
Submitted to the Annals of Probability

RENORMALIZATION OF A 1D QUADRATIC SCHRÖDINGER MODEL
WITH ADDITIVE NOISE

BY AURÉLIEN DEYA1,a, REIKA FUKUIZUMI2,c AND LAURENT THOMANN1,b

1Department, Institut Élie Cartan, Université de Lorraine, BP 70239, 54506 Vandoeuvre-lès-Nancy, France,
aaurelien.deya@univ-lorraine.fr; blaurent.thomann@univ-lorraine.fr

2Department, Department of Mathematics, School of fundamental science and engineering, Waseda University, 3-4-1, Okubo,
Shinjuku-ku, Tokyo, Japan., cfukuizumi@waseda.jp

The study is devoted to the interpretation and wellposedness of the
stochastic NLS model

(ı∂t −∆)u= |u|2 + Ḃ, u0 = 0, t ∈R, x ∈ T,

where Ḃ stands for a space-time fractional noise with index H = (H0,H1)

in a subset of (0,1)2.
We first establish that in the situation where 0< 2H0+H1 ≤ 2, the equa-

tion cannot be interpreted in a (classical) functional sense.
Our investigations then focus on the rough regime corresponding to the

condition 7
4 < 2H0 + H1 ≤ 2. In this specific case, we exhibit an explicit

renormalization procedure allowing to restore the (local) convergence of the
approximated solutions.

We follow a pathwise-type approach emphasizing the distinction between
the stochastic objects at the core of the dynamics and the general determinis-
tic machinery.
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1. Introduction.

1.1. General considerations. In this paper, we propose to explore a few fundamental
issues related to the 1-d quadratic Schrödinger model with additive noise, i.e. the equation:

(1.1) (ı∂t −∆)u= λ|u|2 + Ḃ, u0 = 0, t ∈R, x ∈ T,

with T=R/2πZ, λ ∈ {−1,1} and where Ḃ stands for a space-time real valued noise, defined
on a complete filtered probability space (Ω,F,P). In this setting, we actually intend to pursue
two main objectives, that can be roughly summarized as follows:

(i) Identify and treat situations where the unknown u cannot be treated as a function, but
only as a space of general distributions, using some additional renormalization procedure.

(ii) Try to go beyond white-noise situations and handle the more sophisticated structure of a
space-time fractional noise. In other words, we would like to deal with a centered Gaussian
noise Ḃ whose covariance is given for all test-functions φ,ψ on R2 by

(1.2) E
[
⟨Ḃ,φ⟩ ⟨Ḃ,ψ⟩

]
=

∫
R2

dsdt

∫
R2

dxdy φ(s,x)ψ(t, y)|s− t|2H0−2|x− y|2H1−2,

for some indexes H0,H1 in a subset of (0,1) to be specified. Recall that the standard white
noise would correspond to the case H0 =H1 =

1
2 , and that the fractional noise is known for

its fundamental past-dependence properties when H0,H1 ̸= 1
2 (see e.g. [60, 61]).

The influence of randomness on nonlinear Schrödinger (NLS) dynamics, and more gen-
erally on dispersive models, has been a topic of great interest and the source of an abundant
literature in the past years. These investigations can essentially be structured around two main
directions.

The first line of research, initiated by Bourgain [8, 9], is concerned with the propagation
of randomness within (deterministic) NLS dynamics, that is the influence of a random initial
condition Φ on the general equation

(1.3) (ı∂t −∆)u= λupuq, u(0, .) = Φ, t ∈ [0, T ], x ∈Rd or Td,
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for fixed integers p, q ≥ 0 and λ ∈ {−1,1}. This approach has been developed by
Tzvetkov [75, 76] for the Schrödinger equation in various geometries, and extended by Burq
and Tzvetkov [13, 14, 16] who considered more general random initial conditions for the
wave equation, and since then, there have been many contributions to the study of dispersive
equations with random initial conditions. Such a randomization procedure is typically moti-
vated by the possibility to improve the classical wellposedness results associated with (1.3)
or other dispersive models (see e.g. [13, 74, 16, 19, 4, 5, 6]), and the developments along this
approach have also led to the exhibition of fundamental invariant measures for dispersive
equations, see e.g. [8, 9, 75, 76, 15, 14, 12, 33, 77, 78, 37, 68]. Some progress have been
made in the last few years regarding local wellposedness theory for (1.3) thanks to the works
of Deng, Nahmod and Yue [34, 35, 36]: the so-called theory of random tensors now provides
us with an extensive covering of the important class of Hamiltonian equations (take q = p+1
in (1.3))

(1.4) (ı∂t −∆)u=−|u|pu, u(0, .) = Φ, t ∈ [0, T ], x ∈ Td,

for Φ in a suitable (Gaussian-type) space of random distributions. We also refer to the recent
work [11] on the probabilistic wellposedness of NLS on the sphere.

The second field of investigations, which can be traced back to works by de Bouard and
Debussche, focuses on the influence of a random perturbation within the differential dy-
namics of the equation. This so-called stochastic forcing can take the form of an additive
[25, 26], multiplicative [24] or even dispersive [27, 31, 18, 42] noise. As far as applications
are concerned, random perturbations can for instance be regarded as natural ways to model
the influence of temperature variations on some molecular aggregation process [2], or the
evolution of nonlinear dispersive waves in a totally disorder medium [21, 48]. In the con-
text of optically trapped Bose-Einstein condensation, the fluctuation of laser intensity can be
modeled by a temporal noise [46].

From a mathematical point of view, NLS models with stochastic forcing are part of the
general SPDE theory [23, 80], just like stochastic heat equations or stochastic wave models.
However, it is a well known fact that the properties of Schrödinger propagation, and espe-
cially the relatively weak regularization effects in this setting, makes the analysis of stochastic
Schrödinger equations particularly delicate. As a consequence, the literature related to this
specific field turns out to be more scarce than its heat or wave counterpart.

Schrödinger equations with random perturbation have been mostly investigated along a
fully stochastic approach, that is in the presence of a white noise in time and through the
use of sophisticated Itô-type controls. On top of the aforementioned papers by de Bouard
and Debussche (see [24, Lemma 3.1] or [26, Lemma 4.2] for examples of Itô-type lem-
mas), we can here refer to recent works by Hornung about stochastic NLS on Rd [55], or to
Brzézniak-Millet [10] and Cheung-Mosincat [17] for results on compact domains (see e.g.
[10, Theorem 3.10] and [17, Lemma 3.6] for Itô-type estimates in such a framework). Ob-
serve that in all of these studies, the implementation of stochastic analysis is permitted by
the fact that the equation can be interpreted and solved in a space of functions (typically a
subspace of L2([0, T ]×Rd) or L2([0, T ]×Td)), leading to restrictive conditions on the noise
spatial regularity.

Pathwise-type strategies - in the vein of our subsequent developments - have also been
developed in a few studies, especially in the multiplicative situation, where specific rescal-
ing transformations are available. This is for instance the case in the results by de Bouard-
Fukuizumi [28], Pinaud [70] for a temporal noise, Barbu, Röckner and Zhang [3, 81] for a
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white-in-time smooth-in-space noise on Rd, or in a recent series of papers by Debussche,
Liu, Martin, Tzvetkov, Visciglia and Weber [29, 30, 32, 79] for a rough spatial noise.

Let us now turn to the presentation of several previous works related to the pathwise ap-
proach of NLS in the additive case, which is precisely the category our model (1.1) falls
into - note indeed that our consideration of a fractional noise rules out any possible Itô-type
control, i.e. control in Lp(Ω), for the stochastic integral.

First, and albeit restricted to a white noise, the two references [62, 66] by Oh, Okamoto,
Pocovnicu and Wang offer us an insightful example of a pathwise procedure in the addi-
tive situation, with a clear separation between the stochastic arguments (see the study of the
stochastic convolution therein) and the deterministic analysis of the problem. In both works
[62, 66], the noise under consideration happens to be sufficiently regular (in space) for the
equation to be directly treated in a space of functions, with no need for any renormalization
trick.

Such a renormalization trick can be found in the reference [41] about the NLS model
on Rd with additive fractional noise (see also [73]). Although the latter setting may look
similar to the one in the present study (i.e. to the setting in (1.1)), it should be noted that
the analysis in [41] strongly relies on a specific local regularization effect of the Schrödinger
operator on Rd (see [20]), which is no longer available on the torus, making a huge difference
between the two problems.

Last but not least, let us report on the results by Forlano, Oh and Wang in [44] and Liu
in [59]. Although these two references are concerned with white-noise situations, their under-
lying dynamics are close to ours, which in particular will give us the opportunity to discuss
about renormalization methods and ultimately specify our objective in the study.

In [44], the authors are interested in the following rescaled cubic NLS model with additive
noise

(1.5) (ı∂t −∆)ũ=−
(
|ũ|2 − 2

∫
T
|ũ|2

)
ũ+ Ḃ, ũ0 =Φ ∈ L2(T), (t, x) ∈R+ ×T,

while the author in [59] investigates a quadratic NLS model with random initial condition

(1.6) (ı∂t −∆)ũ= |ũ|2 − 2

∫
T
|ũ|2, ũ0 =Φ ∈ L2(Ω;H−α(T)), (t, x) ∈R+ ×T2.

In both [44] and [59], the roughness of the random data (either Ḃ in (1.5) or Φ in (1.6))
justifies the involvement of a renormalization trick, namely

|u|2 −→ |ũ|2 − 2

∫
T
|ũ|2.

This transformation ensures the cancellation of specific resonant terms at the Fourier level,
and it is in fact directly inspired by the renormalization used by Bourgain in [9] for the cubic
NLS equation with irregular initial condition, that is the equation

(1.7) (ı∂t −∆)ũ=−
(
|ũ|2 − 2

∫
T
|Φ|2

)
ũ, ũ0 =Φ ∈ G, (t, x) ∈R+ ×T,

where G stands for a space of rough distributions (see also [68, 36] for higher-order gener-
alizations of this rescaling trick). In the analysis of the original equation (1.7), the choice of
such a rescaling can be further justified through at least two reasons:

(i) When working with a regular enough initial condition, say Φ ∈ L2(T), the two mod-
els (1.4) (with p = 2) and (1.7) turn out to be equivalent. Indeed, in this case, it is readily
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checked that if ũ is a solution to (1.7), then u := e−2ıt
∫
T |Φ|2 ũ is a solution to the standard

cubic NLS equation.

(ii) The renormalization term 2
∫
T |Φ|

2 in (1.7) is (obviously) explicit, i.e. it does not depend
on the (unknown) solution ũ but only on the (known) initial condition Φ, which offers a better
control on the rescaling procedure.

With these two features in mind, recall that the main wellposedness result for (1.7) can be
summed up as follows (see e.g. [19, Theorem 1]):

Given Φ in a suitable space of random negative-order distributions on T (with full Gaussian
measure), there exist a natural approximation (Φ(n))n≥1 of Φ with Φ(n) ∈ C∞(T) and a time
τ > 0 such that by setting Λ(n) := 2

∫
T |Φ

(n)|2, the sequence of classical solutions

(1.8) (ı∂t −∆)ũ(n) =−
(
|ũ(n)|2 −Λ(n)

)
ũ(n), ũ

(n)
0 =Φ(n), t ∈ [0, τ ], x ∈ T,

is well defined and converges almost surely in C([−τ, τ ];H−α(T)), for some α> 0.

Due to the explicitness of the sequence (Λ(n))n≥1, the latter statement shows a strikingly
similar pattern to other well-known renormalization results in the heat or the wave settings.

In the heat setting, we can quote for instance (and among many other examples) the case
of the dynamical Φ4

3 model, whose main wellposedness theorem reads as follows (see [54,
Theorem 1.15]).

Given a space-time white noise Ḃ on R+ × T3, there exist a smooth approximation (Ḃ(n))n≥1

of Ḃ, a time τ > 0, as well as an explicit sequence of constants (σ(n))n≥1 depending only on
(Ḃ(n))n≥1, such that the sequence of classical solutions

(1.9) (∂t −∆)ũ(n) =−
(
(ũ(n))2 − σ(n)

)
ũ(n) + Ḃ(n), ũ

(n)
0 = 0, t ∈ [0, τ ], x ∈ T3,

is well defined and converges almost surely in C([0, τ ];H−α(T3)), for some α> 0.

In the wave framework, let us recall for instance the following result - obtained in [53,
Theorem 1.1] - about the three-dimensional stochastic equation with quadratic nonlinearity
(see also [64, 65, 67] for similar results).

Given a space-time white noise Ḃ on R+ × T3, there exist a smooth approximation (Ḃ(n))n≥1

of Ḃ, a time τ > 0, as well as a sequence of time-dependent constant (σ(n)(t))n≥1 explicitly
described in terms of (Ḃ(n))n≥1, such that the sequence of classical solutions

(1.10) ∂2t ũ
(n) + (1−∆)ũ(n) =−(ũ(n))2 + σ(n) + Ḃ(n), ũ

(n)
0 = 0, t ∈ [0, τ ], x ∈ T3,

is well defined and converges almost surely in C([0, τ ];H−α(T3)), for some α> 0.

REMARK 1.1. Although we have stuck to white-noise-driven dynamics in both (1.9)
and (1.10), it should be noted that similar renormalization results can also be found in the
fractional setting (see e.g. [38, 39]).

Unfortunately, the explicitness property (ii) satisfied by (1.7), and which allows such a
close comparison between the heat/wave models (1.9)-(1.10) and the Schrödinger equa-
tion (1.8), is no longer true for both (1.5) and (1.6). Indeed, there is no reason for the
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renormalization term 2
∫
T |ũ|

2 in (1.5) to be independent of the whole dynamics of the “un-
known” ũ.

In light of these elements, and going back to our fractional Schrödinger model (1.1), we
are now in a position to clarify the main objective of our study, namely:
In situations where the noise is too rough (i.e., H0,H1 in (1.2) are too small) for equa-
tion (1.1) to be treated directly, we would like to find out an explicit renormalization proce-
dure, similar to the one in (1.8), (1.9) or (1.10), allowing to offer a non-trivial interpretation
of the problem.

This search for a renormalization term depending only on Ḃ(n) can also be seen as an
attempt to minimize the deformation of the model, as opposed to the fully-twisted prod-
uct in (1.5), or even to the trivial rescaling (ı∂t −∆)u(n) = λ (|u(n)|2 − σ(n)) + Ḃ(n) with
σ(n) := |u(n)|2. In the same spirit, we shall obviously exclude from our considerations any
renormalization method that would significantly hinder the effect of random perturbation,
the most trivial of which being the example (ı∂t −∆)u(n) = λ|u(n)|2 − σ(n) + Ḃ(n) with
σ(n) := Ḃ(n).

To avoid such trivial situations, and in light of the rescaling procedures used in (1.8), (1.9)
and (1.10), we propose to restrict the class of admissible renormalization procedures through
a few natural requirements. We will thus be able to prove the following result:

THEOREM 1.2. Assume that the indexes H0,H1 satisfy the three conditions

(1.11)
1

2
<H0 < 1,

1

4
<H1 < 1 and

7

4
< 2H0 +H1 < 2.

Then for a natural smooth approximation (Ḃ(n))n≥1 of Ḃ, there exist two sequences

(Λ(n))n≥1, (σ
(n))n≥1

such that:

(i) For every n≥ 1, Λ(n) : Ω×R→C is a time process, while σ(n) :R→C is a deterministic
time function.

(ii) For every n≥ 1, both Λ(n) and σ(n) depend only on Ḃ(n).

(iii) There exists a (random) time T0 > 0 such that the sequence (ũ(n))n≥1 of classical
solutions to the renormalized equation

(1.12) (ı∂t −∆)ũ(n) = λ
[
ũ(n) −Λ(n)

]
ũ(n) − σ(n) + Ḃ(n)

converges almost surely to some limit ũ in the space of distributions on [−T0, T0]×T.

We refer to Theorem 2.5 and Theorem 2.6 for more quantitative results.

The above properties (i)-(iii) can thus be read as follows. Property (i) ensures the non-
triviality of the renormalization method: Λ(n) is reduced to a time process (independent of
x), while σ(n) is just a time function. Property (ii) emphasizes the explicit nature of the
procedure, a major improvement over existing methods: Λ(n) and σ(n) only depend on the
data we are given a priori, and not on (u(n))n≥1. Finally, property (iii) guarantees the success
of the method, by restoring the (asymptotic) wellposedness of the problem.

As indicated in item (iii), our analysis will only focus on the exhibition of a local solu-
tion, satisfying the equation on a (possibly small) time interval [−T0, T0], with T0 > 0. In
particular, the choice of λ ∈ {−1,1} in (1.1) or (1.12) will not play any essential role in our
analysis: for simplicity, we assume from now on that λ= 1.
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REMARK 1.3. Observe that our condition (1.11) on (H0,H1) can still cover situations
where Ḃ is rougher than a white noise in space, that is for which H1 <

1
2 . On the other hand,

Ḃ must always be more regular than a white noise in time, i.e. H0 >
1
2 , for our subsequent

arguments to hold.

REMARK 1.4. The result of Proposition 2.3 below ensures that the assumption 2H0 +
H1 < 2 in (1.11) corresponds to a singular situation, that is, one in which the solution u
cannot be defined as a function, and hence where the interpretation of the nonlinearity nec-
essarily requires a renormalization procedure.

On the other hand, we are not in a position, at this stage, to assert that the condition
2H0 +H1 >

7
4 in (1.11) is optimal. This restriction is mainly used in the proof of Proposi-

tion 2.3, that is, in the construction of the second-order process arising from the dynamics
(see Remark 2.3 for further details).

REMARK 1.5. Although our subsequent study leaves the global-wellposedness issue
fully open, it should be noted that the deterministic NLS equation with |u|2 non-linearity
is globally ill-posed for any non-trivial initial condition (see [45]). Thus the equation (1.1)
may blow up as well.

1.2. Reformulation of the equation and main steps of the strategy. Let us now provide
some details about the main steps of our strategy to achieve the above purpose. With proper-
ties (i)-(iii) of Theorem 1.1 in mind, we henceforth focus on the rescaled model

(1.13) (ı∂t −∆)u=
(
u−Λ

)
u− σ+ Ḃ, u0 = 0, t ∈R, x ∈ T,

for some fixed functions Λ : Ω×R→C and σ :R→C, whose expression will be determined
later at the level of an approximated equation.

Since we are only interested in local solutions (in time), we introduce and fix once and for
all a smooth temporal cut-off function χ :R→ [0,1] such that

(i) χ is symmetric, i.e. χ(t) = χ(−t) for all t ∈R,

(ii) χ(t) = 1 for all t ∈ [−1,1], and χ(t) = 0 for all |t| ≥ 2.

For every time τ > 0, we will also denote by χτ the function defined for t ∈R by χτ (t) :=
χ
(
t
τ

)
.

With this notation, let us recast the dynamics in (1.13) under the following (localized) mild
form:

u(t) =−ıχ(t)
∫ t

0
dsχ(s)e−ı(t−s)∆Ḃ(s, .)− ıχτ (t)χ(t)

∫ t

0
dse−ı(t−s)∆χ(s)|u(s, .)|2

+ ıχτ (t)χ(t)

∫ t

0
dsχ(s)Λ(s)e−ı(t−s)∆u(s, .) + ıχτ (t)χ(t)

∫ t

0
dsχ(s)e−ı(t−s)∆σ(s).

(1.14)

The mild formulation (1.14) clearly emphasizes the role of the so-called stochastic convo-
lution in the dynamics, and accordingly let us set (at least formally, since Ḃ is only defined
as a distribution)

(1.15) (t, x) :=−ıχ(t)
∫ t

0
dsχ(s)

(
eıs∆Ḃ(s)

)
(x), t ∈R, x ∈ T,
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or otherwise stated

(t, x) =−ı
∑
k∈Z

[
χ(t)

∫ t

0
dsχ(s)e−ıs|k|2

∫
T
dy e−ıkyḂ(s, y)

]
eıkx, t ∈R, x ∈ T,

where we use the notation
∫
T
dxφ(x) =

1

2π

∫ 2π

0
dxφ(x).

Introduce the (local) time integration operator, that is

(1.16) Iχv(t) :=−ıχ(t)
∫ t

0
dsχ(s)v(s),

as well as the auxiliary process

(1.17) ů(t) := eıt∆u(t).

Then (1.14) is equivalent to

(1.18) ů(t) = (t) + χτ (t)IχM(̊u, ů)(t)− χτ (t)Iχ
(
Λ · ů

)
(t)− χτ (t)Iχ

(
σ
)
(t), t ∈R,

where the bilinear operator M is defined by

(1.19) M(v,w)(t) := eıt∆
(
(e−ıt∆v(t))(e−ıt∆w(t))

)
,

and the product Λ · ů is basically understood as (Λ · ů)(t, x) := Λ(t)̊u(t, x).

Our next transformation of the model is often referred to as the Da Prato-Debussche trick
in the SPDE literature (in reference to the techniques used in [22]), but similar ideas can
also be found in Bourgain’s work [9] about a Schrödinger model. Namely, we introduce the
remainder process z̊ defined by

z̊(t) := ů(t)− (t), t ∈R,

and thus recast equation (1.18) into the remainder equation

z̊ = χτ · IχM(̊z + , z̊ + )− χτ · Iχ
(
Λ · (̊z + )

)
− χτ · Iχ

(
σ
)
,

or otherwise stated

z̊ = χτ · IχM(̊z, z̊) + χτ ·
[
IχM(̊z, ) + IχM( , z̊)

]
− χτ · Iχ

(
Λ · z̊

)
+ χτ ·

[
IχM( , )−Iχ

(
Λ ·

)
−Iχ

(
σ
)]
.

(1.20)

At this stage, and based on the latter expansion, let us clarify the general objectives raised
in Section 1.1 through the following two-step procedure:

Step 1. Identify situations where the fractional noise is so rough, i.e. the indexes H0,H1

in (1.2) are small enough, that the central process - and accordingly the solution u itself -
cannot be treated as a function on R+×T (for fixed ω ∈Ω), making impossible the interpre-
tation of the square term |u|2 in (1.14) as a standard product of functions.

Step 2. In some of the situations identified in Step 1, try to find out suitable expressions
for Λ and σ, depending only on Ḃ - or equivalently on -, so that (1.20) admits a non-trivial
interpretation and allows us to set up a fixed point argument in a space of functions.

The treatment of Step 1 will actually reduce to relatively standard moments estimates on
(see the subsequent Proposition 2.3 and its proof). Therefore, as the reader might expect it,
the bulk of our work will consist in the analysis of Step 2.
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In brief, our first idea to achieve Step 2 will be to concentrate the renormalization proce-
dure on the last expression into brackets in (1.20), that is the explicit (but a priori ill-defined)
term

(1.21) IχM( , )−Iχ
(
Λ ·

)
−Iχ

(
σ
)
,

which ultimately offers the guarantee of an explicit rescaling method (see item (iii) of The-
orem 1.1). The result of this procedure is summed up in the statement of Proposition 2.3
below, and it gives birth to a well-defined renormalization of IχM( , ). In turn, we can
inject this new object into (1.20) and derive the final formulation of our problem, namely the
renormalized equation

(1.22) z = χτ · IχM(z, z) + χτ ·
[
IχM(z, ) + IχM( , z)

]
− χτ · Iχ

(
Λ · z

)
+ χτ · .

The above general rescaling strategy (i.e., the fact that we focus on IχM( , ) only) does
not significantly deviate from the one used in [52], [39] or [63] within similar “Da Prato-
Debussche-trick” procedures - except for the shape of our Bourgain-Wick transformation
in (2.8). What actually makes the subsequent analysis very different from those in [52, 39,
63], and what will be the source of our main efforts, is the interpretation and the control of
the - non-renormalized - product terms IχM(z, ), IχM( , z) in (1.22).

Indeed, in contrast with the heat or the wave situation, one must here cope again with
the fundamental difficulties related to the weak regularization properties of the Schrödinger
operator: since is only a negative-order distribution, we cannot rely on any known (deter-
ministic) effect of IχM to bring the product term IχM(z, ) back into a space of functions
(as regular as z may be).

In order to overcome this problem, we essentially have no choice but to consider the prod-
uct operations

L ,+
χ : z 7→ IχM(z, ) and L ,−

χ : z 7→ IχM( , z)

as random operators, with stochastically-controlled operator norms. At a heuristic level, our
aim will thus be to highlight random quantities Q ,±

χ whose moments can be explicitly esti-
mated, and so that for every function z,∥∥L ,±

χ (z)
∥∥≤Q ,±

χ ∥z∥,
where ∥.∥ stands for a functional norm to be suitably chosen. These investigations will be the
topic of Section 6, the main result of which is reported in Proposition 2.4 below.

Fourier analysis will play a prominent role in our study, and for this reason we introduce
the following convention for spatial Fourier transform.

NOTATION 1.6. For every function φ : T→R and every k ∈ Z, we will denote

φk :=

∫
T
dxe−ı kxφ(x) =

1

2π

∫ 2π

0
dxe−ı kxφ(x).

Using this convention, let us emphasize the expression of the bilinear operator M in
Fourier modes (we refer to the appendix for the proof).

LEMMA 1.7. For any v,w ∈ S ′(T), we have that for all k ∈ Z,

(1.23) M(v,w)k(t) =
∑
k1∈Z

eıtΩk,k1vk+k1
wk1

,

with Ωk,k1
:= |k+ k1|2 − |k1|2 − |k|2 = 2kk1.
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2. Main results. We are now in a position to elaborate on our main results about the
model (1.1), in a specific rough regime induced by the space-time fractional noise.

The consideration of such a noise - famous for its past-dependence properties (see e.g.
[60, 61]) - has become a standard topic in the SDE setting. It has also given birth to a quite
extensive literature in the heat or the wave settings (see e.g. [56, 38, 1, 39]). It should be
noted, on the other hand, that this line of investigations still remains relatively unexplored for
Schrödinger equations (see e.g. [41]).

2.1. Fractional noise on R × T. The space-time fractional noise is classically defined
on R2, using the covariance formula (1.2). We will here handle its natural counterpart on
R×T, defined through a basic periodization procedure in space.

In order to motivate this definition, let us briefly go back to the classical white noise case
and consider a white noise Ẇ on the whole Euclidean space R2, that is a centered Gaussian
noise with covariance (formally) given for (t, x), (t′, x′) ∈R2 by

E
[
Ẇ (t, x)Ẇ (t′, x′)

]
= δ{t=t′}δ{x=x′},

where δ stands for the Dirac mass distribution. Then by setting, for every (t, x) ∈R×T,

Ẇ(t, x) :=
∑
k∈Z

(∫
T
dy e−ıkyẆ (t, y)

)
eıkx,

one can check that for all test-functions φ,ψ on R×T,

E
[
⟨Ẇ,φ⟩ ⟨Ẇ,ψ⟩

]
=

∑
k,k′∈Z

∫
R2

dtdt′
∫
T2

dxdx′φ(t, x)ψ(t′, x′)eıkxe−ık′x′
∫
T2

dydy′ e−ıkyeık
′y′E

[
Ẇ (t, y)Ẇ (t′, y′)

]
=

∫
R
dt

∑
k∈Z

(∫
T
dxeıkxφ(t, x)

)(∫
T
dx′ψ(t, x′)e−ıkx′

)
=

∫
R×T

dtdxφ(t, x)ψ(t, x),

which corresponds precisely to the covariance of a space-time white-noise on R×T.

Keeping this general injection procedure in mind, we define, for all indexes H0,H1 ∈
(0,1) and all (t, x) ∈R×T,

(2.1) Ḃ(t, x) :=
∑
k∈Z

(∫
T
dy e−ıkyḂ(t, y)

)
eıkx,

where, in the right-hand side, Ḃ is a space-time fractional noise on R2 with indexes H0,H1,
as defined through the covariance formula (1.2).

In the sequel, we will make no distinction between Ḃ and its space-periodization Ḃ.

REMARK 2.1. From a stochastic point of view, the above-introduced fractional noise
is fundamentally different from the spatial regularization of white noise used for instance in
[44, 69], and whose independence properties are essentially the same as those of Ẇ. This gap
can easily be observed through the behavior of the corresponding (rescaled) linear solution,
as developed in Remark 4.1 below.



RENORMALIZATION OF A 1D QSM WITH ADDITIVE NOISE 11

2.2. Approximation of the noise. For a rigorous treatment of Ḃ in (2.1), as well as a
suitable interpretation of the related processes , IχM(z, ), IχM( , z) and in (1.22),
we propose to follow an approximation procedure. In other words, we intend to define these
objects as the limits of the corresponding processes above a smooth approximation Ḃ(n)

of Ḃ.
Owing to its convenience in the context of Fourier analysis, we will here consider the

so-called harmonizable approximation of Ḃ. To be more specific, we first introduce the ap-
proximation B(n) of a fractional sheet B given for all n≥ 1 and (t, x) ∈R2 by the formula

(2.2) B(n)(t, x) := cH

∫
|ξ|≤22n

∫
|η|≤2n

eıtξ − 1

|ξ|H0+
1

2

eıxη − 1

|η|H1+
1

2

Ŵ (dξ, dη)

for some constant cH > 0, and where Ŵ is the Fourier transform of a Brownian field W
on R2 (defined on some complete filtered probability space (Ω,F ,P)).

Due to the restricted integration domain in (2.2), it is readily checked that for every fixed
n≥ 1, (t, x) 7→B(n)(t, x) is a smooth real-valued process on R2. Besides, it is a well-known
fact that for an appropriate choice of cH (that we fix from now on), the sequence (B(n))n≥1

converges to B in the space C(K) of a continuous function on K , for any compact subset
K ⊂R2, where B is a space-time fractional sheet of index H = (H0,H1).

Then we set

(2.3) Ḃ(n)(t, x) :=
∂2B(n)

∂t∂x
(t, x) =−cH

∫
|ξ|≤22n

∫
|η|≤2n

ξ eıtξ

|ξ|H0+
1

2

η eıxη

|η|H1+
1

2

Ŵ (dξ, dη).

Since B(n) → B, we can immediately guarantee the almost sure distributional convergence
of Ḃ(n) to a space-time fractional noise Ḃ of index H = (H0,H1), as desired.

2.3. Stochastic tree-elements. With the smooth approximation (Ḃ(n))n≥1 in hand, we
define the approximated version of the process at the core of (2.21) (and formally given
by (1.15)) as

(2.4) (n)(t) :=−ıχ(t)
∫ t

0
dsχ(s)eıs∆Ḃ(n)(s),

or otherwise stated

(n)(t, x) =−ı
∑
k∈Z

[
χ(t)

∫ t

0
dsχ(s)eıs|k|

2

∫
T
dy e−ıkyḂ(n)(s, y)

]
eıkx, t ∈R, x ∈ T.

Our wellposedness criterion for will then be based on the following convergence results,
the proof of which will be examined in the subsequent Section 4.2 (see Notation 2.3 below
for the definition of the Sobolev spaces H−α(T) and W−α,p(T), α ∈R, 1≤ p≤∞).

PROPOSITION 2.2. Assume that H0,H1 ∈ (0,1) satisfy 3
2 < 2H0 +H1 < 2.

Then the following assertions hold true.

(i) For every α > 2 − (2H0 +H1), the sequence ( (n))n≥1 converges a.s. to some limit
in C(R;W−α,p(T)) for all 1≤ p≤∞.

(ii) For every α< 2− (2H0+H1) and every T > 0, one has E
[
∥ (n)∥2L2([0,T ];H−α(T))

]
→∞

as n→∞.
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The above statement allows us to conclude that when 2H0+H1 < 2, the process - which
governs the regularity of the equation - can only be defined as a distribution of negative order.
The treatment of such situations is precisely the main objective of this paper, and accordingly,
from now on, we will only focus on cases for which 2H0 +H1 < 2.

REMARK 2.3. It could be proved that when 2H0+H1 > 2, the process becomes a well-
defined function (almost surely), and in this case we could rely on the classical Strichartz
estimates to ensure straightforward wellposedness of (1.1) (see e.g. [17] or [41, Section 3]
for treatments of such situations).

Note that in the specific case where 2H0 +H1 = 2, the conclusions of our study (from
Proposition 2.3 to Theorem 2.6) would essentially remain the same. However, taking this
situation into account would require a number of technical adjustments in the (numerous)
estimates of the paper, and so we have preferred to avoid such complications.

As a fundamental consequence of the fact that cannot be regarded as a function, the
interpretation of the “square” element IχM( , ) in (1.20) is not clear at first sight. In fact,
such an interpretation can only be obtained through a renormalization procedure.

In this stochastic Schrödinger setting, we are naturally led to the following renormalization
of IχM( , ), defined at level of the approximation IχM( (n), (n)) along two steps.

We will first lean on the correction term −Iχ
(
Λ(n) · (n)

)
in (1.20) and therein choose

(2.5) Λ(n)(t) =

∫
T

(n)(t) :=

∫
T

(n)(t, x),

so that

(2.6) IχM( (n), (n))−Iχ
(
Λ(n) · (n)

)
= Iχ

(
M( (n), (n))− (n)

∫
T

(n)
)
=:

(n)
.

The whole point of this transformation lies in the simplification that takes place at the Fourier
level: namely, using the expression (1.23) of M, we obtain that[

M( (n), (n))− (n)
∫
T

(n)
]
k

(t) =M( (n), (n))k(t)−
(n)
k (t)

(n)
0 (t)

=
∑
k1 ̸=0

eıtΩk,k1
(n)
k1+k(t)

(n)
k1

(t),(2.7)

and so the only resonant term in the product, i.e. the one for which Ωk,k1
= 0, occurs at k = 0.

Secondly, following a standard scheme in any L2-setting, we proceed with an additional

Wick renormalization of the element
(n)

in (2.6). Namely, we consider the sequence of
processes defined for all n≥ 1 by

(2.8)
(n)

(t, x) :=
(n)

(t, x)−E
[∫

T
dy

(n)
(t, y)

]
.

Using the extra correction term −Iχ
(
σ
)

in (1.21), the Wick reduction (2.8) can in fact be
derived from the specific choice

(2.9) σ(n)(t) := E
[∫

T
dy

(
M( (n), (n))(t)− (n)(t)

∫
T

(n)(t)

)
(y)

]
.

Thanks to the Fourier expression (2.7), the latter quantity can also conveniently written as

(2.10) σ(n)(t) = E
[(

M( (n), (n))(t)− (n)(t)

∫
T

(n)(t)

)
0

]
=
∑
k ̸=0

E
[∣∣ (n)

k (t)
∣∣2].
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Let us now examine the convergence of the sequence (
(n)

)n≥1 in a scale of Sobolev
spaces suited to our problem.

NOTATION 2.4. Recall Notation 1.2 for the Fourier transform in space. For s ∈ R and
1≤ p≤∞, we define the Sobolev space W s,p(T) by

W s,p(T) =
{
u ∈ S ′(T) : (1−∆)s/2u ∈ Lp(T)

}
,

endowed with the natural norm. In the particular case p= 2 we set Hs(T) =W s,2(T) and
we have

∥φ∥2Hs(T) =
∑
k∈Z

⟨k⟩2s|φk|2.

The natural framework for the study of (1.1) is given by the Bourgain spaces Xs,b =
Xs,b(R × T) which are defined by completion of the set of test-functions on R × T with
respect to the norm

(2.11) ∥u∥2Xs,b :=
∑
k

⟨k⟩2s
∫
dλ ⟨λ− |k|2⟩2b

∣∣F(uk)(λ)
∣∣2,

where F refers to the Fourier transform in time, and where we have used Notation 1.2.
Equivalently, through the change of variable u = e−ıt∆z, we will work in the space Zs,b

defined by

(2.12) ∥z∥2Zs,b = ∥e−ıt∆z∥2Xs,b :=
∑
k∈Z

⟨k⟩2s
∫
R
dλ ⟨λ⟩2b

∣∣F(zk)(λ)|2.

For a pedagogical introduction to the Bourgain spaces, we refer to [49] or to [43].

PROPOSITION 2.5. Assume that 1
2 <H0 < 1 and 1

4 <H1 < 1 satisfy 7
4 < 2H0+H1 < 2,

and set H := 2H0 +H1 − 1 ∈ (34 ,1). Consider the sequence of processes defined for every
n≥ 1 by

(2.13)
(n)

:= IχM( (n), (n))−Iχ
(
Λ(n) · (n)

)
−Iχ

(
σ(n)

)
with Λ(n) and σ(n) given by (2.5) and (2.10), respectively.

Then the following assertions hold true.

(i) For every pair (s, b) satisfying the conditions

(2.14) 0< s<H − 1

2
and

1

2
< b < bs, bs := min

(
H − s,

3

4
− s

2
,2H − 1

)
,

the sequence (
(n)

)n≥1 converges a.s. in Zs,b. We denote its limit by .

(ii) For every t > 0, the sequence (σ(n)(t))n≥1 is asymptotically equivalent to

σ(n)(t)
n→∞∼ cH t2

2n(1−H),

for some constant cH > 0.

The proof of item (i) will be the topic of Section 5, while we have postponed the proof of
item (ii) to the appendix section A.3.

In light of these two properties, we thus have the following picture:
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(i) When restricting the roughness domain of the noise Ḃ to the case 7
4 < 2H0 +H1 < 2

(to be compared with the condition 3
2 < 2H0 +H1 < 2 in Proposition 2.3), we can indeed

construct a renormalized version of the product term IχM( , ) in a space Zs,b adapted to
our purpose.

(ii) The constant (i.e., non-random) sequence
(
σ(n)

)
n≥1

at the core of this rescaling method
explodes as n→∞, which provides an additional evidence of how necessary the renormal-
ization step.

REMARK 2.6. As we shall see in Section 5, the proof of Proposition 2.3 relies on the
control of sophisticated fractional expressions arising from the covariance of (n), and at this
stage we are not in a position to guarantee the optimality of the condition 2H0 +H1 >

7
4

appearing in the statement.
In fact, we believe that this condition could be improved at the cost of a more demanding

renormalization procedure: a result in this direction can be found in [40, Proposition 2.2], in
the particular case H1 =

1
2 .

Before we turn to the treatment of the product terms IχM(z, ),IχM( , z) in (1.22),
let us further investigate the properties of the sequence (Λ(n)(t))n≥1 defined by (2.5), and
prove that this sequence actually converges to some process Λ in a space of (regular enough)
functions. To this end, we recall that according to (2.3), the approximation Ḃ(n) can be repre-
sented as Ḃ(n) := ∂t∂xB

(n), where B(n) - given by (2.2) - converges to a fractional sheet B
on R2.

PROPOSITION 2.7. For all 1
2 < γ <H0 and T > 0, one has almost surely

(2.15) Λ(n) → Λ in Hγ(R),

where Λ : Ω×R→C is the process given by

(2.16) Λ(t) :=
ı

2π
χ(t)

[
χ(t)B(t,2π)−

∫ t

0
dsχ′(s)B(s,2π)

]
.

PROOF. Based on the expression (2.2), it is readily checked thatB(n)(0, x) =B(n)(t,0) =
∂tB

(n)(t,0) = 0 a.s., and so, for every t ∈R,

Λ(n)(t) =

∫
T

(n)(t, x)dx= ıχ(t)

∫ t

0
dsχ(s)

∫
T
dy ∂x∂tB

(n)(s, y)

=
ı

2π
χ(t)

∫ t

0
dsχ(s)∂tB

(n)(s,2π)

=
ı

2π
χ(t)

[
χ(t)B(n)(t,2π)−

∫ t

0
dsχ′(s)B(n)(s,2π)

]
.

Now, it is a well-known factB(n)(.,2π)→B(.,2π) in the classical Hölder space Cγ([−T,T ])
(for every T > 0), which, by using the standard Sobolev spaces identifications (see e.g. [71,
Section 1.2]), immediately entails the desired convergence Λ(n) →Λ in Hγ(R).
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REMARK 2.8. The results of Proposition 2.3 (item (ii)) and Proposition 2.3 point out the
fundamental difference between the roles of σ(n) and Λ(n) in the renormalization procedure.

Going back to the definition of
(n)

in (2.13) and given the convergence result in (2.15),
it becomes indeed clear that the sequence (σ(n))n≥1 is really the one responsible for the final

convergence of (
(n)

)n≥1, at least as a general distribution. On the other hand, subtracting
Iχ

(
Λ(n) · (n)

)
allows us to guarantee that the latter convergence actually takes place in Zs,b

(with s > 0 and b > 1
2 ), a property of paramount importance in our nonlinear setting.

REMARK 2.9. It is interesting to note that for every fixed t≥ 0, the limit Λ in (2.16) only
depends on the behavior of the noise on the boundary, that is in 2π.

2.4. Stochastic product as a random operator. Let us now turn to the interpretation and
control of the two product terms

(2.17) L ,+
χ (z) := IχM(z, ) and L ,−

χ (z) := IχM( , z) ,

involved in the remainder equation (1.22) and in equation (2.21) below.

As reported in Section 1.2, the negative Sobolev regularity of (see Proposition 2.3),
combined with the lack of (deterministic) regularization effect of the Schrödinger operator,
rules out the possibility of a direct pathwise interpretation, and invites us to consider these
two objects as random operators acting on z.

Just as above, our strategy to implement this idea will be based on an approximation proce-
dure. For the sake of consistency, we shall again rely on the smooth approximation Ḃ(n) of Ḃ
introduced in (2.3), as well as on the associated smooth process (n) defined through (2.4).
Thus, for every fixed n ≥ 1, we introduce the approximated operators L(n),+ and L(n),−

along the formulas
(2.18)

L(n),+(z) = L
(n)

,+
χ (z) := IχM(z, (n)), L(n),−(z) = L

(n)
,−

χ (z) := IχM( (n), z),

which, in this smoothened situation, are easy to interpret for any function z ∈ L2(R+ ×T).

Our objective in this setting will thus be to prove the convergence of (L(n),+)n≥1 and
(L(n),−)n≥1 as sequences of random operators acting on a specific space Zs,b (as defined in
Notation 2.3). For a clear and efficient statement of this property, we need to introduce the
following additional notation.

NOTATION 2.10. For all s, b ≥ 0 and µ ∈ [0,1], we denote by Lµ(Z
s,b,Zs,b) the space

of linear operators L from Zs,b to Zs,b such that

(2.19)
∥∥L∥∥

Lµ(Zs,b,Zs,b)
:= sup

0<τ≤1
sup

z∈Zs,b,z ̸=0

1

τµ∥z∥Zs,b

∥∥χτ · L(z)
∥∥
Zs,b <∞.

We denote by Lµ(Z
s,b,Zs,b) the space of antilinear operators from Zs,b to Zs,b satisfying the

same condition.

Our main result regarding the product elements in (2.17)-(2.18) now reads as follows.

PROPOSITION 2.11. Let 1
2 < H0 < 1 and 0 < H1 < 1 satisfy 3

2 < 2H0 +H1 < 2, and
set H := 2H0 +H1 − 1 ∈ (12 ,1). Fix s≥ 0 such that

(2.20) 1−H < s<
1

2
.
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Then there exists b∗s ∈ (12 ,1) such that for every b ∈ (12 , b
∗
s], the sequence (L(n),+)n≥1, resp.

(L(n),−)n≥1, converges almost surely in Lµ(Z
s,b,Zs,b), resp. Lµ(Z

s,b,Zs,b), for some µ ∈
(0,1).

We denote the limit by L ,+
χ , resp. L ,−

χ .

This result, which will be proved in Section 6 below, is thus another step toward the com-
plete interpretation and control of the remainder equation (1.22) (or (2.21) below): on top
of , we are endowed with two natural extensions L ,+

χ (z) and L ,−
χ (z) of the elements

in (2.18) such that for all z ∈ Zs,b and τ ∈ (0,1],∥∥χτ · L ,±
χ (z)

∥∥
Zs,b ≲ τµ

∥∥z∥∥
Zs,b ,

for some s ∈ (0, 12), b ∈ (12 ,1) and µ ∈ (0,1).

REMARK 2.12. Similar constructions of random operators can be found in the disper-
sive literature: see e.g. [69, Lemma 3.5] for a cubic wave model with additive noise, or [59,
Proposition 3.2] for a quadratic Schrödinger equation with rough random initial condition.
This procedure is also one of the ingredients toward the recent breakthrough results by Deng,
Nahmod and Yue about random Hamiltonian NLS (see e.g. the involvement of the operator
norm

∥∥Lζ
∥∥
X1−b,b(k→k′)

in the statement of [36, Proposition 5.1]).
We are not aware of any previous similar construction for a Schrödinger model with ad-

ditive noise. Note also that the above references [36, 59, 69] all involve white noises, and so
the technical random-tensor estimates therein established (see e.g. [69, Lemma C.3]) do not
apply to our fractional setting.

2.5. Wellposedness of the (renormalized) remainder equation. Recall that we are inter-
ested in the (renormalized) remainder equation

(2.21) z = χτ · IχM(z, z) +
[
χτ · L ,+

χ (z) + χτ · L ,−
χ (z)

]
− χτ · Iχ

(
Λ · z

)
+ χτ · ,

with t ∈R, x ∈ T, where L ,±
χ (z) is interpreted through Proposition 2.4 and is interpreted

through Proposition 2.3.

Thanks to the (almost sure) estimates contained in these propositions, we essentially have
all the tools in hand to set up a fully deterministic fixed-point argument for (2.21). The only
additional ingredient we need is a suitable control on IχM(z, z) and Iχ

(
Λ ·z

)
in Zs,b, which

will be established in Section 3.3 using deterministic estimates only.

For more clarity in the subsequent statement and its proof, let us denote

(2.22)
∥∥Λ,L ,+

χ ,L ,−
χ ,

∥∥
γ,(b,s),µ

:=
∥∥Λ∥∥

Hγ(R) +
∥∥L ,+

χ

∥∥
Lµ(Zs,b,Zs,b)

+
∥∥L ,−

χ

∥∥
Lµ(Zs,b,Zs,b)

+
∥∥ ∥∥

Zs,b ,

for γ, b, s,µ to be specified later on.

THEOREM 2.13. Let 1
2 < H0 < 1 and 1

4 < H1 < 1 satisfy 7
4 < 2H0 +H1 < 2, and set

H := 2H0 +H1 − 1 ∈ (34 ,1). Fix s > 0 such that

1−H < s<H − 1

2
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and with the notation of Proposition 2.3 and Proposition 2.4, set b := bs ∧ b∗s > 1
2 . Also, fix

µ := µs,b ∈ (0,1) such that the result of Proposition 2.4 applies almost surely, that is

L(n),+ →L ,+
χ in Lµ(Z

s,b,Zs,b) and L(n),− →L ,−
χ in Lµ(Z

s,b,Zs,b).

Then the following assertions hold true.

(i) Almost surely, there exists a time τ∞ > 0 such that for every τ ∈ (0, τ∞], the equa-
tion (2.21) admits a unique solution z(τ) ∈ Zs,b.

(ii) Almost surely, there exists a sequence (τ (n))n≥1 of positive times such that:

(ii-a) τ (n) → τ∞ as n→∞;

(ii-b) for all n≥ 1 and τ ∈ (0, τ (n)], the equation

z(τ,n) = χτ · IχM(z(τ,n), z(τ,n)) + χτ · L
(n),+
χ (z(τ,n))+

+χτ ·L
(n),−
χ (z(τ,n))−χτ ·Iχ

(
Λ(n) ·z(τ,n)

)
+χτ ·

(n)

admits a unique solution z(τ,n) ∈ Zs,b.

(iii) There exists a time τ ≤min
(
infn≥1 τ

(n), τ∞
)

such that τ > 0 almost surely and for
every τ ∈ (0, τ ], the sequence (z(τ,n))n≥1 converges a.s. to z(τ) in Zs,b.

REMARK 2.14. Although we have insisted on the dependence on τ through the nota-
tion z(τ), it should be noted that the following consistency property holds true (as a conse-
quence of the uniqueness of the solution): if 0< τ1 < τ2 < τ∞, then z(τ1) ≡ z(τ2) on the time
interval [−τ1, τ1].

PROOF OF THEOREM 2.5. (i)-(ii). For all 0< τ ≤ 1 and z ∈ Zs,b, set

Γτ (z) := χτ · IχM(z, z) + χτ · L ,+
χ (z) + χτ · L ,−

χ (z)− χτ · Iχ
(
Λ · z

)
+ χτ · .

By gathering the results of Proposition 2.3, Proposition 2.4, Proposition 3.3 and Proposi-
tion 3.3, we can guarantee that (a.s.) Γτ is a well-defined map from Zs,b to Zs,b. Besides,
there exist constants ν > 0 and C > 0 such that for all z, z(1), z(2) ∈ Zs,b,

(2.23)
∥∥Γτ (z)

∥∥
Zs,b ≤C

{
τν∥z∥2Zs,b + τνN ∥z∥Zs,b +N

}
and ∥∥Γτ (z

(1))− Γτ (z
(2))

∥∥
Zs,b

≤C
{
τν

(
∥z(1)∥Zs,b + ∥z(2)∥Zs,b

)
∥z(1) − z(2)∥Zs,b + τνN ∥z(1) − z(2)∥Zs,b

}
,(2.24)

where we have used the shorthand notation N :=
∥∥Λ,L ,+

χ ,L ,−
χ ,

∥∥
γ,(b,s),µ

.

In a similar way, by setting for every n≥ 1

Γ
(n)
τ (z) := χτ · IχM(z, z) + χτ · L

(n),+
χ (z) + χτ · L

(n),−
χ (z)− χτ · Iχ

(
Λ(n) · z

)
+ χτ ·

(n)
,

we get that for the same constants ν,C > 0 as above,

(2.25)
∥∥Γ(n)

τ (z)
∥∥
Zs,b ≤C

{
τν∥z∥2Zs,b + τνN

(n) ∥z∥Zs,b +N
(n)

}
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and ∥∥Γ(n)
τ (z(1))− Γ(n)

τ (z(2))
∥∥
Zs,b

≤C
{
τν

(
∥z(1)∥Zs,b + ∥z(2)∥Zs,b

)
∥z(1) − z(2)∥Zs,b + τνN

(n) ∥z(1) − z(2)∥Zs,b

}
,(2.26)

where we have naturally set this time N (n)
:=

∥∥Λ(n),L(n),+
χ ,L(n),−

χ ,
(n)∥∥

γ,(b,s),µ
.

Using (2.23)-(2.24)-(2.25)-(2.26) and the fact that N (n) →N , both assertions (i) and (ii)
can be derived from elementary deterministic fixed-point and control arguments (see e.g. the
proof of [39, Theorem 1.6] for details in a similar situation). Besides, it holds that

K := sup
τ∈(0,min(infn≥1 τ (n),τ∞)]

sup
n≥1

(
∥z(τ,n)∥Zs,b ∨ ∥z(τ)∥Zs,b

)
< ∞ almost surely.

(iii) Thanks to the results of Proposition 2.3, Proposition 2.3 and Proposition 2.4, we know
that a.s.

M
(n)

:=
∥∥Λ(n) −Λ,L(n),+

χ −L ,+
χ ,L(n),−

χ −L ,−
χ ,

(n)
−

∥∥
γ,(b,s),µ

→ 0 as n→∞.

For every 0 < τ ≤ min
(
infn≥1 τ

(n), τ∞
)
, both solutions z(τ,n) and z(τ) are well defined

in Zs,b, and we can thus examine the equation satisfied z(τ,n) − z(τ). In fact, using again the
estimates of Proposition 2.3, Proposition 2.4, Proposition 3.3 and Proposition 3.3, it is easy
to check the existence of constants C,µ > 0 such that for all 0< τ ≤min

(
infn≥1 τ

(n), τ∞
)

and n≥ 1,∥∥z(τ,n) − z(τ)
∥∥
Zs,b

≤C
{
τν

(
∥z(τ,n)∥Zs,b + ∥z(τ)∥Zs,b

)
∥z(τ,n) − z(τ)∥Zs,b + τνM

(n) ∥z(τ,n)∥Zs,b

+ τνN ∥z(τ,n) − z(τ)∥Zs,b +M
(n)

}
≤C

{
τν

(
2K +N

)
∥z(τ,n) − z(τ)∥Zs,b + τνK M

(n)
+M

(n)
}
.

It now becomes clear that we can find τ ∈ (0,min
(
infn≥1 τ

(n), τ∞
)
] small enough so that

for all 0< τ ≤ τ and n≥ 1, ∥∥z(τ,n) − z(τ)
∥∥
Zs,b ≲M

(n)
.

Since M (n) → 0 a.s., the conclusion immediately follows.

2.6. Convergence of the (renormalized) strong solutions. To end up with this study, we
propose to turn the wellposedness properties of Theorem 2.5 into an approximation result for
the original equation (1.1), and thus provide a final statement following the pattern of those
in (1.8), (1.9) or (1.10).

THEOREM 2.15. Assume that 1
2 <H0 < 1 and 1

4 <H1 < 1 satisfy 7
4 < 2H0 +H1 < 2.

Then the statement of Theorem 1.1 holds true with Λ(n), σ(n) given by (2.5) and (2.9), i.e.
(2.27)

Λ(n)(t) :=

∫
T

(n)(t, x)dx and σ(n)(t, x) := E
[
e−ıt∆

(
M( (n), (n))(t)− (n)(t)

∫
T

(n)(t)

)
(x)

]
.
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In other words, there exists a (random) time T0 > 0 such that the sequence (u(n))n≥1 of
classical solutions to the renormalized equation

(2.28) (ı∂t −∆)u(n) =
[
u(n) −Λ(n)

]
u(n) − σ(n) + Ḃ(n)

is well defined and converges a.s. in C
(
[−T0, T0];H−α(T)

)
, for every α> 2− (2H0 +H1).

Moreover, denoting the limit by u, it holds that

(2.29) u− e−ı.∆ ∈ C
(
[−T0, T0];Hs(T)

)
,

for every 0< s< 2H0 +H1 − 3
2 .

Observe that the fundamental decomposition of the solution u in (2.29) is an immediate
consequence of the Da Prato-Debussche-trick used in the study.

PROOF OF THEOREM 2.6. Using the setting and notation of Theorem 2.5(iii), we fix
τ := τ ∈ (0,1] and consider the sequence (z(τ,n))n≥1 of solutions in Zs,b to the equation

z(τ,n) = χτ · IχM(z(τ,n), z(τ,n)) + χτ · L
(n),+
χ (z(τ,n)) + χτ · L

(n),−
χ (z(τ,n))

− χτ · Iχ
(
Λ(n) · z(τ,n)

)
+ χτ ·

(n)
.

(2.30)

Let us now quickly trace back the steps that led us (in Section 1.2) to this remainder equation.

First, combining (2.6), (2.8) and (2.18), we can rephrase (2.30) as

z
(τ,n)
k = χτ · IχM

(
z(τ,n), z(τ,n)

)
k + χτ · IχM(z(τ,n), (n))k + χτ · IχM( (n), z(τ,n))k

− χτ · Iχ
(
Λ(n) · z(τ,n)

)
+ χτ ·

[
Iχ

(
M

( (n), (n))
k −Iχ

(
Λ(n) · (n)

k

)
−Iχ

(
e−ı|k|2.σ(n)k

)]
,

or in other words

z
(τ,n)
k = χτ · IχM

(
z(τ,n) + (n), z(τ,n) + (n))

k

− χτ · Iχ
(
Λ(n) · (z(τ,n)k +

(n)
k )

)
− χτ · Iχ

(
e−ı|k|2.σ(n)k

)
.

Then, setting

u
(τ,n)
k (t) := eı|k|

2t
[
z
(τ,n)
k (t) +

(n)
k (t)

]
,

we get that for every t ∈R,

e−ı|k|2tu(τ,n)k (t)− (n)
k (t)

= χτ (t) · χ(t)
∫ t

0
dsχ(s)

∑
k1∈Z

eısΩk,k1 e−ıs|k+k1|2u(τ,n)k+k1
(s)e−ıs|k1|2u(τ,n)k1

(s)

− χτ (t) · χ(t)
[∫ t

0
dsχ(s)e−ıs|k|2Λ(n)(s)u

(τ,n)
k (s) +

∫ t

0
dsχ(s)e−ıs|k|2σ(n)k (s)

]
= χτ (t) · χ(t)

∫ t

0
dsχ(s)e−ıs|k|2 ∑

k1∈Z
u
(τ,n)
k+k1

(s)u
(τ,n)
k1

(s)

− χτ (t) · χ(t)
[∫ t

0
dsχ(s)e−ıs|k|2Λ(n)(s)u

(τ,n)
k (s) +

∫ t

0
dsχ(s)e−ıs|k|2σ(n)k (s)

]
,
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that is, with expression (2.4) of (n) in mind,

u
(τ,n)
k (t) = χ(t)

∫ t

0
dsχ(s)eı(t−s)|k|2Ḃ(n)

k (s) + χτ (t) · χ(t)
∫ t

0
dsχ(s)eı(t−s)|k|2(|u(τ,n)(s)|2)k

− χτ (t) · χ(t)
[∫ t

0
dsχ(s)eı(t−s)|k|2Λ(n)(s)u

(τ,n)
k (s) +

∫ t

0
dsχ(s)eı(t−s)|k|2σ(n)k (s)

]
.

In particular, for every t ∈ [−τ, τ ], it holds that

u
(τ,n)
k (t) =

∫ t

0
dseı(t−s)|k|2Ḃ(n)

k (s)

+

∫ t

0
dseı(t−s)|k|2

[(
|u(τ,n)(s)|2

)
k −Λ(n)(s)u

(τ,n)
k (s)− σ

(n)
k (s)

]
,

which is nothing but the mild formulation of (2.28) on [−τ, τ ]. By uniqueness of the
(mild) solution for the regularized problem, we can thus assert that for every t ∈ [−τ, τ ],
u(τ,n)(t, .)≡ u(n)(t, .), or otherwise stated: for all t ∈ [−τ, τ ] and k ∈ Z,

u
(n)
k (t) = eı|k|

2t
[
z
(τ,n)
k (t) +

(n)
k (t)

]
,

namely

(2.31) u(n)(t) = e−ıt∆
[
z(τ,n)(t) + (n)(t)

]
.

We know from Proposition 2.3 that for α > 2 − 2H0 − H1, the sequence e−ı.∆ (n) con-
verges (almost surely) to e−ı.∆ in C

(
[−τ, τ ];H−α(T)

)
. Besides, by Theorem 2.5(iii),∥∥z(τ,n) − z(τ)

∥∥
Zs,b

n→∞−→ 0, thus by (2.12)∥∥e−ıt∆
(
z(τ,n) − z(τ)

)∥∥
Xs,b

n→∞−→ 0.

Now use that Xs,b ⊂ C
(
[−τ, τ ];Hs(T)

)
⊂ C

(
[−τ, τ ];H−α(T)

)
, for b > 1/2, then

from (2.31), we deduce the (almost sure) convergence of u(n) in C
(
[−τ, τ ];H−α(T)

)
, as

well as the decomposition (2.29) of u.

We have thus reached our objective: in contrast with the rescaled models (1.5) and (1.6),
the renormalizing sequences (Λ(n))n≥1, (σ

(n))n≥1 in (2.27) are explicit, i.e. they are explic-
itly defined in terms of the approximated noise Ḃ(n), which, as far as is new for a stochastic
NLS equation.

Let us now complement the above results with a series of remarks.

REMARK 2.16. In the present study, we have preferred to highlight the impact of an
additive noise and thus chosen to work with a zero initial condition in (1.1). However, the
consideration of a regular enough initial condition f on T (for instance, f ∈ Hs(T), with
s > 0 as in Theorem 2.5) could be easily included into our analysis.

REMARK 2.17. As explained in Section 2.3, the choice of the sequences (Λ(n))n, (σ
(n))n

in (2.27) follows from our renormalization of IχM( (n), (n)), that is from our definition of
(n)

in (2.6)-(2.8).

REMARK 2.18. Based on the proofs of Theorems 2.5 and 2.6, it should be clear to the
reader that the limit-solution u only depends on the noise approximation through the 4-uplet
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Λ,L ,+

χ ,L ,−
χ ,

)
. In other words, any alternative approximation ˙̃B(n) of Ḃ such that (with

obvious notation) (
Λ̃(n),L

˜(n)
,+

χ ,L
˜(n)

,−
χ ,

˜ (n)
)

n→∞−→
(
Λ,L ,+

χ ,L ,−
χ ,

)
for the topology in (2.22), would ultimately lead to the same limit-solution u.

REMARK 2.19. Instead of the Fourier-type approximation Ḃ(n) in (2.3), we could
have chosen any mollifying approximation Ḃ

(n)
ρ := ρn ∗t,x Ḃ of Ḃ, where ρn(s,x) :=

23nρ(22ns,2nx) for some test-function ρ : R2 → R+ such that
∫
R2 ρ(s,x)dsdx = 1. In this

case, it can be shown that the associated 4-uplet
(
Λ,L ,+

χ ,L ,−
χ ,

)
, and accordingly the

limit-solution u itself, do not depend on the choice of the mollifying function ρ.

REMARK 2.20. It turns out that if one replaces the nonlinearity |u|2 in (1.1) with ei-
ther u2 or ū2, then the (local) treatment of the equation becomes essentially trivial, as a
consequence of the following classical bilinear estimates established Kenig, Ponce and Vega
in [57]: for all s >−1

2 there exists b > 1
2 such that

(2.32)
∥∥∥∥χτ

∫ .

0
dre−ı(.−r)∆

(
uv

)∥∥∥∥
Xs,b

≲
∥∥u∥∥

Xs,b

∥∥v∥∥
Xs,b ,

with a similar control for ūv̄ (recall that Xs,b refers to the Bourgain space introduced
in (2.11)). Denoting by Ψ the solution of the linear problem (ı∂t−∆)Ψ= Ḃ with Ψ(0) = 0,
one can show with similar arguments to those of Proposition 2.3 that Ψ ∈Xs, 1

2 a.s. for every
s > 2H0+H1−2>−1

2 (provided 2H0+H1 >
3
2 ), and therefore the corresponding equation

(2.33) (ı∂t −∆)u= u2 + Ḃ, u0 = 0, t ∈R, x ∈ T,

is guaranteed to be (locally) wellposed in the Bourgain scale.
Let us now emphasize that for the nonlinearity |u|2, the bilinear estimate (2.32) is only

known to be true for s≥ 0 (see Proposition 3.3), with counterexamples at negative regularity
(see [57, Theorem 1.10(iii)] or [58]). In the fractional situation, the restriction thus corre-
sponds to the case where 2H0+H1 > 2, and so the estimate does not cover the rough regime
7
4 < 2H0 +H1 ≤ 2 under consideration in the present study.

REMARK 2.21. It should be noted that the case of a standard space-time white noise (i.e.,
H0 =H1 =

1
2 ) in (1.1) is essentially beyond the reach of any expansion method. Indeed, in

this case, and according to [40, Proposition 2.6], the construction of the fundamental second-
order tree turns out to be impossible.

At this point, it is not clear to us whether a higher-order expansion strategy (with construc-
tion of higher-order random operators) or the consideration of some random tensor ansatz
(along the terminology of [36]) could allow to cover the index domain 3

2 < 2H0 +H1 ≤ 7
4 ,

which is not treated in our analysis (see [40] for further results in the fractional-in-time white-
in-space situation).

The rest of the paper is organized as follows. In Section 3, we introduce a few techni-
cal ingredients related to the model and useful for its analysis. Sections 3.3-4-6 are then
devoted to the interpretation and the control of the successive terms involved in the central
equation (2.21). To be more specific, we start with fully deterministic considerations about
the control of Iχ

(
Λ · z

)
and IχM(z,w) for z,w in Zs,b (Section 3.3), then continue with
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stochastic arguments towards the interpretation of ( , ) (Section 4), and finally conclude
with a mixed deterministic/stochastic analysis of the product terms IχM(z, ), IχM( , z),
seen as random operators (Section 6). In the Appendix A we gather the proofs of some deter-
ministic results.

3. Preliminary estimates and fully-deterministic controls. We gather a few technical
properties that will play a central role in our analysis of the (renormalized) equation.

We recall that throughout the paper, the notation F stands for the Fourier transform in
time, whereas the notation zk refers to the convention introduced in Notation 1.2. Besides,
we have fixed (once and for all) a time cut-off function χ :R→R, and the operator

Iχv(t) =−ıχ(t)
∫ t

0
dsχ(s)v(s),

has been introduced in (1.16).

3.1. Basic controls on time integration and time localization.

LEMMA 3.1. ([36, Lemma 4.1]) For all function v : R → R smooth enough, one can
write

(3.1) F
(
Iχv

)
(λ) =

∫
R
dλ1 Iχ(λ,λ1)F(v)(λ1),

for some kernel Iχ satisfying

(3.2)
∣∣Iχ(λ,λ1)∣∣≲ 1

⟨λ⟩⟨λ− λ1⟩
.

We will also need the following elementary lemma related to time localization, i.e. multi-
plication with χτ in (2.21) (see for instance [36, Lemma 4.2]).

LEMMA 3.2. For all 1
2 < b ≤ b′ < 1, s ∈ R and y : R× T→ R such that y(0, .) = 0, it

holds that ∥∥χτ · y
∥∥
Zs,b ≲ τ b

′−b
∥∥y∥∥

Zs,b′ .

3.2. Singular integrals. We first recall the following elementary estimate (see e.g. [44,
Lemma 4.2] or [50, Lemma 4.2]).

LEMMA 3.3. Let β ≥ γ > 0 be such that γ + β > 1. Then it holds that

max

(∑
k∈Z

1

⟨k− ξ⟩γ⟨k− ζ⟩β
,

∫
R

dλ

⟨λ− ξ⟩γ⟨λ− ζ⟩β

)
≲

1

⟨ξ − ζ⟩α

where α is explicitly given by

α :=


γ + β − 1 if β < 1

γ − ε if β = 1

γ if β > 1

,

for any 0< ε≤ γ.
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The second technical lemma in this direction is more specific to our fractional setting, and
is directly related to the covariance function of the linear solution to the problem (see the
definition of (Γ(H),Λ(H)) in Proposition 4.1 below).

LEMMA 3.4. Consider parameters µ,ν ∈ [0,1).

(i) For all (a, b) ∈R2 such that |a| ≤ |b|, and for every 0< ε< 1, it holds that

(3.3)
∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

1

⟨a⟩ν
1

⟨b− a⟩1−ε
.

(ii) For all p≥ 1, |a| ≥ 1 and 0< ε< ν, one has

(3.4)
∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩p
≲

1

⟨a⟩ν−ε
,

and one can choose ε= 0 in the case p > 1.

(iii) For all (a, b) ∈R2 such that |a| ≤ |b|, and for every 0< ε< 1, it holds that

(3.5)
∫
R

|ξ|µdξ
⟨ξ − a⟩⟨ξ − b⟩

≲
⟨a⟩µ

⟨b− a⟩1−µ−ε
.

(iv) For all p≥ 2 and |a| ≥ 1, one has

(3.6)
∫
R

|ξ|µdξ
⟨ξ − a⟩p

≲ ⟨a⟩µ.

For the sake of clarity, we have postponed the proof of this technical lemma to the appendix
section A.1.

3.3. Fully deterministic controls on the product. We conclude this preliminary section
with the statement of the bilinear estimate allowing to control the product terms IχM(z,w)
and Iχ

(
Λ ·w

)
, for all Λ ∈Hγ(R) (along the result of Proposition 2.3) and z,w in the scale

Zs,b at the core of our procedure. Recall that the bilinear operator M is defined in (1.19).

PROPOSITION 3.5. For all 1
2 < b < 5

8 and s ≥ 0, there exists µ > 0 such that for every
τ ∈ (0,1],

(3.7)
∥∥χτ · IχM(z,w)

∥∥
Zs,b ≲ τµ∥z∥Zs,b∥w∥Zs,b .

PROOF. Inequality (3.7) is a rewriting of a classical estimate in Bourgain spaces. More
precisely, setting u= e−ıt∆z and v = e−ıt∆w, then (3.7) is equivalent to

(3.8)
∥∥∥∥χτ

∫ .

0
χτe

−ı(.−r)∆
(
uv

)
dr

∥∥∥∥
Xs,b

≲ τµ
∥∥u∥∥

Xs,b

∥∥v∥∥
Xs,b , for some µ > 0,

which we now prove. Let 1
2 < b < 5

8 , then for µ > 0 small enough, by [49, Lemme 3.2],∥∥∥∥χτ

∫ .

0
χτe

−ı(.−r)∆F dr

∥∥∥∥
Xs,b

≲ τµ
∥∥F∥∥

Xs,b−1+µ .

We can then combine the previous estimate with the Bourgain bilinear estimate

(3.9) ∥uv∥Xs,b−1+µ ≲ ∥u∥Xs,b∥v∥Xs,b ,

which implies (3.8). For the sake of completeness, we have added the proof of (3.9) in the
appendix (see Section A.6).
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By applying Proposition 3.3 to the particular case where z =Λ ∈Hγ(R) does not depend
on the space variable, we immediately get:

PROPOSITION 3.6. Let 1
2 < b < 5

8 , γ > 1
2 and s ≥ 0. Then for all Λ ∈ Hγ(R) and

w ∈ Zs,b, it holds that

(3.10)
∥∥χτ · Iχ

(
Λ ·w

)∥∥
Zs,b ≲ τµ∥Λ∥Hγ(R)∥w∥Zs,b

for some µ > 0, and where the product Λ · w is naturally understood as (Λ · w)(t, x) :=
Λ(t)w(t, x).

4. Study of the tree-elements I: first-order. We now turn to the investigations of the
explicit stochastic terms in (1.20), starting with the (rescaled) linear solution .

4.1. Covariance estimates for the (rescaled) linear solution. Following (2.4), the pro-
cess (n) is explicitly defined by the formula

(n)
k (t) = χ(t)

∫ t

0
dsχ(s)e−ıs|k|2Ḃ

(n)
k (s) = Iχ

(
e−ı.|k|2Ḃ

(n)
k

)
(t),

where Ḃ(n) is the smooth approximation of the noise Ḃ introduced in (2.3). It is readily
checked that the covariance of the latter approximation is given for every n≥ 1 by

(4.1) E
[
Ḃ(n)(t, x)Ḃ(n)(t′, x′)

]
= c2H

∫
Dn

dξdη

|ξ|2H0−1|η|2H1−1
e−ıξ(t−t′)e−ıη(x−x′),

where Dn stands for the integration domain Dn := {(ξ, η) ∈ R2 : |ξ| ≤ 22n and |η| ≤ 2n}.
Besides, observe that the difference Ḃ(n,n+1) := Ḃ(n+1) − Ḃ(n) between two successive ele-
ments can be represented along the same pattern, that is

Ḃ(n,n+1)(t, x) :=−cH
∫
Dn+1\Dn

ξ eıtξ

|ξ|H0+
1

2

η eıxη

|η|H1+
1

2

Ŵ (dξ, dη).

As a result, it holds that
(4.2)

E
[
Ḃ(n,n+1)(t, x)Ḃ(n,n+1)(t′, x′)

]
= c2H

∫
Dn+1\Dn

dξdη

|ξ|2H0−1|η|2H1−1
e−ıξ(t−t′)e−ıη(x−x′).

By setting additionally

(4.3) (n,n+1)
k (t) :=

(n+1)
k (t)− (n)

k (t) = Iχ
(
eı.|k|

2

Ḃ
(n,n+1)
k

)
(t).

our main estimates about the covariance of (n) can be stated as follows.

PROPOSITION 4.1. Fix H0,H1 ∈ (0,1). Then for all n ≥ 1, k, k′ ∈ Z and λ,λ′ ∈ R, it
holds that ∣∣∣E[F( (n)

k

)
(λ)F

( (n)
k′

)
(λ′)

]∣∣∣≲ 1

⟨λ⟩⟨λ′⟩
Γ
(H0)
k,k′ (λ,λ

′)Λ
(H1)
k,k′ ,(4.4)

where the proportional constant does not depend on n, and where we have set

Γ
(H)
k,k′(λ,λ

′) :=

∫
R

dξ

|ξ|2H−1

1

⟨ξ − (|k|2 + λ)⟩
1

⟨ξ − (|k′|2 + λ′)⟩
,

Λ
(H)
k,k′ :=

∫
R

dη

|η|2H−1

1

⟨η− k⟩
1

⟨η− k′⟩
.
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Besides, for all 0≤ κ≤ 1
2 min(H0,H1), n≥ 1, k, k′ ∈ Z and λ,λ′ ∈R, one has

∣∣∣E[F( (n,n+1)
k

)
(λ)F

( (n,n+1)
k′

)
(λ′)

]∣∣∣≲ 2−2nκ

⟨λ⟩⟨λ′⟩

[
Γ
(H0−κ)
k,k′ (λ,λ′)Λ

(H1)
k,k′ +Γ

(H0)
k,k′ (λ,λ

′)Λ
(H1−κ)
k,k′

]
,

(4.5)

where the proportional constant does not depend on n.

PROOF. We only focus on the proof of (4.5), keeping in mind that (4.4) could be proved
with similar arguments. Notice that the condition 0 ≤ κ ≤ 1

2 min(H0,H1) ensures that the
right hand side of (4.5) is finite.

Using (4.3) and the representation in Lemma 3.1, we can write

F
( (n,n+1)

k

)
(λ) =

∫
dλ1 Iχ(λ,λ1)F

(
e−ı.|k|2Ḃ

(n,n+1)
k

)
(λ1)

=

∫
dλ1 Iχ(λ,λ1)

∫
dt e−ıt(λ1+|k|2)

∫
T
dxe−ıxkḂ(n,n+1)(t, x).(4.6)

We can now apply the above covariance formula (4.2) and deduce that

E
[
F
( (n,n+1)

k

)
(λ)F

( (n,n+1)
k′

)
(λ′)

]
=

∫
dλ1dλ

′
1 Iχ(λ,λ1)Iχ(λ′, λ′1)∫

dtdt′ e−ıt(λ1+|k|2)eıt
′(λ′

1+|k′|2)
∫
T
dxdx′ e−ıxkeıx

′k′E
[
Ḃ(n,n+1)(t, x)Ḃ(n,n+1)(t′, x′)

]
= c2H

∫
Dn+1\Dn

dξdη

|ξ|2H0−1|η|2H1−1∫
dλ1dλ

′
1 Iχ(λ,λ1)Iχ(λ′, λ′1)

∫
dtdt′ e−ıt(λ1+|k|2)eıt

′(λ′
1+|k′|2)

∫
T
dxdx′ e−ıxkeıx

′·k′e−ıξ(t−t′)e−ıη(x−x′)

= c2H

∫
Dn+1\Dn

dξdη

|ξ|2H0−1|η|2H1−1

∫
dλ1dλ

′
1 Iχ(λ,λ1)Iχ(λ′, λ′1)(∫

dt e−ıt(λ1+|k|2+ξ)
)(∫

dt′ eıt
′(λ′

1+|k′|2+ξ)
)(∫

T
dxe−ıx(η+k)

)(∫
T
dx′eıx

′(η+k′)
)

= c2H

∫
Dn+1\Dn

dξdη

|ξ|2H0−1|η|2H1−1
Iχ(λ,−|k|2 − ξ)Iχ(λ′,−|k′|2 − ξ)

(∫
T
dxe−ıx(η+k)

)(∫
T
dx′eıx

′(η+k′)
)
.

(4.7)

Observe that ∣∣∣ ∫
T
dxe−ıx(η+k)

∣∣∣≲ 1

⟨η+ k⟩
,

which, going back to (4.7), easily yields∣∣∣∣E[F( (n,n+1)
k

)
(λ)F

( (n,n+1)
k′

)
(λ′)

]∣∣∣∣
≲
∫
Dn+1\Dn

dξdη

|ξ|2H0−1|η|2H1−1

∣∣Iχ(λ,−|k|2 − ξ)
∣∣∣∣Iχ(λ′,−|k′|2 − ξ)

∣∣∣∣∣∣ ∫
T
dxe−ıx(η+k)

∣∣∣∣∣∣∣∣ ∫
T
dx′eıx

′(η+k′)

∣∣∣∣
(4.8)

≲
∫
|ξ|≥2n

∫
η∈R

dξdη

|ξ|2H0−1|η|2H1−1⟨η+ k⟩⟨η+ k′⟩
∣∣Iχ(λ,−|k|2 − ξ)

∣∣∣∣Iχ(λ′,−|k′|2 − ξ)
∣∣
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+

∫
ξ∈R

∫
|η|≥2n

dξdη

|ξ|2H0−1|η|2H1−1⟨η+ k⟩⟨η+ k′⟩
∣∣Iχ(λ,−|k|2 − ξ)

∣∣∣∣Iχ(λ′,−|k′|2 − ξ)
∣∣

≲ 2−2nκ
(∫

R

dξ

|ξ|2(H0−κ)−1

∣∣Iχ(λ,−|k|2 − ξ)
∣∣∣∣Iχ(λ′,−|k′|2 − ξ)

∣∣)(∫
R

dη

|η|2H1−1⟨η+ k⟩⟨η+ k′⟩

)

+ 2−2nκ
(∫

R

dξ

|ξ|2H0−1

∣∣Iχ(λ,−|k|2 − ξ)
∣∣∣∣Iχ(λ′,−|k′|2 − ξ)

∣∣)(∫
R

dη

|η|2(H1−κ)−1⟨η+ k⟩⟨η+ k′⟩

)
.

(4.9)

The bound (4.5) is now an immediate consequence of (3.2).

With similar arguments as in the previous proof, we easily derive the following estimate
for the non-conjugate covariance of (n).

PROPOSITION 4.2. Fix H0,H1 ∈ (0,1). Then for all n ≥ 1, k, k′ ∈ Z and λ,λ′ ∈ R, it
holds that ∣∣∣E[F( (n)

k

)
(λ)F

( (n)
k′

)
(λ′)

]∣∣∣≲ 1

⟨λ⟩⟨λ′⟩
Γ̃
(H0)
k,k′ (λ,λ

′)Λ̃
(H1)
k,k′ ,(4.10)

where the proportional constant does not depend on n, and where we have set

Γ̃
(H)
k,k′(λ,λ

′) :=

∫
R

dξ

|ξ|2H−1

1

⟨ξ − (|k|2 + λ)⟩
1

⟨ξ − (−λ′ − |k′|2)⟩
,

Λ̃
(H)
k,k′ :=

∫
R

dη

|η|2H−1

1

⟨η− k⟩
1

⟨η+ k′⟩
.

Besides, for all 0≤ κ≤ 1
2 min(H0,H1), n≥ 1, k, k′ ∈ Z and λ,λ′ ∈R, one has

∣∣∣E[F( (n,n+1)
k

)
(λ)F

( (n,n+1)
k′

)
(λ′)

]∣∣∣≲ 2−2nκ

⟨λ⟩⟨λ′⟩

[
Γ̃
(H0−κ)
k,k′ (λ,λ′)Λ̃

(H1)
k,k′ + Γ̃

(H0)
k,k′ (λ,λ

′)Λ̃
(H1−κ)
k,k′

]
,

(4.11)

where the proportional constant does not depend on n.

The (rescaled) linear solution (n) turns out to be the central object of our analysis, and the
two estimates (4.4)-(4.10) for its covariance will be extensively used in the sequel.

REMARK 4.3. To emphasize the specificity of our fractional situation with respect to
previous white-noise models, consider the case of a (spatially regularized) white noise

Ẇ(α)(t, x) =
∑
k

⟨k⟩−αβ̇
(k)
t eıkx,

where the (β(k))’s stand for independent Brownian motions. In this case, the covariance of
the corresponding (rescaled) linear solution Ψ reduces to the expression

E
[
F
(
Ψk

)
(λ)F

(
Ψk′

)
(λ′)

]
=
(
1{k=k′}⟨k⟩−2α

)∫
dλ1 Iχ(λ,λ1)Iχ(λ′, λ1),

which sharply contrasts with the subtle interactions observed in the right-hand side of (4.4)
and echoing the past-dependence properties of the fractional noise.
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4.2. Proof of Proposition 2.3.

(i) Using the result of Proposition 4.1, we get that for all α ≥ 0 and
0< κ≤ 1

2 min(H0,H1,
α−[2−(2H0+H1)]

2 ),

E
[∥∥ (n,n+1)

∥∥2
L2(R;H−α(T))

]
=
∑
k

1

⟨k⟩2α

∫
R
dλE

[∣∣F(
(n,n+1)
k )(λ)

∣∣2]
≲ 2−2κn

∑
k

1

⟨k⟩2α

[∫
R

dλ

⟨λ⟩2

∫
dξ

|ξ|2(H0−κ)−1

1

⟨λ− (|k|2 − ξ)⟩2

∫
dη

|η|2H1−1

1

⟨η+ k⟩2

+

∫
R

dλ

⟨λ⟩2

∫
dξ

|ξ|2H0−1

1

⟨λ− (|k|2 − ξ)⟩2

∫
dη

|η|2(H1−κ)−1

1

⟨η+ k⟩2

]
≲ 2−2κn

∑
k

1

⟨k⟩2α

[∫
dξ

|ξ|2(H0−κ)−1

∫
R

dλ

⟨λ⟩2
1

⟨λ− (|k|2 − ξ)⟩2

∫
dη

|η|2H1−1

1

⟨η+ k⟩2

+

∫
dξ

|ξ|2H0−1

∫
R

dλ

⟨λ⟩2
1

⟨λ− (|k|2 − ξ)⟩2

∫
dη

|η|2(H1−κ)−1

1

⟨η+ k⟩2

]
≲ 2−2κn

∑
k

1

⟨k⟩2α

[(∫
dξ

|ξ|2(H0−κ)−1

1

⟨|k|2 − ξ⟩2

)(∫
dη

|η|2H1−1

1

⟨η+ k⟩2

)

+

(∫
dξ

|ξ|2H0−1

1

⟨|k|2 − ξ⟩2

)(∫
dη

|η|2(H1−κ)−1

1

⟨η+ k⟩2

)]
.

Now we can apply the inequalities (3.4) and (3.6) to assert that for every ε > 0 small enough,
k ̸= 0, and µ ∈ {2H0 − 1,2(H0 − κ)− 1}, ν ∈ {2H1 − 1,2(H1 − κ)− 1}∫

dξ

|ξ|µ
1

⟨|k|2 − ξ⟩2
≲

1

|k|2µ−ε

∫
dη

|η|ν
1

⟨η+ k⟩2
≲

1

|k|ν−ε
,

then

E
[∥∥ (n,n+1)

∥∥2
L2(R;H−α(T))

]
≲ 2−2κn

(
1 +

∑
k ̸=0

1

|k|2α

[
1

|k|4H0−4κ−2−ε

1

|k|2H1−1−ε
+

1

|k|4H0−2−ε

1

|k|2H1−2κ−1−ε

])
.

It is readily checked that the sum into brackets is finite as soon as 2α+(4H0−4κ−2− ε)+
(2H1− 1− ε)> 1, that is α> 2− 2H0−H1+2κ+ ε, where ε > 0 is chosen small enough.
As a result, we get the bound

E
[∥∥ (n,n+1)

∥∥2
L2(R;H−α(T))

]
≲ 2−2κn.

Once endowed with this moment estimate, the almost sure convergence of (n) inL2
(
R;H−α(T)

)
follows from an elementary Borel-Cantelli argument. Using the fact that the random vari-
ables under consideration are Gaussians, it is then possible to upgrade the convergence in
C
(
R;W−α,p(T)

)
, for any 1 ≤ p ≤∞. We refer to [41, Paragraph 2.2] for the details of the

proof.

(ii) Going back to the definition of (n) in (2.4) and since χ≡ 1 on [0,1], we have

E
[∥∥ (n)∥∥2

L2([0,T ];H−α(T))

]
≥

∑
k≥1

⟨k⟩−2α
∫ T∧1

0
dtE

[∣∣∣∣ ∫ t

0
dse−ıs|k|2Ḃ(n)

k (s)

∣∣∣∣2]
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≥
∑
k≥1

⟨k⟩−2α
∫ T∧1

0
dt

∫ t

0

∫ t

0
dsds′ e−ı(s−s′)|k|2E

[
Ḃ

(n)
k (s)Ḃ

(n)
k (s′)

](4.12)

≥
∑
k≥1

⟨k⟩−2α
∫ T∧1

0
dt

∫ t

0

∫ t

0
dsds′ e−ı(s−s′)|k|2

∫
T
dx

∫
T
dx′ e−ık(x−x′)E

[
Ḃ(n)(s,x)Ḃ(n)(s′, x)

]
.

We can now apply the covariance identity in (4.1), which yields

E
[∥∥ (n)∥∥2

L2([0,T ];H−α(T))

]
≳

∑
k≥1

⟨k⟩−2α
∫
|ξ|≤22n

dξ

|ξ|2H0−1

∫
|η|≤2n

dη

|η|2H1−1

∫ T∧1

0
dt

∫ t

0

∫ t

0
dsds′ e−ı(s−s′)|k|2

∫
T
dx

∫
T
dx′ e−ık(x−x′)e−ıξ(s−s′)e−ıη(x−x′)

≳
∑
k≥1

⟨k⟩−2α
[∫

|ξ|≤22n

dξ

|ξ|2H0−1

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseıs(|k|

2−ξ)

∣∣∣∣2][∫
|η|≤2n

dη

|η|2H1−1

∣∣∣∣ ∫
T
dxe−ıx(k+η)

∣∣∣∣2]

≳
∑

1≤k≤2n−1

⟨k⟩−2α
[∫

1
2
|k|2≤|ξ|≤ 3

2
|k|2

dξ

|ξ|2H0−1

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseıs(|k|

2−ξ)

∣∣∣∣2]

[∫
1
2
|k|≤|η|≤ 3

2
|k|

dη

|η|2H1−1

∣∣∣∣ ∫
T
dxe−ıx(k+η)

∣∣∣∣2].
(4.13)

At this point, observe that for every k ≥ 1,∫
1

2
k2≤|ξ|≤ 3

2
k2

dξ

|ξ|2H0−1

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseıs(|k|

2−ξ)

∣∣∣∣2
= k4−4H0

∫
1

2
≤|ξ|≤ 3

2

dξ

|ξ|2H0−1

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseıs|k|

2(1−ξ)

∣∣∣∣2
≳ k4−4H0

∫
0≤ξ≤ 1

2k2

dξ

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseıs|k|

2ξ

∣∣∣∣2 ≳ 1

k4H0−2

∫
0≤ξ≤ 1

2

dξ

∫ T∧1

0
dt

∣∣∣∣ ∫ t

0
dseısξ

∣∣∣∣2 ≳ 1

k4H0−2
.

In the same way, for every k ≥ 1,∫
1

2
k≤|η|≤ 3

2
k

dη

|η|2H1−1

∣∣∣∣ ∫
T
dxe−ıx(k+η)

∣∣∣∣2
= k2−2H1

∫
1

2
≤|η|≤ 3

2

dη

|η|2H1−1

∣∣∣∣ ∫
T
dxe−ıxk(1+η)

∣∣∣∣2
≳ k2−2H1

∫
0≤η≤ 1

2k

dη

∣∣∣∣ ∫
T
dxe−ıxkη

∣∣∣∣2 ≳ 1

k2H1−1

∫
0≤η≤ 1

2

dη

∣∣∣∣ ∫
T
dxe−ıxη

∣∣∣∣2 ≳ 1

k2H1−1
.

Going back to (4.13), we obtain

E
[∥∥ (n)

∥∥2
L2([0,T ];H−α(T))

]
≳

∑
1≤k≤2n−1

1

k2α+4H0+2H1−3
≳ 22n(2−2H0−H1−α),
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where we have used the fact that 2α+ 4H0 + 2H1 − 3< 1 to derive the last inequality. This
concludes the proof of Proposition 2.3.

5. Study of the tree-elements II: second-order. This section is devoted to the proof of
the assertion (i) in Proposition 2.3. In other words, we are here interested in the construction
of , one of our main objectives in the study.

For more clarity, let us introduce the (twisted) product operator M̃ defined for all v,w ∈
S ′(T) and k ∈ Z by

M̃(v,w)k(t) =
∑

k1∈Z\{0}

eıtΩk,k1vk+k1
wk1

.

With this notation, we can recast the definition (2.8) of
(n)

into
(n)

k (t) := Iχ
(
M̃( (n), (n))k(.)−E

[
M̃( (n), (n))0(.)

])
(t).

For the sake of clarity, we will in fact divide the proof of the convergence of (
(n)

)n≥1

into two successive propositions.

PROPOSITION 5.1. Assume that 1
2 <H0 < 1 and 1

4 <H1 < 1 satisfy 7
4 < 2H0+H1 < 2,

and set H := 2H0 +H1 − 1 ∈ (34 ,1). Then for every pair (s, b) satisfying the conditions

(5.1) 0< s<H − 1

2
and

1

2
< b <min

(
H − s,

3

4
− s

2

)
,

the sequence of processes (Ψ(n))n≥1 defined in Fourier mode by

(5.2) Ψ
(n)
k (t) := Iχ

(
M̃( (n), (n))k(.)−E

[
M̃( (n), (n))k(.)

])
(t)

converges almost surely in Zs,b.

PROPOSITION 5.2. Assume that 1
2 <H0 < 1 and 1

4 <H1 < 1 satisfy 7
4 < 2H0+H1 < 2,

and set H := 2H0 +H1 − 1 ∈ (34 ,1). Then for any (s, b) satisfying

(5.3) 0< s<
1

2
and

1

2
< b <min

(
2H − 1,1− s

)
,

the sequence of functions (f (n))n≥1 defined in Fourier mode by

f
(n)
k (t) := Iχ

(
E
[
M̃( (n), (n))k(.)

]
−E

[
M̃( (n), (n))0(.)

])
(t)

converges in Zs,b.

5.1. Proof of Proposition 5. Setting

Ψ(n,n+1) :=Ψ(n+1) −Ψ(n),

the following moment estimate allows us to guarantee the almost sure convergence of
(Ψ(n))n≥1 in Zs,b (as an easy consequence of the Borel-Cantelli lemma).

PROPOSITION 5.3. Under the hypotheses of Proposition 5, it holds that

(5.4) E
[∥∥Ψ(n,n+1)

∥∥2
Zs,b

]
≲ 2−κn,

where κ := 1
2 min

(
H0,H1

)
> 0.
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PROOF OF PROPOSITION 5.1. We will focus on the proof of the uniform estimate

(5.5) E
[∥∥Ψ(n)

∥∥2
Zs,b

]
≲ 1,

and leave it to the reader to check that the subsequent arguments could be extended to-
ward (5.4) by following the same basic estimation procedure as in the transition from (4.8)
to (4.9).

By using the representation formula (3.1) of Iχ, we can first write

F
(
Iχ

(
M̃( (n), (n))k

))
(λ) =

∫
R
dλ′ Iχ(λ,λ′)F(M̃( (n), (n))k)(λ

′)

=
∑
k1 ̸=0

∫
R
dλ′ Iχ(λ,λ′)

∫
dt e−ıλ′teıtΩk,k1

(n)
k+k1

(t)
(n)
k1

(t)

=
∑
k1 ̸=0

∫
dλ1F(

(n)
k1

)(λ1)

∫
dλ2F(

(n)
k+k1

)(λ2)

∫
R
dλ′ Iχ(λ,λ′)

∫
dt e−ıλ′teıtΩk,k1eıtλ2e−ıtλ1 ,

and thus

F
(
Iχ

(
M̃( (n), (n))k

))
(λ) =

∑
k1 ̸=0

∫
dλ1dλ2 Iχ(λ,Ωk,k1

+λ2−λ1)F(
(n)
k1

)(λ1)F(
(n)
k+k1

)(λ2).

Based on this expression, and by applying Wick’s formula, we can compute

E
[∣∣F(

Iχ
(
M̃( (n), (n))k

)
(λ)

∣∣2]
=

∑
k1 ̸=0

∫
dλ1dλ2

∑
k′
1 ̸=0

∫
dλ′1dλ

′
2 Iχ(λ,Ωk,k1

+ λ2 − λ1)Iχ(λ,Ωk,k′
1
+ λ′2 − λ′1)

E
[
F(

(n)
k1

)(λ1)F(
(n)
k+k1

)(λ2)F(
(n)
k′
1
)(λ′1)F(

(n)
k+k′

1
)(λ′2)

]
=
∣∣∣E[F(

Iχ
(
M̃( (n), (n))k

)
(λ)

]∣∣∣2
+

∑
k1 ̸=0

∫
dλ1dλ2

∑
k′
1 ̸=0

∫
dλ′1dλ

′
2 Iχ(λ,Ωk,k1

+ λ2 − λ1)Iχ(λ,Ωk,k′
1
+ λ′2 − λ′1)

E
[
F(

(n)
k1

)(λ1)F(
(n)
k′
1
)(λ′1)

]
E
[
F(

(n)
k+k1

)(λ2)F(
(n)
k+k′

1
)(λ′2)

]
+

∑
k1 ̸=0

∫
dλ1dλ2

∑
k′
1 ̸=0

∫
dλ′1dλ

′
2 Iχ(λ,Ωk,k1

+ λ2 − λ1)Iχ(λ,Ωk,k′
1
+ λ′2 − λ′1)

E
[
F(

(n)
k1

)(λ1)F(
(n)
k+k′

1
)(λ′2)

]
E
[
F(

(n)
k+k1

)(λ2)F(
(n)
k′
1
)(λ′1)

]
.

Thus, going back to the expression (5.2) of Ψ(n), we deduce the decomposition

E
[∣∣F(

Ψ
(n)
k

)
(λ)

∣∣2]= I
(n)
k (λ) + J

(n)
k (λ),

with

I
(n)
k (λ) :=

∑
k1 ̸=0

∫
dλ1dλ2

∑
k′1 ̸=0

∫
dλ′1dλ

′
2 Iχ(λ,Ωk,k1 + λ2 − λ1)Iχ(λ,Ωk,k′1

+ λ′2 − λ′1)

E
[
F(

(n)
k1

)(λ1)F(
(n)
k′1

)(λ′1)
]
E
[
F(

(n)
k+k1

)(λ2)F(
(n)
k+k′1

)(λ′2)
]
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and

J
(n)
k (λ) :=

∑
k1 ̸=0

∫
dλ1dλ2

∑
k′1 ̸=0

∫
dλ′1dλ

′
2 Iχ(λ,Ωk,k1 + λ2 − λ1)Iχ(λ,Ωk,k′1

+ λ′2 − λ′1)

E
[
F(

(n)
k1

)(λ1)F(
(n)
k+k′1

)(λ′2)
]
E
[
F(

(n)
k+k1

)(λ2)F(
(n)
k′1

)(λ′1)
]
.

The following sections 5.1.1 and 5.1.2 are devoted to the exhibition of uniform bounds for
these two quantities, when evaluated in the Zs,b-topology.

5.1.1. Estimates related to I(n). We shall prove that

(5.6) sup
n≥0

∥∥I(n)∥∥
Ẑs,b <∞,

where, for more clarity, we set from now on

(5.7)
∥∥f∥∥

Ẑs,b :=
∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2b

∣∣fk(λ)∣∣.
By using (3.2) and the estimate of Proposition 4.1, we can first assert that∣∣I(n)k (λ)

∣∣≲ ∑
k1,k′1∈Z\{0}

∫
dλ1dλ2

∫
dλ′1dλ

′
2

∣∣∣Iχ(λ,Ωk,k1 + λ2 − λ1)Iχ(λ,Ωk,k′1
+ λ′2 − λ′1)

∣∣∣
∣∣∣E[F(

(n)
k1

)(λ1)F(
(n)
k′1

)(λ′1)
]
E
[
F(

(n)
k+k1

)(λ2)F(
(n)
k+k′1

)(λ′2)
]∣∣∣

≲
1

⟨λ⟩2
∑

k1,k′1∈Z\{0}

∫
dλ1dλ2

⟨λ1⟩⟨λ2⟩⟨λ−Ωk,k1 + λ1 − λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩⟨λ−Ωk,k′1
+ λ′1 − λ′2⟩[

Γ
(H0)
k1,k′1

(λ1, λ
′
1)Λ

(H1)
k1,k′1

][
Γ
(H0)
k+k1,k+k′1

(λ2, λ
′
2)Λ

(H1)
k+k1,k+k′1

]
,

where the proportional constant no longer depends on n.

Set δ := min(2H1,1)>
1
2 . By applying the result of Lemma 3.2 (with ν = 2H1− 1> 0 in

the case H1 >
1
2 and with µ= 1− 2H1 ≥ 0 in the case H1 ≤ 1

2 ) to the expression of Λ(H1),
we derive that for every ε > 0 small enough,

(5.8) Λ
(H1)
k,ℓ ≲

1

⟨|k| ∧ |ℓ|⟩2H1−1⟨k− ℓ⟩δ−ε
.

Therefore∣∣I(n)k (λ)
∣∣

≲
1

⟨λ⟩2
∑

k1,k′1∈Z\{0}

∫
dλ1dλ2

⟨λ1⟩⟨λ2⟩⟨λ−Ωk,k1 + λ1 − λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩⟨λ−Ωk,k′1
+ λ′1 − λ′2⟩

Γ
(H0)
k1,k′1

(λ1, λ
′
1)Γ

(H0)
k+k1,k+k′1

(λ2, λ
′
2)

1

⟨|k1| ∧ |k′1|⟩2H1−1

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H1−1

1

⟨k′1 − k1⟩2δ−2ε
,

and so for all k ∈ Z∫
dλ ⟨λ⟩2b |I(n)k (λ)|

≲
∑

k1,k′1∈Z\{0}

∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩

[∫
dλ

⟨λ⟩2−2b

1

⟨λ−Ωk,k1 + λ1 − λ2⟩
1

⟨λ−Ωk,k′1
+ λ′1 − λ′2⟩

]
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Γ
(H0)
k1,k′1

(λ1, λ
′
1)Γ

(H0)
k+k1,k+k′1

(λ2, λ
′
2)

1

⟨|k1| ∧ |k′1|⟩2H1−1

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H1−1

1

⟨k′1 − k1⟩2δ−2ε
,

≲
∑

k1,k′1∈Z\{0}

1

⟨|k1| ∧ |k′1|⟩2H1−1

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H1−1

1

⟨k′1 − k1⟩2δ−2ε

∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩

[
1

⟨Ωk,k1 − λ1 + λ2⟩1−b

1

⟨Ωk,k′1
− λ′1 + λ′2⟩1−b

]
Γ
(H0)
k1,k′1

(λ1, λ
′
1)Γ

(H0)
k+k1,k+k′1

(λ2, λ
′
2).

(5.9)

Let us now apply (A.4) with λ=Ωk,k1
, then combining this estimate with the subsequent

Lemma 5.2.1, we deduce∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩

[
1

⟨Ωk,k1
− λ1 + λ2⟩1−b

1

⟨Ωk,k′
1
− λ′1 + λ′2⟩1−b

]
Γ
(H0)
k1,k′

1
(λ1, λ

′
1)Γ

(H0)
k+k1,k+k′

1
(λ2, λ

′
2)

≲
1

⟨Ωk,k1
⟩1−b⟨Ωk,k′

1
⟩1−b

∫
dλ1dλ

′
1

⟨λ1⟩b⟨λ′1⟩b
∣∣∣Γ(H0)

k1,k′
1
(λ1, λ

′
1)
∣∣∣ ∫ dλ2dλ

′
2

⟨λ2⟩b⟨λ′2⟩b
∣∣∣Γ(H0)

k+k1,k+k′
1
(λ2, λ

′
2)
∣∣∣

≲
1

⟨Ωk,k1
⟩1−b⟨Ωk,k′

1
⟩1−b

1

⟨|k1| ∧ |k′1|⟩2(2H0−1)

1

⟨|k+ k1| ∧ |k+ k′1|⟩2(2H0−1)
.

By injecting the above estimates into (5.9) and setting H := 2H0 +H1 − 1, we get that∫
dλ ⟨λ⟩2b |I(n)k (λ)|

≲
∑

k1,k′1∈Z\{0}

1

⟨|k1| ∧ |k′1|⟩2H−1

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H−1

1

⟨k′1 − k1⟩2δ−2ε

1

⟨Ωk,k1⟩1−b

1

⟨Ωk,k′1
⟩1−b

.

(5.10)

We now treat the contributions k ̸= 0 and k = 0 separately.

• Terms with k ̸= 0. We have∑
k ̸=0

⟨k⟩2s
∫
dλ ⟨λ⟩2b |I(n)k (λ)|

≲
∑
k1,k′

1

1

⟨|k1| ∧ |k′1|⟩2H+1−2b

1

⟨k′1 − k1⟩2δ−2ε

(∑
k

1

⟨k⟩2−2b−2s

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H−1

)
.

(5.11)

Recall that 3
4 <H < 1, so 1

2 < 2H− 1< 1, and by (5.1), one has 0< 2− 2b− 2s < 1 as well
as

(
2− 2b− 2s

)
+
(
2H − 1

)
= 1+ 2

(
H − b− s

)
> 1. Therefore∑

k ̸=0

1

⟨k⟩2−2b−2s

1

⟨|k+ k1| ∧ |k+ k′1|⟩2H−1

≲
∑
k∈Z

1

⟨k⟩2−2b−2s

1

⟨k+ k1⟩2H−1
+
∑
k∈Z

1

⟨k⟩2−2b−2s

1

⟨k+ k′1⟩2H−1
≲

1

⟨|k1| ∧ |k′1|⟩2H−2b−2s
.
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Going back to (5.11), we deduce

sup
n≥0

∑
k ̸=0

⟨k⟩2s
∫
dλ ⟨λ⟩2b |I(n)k (λ)|

≲
∑
k1,k′1

1

⟨|k1| ∧ |k′1|⟩1+4H−4b−2s

1

⟨k′1 − k1⟩2δ−2ε
≲

( ∑
k1∈Z

1

⟨k1⟩1+4H−4b−2s

)( ∑
k′1∈Z

1

⟨k′1⟩2δ−2ε

)
<∞,

due to 1 + 4H − 4b − 2s = 1 + 4(H − b − s) + 2s > 1 and 2δ − 2ε > 1 for ε > 0 small
enough.

• Contribution of the case k = 0. Going back to (5.10), we have∫
dλ ⟨λ⟩2b |I(n)0 (λ)|≲

∑
k1,k′

1∈Z\{0}

1

⟨|k1| ∧ |k′1|⟩4H−1

1

⟨k′1 − k1⟩2δ−2ε

≲
∑
k1∈Z

1

⟨k1⟩4H−1

∑
k′
1∈Z

1

⟨k′1 − k1⟩2δ−2ε
<∞.

As a conclusion, we get (5.6).

5.1.2. Estimates related to J (n). With the notation in (5.7), we must prove that

(5.12) sup
n≥0

∥∥J (n)
∥∥
Ẑs,b <∞.

In fact, by using the same arguments as those leading to (5.10) (replace also the estimate
in Proposition 4.1 with the one in Proposition 4.1), we get that for all k ∈ Z,∫
dλ ⟨λ⟩2b |J(n)k (λ)|

≲
∑

k1,k′1∈Z\{0}

1

⟨|k1| ∧ |k+ k′1|⟩2H−1

1

⟨|k+ k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1 + k⟩2δ−2ε

1

⟨Ωk,k1⟩1−b

1

⟨Ωk,k′1
⟩1−b

.

(5.13)

where the proportional constant no longer depends on n.

We now treat the contributions k ̸= 0 and k = 0 separately.

• Terms with k ̸= 0. We have∑
k ̸=0

⟨k⟩2s
∫
dλ ⟨λ⟩2b |J (n)

k (λ)|

≲
∑
k ̸=0

⟨k⟩2s
∑

k1,k′
1∈Z\{0}

1

⟨|k1| ∧ |k+ k′1|⟩2H−1

1

⟨|k+ k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1 + k⟩2δ−2ε

1

⟨Ωk,k1
⟩1−b

1

⟨Ωk,k′
1
⟩1−b

.

≲
∑
k ̸=0

1

|k|2−2b−2s

∑
k1,k′

1∈Z\{0}

1

⟨|k1| ∧ |k+ k′1|⟩2H−1

1

⟨|k+ k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1 + k⟩2δ−2ε

1

|k1|1−b

1

|k′1|1−b

≲
∑
k ̸=0

1

|k|2−2b−2s

∑
k1 ̸=0

∑
k′
1 ̸=k

1

⟨|k1| ∧ |k′1|⟩2H−1

1

⟨|k+ k1| ∧ |k′1 − k|⟩2H−1

1

⟨k1 + k′1⟩2δ−2ε

1

|k1|1−b

1

|k′1 − k|1−b

≲
∑
k1 ̸=0

∑
k′
1

1

⟨|k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1⟩2δ−2ε

1

|k1|1−b

∑
k/∈{0,k′

1}

1

|k|2−2b−2s

1

⟨|k+ k1| ∧ |k′1 − k|⟩2H−1

1

|k′1 − k|1−b
.

(5.14)
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Recall that H ∈ (34 ,1). For all k1, k′1 ∈ Z, one has∑
k/∈{0,k′

1}

1

|k|2−2b−2s

1

⟨|k1 + k| ∧ |k′1 − k|⟩2H−1

1

|k′1 − k|1−b

≲
∑
k

1

⟨k⟩2−2b−2s

1

⟨k′1 − k⟩2H−b
+
∑
k

1

⟨k⟩2−2b−2s

1

⟨k+ k1⟩2H−1

1

⟨k′1 − k⟩1−b
.

Since (2− 2b− 2s) + (2H − b) = (2− 3b− 2s) + 2H > 1 and 2− 2b− 2s < 2H − b,∑
k

1

⟨k⟩2−2b−2s

1

⟨k′1 − k⟩2H−b
≲

1

⟨k′1⟩ν
,

where ν := min(2− 2b− 2s,1 + 2H − 3b− 2s). Besides,

∑
k

1

⟨k⟩2−2b−2s

1

⟨k+ k1⟩2H−1

1

⟨k′1 − k⟩1−b

≲

(∑
k

1

⟨k⟩2−2b−2s

1

⟨k+ k1⟩4H−2

) 1

2
(∑

k

1

⟨k⟩2−2b−2s

1

⟨k′1 − k⟩2−2b

) 1

2

≲
1

⟨k1⟩1−b−s

1

⟨k′1⟩
3

2
−2b−s

,

where we have used the fact that 4H − 2> 1 and (2− 2b− 2s) + (2− 2b)> 1.

As a result, we have shown that for all k1, k′1 ∈ Z,∑
k/∈{0,k′

1}

1

|k|2−2b−2s

1

⟨|k1 + k| ∧ |k′1 − k|⟩2H−1

1

|k′1 − k|1−b
≲

1

⟨k′1⟩ν
+

1

⟨k1⟩1−b−s

1

⟨k′1⟩
3

2
−2b−s

.

By injecting this bound into (5.14), we deduce that in the above setting, one has∑
k ̸=0

⟨k⟩2s
∫
dλ ⟨λ⟩2b |J (n)

k (λ)|≲S1 +S2,

with

S1 :=
∑
k1 ̸=0

∑
k′
1

1

⟨|k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1⟩2δ−2ε

1

|k1|1−b

1

⟨k′1⟩ν

and

S2 :=
∑
k1 ̸=0

∑
k′
1

1

⟨|k1| ∧ |k′1|⟩2H−1

1

⟨k1 + k′1⟩2δ−2ε

1

|k1|1−b

1

⟨k1⟩1−b−s

1

⟨k′1⟩
3

2
−2b−s

.

Now, on the one hand,

S1 ≲
∑
k′1

1

⟨k′1⟩2H−1+ν

∑
k1

1

⟨k1 + k′1⟩2δ−2ε

1

⟨k1⟩1−b
+
∑
k′1

1

⟨k′1⟩ν
∑
k1

1

⟨k1 + k′1⟩2δ−2ε

1

⟨k1⟩2H−b

≲
∑
k′1

1

⟨k′1⟩2H+ν−b
+
∑
k′1

1

⟨k′1⟩ν+γ1
< ∞,

due to 2H + ν − b=min(2H + 2− 3b− 2s,1 + 4H − 4b− 2s)> 1 for the first series and
γ1 := min(2δ− 2ε,2H − b) so that ν + γ1 > 1 for the second one.



RENORMALIZATION OF A 1D QSM WITH ADDITIVE NOISE 35

On the other hand, for ε > 0 small enough,

S2 ≲
∑
k′1

1

⟨k′1⟩
2H+ 1

2
−2b−s

∑
k1

1

⟨k1 + k′1⟩2δ−2ε

1

⟨k1⟩2−2b−s

+
∑
k′1

1

⟨k′1⟩
3
2
−2b−s

∑
k1

1

⟨k1 + k′1⟩2δ−2ε

1

⟨k1⟩2H+1−2b−s

≲
∑
k′1

1

⟨k′1⟩
2H+ 5

2
−4b−2s

+
∑
k′1

1

⟨k′1⟩
3
2
−2b−s+γ2

< ∞,

because 2H + 5
2 − 4b− 2s > 1 and 3

2 − 2b− s+ γ2 > 1 where γ2 := min(2δ− 2ε,2H +1−
2b− s). Hence, we have proven that

sup
n≥0

∑
k ̸=0

⟨k⟩2s
∫
dλ ⟨λ⟩2b |J (n)

k (λ)|<∞.

• Contribution of the case k = 0. With (5.13) in mind, we have

∫
dλ ⟨λ⟩2b |J (n)

0 (λ)|≲
∑

k1,k′
1∈Z\{0}

1

⟨|k1| ∧ |k′1|⟩4H−2

1

⟨k1 + k′1⟩2δ−2ε

≲
∑
k1∈Z

1

⟨k1⟩4H−2

∑
k′
1∈Z

1

⟨k1 + k′1⟩2δ−2ε
<∞,

since 4H−2> 1 and 2δ−2ε > 1. As a conclusion, we have shown that (5.12) holds true.

5.2. Proof of Proposition 5. Just as in the proof of Proposition 5.1, we will only focus
on the uniform estimate

(5.15) sup
n≥1

∥∥f (n)∥∥
Zs,b <∞.

To this end, let us write∣∣F(
f
(n)
k

)
(λ)

∣∣= 1{k ̸=0}

∣∣∣E[F(
IχM̃

(
(n), (n)

)
k

)
(λ)

]∣∣∣
= 1{k ̸=0}

∣∣∣∣ ∑
k1 ̸=0

∫
dλ1dλ2 Iχ(λ,Ωk,k1

+ λ2 − λ1)E
[
F (n)

k1
(λ1)F (n)

k+k1
(λ2)

]∣∣∣∣
≲ 1{k ̸=0}

1

⟨λ⟩
∑
k1 ̸=0

∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

1

⟨λ−Ωk,k1
− λ2 + λ1⟩

Γ
(H0)
k1,k+k1

(λ1, λ2)Λ
(H1)
k1,k+k1

.

Therefore by (5.8) (with δ := min(2H1,1)>
1
2 ),∑

k

⟨k⟩2s
∫
dλ ⟨λ⟩2b

∣∣F(
f
(n)
k

)
(λ)

∣∣2
≲

∑
k ̸=0

⟨k⟩2s
∑

k1,k′1 ̸=0

∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

∫
dλ′1dλ

′
2

⟨λ′1⟩⟨λ′2⟩

(∫
dλ

⟨λ⟩2−2b

1

⟨λ−Ωk,k1 − λ2 + λ1⟩
1

⟨λ−Ωk,k′1
− λ′2 + λ′1⟩

)

Γ
(H0)
k1,k+k1

(λ1, λ2)Λ
(H1)
k1,k+k1

Γ
(H0)
k′1,k+k′1

(λ′1, λ
′
2)Λ

(H1)
k′1,k+k′1
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≲
∑
k ̸=0

⟨k⟩2s
∣∣∣∣ ∑
k1 ̸=0

Λ
(H1)
k1,k+k1

∫
dλ1dλ2
⟨λ1⟩⟨λ2⟩

1

⟨Ωk,k1 + λ2 − λ1⟩1−b
Γ
(H0)
k1,k+k1

(λ1, λ2)

∣∣∣∣2

≲
∑
k ̸=0

⟨k⟩2s

⟨k⟩2δ−2ε

∣∣∣∣ ∑
k1 ̸=0

1

⟨|k1| ∧ |k+ k1|⟩2H1−1

1

⟨Ωk,k1⟩1−b

∫
dλ1dλ2

⟨λ1⟩b⟨λ2⟩b
Γ
(H0)
k1,k+k1

(λ1, λ2)

∣∣∣∣2

≲
∑
k ̸=0

⟨k⟩2s

⟨k⟩2δ−2ε⟨k⟩2−2b

∣∣∣∣ ∑
k1 ̸=0

1

⟨|k1| ∧ |k+ k1|⟩2H−1

1

⟨k1⟩1−b

∣∣∣∣2,
where we have used Lemma A.2 and Lemma 5.2.1 to derive the third and fourth inequalities.
Due to condition (5.3), we can easily guarantee that for ε > 0 small enough,

(1− b) + (2H − 1)> 1 and (2δ− 2ε) + (2− 2b)− 2s > 1,

which achieves to prove (5.15).

5.2.1. An auxiliary lemma. The following technical property has been used in the proof
of both Proposition 5 and Proposition 5.

LEMMA 5.4. Let 1
2 < b < 1 and 1

2 <H0 < 1. Then it holds that for all k, k′ ∈ Z∫
dλdλ′

⟨λ⟩b⟨λ′⟩b
∣∣∣Γ(H0)

k,k′ (λ,λ
′)
∣∣∣≲ 1

⟨|k| ∧ |k′|⟩2(2H0−1)
.

PROOF. For every ε > 0, one has∫
dλdλ′

⟨λ⟩b⟨λ′⟩b
∣∣∣Γ(H0)

k,k′ (λ,λ
′)
∣∣∣

≲
∫

dλdλ′

⟨λ⟩b⟨λ′⟩b

(
1

⟨||k|2 − λ| ∧ ||k′|2 − λ′|⟩2H0−1

1

⟨|k|2 − λ− |k′|2 + λ′⟩1−ε

)
=

∫
dλdλ′

⟨|k|2 − λ⟩b⟨|k′|2 − λ′⟩b

(
1

⟨|λ| ∧ |λ′|⟩2H0−1

1

⟨λ− λ′⟩1−ε

)
≲
∫
{|λ|<|λ′|}

dλdλ′

⟨|k|2 − λ⟩b⟨|k′|2 − λ′⟩b

(
1

⟨λ⟩2H0−1

1

⟨λ− λ′⟩1−ε

)
+

∫
{|λ′|<|λ|}

dλdλ′

⟨|k|2 − λ⟩b⟨|k′|2 − λ′⟩b

(
1

⟨λ′⟩2H0−1

1

⟨λ− λ′⟩1−ε

)
≲
∫

dλ

⟨λ⟩2H0−1

1

⟨|k|2 − λ⟩b

∫
dλ′

⟨|k′|2 − λ′⟩b
1

⟨λ− λ′⟩1−ε
.

Now we apply Lemma 3.2 and obtain∫
dλ

⟨λ⟩2H0−1

1

⟨|k|2 − λ⟩b

∫
dλ′

⟨|k′|2 − λ′⟩b
1

⟨λ− λ′⟩1−ε

≲
∫

dλ

|λ|2H0−1

1

⟨|k|2 − λ⟩b
1

⟨|k′|2 − λ⟩b−ε

≲

(∫
dλ

|λ|2H0−1

1

⟨|k|2 − λ⟩2b

)1/2(∫
dλ

|λ|2H0−1

1

⟨|k′|2 − λ⟩2b−2ε

)1/2

.

Finally, we can apply Lemma 3.2 twice to get the desired estimate, provided that ε > 0 is
chosen small enough such that 2b− 2ε > 1.
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6. Estimate on the random operator. It remains us to proceed with the construction
and the control of the two product terms

L ,+
χ (z) := IχM(z, ) and L ,−

χ (z) := IχM( , z) ,

involved in the remainder equation (2.21). In other words, we will here develop the arguments
of the proof of Proposition 2.4

To be more specific, we will focus on the convergence of χτ · L(n),+, but the convergence
of χτ · L(n),− could be derived from completely similar arguments.

Let us decompose the operator as

L(n),+(z)k = IχM(z, (n))k = Iχ
(∑

k1

eı.Ωk,k1 zk+k1(.)
(n)
k1

(.)

)
= L◦,(n)(z)k +L#,(n)(z)k,

(6.1)

with

L◦,(n)(z)k := Iχ
(
zk(.)

(n)
0 (.)

)
, L#,(n)(z)k := Iχ

( ∑
k1 ̸=0

eı.Ωk,k1zk+k1
(.)

(n)
k1

(.)

)
.

Following the convention initiated in Section 4.1, we also set

L(n,n+1),+ := L(n+1),+ −L(n),+, L◦,(n,n+1) := L◦,(n+1) −L◦,(n),

L#,(n,n+1) := L#,(n+1) −L#,(n),

and recall that (n,n+1) := (n+1) − (n).

For a clear presentation of our arguments, we will estimate the two operators L◦,(n,n+1)

and L#,(n,n+1) separately, and then combine the results towards the desired proof (see Sec-
tion 6.3).

6.1. Estimate for L◦,(n,n+1). We are looking for an estimate of
∥∥L◦,(n,n+1)

∥∥
L(Zs,b,Zs,b′ )

for b′ > b.

PROPOSITION 6.1. Fix 1
2 <H0 < 1 and 0<H1 < 1.

(i) For all 0< b, b′ < 1 and s ∈R, one has∥∥L◦,(n,n+1)(z)
∥∥
Zs,b′ ≲

(
Q◦,(n)

b,b′

) 1

2 ∥z∥Zs,b ,

with

Q◦,(n)
b,b′ :=

∫
dλ ⟨λ⟩2b′

∫
dβ

⟨β⟩2b

∣∣∣∣ ∫ dλ1 Iχ(λ,λ1)F
( (n,n+1)

0

)
(λ1 − β)

∣∣∣∣2.
(ii) For all 1

2 < b, b′ < 1 and 0< κ≤ 1
2 min(H0,H1), it holds that

E
[∣∣Q◦,(n)

b,b′

∣∣]≲ 2−2κn.

PROOF. (i) One has∥∥L◦,(n,n+1)(z)
∥∥2
Zs,b′ =

∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2b

′
∣∣∣∣ ∫ dλ1 Iχ(λ,λ1)F

(
zk(.)

(n,n+1)
0 (.)

)
(λ1)

∣∣∣∣2
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=
∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2b

′
∣∣∣∣ ∫ dλ1 Iχ(λ,λ1)

∫
dβF

(
(n,n+1)
0

)
(λ1 − β)F

(
zk
)
(β)

∣∣∣∣2

=
∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2b

′
∣∣∣∣ ∫ dβ

[
⟨β⟩bF

(
zk
)
(β)

][ 1

⟨β⟩b

∫
dλ1 Iχ(λ,λ1)F

(
(n,n+1)
0

)
(λ1 − β)

]∣∣∣∣2

≤
(∑

k

⟨k⟩2s
∫
dβ ⟨β⟩2b

∣∣F(
zk
)
(β)

∣∣2)(∫
dλ ⟨λ⟩2b

′
∫

dβ

⟨β⟩2b

∣∣∣∣ ∫ dλ1 Iχ(λ,λ1)F
(

(n,n+1)
0

)
(λ1 − β)

∣∣∣∣2) ,
which corresponds to the desired inequality.

(ii) Let us write

E
[∣∣Q◦,(n)

b,b′

∣∣]
=

∫
dλ ⟨λ⟩2b′

∫
dβ

⟨β⟩2b
E
[∣∣∣∣ ∫ dλ1 Iχ(λ,λ1 − β)F

( (n,n+1)
0

)
(λ1)

∣∣∣∣2]
=

∫
dλ ⟨λ⟩2b′

∫
dβ

⟨β⟩2b

∫
dλ1

∫
dλ′1 Iχ(λ,λ1 − β)Iχ(λ,λ′1 − β)E

[
F
( (n,n+1)

0

)
(λ1)F

( (n,n+1)
0

)
(λ′1)

]
,

and then combine (3.2) with the covariance estimate (4.5) to obtain that

E
[∣∣Q◦,(n)

b,b′

∣∣]≲ 2−2nκ

∫
dλ

⟨λ⟩2−2b′

∫
dβ

⟨β⟩2b∫
dλ1
⟨λ1⟩

∫
dλ′1
⟨λ′1⟩

1

⟨λ− (λ1 − β)⟩
1

⟨λ− (λ′1 − β)⟩

[
Γ
(H0−κ)
0,0 (λ1, λ

′
1) + Γ

(H0)
0,0 (λ1, λ

′
1)
]
,

where we have used the fact that Λ(H1)
0,0 ,Λ

(H1−κ)
0,0 ≲ 1 (by Lemma 3.2, item (iii)).

By applying the Cauchy-Schwarz inequality with respect to the pair (λ1, λ′1), we deduce

E
[∣∣Q◦,(n)

b,b′

∣∣]≲ 2−2nκ

[∫
dλ

⟨λ⟩2−2b′

∫
dβ

⟨β⟩2b

∫
dλ1

⟨λ1⟩⟨λ− (λ1 − β)⟩2

]
[∫

dλ1
⟨λ1⟩

∫
dλ′1
⟨λ′1⟩

∣∣Γ(H0−κ)
0,0 (λ1, λ

′
1) + Γ

(H0)
0,0 (λ1, λ

′
1)
∣∣2] 1

2

.

(6.2)

To ensure finiteness of the first term into brackets, it suffices to observe that∫
dλ

⟨λ⟩2−2b′

∫
dβ

⟨β⟩2b

∫
dλ1

⟨λ1⟩⟨λ− (λ1 − β)⟩2
≲
∫

dλ

⟨λ⟩2−2b′

∫
dβ

⟨β⟩2b⟨β + λ⟩
≲
∫

dλ

⟨λ⟩3−2b′
,

and since b′ < 1, the latter integral is clearly finite.

As for the second term into brackets in (6.2), we can apply Lemma 3.2 (recall thatH0 >
1
2 )

to assert that∫
dλ1
⟨λ1⟩

∫
dλ′1
⟨λ′1⟩

∣∣Γ(H0−κ)
0,0 (λ1, λ

′
1) + Γ

(H0)
0,0 (λ1, λ

′
1)
∣∣2 ≲ ∫

dλ1
⟨λ1⟩

∫
dλ′1
⟨λ′1⟩

1

⟨λ1 − λ′1⟩2−2ε

≲
∫

dλ1
⟨λ1⟩2

<∞.
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6.2. Estimate for L#,(n,n+1). Given the higher sophistication of L#,(n) (in comparison
with L◦,(n)), let us introduce an additional notation for the Fourier kernel associated with this
operator. Namely, with the notation of Lemma 3.1, we can write

F
(
L#,(n)(z)k

)
(λ) =F

(
Iχ

( ∑
k1 ̸=0

eı.Ωk,k1 zk+k1(.)
(n)
k1

(.)

))
(λ)

=
∑
k1

1{k1 ̸=0}

∫
R
dλ′ Iχ(λ,λ′)

∫
dt e−ıλ′teıtΩk,k1 zk+k1(t)

(n)
k1

(t)

=
∑
k1

1{k1 ̸=0}

∫
dλ1F(zk+k1)(λ1)

∫
dλ2F

( (n)
k1

)
(λ2)

∫
R
dλ′ Iχ(λ,λ′)

∫
dt e−ıλ′teıtΩk,k1 eıtλ1e−ıtλ2

=
∑
k1

∫
dλ1F(zk+k1)(λ1)

[
1{k1 ̸=0}

∫
dλ2F

( (n)
k1

)
(λ2)Iχ(λ,Ωk,k1 + λ1 − λ2)

]

=
∑
k1

∫
dλ1F(zk1)(λ1)

[
1{k1 ̸=k}

∫
dλ2F

( (n)
k1−k

)
(λ2)Iχ(λ,Ωk,k1−k + λ1 − λ2)

]
,

that is

F
(
L#,(n)(z)k

)
(λ) =

∑
k1

∫
dλ1

(
K(n)

χ

)
kk1

(λ,λ1)F(zk1
)(λ1),

where we set from now on(
K(n)

χ

)
kk1

(λ,λ1) := 1{k1 ̸=k}

∫
dλ2F

( (n)
k1−k

)
(λ2)Iχ(λ,Ωk,k1−k + λ1 − λ2).

Let us also set(
K(n,n+1)

χ

)
kk1

(λ,λ1) := 1{k1 ̸=k}

∫
dλ2F

( (n,n+1)
k1−k

)
(λ2)Iχ(λ,Ωk,k1−k + λ1 − λ2)(6.3)

where we recall that (n,n+1) := (n+1) − (n). Accordingly, it holds that

(6.4) F
(
L#,(n,n+1)(z)k

)
(λ) =

∑
k1

∫
dλ1

(
K(n,n+1)

χ

)
kk1

(λ,λ1)F(zk1
)(λ1).

Note that we shall later deduce the desired estimate on
∥∥χτ · L#,(n,n+1)

∥∥
L(Zs,b,Zs,b)

(for

some b > 1
2 ) from a suitable interpolation between∥∥χτ · L#,(n,n+1)

∥∥
L(Zs,b,Zs,1)

and
∥∥χτ · L#,(n,n+1)

∥∥
L(Zs,b,Zs,a)

for 0< a<
1

2
,

hence our subsequent investigations about these two quantities.

PROPOSITION 6.2. Fix 1
2 <H0 < 1 and 0<H1 < 1 such that 2H0 +H1 >

3
2 . Set H :=

2H0 +H1 − 1 and recall that the random kernel K(n,n+1)
χ has been introduced in (6.3).

(i) For all a, b, s ∈R, it holds that∥∥L#,(n,n+1)(z)
∥∥
Zs,a ≲ (Q#,(n)

a,b,s )
1

2 · ∥z∥Zs,b ,

where the random quantity Q#,(n)
a,b,s is given by

Q#,(n)
a,b,s :=( ∑
k1,k′1

1

⟨k1⟩2s⟨k′1⟩2s

∫
dλ1dλ

′
1

⟨λ1⟩2b⟨λ′1⟩2b

∣∣∣∣∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2a

(
K(n,n+1)
χ

)
kk1

(λ,λ1)
(
K(n,n+1)
χ

)
kk′1

(λ,λ′1)

∣∣∣∣2) 1
2

.
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(ii) For all 0< a< 1
2 < b < 1 and 1−H < s< 1

2 , one has

E
[∣∣Q#,(n)

a,b,s

∣∣2]≲ 2−4nκs ,

where we have set κs := 1
2 min

(
H0,H1,

s−(1−H)
2

)
> 0.

PROOF. (i) Using the representation (6.4), we can write∥∥L#,(n,n+1)(z)
∥∥2
Zs,a =

∫
dλ ⟨λ⟩2a

∑
k

⟨k⟩2s
∣∣∣∣∑
k1

∫
dλ1

(
K(n,n+1)
χ

)
kk1

(λ,λ1)F(zk1)(λ1)

∣∣∣∣2

=
∑
k1,k′1

∫
dλ1dλ

′
1

([
⟨k1⟩s⟨λ1⟩bF(zk1)(λ1)

][
⟨k′1⟩s⟨λ′1⟩bF(zk′1

)(λ′1)
])

(
⟨k1⟩−s⟨k′1⟩−s⟨λ1⟩−b⟨λ′1⟩−b

∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2a

(
K(n,n+1)
χ

)
kk1

(λ,λ1)
(
K(n,n+1)
χ

)
kk′1

(λ,λ′1)

)
,

and we immediately derive the desired estimate by applying the Cauchy-Schwarz inequality
with respect to the 4-uplet (k1, k′1, λ1, λ

′
1).

(ii) For the sake of clarity, we have reported this moment estimate in Section A.4 below.

PROPOSITION 6.3. Fix 1
2 <H0 < 1 and 0<H1 < 1 such that 3

2 < 2H0 +H1 < 2.

(i) For every 0≤ s < 1
2 , it holds that∥∥L#,(n,n+1)(z)

∥∥
Zs,1 ≲

{
(S(n))

1

2 + (S(n+1))
1

2

}
· ∥z∥Zs,0 ,

where the random quantity S(n) is given by

S(n) := sup
t∈R,k∈Z

∣∣⟨k⟩2 (n)
k (t)

∣∣2.
(ii) It holds that

E
[∣∣S(n)

∣∣]≲ 27n.

PROOF. (i) Using a standard Sobolev spaces identification, we can first assert that∥∥L#,(n)(z)
∥∥2
Zs,1 =

∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2

∣∣F(
L#,(n)(z)k

)
(λ)

∣∣2
≲
∑
k

⟨k⟩2s
{∥∥L#,(n)(z)k

∥∥2
L2(R) +

∥∥∂t(L#,(n)(z)k
))∥∥2

L2(R)

}
.

Recall that for any f :R→R, (Iχf)(t) =−iχ(t)
∫ t
0 dsχ(s)f(s), and so one has clearly∥∥Iχf∥∥2L2(R) +

∥∥∂t(Iχf)∥∥2L2(R) ≲ ∥f∥2L2(R),

which yields here∥∥L#,(n)(z)
∥∥2
Zs,1 ≲

∑
k

⟨k⟩2s
∥∥∥∥ ∑
k1 ̸=0

eı.Ωk,k1zk+k1
(.)

(n)
k1

(.)

∥∥∥∥2
L2(R)

≲
∫
dt

∑
k

⟨k⟩2s
∣∣∣∣∑

k1

∣∣ (n)
k1−k(t)

∣∣∣∣zk1
(t)

∣∣∣∣∣∣2
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≲ S(n)

∫
dt

∑
k

⟨k⟩2s
∣∣∣∣∑

k1

1

⟨k1 − k⟩2
1

⟨k1⟩s
∣∣⟨k1⟩szk1

(t)
∣∣∣∣∣∣2

≲ S(n)

∫
dt

∑
k

⟨k⟩2s
(∑

k′
1

1

⟨k′1 − k⟩2
1

⟨k′1⟩2s

)(∑
k1

1

⟨k1 − k⟩2
∣∣⟨k1⟩szk1

(t)
∣∣2)

≲ S(n)

∫
dt

∑
k

∑
k1

1

⟨k1 − k⟩2
∣∣⟨k1⟩szk1

(t)
∣∣2 ≲ S(n) ∥z∥2Zs,0 .

(ii) Recall that

(n)
k (t) =−ıχ(t)

∫ t

0
dr e−ır|k|2[χ(r)Ḃ(n)

k (r)
]
,

and so, with an elementary integration-by-parts argument, we deduce that for all (t, k) ∈
R×Z,

⟨k⟩2
∣∣ (n)
k (t)

∣∣≲ ∣∣Ḃ(n)
k (0)

∣∣+ ∫ 2

0
dr

{∣∣Ḃ(n)
k (r)

∣∣+ ∣∣(∂rḂ(n)
k )(r)

∣∣}
≲
∫
T
dx

∣∣Ḃ(n)(0, x)
∣∣+ ∫

T
dx

∫ 2

0
dr

{∣∣Ḃ(n)(r,x)
∣∣+ ∣∣(∂rḂ(n))(r,x)

∣∣}.
This immediately entails that

S(n) ≲
∫
T
dx

∣∣Ḃ(n)(0, x)
∣∣2 + ∫

T
dx

∫ 2

0
dr

{∣∣Ḃ(n)(r,x)
∣∣2 + ∣∣(∂rḂ(n))(r,x)

∣∣2},
and accordingly

E
[
S(n)

]
≲

≲
∫
T
dxE

[∣∣Ḃ(n)(0, x)
∣∣2]+ ∫

T
dx

∫ 2

0
dr

{
E
[∣∣Ḃ(n)(r,x)

∣∣2]+E
[∣∣(∂rḂ(n))(r,x)

∣∣2]}.
The moments in the above right-hand side can now be readily estimated by using the repre-
sentation (2.3) of Ḃ(n). For instance, one has

(∂rḂ
(n))(r,x) =−ı cH

∫
|ξ|≤22n

∫
|η|≤2n

ξ2 eırξ

|ξ|H0+
1

2

η eıxη

|η|H1+
1

2

Ŵ (dξ, dη)

and accordingly

E
[∣∣(∂rḂ(n))(r,x)

∣∣2]≲(∫
|ξ|≤22n

dξ

|ξ|2H0−3

)(∫
|η|≤2n

dη

|η|2H1−1

)
≲ 22n(5−(2H0+H1)) ≲ 27n,

which was the claim.

6.3. Proof of Proposition 2.4. Recall that we focus on the convergence of the sequence(
L(n),+

)
n≥1

in Lµ(Z
s,b,Zs,b). This property will be deduced from a suitable combination of

the estimates exhibited in the previous sections.

For more clarity, let us organize the arguments along three successive steps.

Step 1: A first general bound. Starting from the decomposition of L(n),+ in (6.1), we can
obviously write∥∥χτ · L(n,n+1),+

∥∥
L(Zs,b,Zs,b) ≤

∥∥χτ · L◦,(n,n+1)
∥∥
L(Zs,b,Zs,b) +

∥∥χτ · L#,(n,n+1)
∥∥
L(Zs,b,Zs,b).
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Then, by Lemma 3.1, we obtain that for all 0< s< 1
2 < b < b′ < 1,

∥∥χτ · L(n,n+1),+
∥∥
L(Zs,b,Zs,b)

≲ τ b
′−b

[∥∥L◦,(n,n+1)
∥∥
L(Zs,b,Zs,b′ )

+
∥∥L#,(n,n+1)

∥∥
L(Zs,b,Zs,b′ )

]
≲ τ b

′−b
[(
Q◦,(n)

b,b′

) 1

2 +
∥∥L#,(n,n+1)

∥∥
L(Zs,b,Zs,b′ )

]
,

where we have used the result (and notation) of Proposition 6.1 to get the second inequality.

In other words, recalling the notation (2.19), we have deduced that for all 0< s< 1
2 < b <

b′ < 1, there exists µ > 0 such that∥∥L(n,n+1),+
∥∥
Lµ(Zs,b,Zs,b)

≲
(
Q◦,(n)

b,b′

) 1

2 +
∥∥L#,(n,n+1)

∥∥
L(Zs,b,Zs,b′ )

.(6.5)

Step 2: Interpolation. In order to bound the moments of the norm∥∥L#,(n,n+1)
∥∥
L(Zs,b,Zs,b′ )

,

we shall now implement the interpolation procedure alluded to in Section 6.2.

To this end, recall that we have fixed s ∈
(
1−H, 12

)
, and introduce two parameters

a :=
1

2
− ε ∈ (0,

1

2
), b′ :=

1

2
+ ε ∈ (

1

2
,1),

for ε > 0 to be determined later on. Setting

(6.6) θ :=
b′ − a

1− a
=

2ε
1
2 + ε

∈ (0,1),

we get by interpolation, for every b ∈ (12 , b
′),∥∥L#,(n,n+1)

∥∥
L(Zs,b,Zs,b′ )

≲
∥∥L#,(n,n+1)

∥∥1−θ

L(Zs,b,Zs,a)

∥∥L#,(n,n+1)
∥∥θ
L(Zs,b,Zs,1)

,

which, with the notation of Proposition 6.2 and Proposition 6.2, yields∥∥L#,(n,n+1)
∥∥
L(Zs,b,Zs,b′ )

≲ (Q#,(n)
a,b,s )

1

2
(1−θ)(S(n) + S(n+1))

1

2
θ.

As a result, for every b ∈ (12 , b
′),

E
[∥∥L#,(n,n+1)

∥∥2
L(Zs,b,Zs,b′ )

]
≲ E

[∣∣Q#,(n)
a,b,s

∣∣1−θ∣∣S(n) + S(n+1)
∣∣θ]

≲ E
[∣∣Q#,(n)

a,b,s

∣∣]1−θ
E
[∣∣S(n) + S(n+1)

∣∣]θ.
We are here in position to apply the moments estimates established in Proposition 6.2 and
Proposition 6.2, which gives, for every b ∈ (12 , b

′),

E
[∥∥L#,(n,n+1)

∥∥2
L(Zs,b,Zs,b′ )

]
≲ 2−2n((1−θ)κs− 7

2
θ)

where we have set κs := 1
2 min

(
H0,H1,

s−(1−H)
2

)
> 0.

Then, since κs does not depend on (a, b′), or equivalently on ε, and using (6.6), we can
find such ε > 0 small enough (depending on s) so that

αs := (1− θ)κs −
7

2
θ > 0, that is

(1
2
− ε

) 1

2ε
>

7

2κs
.
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For such a choice of ε > 0 (that we fix from now on), we have thus shown that for every
b ∈ (12 , b

′),

(6.7) E
[∥∥L#,(n,n+1)

∥∥2
L(Zs,b,Zs,b′ )

]
≲ 2−2nαs ,

with αs > 0.

Step 3: Conclusion. Let us fix s and b′ just as in the above Step 2, and set b∗s :=
1
2

(
1
2 + b′) ∈

(12 , b
′). By combining (6.5) and (6.7), we first derive that for every b ∈ (12 , b

∗
s],

E
[∥∥L(n,n+1),+

∥∥2
Lµ(Zs,b,Zs,b)

]
≲ 2−2nαs +E

[∣∣Q◦,(n)
b,b′

∣∣],
for some µ ∈ (0,1), and with αs > 0. We can then inject the moment estimates obtained in
Proposition 6.1 to assert that for any b ∈ (12 , b

∗
s],

E
[∥∥L(n,n+1),+

∥∥2
Lµ(Zs,b,Zs,b)

]
≲ 2−2nγ ,(6.8)

for some µ ∈ (0,1), and where γ := min(αs, κs)> 0.

The latter estimate immediately entails the convergence of the sequence
(
L(n),+

)
n≥1

in the space L2
(
Ω;Lµ(Z

s,b,Zs,b)
)
. By combining (6.8) with an elementary Borel-Cantelli

argument, this L2(Ω)-convergence can then be turned into an almost-sure convergence in
Lµ(Z

s,b,Zs,b), as desired.
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APPENDIX A: SOME PROOFS OF DETERMINISTIC ESTIMATES

A.1. Proof of Lemma 3.2. We divide the proof into three steps.

Step 1. Let us establish that

(A.1)
∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

1

⟨b− a⟩1−ε
.

In fact, this estimate is an almost straightforward consequence of Lemma 3.2. Write first

(A.2)
∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲
∫
|ξ|≤1

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
+

∫
|ξ|≥1

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
.

The second integral can be trivially bounded as∫
|ξ|≥1

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲
∫
R

dξ

⟨ξ − a⟩⟨ξ − b⟩
≲

1

⟨b− a⟩1−ε
,
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where we have used Lemma 3.2 to obtain the last inequality.

To control the first integral in (A.2), introduce p > 1 close enough to 1 so that 0≤ pν < 1.
Then for q > 1 such that 1

p +
1
q = 1, one has∫

|ξ|≤1

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

(∫
|ξ|≤1

dξ

|ξ|pν

) 1

p
(∫

R

dξ

⟨ξ − a⟩q⟨ξ − b⟩q

) 1

q

,

and we can again rely on Lemma 3.2 to assert that(∫
R

dξ

⟨ξ − a⟩q⟨ξ − b⟩q

) 1

q

≲
1

⟨b− a⟩
,

which concludes the proof of (A.1).

Step 2. Let us now show that∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

1

|a|ν
1

⟨b− a⟩1−ε
.

To this end, write∫
R

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
=

∫
|ξ|≥ |a|

2

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
+

∫
|ξ|≤ |a|

2

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
.

Just as in Step 1, the integral over {|ξ| ≥ |a|
2 } can be trivially bounded as∫

|ξ|≥ |a|
2

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

1

|a|ν

∫
R

dξ

⟨ξ − a⟩⟨ξ − b⟩
≲

1

|a|ν
1

⟨b− a⟩1−ε
.

Let us now focus on the integral over {|ξ| ≤ |a|
2 }, and note first that, for symmetry reasons,

we can assume that b≥ 0.

For |ξ| ≤ |a|
2 we have ⟨ξ − a⟩ ≥ |a|

2 . Next, we observe that for all |a| ≤ b we have ⟨b− a⟩ ≤
4⟨b− |a|

2 ⟩≲ ⟨b− ξ⟩. Then∫
|ξ|≤ |a|

2

dξ

|ξ|ν
1

⟨ξ − a⟩
1

⟨ξ − b⟩
≲

1

|a|
1

⟨b− a⟩

∫
|ξ|≤ |a|

2

dξ

|ξ|ν

≲
1

|a|ν
1

⟨b− a⟩
.

Step 3. Let us now turn to the proof of (3.4), which again reduces to elementary integral
estimates. Namely, write∫

R

dξ

|ξ|ν
1

⟨ξ − a⟩p
≲
∫ ∞

0

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p

≲
∫ |a|

2

0

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
+

∫ ∞

3|a|
2

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
+

∫ 3|a|
2

|a|
2

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
.(A.3)

The first two integrals can be bounded as∫ |a|
2

0

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
+

∫ ∞

3|a|
2

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
≲

1

|a|p

∫ |a|
2

0

dξ

|ξ|ν
+

∫ ∞

3|a|
2

dξ

|ξ|ν+p
≲

1

|a|ν+p−1
.
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As for the third integral in (A.3), one has∫ 3|a|
2

|a|
2

dξ

|ξ|ν
1

⟨|ξ| − |a|⟩p
≲

1

|a|ν

∫ 3|a|
2

|a|
2

dξ

⟨|ξ| − |a|⟩p
≲

1

|a|ν

{
log(2 + |a|) if p= 1

1 if p > 1,

which completes the proof of (3.4).

For the proof of (3.5), we write |ξ|µ ≤ ⟨ξ − a⟩µ + ⟨a⟩µ, then using similar considerations
as previously,∫

R

|ξ|µdξ
⟨ξ − a⟩⟨ξ − b⟩

≲ ⟨a⟩µ
∫
R

dξ

⟨ξ − a⟩⟨ξ − b⟩
+

∫
R

dξ

⟨ξ − a⟩1−µ⟨ξ − b⟩

≲
⟨a⟩µ

⟨b− a⟩1−ε
+

1

⟨b− a⟩1−µ−ε

≲
⟨a⟩µ

⟨b− a⟩1−µ−ε
,

which was the claim.

For the proof of (3.6), we use again that |ξ|µ ≤ ⟨ξ− a⟩µ+ ⟨a⟩µ and the fact that p−µ > 1
which implies the convergence of the integral.

A.2. A technical result.

LEMMA A.1. Let 0≤ b≤ 1. Then for all λ1, λ2, λ ∈R, it holds that

(A.4)
1

⟨λ1⟩⟨λ2⟩⟨λ− (λ1 − λ2)⟩1−b
≲

1

⟨λ⟩1−b⟨λ1⟩b⟨λ2⟩b
.

PROOF. To begin with, let us observe that for all x, y ∈R we have

(A.5) ⟨x⟩ ≤
√
2⟨y⟩⟨x− y⟩.

Namely, thanks to an homogeneity argument we have x2 ≤ 2
(
y2 + (x− y)2

)
, thus

1 + x2 ≤ 2
(
1 + y2 + (x− y)2 + y2(x− y)2

)
,

which is the square of (A.5). Now, we apply (A.5) twice to get

⟨λ⟩ ≤
√
2⟨λ− (λ1 − λ2)⟩⟨λ1 − λ2⟩

≤ 2⟨λ− (λ1 − λ2)⟩⟨λ1⟩⟨λ2⟩,

which in turn implies (A.4), since 0≤ b≤ 1.

A.3. Proof of Proposition 2.3, item (ii). For t > 0 and k ̸= 0, one has

E
[∣∣ (n)

k (t)
∣∣2]= E

[∣∣∣∣ ∫ t

0
dse−ısk2

Ḃk(s)

∣∣∣∣2]
=

∫
[0,t]2

dsds′ e−ı(s−s′)k2E
[
Ḃ

(n)
k (s)Ḃ

(n)
k (s′)

]
=

∫
[0,t]2

dsds′ e−ı(s−s′)k2

∫
[0,2π]2

dxdx′ e−ı(x−x′)kE
[
Ḃ(n)(s,x)Ḃ(n)(s′, x′)

]
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=

∫
[0,t]2

dsds′ e−ı(s−s′)k2

∫
[0,2π]2

dxdx′ e−ı(x−x′)k

∫
{|ξ|≤22n}

dξ

|ξ|2H0−1

∫
{|η|≤2n}

dη

|η|2H1−1
e−ıξ(s−s′)e−ıη(x−x′)

=

(∫
{|ξ|≤22n}

dξ

|ξ|2H0−1

∣∣∣∣ ∫ t

0
dse−ıs(ξ+k2)

∣∣∣∣2)(∫
{|η|≤2n}

dη

|η|2H1−1

∣∣∣∣ ∫ 2π

0
dxe−ıx(k+η)

∣∣∣∣2)

= 16

(∫
{|ξ|≤22n}

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

)(∫
{|η|≤2n}

dη

|η|2H1−1

∣∣ sin (π(η− k)
)∣∣2

|η− k|2

)
=: 16I

(n)
k J

(n)
k .

Let us decompose I(n)k and J (n)
k as I(n)k := I

(n),−
k + I

(n),+
k and J (n)

k := J
(n),−
k + J

(n),+
k , with

I
(n),−
k :=

∫
{|ξ|≤22n}∩[ k2

4
,4k2]

dξ

|ξ|2H0−1

∣∣ sin ( t
2 (ξ − k2)

)∣∣2
|ξ − k2|2

,

I
(n),+
k :=

∫
{|ξ|≤22n}\[ k2

4
,4k2]

dξ

|ξ|2H0−1

∣∣ sin ( t
2 (ξ − k2)

)∣∣2
|ξ − k2|2

,

resp.

J
(n),−
k :=

∫
{|η|≤2n}∩[ k

2
,2k]

dη

|η|2H1−1

∣∣ sin (π(η− k)
)∣∣2

|η− k|2
,

J
(n),+
k :=

∫
{|η|≤2n}\[ k

2
,2k]

dη

|η|2H1−1

∣∣ sin (π(η− k)
)∣∣2

|η− k|2
.

As a result,

σ(n)(t) =
∑
k ̸=0

E
[∣∣ (n)(t)

∣∣2]=P(n)(t) +R(n)(t),(A.6)

with P(n)(t) := 32
∑

1≤k<2n I
(n),−
k J

(n),−
k and

R(n)(t) := 32
∑
k≥2n

I
(n),−
k J

(n),−
k + 32

∞∑
k=1

[
I
(n),−
k J

(n),+
k + I

(n),+
k J

(n),−
k + I

(n),+
k J

(n),+
k

]
.

Step 1: Estimate of I(n),−k , J
(n),−
k for 1≤ k < 2n−1. Note first that for 1≤ k ≤ 2n−1, one has

I
(n),−
k =

∫ 4k2∧22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

=

∫ 4k2

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

.

Now for every 1≤ k < 2n−1, let us write

I
(n),−
k =

1

k4H0

∫ 4

1
4

dξ

|ξ|2H0−1

∣∣ sin ( tk22 (1− ξ)
)∣∣2

|1− ξ|2
=

1

k4H0

∫ 3
4

−3

dξ

|1− ξ|2H0−1

∣∣ sin ( tk22 ξ
)∣∣2

|ξ|2

=
t

2k4H0−2

∫ 3tk2

8

− 3tk2

2

dξ∣∣1− 2ξ
tk2

∣∣2H0−1

| sin(ξ)|2

|ξ|2

=
t

2k4H0−2

∫ ∞

−∞

| sin(ξ)|2

|ξ|2
dξ +

t

2k4H0−2

[∫ 3tk2

8

− 3tk2

2

dξ∣∣1− 2ξ
tk2

∣∣2H0−1

| sin(ξ)|2

|ξ|2
−
∫ ∞

−∞
dξ

| sin(ξ)|2

|ξ|2
dξ

]
.
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Using the subsequent Lemma A.3 and setting

(A.7) A :=

∫ ∞

−∞

| sin(ξ)|2

|ξ|2
dξ,

we deduce that for all 1≤ k < 2n−1 and ε ∈ (0,1),∣∣∣I(n),−k − At

2k4H0−2

∣∣∣≲ tε

k4H0−2ε
.

With the same arguments, we get that for all 1≤ k < 2n−1 and ε ∈ (0,1),∣∣J (n),−
k − Aπ

k2H1−1

∣∣∣≲ 1

k2H1−ε
.

As a consequence of these two estimates, we can write for ε > 0 small enough,∣∣∣∣ ∑
1≤k<2n−1

I
(n),−
k J

(n),−
k − A2πt

2

∑
1≤k<2n−1

1

k2H−1

∣∣∣∣≤ ∑
1≤k<2n−1

∣∣∣I(n),−k J
(n),−
k − A2πt

2k2H−1

∣∣∣
≲

∑
1≤k<2n−1

∣∣∣I(n),−k − At

2k4H0−2

∣∣∣∣∣∣J(n),−k − Aπ

k2H1−1

∣∣∣+ ∑
1≤k<2n−1

∣∣∣I(n),−k − At

2k4H0−2

∣∣∣ 1

k2H1−1

+
∑

1≤k<2n−1

1

k4H0−2

∣∣∣∣∣∣J(n),−k − Aπ

k2H1−1

∣∣∣

≲
∞∑
k=1

1

k2(2H0+H1)−3ε
+

∞∑
k=1

1

k2(2H0+H1)−1−2ε
+

∞∑
k=1

1

k2(2H0+H1)−2−ε
<∞,

(A.8)

due to the condition 2H0 +H1 >
3
2 .

Step 2: Estimate of I(n),−k , J
(n),−
k for 2n−1 ≤ k < 2n. For 2n−1 ≤ k < 2n, one has in fact

I
(n),−
k =

∫ 4k2∧22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

=

∫ 22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

.

With the same changes of variables as above, we can then write

I
(n),−
k =

1

k4H0

∫ 22n

k2

1
4

dξ

|ξ|2H0−1

∣∣ sin ( tk22 (1− ξ)
)∣∣2

|1− ξ|2
=

1

k4H0

∫ 3
4

1− 22n

k2

dξ

|1− ξ|2H0−1

∣∣ sin ( tk22 ξ
)∣∣2

|ξ|2

=
t

2k4H0−2

∫ 3tk2

8

tk2

2
(1− 22n

k2
)

dξ∣∣1− 2ξ
tk2

∣∣2H0−1

| sin(ξ)|2

|ξ|2

=
t

2k4H0−2

[∫ 3tk2

8

tk2

2
(1− 22n

k2
)

| sin(ξ)|2

|ξ|2
+

∫ 3tk2

8

tk2

2
(1− 22n

k2
)

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

]
.

For every 2n−1 ≤ k < 2n, one has 1− 22n

k2 ∈ [−3,0), and so∣∣∣∣ ∫ 3tk2

8

tk2

2
(1− 22n

k2
)

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

∣∣∣∣≤ ∫ 3tk2

8

− 3tk2

2

∣∣∣∣ 1∣∣1− 2ξ
tk2

∣∣2H0−1
− 1

∣∣∣∣ | sin(ξ)|2|ξ|2
≲

1

(tk2)1−ε
,

where we have used Lemma A.3 to derive the second inequality.
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Besides, for 2n−1 ≤ k < 2n,∫ 3tk2

8

tk2

2
(1− 22n

k2 )

| sin(ξ)|2

|ξ|2
=

∫ ∞

−∞

| sin(ξ)|2

|ξ|2
−
[∫ ∞

−∞

| sin(ξ)|2

|ξ|2
−
∫ 3tk2

8

tk2

2
(1− 22n

k2 )

| sin(ξ)|2

|ξ|2

]

=

∫ ∞

−∞

| sin(ξ)|2

|ξ|2
−
[∫ tk2

2
(1− 22n

k2 )

−∞

| sin(ξ)|2

|ξ|2
+

∫ ∞

3tk2

8

| sin(ξ)|2

|ξ|2

]

=

∫ ∞

−∞

| sin(ξ)|2

|ξ|2
−
[∫ ∞

tk2

2
|1− 22n

k2 |

| sin(ξ)|2

|ξ|2
+

∫ ∞

3tk2

8

| sin(ξ)|2

|ξ|2

]
,

which gives∣∣∣∣ ∫ 3tk2

8

tk2

2
(1− 22n

k2 )

| sin(ξ)|2

|ξ|2
−
∫ ∞

−∞

| sin(ξ)|2

|ξ|2

∣∣∣∣≲ ∫ ∞

tk2

2
|1− 22n

k2 |

| sin(ξ)|2

|ξ|2

≲min

(
1∣∣tk2(1− 22n

k2 )
∣∣ 1

2
−ε

∫ ∞

0
dξ

| sin(ξ)|2

|ξ|
3

2
+ε

,
1∣∣tk2(1− 22n

k2 )
∣∣1−ε

∫ ∞

0
dξ

| sin(ξ)|2

|ξ|1+ε

)
.

By combining the above estimates, we obtain that for every 2n−1 ≤ k < 2n,∣∣∣∣I(n),−k − At

2k4H0−2

∣∣∣∣≲min

(
t

1

2
+ε

k4H0−1−2ε

1

|1− 22n

k2 |
1

2
−ε
,

tε

k4H0−2ε

1

|1− 22n

k2 |1−ε

)
.

With the same arguments, we get that for every 2n−1 ≤ k < 2n,∣∣∣∣J (n),−
k − Aπ

k2H1−1

∣∣∣∣≲min

(
1

k2H1− 1

2
−ε

1

|1− 2n

k |
1

2
−ε
,

1

k2H1−ε

1

|1− 2n

k |1−ε

)
.

As a consequence of these two estimates, we can write for ε > 0 small enough,∣∣∣∣ ∑
2n−1≤k<2n

I
(n),−
k J

(n),−
k − A2πt

2

∑
2n−1≤k<2n

1

k2H−1

∣∣∣∣≤ ∑
2n−1≤k<2n

∣∣∣I(n),−k J
(n),−
k − A2πt

2k2H−1

∣∣∣
≲

∑
2n−1≤k<2n

∣∣∣I(n),−k − At

2k4H0−2

∣∣∣∣∣∣J(n),−k − Aπ

k2H1−1

∣∣∣+ ∑
2n−1≤k<2n

∣∣∣I(n),−k − At

2k4H0−2

∣∣∣ 1

k2H1−1

+
∑

2n−1≤k<2n

1

k4H0−2

∣∣∣∣∣∣J(n),−k − Aπ

k2H1−1

∣∣∣
≲

∑
2n−1≤k<2n

1

k2(2H0+H1)− 3
2
−3ε

1

|1− 22n

k2
|
1
2
−ε

1

|1− 2n
k |

1
2
−ε

+
∑

2n−1≤k<2n

tε

k2(2H0+H1)−1−2ε

1

|1− 22n

k2
|1−ε

+
∑

2n−1≤k<2n

1

k2(2H0+H1)−2−ε

1

|1− 2n
k |1−ε

≲
1

2n(2(2H0+H1)− 5
2
−3ε)

(
1

2n

∑
2n−1≤k<2n

1

( k
2n )

2(2H0+H1)− 3
2
−3ε

1

|1− 22n

k2
|
1
2
−ε

1

|1− 2n
k |

1
2
−ε

)

+
1

2n(2(2H0+H1)−2−2ε)

(
1

2n

∑
2n−1≤k<2n

tε

( k
2n )

2(2H0+H1)−1−2ε

1

|1− 22n

k2
|1−ε

)

+
1

2n(2(2H0+H1)−3−ε)

(
1

2n

∑
2n−1≤k<2n

1

( k
2n )

2(2H0+H1)−2−ε

1

|1− 2n
k |1−ε

)
,
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and thus, for ε > 0 small enough,∣∣∣∣ ∑
2n−1≤k<2n

I
(n),−
k J

(n),−
k − A2πt

2

∑
2n−1≤k<2n

1

k2H−1

∣∣∣∣
≲

1

2n(2(2H0+H1)−3−ε)

[∫ 1

1
2

dx∣∣1− 1
x2

∣∣ 12−ε∣∣1− 1
x

∣∣ 12−ε
+

∫ 1

1
2

dx∣∣1− 1
x2

∣∣1−ε
+

∫ 1

1
2

dx∣∣1− 1
x

∣∣1−ε

]

≲
1

2n(2(2H0+H1)−3−ε)

∫ 1

1
2

dx∣∣1− x
∣∣1−ε

≲
1

2n(2(2H0+H1)−3−ε)

n→∞−→ 0,

(A.9)

due to 2H0 +H1 >
3
2 .

Step 3: Estimate of I(n),−k , J
(n),−
k for k = 2n. In this particular case, one has

I
(n),−
k =

∫ 22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

=

∫ k2

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

.

With the same changes of variables as above, we can then write

I
(n),−
k =

t

2k4H0−2

∫ 3tk2

8

0

dξ∣∣1− 2ξ
tk2

∣∣2H0−1

| sin(ξ)|2

|ξ|2

=
t

2k4H0−2

[∫ 3tk2

8

0

| sin(ξ)|2

|ξ|2
+

∫ 3tk2

8

0

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

]
.

By Lemma A.3, we have∣∣∣∣ ∫ 3tk2

8

0

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

∣∣∣∣≲ 1

(tk2)1−ε
,

and so ∣∣I(n),−2n

∣∣≲ 1

2n(4H0−2)

[
t+

tε

2n(2−2ε)

]
.

In the same way, ∣∣J (n),−
2n

∣∣≲ 1

2n(2H1−1)

[
1 +

1

2n(1−ε)

]
,

and as a result

(A.10)
∣∣I(n),−2n

∣∣∣∣J (n),−
2n

∣∣≲ 1

2n(4H0−2)

1

2n(2H1−1)
≲

1

2n(2H−1)

n→∞−→ 0.

Step 4: Estimate of I(n),−k , J
(n),−
k for k > 2n. For k > 2n, one has in fact

I
(n),−
k =

∫ 4k2∧22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

= 1{k≤2n+1}

∫ 22n

k2

4

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|2

.

Now for every 2n < k ≤ 2n+1, and just as in Step 2, we can write

I
(n),−
k =

t

2k4H0−2

∫ 3tk2

8

tk2

2
(1− 22n

k2
)

dξ∣∣1− 2ξ
tk2

∣∣2H0−1

| sin(ξ)|2

|ξ|2
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=
t

2k4H0−2

[∫ 3tk2

8

tk2

2
(1− 22n

k2
)

| sin(ξ)|2

|ξ|2
+

∫ 3tk2

8

tk2

2
(1− 22n

k2
)

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

]
.

Note that for every 2n < k ≤ 2n+1, one has 1− 22n

k2 ∈ (0, 34 ], and so∣∣∣∣ ∫ 3tk2

8

tk2

2
(1− 22n

k2
)

(
1∣∣1− 2ξ

tk2

∣∣2H0−1
− 1

)
| sin(ξ)|2

|ξ|2

∣∣∣∣≤ ∫ 3tk2

8

0

∣∣∣∣ 1∣∣1− 2ξ
tk2

∣∣2H0−1
− 1

∣∣∣∣ | sin(ξ)|2|ξ|2
≲

1

(tk2)1−ε
,

where we have used Lemma A.3 to derive the second inequality. Since on the other hand∫ 3tk2

8

tk2

2
(1− 22n

k2 )

| sin(ξ)|2

|ξ|2
≲

1∣∣tk2(1− 22n

k2 )
∣∣ 1

2
−ε

∫ ∞

0
dξ

| sin(ξ)|2

|ξ|
3

2
+ε

,

we deduce that for every k > 2n,∣∣I(n),−k

∣∣≲ 1{k≤2n+1}
t

1

2
+ε

k4H0−1−2ε

1

|1− 22n

k2 |
1

2
−ε
.

With the same arguments, we get that for every k > 2n,∣∣J (n),−
k

∣∣≲ 1{k≤2n+1}
1

k2H1− 1

2
−ε

1

|1− 2n

k |
1

2
−ε
.

As a result, for every ε > 0 small enough,∣∣∣∣ ∑
k>2n

I
(n),−
k J

(n),−
k

∣∣∣∣≲ t
1

2
+ε

∑
2n<k≤2n+1

1

k4H0+2H1− 3

2
−3ε

1

|1− 22n

k2 |
1

2
−ε

1

|1− 2n

k |
1

2
−ε

≲ t
1

2
+ε 2n

2n(4H0+2H1− 3

2
−3ε)

(
1

2n

∑
2n<k≤2n+1

1

( k
2n )

4H0+2H1− 3

2
−3ε

1

|1− 22n

k2 |
1

2
−ε

1

|1− 2n

k |
1

2
−ε

)

≲
t

1

2
+ε

2n(4H0+2H1− 5

2
−3ε)

∫ 2

1

dx

|x|4H0+2H1− 3

2
−3ε

1

|1− 1
x2 |

1

2
−ε

1

|1− 1
x |

1

2
−ε

≲ t
1

2
+ε

∫ 2

1

dx

|x− 1|1−2ε
≲ t

1

2
+ε,

(A.11)

where we have used the fact that 4H0 + 2H1 − 5
2 > 3− 5

2 > 0.

Step 5: Estimate of I(n),+k , J
(n),+
k .

If ξ /∈ [k
2

4 ,4k
2], then of course |ξ − k2|≳ k2, and so for every ε ∈ (0,1),

∣∣I(n),+k

∣∣≲ 1

(k2)1−ε

∫
R

dξ

|ξ|2H0−1

∣∣ sin ( t
2(ξ − k2)

)∣∣2
|ξ − k2|1+ε

≲
1

(k2)1−ε

∫
R

dξ

|ξ|2H0−1

1

⟨ξ − k2⟩1+ε
≲

1

(k2)1−ε

1

(k2)2H0−1
,

where we have used Lemma 3.2 to derive the last inequality. In other words, one has

(A.12)
∣∣I(n),+k

∣∣≲ 1

k4H0−ε
,
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and with the same arguments, we obtain that

(A.13)
∣∣J (n),+

k

∣∣≲ 1

k2H1−ε
.

Step 6: Conclusion.

By combining (A.8) and (A.9), we immediately deduce that

sup
n≥1

∣∣∣∣P(n)(t)− 16A2πt
∑

1≤k<2n

1

k2H−1

∣∣∣∣<∞.

As far as R(n)(t) is concerned, we can first combine (A.10) and (A.11) to ensure that

sup
n≥1

∣∣∣∣ ∑
k≥2n

I
(n),−
k J

(n),−
k

∣∣∣∣<∞.

On the other hand, by gathering the estimates obtained in Steps 1 to 4, we easily see that for
every k ≥ 1, ∣∣I(n),−k (t)

∣∣≲ 1

k4H0−2
and

∣∣J (n),−
k (t)

∣∣≲ 1

k2H1−1
,

which, together with (A.12)-(A.13), yields∣∣∣∣ ∞∑
k=1

[
I
(n),−
k J

(n),+
k + I

(n),+
k J

(n),−
k + I

(n),+
k J

(n),+
k

]∣∣∣∣
≲

∞∑
k=1

1

k4H0−2

1

k2H1−ε
+

∞∑
k=1

1

k4H0−ε

1

k2H1−1
+

∞∑
k=1

1

k4H0−ε

1

k2H1−ε
.

Since 2H0+H1 >
3
2 , it is readily checked that these three quantities are finite for ε > 0 small

enough. We can therefore conclude that

sup
n≥1

∣∣R(n)(t)
∣∣<∞.

Going back to the decomposition (A.6), we have thus shown that

sup
n≥1

∣∣∣∣σ(n)(t)− 16A2πt
∑

1≤k<2n

1

k2H−1

∣∣∣∣<∞,

and we can finally observe that∑
1≤k<2n

1

k2H−1
= 22n(1−H)

(
1

2n

∑
1≤k<2n

1

( k
2n )2H−1

)
n→∞∼ 22n(1−H)

∫ 1

0

dx

|x|2H−1
.

It only remains us to deal with the following technical lemma, which has been used during
the proof.

LEMMA A.2. Fix a, b > 0, α ∈ (0,2) and ε ∈ (0,1). Then for all r > 0, one has∫ br

−ar
dξ

∣∣∣∣ 1

|1− ξ
r |α−1

− 1

∣∣∣∣ | sin(ξ)|2ξ2
≤
ca,b,ε,α
r1−ε

.

As an immediate consequence, it holds that

(A.14)
∣∣∣∣ ∫ br

−ar

dξ

|1− ξ
r |α−1

| sin(ξ)|2

ξ2
−
∫ ∞

−∞
dξ

| sin(ξ)|2

ξ2

∣∣∣∣≤ ca,b,α,ε
r1−ε

.
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PROOF. One has∫ br

−ar
dξ

∣∣∣∣ 1

|1− ξ
r |α−1

− 1

∣∣∣∣ | sin(ξ)|2ξ2
=

1

r

∫ b

−a
dξ

|1− |1− ξ|α−1|
|1− ξ|α−1

| sin(rξ)|2

ξ2

≲
1

r1−ε

∫ b

−a

dξ

|ξ|2−ε

|1− |1− ξ|α−1|
|1− ξ|α−1

≲
1

r1−ε

[∫ b∧ 1

2

−(a∧ 1

2
)

dξ

|ξ|2−ε

|1− |1− ξ|α−1|
|1− ξ|α−1

+ ca,b,ε

∫ b

−a
dξ

|1− |1− ξ|α−1|
|1− ξ|α−1

]

≲
ca,b,ε,α
r1−ε

[∫ b∧ 1

2

−(a∧ 1

2
)

dξ

|ξ|1−ε
+

∫ b

−a
dξ

(
1 +

1

|1− ξ|α−1

)]
,

hence the first inequality.

As for (A.14), we can of course bound the quantity under consideration by∫ br

−ar
dξ

∣∣∣∣ 1

|1− ξ
r |α−1

− 1

∣∣∣∣ | sin(ξ)|2ξ2
+

∫
R\[−ar,br]

dξ
| sin(ξ)|2

ξ2
,

and it only remains us to observe that∫
R\[−ar,br]

dξ
| sin(ξ)|2

ξ2
≲

1

r1−ε

1

(a∧ b)1−ε

∫ ∞

−∞
dξ

| sin(ξ)|2

|ξ|1+ε
.

A.4. Proof of Proposition 6.2, item (ii).

A.4.1. A preliminary estimate. The following technical bound related to the random ker-
nel K(n,n+1)

χ will prove useful in the sequel.

LEMMA A.3. Assume that 1
2 <H0 < 1 and 0 <H1 < 1, pick 0 < κ ≤ 1

2 min(H0,H1).
Besides, let 0< a < 1

2 < b < 1 and set η := min(2b− 1,1− 2a,2− 2H0)> 0. Then for all
k, k1 ∈ Z, one has∫

dλ1
⟨λ1⟩2b

∫
dλ ⟨λ⟩2aE

[∣∣(K(n,n+1)
χ

)
kk1

(λ,λ1)
∣∣2]≲ 1{k ̸=k1}

2−2nκ

⟨k(k− k1)⟩1+η⟨k− k1⟩2H−1−4κ
,

where we have set H := 2H0 +H1 − 1.

Proof. Recall the definition (6.3) of K(n,n+1)
χ . By combining (3.2) with (4.4), we get

E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
∣∣2]

≤
∫
dλ2dλ

′
2

∣∣Iχ(λ,Ωk,k1−k + λ2 − λ1)
∣∣ · ∣∣Iχ(λ,Ωk,k1−k + λ′2 − λ1)

∣∣ · ∣∣∣E[F( (n,n+1)
k1−k

)
(λ2)F

( (n,n+1)
k1−k

)
(λ′2)

]∣∣∣
≲

2−2nκ

⟨λ⟩2

[
Λ
(H1)
k1−k,k1−k

∫
dλ2
⟨λ2⟩

dλ′2
⟨λ′2⟩

1

⟨λ−Ωk,k1−k − λ2 + λ1⟩
1

⟨λ−Ωk,k1−k − λ′2 + λ1⟩
· Γ(H0−κ)

k1−k,k1−k(λ2, λ
′
2)

+ Λ
(H1−κ)
k1−k,k1−k

∫
dλ2
⟨λ2⟩

dλ′2
⟨λ′2⟩

1

⟨λ−Ωk,k1−k − λ2 + λ1⟩
1

⟨λ−Ωk,k1−k − λ′2 + λ1⟩
· Γ(H0)

k1−k,k1−k(λ2, λ
′
2)

]
.

(A.15)

Let us only bound the first term in (A.15), since the second one is similar.
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Thanks to Lemma 3.2, we know that the following uniform bounds hold true:

(A.16) Λ
(H1)
k1−k,k1−k ≲

1

⟨k− k1⟩2H1−1
.

and

(A.17) Γ
(H0−κ)
k1−k,k1−k(λ2, λ

′
2)≲

≲
1

⟨
∣∣|k− k1|2 + λ2

∣∣∧ ∣∣|k− k1|2 + λ′2
∣∣⟩2H0−1−2κ⟨λ2 − λ′2⟩1−ε

≲
1

⟨|k− k1|2 + λ2⟩2H0−1−2κ⟨λ2 − λ′2⟩1−ε
+

1

⟨|k− k1|2 + λ′2⟩2H0−1−2κ⟨λ2 − λ′2⟩1−ε
.

Going back to (A.15), and using (A.16) and (A.17), this yields for any small ε > 0

E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
∣∣2]

≲
2−2nκ

⟨λ⟩2⟨k− k1⟩2H1−1

∫
dλ2
⟨λ2⟩

dλ′2
⟨λ′2⟩

1

⟨λ−Ωk,k1−k − λ2 + λ1⟩
1

⟨λ−Ωk,k1−k − λ′2 + λ1⟩

1

⟨|k− k1|2 + λ2⟩2H0−1−2κ⟨λ2 − λ′2⟩1−ε

≲
2−2nκ

⟨λ⟩2⟨k− k1⟩2H−1−4κ

∫
dλ2

⟨λ2⟩2−2H0+2κ

1

⟨λ−Ωk,k1−k − λ2 + λ1⟩∫
dλ′2
⟨λ′2⟩

1

⟨λ−Ωk,k1−k − λ′2 + λ1⟩⟨λ2 − λ′2⟩1−ε

where we have used the fact that ⟨λ2⟩⟨|k − k1|2 + λ2⟩≳ ⟨k − k1⟩2 (see (A.5)) to derive the
second inequality.

Then, still by (A.5), we have

⟨λ′2⟩⟨λ−Ωk,k1−k − λ′2 + λ1⟩≳ ⟨λ−Ωk,k1−k + λ1⟩,

hence∫
dλ′2
⟨λ′2⟩

1

⟨λ−Ωk,k1−k − λ′2 + λ1⟩⟨λ2 − λ′2⟩1−ε

≲
1

⟨λ−Ωk,k1−k + λ1⟩1−ε

∫
dλ′2

⟨λ2 − λ′2⟩1−ε

1

⟨λ′2⟩ε⟨λ−Ωk,k1−k − λ′2 + λ1⟩ε

≲
1

⟨λ−Ωk,k1−k + λ1⟩1−ε

(∫
dλ′2

⟨λ2 − λ′2⟩1−ε⟨λ′2⟩2ε

) 1
2
(∫

dλ′′2
⟨λ2 − λ′′2⟩1−ε

1

⟨λ−Ωk,k1−k − λ′′2 + λ1⟩2ε

) 1
2

≲
1

⟨λ−Ωk,k1−k + λ1⟩1−ε
.

On the other hand, by Lemma 3.2,∫
dλ2

⟨λ2⟩2−2H0+2κ

1

⟨λ−Ωk,k1−k − λ2 + λ1⟩
≲

1

⟨λ−Ωk,k1−k + λ1⟩2−2H0+2κ−ε
.

Putting all the previous estimates together we get

E
[∣∣(K(n,n+1)

χ

)
kk1

(λ,λ1)
∣∣2]≲ 2−2nκ

⟨λ⟩2⟨k− k1⟩2H−1−4κ

1

⟨λ−Ωk,k1−k + λ1⟩3−2H0+2κ−2ε
.
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Then, since H0 < 1 and a < 1
2 , we obtain that δ := min(2− 2a,3− 2H0)> 1 and so∫

dλ1
⟨λ1⟩2b

∫
dλ ⟨λ⟩2aE

[∣∣(K(n,n+1)
χ

)
kk1

(λ,λ1)
∣∣2]

≲
2−2nκ

⟨k− k1⟩2H−1−4κ

∫
dλ1

⟨λ1⟩2b

∫
dλ

⟨λ⟩2−2a

1

⟨λ−Ωk,k1−k + λ1⟩3−2H0+2κ−2ε

≲
2−2nκ

⟨k− k1⟩2H−1−4κ

∫
dλ1

⟨λ1⟩2b
1

⟨λ1 −Ωk,k1−k⟩δ
≲

2−2nκ

⟨k− k1⟩2H−1−4κ⟨Ωk,k1−k⟩1+η
,

where we recall that η := min(2b− 1,1− 2a,2− 2H0)> 0. Finally recall that Ωk,k1
= 2kk1

and this prove the claim.

A.4.2. Proof of Proposition 6.2, item (ii).

Let us write

E
[∣∣Q#,(n)

a,b,s

∣∣2]≤ ∑
k1,k′1

1

⟨k1⟩2s⟨k′1⟩2s
∑
k,k′

⟨k⟩2s⟨k′⟩2s
∫

dλ1dλ
′
1

⟨λ1⟩2b⟨λ′1⟩2b

∫
dλdλ′ ⟨λ⟩2a⟨λ′⟩2aJ

where

J := E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
∣∣∣∣(K(n,n+1)

χ
)
kk′1

(λ,λ′1)
∣∣∣∣(K(n,n+1)

χ
)
k′k1

(λ′, λ1)
∣∣∣∣(K(n,n+1)

χ
)
k′k′1

(λ′, λ′1)
∣∣].

By the Hölder inequality and the Gaussianity of the variables under consideration which
implies that

E
[∣∣(K(n,n+1)

χ

)
jℓ
(λ,λ′)

∣∣4] 1

4

≲ E
[∣∣(K(n,n+1)

χ

)
jℓ
(λ,λ′)

∣∣2] 1

2

,

we deduce that J ≲ G, where

G := E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
∣∣2] 1

2E
[∣∣(K(n,n+1)

χ
)
kk′1

(λ,λ′1)
∣∣2] 1

2

E
[∣∣(K(n,n+1)

χ
)
k′k1

(λ′, λ1)
∣∣2] 1

2E
[∣∣(K(n,n+1)

χ
)
k′k′1

(λ′, λ′1)
∣∣2] 1

2
.

As a consequence,

E
[∣∣Q#,(n)

a,b,s

∣∣2] ≲ ∑
k1,k′1

1

⟨k1⟩2s⟨k′1⟩2s
∑
k,k′

⟨k⟩2s⟨k′⟩2s
∫

dλ1dλ
′
1

⟨λ1⟩2b⟨λ′1⟩2b

∫
dλdλ′ ⟨λ⟩2a⟨λ′⟩2aG

≲
∑
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⟨k⟩2s⟨k′⟩2s
∫
dλdλ′ ⟨λ⟩2a⟨λ′⟩2a

(∑
k1

∫
dλ1

⟨k1⟩2s⟨λ1⟩2b
E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
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2E
[∣∣(K(n,n+1)

χ
)
k′k1

(λ′, λ1)
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2
)2

≲
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⟨k⟩2s⟨k′⟩2s
∫
dλdλ′ ⟨λ⟩2a⟨λ′⟩2a

(∑
k1

∫
dλ1

⟨k1⟩2s⟨λ1⟩2b
E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
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(∑
k1

∫
dλ1

⟨k1⟩2s⟨λ1⟩2b
E
[∣∣(K(n,n+1)

χ
)
k′k1

(λ′, λ1)
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≲

(∑
k

⟨k⟩2s
∫
dλ ⟨λ⟩2a

∑
k1

∫
dλ1

⟨k1⟩2s⟨λ1⟩2b
E
[∣∣(K(n,n+1)

χ
)
kk1

(λ,λ1)
∣∣2])2

,
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where we used the Cauchy-Schwarz inequality in the variables k1, λ1 to derive the third
inequality.

Thanks to the bound obtained in Lemma A.4.1 and recalling that s < 1
2 , we deduce that

E
[∣∣Q#,(n)

a,b,s

∣∣2]1/2 ≲ 2−2nκ

(∑
k∈Z

1

⟨k⟩1+η−2s

∑
k1 ̸=k

1

⟨k1⟩2s
1

⟨k1 − k⟩1+η
+

∑
k1∈Z

1

⟨k1⟩2s+2H−1−4κ

)

≲ 2−2nκ

(∑
k∈Z

1

⟨k⟩1+η
+

∑
k1∈Z

1

⟨k1⟩2s+2H−1−4κ

)

≲ 2−2nκ

(
1 +

∑
k1∈Z

1

⟨k1⟩2s+2H−1−4κ

)
.(A.18)

At this point, recall that s > 1−H , which guarantees the convergence of the series in (A.18)

for κ= κs :=
1

2
min

(
H0,H1,

s+H − 1

2

)
. Thus we have shown that

E
[∣∣Q#,(n)

a,b,s

∣∣2]≲ 2−4nκs ,

which corresponds to the claim.

A.5. Proof of Lemma 1.2. Recall the definition of M in (1.19), then

M(v,w)k(t) = e−ıt|k|2((e−ıt∆v(t))(e−it∆w(t))
)
k

= e−ıt|k|2
∑
k1∈Z

(
e−ıt∆v(t)

)
k−k1

(t)
(
e−ıt∆w(t)

)
−k1

= e−ıt|k|2
∑
k1∈Z

eıt|k−k1|2vk−k1
(t)eıt|k1|2w−k1

(t)

=
∑
k1∈Z

eıt(|k+k1|2−|k1|2−|k|2)vk+k1
(t)wk1

(t),

hence the result.

A.6. Proof of a bilinear estimate. For completeness, we write the outline of the proof
of Bourgain’s bilinear estimate for s ≥ 0. Namely, let us show that for all s ≥ 0 and 1/2 <
b < 5/8, there exists µ > 0 such that we have

(A.19) ∥uv∥Xs,b−1+µ(R×T) ≲ ∥u∥Xs,b(R×T)∥v∥Xs,b(R×T).

To begin with, let us recall the fundamental estimate: for any ε > 0

∥u∥L4([0,1]×T) ≲ ∥u∥X0,3/8+ε(R×T),

which was established by Bourgain in [7].

We interpolate the previous inequality with the identity ∥u∥L2([0,1]×T) = ∥u∥X0,0(R×T) and
obtain that for all ε > 0

∥u∥L3([0,1]×T) ≲ ∥u∥X0,1/4+ε(R×T).

Set b= 1/2 + ε with ε < 1/8. As a consequence for all s ∈ R and for µ > 0 small enough,
we get

(A.20) ∥u∥L3([0,1];W s,3(T)) ≲ ∥u∥Xs,1/4+ε(R×T) ≲ ∥u∥Xs,1/2−ε−µ(R×T).
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Now, by duality and (A.20), for s≥ 0 we can write

∥uv∥Xs,−1/2+ε+µ(R×T) ≲ ∥uv∥L3/2([0,1];W s,3/2(T))

≲ ∥u∥L3([0,1];W s,3(T))∥v∥L3([0,1];W s,3(T))

≲ ∥u∥Xs,1/2+ε(R×T)∥v∥Xs,1/2+ε(R×T),

which proves (A.19).
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