f = Id, we obtain

Ay = /O o [g(:v, R) - xd(x)} wp()dz (I11.1.10)

Remark that we can also isolate the term Ap, and this provides relationships between
integral quantities depending on the density upg, and especially the My, for k € [0, 1], which
is particularly adapted under the allometric setting (because power functions naturally
arise in this setting). For example, with the notations of Example 1 and if 7, @ and § + 1
are in [0,1], (II1.1.10) translates into

ArM; = ¢(R)Cy M., — CoMy — CsM;.1. (111.1.11)

Corollary III.1.9. Under the allometric setting described in Example 1 of Section I1.6
with a € [0,1] and v = o = § + 1, assume that there exists ueq @ non-trivial equilibrium
for the PDE with fized resources Req, such that there exists an integrable function H on
R with (II1.1.9). Then, we necessarily have

Cs+C
$(Roq) = 01T, (IT1.1.12)
Cy
Cs+C
In particular, if ¢ : R > 0 — with some k > 0, and ¢ := Lot la < 1, then we
K+ R (&N
obtain rec
Beq = 1—c

Proof. We use Lemma III.1.8 with f = Id and Ar = 0 because we search for a non-
trivial equilibrium. The result follows from (III.1.11), the fact that v = o = 6 + 1 and
My > 0. O

Hence, under the allometric setting with the precise parameters specified in Corollary I11.1.9,
we can identify the unique possible value of the resource at the equilibrium, if it exists.
Finally, we have the following result if ¢(R) < 1 for R > 0 (this assumption is really not
harmful, it is usually the case for the choice of the function ¢ [ , , ).
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Lemma I11.1.10. We work under the allometric setting described in Example 1 of Sec-
tion I1.6 with a € [0,1], y=a =0+ 1 and ¢(R) < 1 for R > 0. Assume in addition that
Cs > Cy — Cy. Then, for every R > 0, the PDE with fived resources R admits no non-
trivial equilibrium ueq such that there exists an integrable function H on R with (I111.1.9).

Proof. Let us suppose by contradiction that there exists an amount of resources Req
associated with a non-trivial equilibrium weq verifying (II1.1.9). Then by Corollary I11.1.9
and by assumption on (Cs,C,, Cy) and ¢, we must have

_Ca—i—Ca >

1> ¢(Req) = o >1,
v

which is a contradiction and this ends the proof. ]

Lemma II1.1.10 allows us to draw a final link between the considerations of this section
and Chapter I.

Corollary III.1.11. We work under the allometric setting described in Example 1 of
Section I1.6 with a € (0,1] and ¢(R) < 1 for R > 0, and assume that the allometric
coefficients wverify the condition (1.2.7) highlighted in Theorem 1.2.1. Then, for every
R >0, the PDE with fized resources R admits no non-trivial equilibrium ueq verifying the
integrability condition (I111.1.9).

Proof. 1f the allometric parameters verify the condition (I.2.7), then C5 > C — C,, and
we conclude by Lemma II1.1.10. O

Remark: The main result of Chapter I is Theorem 1.2.1, which highlights two possible
sets of allometric coefficients (1.2.6) and (1.2.7) to guarantee that there exists an amount
of resource R for which the population branching process is supercritical for every xy > 0.
In Chapter I, we cannot distinguish between (1.2.6) and (I.2.7) in terms of supercritical-
ity, even if we conjecture a difference in the expectation of the offspring distribution in
Conjecture 1.2.3. In this section of Chapter III, for every R > 0, we study the existence
of a non-trivial equilibrium for the PDE with fixed resources R, that can be linked to
the stochastic model of Chapter I by the same arguments as the tightness result of The-
orem II.3.1. Corollary III.1.11 states that if we choose the set of allometric parameters
(I.2.7), then there is no possible non-trivial equilibrium for the PDE with fixed resources.
On the contrary, we verify numerically that if we choose the allometric set (I.2.6) (which
is precisely the set highlighted by the Metabolic Theory of Ecology), then the system
seems to converge to a non-trivial equilibrium (see Figure II1.4). Even if some theoretical
ideas need to be developed, especially to prove the existence of this equilibrium, this result
allows us to distinguish between the two sets of allometric parameters (1.2.6) and (1.2.7).
Along with the result of Theorem 1.2.1, this could be a way to justify the allometric rela-
tionships usually depicted in the literature [ , | as the only set allowing both
survival of the population in the context of abundant resources, and existence of a critical
amount of resources for which the system reaches a non-trivial equilibrium .

I11.1.3 An exploratory attempt of reduction to an ODE system

In this section, we consider again a general solution (u(.), Rf)ic[o,7] to the PDE system
(IT1.1.4), (III.1.5), (II1.1.6) verifying the assumptions of Proposition III.1.5. In particular,
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we define for every t € [0,T] and k € R the following quantities, possibly finite or infinite,

+oo
M (t) = /0 2Py (x)da.

We present an unsuccessful attempt to approximate numerically quantities of the form
My (t) over time. We wanted to deduce from the PDE system a new system of coupled
ODEs, under the allometric setting with a € [0,1] and vy =a =d + 1 =+ 1. Our main
motivation was to recover a simpler model still structured by allometric relationships, but
for quantities of the form Mjy(.) that have a clear biological interpretation (for ¢ > 0,
we can interpret My(t), respectively M (t), as the population size, respectively the total
energy in the population, at time t). Also, solving a coupled system of ODEs usually
reduces the complexity of algorithms and computing time. A lighter numerical scheme
paves the way to a numerical comparison between different allometric parameter sets, and
could lead to a study of allometric relationships with an evolutionary point of view as in
[ |. We begin with a preliminary result, at the root of this exploratory work.

Lemma IT1.1.12. Let (u(.), B} )ieo,r) @ solution to the PDE system (I11.1.4), (II1.1.5),
(IT1.1.6) verifying the assumptions of Proposition I11.1.5. We also assume that there exists
an integrable function H on R, such that

Vo >0,Vt € [0,T], |(1+z+w(z))du(r)| < H(z).
Then, for every f € C*(R%) N Bii1at+w(RY),

al +°° o)) = [ " P @, R u(a)d
o +°° (o) + £ = 20) = F(0) Jblo)uata)i
_ /0 T b () ().

Proof. Let [ € Cl(Rj_) N Bi41d+w(RY). First, by the uniform domination by H, by
assumption on f and Lemma I1.5.3, and under the regularity assumptions of Proposi-

tion III.1.5, the function ¢t € [0,7] — / f(z)ui(x)de is differentiable and
RY

vt € [0,T7, 8,:( . f(x)ut(x)dm> = . f(z)Opuy(x)da.

We can develop the right-hand side using (I11.1.4) and conclude in the same way as in the
proof of Lemma, III.1.8. ]

Remark: By Lemma II1.1.12, we obtain for all k£ € [0,1] and ¢ € [0, T,
+00 +0oo
Oy My(t) :/ kxPlg(x, Ry)us(z)da + / (1:]5 + (x — xo)* — g;k> b(x)u(z)dx
0 0

—+00
- / ¥ d(x)uy(2)de.
0
Under the allometric setting, the functions b, d and ¢(., R) are power functions, so our aim

is to obtain ODEs linking the functions M(.). We choose xy << 1 and use the following
approximations:
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- Vo >0, l.<u =1, so that b(x) ~ Cga?;

k
- Vo >0,k €R, (v —x0)k -2k =2k ((1 - @> — 1) ~ —kxorhL.
x
Obviously, these approximations are reasonable only for high values of x >> x¢, but we
choose to explore numerically what happens if we assume that this holds true for all x > 0.
By the previous approximations and under the allometric setting with vy =a=d+1 =
B + 1, this gives for all k € [0, 1], for all ¢ € [0,T],

O Mic(t) = (k (Cod(Ry) — Ca) — C) Mok (t) + 2K CaMo_1 () — kaoClaMay—a(t).
(I11.1.13)

Unfortunately, the approximation (III.1.13) cannot provide a closed system of ODEs
that only involves a finite number of M*(.), because 9; My(.) depends on both moments
Meoik—1(.) and Myip—2(.). A line of research would be to verify numerically that for £ € R
and ¢ > 0 high enough, kM, r_1(t) and kM, ,_o(t) are well-defined and negligible com-
pared to £ M,_1(t) (we rely on the intuition that individual energies will remain close
to x¢ so that high order moments will become negligible compared to low order ones),
which will allow us to neglect terms in (III.1.13) to construct a closed system of ODEs.
We leave this for future work. Instead, we choose to work under the following additional
assumption:

Vk e {a—1,a, 1}, € [0,T], Ma_145(t)Mo(t) = Ma_1(t)My(t) < +o00.  (IIL1.14)

Equation (III.1.14) is motivated by preliminary numerical simulations of the PDE, for
which it is verified at least for high values of ¢, where the PDE seems to reach an equilib-
rium. We finally apply (II1.1.13) to kK = 0, 1 and «, uses (II1.1.14) and also rewrite (II1.1.5)
under the allometric setting to obtain the following closed system of ODEs. It involves

) F
the four functions My, My, M, and R* over time, with the usual notation F(t) := ddit)
for F € C'(R%):

. Moa(t)MO(t)
M t = C - C Y )

'0() ( B 5) M (t)
Mi(t) = (Cyp(Ry) — Co — Cs) Ma(t), , )

, M, (t) Mo (t)
M _ *\ _ « M _ —

a(t> (Oé (C'Y¢<Rt) Ca) C(S) Ml(t) +xOCﬁ [ l(t) 041'00,3 M()(t) )
| B = o(R) - Ce(RDM().

Our numerical simulations lead to the following results: the population size My () goes to
+o0, with a total energy M;(t) going to 0 when ¢ — +oo, and the amount of resources
stabilizes at Rode > Req, Where Req verifies (IT1.1.12) (the population size increases, but
the consumption of resources stabilizes because individuals become smaller and smaller).
In addition to the biologically questionable behavior of the population, the wrong equi-
librium for the resource with respect to Corollary II1.1.9 leads us to conclude that our
approximations provide an inaccurate numerical scheme. We leave the question of a suc-
cessful reduction of the PDE system (III.1.4), (III.1.5), (III.1.6) to an ODE system open
for future work. Still, we observe that solving this problem is not easy, which raises an
interesting questioning about the usual choice of ODE systems to model a chemostat or
more generally interacting populations. In the literature, we find mainly ODEs involving
only population sizes (see Section 3 in | ] for a unifying model), whereas we observe
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in our case that other moments associated to the population (total energy Mj, moment
M,,) are closely linked to the population size My. This is mainly due to our allometric as-
sumptions, but allometric relationships seems to be a widespread phenomenon in the study
of ecosystems | , , ], Hence, we think that deriving successfully ODE
systems associated to our PDE model (and thus associated to our stochastic model by
Theorem 11.3.1) could be a fruitful line of research, interacting with evolutionary biology.

III.2 Simulation parameters

In this section, we fix our simulation parameters for the rest of this chapter. Recall
that between random jumps, individual energies and the amount of resources evolves
deterministically according to (I1.2.20) and (I1.2.21), and the stochastic dynamics are
described in Section II.1.1. For z > 0 and R > 0, we set:

1. l(z) := Cqx”,
2. b(w) = 145y, CpP,

Cyz7 (i.e. ¢(R) = - h and ¥(z) = C,a7),

- @ R)i= o TR

4. d(z) := Csa?,

5. ¢(R) := D(Ry — R),

with a € (0,1), 8,7,6 € R, Co,Cp,Cy,Cs,5,D € RY and Rj, € [0, Rpax|. Also, we
will specify a conversion efficiency coefficient x > 0. We choose a deterministic initial
condition for the resources Ry € [0, Ryax), and K random initial individual energies, chosen
independently and according to an initial distribution with compact support denoted as
[1min, Tmax), and absolutely continuous with respect to Lebesgue measure, with a density
ug shown on Figure III.1, which is given by

($ - xmin)(xmax

5
— X
V.%' > 0, uO<H}) = C < )2 )> 1I€[Iminyxmax]7

(xmax — Tmin

with a constant C' > 0 being such that / uo(z)dz = 1.
R*

+
0.6 4
0.5
=04
=3
3
> 0.3
Z
E
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Figure III.1: Initial density ug(.)

We simulate the IBM and the PDE model during a time 7" > 0. Under the allometric
setting with o € (0, 1), for ¢ € [0, T'], we can upper bound the maximal energy an individual
can reach by the solution of
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{ f,(t) = (QS(RmaX)C'y - Ca)fa(t)v
f(0) = Tmax

taken at time T', where Ryax > 0 is defined in II.1.1. This upper bound is precisely given
by

1

1—a

Mr = <x}n;§ + (1 — @)(¢(Rmax)Cr — C’a)T> : (I11.2.15)

Hence, we work on the fixed energy window [0, M7] in the following. More precisely, unless
specified otherwise, we fix the set of parameters on Table III.1, which corresponds to the
set supported by the Metabolic Theory of Ecology | ) ].

Parameter | Value Parameter | Value

« 0.75 Rin 2

Yy 075 Rmax 2

I} -0.25 X 200

) -0.25 K 1000
Ca 1 Zo 1
(0N 2 Ry 1
Cs 0.1 Tmin 1
Cs 0.05 Tmax 5

K 5 T 200
D 0.275 My 208688

Table III.1: Simulation parameters.

With Conjecture I11.1.2 in mind, in all our numerical simulations under the allometric
setting with the previous simulation parameters, we can use the following criterion to
qualitatively evaluate if our numerical schemes behave badly.

Definition ITI.2.1 (Invalidation criterion of a numerical scheme for the simula-
tion of the PDE). Under the allometric setting described in Example 1 of Section II.6
with a € [0,1] and v = o = § + 1, a numerical scheme for the resolution of the PDE
system (I11.1.4), (II1.1.5), (II1.1.6) is said to be inaccurate, if we observe that ast — +o0,

Rt - Req’
where Req verifies (I11.1.12).

In Section II1.4.2, we will verify that the resource seems to stabilise at the expected
equilibrium on the third row of Figure III.4, where the dotted line is constant equal to
Ry Hence, we do not reject the numerical scheme used in Section II1.4.2, but we will
insist in this section on the fact that obtaining accurate simulations is the result of a
complex calibration of our discretization grid.

I11.3 Exact simulation of individual-based models

Let us fix 7 > 0, and consider the renormalized process (ul*, RK )te[o’T] described in Sec-
tion I1.2. Recall that this process is constructed iteratively, by defining a sequence of jump
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times through Poisson point measures, and between these jump times, the process is deter-
ministic. Although these mathematical objects are mathematically well-defined, it is very
natural to wonder how to simulate this process numerically, and the goal of this section is
to provide some guidelines. First in Section II1.3.1, we recall the structure of the classical
rejection sampling algorithm | | in the case of bounded rates. Then in Section I11.3.2,
we provide another algorithm called the individual-clock algorithm and compare its per-
formances to the rejection sampling algorithm. This discussion is motivated by the fact
that in our setting, the death rate d is unbounded. Hence, on the one hand, the rejection
sampling algorithm becomes theoretically inaccurate, which is why we propose the theo-
retically exact individual-clock algorithm. On the other hand, it still takes significantly
less computing time to implement a rejection sampling algorithm (which is itself already
a long procedure compared to the simulations of PDEs). The main aim of this section is
thus to justify numerically the use of a rejection sampling algorithm to simulate the IBM
in this chapter.

II1.3.1 The rejection sampling algorithm

First, let us recall a classical way to simulate the IBM via rejection sampling with bounded
birth and death rates, introduced by Gillespie ([ ], see also Section 2.2 in | ). In
this section only, we assume that there exists constants b > 0 and d > 0 such that b(x) < b
and d(x) < d for all z > 0. We recall the structure of one step of the simulation algorithm
of the IBM in that situation.

1. Start at time ¢ > 0 from an initial condition (=, R¢) € (Rj‘r)N X [0, Rmax), with
St = (ﬁi) e and some N € N. If N = 0, it means that there are no individuals
<js

in the population anymore, and we simply actualize the amount of resources R,
following Equation (II.1.3) with p; = 0 (so it is a deterministic ordinary differential
equation). Else, we continue the procedure with the following steps.

2. Create a variable 7 := N(b+ d), and draw an independent random variable At with
exponential law with parameter 7.

3. Actualize the individual energies and the amount of resources to obtain them at
time ¢t + At, following the flow X described in Section II1.1.2, i.e. (5 Ry) +—

((Xﬁt(Et, Rt)) 1<j<N,XZEt(Et,Rt)>, and also actualize t «— t + At.

4. Draw an independent uniform random variable i in {1,..., N}, and an independent
uniform random variable U in [0, 1].
b(&})

5. f U < bad then there is a birth for individual i. We actualize & <— & — xo,

Zp— (&), &N, N with ¢V i= 2 and N «— N 4 1.

b(&) +d(&)
b+d

6. Else if U < , then individual ¢ dies. We actualize

2 (g 87 g ) e (RN
and N «<— N — 1.

7. Else, this is a rejection event and there is no jump.
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At the end of Step 6, 7 or 8, we simply start again at time ¢ + At, with a new initial
condition. Remark that the actualization of individual energies and resources during a
step is not necessarily exact. If we cannot solve theoretically the system of coupled equa-
tions (II.1.4)-(IL.1.5), we use a numerical scheme like Euler method to approximate the
deterministic flow between jumps. One main weakness of this algorithm is the possible
high number of rejections (Step 7) occurring if the deterministic and global upper bounds
b and/or d are too high compared to the random individual birth and death rates in the
population. In addition, remark that at Step 2, the random variable At (i.e. the time
increment at this step of the rejection sampling algorithm) increases with the population
size N. Hence, when the initial number of individuals becomes significant, IBM simula-
tions take a very long time. This sheds new light on the result of Theorem II1.3.1. When
the parameter K becomes significant, and if there exists a unique solution (uy, Rf): to
(I1.3.24)-(11.3.25), we can reasonably approximate the process (uf<, RF); with the trajec-
tories of (uy, Rf): (this will be illustrated on Figure II1.4), which reduces substantially
the computing time. We will describe our algorithm for the simulation of the PDE model
associated to (uy, Rf): in Section II1.4.1.

I11.3.2 Simulation of the IBM with unbounded birth and death rates

If b and/or d is not bounded, we cannot give an almost sure upper bound for quantities
of the form b(¢}) and/or d(¢}) for ¢ > 0. In particular, in our setting and from the con-
struction of the process (u, Ry); in Section I1.1.2; there is a positive probability that an
individual energy & becomes arbitrarily close to 0 and with the simulation parameters
of Table IIL.1, d(&}) would then explode. This makes the rejection sampling algorithm of
Section III.3.1 theoretically inaccurate. In this section, we present an exact algorithm,
denoted as the individual clock algorithm, and compare its trajectories to those obtained
with the previous rejection sampling method.

One step of the individual clock algorithm:
1. Start at time ¢ > 0 from an initial condition (Z¢, R;) € (Ri)N X [0, Rpax], with
== (§§ ) . and some NV € N. If N = 0, it means that there are no individuals
<<

in the population anymore, and we simply actualize the amount of resources R,
following Equation (I1.1.3) with p; = 0 (so it is a deterministic ordinary differential
equation). Else, we continue the procedure with the following steps.

2. Create N independent random variables (£;)i<j<n with exponential laws with pa-
rameter 1.

3. We compute At > 0 such that
At := inf{s € [0, towp(Z1, Re)), 31 < j < N, T} > Ej},
with I7 := B + Dj and these quantities are defined for every s € [0, texp(Z¢, Rt)) by

t+s ) t+s .
(B3, D5) := </ b(X1(E, Ry)) dT,/ d (X2(E, Ry)) dT> :
t t

Note that we have almost surely At < texp(Z¢, Re), thanks to Corollary I1.1.7 (there
is almost surely a random jump before one individual energy vanishes or explodes
in finite time). Then, we do

XX (2LR d t+—t+ At
L<jen Ar(Et t)) an +

(4, Ry) — ((th(zt,Rt))
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Thus, we actualize the individual energies and the amount of resources, following
the flow X described in Section I1.1.2.

4. Write J for the set of indices j for which I jAt > Ej, define i := argmin;;1 jAt, and
draw an independent uniform random variable U in [0, 1].

At

5. fU < m, then there is a birth for individual . We actualize & +— &; — o,

)

1
Zp— (&), ., &, N with €V i= zg and N «— N + 1.

6. Else, individual i dies. We actualize Z; +— (&}, ... ol gl L&) € (Ri)N_l and
N<+—N-1

Note that in addition to the possible numerical approximation of the deterministic flow
between jumps, we may also approximate numerically the integrals (B]S-,D;f) at Step 3.
We associate an exponential clock to each individual in the population to determine the
next jump time, whereas the rejection sampling algorithm requires only one exponential
variable. Hence, unfortunately, even if it does not require bounds on the birth and death
rates, the individual clock algorithm is even worse than the rejection sampling algorithm
in terms of computing time, especially when we consider large population sizes. This
is why we ask ourselves if a rejection sampling algorithm with artificial bounds b and d
could approximate the exact simulations of the individual clock algorithm (i.e. we use
a rejection sampling algorithm with b and d replaced by b A b and d A d). Our goal is
to justify numerically the use of a rejection sampling algorithm for the IBM in the next
sections. Under the allometric setting with the set of parameters of Table III.1, as 5 < 0
and b(x) = 0 for = < zg, the birth rate is already bounded. Thus, we focus on the death
rate, but our method can easily be adapted to also study the influence of an artificial
bound on the birth rate if 5 > 0.

Our strategy is the following: we fix an artificial upper bound d and define the ratio
Ry = d/d(zo). Then, we simulate n := 100 times the IBM on the time window [0, 200],
with the rejection sampling algorithm, and at every jump time, we verify if the instanta-
neous death rate of an individual is higher than d (in that case, it means that the rejection
sampling algorithm is making an approximation at this step). We finally compute the
proportion Py of such problematic events among all the jumps that occurred in the popu-
lation on the time window [0, 200]. Finally, we plot the proportion P; as a function of Ry
for different values of d. On Figure II1.2, we realize that as R, increases, the proportion
P, decreases very fast. When the time horizon T increases, the proportion of problematic
events possibly occuring also increases, but this is still not harmful if the ratio Ry is chosen
large enough. In practice, in the following, before using the rejection sampling algorithm
to simulate the IBM, we will first adjust the artificial bound d depending on the parame-
ters of simulation we want to use and the time window [0, T]. Recall also that if d is too
high, then the computing time of the rejection sampling algorithm can be extremely long,
so we pick the smallest value of d such that the proportion P is less than 1076 for the set
of parameters and the value of T" we consider. For instance, with the parameters of Ta-
ble I11.1, we can choose Ry = 2.10* to verify this criterion. The individual clock algorithm
could certainly be optimized, and we leave for future work a more precise comparison of
the rejection sampling algorithm and exact algorithms for the simulation of the IBM.
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Figure I11.2: Proportion P; of inaccurate jumps for the rejection sampling algorithm, as a
function of the ratio Ry := d/d(z¢), plotted on a log-scale. For 30 values of R4 going from
1 to 10%, we simulated n := 100 times the IBM on the time window [0,200], and plotted
the proportion P, for intermediate values of T' € [0, 200].

I1I.4 Numerical convergence of the IBM towards the PDE
model when K — +o00

In this section, we present simulations of the PDE system (III.1.4), (IT1.1.5), (II1.1.6) and
compare them to the IBM simulated with the rejection sampling algorithm of Section I11.3,
when the initial population size K goes to +o0o. This illustrates the tightness result of
Theorem I1.3.1, in the context where the measure p; is absolutely continuous with respect
to Lebesgue measure for every ¢ € [0, 7] and the associated density is a function solution to
the system (III1.1.4), (II1.1.5), (II1.1.6). This is a very useful result if we want to reduce the
computing time associated to simulations of our model for the study of large populations.
In Section I11.4.1, we adapt the method used by Fritsch (see Section 6 in | ]) to our
allometric setting and specific birth dynamics. We further discuss the technical difficulties
encountered for the calibration of parameters of this algorithm. In Section II1.4.2, we
present the results of our simulations.

I11.4.1 Algorithm for the simulation of the PDE system (I11.1.4), (III.1.5),
(IIL.1.6)

The transport term (II1.1.4) associated to the boudary condition (III.1.6) accounts for a
conservative system for the energy transfer due to birth events (which is coherent with
the fact that our birth dynamics in Section II.1.1 are conservative). The only creation of
energy in the whole system is the income of resources in (II1.1.5), and the loss of energy
comes from the washout of resources term in ¢, individual deaths in the population and
the coefficient of conversion efficiency x. To respect the conservative aspect of (I11.1.4)
and (II1.1.6), we use a finite differences scheme of order 1 to approximate the transport
term. To simulate the temporal evolution of the system, we simply use a classical Euler
scheme. There is a numerical approximation due to these low order schemes, especially in
the context of unbounded growth, birth and death rates. Nevertheless, in this section, our
goal is not to go deep in the optimization of our algorithm, nor to give a mathematical
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proof of the convergence of our numerical scheme. We rather present the difficulties we
encountered in the calibration of the energy discretization grid. Indeed, we proposed a
specific choice of energy discretization adapted to our birth dynamics, inspired by usual
strategies depicted in the literature | , ].

111.4.1.1 Description of the algorithm

First, we consider the initial condition ug with compact support of Section II1.2, and recall
that with our simulation parameters, we work on the compact energy window [0, Mr]. To
implement a finite differences scheme, we discretize both time interval [0,7] and energy
interval [0, Mr].

- For the energy discretization grid, we write (yi)ico,...,n} With some N € N*, yo =0
and yy := Mrp, and for ¢ € {1,..., N}, we define Ay; := y; — y;—1. Also, for every
i €{0,..., N}, we define

x0

i := argmin |y; — y; — 2o, (I11.4.16)

so that y;zo is the point of the discretization that is the closest to y; + ¢ in absolute
value. We will use these indices to approximate the term b(z + zo)ut(x + x0) in
(IT1.1.4) in our finite differences scheme.

- For the time discretization grid, we fix M € N*, define At := T'/M, and choose a
regular grid (tx)geqo,..ary With tg := kAt for k € {0,...M}.

For every k € {0,...M} and i € {0,...N}, we define inductively the quantities uy;, uif’l
and 7 as approximations of the quantities ug, (y:), u, (¥ + zo) and Ry . As we have to
verify the boundary condition (III.1.6), we distinguish the index iy such that y;, = o
(we will choose our discretization grid to ensure that such an index exists). First, u(.) is
the density associated to uf, whose support is included in R, and we choose our energy
window and initial condition ug so that u;(Mr) = 0 for every ¢ € [0, 7], so we impose the
boundary conditions

vk € {0,...,M}, uhozuk’]\/:o.

Then, for the initial condition at time 0, we set ug; := uo(y;) and ugol := uo(y; + xo) for
every i € {1,...,N}, and ro := R{. Finally, we will follow the classical procedure of an
upwind scheme, except for the fact that for ¢ € [0, T] the sign of the transport term g(x, R})
in (IT1.1.4) may vary depending on the energy x. We thus have to include in the procedure
the possibility for any uy,; with ¢ € {1,...,N — 1} to be actualized because energy comes
from both uy ;1 and uy ;+1. Hence, for every k € {0,..., M —1} and ¢ € {1, ..., N—1}\{io},
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we set, following (I11.1.4), (III.1.5) and the boundary condition (IIL.1.6),

4
Uk41,i — Uk 1
# = Ay [g(uk,i,rk)uk,i = (ki1 Th)Uk,i—11 {g(up ;1 r4)>0}
+9(Uk,iv1, Tk)uk7i+11{9(Uk,i+1:7”k)<0}:|
_ <b(uk,i) + d(um))uk,i + b(ui?i)ui?i,
N
Tk+1 — Tk
SR =q(rk) — x 2 f (i R) Ay,
At =1
US4 = Uk+1,i70 N
Ay;
Uk+1,i9 = Uk+1,ip—1 + 9(5‘7077;:1) 21 b(l/j)ukJrl,jij'
b j:

I11.4.1.2 Calibration of the discretization grids

First, note that as My goes to 400 when T' — 400 (see (I11.2.15)), depending on our
choice of energy discretization, the computing time of our algorithm can explode when
T increases. Remark also that the fact that w(.) is compactly supported for ¢ € [0,T]
is not necessarily guaranteed within the general framework of Section II.1.1 (here it is
due to the fact that we work under the allometric setting with 0 < o < 1). Additional
approximations in our numerical scheme could arise if the density u;(.) was not compactly
supported over time. Importantly, we do not want to truncate arbitrarily our energy win-
dow to work in a prescribed compact independent of T'. Indeed, the individual growth
rate is unbounded (of the form z — z® with o = 3/4 with the simulation parameters of
Section II1.2), so that individuals with high energies contribute significantly to resource
consumption. Hence, even if for ¢t € [0,7], the density = — wu;(z) decreases rapidly (see
Figure II1.5), we want to be able to approximate well these densities for high values of x
to obtain the correct equilibrium for resources (i.e. to respect the criterion highlighted in
Definition II1.2.1).

We begin with the description of the energy discretization. In the literature, the en-
ergy discretization to simulate similar equations with a transport term can be chosen to
fit growth dynamics between two time steps, in order to limit numerical diffusion and
dissipation (see the choice of a geometric discretization in Section 3.2 of | ], or in
Section 3.2 of | | in the case of a linear growth). Choosing an energy grid that fit
growth dynamics and is valid for all time ¢ € [0, T is not possible here because the growth
rate g also depends on the amount of resources R; that fluctuates over time. We could
imagine a grid that itself evolves over time, but this would increase computing time and
complexify the algorithm. We did not investigate deeper in this direction and choose an-
other energy discretization adapted to the reference value of energy ¢ (it is the reference
unit for energy transfer due to births) to approximate well the term b(z + z)u(x + x9) in
(ITI.1.4). We divide [0, Mr] into several energy windows, and on each of these windows,
we fix a constant energy step. In addition to the parameters of Table III.1, we show on
Table II1.2 the precise energy steps we choose with our simulation parameters.

On Figure I11.3, we do not represent the precise energy discretization of Table II1.2, but
rather a typical shape to explain our approach.

- For small values of energy comparable to xg, we want to be very precise for both birth
and growth dynamics between two time steps, so we choose very small energy steps
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Energy window | [0,10] [ [10,10?] | [10%,10%] | [103, x10%] | [10%,6.5 x 10%] | [6.5 x 10%, M7]
Energy step h | 5 x 10~% 10 102 2 x 103 2 x 10*
zo/h 2000 0.1 0.01 2x 1073 2x 1071

Table I11.2: Energy discretization for the finite differences scheme

of the form §x0 with p € N and a large (compared to zg) ¢ € N*. On Table II1.2,
we pick ¢ := 2000.

- For intermediate values of energy x, we progressively increase the energy steps since
the approximation of the b(z + xo)us(z + xo) term has less impact on the simulation.
This is due to the following feedback after our first simulations: apparently, the
simulated density u; takes very low and decreasing values for energies higher than
10xg. The energy steps are of the form kxo with & € N*, with ¥ < 102. On
Table I11.2, we pick k = 1, 10 and then 102

- For high values of energy, we choose energy steps of the form Dxg with D >> 1
(on Table I11.2, we pick D = 2000 and then 20000). The approximation of the term
b(x + xo)ui(x 4+ o) seems now to be negligible. Furthermore, increasing the energy
steps reduces the computing time and storage needed for the simulations. This is a
compromise between efficiency and acurracy of our algorithm.

1000z My

Figure II1.3: Typical shape of our choice of grid with reference unit equal to xg, adapted
to birth dynamics.

Note that in the lowest energy window (i.e. on [0, 10]), our refined energy discretization
allows us to verify y;=0 = y; + x9. In other terms, if G is the discretization grid in the
lowest energy window, we have y; € G = y; + z9 € G. The scheme respects the birth
mechanism in the low-energy regime, where the density u; is concentrated, which is similar
to the choice of a geometric grid in the case of equal mitosis in | , .

Let us now focus on time discretization. We enforce the following Courant-Friedrich-Lévy
(CFL) condition for the choice of the time step At:

Vie{l,..,N}, max(g(yi, Rmax), £(yi)) —— < 1. (111.4.17)
By doing so, we limit the numerical diffusivity associated to the transport term between
two time steps. For i € {1,..N — 2}, an individual with energy contained in the cell
[Yi, yit1] at time ¢t grows during At up to the cell [y;11,yit2], or decrease down to the
cell [y;—1,yi], or stays in the cell [y;, yi+1], but cannot “skip” cells during At. Finally, we
chose the highest possible time step At that verifies the CFL condition, in order to reduce
computing time. Under the allometric setting, with the grid depicted in Table II1.2, this
gives At :=8 x 107°.

We insist on the fact that the previously described procedure is absolutely not optimized

in terms of computing time or theoretical accuracy of the discretization. The precise cal-
ibration of the model has been done by hand, to find an acceptable compromise between
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computing time and precision of the numerical scheme (verified thanks to the criterion of
Definition II1.2.1). This is only a first exploratory attempt that could be automatized.
This raises an original questioning about calibration of time and space steps of finite
differences schemes for PDEs similar as (I11.1.4), that we keep open for future work.

111.4.2 Comparison of IBM and PDE model

In this section, we compare simulations of the IBM using the rejection sampling algorithm
described in Section I11.3.1 with parameters d = 2.10* and b = 0.1 obtained from the
discussion of Section IT1.3.2, and simulations of the PDE system (III.1.4), (III.1.5), (II1.1.6)
with the algorithm described in Section III.4.1. We use the simulation parameters of
Table I11.1, except for the value of K, which is going to increase to illustrate the tightness
result of Theorem 1. As in | |, we compare three different regimes.

1. Small population size, with K = 100;
2. Medium population size, with K = 1000;
3. Large population size, with K = 10000.

For each of these regimes, we start from the same initial condition uy depicted on Fig-
ure III.1, which is distributed on [Zmin, Tmax), and simulate 100 independent runs of the
IBM. The convergence of the IBM towards the PDE model is illustrated on Figure I11.4,
where we present the evolution of the population size, the total energy of the popula-
tion, and the amount of resources over time for ¢ € [0,200]. The fact that the limit is
apparently unique motivates the discussion of Section II.5.1. We also represent a phase
portrait energy /resource on this time window. Remark that we illustrate the convergence
of (uf, 1) (population size) and (uf<,1d) (total energy), where 1+ Id is not dominated by
w, and this is motivated by Conjecture 11.5.2. These simulation results are very similar to
those obtained in Section 6 in | ], but the main difference is the deviations of the IBM
from the PDE in terms of total energy, that we observe on the second line of Figure II1.4.
As time increases, it seems that the variability of the IBM trajectories around the PDE
also increases, even if this phenomenon has less impact as K goes to +oo by our tight-
ness result. This variability comes precisely from the main new contribution of our work
compared to existing literature, which is the fact that individual energies are not bounded
and have a positive probability to increase very fast (recall the typical shapes of individual
trajectories without competition for resource in Section 1.5.1). In Section IIL5, we will
further make vary the value of xy and observe the impact of this variation on the total
energy deviations of the IBM from the PDE. Considering the third row on Figure I11.4,
we verify that the amount of resources R; converges towards the unique possible value of
the resource at equilibirum Req identified in Corollary II1.1.9. Hence, all the presented
simulations are not invalidated with respect to our criterion in Definition III.2.1.

Then on Figure II1.5, at times ¢ = 0, 20 and 160, we show a numerical approximation
ui(z)
f0+oo ug(y)dy
is solution to the PDE system (III.1.4), (III.1.5), (III.1.6) with initial condition ug. On
this curve, we superimpose renormalized histograms of the empirical energy distribution
in the population for 100 independent IBM simulations, taken at the same times t to
illustrate again the convergence result of Theorem I1.3.1. We observe numerically that for
every t > 0, the density = — u(x) is discontinuous at xg, as expressed in the boundary
condition of Proposition III.1.5. Furthermore, the density is rapidly (we can observe this

of the renormalized energy distribution 4; : x > 0 — , where (t,z) — us(x)
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phenomenon from ¢ = 5) concentrated on a precise energy window and has a bimodal
shape, with a peak near xy and another one near 0, which seems natural with our birth
rule in mind. The density decreases very fast to 0 after xg and seems to stabilize after
time ¢ = 150. Finally, our main observation is that the system seems to reach a non-trivial
equilibrium, different from (Rj,,0) (extinction of the population), which was at the origin
of Conjecture I11.1.2. A more precise illustration of the uniqueness of this non-trivial
equilibrium would need to make the initial condition ug vary, and we leave this for future
work.
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Figure I11.4: From the first row to the third row, time evolutions of N, EX and RF
(in blue), respectively Ny := (uy,1), Ef = (u;,Id) and R; (in red), representing the
population size, the total energy of the population and the amount of resources, and
associated respectively with the trajectories of 100 independent IBM simulations (in blue)
and the numerical resolution of the PDE system (III1.1.4), (III.1.5), (III.1.6) with initial
condition ug (in red). The fourth row presents the energy/resource phase portrait. The
green dotted curve is the mean value of the stochastic simulations in blue. These graphs
are presented for small (left), medium (middle) and large (right) initial population sizes.
On the third row, the dotted black line locates the value Ry assumed to be an equilibrium
for the amount of resource (we recover the value highlighted in Corollary III.1.9).
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Figure IIL.5: Energy distribution on the energy window [0, 5] at time ¢ = 0 (above), 20
(middle) and 160 (bottom) for small (left), medium (middle) and large (right) initial pop-
ulation sizes. The red curve represents the renormalized energy distribution @;(.) for the
corresponding value of ¢t. The blue histogram represent the empirical energy distribution
of individuals for 100 independent runs of IBM. The number of bins for the histograms is
adapted to population sizes on each subfigure.

I11.5 Simulations under the allometric setting with varying
o

In this section, we investigate numerically what happens under the allometric setting,
when we make the parameter zy vary, for a fixed initial population size K = 1000. Our
biological motivation is the following: on the one hand, the Metabolic Theory of Ecology
assumes very strong constraints on allometric relationships, as in (2.3.2), across the broad
range of living organisms [ , , ] (i.e. (2.3.2) is valid for every zy > 0)
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and these are called interspecific allometries; on the other hand, recent papers argue for
varying allometric relationships depending on the typical size of the species we consider
[ , , |, which are called intraspecific allometries. In Chapter I and
II, our main results (Theorems 1.2.1 and I1.3.1) do not depend on a precise value for x,
hence relate to the study of interspecific allometries. In the following, we work with the
simulation parameters of Table II1.1, except that we compare three different values of xg:

1. Small energy at birth, with zg = 1072;
2. Medium energy at birth, with zg = 1;
3. Large energy at birth, with x¢ = 100.

For each of these regimes, we keep the same shape for the initial density depicted on
Figure III.1, with rescaled values for i, and @max (we simply pick Zmin = o = Tmax/5).
For the simulation of the PDE, we also adapt the discretization grid in energy presented
on Table I1I1.2, by rescaling the energy windows depending on the new maximal value M
and keeping the same values for the ratio zp/h on each energy window. We observe on
Figure I11.6 the different evolutions of population size, total energy of the population and
amount of resources over time for each value of xg. First, for both small and large values
of xg, we observe that the mean of the IBM trajectories does not coincide with the solution
of the PDE, and this deviation is stronger than for the medium case zg = 1.

For the small value of xg (on the left of Figure II1.6), the average shape of the curves
remains the same, but it seems that a fraction of the stochastic simulations of the IBM
deviate from the average behavior as T increases (in particular for the energy behavior
on the middle row). This raises a questioning about the large deviations behavior of the
stochastic process described in Section II1.1.2 when xy — 0, that we left open for future
work. A possible biological intepretation is that as zg decreases, our model describes the
behavior of living species with birth dynamics comparable to that of plants | ].
These species spread very small seeds (i.e. with small z9) comparatively to the typical
size of an individual of the population, and thus are less impacted in their growth by the
birth dynamics, which translates into large deviations in energy (i.e. very large individuals
appear with trajectories comparable to Figure 1.3f).

Then, for the large value of zy (on the right of Figure I11.6), the average shape of the
curves becomes different and we observe a transitional regime before the stabilization of
the system. At first, a lot of offspring appears and the energies of the parents become
close to 0 (this explains the first increase of the population size), and then these parents
die before reaching energy xo again (this is the large z regime, so the probability to reach
energy xo from a small energy is small). To obtain a similar behavior than in the small
and medium regimes for xg, one would certainly need to rescale properly the income of
resources. In fact, it would be an interesting line of research to compute numerically the
scaling of Rj, in terms of xg to obtain the same (rescaled) simulations for both large,
medium and large xg. This would provide an allometric relationship between a species
and its prey (here the resource R), and pave the way to the conception of food web models
with allometric relationships between trophic levels. We leave this for future work.

Finally, we propose a final possible line of research. Our birth mechanism may not be
adapted to model living species if g is too large, because of the fact that if an individual
with an energy of the form zy + 1 with some n > 0 gives birth to offspring, then this
individual reaches energy 7. This can hardly be related to the behavior of known species
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Figure I11.6: From the first row to the third row, time evolutions of N5, Ef and RF (in
blue), respectively Ny := (uy, 1), Ef := (uf,Id) and R} (in red), representing the popula-
tion size, the total energy of the population and the amount of resources, and associated
respectively with the trajectories of 100 independent IBM simulations (in blue) and the
numerical resolution of the PDE system (III.1.4), (IIL.1.5), (II1.1.6) with initial condition
ug (in red). The green dotted curve is the mean value of the stochastic simulations in blue.
These graphs are presented for small (left), medium (middle) and large (right) energy at
birth zo. On the third row, the dotted black line locates the value Req assumed to be an
equilibrium for the amount of resource.

when 7 << zo (in that case, parents appear with a negligible energy compared to that of
their offspring) [I[<ar06]. A possible line of research would be to introduce an additional
parameter x, > 0 characterizing the energy dedicated to reproduction within a species, to
modify the birth rate in Section I1.1.1 into

Va >0, bﬂ?oﬂfr (x) = b(x)l{ac>mo+:m}’

and if the parent has energy x at the time of birth, distribute energies between parent and
offspring as shown in the diagram below:

O

Oz — z,

This enforces the fact that parents always have an energy higher than that of their offspring
at the time of birth. We leave the precise study of these modified birth dynamics for future
work.
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A— Appendix of Chapter I

A.1 Construction of the population process

A.1.1 Construction of the measure-valued process 1

We give a formal construction of the population process u, using the construction of the
individual process £ in Section 1.4.1. In the following, we fix zg > 0, R > 0, and we work
under the general setting of Section I.1.1.1. We define y; for ¢ € [0,0[, where © < +oco
if there is an accumulation of jump times (and in that case, © is the supremum of the
jump times), and © = +oc otherwise. Then, we prove in Proposition A.1.1, that under
Assumptions 1.1.1 and 1.1.2, then © = 400 almost surely for every py € Mp. Recall from
Section 1.1.1.3 that we adopt the Ulam-Harris-Neveu notation to index individuals in the

population. We define
U= J (N9

neN

Over time, every individual will have an index of the form u := wug...u,, with some n > 0,
and some positive integers uy, ..., Uy, i.e. some u € U. The generation of u is |u| := n. For
every u := ug...u, and k > 1, we define uk := ug...u, k.

At time t = 0, we pick a random variable ug € Mp. It means that there exists a

random variable Cy € N and a random vector (&}, ..., go) € (R%)% such that
fo= > g,
ueVy

with Vy :={1,...,Co}. Then, we define a family of processes ({")yecy, independent condi-
tionally to pg, such that for every u € U, £“ is distributed as the process £ of Section 1.4.1,
started from &f if u € Vj, and started from zg if uw € U \ Vi (which corresponds to the fixed
amount of energy transferred to offspring). We use the construction of Section 1.4.1 with
independent exponential random variables (E}"),cy,i>1 and independent uniform random
variables (U")yeui>1. We assume that these sequences are independent from each other,
and both independent from pg. For u € U, we write (J}!)g>1 for the jump times of £, the
time of death is T} and the time when the process possibly reaches b is Tj' A Th. Also,
for w € Y and 7 > 0, we define the shifted process £ on [r, +oo[ with &"" := & . for
every t > 7. Over time, we will describe u; as a point measure given by

Ut = Z 6&-;&711,7 (All)

ueVy

which means that at time ¢, alive individuals have indices w in some V; C U. Recall that
by definition of alive individuals, V; does not contain individuals absorbed in {0,b}. In-
dividual u is born at time 7, and follows the process £“7=. In particular, we set 7, = 0
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for u € V. At time ¢t = 0, the initial condition of the population process is g := Z‘:/ 5&5’0'
ueVo

We now define the sequence (©y),en of successive times of jump of the population pro-

cess. First, we set ©g := 0, and then suppose that our process is described until some

time ©,, with n > 0. If ©,, = 400, the process is already well-defined for every ¢ > 0 and

we set O,41 = +0o. Else, at time O,,, the process is of the form (A.1.1) with some finite

Vo,, CU. The next time of jump for the whole population is then

Oner = il {(JEATFATY ATL) 70 kENTTE 47,2 O},

with the convention inf(&) = +o00. For s € [0, 0,11], we set

s = ) Sgum.

UGV@,,L

If ©,41 = +00, we have defined the process u, for every ¢ > 0. Else, almost surely, the
infimum in the definition of ©,; is reached at a single element u € Vg, . First, if ©,41
is of the form Ji + 7, for some k € N*,u € Vg, and J! # T, it means that this jump is
the k-th birth for the individual u. In that case, we set

HO,nt1 = HOpy1— + 65"1"9!6n+1
On+t1

and 7.t := Op11, Vo, = Ve, U {uk}.
Then, if ©,41 is of the form T} + 7, for some u € Vg, , it means that this jump is the
death of individual u. In that case, we set

/"L®n+l = lu’®n+1* - 5{%’;—117

and Ve, ,, = Vo, \ {u}.
Finally, if ©,,41 is of the form (T A TY) + Ty, it means that at this jump, the energy of
the individual u reaches {0, 4+-00}. In that case, we also remove the individual from Vg, _,:

HOuwi1 = HOppa— — Oggm

and Vg

Ty ‘= +00.

= Vo, \ {u}. Finally, we define © := sup ©,,. If for all t € [0,0][, u & V}, we set
neN

n+1

Remark that, until now, u is well-defined only on [0, [, with © possibly finite or infi-
nite. We work now under Assumptions I.1.1 and 1.1.2. Under these assumptions, any
individual process £" is almost surely biologically relevant by Theorem 1.1.1. Thus, we
can construct the individual process £* as in Section 1.4.9.1, using a Poisson point measure
N, and an exponential random variable E, for the death. It is equivalent in law to define
another independent Poisson point measure N, with intensity ds x dh, and to work with
&" defined for t > 0 by

t
=g O+ [ [ dpcnyen (A a5~ Ag ¢ 5) )N (as.an

t
+ / / | Hnsaer )y (‘9 — Agr (¢~ 8))N&(ds,dh),
0 JR
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with the convention by, (0) = d(0) = 0. Then, from the construction of y and as the
individual processes (£%):>0 are independent from each other, we have for ¢t € [0, O],

Pt = Z 514&3 (t)
ueVp
t
1 u 1 U, Ty,
[ e s

<5Azo(t—s) + 5A€su,_m_m0(t—s) —0agum (t—s))Nu(dSa dh)

t
—/0 /FH]-{uEVS}1{h<d(§g’7u)}5A5:,_m(t—s)Nqi(d‘g?dh) . (A12)

Notice that this definition is valid almost surely on [0, ©], because individual trajectories
are biologically relevant. This is now very similar to the classical framework for the
construction of measure-valued processes | , , |, but the birth rate by,
is not necessarily bounded on RY .

Proposition A.1.1. Under the general setting of Section 1.1.1.1, under Assumptions 1.1.1
and 1.1.2, for every random variable py € Mp, we have

Vxg > 0,VR > 0, Quowoﬁ(@ =+o0) = 1.

Proof. If we write A for the law of ug, then

Quo,xo,R(@ < +o00) = “ Qu,xo,R(@ < +o0)dA(p).
P

Thus, it is sufficient to show that for any deterministic initial condition ug := ) & €
ueVpy
Mp, for every T > 0, Q0 20,7(© < T) = 0. We fix such po and T in the following, then
the initial energies (£)uev; are in a compact depending on jig, and (uo, 1) := 5. po(dz) =
+
Card(Vp) is finite. For M > 0, we define the stopping time 737 := inf{t > 0, (¢, 1) > M }.
We have from (A.1.2) that for ¢t <y AT,

t
(e, 1) < <uo,1>+2/0 /R+1{uevs_}1{h§bzo(55,;“)}/\@((13,dh). (A.1.3)

uelU

The initial condition pg is compactly supported, so individual trajectories are almost surely
in a compact €, 7 until time ¢ < T". Also, by, is bounded by a constant b,, 7 on €,, 7, and
Card(V;) < M until time ¢ < 73y A T. Hence, the integrand in the previous upper bound
is almost surely bounded, and classical arguments using (A.1.3) allow us to prove first
that E (SupthM/\T</j’t7 1)) < Ch., where C/. < 400 does not depend on M (see the proof of
Corollary 4.3. in [?]). This entails that almost surely, 737 goes to +00 when M goes to +oo.

Finally, let us suppose by contradiction that © < T with positive probability and work
on this event. In particular, this accumulation of jump times means that there exists a
random subsequence of (0,,),en corresponding to an infinite number of birth times, and
denoted as (B, )nen in the following. Also, we fix M > 0 such that 7py > T, and remark
that if

In €N, < O, (A.1.4)
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then there is a contradiction because © < T < 73y < ©,, < 0. Hence, to conclude, it
suffices to show that on the event {© < T'}, (A.1.4) is verified almost surely. We assume by
contradiction that © < T, but (A.1.4) is not verified with positive probability. Then, we
would have (i, 1) < M for every t € [0, 0]. In that case, the subsequence (B,,)nen can be
constructed in law as a subsequence of a Poisson point process with intensity M BMO,T' The
only accumulation point of (B, )nen would then almost surely be +o0, which contradicts
the fact that for alln € N, 0 < B,, < © < T and concludes the proof. O

Remark that in the inductive definition of u, we assumed that the processes (£“),ey are
independent. This is what we call a branching property for the population process, and
will be illustrated in the next section.

A.1.2 Proof of Proposition 1.1.6 and Proposition 1.1.7 in Section 1.1.1.4

First, we give the proof of Proposition 1.1.6, based on Lemma A.1.2 below. Recall that
for n € N,
G ={uel,|u=n,3t>0,uecV}

contains all the individuals of the n-th generation and Y,, := Card(G,,).
Lemma A.1.2. Under Assumption 1.1.5,

Yug € Mp,Vrg > 0,VR > 0, on,xo,R(vn eEN, T, < 4+00) =1.

Proof. We fix ug, zo, R and use induction on n. For the 0-generation, because Cyp = (uo, 1)
is a random variable taking values in N, we almost surely have

Card(Gyp) = Card(Vp) < +o0.
Now, let us suppose that our result holds for some n > 0, that is almost surely,
Card(Gy,) < +o0. (A.1.5)
By Assumption 1.1.5, we have almost surely
Yu € G, N" < 400, (A.1.6)

where N* is the number of direct offspring of individual u defined in Section I.4.1. Com-
bining (A.1.5) and (A.1.6) entails that almost surely,

Card(Gp+1) = Z N" < +00.
UEGn

By Lemma A.1.2, T is almost surely finite, and for all n > 0,

Tn+1 = Z Nu

uEGn

From the construction of Appendix A.1.1, the state at birth of every offspring after gener-
ation (31 is the same, starting from x(, and the resource remains constant equal to R, so
the law of every N is vy, R ,- Also, all these individual trajectories are independent, so
are the N“. This is exactly the setting defining a Galton-Watson process with offspring
distribution v, g »,, which ends the proof of Proposition I.1.6. Now, we give the proof of
Proposition 1.1.7.
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Lemma A.1.3. Under Assumptions 1.1.1 and 1.1.2, for all n € N, there exists almost
surely a random time o, € [0,+00| such that o, = 400, if and only if G, = @; and if
on < 400, then
(t>op) e Vs>t,G, NV, =2).
In addition, G, == sup o, —— 4o00.
0<m<n n—4o0o

Proof. First, under Assumptions 1.1.1 and 1.1.2, by Proposition A.1.1, we work on the
almost sure event {© = +oo}. By Corollary .4.9 in Section I.4.5, Assumption I.1.2 implies
Assumption 1.1.5, so we use Lemma A.1.2 and work on the event {Vn € N, T, < +o0}.
For n € N, we define o, := sup{r, + T)f,u € G}, with the convention sup(@) = +oo0.
Under Assumptions 1.1.1 and 1.1.2, thanks to Theorem I.1.1, for every ¢ > 0, u € V;,
Ty + T} < 400 almost surely. Also, for every n € N, T,, = Card(G,) < 4o00. Hence,
on = +00, if and only if G,, = @. Also, it is clear by definition that if o, < 400, then

(t>op) e Vs>t,G, NV =2).
The sequence (0, )neN 1S increasing, so converges to some O < +oo. If by contradiction,

O < 400, we would have .
Vt>0,YneN,G, NV, = J,

so no random jumps can occur after time ©, which contradicts the fact that © = +o00. [
We take now zg > 0, and we work under Assumptions 1.1.1 and 1.1.2, so by Proposi-
tion A.1.1, we have © = 400 almost surely and we work on this event. By Corollary 1.4.9

in Section 1.4.5, Proposition 1.1.6 and | , Theorem 1, p.7], for all R > 0, for all
po € Mpaor (soB ={G; # @} occurs with positive probability), we have

mme(:cg) >1< QMO,IO,R(Vn eN,G, # @) > 0.
Thus, to prove Proposition 1.1.7, it suffices to show that on the event {© = +o0},
{vt 2 0,V; # 2} = {Vn e N, G, # 2}

We begin with the inclusion C. If there exists n € N such that G,, = &, then we can define
m = min{n € N,G,, = I}. Remark that ug € Mp,, r implies that pg # 0, so m > 1.
Then, by Lemma A.1.3, 0,1 < +o0 and o, = 400 for every n > m. Hence, V; = & for
every t € [om—1,+00[. Then for the inclusion D, suppose that: ¥Yn € N,G,, # @. With

Lemma A.1.3, we have 7, 4+> 400. Let t > 0, then there exists n € N with 7, > ¢.
n—-—+0oo

By definition, there exists s € [t,7,] and m < n such that G,, NV # &, so necessarily
Vi # @. This reasoning means exactly

(¥t >0,V # 2} D {¥neN,G, # o).

A.2 Additional content for Section 1.4.9

A.2.1 Proof of Proposition 1.4.25

Let G be a measurable function. We have, as an immediate consequence of the telescopic
expression of X given by (1.4.34),

t
G(Xe) = G(Ag (1) + /0 | Lo, o

(G(Axs_m (t—s)) — G(Ax, (t — s)))]\/’(ds, dh). (A.2.7)
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For any fixed ¢t > 0, we apply (A.2.7) to x — F(t,x):

P00 = Pt A@)+ [ [ Lo,
(F(t, Ax, —z,(t—3))— F(t,Ax, (t— s)))/\/(ds, dh). (A.2.8)

Take z > 0 and 0 < s < t. Since F and u € [s,t] = A,(u — s) are respectively C1'! and
C', the fundamental theorem of calculus gives:

F(t,A.,(t—s))=F(s,2z)+ / (81F(u,AZ(u —38))+ 0F(u, A,(u—$))g(A.(u — s), R))du.

We get
F(t,X;) = F(0,&) + Fy + /Ot /R+ L{htu, (X, (F(s, Xy — x0) — F(s, Xs_)>N(ds, dh) + F,
with
Fy = /0 t (81F(u, Agy (1)) + 9.F(u, Agy (u))g( Agy (u), R)>du,
jal ::/Ot /Fﬁl{hg%(xs)}/: [(81F(u, Ax, oo (u—s))
(LAY, oyl glAx, nlu = 5) 1))
_ (81F(u, Ax. (u— )+ sF(u, Ax. (u—5))g(Ax. (u—s), R))] du N'(ds, dh).

Recall that the first two integrals in the definition of F} refer to the Poisson point measure
N, so are only a formal writing of an almost surely finite random sum, meaning that we
can swap the integrals and obtain

1 :/Ot /Ou /R+1{h<bz0(xs_)}
(0170 A= 90) 4 B A= (A, o= 9). )
- <81F(u, Ax, (u—8)) +0aF(u, Ax, (u— s)g(Ax, (u—s), R))]N’(ds, dh) du.
If we look back at (A.2.8), we realize that
Fovr= | t (01F<u, X,) + 02F (1, X,)g( X R)) au,

which, associated to the decomposition N (ds,dh) = N (ds,dh) 4+ dsdh, leads to the ex-
pected expression of F'(t, Xy).

At this step, Mp is only a local martingale. Let 7" > 0, and ¢ € [0,7]. From a fixed
initial condition & > 0, as Ag,(.) is defined on RT and C!, X; < Ag (t) is bounded by
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some constant Cr for ¢ € [0,7]. Also, by, = 0 on ]0, 0] and is continuous on |zg, Cr],
and F is CY'. Hence, b, (X;) and quantities of the form F(¢, X;) are also bounded for
t € [0, 7). Finally, Mg, is L? for all t € [0, 7], so M is a true martingale. To obtain the
expression of (Mp);, we give two different semi-martingale decompositions of F2(t, X;).
This is the technique used to prove Proposition 3.4. in | ]. We also refer to | ].
First, we apply the previous result to F2 and obtain:

F2(t,X,) = F(0,&) + /t 2F (s, Xy) <81F(8,XS) +82F(S,XS)9(XS,R)>ds

/bxo <F2 5, X5 — x0) — F2(s,Xs)>ds—|—MF2’t.

Then, we apply Ito’s formula to F(t, X;) and the function z +— 22 to get:
t
F2(t, X;) =F%(0, &) +/ 2F(s,Xs)<61F(s,Xs) +82F(3,Xs)g(Xs,R)>ds
0
t
+ / 2F (8, X5)bsy(Xs) (F(S,Xs — o) — F(S,XS))dS
0
t
+ / QF(S,XS)dMF’S + <M>F,t-
0
By the Doob-Meyer theorem, we can identify the martingale parts and the finite variation
parts of these two semi-martingale decompositions of F?(X;), and deduce the expected

expression of (M) py.

A.2.2 Proof of Lemma 1.4.28
We simply use Lemma 1.4.26 to affirm that

m(®) g(A (Ag, (5)Ys
F(Z) = F(Yy) + / F(Y,)? jz (9 5104 ’R Y;)ds
O 0

7 Lo (e

Then, we perform the change of variables u = 7~ L(s) in the first integral, and also obtain
by definition of N

) - F(Ys_)) N (ds, dh).

P = Pz + [ Pz AR (oe)Zel) Y,

Agy (m(w)) g(Ag,(m(u)), R)
/ /R+ (e ()b (Aeg (() Zu )} (F(Zu_ - Ag(ff(u)» - F(Zu_)> N (du, dk).

We conclude by definition of 7/, and splitting A (du, dk) = Ng(du, dk) + dudk thanks to
Lemma [.4.27. By the same arguments as in the proof of Proposition 1.4.25, the highlighted
local martingale is a true L?-martingale, and we compute (Mp);.
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B— Appendix of Chapter 11

B.1 Additional assumption for a biologically relevant pro-
cess

In this section, we work under Assumptions 11.1.4, 11.1.5 and II.1.13, so that we avoid
almost surely Situation 1 and Situation 2, by Corollary I1.1.7 and Corollary I1.1.17. In
addition to the work of Sections I1.1.3 and II.1.4, we present an additional stronger as-
sumption, guaranteeing that every individual trajectory almost surely dies in finite time
(see Proposition B.1.2). Even if it is not necessary for the convergence result in Theo-
rem I1.3.1 to hold true, we still want to model biologically relevant individual trajectories,
in line with our Chapter 1. We define

Ting = inf{Jp, Ju e V; Vm>n, uecVy, },

with the convention inf(@) = +o00. Remark that Tj,f is not a stopping time, because it is
(Ft)t>0 measurable. The process (u, R¢): is said to be biologically relevant, if and only if
Joo N Texp N Ting = +00. We introduce the following assumption.

Assumption B.1.1 (Individuals die in finite time). For all x > 0,

o d(y)
— Yy = +oo.
fC 9(y, Rmax) Y

Remark that Assumption B.1.1 immediately implies Assumption I1.1.5. Asin Section I.1.1.1,
for any fixed R > 0, we write (,t) — A¢ r(t) for the deterministic flow associated to an
individual energy starting from £ at time 0, and following Equation (II.1.2) with fixed
resources R instead of R;. It is well-defined and positive on an interval [0, tmax(&, R)),
where tpax(§, R) is the deterministic time when it reaches 0 or 400 (tmax(§, R) is equal to
+oo if this never happens).

Proposition B.1.2. Under Assumptions I11.1.4, 11.1.18 and B.1.1, the process (jit, Rt)t>0
18 almost surely biologically relevant.

Proof. First, thanks to Corollary II1.1.7 and Corollary I1.1.17, we have Jo A Texp = +00
almost surely, and we work under this event. From the strong Markov property for Poisson
point processes (see Example 10.4(a) in [ ]), we have for every n € N and m > n,
conditionally to the event {.J,, # +oo},

E(JmlFr,) = E(,“’Jn7RJn)(‘]mf’n)'

Hence, from the definiton of T, it suffices to show that

YueVo,3m>1LudVy . (B.1.1)
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We follow the skeleton of proof of Proposition I1.1.6, with additional technical steps. We
suppose by contradiction that (B.1.1) is not verified. There exists u € Vp, such that u € Vj
for all s > 0, 4.e. the individual indexed by u never dies. By construction of the process
with Poisson point measures, we necessarily have

/+Ood(£;‘)ds < +o0. (B.1.2)
0

Also, because R — g¢(., R) is non-decreasing and considering Equation (II.1.2), we imme-
diately have, for all u € Vj,

Vo<t<s< texp(,u(]a Ro) VAN tmax(ﬁf, 0) A tmax(gf,RmaX), Ag;ﬂg(s) < fg < A{f,Rmax (8)
(B.l.?))

Furthermore, we assess that one of the three following situations occurs:

(i) & R 0,

e
(ii) & oroo TOO

+oo
(i) 3K C R% compact, /0 1icucryds = +oo.

Indeed, if (i) and (ii) are not verified, we show that (iii) holds true. First, we neces-
sarily have texp(pto, Rg) = +o0o in that case by definition. Furthermore, for any u € 14,
there exists 0 < m < M such that

Vt>0,3s >t, & € [m,M].

Without loss of generality, we can pick m smaller or M higher, such that & € [m, M] and
m < zg. Thus, we can define three random sequences (sy)n>0, (tn)n>1 and (up)p>1, such
that s = 0, for all n > 1, t, := inf{t > s,_1,&" & [m/2,2M]}, uy, := inf{t > t,,& €
[m/2,2M]} and sy, := inf{t > u,, & € [m, M|}, with the convention inf(@) = 4+o00. We
assess that 0, [, /2,207) = +00. Indeed, this is immediate if ¢, = oo for some n > 1. Else,
by (B.1.3), and because the width of the jump during a birth event is constant equal to
xo and the birth rate is equal to 0 on (0, ], associated to the fact that m/2 < z(/2,
there exists a deterministic time 7" > 0 such that s, — u, > T for all n > 1, and

Oufim/2,20M] = Dops1(Sn — Un) = +00.

The end of the proof is similar to the proof of Corollary I1.1.7, replacing b + d with d
where it is needed. If (i) holds true, then (B.1.2) contradicts Assumption II.1.4; if (ii)
holds true, then (B.1.2) contradicts Assumption B.1.1. Note that for both of these cases,
we have, in addition to the proof of Proposition I1.1.6, to take into account possible birth
jumps for the individual u, and we verify that this does not change the result, again be-
cause the width of the jump is constant equal to xg, and the birth rate is equal to 0 on
(0, zo] (in particular, we replace &f by &§ — E(&/zo)zo in (I1.1.7), where E(z) is the usual
integer part of z). Finally if (iii) occurs, we obtain

+oo +oo
+oo > /0 d(gd)ds > /0 Licvery gglf(d(w)ds = +o00,
and this is again a contradiction. O

Discussion: We verify that the proofs of Corollary I1.1.7 and Proposition B.1.2 are
still valid even if the resource (R:); is constant over time. In that case, we recover the
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measure-valued process constructed in Chapter I, with no dynamics on resources. Under
the setting of Chapter I, thanks to the branching property without varying resources, the
event Texp A Joo A Ting = +00 is equivalent to the fact that a single individual trajectory
is biologically relevant. We gave in Theorem 1.1.1 of Chapter I a necessary and sufficient
condition to verify this, which gathers Assumption I1.1.4 and Assumption 1.1.2 of Chapter
I, that we recall below. We write R = {R > 0,3z > 0,Vy > z,9(y,R) > 0}, and
for such R, we write Qr = {£ > 0,Vz > & g(x,R) > 0}. Under Assumption II.1.1,
[Rimax, +00) € Roo. Also, we use the operator K, r from the first chapter.

Assumption B.1.3. For all g > 0, for all R € R, for all & € Qpg,

+00
Ka’fo,Rl(fo)mO and / M

dx = +o0.
50 g(x7R)

Proposition B.1.2 implies in particular that under Assumption I1.1.4, then Assumption B.1.1
implies Assumption B.1.3. Let us show that the converse implication is false in general,
consider for example, for # > 0 and R > 0, b(z) = lysy.e®, d(z) = 1/22%, ¥(z) = 1,
®(R) = 2arctan(R)/m and ¢(z) = 1/2. Then, Assumption II.1.4 is verified, but not
Assumption B.1.1. Moreover, Assumption B.1.3 holds true. To prove this fact, let us
consider an individual trajectory (&;*); with constant resources R > tan(w/3). We first
use Borel-Cantelli lemma and the form of b to prove that P(&} P +00) = 0. Then,

we deduce from the choice of d, ¥, ¢ and ¢ that almost surely, (£}'); dies in finite time.
Finally, with Proposition 17 of Chapter 1, we conclude that Assumption B.1.3 holds true.

Assumption B.1.3 immediately implies Assumption II.1.5 by Lemma II.1.2 and the fact
that R — g(z, R) is non-decreasing for every x > 0. Thus, one can wonder if the less
restrictive Assumption B.1.3 is sufficient to obtain Js A Texp A Tins = +00 almost surely,
even in the context of varying resources over time. We leave this for future work. We
finish this discussion with the following proposition.

Proposition B.1.4. There exists a choice of Ruyax > 0 and functions b, ¥, £, ¢, ¢, such
that

(V(p0, Ro) € Mp(R%) x [0, Rinax]), P(Texp A Tint = +00) = 1)
& (Assumptions 11.1.4 and B.1.1).

Proof. The converse implication is always true thanks to Propositions 11.1.7 and B.1.2.
We verify that we necessarily have to choose d verifying Assumptions I1.1.4 and I1.1.5, if
we choose the following functional parameters, for > 0, Ryax = 11 b(z) = 1p5,,1/22,
Y(x) =2, €(x) =1 (b and ¥ — £ are chosen so that there is a positive probability that no
birth events occur for ¢t > 0). Also, we choose ¢ such that ¢(1/2) = 2/3 and ¢(R) = 4R/3
for R < 1/4. Finally, we choose ¢ non-decreasing such that ¢(1/2) > 4 and ¢(R) = R
for R < 1/4, and we consider the initial conditions py = 30,, and Ry = 1/4, respectively
po = 205, and Ry = 1/2, to enforce Assumption II.1.4, respectively Assumption II.1.5. O

Remark: Proposition B.1.4 states that there exists a choice of functional parameters b,

¥, £, ¢, ¢, such that we necessarily have to choose d verifying Assumption B.1.1 to obtain
Texp \ Ting = +00 almost surely.
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B.2 Topological background

B.2.1 Vague and w-weak topologies

In the following, we consider a positive and continuous function w : R% — R%.. We denote
by M (R%) the set of positive measures on (R%,B(R%)) that verify (u,w) < 4o00. We
also write C.(R" ) the space of continous functions with compact support, and C,,(R% ) the
space of continuous functions f such that f/w is bounded on R%. For f € C,(R%), we
define || f|w := || f/w]||c0, Where ||.||oo is the usual uniform norm on the space of bounded
continous functions Cy(R? ). It is straightforward to verify that ||.||,, is a norm on Cy(R%)
(it is a weighted norm with respect to ||.||co)-

The vague, respectively w-weak, topology on M, (R% ) is the finest topology for which
the applications y — (u, f) are continous, with f in C.(R% ), respectively in C,(R%). We
write (M, (R%),v), respectively (M., (R%), w), when we endow M,,(R%) with the vague
topology, respectively the w-weak topology. Remark that if w = 1, the w-weak topology
coincide with the usual weak topology, which is the finest topology for which the applica-
tions p +— (u, f) are continous, with f continuous and bounded. Also, if w = 1 the norm
||-||w coincide with ||.||sc. We show in the two following propositions that these topologies
on M, (R% ) define Polish spaces.

Proposition B.2.1. (M (R% ), v) is metrizable by a distance d;’, such that (M,(R%), dy)
1s a Polish space.

Proof. This result is well-known when w = 1. In that case, we show that there exists
(fn)nen a sequence of elements in C.(R? ), dense in this set for the uniform norm ||.||.
Then, the distance d}, is given by, for every u,v € /\/ll(R* ),

— v, fn)
dy(p, v [n =
=2 e T

and we verify that (M7 (R%), d}) is a Polish space (it can be seen as the dual space of C.(R%.)
for the weak-* topology, hence is a locally compact metric space by the Banach-Alaoglu
theorem). From this base case, we define the distance dy}, for every u,v € My, (R%),

42 () 1= db(w * 1, w0 % v),

where w * p is the usual pushforward of p by w (i.e. for every measurable function f,
(wsp, f) == (p,wf)). O

Proposition B.2.2. (M., (R% ), w) is metrizable by a distance d'p, such that (M,(R%),dp)
is a Polish space.

Proof. Again, this result is well-known when w = 1. We define the Prokhorov distance,
for every p,v € Mi(RY),

dp(p,v) := inf{e > 0,YA € BRY), u(A) < v(A%) +e, v(A) < u(A%) + ¢},

where A% := {y € R% ,inf,ca |z — y| < e}. We refer to Theorem 1.7 page 101 in | ]
for the proof of the fact that (Mi(R%),d}p) is Polish. Finally, we define d% for every
p,v € My(R%L) by

dp(p,v) = dp(w * p, w * v).
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Remark: In Propositions B.2.1 and B.2.2, d;/ and d are distances because w is positive,
so w * u = w * v implies y = v. We also introduce the following distances.

Definition B.2.3. The total variation distance on Mi(R%) is given for every p,v €
Mi(RL) by
dyv(p,v) = sup [(u—v,¢)l,
€D
[[8]loe<1
with D any countable and dense subset of C2°(R%.) for the topology of uniform convergence
(which exists by Lemma I1.4.1). Then, we define the w-total variation distance for every

p,v € My(RY) by

) = drvlw s pws) = sup (=)
€
[lg/w]loo<1

In the previous definition, we define the total variation distance considering only functions
in D, but a classical approximation argument gives

drv(p,v) = sup [(p—v,¢)|= sup [(u—r,9¢),
$eC(R) $ECO(RY)
[|]]co<1 [o]leo<1

where C°(R%) is the set of continuous functions on R%. It is well-known that the total
variation distance is larger than or equal to the Prokhorov distance, so we easily extend
it for all p,v € My (R%) to

dp(p,v) < dpy(p,v).

Definition B.2.4. The Fortet-Mourier distance on M1(R%) is given for every p,v €
Mu(RL) by

dpm(p,v) == sup [{p—v, ),
¢eD
[EES!
116/ [|loo <1

with D any countable and dense subset of C2°(R.) for the topology of uniform convergence.
Then, we define the w-Fortet-Mourier distance for every p,v € My (R%L) by

digv(p,v) = sup  [{(p—v, @)l
¢ED
16/l o0 <1
16/ l|oo <1

As for the total variation distance, a classical approximation argument gives

v, v) = sup [(p—v, @)= sup [(p—v,9)l
¢eCe(RY) $eC(R%)
llg /]l <1 llg/wllco<1
116/ [loo <1 116/ lloo <1

Lemma B.2.5. Let w be a positive function on R, and let (i) ken and p be elements
of My(R%), then

(dTV(.UK’,U) P 0) = <dFM(,UKmu) P 0) = <dP(,UK7M) ra— 0)-
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Proof. The left-most implication is straightforward. The right-most implication is a clas-
sical result for w = 1 and comes from a usual approximation argument by Lipschitz
continuous and bounded functions and the Portmanteau theorem (see Theorem 8.3. in
[ ]). We extend this approximation argument in M,,(R% ) to any Lipschitz continu-
ous functions dominated by w and the result follows. O

Remark: In fact, we could prove that the right-most implication in Lemma B.2.5 is an
equivalence, and even provide an explicit comparison between djf,; and d (see Problem
2. p.150 in [ ]), but do not need these precise results in our work.

B.2.2 Skorokhod spaces

In this section, we provide useful topological background about Skorokhod spaces, which
mainly comes from Chapter 3 in | ].

Definition B.2.6. Let (X,d) be a metric space and T > 0. We define D(]0,T], (X, d))
the Skorokhod space associated with X, which is the space of cadlag functions from [0, T
to X.

We can endow this space with the topology of uniform convergence, metrizable with the
distance d,, such that for every (f,g) € D([0,T], (X,d))

du(f,g) == sup d(f(t),g(t)).

t€[0,T)

However, this distance is not adapted to study cadlag processes in the neighborhood of
their discontinuties. Thus, we define another distance dg, called the Skorokhod distance
(Equation (5.2) p.117 in | ). We give here the following characterization of conver-
gence for this distance (Proposition 5.3 p.119 in | D

Proposition B.2.7. Let (X,d), T > 0 be a metric space and dg the associated Skorokhod
distance on D([0,T], (X,d)). Let (fun)nen and f be elements of D([0,T],(X,d)). Then
ds(fn, f) T> 0, if and only if there exists a sequence (Ay)nen of increasing continuous

functions on [0, T] with A, (0) = 0 and \,(T') = T, verifying

sup d(fn(t)a f()‘n(t))) — 0,

t€[0,T] n—+00
An(t) — A
sup log n(t) n(s) 0.
0<s<t<T t—s n—+00

The topology associated to the distance dg is called the usual Skorokhod topology. By The-
orem 5.6 p.121 in | ], if (X, d) is separable, respectively complete, then D([0, T, (X, d))
endowed with the usual Skorokhod topology is separable, respectively complete.

Lemma B.2.8. Let (X,d) be a metric space and (fn)nen, respectively f, be elements of
D([0,T7, (X,d)), respectively C([0,T], (X, d)). Then,

(a5 ) 220 0) & () 520 0).

where dg is the Skorokhod distance associated to d and d,, is the distance associated to the
topology of uniform convergence on D([0,T1], (X, d)).
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Proof. The converse implication is always true. For the direct implication, we use the
sequence (Ap)nen of Proposition B.2.7 and assess that for every n € N,

du(fn, ) < sup {d(fu(t), F(An(t)} + sup {d(f(An(t)), f(1))}-

t€[0,7] t€[0,7)

The first term of the right-hand side converges to 0 when n — 400 by Proposition B.2.7.
The same holds true for the second term because f is uniformly continuous on [0, 7]
(Heine-Cantor theorem) and (\,)nen converges uniformly towards the identity function
on [0,T] by Proposition B.2.7, which ends the proof. O

The following result will be useful in the study of measure-valued processes.

Lemma B.2.9. Let T > 0, w a positive function on R, d and d' two topologically
equivalent distances on M, (R%). Then the associated Skorokhod distances ds and dy are
topologically equivalent on D([0, T], M., (R%)).

Proof. Let ((11)iecfo,1])neN and (p)iepo,r) be elements of D([0, T, (M (R%),ds)). From
Proposition 6.5 p.125 in | ], we have dg(pn, ) R 0, if and only if for all ¢ € [0,77,

for every sequence (t,)nen converging to ¢t when n goes to 400,

o d(ug, ) Nd(pf,, pe—) ——— 0.

n—-+o0o

o If d(up ,u) — 0, for all s, > ¢, for n > 0 such that s,, ——— ¢, then
n n——+o0 n——+o0

n
d(py ;1) oo 0.

o If d(u ,uy—) —— 0, for all 0 < s, < t,, for n > 0 such that s, —— ¢, then
n n—+00 n—-+o00
(g, s pie—) prewndl

These conditions only depend on convergences involving the distance d, which is topologi-

cally equivalent to d’, hence we can replace d with d’ in all the items above, and obtain by

Proposition 6.5 p.125 in [ | again that it is equivalent to dg(fin, 1) — 0, which
n—-+0oo

ends the proof. O

Finally, for any metric space (X,d), we write B(X,d) for the Borel o-algebra on (X, d),
i.e. the o-algebra generated by open sets of (X, d).

Lemma B.2.10. Let w be a positive function on R, dy and d the distances on M,(R%.)
defined in Propositions B.2.1 and B.2.2. Then, we have

(i) B(M.w(RL), dy) = BIMw(RL), dp).

(ii) For every T > 0, B(D([0,T], (Mw(R%),dy))) = B(D([0,T], (Mw(R%),dB))), where
these spaces are endowed with the usual Skorokhod topology.

As a consequence, being equal in law in the space D([0,T], (Myw(R%),dy)) or in the space
D([0,T7], (Mw(R%),dp)) are equivalent concepts.

Proof. First, we show (i). The w-weak topology on M, (R%) is finer than the vague
topology, so the inclusion C is straightforward. For the converse inclusion, a base of open
subsets for the w-weak topology are the Oy, . == {u € My(RL), [{u, f) — x| < €}, with
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e >0,z € Rand f € Cy(R%). Let (f,x,¢) such parameters and (f;)ien a sequence of
C>(R%.) that converges pointwise towards f. Then,

1 1
Ofpe = {M € My((RL),Ipe N ,VEe N, i e N, [(u fi) —2]<e— > + k}’

which shows that every open set for the w-weak topology is measurable for the vague
topology, which concludes for the first point of the lemma.

Then, to show (ii), we use Proposition 7.1 p.127 in | | to assess that
B(D([0,T], (Mw(R%), dy))) = U<W{1(F),T € B(My(RL), dy),t € [07T]>,

where m; : € D([0,T], Mw(R%)) = e € My(R%) for every t € [0,7]. By (i), we thus
obtain

B(D(0. T}, (Mu(R% ), d¥))) = o(wf(r),r € BIMy(RY), db), 1 € [o,T]>
— BD(0,7], (Mo (RY),d2))).

Remark that we are able to use Proposition 7.1 p.127 in | ], thanks to the separability
of D([0, T, (M (R%),dy)) and D([0, T'], (M (R%.), d)) endowed with the usual Skorokhod
topology (see Propositions B.2.1 and B.2.2). O

Remark: However, note that it is not an equivalent concept to converge in law in

D([0,T], (Mw(R%),dy)) or in D([0, T, (Mw(R%),dB)) (see Theorem 11.4.2).

B.3 Proof of Theorems I1.4.1 and 11.4.2

B.3.1 Proof of Theorem I1.4.1

We reorganize the structure of the proof of Theorem 2.1 in | |. A slight difference
lies in the characterization of relatively compact sets in (M., (R%),v) compared to the
case (M1 (R%),v) treated in | ]. Let € > 0, our goal is to show that there exists C
relatively compact in D([0, T, (M, (R%),v)) such that for all K € N, PK(C) > 1 —e.

First, let us enumerate the elements of the countable set DU {w} as (fx)ken, With fo = w.
For every k € N, by assumption, (7, * PX)ken is a tight sequence of probability measures
on D([0,T],R), so there exists a compact set C, C D([0,T7],R) such that for every K € N,
(75, * PE)(Cy) > 1 — /2. We define

C = )7} (C),
keN
which immediately verifies by construction, for every K € N,
(&
PE(Cy=1-PK (U (w;,j(ck)) ) >1-) (1= (mp « PF)(Cp) 21—
keN keN
Let us show that C' is relatively compact in D([0, 77, (M (R%),v)) to conclude. We begin

with a preliminary definition.
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Definition B.3.1. For é > 0, we write Il for the set of all finite partitions 0 =ty < ... <
ty =T of [0,T], of any size k and verifying minj<;<y(t; —t;—1) > 6. Let (X, d) be a metric
space, then the §-cadlag modulus of continuity of any function f € D([0,T],(X,d)) is

wsq(f) ==  inf sup sup d(f(s), f(t))-

(ti)o<i<k€lls 1<i<k (s,t)€[ti—1,ti)

The space D([0, T, (M (R%.),v)) is complete by Proposition B.2.1 and Theorem 5.6 p.121
in [ ]. Hence, we can use Theorem 6.3 p.123 in | | to assess that C' is relatively
compact, if and only if

vVt €[0,T]NQ, {p,p € C} is relatively compact in (M, (R%),v),
and

lim sup ws 4, (1) = 0. (B.3.4)
6—0 MEC

First, we have the inclusion C C 7_%(Cp), which implies that there exists a constant
M > 0, such that for every t € [0,T], for every u € C, (u,w) < M. For every t € [0,T],
the subset {j,n € C} is thus relatively compact in (M, (R%),v) (it is included in the
set {v, (v,w) < M}, which is compact by the Banach-Alaoglu theorem). Let us finally
show (B.3.4). The set D is by assumption a dense countable subset of Cy(R?%) for the
topology of uniform convergence. The set Co(R% ) is composed of bounded continuous
functions, and is an algebra that separates points, thus it is a separating class of functions
for (M (R%),v) (Theorem 4.5 in | ). In particular, D = (fg)ren+ is dense in a
convergence determining set, so by Theorem 2.4. p.9in | ], to show (B.3.4), it suffices
to show that for every k € N*,

lim sup ws a((, fx)) = 0,
—0 ,LLEC

where d is the usual distance on R. For every k € N, Cj, is compact in D(]0, 7], R), hence
by Theorem 6.3 p.123 in [ | again,

lim sup ws 4(¢) = 0.
6—0 $eCk

For every k € N, we have the inclusion C' C WJIkl(Ck), so finally

lim sup ws q((, fx)) < lim  sup  wsa((@, fr)) < lim sup wsq(¢) =0,
=0 pec 6—0 #Gﬂ'f_kl(ck) 0—0 geCy,

which entails (B.3.4) and ends the proof.

B.3.2 Proof of Theorem 11.4.2

We follow the same structure of proof as in [ ]. First, we show a deterministic result.

Lemma B.3.2. Let w be a positive function on R, (Vn)nen and v elements of M, (R?%.).
Then,

d¥(vp, v) = 0, if and only if <dv (Vn, V) R 0 and |(vy, — v, w)] P O.)
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Proof. The direct implication is straightforward, we show the converse implication. Let
e >0 and f € Cu(R%), so there exists a constant C' > 0 such that [f| < Cw. Also, we
consider ((p)pen an increasing sequence of positive functions in CZ°(R?%) that converges
pointwise towards the constant function equal to 1 on R*.. First, we write, for any p € N,

‘(Vnaf> - <I/, f>‘ < ’<’/napr> - <V7f<p>’ + ’<’/n7f(1 - Cp)>‘ + ’<V7f(1 - Cp)>|
gwmf@»—@J@M+c(wmwu—@w+wmwu—@»)

By dominated convergence, (v,w(1 — (,)) converges to 0 when p goes to +o00. Let us fix
po € N such that (v,w(1 — (,,)) < e. Then, we can write for any n € N,

(Uns w(1 = Cpg)) = (Vn, w) — (Vs Wy )

which converges to (v, w(1 — (p,)) when n goes to +o0o by assumption. Thus, there exists
no € N such that for every n > ng, (vn, w(1 — (p,)) < 2¢. Finally, by vague convergence,
the term |(vy,, fCp,) — (¥, f(po)| converges to 0 when n goes to +00. To conclude, for every
e > 0, we can find n; € N such that for every n > ny, (v, f) — (v, f)| < (1+3C)e, so that
(vn, ) — (v, )] R 0. This is valid for any f € C,(R% ), which ends the proof. O

For w positive function on R, let us define another distance d,, on M, (R%) by
Wi, v) € M(RL),  Bulytrv) = d¥(n, ) + (s — v, ).

Corollary B.3.3. The distances 90, and dp are topologically equivalent on M (R%).
Hence, for every T > 0, the associated Skorokhod distances are topologically equivalent on
D([0, T, Mw(RY))-

Proof. This is straightforward from Lemma B.3.2 and Lemma B.2.9. O

Corollary B.3.4. Let w and w' be two positive and continuous functions on R, such
that w' < w. We consider (vy)nen and v elements of My, (R%). Then,

(d}‘!,(un,u) — 0) = <d}”,/(1/n,l/) O>.

n—-+4o0o

Proof. We assume that d(v,,v) ——— 0. Because w' € C,(R%), as in the proof of

n——+o0o
Lemma B.3.2, we can show that |(v,,w") — (v,w')| — 0. Hence, by Lemma B.3.2, we
n—-—+0oo
obtain that O, (v, V) T> 0, which concludes thanks to Corollary B.3.3. O
n—-+0oo

Let us continue with a probabilistic result.

Proposition B.3.5. Let w be a positive function on R, (vn)nen and v random variables
in My (R%). Then, (Vn)nen converges in law towards v in (My(R%),dp), if and only if
(Un)nen converges in law towards v in (My(R%),dy) and ({(vn,w))nen converges in law
towards (v, w) in R.

Proof. The direct implication is straightforward, we show the converse implication. First,
by convergence of the marginal distributions, the sequence of laws of (v, (U, W) )pen is
tight in (M (R%),dy) x R. By Prokhorov theorem, any subsequence of (vy,, (Vn, w))nen
admits a subsequence converging in law in (M, (R% ), dy’) x R, towards a random variable
that we denote as (v/,2). Furthermore, by convergence of the marginal distributions, v/,
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respectively 2/, has same law as v, respectively (v,w). Our main goal is to show that
for any such converging subsequence (still denoted as (v, (Vn, w))nen), the law of the
limiting couple (¢, ') is unique and equal to the law of the couple (v, (v, w)). Note that
the technical part of this proof is to show the equality in law as couples, and not only for
the marginal distributions. By the Skorokhod representation theorem (Theorem 6.7. p.70
in | ]), there exists a probability space 2 and random variables (i, Zn)nen and (p, x)
defined on 2 with values in M,,(R%) x R, such that

o Vn €N, (in,x,) and (vy, (Vy, w)) have same law;

e (u,z) and (V/,2') have same law, so p and x have respectively same law as v/ and
', thus respectively same law as v and (v, w);

® (fin,Tp)nen converges almost surely towards (u,x) in (M, (R%),dy) x R.

First, we have for n € N, by the previous equalities in law,

E(Li0y(zn — (pn; w))) = E(Lgoy (W, w) = (v, w))) = 1,

S0 xy, is almost surely equal to (uy,w) for every n € N. Then, let ({,)pen an increasing
sequence of positive functions in C2°(R%.) that converges pointwise towards the constant
function equal to 1 on R’ , and write almost surely, for every p € N,

r= lim z,= lim <:U'n7w> > lim <Mn7pr> = <M7pr>7

n—-+o00 n—-4o00 n—-+4o0o

so by monotone convergence, x > (u, w). Also, we have
E(l‘ - <,LL,’U)>) = E(<V7w> - <V’w>) = 07

so finally x is almost surely equal to (i, w). Hence, by the third point above, the previous
almost sure equalities, and Lemma B.3.2, (u,)nen converges almost surely towards p in
(Mw(R%),dp). By the previous equalities in law, we obtain that (v,)nen converges in
law towards v in (M, (R%),dp). We thus have shown that every subsequence of (v, )nen
admits a subsequence converging in law in (M,(R% ), dp) towards v, which concludes by
Lemma IT.5.1. O

Proof of Theorem 11.4.2:

First, we can choose the distance d}j to metrize (M, (R% ),v); and by Corollary B.3.3,
we can choose the distance 9, to metrize (M, (R%),w), and use Proposition B.3.5 with
d$ replaced by 9,,. The fact that (i) implies (i) in Theorem I1.4.2 is straightforward,
so we focus on the converse implication. First, the limiting process (1)) is in
C([0,T7], (Mw(R%), w)), hence the sequence ((1f)epo,r1)ken and (v, w))ieom)) Ken are
C-tight (Definition 3.25 p.351 in | ]) in the space D([0, T, (M (R%),v)) and the space
D([0,T],R). By Corollary 3.33 p.353 in | ], the sequence (v, (Vf,w))epo,1]) KeN i
C-tight in D([0, 77, (M (R%),v) x R). The structure of the proof is then essentially the
same as in Proposition B.3.5.

By Prokhorov theorem, any subsequence of ((¢f*, ([, w))teo, 1)) KeN admits a subsequence
converging in law in D([0, T], (M (R%), v) x R), towards a random variable that we denote
as (v, x%)te[oﬂ, and which is almost surely continuous. Furthermore, by convergence of
the marginal distributions, (v}).c(o.7], respectively (})icpo,r), has same law as (v} )icpo17,
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respectively ((¢f,w))¢e[o,7]- By the Skorokhod representation theorem (Theorem 6.7. p.70
in | ]), there exists a probability space € and random variables ((uf*, 25 )te(0,1]) KeN
and (uy, 7} )eefo, ), defined on Q with values in the spaces D([0, 7], (M, (R% ), w) x R) and
C([0,T], (M (R%),w) x R), such that

e VK € N, (uf,x{()te[&ﬂ and (VtK7<VtKvW>)te[O,T] have same law. In particular,
(1, 28 )1epo,7) is almost surely with values in D([0, 7], (M, (R%),w) X R).

o (uf, 7} )ejo,r) and (v4, 1) repo,r) have same law, so in particular (i )ejo,r) and (27)efo, 7]
have respectively same law as (1)o7 and (z})sc(o,7], thus same law as (})icpo0,1]
and ((v},w))iepo,1]- Also, (1F, 77 )iejo,) 18 almost surely continuous.

o (1,28 ) e, Ken converges almost surely towards (uf,x)ier] in the space
D([0,T], (Mu (R} ), v) X R).

By Lemma B.2.8, the convergence of ((uf*,2{ )icjo1]) ken towards (uf,x})ieo ) in the
space D([0,T7], (M (R%),v) x R) is almost surely uniform. Thus, we can write almost
surely

lim  sup dy(uX, uf) =0 (B.3.5)
n=+00 ¢e(0,1]

lim sup |zf — 27| = 0. (B.3.6)
n——+oo tE[O,T} t t

In the following, let us show that almost surely,

sup |zf — (uf,w)| = sup |z} — (uf,w))| =0, (B.3.7)
te[0,7T] te[0,7

First, by the previous equalities in law and because f € D([0,T],R) = supycpop [f ()] is
well-defined and measurable, we have

= <1{°} < sup [arf <uf<,w>\>> -E (1{0} < sup |(v*,w) — <vtK,w>|)> =1,
te[0,7] t€[0,7]

so almost surely sup;cjo lzf — (uf,w)| = 0. Also, for any t € [0,7] fixed, we can
use the same argument as in the proof of Proposition B.3.5 to show that almost surely
xf = (uf,w). Hence, almost surely,

sup o} — (uf,w)| =0,
t€[0,7]NQ

and t € [0,T] — |zy — (u;,w)| is almost surely a continuous function, hence we obtain
(B.3.7). From (B.3.5), (B.3.6) and (B.3.7), and by definition of d,,, we obtain that almost
surely

I 0w (s, p7) = 0.
i sup, BTANTY

In particular, this implies that ((uf )telo,1]) KeN converges almost surely (and this con-
vergence is even uniform on [0,77) towards (uf)icpo,r) in D([0,T], (My(R%), w)), which
concludes thanks to the equality in law between (pf* )tejor) and (vf)iepo,r) for all K € N,
and between (4} )te[O,T} and (v} )te[o,T]-
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