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ABSTRACT. We study a stochastic Schrodinger equation with a quadratic non-
linearity and a space-time fractional perturbation, in space dimension d < 3.
When the Hurst index is large enough, we prove local well-posedness of the
problem using classical arguments. However, for a small Hurst index, even the
interpretation of the equation needs some care. In this case, a renormalization
procedure must come into the picture, leading to a Wick-type interpretation
of the model. Our fixed-point argument then involves some specific regular-
ization properties of the Schrédinger group, which allows us to cope with the
strong irregularity of the solution.

1. INTRODUCTION AND MAIN RESULTS

1.1. General introduction. In this paper we study the following d-dimensional
stochastic Schrodinger equation with a quadratic nonlinearity and a space-time
fractional perturbation:

(1.1) {ZatuAuxﬁlqu, te[0,T],zeR?,

uy = ¢,
where p : R¢ — R is a smooth cut-off function in space and B stands for the deriva-
tive of a space-time fractional Brownian motion of Hurst index H = (Hy, ..., Hy) €
(07 1)d+1.

We first show that, when 2Hy + 3¢, H; > d + 1 (the so-called regular case),
the interpretation and local well-posedness of ([1.1)) can be derived from quite direct
arguments, based on a first-order expansion and the use of Strichartz inequalities.

The equation behaves less favorably when 2Hq + Zle H; < d+1 (the irreg-
ular or rough case). In this situation, we first need a Wick-type renormalization
procedure in order to interpret the model. The fixed-point argument then relies on
the smoothing properties of the Schréodinger equation, and in particular on its local
regularization effect.

We can loosely sum up our results as follows (see the subsequent Sections (1.2
for precise statements).
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Theorem 1.1. Assume that 1 < d < 3 and set apy := (2Ho + Z;j:l H;) — (d+1).
The following picture holds true:

(i) Case ay > 0. The equation (T.1)) is almost surely locally well-posed in HP (R?)
for some g > 0.

(ii) Case ag < 0. There exists ag < 0 such that if ag > ag then the equation (1.1))
can be interpreted in the Wick (renormalized) sense and it is almost surely locally
well-posed in H=P(R?) for some 3 > 0.

We refer to Definition [I.4]and Theorem [I.10] for precise statements in the regular
case (i), and to Definition and Theorem in the rough case (i7) (see in
particular the condition for the exact value of oy, depending on d). To our
knowledge, and although the statement is still restricted to values of ay close to 0,
Theorem (44) is the first result in the context of nonlinear Schrédinger equations
where both renormalization arguments and local regularization properties are used
to control an irregular noise (in Sobolev spaces of negative order).

The stochastic Schréodinger equation is a widely studied model in the SPDE lit-
erature. Just as for stochastic heat or wave equations, the stochastic Schrodinger
model admits numerous possible variants and is known to be the source of many
challenging questions, whose treatment can only be achieved through the sophisti-
cated combination of PDE tools with probabilistic analysis.

The study of nonlinear stochastic Schrodinger models includes for instance the
consideration of a multiplicative noise, that is (see e.g. [10, [13], [16] [17])

z@tu—Au:u|u|2”+u~f, tel0,T],zeTorzeR?, >0,
or the consideration of a random dispersion, that is (see e.g. [14])
W — Au-€E=ulul?*, te[0,T],ze€TorzeR:, o>0.

In these equations, £ stands for a random noise which, in most situations, is taken
as white in time.

In the additive-noise framework (which our model belongs to), the first
mathematical study of nonlinear stochastic Schrédinger equations essentially traces
back to a series of works by De Bouard and Debussche (see e.g. [I1} [12]), where
the authors considered the general dynamics

(1.2) Wou + Au = |[u*u+€, te[0,T], r R,

for suitable values of o > 0 (depending on d), and with £ a white noise in time
admitting a high regularity in space. These results have been recently extended to
noises f less regular in space, first for the equation on the one-dimensional torus T
with o = 1 (see [23]), and then for the equation on the whole Euclidean space R?
with suitable values of o > 0 (see [34] [36]).

In spite of these substantial advances, it can be observed that the analysis of
equation (1.2)) is so far limited to situations where £ is a white noise in time.

In the present paper, we propose to investigate a new direction in this field, by
considering the model of a nonlinear Schrédinger equation with quadratic pertur-
bation and additive forcing term given by a space-time fractional noise. To be more
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specific, the dynamics we will focus on can be described as follows:
{ W — Au=p*lul> + B, te€l[0,T],zecR?,

(1.3) uo = &,

where

e p: R? = R is a smooth compactly-supported function of the space variable,
allowing us to bring the analysis back to compact domains,

® ¢ is a deterministic initial condition, the regularity of which will be specified later
on,

e one has B := 040z, - -+ Oy, B, that is B is the space-time derivative (in the sense of
distributions) of B, with B a fractional sheet of Hurst index H = (Hy, Hy,...,Hy) €
(0,1)4+1 (see Definition below for details).

The consideration of such a fractional noise B represents the main specificity of
our analysis, and the main novelty with respect to the above-reported (white-noise)
literature. The other new contribution brought by our analysis will consist in the
possible treatment of a distributional-valued solution u for , which enables us
to cover more irregular noises in the model (see the description of the so-called
rough case in Sections and .

In fact, our aim in the sequel will be to offer as much flexibility as possible
regarding the choice of the Hurst index H € (0,1)%! that governs B. Thus, for a
(hopefully) large range of such indexes, we intend to - at least - prove local well-
posedness of equation . Note that this objective was already at the core of the
investigations of the first author in [20} 2T] for a quadratic fractional wave equation.

Before we go further, let us recall that over the last decade, tremendous devel-
opments have been observed in the field of singular stochastic PDEs. This progress
has been especially prominent in the parabolic (SPDE) setting, with the introduc-
tion of the theory of regularity structures [29] or the paracontrolled approach [26].
Among other contributions, those theories provide a convenient framework towards
renormalization procedures, thus paving the way to a rigorous treatment of many
long-standing problems. If one focuses on additive-noise models only (in the vein
of ), let us quote for instance, among a flourishing literature, the work of
Catellier and Chouk [3] about the stochastic quantization equation on the three-
dimensional torus

(1.4) ou—Au=—ud+¢, te€0,T),z€T?,

which extends the pioneering results of Da Prato and Debussche [9] for the two-
dimensional equation (let us also mention [22] about the consideration of a quadratic
nonlinearity - similar to ours - in this parabolic setting, for d = 3). The regularity-

structure approach has also proven to be highly effective (see [I5}[30]) for the study
of the parabolic sine-Gordon model

(1.5) Otu—l—%(l—A)u—&—sin(Bu):f, te[0,T], z € T?,

with & a space-time white noise (see also [37), 8] for recent hyperbolic versions of
the model).

Unfortunately, the application of those new groundbreaking approaches beyond
the parabolic setting has proved to be very limited so far (this holds true for both
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regularity structures and paracontrolled theories). To our knowledge, the only
attempt to extend such a strategy to a non-parabolic setting is due to Gubinelli,
Koch and Oh in their recent work [28], dealing with a stochastic wave model.
In particular, we are not aware of any similar extension to a singular stochastic
Schrédinger equation.

As regards the deterministic Schrédinger equation with polynomial nonlineari-
ties, its well-posedness in positive Sobolev spaces was established long ago using
Strichartz estimates (see [25] [5] and also the monography [4]). More recent de-
velopments, applying in particular to NLS with quadratic nonlinearities, also led
to well-posedness results for the model in negative Sobolev spaces, thanks to sub-
tle bilinear estimates in the so-called Bourgain spaces (see [7, 4T} 2] [31], and also

Remark {4.7| below).

With this background in mind, let us now go back to the analysis of equa-
tion (|1.3)). The starting point of the study will be the mild formulation of ([1.3)),
that is the equation

¢
(1.6) Ug :St(/)—z/ S (p*ur|?) dr + 9,
0

where S stands for the Schrodinger group, and where we have set

(1.7) Q= —2/0 S, -(B,)dr.

Note that ¢ can also be seen as the solution of the following “linear” counterpart

of :

(1.8) { 08— AP =B, tel0,T], zcR,

200,.)=0.

For this reason, we will henceforth refer to ¢ as the linear solution of the problem.
A first essential part of our work will be to give a precise meaning to both

definition (|1.7) and equation (|1.6). In order to initiate this analysis, let us proceed

with a standard transformation of the problem, by considering the equation satisfied
by the process v := u — ¢, that is the equation (which is still formal at this point)

(19) v = Si(9) —1 / St (s ) dr —1 / St ((07,) - (p3,)) dr

- / Si_r((por) - (7)) dr —1 / Se_r (1%, ) dr
0 0

The main idea behind this transition from u to v is that 7 is expected to behave
as some “first-order expansion” of u. In other words, due to the specific properties
of the group S (which we will detail later on), we expect the process v to be more

regular than w and 7, making equation (1.9) more tractable than (1.6). Following
this idea, we will focus our subsequent investigations on equation (|1.9))

Let us now elaborate on the successive steps of our reasoning, and introduce
our main results. Note that these steps are overall similar to those developed
in [20} 211 27] for the corresponding quadratic wave model. Nevertheless, when going
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into the technical details, some new fundamental difficulties arise in the analysis of
the Schrédinger model, as we will try to highlight it in the presentation below.

1.2. Step 1: Study of the linear equation.

Recall that the noise B involved in is defined as the derivative of a fractional
sheet B, which is a non-differentiable process (in the standard sense). Consequently,
just as the white noise ¢ in (T.4)-(L.5), B can only be understood as some random
negative-order distribution, and thus the interpretation of the convolution in
requires some clarification.

To do so, let us start from a smooth approximation (By,),>¢ of B, that is, for
each fixed n > 0, (t,z) — By(t,z) is a.s. smooth, and B, (t,z) "=3 B(t,z) for
every (t,z) € [0,T] x R? (the choice of such an approximation process will be
specified in Section [2| below). Then consider the corresponding sequence of linear

solutions, that is the sequence ¢,, of solutions to the equation

108, — A%, =B, te[0,T], ze€R?,
7.(0,.) =0,

where B, := 040y, ++ Oy, Bp. For every fixed n > 0, the smoothness of B,, (and
accordingly the smoothness of Bn) makes the analysis of considerably easier
than the one of , and readily allows us to define a unique Gaussian solution
process {2, (t,z), t € [0,T],z € R?} (see Definition .

The solution ¢ of the rough equation is then interpreted through the fol-
lowing convergence result, which can be seen as our first main contribution:

Proposition 1.2. Let d > 1 and fix (Hy, ..., Hy) € (0,1)%F!. Let (B,)n>0 be the
sequence of smooth processes defined by formula , and let 7,, be the solution
of associated with B,,.

Then, for every test function y : RY — R (i.e., smooth and compactly-supported),
the sequence (x%,)n>0 converges almost surely in the space C([0,T]; W~*P(R%)),
for all 2 < p < oo and

(1.10)

d
(1.11) a>d+1-— <2H0+2Hi).

i=1

We denote the limit of this sequence by x7.

The proof of this convergence result relies on the stochastic properties of B,
and will be developed in Section 2:2] As the reader might expect it, the result-
ing regularity property (i.e., the fact that x? € C([0, T]; W~*P(R%)), for every a
satisfying ) will be of crucial importance in the analysis of .

Using a standard patching argument, the limit elements {x7, x € C>(R%)}
provided by Proposition [I.2] can then be merged into a single locally-controlled
distribution ¢ (see Proposition , which we will refer to in the sequel.

Remark 1.3. We can compare the above regularity restriction for ¢ with the
corresponding result of [20] in the wave setting, that is when replacing 20, — A
with 977 — A? in (L.8). In the latter situation, and according to [20, Proposition
1.2], one must have

d
1
(1.12) Oave > d = 5 = (HO + ZH) .

=1
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Observe in particular that the Hurst indexes are involved through the combination
Hy + Zgzl H; in , in contrast with the combination 2 x Hy + Zle H; in
(1.11)). This difference is in fact a direct echo of the behaviour of the underlying
linear operators: in the Schrodinger case, time variable somehow “counts twice”
with respect to space.

Besides, although such a property cannot be found in the existing literature, we
could show along the same pattern that in the heat situation (that is with 9,7 — A
instead of 9,7 — A in (L.8)), the restriction for a becomes

d
Qheat > d— (2H0 + Z Hz) )

i=1

which, compared to (1.11]), reflects the stronger regularization properties of the
heat kernel.

1.3. Step 2: Interpretation of the main equation.

Now equipped with a proper definition of ¢ (as well as a sharp control on its
regularity), we can go back to our interpretation issue for the main equation
(or equivalently ) In fact, according to the result of Proposition two cases
need to be distinguished.

1.3.1. The regular case.

In the sequel, we will call regular case the situation where

d

(H1) 2Ho+» H; >d+1.

i=1
In this case, we can pick a < 0 such that condition is satisfied, and therefore,
thanks to Proposition we are allowed to consider every element x? (x € C2°(R%))
as a function of both time and space variables (in an almost sure way). As a
result, the square element |p|? involved in simply makes sense as a standard
pointwise product of functions. This immediately leads us to the following direct
interpretation of the equation:

Definition 1.4. Fix d > 1 and assume that condition (H1)) is satisfied. Recall that
for every test function x : R* — R, x? is the process defined in Proposition

Then we call a solution (on [0,7]) of equation (1.3)) any stochastic process
(u(t, ))iefo,1),0cre such that, almost surely, the process v := u — { is a solution of
the mild equation

w=sx@—wl}$qwﬂwﬁm7—géspxwm»«ﬁ»wh

o [ Sl (N dr 1 [ Sk Py ar, e l01).
0 0
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1.3.2. The rough case.
Let us now turn to the second situation, where

d
(1.13) 2Ho+» H; <d+1.

i=1
In this case, we can no longer pick o < 0 such that condition (1.11)) is satisfied, and
so, referring to Proposition the element p7 involved in ((1.9) must be considered
as a function of time with values in a space of negative-order distribution. We will
call this situation the rough case, to signify that we are here working with very
irregular processes.

Naturally, the fact that p?, must be seen as a distribution (for every fixed T)

makes the interpretation of |p7,|? in (1.9) unclear.

This problem can be emphasized through a regularization approach. Namely,
let us go back to the sequence of approximated linear solutions (7,,),>0 satisfy-
ing (L.10). For every fixed n > 0, 7,, is (almost surely) a function of time and space,
and so, for every (t,z) € (0,T] x R%, we can compute the moment E[[7, (¢, z)|?].
The following asymptotic result (which will be proved in Section rules out any
possibility to extend the pointwise interpretation to the limit element |7|2:

Proposition 1.5. Fix d > 1 and assume that 2Hg + Z?Zl H; < d+ 1. Then the
quantity E[|9,,(¢,x)|?] does not depend on z. Denoting 0, (t) := E[|?,, (¢, 2)|?], the
following asymptotic equivalence property holds true: for every (¢, z) € (0,T] x R4,

ctn if 2Ho+Y0  Hi=d+1,
d
C%I t22n(d+17[2H0+Zq‘,:1 Hi)) if 2H0 =+ Z?:l H1 <d+1 s

n—oo

(1.14) on(t) ~ {

for some constants ck;, c3 > 0.

A natural way to circumvent this divergence issue and to offer a possible in-
terpretation of 7|2 is to turn to a renormalization procedure. In fact, it will here
be sufficient to consider the most elementary of those methods, namely the Wick
renormalization. Thus, for all fixed n > 0, (t,z) € [0,T] x R?, we set

(1.15) Py (t, ) = [0, (t,2)[* — on(t) where oy, (t) := E[[2, (¢, z)|*] .
Our second main contribution now reads as follows:

Proposition 1.6. Let d > 1 and consider (Hy, Hy,. .., Hy) € (0,1)%*! such that

d
3
(H2) d+1<2H0+;HZ-§d+1.
Then, for every test function x : RY — R, the sequence (x?22,)n>1 (defined
by (1.15))) converges almost surely in the space C([0, T]; W~2%P(R%)), for all 2 <

p < oo and « > 0 satisfying (1.11)).
We denote the limit of this sequence by x2a2.

Just as the proof of Proposition the proof of Proposition will strongly
lean on the stochastic properties of B. It will be the topic of Section below.



8 AURELIEN DEYA, NICOLAS SCHAEFFER, AND LAURENT THOMANN

Remark 1.7. The restriction 2H,y + Z?:l H; >d+ 3 in (which will stem
from our technical computations) can be compared with the restriction E?:o H; >
d— % in |20, Proposition 1.4] for the quadratic wave model. We suspect that this
condition might not be optimal, that is, we can certainly extend the construction
of x?ae below this threshold. However, condition will prove to be sufficient
for our purpose, as it can be seen from the comparison with the more restrictive

assumption (H2’) in our main theorem (see also Remark [1.12]).

With the above constructions in hand, the following Wick interpretation of the
equation naturally arises:

Definition 1.8. Fix d > 1 and assume that condition (H2|) is satisfied. Recall
that for every test function x : R* — R, x? and Qe are the processes defined in
Proposition [1.2| and Proposition [1.6] respectively.

In this setting, we call a Wick solution (on [0,T]) of equation (1.3)) any stochastic
process (u(t,))ic(0,1),zere such that, almost surely, the process v := u —{ is a
solution of the mild equation

um>wz&wwwA&qw%$mﬂwé&qmmy@mm7

o [ Sloen) - @ = [ Scpepndr. te o).
0 0

Remark 1.9. As the reader may have noticed, our tree notation ¢ and e for the
main stochastic processes follows the convention used in [29]: the circle o therein
stands for the random noise B, while the line I represents the Duhamel integral
operator Z = (id, — A)7L.

1.4. Step 3: Local wellposedness results.

At this stage of the procedure, the stochastic part of our analysis can be con-
sidered as complete, and our aim now is to solve equation (1.3]) (understood along
Definition [1.4] or Definition [1.8)) by means of a deterministic fixed-point argument.

As in the previous section, and for the sake of clarity, let us separate the regular
and rough situations in the presentation of our results.

1.4.1. The regular case.

Let us first handle the regular case, where condition is satisfied and Defini-
tion[I.4] of a solution prevails. By relying on the most standard estimates associated
with the Schrédinger group S (the so-called Strichartz inequalities, summed up in
Lemma below), we are here able to establish the following result:

Theorem 1.10 (Local well-posedness under (H1)). Assume that 1 < d < 4
and that condition 1s satisfied. Let 3 be such that 0 < 8 < 2Hy + Zle H; —
(d+ 1), and consider the pair (p,q) given by the formulas

12 6d

Td—p 1Ty

Assume finally that ¢ € HP(R?). In this setting, the following assertions hold true:

p
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(1) Almost surely, there exists a time Ty > 0 such that equation (L.3)) admits a
unique solution u (in the sense of Deﬁnitz’on in the set

1 =0+ XP(Ty),  where XP(Ty) := C([0, To); H?(R)) N L ([0, Tp]; W (RY)).

(ii) For every n > 1, let u,, denote the smooth solution of (1.3), that is w, is the
solution (in the sense of Deﬁm’tz’on associated with p%,. Then, for every

d
0<B<2Ho+ Y H;—(d+1)
i=1
and for every test function x : R? — R, the sequence (Xun)n>1 converges almost
surely in C([0,Tp); HP(RY)) to xu, where u is the solution exhibited in item (i).

Let us be slightly more specific about the convergence property in item (i7). In
fact, what we will establish in the sequel (see Theorem below) is that for every
element W1 in a suitable space of functions, the equation obtained by replacing p?
with ¥ in admits a unique solution v, on some time interval depending only
on Wl Besides, this solution is a continuous function of ¥ (see Proposition .
Item (i) in the above statement is then an application of these general results to
Wl = 47, while item (i) corresponds to taking ¥ = p7,,, which provides us with
the desired time Ty > 0.

1.4.2. The rough case.

Let us conclude this presentation of our main results by considering the well-
posedness issue for the equation in the rough case. To be more specific, we assume
from now on that the assumptions in are satisfied, so that the two processes
p? and pQOYO are well defined and the equation can be understood in the sense of
Definition In other words, we now focus on the analysis of equation .

In order to describe the major technical difficulty arising in this case, recall first
that under assumption and following Proposition the element p7, must
here be treated as a distribution of negative Sobolev regularity (for every fixed
time 7). Consequently, the term (pv,) - (p7,) (or (pv,) - (p7,)) in can only
be understood as the product of a distribution, namely p?,, with a function, that
is pU,. Such a product is known to obey the following simple rule (see Lemma
for a precise statement): if p7, is of Sobolev regularity —« (with a > 0), then pv,
must be a function of Sobolev regularity 8 with 8 > «, and in this case (pv;) - (p7,)
is indeed well defined as a distribution of negative order —a.

Going back to equation (|1.16)), our only hope to settle a fixed-point argument
thus lies in the possibility to control the terms

/St +((pv7) - (p27)) /St ~((pve) - (p3;)) dr

as functions of Sobolev regularity 8 > a > 0. Otherwise stated, we (morally) need
convolution with S to produce a regularization effect and allow the transition from
H=*(R?) to H#(RY).

Unfortunately, such a regularization property, which corresponds to a well-
controlled phenomenon in the heat or in the wave situation, is not as standard
in the Schrédinger setting. In particular, the most classical estimates on S (the
so-called Strichartz inequalities, which we have already mentioned in the regular
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situation) cannot provide us with the desired smoothing effect (see Lemma for
more details).

To overcome this obstacle, we propose to turn to more specific local regular-
ization properties, similar to those exhibited by Constantin and Saut in [§]. Tt
indeed appears that if we only focus on the local regularity of the distributions at
stake (meaning that a cut-off function is inserted within the usual Sobolev norm,
see ), then a small gain can be expected from the convolution with S. This
will be the topic of our intermediate Lemma [4.3] which can be seen as an extension
of the main result in [§].

For this technical property to be implemented here, an additional condition must
be imposed on the function p : R — R in (1.3) (or in (1.16)): namely, we need p
to be of the form

(Fo) p(@1,... xa) = pr(w1) -+ - pa(wa)
for smooth compactly-supported functions py, ..., pq on R.

Note also that for stability reasons (toward a fixed-point argument), the consid-
eration of a local Sobolev norm is of course not without consequences: it will have
to be counterbalanced by a commutator-type estimate, that is a suitable control
on switching p with the fractional Laplacian in Sobolev norms, which will be the
purpose of Lemma [1.4]

With the above elements in mind, we are finally in a position to state our main
result in the rough situation (the spaces involved in this statement will all be
introduced into details in the subsequent Section [L.5)):

Theorem 1.11 (Local well-posedness under (H2’)). Assume that 1 < d < 3
and that the cut-off function p : R — R in (1.3) is of the form (F,). Besides,
assume that

d S ifd=1

20 -
(H2?) 7ad<2HO+ZHi—(d+1)§O, where ag 1= % ifd=2
i=1 & ifd=3

Fix o > 0 such that d + 1 — (2H0 + Zle Hi) < a < ag. Then the following
assertions hold true:

(i) One can find parameters k € [2a,1/2] and p,q > 2 such that almost surely, and
for every ¢ € H=2%(R?), there exists a time Ty > 0 for which equation (1.3)) admits
a unique Wick solution u (in the sense of Deﬁnition@) in the set

St =0+ X Pa(Ty),
where

o, K, (P, — . I7—2a(md . —2a, d % —2a+k
X oo a(T) = C([0, T]; H2*(R)) N LP([0,T); W2*4(R%)) N Ly H, 2>+

(ii) For everyn > 1, let U, denote the smooth Wick solution of (L.3)), that is w, is
the solution (in the sense of Deﬁnition@ associated with the pair (p7,, p*a2y,).
Then, for every a satisfying and every test function x : R? — R, the sequence
(XTUn)n>1 converges almost surely in C([0, To); H=2%(R%)) to xu, where u is the Wick
solution exhibited in item (7).
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The above wellposedness result can be considered as the main novelty of our
work. We are indeed not aware of any previous study of a nonlinear Schrédinger
equation involving such an irregular noise, and thus forcing us to rely on both
renormalization arguments and local regularization properties.

Remark 1.12. It is interesting to note that the conditions in (H27), which stem
from the deterministic part of the study (as emphasized by Theorem below),
are more restrictive than those in ensuring the existence of the stochastic
element 9. This observation contrasts with the situation described for instance
in [20, 21) 27, [35], where the application of a similar strategy is, on the contrary,
limited by the scope of validity of the stochastic objects.

Remark 1.13. Due to the limitations of the local regularization effect of the Schrédinger
group (as reported in Lemma , further expansions of the strategy, in the spirit
of the “second-order analysis” developed e.g. in [21], [35], seem difficult to set up in
this Schrodinger setting.

Remark 1.14. As can be seen from the above description of our methodology, the
cut-off function p in is to play two fundamental roles in the study:

e First, it will allow us to bring the analysis of the equation back to compact
domains, where the regularity of the driving processes is well controlled (by Propo-
sitions|1.2 and. The situation, in this regard, is somehow equivalent to studying
equation (L.3)) on a torus (although the definition of the space-time fractional noise
on a torus is not as clear as in the current Euclidean setting).

e Secondly, thanks to the involvement of p, we can appeal to the specific local
regularization properties of S, which, as we have explained it above, will be our
key ingredient toward stability and fixed-point arguments. Observe that no similar
regularization result would be available for a study of the equation on a torus.

This being said, in spite of the restriction , the function p can still be taken
equal to 1 on any arbitrary compact domain, and so, at least locally (in time and
in space), our solution u of can be regarded as a viable model for the (formal)
dynamics

(1.17) 1w — Au = |u* + B.

A direct analysis of equation may be possible through an extension of the
subsequent methods to weighted Sobolev spaces (allowing to control the asymptotic
behaviour of the processes), but such adaptations are clearly beyond our reach for
the moment.

Remark 1.15. Our arguments and results could certainly be extended to the nonlin-
earity p?u? or p?u? (instead of p?|u|?) through minor modifications of the stochastic
constructions of Section |2| (the deterministic well-posedness procedure would then
clearly follow the same lines). Besides, the considerations in our study may be seen
as a first step towards the treatment of more general power nonlinearities of the
form p*2iut|u|¥ in (instead of p?|u|?). This would include in particular the
celebrated cubic model u|u|?, with its many physical significances. Nevertheless, it
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is clear to us that any such extension would be the source of new technical difficul-
ties at every step of the subsequent analysis (stochastic constructions, fixed-point
argument,...). Therefore, at this point, we are not able to provide any specific
conjecture in this direction.

Remark 1.16. In their recent work [I§], Deng, Nahmod and Yue introduced the
fundamental notion of random tensors, presented as a dispersive counterpart of the
new parabolic theories (regularity structures, paracontrolled approach and renor-
malization group techniques). The applications of this promising approach to sto-
chastic PDEs are so far limited to the treatment of irregular random initial con-
ditions within deterministic dynamics. However, it is reasonable to expect that
this sophisticated machinery could be extended to dispersive PDEs with additive
stochastic noise, such as our model , and it may offer a way to handle rougher
situations regarding B (just as the paracontrolled method in [28] allow to cover a
space-time white noise situation in dimension 3). We hope to get the opportunity
to investigate these questions in a future work.

1.5. Notations. Fix a (space) dimension d > 1. Throughout the paper, we will
call a test function (on RY) any function p : R? — R that is smooth and compactly-
supported. Besides, we denote by S(R?) the space of Schwartz functions on R9.

We will also refer to the scale of Sobolev spaces defined for all s € R and
1<p<o0as

WPRY) == {f € S'RY) : |fllwer = [F {1+ |PY2FHILP(RY)] < o0},
where the Fourier transform F, resp. the inverse Fourier transform F~1, is defined
along the convention: for all f € S(RY) and z € R?,

£ —(x — 1 nur
F(H)(@) = f@):= | flye ™ dy, resp. F7'(f)(w) = 7(1/ fly)e™dy.
R4 (277) R4

We then set H*(R?) := W92(R%).

Now, as far as space-time functions (or distributions) are concerned, and for
the sake of clarity, we will occasionally use the following shortcut notation: for all
T>0,1<pg<oxandseR,

(1.18)  LEW» = LP([0, T W RY)), [l lewes = [lllo o riomes@ay) -
The notation C([0,T]; W*(R%)) will refer to the set of continuous functions on
[0, T] with values in W*4(R%).

Let us finally introduce the aforementioned local Sobolev spaces, that will play a
prominent role in the analysis of the rough situation. Namely, for all test function
p:R? % R and s € R, we set

(119)  HRY:={veS ®Y; lo- (1d— A)} (0)] e < o0},

where the operator (Id—A)? is understood (as usual) through the Fourier transform
formula

F((Ad = 8)%(v)) (€) = {1+ [¢[*} 2 Fu(€) .
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We endow Hj3(R?) with the natural seminorm [vllas = llp- (Id — A)2(0)|| L2 (ray,
and finally set, along the convention in ([1.18)),

LI%HS = Lp([07T]§H;(Rd))a ||~HL1;H; = H~||LP([0,T];H;(R4))~

1.6. Outline of the study.

The rest of the paper is organized as follows. In Section [2] we perform the
stochastic constructions which allow to give a sense to the equation. In Section [3]
we prove the local well-posedness result in the regular case, while Section [] is
devoted to the analysis in the irregular case. Finally, Section [5|is an appendix in
which we gather the proofs of some technical results.

Throughout the paper, and for the sake of clarity, we will use the notation A < B
in order to signify that there exists an irrelevant constant ¢ such that A < ¢B.

Acknowledgements. We are grateful to an anonymous reviewer for his/her com-
ments and suggestions on our work. In particular, we greatly thank this reviewer
for drowing our attention to recent significant contributions in the field of dispersive
SPDEs.

2. STOCHASTIC CONSTRUCTIONS

As emphasized in Section |1} our analysis of equation (|1.3)) will be clearly splitted
into a stochastic part (essentially corresponding to the construction of ¢ and &)
and a deterministic part (devoted to the fixed-point procedure).

In this section, we propose to deal with the stochastic step of the study. In
other words, we focus here on the proofs of Proposition [I.2] Proposition [I.5] and
Proposition [1.6

Before we go into the details, and for the sake of clarity, let us recall the specific

definition of the process at the core of the model, that is the space-time fractional
Brownian motion:

Definition 2.1. Let d > 1 be a space dimension, 7" > 0 a positive time and
(Q,F,P) a complete filtered probability space. On this space, and for every fixed
H = (Hy, Hy,...,Hy) € (0,1)%*! we call a space-time fractional Brownian motion
of Hurst index H any centered Gaussian process B : Q x ([0,7] x R?) — R with
covariance function given by the formula:

d

]E[B(s,xl, .., xq)B(t, y17...,yd)} = Ry, (s,1t) HRHi(xi,yi), 5,t€[0,T], z,y € R,
i=1

where
1 2H,; ) _
RHi (x7y) = ,(|x‘ H; |y|2H, |x y|2H‘) ]

Now remember that our strategy to initiate the construction of both ¢ and Q¢
consists in the introduction of a smooth approximation (Bj,)n>o of B (leading
immediately to a smooth approximation (Bn)nZO of the noise B). We will rely
here on a sequence derived from the so-called harmonizable representation of B,
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and which happens to be especially suited for Fourier analysis and computations
in Sobolev spaces (a similar choice is made in [20], for the same reasons).

Along this idea, let us first introduce, on some complete probability space (Q, F,P),
a space-time white noise W on R4*1. Then fix H = (Hy, Hy,...,Hy) € (0,1)4+!
and set, for all t € [0,T] and x € R,

/ e _ 1 d TN _ ]

(2.1) B(t,z1,...,74) ::c/ o P W (d¢, dn),
i=1 1"l

¢eR Jnerd [€

for some constant ¢, and where W stands for the Fourier transform of .

It is a well-established fact (see e.g. [40]) that for some appropriate value ¢ = cy
of the constant, the so-defined process B is a space-time fractional Brownian motion
of index H (in the sense of Definition . Our approximation of B (for every fixed
H = (Hy, Hy,...,Hy) € (0,1)4*1) is now obtained through a basic truncation of
the integration domain in : namely, we set By =0, and for n > 1,

61t§ -1 d G ]
(22) BTL(t7x17~-~7xd)((,U) = CH/ / W(d§7dn)
lg|<22n Jn|<2n |§\H0+% 21;[1 |77i|Hi+%

By a quick examination of the possible singularities in (£, 7), it is not hard to
see that, owing to the restricted integration domain, B,, indeed defines a smooth
process, for every fixed n > 0.

Remark 2.2. The choice of the scaling {|¢| < 227, |n| < 2"} in is directly
related to the structure of the Schrédinger operator, and will prove to be essential
in the estimation of the renormalization constant (see Section [2.4]). This choice
naturally contrasts with the “hyperbolic” scaling used in [20] for the corresponding
wave model (see also Remark . Note also that the approximation is the
same as the one used in [I9] for the study of a (rough) parabolic model.

With approximation (Bj),>o in hand, we now would like to consider the se-
quence (7,)n>0 of approximated linear solutions, that is the sequence of solutions
to

(2.3) {z&‘t?n—A?n:Bn, t€0,T], = €R?,

?n(07 ) =0,

where, for every n > 0, B,, is defined as the standard derivative B,, := 010y, -+ - Oy B

Note however that, without further integrability assumptions, the smoothness of
B, (for each fixed n > 0) is not a sufficient condition to apply classical deterministic
results immediately ensuring existence and uniqueness of ¢,,. A possible way to
circumvent the problem in this case is to rely on some stochastic interpretation of
., based on the Gaussianity of the processes under consideration.

In order to justify this interpretation (that is, Definition below), let us go
back to formula (2.2)) for B,,. Denoting by S the d-dimensional Schrédinger group
and applying a Fubini-type theorem, the solution ¢, can (at least formally) be
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written as

Tt z) = —z/ ds /d dy St—s(x — y)Bn(s,y)

t d
= ¢ 3 i s o(ny) 77
= cHt / ds/ dy/ / Si—s(z —y) ; || —e e (dE, dn)
o Jra " Jjg<on i <on |0t ) el it 2

i=1

d t
_ d f i 2(n,x) 2€s —1(n,z—y) W
=cm / / T —e {/ dse </ dy Si—s(x —y)e )] W (dg, dn)
jl<22n Jjpj<an [€]F0F2 1:[1 |ma| itz 0 Rd
d t
- 3 N ) [/ 6(t-) (/ o\ | 77
=cq1 e dse dy Ss(y)e W (d€,dn) .
-/592" /nS2" [ H a1 % 0 Rd

i=1

At this point, remember that the spatial Fourier transform of S is explicitly given
by

dx 671<E’I>St($) = ertlel? ,
Rd

and so we end up with the (a priori formal) representation
(2.4)
d

§ i _
?n(t7$) = Csz/ / 62("’:6)%5@, |77|) W(d& dTI),
lel<azn Jjp<an |€|Hot3 };[1 || Hit3

where for all t > 0, £ € R and r > 0, we define the quantity v.(£,r) as
t 2
(2.5) (&, r) = e’ft/ el =¢ygs.
0
Thanks to formula ([2.4)), we are in a position to offer the following natural (and

rigorous) stochastic definition for the solution of (2.3):

Definition 2.3. We call a solution of equation (2.3]) (or linear solution associated
with ([1.3])) any centered complex Gaussian process

{S(s,2),n>1,5>0,z¢ Rd}
whose covariance is given by the relations: for all n,m > 1, s,t > 0 and z,y € R,

(2.6)
d

_ 1 1 -
E[u(s,2)fm(69)]| = & / o &, I & Tl e e dedn,
[ } " Jemepnnp,, [E2Ho-T 21;[1 |7 2Hi 1 '
2.7)
1 1 I
E|2.(s,2)0m(t y)| = —c} / —s(&, () ve (=&, [n])e" 7Y dedn,
{ (&) } . (6,7)€DnNDy, |§|2H°71£[1|77i|2H171 (& Inlyye(=¢, In]

where D,, := B}, x B4 with Bf := {A e R¥ : || < 2¢}.
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2.1. Preliminary estimates. As a first step toward Proposition [I.2]and Proposi-
tion let us collect some essential estimates on the quantity (£, r) at the core
of the covariance formula ([2.6) (and explicitly defined by (2.5)).

To this end, we set, forall 0 < s <t, £ € R and r > 0,

7$,t(§7r) = ’Yt(ga T) - Vs(far) .

Lemma 2.4. Forall T >0,0<s<t<T,{€R,r>0and x, A € [0,1], it holds
that

%@nym@mwwmu

[t = slr?  Jt = s|"{1 +r%) It—SI“{T2“+£I“}>
€] 3 ([

where the proportional constant in < only depends on 7.

Proof. To begin with, let us write

s t
%,t(fﬂ") — {ezft _ ezﬁs}/ ezu{r2ff}du+ ezgt/ ezu{r27§}du’
0 s
st (€, 7)] S e — et

s 2
/ ezu{r —f}du
0
Then observe that

t
Ye(§,r) = elét/ el =6gs = _
0

and so

t
+U”“ﬂMﬁmwwwﬂ«

2
et 13 1€t,.2 t
— € e='r 2_
ezs{r é}ds’

U3 3 0
which readily entails
’Ys,t(far)
2t r2 t s 2 s t.2 ot
_ _{ezr — e s} — {625 — e } N L{eift B ez&s}/ ew{rz_g}du—k ety / em{’"z_f}du.
Zé f 0 5 s
Thus,
[t—s| |t—s|® St —s|®  r?
sa&r)| S 1 + +7 + o lt s
’ i gt = f¢l
5|t — 8| o It —8["
< r + {1+ r°} .
13 g

Finally, it can be checked that

(&) = - 27 g{elft — ezr2t} 7

which yields
1

K 1-k
h/s,t(&,r)‘ _ |§ — T2| {ezrzt _ ezrzs} _ {ezgt _ ezfs} ’{ezrzt _ ezgt} _ {ezrzs _ 6255}
_ K
5 |2 8|2|{7,2 + |€|}n{|ezr2t o ez§t|)\ + |e7,r23 _ ez§s|/\}1fn
-T
t—s|” 2 t—s|” 2
S W{T "+ S 1] = r2[i-A0—m) {r" + €7}
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Corollary 2.5. For allT >0,0<s<t<T, He€(0,1),r>0,ee€(0,1) and
k € [0,min(H, 152)), it holds that

2 _ <l2k
Pac€r) o o l—sPr
‘€|2H71 ~1 +T4(H—/«e)—2—25

where the proportional constant in < only depends on T'.

Proof. We will naturally lean on the estimates exhibited in Lemma [2.4]
For 0 < r < 1, we have

75,6 (&, 7)]? 2 {/ dg / dg§ } 2
: dg¢ S|t —s|™ + — | < |t —s|]".
R |E[2HEL x| | l€]<1 |f|2H ! |€|>1 |f|2(H r)+1 | |

Then, for r > 1, let us consider the decomposition

V5,6 (&,7)]? V5,6 (&, 7)]? V5,6 (&,7)]2
A Det2s: 1 g Dt PIL e
e Jepr /||f|—r2|z'5 epr1 §+/£—r2|sf' gt %

2 2

On the one hand, it holds that

/ |78,t(€7r)‘2 df < |t— S|2/{/ 4K + ‘£|2K dg
lle|—r2|> el [€[2HTL ~ {lel<zr2}uglel>2r2y [EPTHIEN =22

2
e T N
ST J<gyorese EPETE - 1E S i@

On the other hand, setting A = 2(1;:2), one has

/ |787t(€7r)‘2d€ < |t _ S‘QI{/ T4K + ‘§|2K dg
lle|—r2|< el [E[2HTL ~ {2r2<ig|<ar2) [E2H[E] — r2[2m220mm)

2

< |t — s|?¢ / 1 de
N A(H—r)—4A(1—r) (2<le1<2) E2H-1[|¢] — 1222 (1)
< [t — s|?F
N A(H-m)—2-2¢
([l

Let us also take advantage of this preliminary section to introduce the following
lemma, which accounts for the technical simplifications offered by the test function
x in the forthcoming computations.

Lemma 2.6. Let y : R? — R be a test function and fix ¢ € R. Then, for every
p>1and for all n1,...,7m, € RY, it holds that

d\id\i — _ T 1
dz / e @N=A) QN = i) S
’/ H @ {1+ \2YE{1+ A2} F TR =) E{HIWIZ}"

1

where the proportional constant only depends on x and o.

Proof. Let us set, for all n, A € R%,

Ty == XA — )

FERPYEE:
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and observe that the integral under consideration can then be written as

p ~
dX\;d\; ] I

" o PN TR — )X (N — i
/Rd 1;[1 @z {1+ NPFE{1+ N2} 2 ( )X( )

- C/Rd dx ]:[ |FHT,) (@)

= c/ dx ’f_l(Fm *~--*F,7p)(x)|
]Rd

(28) < ||Tyy -+

2

2 2 2 2
* F%HL?(]Rd) S HFm ||L1(]Rd) o ||an—1 ||L1(]Rd)HF77p||L2(]Rd) ’
where the last inequality is derived from Plancherel theorem.

The conclusion now comes from the fact that for all n, A\ € R¢ and for every
K >0,

(2.9) XL+ A+ 023 < copn {1+ AP} {1+ 0%

Let us briefly verify (2.9) for o > 0 (the proof for o < 0 being immediate). In fact,
since x is smooth and compactly-supported, one has

ROV + A +n?} %

RO+ I+ 0P F L a gy + RO I+ 0P} F 15 <z

< o [[ROVL a1ty + ROV + 12 F 1<y

< oo {1+ IAPF {1+ APF E Ly + {0+ AP0+ P E L0
< Copun {1+ AP} L+ ) E

Going back to (2.8]), and with estimate (2.9 in hand, we can check for instance
that

1 c
r ) = dX [X(A = < X
|| 771HL (R4) /]Rd ’X( )|{1+|>\+771‘2}§ - {1+|771‘2}7
which yields the desired bound. [

2.2. Proof of Proposition For simplicity, we will assume for the whole proof
that T' = 1 and we set, for all m,n > 0, 7,, ,, := 7,,,—7,,. Besides, along the statement

of the proposition, we fix « satisfying (1.11)).

Step 1: Let us show that forallp > 1,1 <n<m,0<s<t<landekr >0
small enough, one has
(2.10)

/Rd IEU]-‘—l ({1+|_|2}—%f(x Dt ) =T (s, .)]))(x)rp} dr < 24P |g g2

where the proportional constant only depends on p, @ and .
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First, we can observe that the random variable under consideration is Gaussian,
and so, for every p > 1, one has
2p:|
p

(2.11) < cpEUf—l ({1 + 1P EF (X Bnm () — Do (5, .)]))(w)ﬂ ,

]E[’]_—l({l + |.|2}’%f(x[?n,m(t: D = Tnm (s, )D)(x)

where the constant ¢, only depends on p.

Let us then expand this variable as

FHO 1 F () = Tam(s,)]) ) (@)

- (271T)d /R dx e AL+ NPYEF (T (t ) = Tm (s, )]) )

1 2\ —%5 iz -
i L R ([ 50 A (G t) S5 D))

so that

IEU]—'_1<{1 + POt () = T, 'm)(@ﬂ

(2.12)
1 // d\d)\ .
(2m)24 [ Jgay> {1+ [A2}E{1+ |N2}2

z(w,)\75\> 5~ . ﬁ ~
//(Rd)a ABABRON = BXO = B) Qumisa (8, 5),

with

Qn,m;s,t(ﬁv B) =K {]:([?n,m(t? ) - ?n,m(sv )} ) (B)]:([?n,m(tv ) - ?n,m(& )] ) (B):| .

To expand the latter quantity, observe first that, using the covariance formula (2.6]),
we get

E |:{?n7m(tv y) - ?mm(sﬂ y)}{?n,m (tv g) - ?n,m(sv g)}:|

d

1 1 _

=c —11 — Vet (& )P M) e 0P dgdn,
/{(5,n>eDn,m} |§[2Ho=1 L2 g [2Hi =1

where D,, , == (B3,, x B4)\ (B3, x B%), and hence
(2.13)

1
H;—1 |rys7t(€7 |n|)|25ﬂ:7755’:n .

d
1
Qnmss i (B, 0 =0/ d&dn — 11
et ) (EmeDumy  |SPPFT  [mif?
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Combining (2.11))-(2.12)-(2.13) and using a standard Fubini argument, we end up
with the estimate

/Rd de“]—"l ({1 F 1P EF (X Cnm(ty ) = T (5, ~)]))(x)\2p}

1 1
< dx / ded e
/Rd ( {(&, m} n\§|2H0 1 H | [PHi =T s, (&, )]

"7 D,
- NP
i df‘” i ae“z’A”Y(/\n)i(An))
o T+ LHAPFE

P
1 1
S L4 ]2}~ ys,e (& [nD)I? dédn |
(/(g,n)eDn’m |£|2H0—1 11;[1 |77i|2Hi_1{ | | } | t( | |)|

where we have used Lemma to get the last inequality.

Now we can obviously write

d p
1 1
— {1+ 02} s, (& [n)) | ddn
</(f,77)€Dn,m |§[2Ho=t 1;[1 \m\?HI—l{ "}~ st €, )]

d p
1 1
< [ {14 12} s,e (& )| dédn
(/gzn<|g|<22m /|n|<2m |€|2Ho=1 i |y [2Hi =1

p
1 [e3
</£<22m L7l<n<2w1 |£|2Ho 1 l ] | |2H —1 {1 + ‘77| } |79 f(§ ‘77|)|2 dfdn>
(2.14

=: (]In,m(s,t)) + (IL, (s, t))P .

Let us focus on the estimation of I, (s, t). To this end, we fix 0 < ¢ < min (Hy, 1),
so that
(2.15)

d
1 1
—4ne 2\ —« 2
Ly m(s,t) <2 /Rdg/Rd i (e 1;[1 |,,Z.|2Hi71{1+|’7| s (€ D2,

which, through an elementary hyperspherical change of variables, leads us to

—4n oo {1+T2} |7&t Ea
(216)  Tpm(s,t) S 2 /0 e e WA e 1 :

We can now apply Corollary 2.5 with H := Hy — ¢, which gives, for all 0 < k <
mil’l(H() - & % - 5)7

Lnm (s, 1)
< 2—4715 2K d {1 + TQ}_a 1

‘t | 2(Hi++Hg)—2d+1 1 _|_T.4H074/€72785
(2.17)

! 1 > 1
< 9—4ne|p _ |2k
~ 2 ‘t S| (/0 p2(Hi++Hqg)—2d+1 dr + /1 r20+2(2Ho+Hy++Ha)—2d—1-4k—8¢ dT> ’
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Due to our assumption (1.11]), we can in fact pick ¢ and x sufficiently small so that

d
e 426 <a— {d+1— <2H0+ZH1>],

i=1

and for such a choice, the integrals involved in (2.17)) are obviously finite, implying
that
Lo (s,t) S 2747t — 5|2~

Similar arguments can be used to bound II,, ., (s,t). Using the same hyperspher-
ical change of variables as above, we can first write

- {1+2}" 7,46, 7)[?
< s, 5
I m (s, 1) S / dr 72(Hi -+ Ha)—2d+1 /|£|§22m dg |[2Ho—1

n

< 2—4TL8 > dr {1 + T2}7& df |’78,t(£7r)|2
~ 0 p2(Hi++He)—de—2d+1 \ [ |¢[2Ho—1 )
for any € > 0. Now we are essentially in the same position as in (2.16)), and so we

can rely on the estimation strategy of (2.17) to derive that
I (s,) S 2747t — 5?7,

for any e, x > 0 small enough.
Going back to (2.14)), we deduce the desired bound ([2.10)).

Step 2: The estimate obtained in the previous step can naturally be rephrased as

2 —4n. K
(218)  E[xGumlts ) = Xtms Mlpna] S 27PN = 5,
forallp>1,1<n<m,0<s<t<1and e,k >0 small enough.

By choosing p > 1 large enough so that 2kp > 1, Kolmogorov continuity criterion
allows us to assert that x%7,.,, € C([0,T];W~*?(R?)) almost surely. In turn,
this puts us in a position to use the classical Garsia-Rodemich-Rumsey estimate
(see [24]) and deduce that almost surely, for all p > 1, 0 < kg < K, 0 < s <t < 1,
one has

N )5 W S s [
0,1

||X?n,m(ua ) - X?n,m(v7 ')H]2/€—0,2p
|u — ’U|2K0P+2

dudv ,

for some proportional constant that only depends on k¢ and p.

Picking s = 0 and taking the supremum over ¢ € [0, 1], we derive

|| ? ||2p < ”X?n,m(uﬂ ) - X?’lhm(v? ')H?/\p;*ﬂﬂp d d
XInmllcpw-a20 S 0.1]2 |U _ v|2m)p+2 uav,

and therefore, using (2.18)) again, we obtain that

dudv

2p < —4nep < o—dnep
E[HX?"”"HCTW*“'Z”} ~ 2 /[0,1]2 |u — v|~2(r=ro)p+2 2 )

for any p > 1 large enough so that —2(k — kg)p + 2 < 1.

We can conclude that for any p > 1 large enough,

(219) ”X?n,mHLQP(Q;CTW_O‘vZP) S/ 272”5 .
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In particular, (x7,)n>1 is a Cauchy sequence in L?P(2;C([0, T); W~*?P(R%))) (for
any p > 1 large enough), which entails convergence in this space to a limit x{.

Going back to (2.19), we also have

X7 — X?nHL%(Q;cTW—a,zp) < g9 2ne
and from there, a standard Borell-Cantelli argument provides us with the desired

almost sure convergence of (x7,,)n>1 to X7 in C([0, T]; W~*P(R?)), for every 2 <
p < oo. Finally, the convergence in C([0,7]; W~%>°(R?)) follows from the Sobolev

embedding W_“+%+”’p(Rd) C W—(R%), for any 1 > 0.

2.3. Proof of Proposition We will follow the same general scheme as in the
proof of Proposition [I.2] Just as in Section [2:2] let us assume that 7' = 1, and set,
for all m,n >0, L, , =L, —32,.

Step 1: Our main objective here is to show that for all p > 1, 0 < n < m,
0<s<t<1, e k>0 small enough, and for every « satisfying

d
1
(2.20) d+1—<2HO+ZHi)<a<4,

i=1
one has
(2.21)

/Rd E[‘]—“‘l (P} F OC [ m (s ) =8P m(s, )]) ) (x)f”] de S 24P t—s|"7

where the proportional constant only depends on p, a, and x.

For the sake of conciseness, we shall only prove estimate (2.21]) for n = 0, that is
we will only focus on the estimate for the time-variation a2, (t,.) —a2,,(s,.), with
m > 1. The extension of the result to all m > n > 0 could in fact be easily deduced
from the combination of the subsequent estimates with the elementary bounding

argument used in ([2.15)).

A first fundamental observation is that the contractivity argument used in
can be extended to the present setting. Indeed, the random variable under con-
sideration clearly belongs to the first two chaoses generated by W (with represen-
tation of the noise in mind), and therefore, due to the hypercontractivity
property holding in such a space (see e.g. [33]), we can assert that

E[\fl({l LA FOC REn() — 3m(s,)]) ) (@) }

<c¢,E U}'—l ({1 P F (P [2fm () — P (s, .)})) (az)ﬂ ,

where the constant ¢, only depends on p.

Let us then write

FH 1 F (P Ren(t..) —2n(s.)]) ) @)

- ﬁ /Rd AN {1+ |2} ereN) </Rd A8\ — B)F ([l (t,.) o\pm(sv_)])(g)) 7
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which immediately yields

]EU]—"l({l + P F (P [R0m(t) — (s, ﬂ))(x)ﬂ

(2.22)
1 dA\d\ " e~ _— ~
e _ 7’<777A_)‘> 2 _ 2 _ (2)
@m) //(Rd)g TSN ET R //<Rd)2 ABABXEA = B = B) Qs (B:5)
with

Q0. (8. B) = B[ F([apm(t, ) = 20m (s, ) (AF ([30m(t, ) — 28m(s, )] (B)]

In order to expand Q(Q) (5,3), let us first recall that the expansion of the

m;s,t
(“renormalized”) quantities

B[40 (t,9)30 (5,7
is governed by the following standard application of Wick formula (see e.g. [33]) :

Lemma 2.7. For all m,n > 1,s,t > 0 and y, 7 € R, it holds that

B [0t n)Tal )|+ B[ttt 0)][

E |32 (t,4)38(5,5)| =

Using Lemma and the shortcut notation T, (u, v;2) := T (v, 2) — U (u, 2),
we easily verify that

E[[88m(t:9) = (5 D) RPn (5 5) — P, 9]

= [E (205508000 B [2 60020 (6] + E[2n(5, )00 - B[ 508 (1,

B [Tt 5590859 E[Tn (60t (59)] + B[t (s.)T 5.5 ~E[?m<t,s;y>?m<s,g>ﬂ
- [E R ] ! P A | R U] ol Y e ]

+E[Dn (5980 (5,9)| - BT (60)Tn (5. 0)] + E 2 (5,98 (5. 5)] ~E[?m(t7s;y>?m<s,g>]] 7

which, combined with the covariance formulas (2.6)-(2.7)), allows us to expand (2.22))
as
2}
1o 1 1 o 1
=c dfdﬁ/ dédii - 17 S H T
/(g,n)epm (€,7)EDm |§[2Ho=t 1:[1 L i 1:[1 | 2=

8
(Z NS Iﬁl))
=1

dXdX AN — VR — (1 — 7))
//() TR T 2O = (1= DA = (1 - 7)),

E U]-‘l ({1 + L2 F (X [alm(t, ) — AL (s, -)]))(m)
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with T, ., =T . (& [nl:&, ]7) given by

Dot = Vs, (& 1) 7 (€ 1) e (G 1D, Do, = s (& 101) e (€ 10]) 5.6 (&, 171]) e (€, 17
Dot 7= Y2 (€ 1) Y& D) 2 (€ 1) ¥ E 1) s Thasee = 1o & DI 2,5 (€ 171 3 (€, 1)

)

Dot = Yot (& 1) v (=€ 10D 3 (€ 1D (€, 1771) s Do 1= 7€ 1) 3 (=€, [nl) v, (€, [l 7 (=€,

=1l

,
£,

Do = e (& 1) v (=€ 1) e (€ 1) s (<& 17) s Do = s [n) v (=€, 1) e, (6 i) v (=€, 17

=1l

At this point, we can rely on the technical Lemma to assert that
(2.23)

/Rd deU}'l ({1 + [P F (0P[Rt ) — (s, .)]))(x)ﬂp < (ixi;s,ty

where

Th o= / dédn / dédi _
7 Jemenn " Jenen, \fl?Ho 1H|n |2H = |€|2H° 1H|n |2H I
(2.24)

T e (& Il E D [{1 + I — 712}

Using the trivial bound |n — 7| > ||n| — |7}|| and going back to the expression of
an;&t(f, [nl;€,17]), we can first bound these integrals along the pattern

Ind d
dedndédi 1 1
meé/ ~ —|Va, (&, 7D Vao (£, [0])] |-
it 5 [ s T = PP Igl2}1()_11_1]1WHl_li (& 1D (€, )]
(2.25)

1 & 1 N 3
<| s L] oo i, (56 i)

for some ay,as,as, a4 € {s,t,{s,t}} (depending on ¢) such that exactly one of the
ag’s is {s,t}.

Now, let us decompose the latter integration domain into (R x R?)? := D, UDs,
where

) 3 3
D1 ::{(5,7775,77):0§|ﬁ\§@0r|mz |277|}and©2 —{(6 n,&,7) : \77| < il < |277|}
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For the integral over D1, we can rely on the inequality ||n| — ||| > max( |g| %)
(valid for all (£,7,&,7) € ©1) to write

dédnddiy R |
Aé = ~ ( a1 \S» az + ) >
1 Lu+wwwmemeWH”“mm<“”

<§|2H0 1 H |Tl |2H ) ‘%3(5 17D Vaa (£€, |77|)|)

ded
5 </R><]Rd {1+ |777|72}a |§|2H0 1 H ‘77 ‘2H _1|’Y¢11(£ |77|)||’7¢12(:t£ 77|)|>

dédiy 1
</]R><]Rd {1+|n1|72}a |§|2H0 1 H ‘77 ‘QH _1|’7¢l%(£ |77|)||7a4(i§ 77|)|>

4 d 3
dedy 1 1 ,
<
~H<@meww%*ﬂm%Jm@Wo’

k=1

where we have merely used Cauchy-Schwarz inequality to derive the last estimate.

Observe that we are here dealing with the same integrals as in the proof of Propo—

sition (see in particular (2 ), with « satisfying the same assumption (1
Therefore we can mimic the arguments in - to deduce the desired estl—
mate, namely: for every £ =1,...,8 and any & > 0 small enough,

AL St = sl”,

where the |t — s|"-increment stems from the fact that one of the aj’s must be {s, t}.

Let us turn to the integral over ®5 and lean first on a hyperspherical change of
variable (with respect to 7) to write

d
di - - 1

= as (& 1D 17as (£E 1D ] | =5m—

/g<|ﬁ|<3; {1+ [nl = [[[2}2e 7 " EImI”’Z '
i O

= |n\’2<H1+”'+H”’)+2d/ - Yas (& NADYas (£ D] | T3

s<pp<g {1+ P =723 ! 1;[1 L/ e

dr ~ ~

< —2(H1+--+Ha)+2d 4 )
~ |77‘ /;<T<g {1+|n|2(1_r)2}2a|70«3(§7 |77|7”)||7a4( 67 |77|7”)|
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As a consequence,

dédndédi |
Ae = o < a1 \Sy as +¢, >
2 /202 {1 + HT}| . |77H2}2a |€|2H0—1 g |77i|2Hi_1 h/ (5 |77D||7 ( g |77D|

1 1 X i
(g 1L s bl 19 )

dn 1 dr
S /]Rd |2+ Ha)-2d 11;[1 ;i [PH—1 /%<T<g {1+n)2(1 77")2}2&'
[Yar (€5 1D Van (€, [91) ) ( [Naa (€ 1117 1as (€, |77|7“)>
d
R K

< [ s L s |
~ R |77|2(H1+"'+Hd)—2d Pl |"71,|2HL71 l<r<§ {1 + |77|2(1 — /Ia) }2a

va1<s,n|>|2>5,( s (&, |n|> ( s (&, Il >|>,< ~|M<é,|nr>|2)é
(foae Pttt ) (Loaetrgmates) - ( [aeDegintt) - (e s

Using again a hyperspherical change of variable (with respect to 7), we obtain

AL < o dp dr
~ p4(H1+.4.+Hd,)74d+1 1ores (L 21— )2}

%lgp> ( Nas (€, )] )( m&m‘l) ( meprv)
(/ % T epra / % epr-1 / arT / S

We can now appeal to Corollary 2.5 together with the fact that one of the ay’s is
{s,t}, to assert that

1
dp
14 K
Ay S|t = [/0 pAH -+ Ha)—4d+1

=

=

+/°O dp / dr
| pACHoFH +-FHy)—4d—3-8:—8x 1ores {1+ p2(1—1r)2p2e

for all 0 < e < § and 0 < k < min(Hp, 3 — €).
At this point, observe that

/°° dp / dr
| pACHo+Hi+—+H.)—4d—3-8:—8r 1ores {1+ 21— )220

e dp dr
2.26 < _
(2.26) —/1 phaFa(2Ho+Hi++Ha)—4d—3—8—8r /§<r<§ (1—r)ta

Thanks to our assumption (2.20) on «, we know on the one hand that 4o < 1, and
on the other hand we can pick ¢, x > 0 such that

do+4(2Ho+Hy+ -+ Hy) —4d —3—8 — 8k > 1.

For such a choice of ¢, k, the integrals in the right-hand side of (2.26)) are clearly
finite, and therefore we have shown that for every £ =1,...,8,

AL S -5
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Going back to (2.25)), we have thus proved that for every ¢ = 1,...,8, and
uniformly over m,

jvl;L;s,t ,S |t - S|K
Injecting the above estimates into (2.23)) provides us with the desired bound (2.21)).

Step 2: Conclusion. Let « satisfying the condition in the statement of Proposi-
tion that isa >d+1— (2H0 + Z?Zl HZ-).

If in addition one has a < %7 then condition is satisfied, and so the
moment estimate holds true. Starting from this estimate, we can use the
same arguments as in Step 2 of Section to obtain that (x?a2,),>1 converges
almost surely in the space C([0, T]; W—2%P(R9)), for every 2 < p < oc.

Ifa> i, observe that due to assumption , we can pick o satisfying o/ < «
and d + 1 — (2H + Z?:l H;) < o/ < % (that is, o satisfies (2.20)). By re-
peating the above arguments, we deduce that the sequence (x?22,,),>1 converges
almost surely in C([0, T]; W~2¢"»(R%)), and therefore it converges almost surely in
C([0, T); W—22P(R%)) as well, for 2 < p < oo.

Finally, the (a.s.) convergence in C([0,T]; W~2%>(R%)) can be easily derived

from the Sobolev embedding W_2a+%+"’p(Rd) C W2%(R9), for any > 0,
which completes the proof of Proposition

2.4. Proof of Proposition Fix d > 1 and (Hy,...,Hy) € (0,1)%*! such that

d
3
d+ <2H0+;Hi <d+1.
i—
Using ([2.6)), the quantity under consideration can be written as
d

dn;
— 7 (& [n))[?
Ho— 1/77<2n1_[77 2Hi—1

o [ s ,
- R T(H1+-~+Hd)f2d+1 Iﬂgnwm(fﬂ’)l,

for some constant Cp, and where the last identity is derived from a hyperspherical
change of variables. The above formula shows in particular that o,, does not depend
on z, as stated in Proposition Regarding the desired estimate , it is now
a consequence of the following technical result (applied with « := 2H, € (0,2) and

ki=d+1—[2Hy+ ", Hi] > 0):

ont,z) = Eljt.(t2)] = C%I/|5|<4"

Proposition 2.8. For all a € (0,2) and k > 0 verifying a + x > 1, one has

N d¢ (e )P ™ gt it k>0
o r2e2ndd fo o Jeert TSN B mln(@) ot if k=0

Proof. Tt is easy to check that

1 — cos(t(€ —1?))
i

|7t(£7 T)|2 =2
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which allows us to write the integral under consideration as

2 dr d¢ e d¢ 1 —cos(t(&—r))
/0 F—2a—2r+3 /|£|<4n £Jo- et (6 r)? _/0 —a—r+t2 /|£|§4n glo-1 (€ —r)2

e [ dr dé 1 —cos(4™t(€ — 1))
=1 /0 rooaT Rt /§<1 (3 (§—1)?
4

An(E =
(2.27) _t.4nn/01 dr / dg Slnn((;t( —r))_

rreTr R Jig < €0t r)?

First case: k > 0.

Let us set @( ) = 3“;2% for every z € R. This function is positive, even and
satisfies fR x)dx = 1, so that the sequence
e 4t
B, (x) c1>( z)
(x) == —-2(

defines an approximation of the identity. Let us now rewrite the quantity in (2.27)

as
p4re /1 dr / ¢ sin’(UF (€ - 1))
0

PO Jlg< et A€ - )2

_ nkKk ! dr dé‘ o _ nKk
= mt4 /0 r—a—fs+2/6<1 €[ T Pn(§ — 1) = 7t /Rh(r)(q)n*g)(r)dr

where we have set

h(r) == 1[0,1](7“)M%+Q and  g(§) = 1;_1,11(§)

L
Gl

Due to our assumptions on k,« (i.e., K > 0, @ € (0,2) and a + k > 1), we can
exhibit a pair of conjugate exponents p,p’ > 1 such that

g€ LP(R) and he L” (R).
Indeed, it is easy to check that any p such that

1
max(0,a—1) < — <min(l,a +x — 1)
b

meets the above requirements. Let us fix such a pair (p,p’), and now write

| [ ne)@ s g)wyar = [ natiar] = | [ h<r>[<¢>n*g><r>—g<r>]dr\
< (/|h(r)|1”dr /\ (@ % 9)(r) — ()P )’

which tends to 0 as n tends to infinity. Since [ h(r)g(r)dr = L, we obtain the
desired conclusion

on
dr Tt

- ~ ogrR
/0 r2om2nts /§<4n 35 a1 & )‘ P R

Second case: k = 0.
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Note first that, due to our assumptions, one has here 1 < a < 2. Besides, let us

recall (see (2.27))) that
(2.28)

2 dr d¢ Lodr ¢ sin?(LE(E—r)
I e A el

Consider the function f defined for all 7' > 0 by

- Lodr d¢ sin®(T(&—1))
) ._/0 roet? /gg gt (=12

One has of course

, B Ldr d¢ 2sin(T(§ —1))cos(T(§ — 1))
ro = [ /ﬂq o €1
_ /1dr/ de  sin(2T(€ — 7))
o T2 Jig<a 6147 (E—7)

and

" Y odr d¢

2/ p— / o {cos(2T (£ + 1))+ cos(2T (£ — 1))}

_ cos(27Tr) cos(2T¢) 2 2r cos(r) 2T
= ([ ) () = 2 () ) ([

At this point, let us recall the following standard Fourier transform: for 5 € (0,1)
and & # 0,

E €17 ’

e—izé  2sin ( )I‘(l - B)
/ dx
which immediately yields

/000 dx C?;(Z) = sin (?)F(l -B),

and therefore
£(T) ~ %sin (5@ =) sin(5a-1)ra-1)re-a).

Using Euler’s reflection formula
0

MATO =) = i (BeO.1),

the above quantity reduces to
LT LT
sin (5(2 — a)) sin (E(a — 1))F(a -T2 - a)

sin (g(2 - a)) sin (g(a - 1)) o sin (%(2 - a)) sin ( o
sin(m(a — 1)) 24 (l(a - 1)) cos (g(a - 1)) -2’

SE
—~
Q
|
—_
S~—
~——

=T
2

and so
T

f(T)

~ —_— .
T—oo 1’

cos(§)
et

).
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We can finally use a standard comparison argument (see Lemma below) to
successively assert that f'(T") e 7w In(7T) and
— 00

FT) ~ w(TW(T)=T) ~ =T(T).

Going back to (2.28), we get the desired conclusion, namely

-
dr d¢
/0 20t /|e|<4n et &P 5 winln(4).
[l

Lemma 2.9. Fix a € R and let g : [a,+00[— R, h : [a,+00[— (0,00), be two
continuous functions. If g(t) N h(t) and f;oo h(t)dt = oo, then
o)

/aTg(t)dt ~ /aT h(t)dt

2.5. Global definition of the linear solution.

At first reading, the result of Proposition [I.2] only provides us with a local defi-
nition of the process 7. In other words, what is actually given by the statement is
the set of the limit elements {x7, x € C>*(R%)}. For the sake of rigor, let us say
a few words about how those elements can be glued together into a single process
{, which we can then inject into the transformation v := u — ¢ of Definition or
Definition

To this end, fix p > 2 and « satisfying (L.11)). Let us denote by P the set of
sequences 0 = (0 )>1 such that for each k > 1, oy, R¢ — R is a smooth function

satisfying
@)=4 1 if ||z| <k,
TRET= 0 if |z > k+1.
Given such a sequence o, and for each fixed k > 1, let us denote by ?(U’“) the
limit of the sequence (047, )n>1 in the space C([0,T]; W~*P(R%)), as provided by
Proposition We know in particular that ?(a’“) is defined on a probability space

Q%) of full measure 1. Let us set Q) := ﬂkle("k), and note that this space is
still of measure 1.

For every fixed time ¢ € [0, 7], we now define the random distribution
29 (1) : Q@) - DR

as follows: for every test function ¢ : R? — R such that supp(y) C B(0,k) (for
some k > 1),

71, 0) = (1), ) -

Proposition 2.10. (i) The above distribution 27) is well defined, i.e. for all
1 < k </ and for every test function ¢ : R? — R with supp(yp) C B(0,k) C
B(0,¢), one has

@), 0) = €7 (1), 0) on Q).
(i) For any test function y : R — R, one has, on Q(?),

Xt = -9 i e([o, T); WmeP(RY)).
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(7it) If o,y € P, it holds that
27 =9 on Q@ oM.

Due to the latter identification property, we simply set T := ?(U), for some fixed
element o € P.

Proof. (i) We first show that for 1 <k </¢
(2.29) P = 0427 on QW) N,

By Proposition the sequence 01,043, = 013, converges almost surely to glow)
in the space C([0, T]; W~*P(R%)), on Q). But by continuity of the product in
C([0, T); W—*P(R%)) by the test function oy, we also have that o0,7, converges
almost surely to 027" in C([0, T); W=>P(R%)) on Q) and we deduce by
uniqueness of the limit. Therefore by ([2.29)), for all ¢ € [0, 7] and ¢ € C°(R?) such
that supp(y) C B(0, k)

@7 (0),0) = (@27 (), ) = (€7 (0), on0) = €7 (), ) on Q.

(ii) Let x € C°(R?), then there exists & > 1 such that supp(x) C B(0,k).
According to Proposition XTI = X0k, converges almost surely to X?(U") in
C([0,T); W=>P(R%)) on Q). But 37 = 2 on Q). Indeed, for all ¢ €
0,7, if ¢ € C*(RY),

(70,00 = 17 (1) x0) = @7 (0. x0) = (68 (0), 9,
where we have used that supp(x¢) C B(0, k) to derive the second equality.
(4ii) For all t € [0, T] and ¢ € C°(R?) such that supp(¢) C B(0, k), we have
(Or2n (1), ) = (Or1Tn (), ) = (T (1), o) = (WTn(t), @),
then by taking the limit n — 400, we get (?(U’“)(t),@ = <‘f(’”")(t),gp> on Q%) N
Q%) hence the result. O

Remark 2.11. The above patching procedure could of course be applied to the
second-order process x2p2 as well, leading to a well-defined distribution-valued
function ag.

3. DETERMINISTIC ANALYSIS OF THE EQUATION UNDER CONDITION (H1))

In this section, we propose to analyze the equation in the regular situation, that
is when assumption (H1J) on the Hurst index is satisfied, and the linear solution p¢
(defined by Propositi is known to be a function of time and space. Remember
that in this case, the model is interpreted through Definition [[.4] Thus, what we
wish to solve in this section is the equation

(31) v =Si(d) / Sir (PPl ) dr — 1 / Si_r (o) - (65,)) dr

—z/ st,T((va)-(E))dr—z/ Si_r (|82 dr, teloT].
0 0

As opposed to the stochastic arguments used in the previous section, our strategy
towards a (local) solution v for (3.1)) will rely on deterministic estimates only. In
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other words, we henceforth consider p7 as a fixed (i.e., non-random) element in the
space

€= (] c(o,TEW(RY) = c([0, 7] H?(RY) N ([0, TT; W (RY),

for some appropriate 0 < § < 1 (where 8 = —a is given by Proposition [1.2)), and
try to solve the following deterministic equation: for ¥ € &g,

(3.2) v = Si(p) — z/ol S (p*|vs]?) dr — Z/OI Si—+((pv;) - W) dr

t t
[ Sl Tydr o [ S, ar.
0 0

Let us set the stage for this solving procedure by reporting on fundamental
estimates related to the two main operations in ((3.2)).

3.1. Pointwise multiplication.

Lemma 3.1 (Fractional Leibniz rule, see [42, Proposition 1.1, p. 105]). Let s > 0,
1<r<ooand 1< p,ps2,q1,q2 < oo satisfying

1 1 1 1 1
+

TR R TR

Then one has

[w- vllwer @ay S l[ullwees @alvllLes @) + lullLo @ [ollwso @a) -

3.2. Convolution with the Schrodinger group.

Naturally, we also need some control on the operation (¢, F,t) — Sip—1 fot Si—s(Fs)ds,
or otherwise stated some estimate on the solution u to the general Schrodinger
equation

(3.3) { Wu(t, ) — Au(t,z) = F(t,x), tel[0,T], xR,

u(0,z) = ¢(z).
Such a control is classically provided by the so-called Strichartz inequalities, which
will prove to be sufficient for our purpose in this functional setting.

Definition 3.2. A pair (p, ¢) is said to be Schrédinger admissible if

2 d d
(pa q) € [2’00}2’ (p7q7d) ?é (250072)7 -+ -= .
p oq 2
). Fixd > 1, s € R, and

Lemma 3.3 (Strichartz inequalities, see [4, Paragraph 2.3]
let u stand for the mild solution of equation ({3.3]).

Then for all Schrodinger admissible pairs (p, ¢) and (a, b), it holds that
(3.4) lull Lo o, 15 arayy S N9l msway + 1| o’ (0,775 7 (R2)) 5

where the notations o', b’ refer to the Holder conjugates of a, b.
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3.3. Solving the equation.
Our main result regarding equation (3.2)) can be stated as follows:

Theorem 3.4. Assume that1 < d <4 and fix 5 € (0,1). Consider the Schrédinger
admissible pair (p,q) given by the formulas
12 ed
P=a=p 9" 2a+p

and for every T > 0, define the space X?(T) as

XP(T) := ([0, T]; H(RY)) N LP([0, T; WH4(RY)).

Then for all ¢ € HP(RY) and ¥ € &g, there exists a time Ty > 0 such that
equation (3.2) admits a unique solution in X”(Tp).

This local well-posedness result will be derived from a standard fixed-point argu-
ment. To this end, we introduce the map I' defined by the right-hand side of (3.2]),
that is: for all ¥ € &3, ¢ € HA(RY), v € XP(T), T > 0 and t € [0,T], set

Irw(v), = Si(¢) — l/o Sy (p*v.|?) dr — Z/O St—r((pv;) - W) dT

t t
[ S ydr [ s ar.
0 0

Proposition 3.5. In the setting of Theorem the following bounds hold true:
there exists e > 0 such that forall 0 < T < 1, ¢ € H?(R?), (¥, ¥y) € E5 x E5 and
v,v1,v2 € XP(T),

(3.5)

1T, ()l x6(r) S H¢||Hf*(Rd)+T5[||U||§<B(T)+H‘I’1||Lgswm||U||XB(T)+||‘I’1||i;owa,q ,
and
ITr,w, (v1) = Tr,w, (v2) [ x5 (1)

STE [Ilm —vallxscmy {lvrllxe () + [v2llxe ey } + 11 — CallLeeye.allorllxe ()
(3.6)

+ ”‘I’QHLOTCWB’(I”Ul —vallxs(ry + [[¥1 — ‘IIQHL;'S’W@‘I{”‘IHHLOTOWB*I + ”‘IIZHL"TCWB’LI}} ,
where the proportional constants only depend on 8 and p.

Before we turn to the proof of this proposition, let us briefly recall that, once
endowed —, the statement of Theorem follows from a standard two-step
procedure. Namely, using (3.5), we can first establish that for any T = T'(¢, ¥) > 0
small enough, there exists a ball in X?(T) that is stable through the application
of I'rw. Then, thanks to (applied with ¥y = ¥y = W), we can show that
I'rw is actually a contraction on this ball (for T > 0 possibly even smaller), which
completes the proof of the assertion.

Note also that the continuity of I'y ¢ with respect to ¥ (an immediate conse-
quence of (3.6)) will be the key ingredient toward item (i) of Theorem [L.10]
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Proof of Proposition[3.3. Let us set, for any suitable distribution u on RI+1,

t
G(u) = —z/ St—r(ur)dr,
0
which allows to recast I'r ¢ as
Trw(v) = S(6) + G(°|v]*) + G(pv - ®) + G(pv - ¥) + G(| ).

Let us now bound each of the four above terms separately.

Bound on S(¢): Since (00, 2) and (p, q) are both Schrodinger admissible pairs, we
can apply Lemma [3.3] to assert that

(3.7) 15(D)|xe(ry S llbllere -

Bound on G(p?[v|?): By Lemma we can first assert that
1G (o[ lxoxy S P70 oy -
Let us now introduce the additional parameter n := % > 1, in such a way that

1 1 1

¢ q n’
Using the fractional Leibniz rule given by Lemma we get that for all ¢t > 0,
1[0t Mlyws.ar S lov(t, Vlwes.allpo(t, e -
It is easy to check that 8 > d(é — 1), and accordingly we can rely on the Sobolev
embedding

(3.8) WHI(R?) — L™(RY)
to derive that
1% [0, Yllwe.ar S oot s -
Consider the parameter m defined through the relation
1 2 1

p

Since 1 < d <4 and 8 € (0,1), it can actually be verified that % =1- % > 0.
Then, by Holder inequality, we have

/ p . m

L _d=8
||P2|U|2||L;’Wﬁ,ql ST ||U\|%§wzs,q <ST'E ||UH§<@(T)7
and we have thus shown that
_d=8
(3.9) IG* v xeery ST 7T llollke(r -

Bound on G(pv - ¥), G(pv - ¥): Just as above, we can first apply Lemma to
get that

1P - @)l x5(ry + 1G(ov - O)lxs () S NPT ¥l Loty
Thanks to Lemma [3.3] it holds, for all ¢ > 0,
100 ®(t, s S Moot )llwea € E )lr + 1R E ) lbwsallpo(t, )l zn
SO llweallpo(t, )lwe.a
where we have again used the Sobolev embedding (3.8)).
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Then, by Holder inequality, we deduce

_ 141

o ‘I’HLI;’_,WB,q' STetm H‘I’HL;PWMHU”L;WM
141

ST 7 || €| peopysal[oll x 1) 5

and we have thus established that

_ b 1,1
(3.10) G (pv - ‘I’)HXB(T) +[1G(pv - ‘I’)HXB(T) N T+ ||‘I’||L;°Wﬁ‘vq ||”||Xﬁ(T) .

Bound on G(|¥|?): By Lemma
IGAL ) lxo ) S MR ypa
Using Lemma and the Sobolev embedding , we get that for every ¢t > 0,
It s S 1RE e[ E e S TEE ) Sys -

Then }
|||\I’|2||L1;’Wﬁ,q/ S T?”‘I’H%%cwﬁ,q )

and finally

(3.11) G xa ) S TV 12200 -

The combination of estimates (3.7), (3.9), (3.10) and (3.11)) entails the desired
bound ({3.5).

It is then easy to see that (3.6) can be derived from similar arguments: for
instance,
1G> (jor]* = [o2l*)) | xoczy S o> (orl* = [0l o yys.ar S Moal® = T2l o -
Combining again Lemma and embedding (3.8]), we obtain, for every t > 0,

(o1 = o2 ) (& s S 01 = v2) (& Dlbwsa{l[or (& )l n + [zt )l 2n )
Fl (w1 = v2) (&, )L {llor(E, )llws.a + [lo2(t, ) lbws.a }
S v =) (8 lwea{llvi(E, llwea + vz, )llwe.al
and as a result

1
ol = o2l s S T

v1 = v2|[Lewsa{llvillewea + [[v2] Lz s}
(]

3.4. Proof of Theorem [1.10l

At this point, the statement of Theorem [I.10] (item (i)) is of course a mere
combination of the construction of p7 as an element in &z (Proposition with
the well-posedness result of Theorem In brief, it suffices to apply Theorem
(in an almost sure way) to ¥ := pf.

As for the convergence property in item (ii), it can easily be deduced from the
continuity of I'p ¢ with respect to ¥ (along ) and the almost sure convergence
of X7, to x7. Additional details about this elementary procedure can be found in
the proof of [20, Theorem 1.7].
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4. DETERMINISTIC ANALYSIS OF THE EQUATION UNDER CONDITION (H2’)

It remains us to deal with the wellposedness issue in the rough case, that is
to present the proof of Theorem [I.11] Therefore, we assume in this section that
condition on the Hurst indexes is satisfied. We recall that in this rough
situation, the equation is understood in the sense of Definition that is as

@1 v =500 =1 [ SiclplocB)dr =1 [ S () - () ar

o [ Sl(oon) - @ = [ Sy dr
0 0

where the processes p? and p?ap are defined through Proposition and Proposi-
tion

In order to handle (4.1]), we intend to follow the same deterministic approach as
in Section In other words, we will henceforth consider the pair (pf, p20v0) as a
given element in the space

(4.2) Roi= (] L=(0,T;W=*P(RY) x L=([0,T]; H**(R7)),

2<p<co

for some 0 < o < 1 (provided by Propositions and , and then try to solve
the more general deterministic equation: for (¥1, ¥2) € R,

(43) v = Si(0) —Z/O S’t_T(pQ\vT|2)dT—z/O S ((p5,) - By dr

t t
fz/ St_T((va)'\IT})dr—z/ S (®2)dr.
0 0

As we have already highlighted it in Section[I.4.2] the whole specificity of the sit-
uation (in comparison to Section [3) lies in the irregularity of ¥ and ¥2, which can
only be treated as negative-order distributions (note indeed that o > 0 in )
The technical ingredients towards a fixed-point argument need to be revised ac-
cordingly: this will be the purpose of the subsequent Sections [{.1}4.3] which lay
the ground for our main wellposedness result, namely Theorem

4.1. Pointwise multiplication and interpolation.

In view of the above considerations, our only possibility to handle the product
(pvr) - (PL) in (4.3) will be to rely on the following general multiplication property
in Sobolev spaces (see e.g. [39, Section 4.4.3] for a proof of this result):

Lemma 4.1. Fixd > 1. Let o, > 0 and 1 < p, p1,p2 < oo be such that

1 1 1
-=—+4+— and O0<a<p.
p p1 P2

If f € W=*P1(R?) and g € WHP2(R?), then f-g € W™P(R?) and

1f - gllw-er S [ fllw-erillglws.ra -

Let us also label the following classical interpolation result for further reference:
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Lemma 4.2. Fix d > 1. Let 5,571,820 € Rand 1 < p,p1,p2 < oo be such that, for
some 6 € (0,1),

1 6 1-96
s=0s1+(1—60)s, and - =—+ .
p N P2
Then for every v € W31:P1(R?) N W32:P2(R?), it holds that v € W*P(R?) and

lollwer < 0l3pero [10]139%.05 -

4.2. A local regularization property of the Schrodinger group S.

It is a well-known fact that the classical Strichartz inequalities for the Schrodinger
group (summed up in Lemma do not offer any regularization effect, as can be
seen from the constant derivative parameter s in . This phenomenon naturally
becomes a fundamental obstacle in our rough setting, where, for stability reasons,
the distribution (pv,) - (¥1) in is expected to turn into a function through
the action of S.

A possible way to reach such a regularization property is to let local Sobolev
topologies come into picture, through the consideration of the spaces H (RY) de-
fined by . Our main technical result in this direction can be stated as follows:

Lemma 4.3. Fix d > 1. Let p: R? — R be of the form (F,), 0 < a,x < % and
0 <T < 1. Assume that ¢ € H~*(R%), F € L'(]0,T]; H~*(R%)), and consider the
solution u of the following inhomogeneous Schrédinger equation on RY
{ Wu(t, r) — Au(t,z) = F(t,x), te[0,T], 2 € R?,
Ug = ¢ .
Then it holds that
(4.4) [ull 2

T

corn SOl H-a@ey + | Fll Ly o,
p
where the proportional constant only depends on p, o and k.

The above property can in fact be seen as a slight extension of the result of [8]
Theorem 3.1]. For the sake of clarity, we have postponed the proof of the lemma
to Section [B.11

4.3. A commutator estimate.

Keeping our objective in mind (that is, to settle a fixed-point argument for ),
the previous estimate clearly lacks some stability: the left-hand side is indeed
based on the consideration of a local Sobolev norm (in H,; atr) while the right-
hand side appeals to a standard Sobolev space (H~%).

Our strategy to overcome this problem will consist in using the presence of the
cut-off function p within the model (through pv), which somehow allows us to
turn global Sobolev norms into local ones. To implement this idea, an additional
commutator-type estimate will be required:

Lemma 4.4. For every s > 0 and for all test functions p, g : R¢ — R, it holds that
(4.5) I(Id = A)2(p-g) = p- (Id— D)2 ()| 2may S N9ll o1 gey »

where the proportional constant only depends on p and s.
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As a consequence, for every test function p : R* — R and for every g € H3(R?)N
H*~1(R?), it holds that

(4.6) o+ gllzs < Ngllag + gl s
and
(4.7) lglley < llp-gllas + gl

for some proportional constant depending only on p and s.

Proof. See Section O

4.4. Solving the auxiliary deterministic equation.

Let us fix (once and for all) a cut-off function p : R? — R of the form (F,)), and
forall T >0, o,k > 0, p,q > 2, define the space

(4.8) X;W’(p’q) (T) := C([0,T); H~2*(R%)) N LP([0, T]; W™2*9(R%)) ﬂL%HP—Z(x-Hi.
Besides, recall that the space R, has been introduced in (4.2)).
We are finally in a position to state (and prove) the main result of this section:

Theorem 4.5. Assume that 1 < d < 3 and that

2 ifd=1
(4.9) 0<a<i 15 ifd=2
2 fd=3.

Then one can find parameters k € [2a,1/2] and p,q > 2 such that for all ¢ €
H=22(RY) and (¥, W2) € R, there exists a time T > 0 for which equation (£.3)

admits a unique solution in the above-defined set X,?’K’(p’q) (T).

Remark 4.6. As could be checked from a review of our arguments in the below
proof, the condition on « is essentially optimal with respect to the spaces and
the tools that we have relied on. To be more specific, condition is derived from
an optimal choice of the four parameters «, &, p, ¢ in the scale of spaces , when
using Lemmas to estimate the right-hand side of .

We do not pretend that this restriction on « could not be alleviated by con-
sidering a different solution space, or using more sophisticated tools to control the
equation.

Remark 4.7. As we mentionned it in the introduction, the well-posedness of sim-
ilar (deterministic) quadratic NLS has already been studied in the literature. A
recurrent ingredient consists of sharp bilinear estimates prevailing in the so-called
Bourgain spaces (see [7, 2]). However, it seems to us that those techniques could
not be directly applied to our problem, for two reasons.

Firstly, it is not clear how the term p?|u|? could be treated through the bilinear
estimates of [7], since the Bourgain spaces X*° are not stable by multiplication
with a C2° functiorﬂ Secondly, even if we replace p with 1 in the initial problem
(1.1) (thus getting access to sharp bilinear estimates for |u|?), it is unlikely that the
stochastic terms ¢ and @2 can then be injected into Bourgain spaces, owing to the
spatial asymptotic behavior of those processes.

IWe thank Jean-Marc Delort for this remark.
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Just as in Section [3.3] the proof of Theorem [LF] is in fact a straightforward
consequence of the following estimates for the map I'r g1 w2 defined for all T > 0
and (P!, ¥2) € R, by

Prgr,w2(v) = S(¢) + G(p*|v]*) + G(pv - ¥1) + G(pv - 1) + G(T?),

where the shortcut notation G refers to the operator
t

Gu)y:=—1v | Si—r(u;)dr.
0

Proposition 4.8. Assume that 1 < d < 3 and that « satisfies condition .
Then one can find parameters £k > 0, p,q > 2 and € > 0 such that, setting
X(T) := Xgé’n’(p’Q)(T), the following bounds hold true: for all 0 < T < 1,
¢ € H22(R?), (¥1,¥2) € R, (P, W2) c R, and v,v1,v3 € X(T),

(4.10)
ITr,w1 w2 (0)llx () < 9llg-20+T° HUH?X(T)"_H‘I’%||L;°W*Q’TH’UHX(T)'FHlI’?”L;"H*?Q} )
and

IT7w1 w2(v1) — T wr w2 (v2) | x(1)

S T [||U1 — vellxey{llorllx @y + llvallx e} + 197 = ©3 | ooy o1l x (1)
(4.11)
123 e o = vallxry + 195 = s 2a

where r depends on « and x and the proportional constants depend only on p and
Q.

The choice of the three parameters «, p, ¢ in the above proposition highly depends
on the space dimension d € {1,2,3}. For the sake of clarity, let us consider each
value of d in a distinct subsection.

4.4.1. Proof of Proposition[{.8 when d = 1.

In this situation, we pick k such that 3o < k < inf(%, 2—2a) and (p, q) == (o0, 2),
so that the space under consideration reduces to

X(T) = C([0, T); H-2%(R)) N Lj H; 2+
Also, we set § := 22 € (0, 2).

We now bound each term in the expression of I'r g1 w2 separately. In the sequel
we assume that 0 < T < 1.

Bound on S(¢): As S is a unitary operator on H~2%(R), one has
1S gemr-20 = [|B]| -2 -
Besides, since a < i and k < %, we can apply Lemma to assert that
1S 1 S ol -2e

% r—2a+k
LXH,
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and we have thus shown that
1Sl x 1) S Nl 20

Bound on G(p?|v|?): Since x > 0, and since p is smooth and compactly-supported,
one has

19?0 xcry = 1G(P* [0l -2 + 1G G701 2

S NG [0l rr-20 + [1G (0 0] )H

H 2a+k

L'”H 2atr
S NGO 101l Lge pr-2ar -

From here we can apply Strichartz inequality (Lemma to assert that

(4.12) 1G ([0 xry S o° o]l 4

By Lemma [3.1] one has, for every fixed ¢ > 0,
%[0 (t, ) lw—2atea S [lpv(ts )| m-2asx | po(t, )| 22
and then, by Lemma
lpo(t, Mz < llpvlt, M -zasellpv(t, N e s
which entails, for every fixed ¢t > 0,
10?2t )llw-—2ase1 S llpo(t,

0
Y (IO ey TR e 3 D]

where we have used Lemma [4.4] to derive the second inequality.

st 2a4r,1

9
][ I (A

As a result,

g 20,12 3
|l
0
i 1 4(1+0) g
N HU”X(T) o di [lv(t, ')HH—ZQM + T”U”X(T)

(1+0)x
i 3 8
§T1§(1+9)“IIU||§<((1T)9)</ dt ||v(t, H—MK) + Tl X ()

S T30y E

and thus, going back to (4.12)), we have shown the desired estimate, that is
S (k
G010 Lx ry S T 52 0] %y -

Bound on G(pv - ¥1), G(pv - ¥1): Since a < 7 and k < 3, we can appeal to
Lemma [£.3] to assert that
H—2a+n + ||g(p’U ' ‘IJ%)HL%

I wH)|
T T
(4.13) S TIe 2

Let s > a and 2 < r,p < oo be such that 1/2 = 1/r + 1/p, then by Lemma [4.1] for
every t > 0

(4.14) 17 - @) (E iz S 1T lw-or o0t ) wes -

H et S lpv- W%”L;H*Za
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Next, observe that if

1 1, d d
—20¢+/§—5:d(§—5)=; = 3=—2a—|—n—;,

we have the Sobolev embedding H ~2%+#(R9) — W*P(R%). Therefore, since —2a+
k>, if r > 2 is large enough, s = —2a + Kk — % > «, and from (4.14) we deduce

1(pv - Tt ) - S ELE ) w-ar

By applying Lemma [£.4] we obtain that for every ¢ > 0,

p’U(t7 ) ||H72a+n .

lpo(t, Ma-20s S () 20t + 0 )20,
and so we deduce
+ T |[v]| g r—2a}

oo @y e + oo Ty e S 1@ gwee AT 5ol 1,
T e

STV [zeew—arr [Vl x(T)

which, going back to (4.13]), leads us to
(4.15)

IG(pv - @D, +1G(pv - T

~

—ectx ST @ oow—eor 0]l x () -

1 1
W ® 20tk
T Hp Lz H,

On the other hand, by applying Lemma [3.3] we get

1G (0 - ¥ )| Lo rr 20 + G (p0 - ©F) | e rr 20 S |07 ®T || L1 gr—20 S 1077 || L1 o -

We are thus in the same position as in (4.13)), and we can repeat the above argu-
ments to obtain

1G (o0 - ¥l r-2e +1G(p0 - Ol b2 S T €T [ goy-ar ol x 1) -
Combining this bound with (4.15)), we can conclude that

160 - @)l x (1) + G (v - D)l x(r) S T (@ oo 0]l x (1) -

Bound on G(¥?): First, according to Lemma we know that
IG(®?)

||L%H—2a+n SJ ||‘II%||L;H*2& ,S T H‘I’%HLEA’F"H*ZQ A
T **p

Then, by applying Lemma [3.3] we obtain that
IGOE) g0 S 192 sar2e S TUCE e
and we have thus shown that
G I x(ry ST 12 E| e 112 -

Combining the above estimates provides us with (4.10)). It is then easy to see
that (4.11) can be derived from similar arguments.
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4.4.2. Proof of Proposition[{.§ when d = 2.
In this situation, we pick k such that 3a < Kk < % —2a and (p,q) := (4,4), so
that the space under consideration becomes
X(T) = C([0, T); H22(R2)) 0 LA([0, T); W24(R2)) O L H; 20+

Note in particular that the so—deﬁned pair (p,q) is Schrodinger admissible. Also, as
in the previous section, we set 6 :== =& € (0, 3), and we only focus on the derivation
of (4.10]) (estimate (4.11]) could be obtained along the same arguments).

Bound on S(¢): The arguments are exactly the same as for d = 1 (see Sec-

tion 4.4.1)), and yield
1S@)lx(ry < 19llm-2-

Bound on G(p?|v|?): Since x > 0, and since p is smooth and compactly-supported,
one has

GG 10 x(x) = 19G% [0 g rr-20 + 1G(°[OI) [Lgw-205 + NGO PP 1 s
;

T
S NG 1) agp s + G0 w2 + GG L
T

S NG [0l e r-2asn + G (0?0l Lo w—2atma
and from here we can apply Strichartz inequality (Lemma to assert that

(4.16) IG(o* [0y S 0% [0 1]y -2,
where we define the (Schrodinger admissible) pair (r, s) along the formula
4 4

(rs) = (g 729
By Lemma [3.1] one has, for every fixed ¢ > 0,

1?01 (E Vlyw-2esmer S lpv(ts Yr-2osellpo(t, I 4, -

Besides, by using Lemma [{.2] one can check that
loo(t, Il 11y < Nlpv(t, Mg-zocellpv(t, sy Laas
Therefore, for every fixed t > 0,
P[0t Mlyy-zatmsr S N0 s lloo(Es ) 133 e
S ||U(t7')‘|}{§92a+»i”v( My Zeas + 0t M a0 )y Laes
where we have used Lemma [4.4] to derive the second inequality.
Then, taking A := 3;29 > 1, we get

T
2 2
/0 0t 02 02 (t, YT s
;

T 1 T
14+6)r’' A 1—0)r' A\ (146 1—8
s(/ dt o, >||;,LQ+K) (/ at ot )| >) ol +>/0 ey

With our choices of parameters (remember that x < s —2a and 0 = —) one has
in fact

1
1+0)r'x=2(1+6)<— and (1-6)r'N =4,
K



A NONLINEAR SCHRODINGER EQUATION WITH FRACTIONAL NOISE 43

so that the above inequality yields

T
2 2
/0 dt | 0?02, HW .

1-2k(146) 1 (1+0)r'x 4
ST dt||'U( I ol gy + T2
S ; iy ()

1 2~ vy (140)r + —
10l x 7y + T ol

r’ (146) 7‘(1 9)
el sl

It is now easy to check that this estimate can be rephrased as
10° 1017 | oy zemer S AT+ T2 03 »
with & := 1(1 — 2k — 4a).
Going back to , we can conclude that
1o w1 | x¢ry ST+ T2 ol )

Bound on G(p7- 1), G(pv- ®L): Using the same arguments as for d = 1, we can
show first that
GG @H) 2 .+ G0 T
p

T

Slov - Tl o

L%-H,)_Q(H'H'
and then

| p - ‘I’%HLITHw + [|pv - ‘I’%HLITHw S T17K||‘I’}||L;°wa||UHX(T)
On the other hand, we can use Lemma [3.3] to assert that
(IG(pv - ¥l e 20 + G (pv - ¥F)| L5 pr-20) + (1G(pT - )| Lo w200 + [G(pv - B 1 yy-2004)
S v -t g2 S o0 O o -
Combining the above estimates easily provides us with the desired bound

||g(P7' ‘I’%)HX(T) + HQ(PU 'ﬂ)”X(T) N Tl_KH\I’%||L§9W*"‘”"||U||X(T)

Bound on G(¥%): The arguments are exactly the same as for d = 1 (see Sec-

tion [4.4.1)), and lead us to
IG(ED) I x(r) ST NRF|| o0 20 -

4.4.3. Proof of Proposition[{.§ when d = 3.
In this situation, we pick k := 4« and (p,q) := (2,6), so that one has

X(T) = ([0, T]; H™*(R%)) N L*([0, T; W4 (R%)) N Lin_Qa“ :
Observe here again that (p,q) = (2,6) defines a Schriodinger admissible pair.

Bound on S(¢): We can repeat the arguments used for d = 1,2 to assert that

1S(D)lx (1) S 1@l 20 ()
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Bound on G(p?|v|?): Let us first write, just as for d = 2,
19?0 1 x () = 1G(0* [0l gs -2 + 197 [0} | 3w -200 + 1G (70

;H;Za{»n
S NG 0P| mr-2asn + 1G(P? (V]| L2 w—20tm0
and then apply Strichartz inequality (Lemma to obtain
(4.17) G [P)xccry S 1101 s -2t -
T
By Lemma [3.1] one has, for every fixed ¢ > 0,
P[0t ]y —2asn e S lo0(E =200 02, )l 22 -
Besides, by using Lemma [{.2] one can check that
1 1
lov(t, Mizs < llpo(t, Il f—zasn loo(E; ) y—2006 -
Therefore, for every fixed ¢ > 0,

3 1
P[0 (8, )y -2arwg S N0V I Fr-2atn |00(E, 5y -200s
1

3 1 3 1
S I fy—2are [0 Dgy-2a6 + 00 ) -2a [0 )llyy—20.6 5
HP

where we have used Lemma [£.4] to derive the second inequality.
This entails

T
2 2 2
| IR, g

T 3 T 5 T
2
([ @ttt ) ([ deloe s ) Wllry [ at oy
AT £ T30 ey

which can obviously be recast as

< pi(1-24a

10 10P ] s -2 Mol ) -

5

Going back to (4.17)), we can conclude that

1(1-24a
IG(P*[)lx(ry S T4 0% ) -

Bound on G(p7 - ®1), G(pv - ®1): Using the same arguments as for d = 2 (note
indeed that —2a + k = 2a > «), we get that

16w - D) x(r) + 1G(pv - T Ix (1) S T ¥ | Lo yy—oor

U||X(T) .

Bound on G(¥?): Here again, the arguments are exactly the same as for d = 1,2
and entail

IG(®D)Ix(r) ST 12T Lgp 20 -

4.5. Proof of Theorem [1.11l

With the statements of Proposition [I.6] and Theorem in hand, we are of
course in the same position as in Section [3-4] and so the desired properties follow
again from an elementary combination of these results.



A NONLINEAR SCHRODINGER EQUATION WITH FRACTIONAL NOISE 45

5. APPENDIX

We gather here the proofs of two technical lemmas that have been used in the
analysis of the rough case, namely Lemma and Lemma

5.1. Proof of Lemma [4.3l

The argument is based on an interpolation procedure, combined with the follow-
ing result:

Proposition 5.1 (Constantin-Saut [§]). Fix d > 1. Let p : RY? — R be of
the form , 0 < a < % and 0 < T < 1. Assume that ¢ € H‘”‘(Rd),
F € LY([0,T); H-*(R%)), and consider the solution u of the following inhomo-
geneous Schrédinger equation on R?

{ 10pu(t, v) — Au(t,x) = F(t,r), te€l0,T],z € R,
Upg = d)

Then it holds that

(1) Il oot S N0l + Pl

where the proportional constant only depends on p and «.

Proof of Lemma[].3 For every fixed ¢t € [0,7], we can use the commutator esti-
mate (4.6)) and the fact that k < 1 to write

(5.2) ut, M gyoes S Noult, M m-etn + [[ut, )| g-o
Then, by a standard interpolation argument (see Lemma , we get that

lpu(t, lm-ase S lpult, M= lloult, 2.y

Sl Dt Py + ks

P
where we have used (4.6)) to derive the second inequality.
By injecting the latter bound into ([5.2)), we deduce that

Sl -allull®y sy + lullige

TP

C—
Using estimates (3.4) to bound ||u||L%oH_a, and then estimate (5.1)) to bound
HUHLZ;H;‘“%’ we get the desired inequality (4.4]). O

5.2. Proof of Lemma [4.4]

In order to establish this commutator estimate, we can essentially follow the
arguments of Kato and Ponce in their proof of [32] Lemma X1]. However, in the
specific case where p is a test function (which is the situation we would like to handle
here), the bound is clearly sharper than the general estimate in [32] Lemma
X1]. For this reason, let us briefly review the main modifications leading to .
The bound also follows from the theory of pseudo-differential operators (see
e.g. [1]) but the proof below only relies on the classical estimate by Coifman and
Meyer ([6]).
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Proposition 5.2. Fix d > 1 and consider a function o € C*®((R¢ x R%)\(0,0);R)
satisfying

(5.3) 00,0 (&, m)| < Cap(€] + Inl) 1= 17

for all (&,7) # (0,0) and «, 8 € N%. Let us denote by B(c) the bilinear operator
defined for all test functions ¢, : R* — R as

B 0)w) = [ deane o6 ) Fol©) Fitn).
Then it holds that
1 B(a) (w0, V)l L2ray S Nl Loe ey 1Yl 2 ey 5

where the proportional constant only depends on the coefficients (Cq. g)q, gend

in .

Proof of Lemma[{.4l The quantity under consideration can be written as
1(0d = A)2(p-g) — p- (Id = A) 2 (g)l|72 gy

—c / e / dn [{1+ €7} — {1+ [P} ) F (e — m)Faln)
Rd Rd

2

Let us introduce a smooth function ® : R — [0, 1] with support in [ — %, %} such
that ® =1 on [ — 1,1]. Then bound the above integral as
2
L] [ a1 =+ Py e ol — niFan)| S T+
where
2
— d —® |£_77| 1 215 _ 1 215 b —nF
Jh = 3 y dn (1 — @) i {1+ 1€l — {1+ [nl*} 2] Fp(& —n)Fg(n)
and

_ = ; : 2
o= [ ae| [ ana (M) [0 162YE - 004 0Py Foe - o)

Bound on J;. Using Cauchy-Schwarz inequality, we get first
(5.4)

218 oy 8
2571 d dédn |(1—-® €= nl\2 _ 2|{1+‘§| 12— {1+l }2‘
T < llgllm (Rd) (/Rdx]Rd 3 7]|( )( ] )‘ ‘}"p(§ n)| TR

In order to show that the latter integral is indeed finite, observe that if (1—®)(|¢ —

nl/Inl) # 0, then |£ — n| > L|n|, and so ¢ —n| > L|¢|. Therefore, as p is smooth
and compactly-supported, one has, for all A\, 8 > 0,

(1) (I£ 77')” | < o1+ EPY ML+ P},

and the finiteness of the integral in ([5.4) immediately follows.

Bound on J;. By Fourier isometry, we can write this quantity as Jo = ¢ ||F||%2(Rd),
with

Py [ dednetsa(EN[+ e aP)E (14 PY ) Fo Falo).

\
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Then

(|I£I|>[{1+|5+n| ¥ = {1+ [} 2] Fp()Fg(n)

—a(Ely ey [(1+ S g 700

(||£||){1+| [} [( <§1’iJ|rnT;7>);—1}%(5)?((&1-@31

At this point, observe that if@(%) # 0, then [¢] < 1|n|, and so [(£, £+2n)| < &|nl>.

Therefore, we can rely on the pointwise expansion

(1) | (1+ £ 20Y ] = S () ety -re oo

k>1

9)(n).

where ay(s) := w

Since s > 0 and p, g are assumed to be test functions, one has

/ dgdn 3 |o(s)® (|£|){1 + InPHE R € 2 Fpl€) F (14 - 8)F g)(n)|

k>1

9)(n)] < oo,

(Z|ak )/ dédn {1+ |n*}#[Fp(&)||F((1d — A) =
k>1 4xR?
and accordingly we can write

F(z) = Zak(s)/

k>1 R4 x R4

deane =<0 (E1) (14 e € 4+ 20) FRO.F (10 - ) F g) ()

d

Using the notation of Proposition and the fact that &Fp(§) = 1F (9s,p)(€), the
latter identity can be rephrased as

_Zzak Z Uk;i)(ampv (Id_A)%lg) ’

k>1 i=1

k>1

with

€] _
k(&) = () {1+ WP €+ 24 (6 2m)

It is not hard to check that for all k > 1 and 1 < ¢ < d, the function oy, ; satisfies
condition (5.3) with coefficients (C,3)q genae independent of k and 4. Consequently,
we are in a position to apply Proposition and conclude that

1Fl L2 rey S Z |ak(s)
k>1

@) gl mre-1 ey S Mgl ge—1(ray -

=S @Y [ deanees e () s Ry e 2 6+ 20 [ (@] F (10 - )F
i R4 xR2

9)().
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