ON ILL-POSEDNESS OF NONLINEAR STOCHASTIC WAVE EQUATIONS
DRIVEN BY ROUGH NOISE

Aurélien Deya'

Abstract. We highlight a fundamental ill-posedness issue for nonlinear stochastic wave equations driven
by a fractional noise. Namely, if the noise becomes too rough (i.e., the sum of its Hurst indexes becomes
too small), then there is essentially no hope to provide a systematic interpretation of the model, whether
directly or through a Wick-type renormalization procedure. This phenomenon can be compared with the
situation of a general SDE driven by a two-dimensional fractional noise of index H < i.

Our results clarify and extend previous similar properties exhibited in [3] or in [15].
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1. INTRODUCTION

The present study is devoted to the investigations of ill-posedness issues related to the stochastic
nonlinear wave model:

{6t2u= Au+ f(u)+o(uw)B, te[0,T], zeR:, d>1 1)

up = (Ogu)o =0,

for smooth maps f,0 : R — R, and where B stands for a space-time fractional noise (which includes the
case of space-time white noise). Roughly speaking, we intend to exhibit some breakup phenomenon with
respect to the regularity of B , by showing that below a specific threshold, no general interpretation of
the model, valid for all smooth (f, o), can be expected - whether in the classical, It or Wick-type sense.

Such a sudden failure in the analysis - with a noise becoming “too rough” - is a well-identified phe-
nomenon for standard stochastic differential systems, i.e. when dealing with the one-parameter model

{dYt —o(Y,)B,, te[0,T],

Yy =0, (2)

where 0 : R —» L(R™,R) is a smooth map and B = dB stands for a m-dimensional fractional noise of
Hurst index H € (0,1) (see Definition 2.1 for a general presentation of fractional noises). Indeed, it has
long been established that for m > 2, a robust interpretation and analysis of (2) is possible as long as
H > i, while no fully satisfying general interpretation is available when H < %. The theory of rough
paths ([5, 6, 13]) offers a very clear insight on such a behaviour. In brief, the theory somehow allows us
to reduce the analysis of (2) to the study of a finite-order development of the equation, that is one can

morally focalize on the approximation

m t t s
Y= Zf oY) BY = oi(o)f BO+ Y a;(O)aj(mf J BB W)
i=1+0 i=1,...,m 0 ij=1,...m 0 J0
where the (finite) order of the expansion depends on the regularity of B. In particular, rough paths
theory emphasizes the central role of the iterative integrals (Sg B, S(t) 5o BYBY ) in the dynamics:
the possibility to construct these objects becomes a necessary and sufficient condition in order to interpret
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and solve the equation for all smooth vector fields o. Keeping these principles in mind, the breakup
phenomenon for the standard equation (2) can be precisely expressed as follows.

Proposition 1.1. Let B = (B(l), B(z)) be a two-dimensional fractional noise on R, with index H € (0,1).
Consider a smooth and compactly-supported function p : R — R such that SR p =1, and for everyn = 0,
set pn(x) = anplanz) with a, = 27" Finally, denote by BO™ the mollification of BD through py, i.e.
In this setting, the following picture holds true:

(1) If H € (i,l), then for all 1 < 4,7 < 2, the sequence of processes (t — Sé ds SS dr B gl
converges almost surely in the space C([0, T];R) of continuous functions.

(i) If0 < H < %, then almost surely, the sequence of processes (t — Sé ds SS dr B,(al)n ng)’n)n>0 fails to
converge in the space D'(Ry) of time distributions.

)nZO

The above general behaviour of the noise family (BH) He(0,1) has been first highlighted by Coutin
and Qian in their work [1, Theorem 2]. This being said, we are not aware of any previous “explosion”
statement as general as the one in item (i), and for this reason we have included the proof of Proposition
1.1 in Appendix A (the latter can also be seen as an introduction to the more sophisticated computations
in the wave setting).

As lon i
natural interpretation of the so-called Lévy-area term So S; B, ® B, which in turn can be injected into
the rough paths machinery, opening the way for a full treatment of equation (2). On the other hand,
as soon as H < i, the situation regarding this Lévy-area term (and subsequently the equation itself)
becomes totally out of control: according to item (i%), not only does t — Sé Sg BE”’"BS)*” fail to converge
in the space of continuous functions, but it also explodes as a general distribution of time, ruling out any

potential interpretation of (2) (at least for non-trivial o).

The statement of Proposition 1.1 thus reads as follows. As long as H > =, one is able to provide a

With Proposition 1.1 in mind, our objective in the sequel is now easy to state. Namely, we would
like to exhibit a similar drastic change of regime for the more sophisticated SPDE dynamics (1), as
the regularity of the noise B decreases. In order to - heuristically - find out the exact counterpart of
Proposition 1.1 in the wave setting, let us follow a similar approach as with the standard model (2) and
try to expand equation (1), starting from its mild formulation

t

u(ta JJ) = J gtfs(-r - y)f(u(sa y)) dyds + J gtfs(x - y)a(u(s, y))B(d57 dy) . (5)

0 JRd 0 JRd

Throughout the paper, the notation G will refer to the fundamental solution of the wave equation on R?,
characterized by its spatial Fourier transform

Fu(Ge)(n) := JRd dze™ &Gy (z) = Sm|(;||n|) , t=0, neR% (6)

Setting additionally G; := 0 and B, :=0fort < 0, equation (5) can be more concisely rephrased as
u=gs= (a(u)B) + G = (1R+f(u)),

where the notation # stands for the convolution in R?*!. To expand this equation, we shall naturally
rely on a (local) Taylor expansion of f and o around the initial condition, i.e. zero. In other words, let
us develop f(u) and o(u) as

f"0) 5

fluw) = f(0) + f'(0)u+ U o(u) ~ a(0) + ...,

which yields first

u=0(0)(G+B)+ f(O)g + 1(0) (G * [1r,u]) + @(g x [, u?]) | + ..,
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and by iterating the procedure, we formally get

" . 2
! 2(0)0(0)2(g #[1g, (G + B)?]) + f(O)% +.. (7)

To some extent, this local approximation of u can be compared with the expansion in (3), and accord-
ingly we are led to the following comparison between the fundamental elements in each formula, classified
along their orders:

L&«—»(Q*B,g*[lM(g*B)])=:(?,?) , Lfa@&(_)g*[m(g*gf]:;%ﬁ. ()

u=0(0) (G *B) + f(0)a(0) (G *[1e, (G * B)]) +

The above symbols ¢, ?, Of) will be used throughout the paper for a better identification of these central
processes, and in the same vein, we will denote Qe := (g e B)2 (this graphical convention is derived from
the one used in the theory of regularity structures [9]). A particular common feature of the five random
objects in (8) is that their definitions do not depend on the (potential) solution w, and therefore these
objects can be studied independently.

Now remember that we are investigating the question of a systematic interpretation of (1), which
would hold for all smooth (f,o) (along the pattern provided by rough paths theory). In particular, such
a general interpretation should of course encompass situations where o(0) # 0, f/(0) # 0 and f”(0) # 0.

In light of (7), and still keeping the rough paths procedure in mind (see again Proposition 1.1), a
natural question is thus to determine whether the above elements (7, ?, Of)) do exist, in a space to be
specified. Recall indeed that Bis only defined as a general random distribution (see Definition 2.1), and
therefore its involvement within any “non-smooth” construction must be carefully justified.

The existence issue for the first-order elements (7, ?) has already been treated in [2, Proposition 1.2],
and the result can be summed up as follows (see Section 2.1 for the definition of the weighted Sobolev
spaces HS).

Proposition 1.2 ([2]). Fiz d > 1 and let B be a space-time fractional noise on Ry x R, with index
H = (Hy,...,Hy) € (0,1)%*'. Set H, := Hy + ...+ Hy. Consider a mollifier p on R ie. p:
R — R, s a smooth compactly-supported function of integral 1, and for every n > 0, set py,(t,z) :=
20d+0n p(9nt 97 %), Finally, for every n =0, define

B”:zpn*B, ?”::g*[1R+B”] and ?nzzg*[1R+?”].

Then, for every a > d — % — (Ho + Hy) and every positive function w € L'(R?), the sequence ("),
resp. (?n), converges almost surely in the space C(Ry;H., @), resp. C(Ry;H,2M).

w

The above result shows in particular that, as far as the construction of (7, ?) is concerned, no restriction
on the regularity of B (or more precisely its index H) is required.

Going back to the developments (7)-(8), we can henceforth concentrate on the existence issue for
the second-order element O‘{O - just as we concentrated on the existence issue for the Lévy-area term in

Proposition 1.1. And indeed, based on all the previous considerations, our investigations in the sequel
will be motivated by the two following natural guidelines:

(i) The possibility to “construct” the random object Y = G » [1r, (G * B)?2] opens the way toward
the general interpretation of equation (1).

(13) Conwversely, if there is no (natural) interpretation for q{O - even as a general distribution -,
then there is essentially no hope to find a systematic interpretation for the model (1), which would
hold for all smooth functions f,o.

Of course, we do not pretend here that the sole existence of %Y (in situation (i)) immediately provides
us with an interpretation of equation (1) (see Remark 2.6 for further details). However, we claim that
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this existence is a necessary first step toward the systematic interpretation of the model (1), and, on the
other hand, the impossibility to construct Of) fundamentally rules out such a general interpretation.

Still keeping the pattern of Proposition 1.1 in mind, we intend to exhibit a specific threshold for the
sum Hy+ H ., where the situation switches from regime () (existence of q{O) to regime (i¢) (non-existence).

In this setting, observe first that, by the result of Proposition 1.2, the construction of Of) is straight-
forward whenever Hy + Hy > d — 5. Indeed, in this case, one has ? € C([0,T]; HE) for every 0 < k <
Hy+H, —(d— 2). In particular, ? is guaranteed to be a function of both the time and space variables,

which immediately legitimates the interpretation of the square ?2 as a basic pointwise product. From

there, the interpretation of the convolution G * [1g +?2]7 which gives birth to %07 becomes an easy task
(see item (i-a) of Theorem 2.5 for a precise statement in this configuration).

The situation becomes significantly more intricate when Hy + H. < d — %, since the linear solution 7
can only be understood as a general distribution with respect to the space variable. The interpretation
of the square (7)? must then go through a renormalization trick, implemented at the level of some
approximation of 9. In the sequel, we will focus on Wick-type renormalization procedures: namely, given
a smooth approximation (B Ynzo0 of B and a deterministic sequence of functions (¢, : Ry x R — R),,>,
we set successively

= g s [1e, B, a8 (L) i= (P)2(La) —ealtia), Y = Grapn, (9)

and then study the conditions on (¢,) that could guarantee convergence of (Ym

The Wick-type renormalization method can be regarded as the most simple way to rescale an a priori
diverging model u. In terms of local approximation (see (7)), this deformation u™ — 4" formally echoes

as
2

~ a(0)7" + f(0)0(0) T + f?(o)

o0 [¥" G xe] + 105

In the two-dimensional setting, that is when d = 2 in (1), first results on the success and the limits
of the Wick renormalization method for (7)? have already been obtained in [2, 3, 7]. So far, the most
complete statement in this direction can be found in [3, Propositions 1.3 and 1.4] and summed up as
follows (for the sake of conciseness, we refer the reader to [2, Equation (4)] for the definition of the
so-called harmonizable approximation of B , close in spirit to the mollifying approximation).

Proposition 1.3 ([3]). Fiz d = 2 and let (B™) =0 be the harmonizable approzimation of a fractional
noise B on Ry x R?, with index H = (Ho, Hy, Hs) € (0,1) x (0,3)%. Set H, = Hy + Hy and for every
n = 0, define successively

?n =G« [1R+Bn] ; cn(tvx) = E[(?n)z(tax)] and ovo"(t’x) = (?n)z(tvx) - Cn(t7x) ) (10)
that is QP™ is derived from a standard Wick renormalization. In this setting:
(i) If 1 < Hy + Hy < 3, then for any (spatial) cut-off function w : R* — R, the sequence (w - ™)
converges almost surely in C([0,T]; H2*(R?)), for every o> 2 — (Ho + Hy + H).

(i1) If Ho + H. < 1, then for every t > 0, every non-zero cut-off function w: R? — R and every a € R,

one has
n—o0

[”w 2" ”7-[ Za(Rz)] — %

At first sight, the above assertions (4)-(7¢) indeed emphasizes a clear change of regime on the frontier
Hy+ Hy =1 (to be compared with the result of Proposition 1.1 for the standard equation). Namely,
when Hy + Hy > 1, we are able to interpret the (Wick) square 2 as an element in the scale of spaces
C([0,T],H2%) (o € R), whereas it is no longer possible to do so when Hy+ H, < 1. Nevertheless, in the
general framework of the present study, the statement of Proposition 1.3 still leaves several important
questions in abeyance:
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(a) As we have just mentioned it, items (¢) and (i7) of Proposition 1.3 both rely on the scale of the
functions of time with values in a Sobolev space H 2%, for some o € R. In fact, this choice is mostly
motivated by the convenient properties of the wave kernel G in this scale of spaces, which, in [3], pave
the way toward a fixed-point argument for equation (1) (see Remark 2.6). Putting this existence issue in
a broader context, we may naturally wonder whether the explosion phenomenon in item (i) would still
occur for a more general space-time distributions topology.

Consider the basic example provided by the noise B itself: we know that for every fixed t > 0, the
approximation x +— Bt"(x) cannot converge as a space distribution (the noise is not a function of time),
whereas (t,2) — BI'(x) clearly converges to B as a space-time distribution. Based on the sole statement
of Proposition 1.3, one cannot rule out the possibility of a similar behaviour for a0™.

(b) Perhaps more importantly: Proposition 1.3 investigates the existence/non-existence issue for the
(Wick) square @p. And yet, as we have seen it in the above developments (7)-(8), the central element at
the core of the dynamics in (1) is not exactly a2, but the convolution of a2 with G, that is Of)

It turns out that in several situations studied in the literature, the influence of convolution with a
given (deterministic) kernel is not negligible when it comes to such existence issues. This can be basically
observed on the transition from the noise B to the convolution {:=G= B. Indeed, while B can only be
regarded as a general space-time distribution, it is possible to construct ¢ as a function of time (we have
seen it in Proposition 1.2). Many similar behaviours have been exhibited for the nonlinear heat equation
on the torus: see for instance the contrast between Lemma 16 and Proposition 24 in [4], or between items
(i) and (ii) in [15, Proposition 1.9].

In light of these examples, it seems reasonable to think that convolution with G might have an impact
on the assertions of Proposition 1.3, and in particular we can legitimately question the exact value of the
change-of-regime threshold when replacing Q™ with (Ym =G = Qo™

(¢) The results in Proposition 1.3 lean on the standard Wick renormalization procedure, as it can be
seen from the specific definition of ¢, in (10). Thus, based on this sole statement, it is not obvious to
determine whether the explosion phenomenon in item (ii) could be avoided with a more suitable (but
still deterministic) renormalization sequence c¢,,, that is with a more general Wick-type renormalization
method.

(0) Last but not least, the statement of Proposition 1.3 is limited to the two-dimensional case, and to the
harmonizable approximation of B. It is then natural to ask if (and how) these considerations - including
the above observations (a)-(b)-(c) - could be extended to any dimension d = 3, and to the more standard
mollifying approximation of B.

For all these reasons, and also given the fundamental role of the process Of) in the dynamics of eq. (1),
we have found it important to search for a result that would both refine and generalize Proposition 1.3.

2. MAIN RESULT

For a clear statement of our main contribution (Theorem 2.5 below), let us introduce a few definitions
and notation first.

2.1. Setting and notations. For any arbitrary domain 2 of a Euclidean space, we denote by D(2) the
space of test-functions ¢ on €, that is ¢ : 2 — R is smooth and compactly supported.

For every function ¥ € L?(R x R9), resp. ¢ € L?(R?), we denote the space-time, resp. space, Fourier
transform by

FU(E,n) = J dtdz e S e M W(t, ), resp. Fph(n) = f dz e X1y (z) .
RxR? R4
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We call a weight in R? any strictly positive function w € L'(R?). Given such a weight w, we define
LP = LP (R?) as the set of functions f : RY — R for which

Hinﬂ = fR|f(:c)|pw(x)d:c < 0.

Then, for every a € R, we define H® = HE(R?) as the completion of D(R?) with respect to the norm
”u”Hg = [F L+ [P Fu) ”qu(]Rd) : (11)
Let us now specify the definition of the fractional noise at the core of our investigations (this actually
corresponds to the most widely used definition in the fractional literature).

Definition 2.1. Fiz H = (Hy,...,Hy) € (0,1)¢*1. On a complete filtered probability space, we call a
fractional noise on R4 with (Hurst) index H, and denote by B, any centered Gaussian family

{B(®), ® e D(RI)}

with covariance given by the formula: for all ®, ¥ € D(RI*!),

BB, 8B 0] = [ palde,dn) Pl ) FIE ), (12)
where
d dn;
pr (d€, dn) = W% H W% (13)
i=1,...,d "

As we mentioned it earlier, our approximation of the noise B , leading ultimately to the construction
of Of), will be derived from a standard mollifying procedure.

Definition 2.2. We call a mollifier on R*! any smooth integrable function p : R4+ — R, such that
Fp is Lipschitz and §gq., p(s, ) dsdz = 1.

Given a mollifier p on R4 we define the mollifying sequence (pn)n=o0 by the formula: for all £ € R
and n e R, p,(&,n) := at1p(ang, ann), where a, = ot

Remark 2.3. Following the above definition, any positive test-function p € D(R¥*!) with integral 1 is a
mollifier. The definition also covers the Gaussian-type mollifier used for instance in [10, Section 3.2] or
[11, Section 5], that is p(s,z) := 1[o1](s)p1(z), where p; refers to the Gaussian density at time 1.

Remark 2.4. As the reader certainly guesses, the above choice for the scaling sequence a,, just as the
below choice for the scaling sequence b,,, will be justified in our subsequent computations, and in particular
within the proof of Theorem 2.5 part (ii) (see Section 4).

The notation G for the wave kernel has already been introduced through (6). Recall that in dimension
d = 1,2, and for any fixed ¢t > 0, this kernel G, is a well-defined function on R¢, while for d > 3, G; can only
be interpreted as a general space distribution. Therefore, for more rigour in our subsequent computations
(where the kernel will be treated as a function), let us consider the following smooth approximation of
G;: for every n > 1, t e R and z € R, we set

IS

in(t n
G"(t,x) := 1{t>0}J dn e’<’””7>sm|(n:n|) , with b, ;=27 . (14)

In|<bn
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2.2. Main result. We are now in a position to state our main contribution regarding existence/non-
existence of the process qf) at the core of the dynamics of equation (1).

Theorem 2.5. Fiz a space dimension d = 1, as well as a weight w on R? and a mollifier p on R+,
On a complete filtered probability space, let B be a fractional noise of index H € (0,1) x (0, %)d, and for
any given sequence of real functions (c, : Ry x R — R), >0, define successively

B":=p,xB, {":= g”*[1R+B”], (15)
0™ (t,2) i= (T)2(t,2) — calt,z) and P i= G« [1g,20"]. (16)

In this setting, the following picture holds true (as before, we denote Hy := Hy + ...+ Hy):

(i-a) If Ho+ Hy > d—%, then by choosing ¢, (t,z) := 0 (i.e. no renormalization), the sequence &

converges almost surely in the space C(Ry; HL™), for every 0 <y < Hy+ H. — (d— 3).

)n21

(i-b) If % — % <Hy+Hy <d- %, then by considering the standard Wick renormalization procedure,
that is by choosing

cn(t, z) = E[T"(t,2)%]

(n))n>1 converges almost surely in the space C(R; HL2%), for every

the sequence (Y

1 -1
a > max (d— 5~ (Ho +H+),d4>. (17)

(i) If Hy+H, < %d—%, then almost surely, and for any sequence of real functions (¢, : Ry xR — R),,>0,

the sequence (O\ﬁ(n))ngo fails to converge in the space D'(R, x RY) of space-time distributions.

The above properties (7)-(i7) offer a striking illustration of the announced breakup phenomenon for OYO

- and thus indirectly for the equation (1) itself -, on the frontier Hy + H; = % — %:

e If Hy+ H; > %d — %, then the process q{O, defined as the limit of q{0n7 can be interpreted as a function
of time with values in a Sobolev space of (moderate) order 1 —2a ~ 1 — %

o If Hy+ Hy < % — %, then a fundamental singularity issue prevents us from constructing Of), and
accordingly any hope to obtain a systematic interpretation of equation (1) (valid for all smooth f, o)

essentially disappears in this rough situation.

In this way, Theorem 2.5 clearly corresponds to the exact counterpart of Proposition 1.1 in the wave
setting. When compared with the (pre-existing) result of Proposition 1.3, the statement also provides
full answers to the four issues (a)-(b)-(c)-(?) that we have addressed at the end of Section 1. Indeed:

(a) It points out that, in the situation where Hy + H < i—d — %, it is not possible to avoid the explosion
phenomenon by extending the topological setting to more general space-time distributions, which shows
how deep the singularity problem in this case.

(b) When d = 2, it proves that the change-of-regime frontier Hy + H. = 1 for Q2 stays the same for
O\f), which sharply contrasts with similar situations in the heat setting. The observation would actually
remain true for any d > 1.

(¢) It confirms that the divergence in item (i) applies to any Wick-type renormalization procedure, that
is to any sequence (c,), and not only to the standard one.

(0) It generalizes the results to any space dimension d > 2, and to the standard mollifying approximation.

Let us complete the statement of Theorem 2.5 with two additional comments.

Remark 2.6. Even if the existence of O‘{O clearly appears as a mecessary condition for a fruitful analysis
of (1) (for general smooth (f,c)), we are aware that the result of Theorem 2.5 (in the “open” situation

Ho+Hy > 34—(1 — %) is not sufficient to derive interpretation and well-posedness of the equation.
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In dimension d = 2, a full treatment of the model (1) with f(u) := u? o(u) := 1 can be found in [3],
under the same assumption Hy+ H; > 1 (see also [7] for a study in the specific white-noise situation). It

turns out that, as Hy + H gets close to 1, not only does the analysis rely on q{O, but it also requires the

construction of an additional third-order processes % Once endowed with those elements, the solution
to (1) is obtained via a deterministic fixed-point argument, using the so-called Strichartz inequalities.

In dimension d = 3, and as far as we know, the interesting rough regime % < Hy+H; < % has only
been considered through the specific white-noise situation Hy = ... = Hz = 3, with also f(u) := u? and
o(u) := 1. This analysis is the main topic of [8], where the authors appeal to the sophisticated machinery
of paracontrolled calculus in order to set up a fixed-point procedure (note in particular the central role

of ¥ in [8, Theorem 1.12)).

Finally, we are not aware of any full treatment of the model (1) for d > 4 and % —% < Hy+H, <d— %,

even in the basic situation f(u) = u?,o(u) = 1.

Remark 2.7. Theorem 2.5 does not guarantee that the condition Hy+ H, < 34—‘1 —% is “optimal” regarding
the impossibility to handle (1) for all smooth (f, o). In some sense, the result in item (i¢) only provides
us with a lower bound on the critical threshold for the combination Hy + H,. However, there may exist
higher-order trees (derived from higher expansions of f or ¢ in (7)) whose existence issue leads to more

restrictive conditions on Hy + H. .

Remark 2.8. In Theorem 2.5, the condition H; < % (for ¢ = 1) guarantees in particular that the spatial

density of the noise (given in (13)) belongs to L (R?), which we will use in the construction of Y (see

e.g. the change of coordinates in (37)). However, it should certainly be possible to handle the situation
where H; > % (for some ¢ > 1) with similar arguments, at the price of an adaptation - and a less elegant

formulation - of the threshold condition Hy + H, = % — %

On the other hand, the condition H; < % still covers the most standard model considered in the
literature, namely the white noise case H; = % for i =0,...,d. Note that in the latter configuration, the
threshold condition of Theorem 2.5 reads as % > % —

cannot expect any Wick-type interpretation of equation

and accordingly, when B is a white noise, we

1
2
(1) for d > 4.

The rest of the paper is organized as follows. In Section 2.3 below, we briefly emphasize the covariance
formulas of the processes (7",2,2"), which will be the starting point of our analysis toward both items
(7) and (i) of Theorem 2.5. Then Section 3 will be devoted to the proof of the existence part of the
statement (item (7)), while Section 4 will focus on the diverging property in the irregular regime (item
(#4)). Finally, the appendix section contains further details about the divergence of the fractional Lévy
area associated with (2), which allows for a direct comparison with the phenomenon in the wave setting.

Acknowledgments. I am very grateful to two anonymous reviewers for their careful examination of the
study and their helpful remarks about it.

2.3. Covariance formulas.

Lemma 2.9. In the setting of Theorem 2.5, and for any fived n > 1, let " and Q2™ be the processes
defined in (15) and (16), for a given (deterministic) function c, : Ry x R? — R.
(1) For all t,t > 0 and y,§ € R?, it holds that

E[" (LT (09| = B[?" (4 )T (E.5)]

- ~ t t }
- j $$(dE, d) 60D rénv=> j ds ™1 F, (G () f 45 TG (), (18)
RxRd 0 0

where we have set

pSNde, dn) i= pa (A€, dn)|Fpa (=€, —n)|*. (19)
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(2) For all t,t >0 and y,§ € R?, it holds that

E[as (L ype@9)| = 2(E[ )T @n)|) + (BT (0] - cutt ) HE[T @D - e ta)}

(20)
Proof. By applying the covariance formula (12), we get first that for all 5,5 > 0, 2,7 € R?,
]E[B"(s, 2B (3, z)] - E[(B, (s — oz — IXB, pn(3 — . 5 — .)>]
2 _ats 185 —un,z) 1(n,z
= [tz an o me st
RxR4
_ f WNdE, diy) €65 188 e
RxR4
Therefore,
T(LyT @D = E[T Ly @D
f f 5 22 Gl = 1657~ B[ 55, 2) B 2]
_ f f gj dzd3 gtn_s(y _ Z)gtzl_g(g _ 2) f Ngb)(dfa dn) 61556725561(77@)61@,9
)? RxR4
t t ) .
- f ugy(dg,dn)j ds f ds f dzd? G (y — 2)GP (§ — 2)e*T e Eie e
xR 0 0 (Rd
-, - t E —_—
~ [ g an et nean D [ ase e r ) | dseSFGH.
RxR? 0 0
which corresponds to the desired formula (18).
As for (20), it is a mere consequence of the Wick formula, which allows us to write
on T 2 AN =2
B9ty T 9) | = 2E[T )T @9)| +E[7" (92 |E[TE D) |-
(|

3. ABOVE THE THRESHOLD: PROOF OF THEOREM 2.5, PART (%)

This section is devoted to the construction of the central element O\{O in the two situations described in
item (i) of Theorem 2.5, that is Ho + Hy > d — 1 (no renormalization) and 3¢ — 1 < Ho+ H, <d—3
(standard Wick renormalization).

To be more specific, in both cases, we will concentrate on the exhibition of a uniform bound (over n)

for the second moment of the approximation Of):, for fixed t > 0 and relatively to a suitable topology in
space - see the below statements of Propositions 3.2 and 3.3.

The transition from these uniform bounds to the assertions (¢)-(a) and (i)-(b) of Theorem 2.5 is then
a matter of standard arguments, that have been detailed many times in the literature. Such a procedure
can be found for instance in [2, Section 2.1] or [3, Section 3] (see also [14, Proposition 3.6] or [15, Lemma
2.6] for results in the same spirit). We leave it to the reader to check that our setting in this regard is
not different from the one in the latter references.

Let us finally report on a useful estimate related to the Fourier transform of G™. This assertion is
borrowed from [2, Corollary 2.2], and it will serve us several times in the sequel.
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Lemma 3.1. Fiz Hy € (0,1) and T > 0. Then for all0 < s < T, n € R, k€ [0,min (Ho,3)) and
e€ (0,3 — k), it holds that

d¢ 2 2%
sup

s
[ R —§
o1 U |§|2H0—1 J’O dre™" 'r‘fy(g:})(n) S 1+ |7]|1+2H0_2R—2E )

where the proportional constant only depends on T.

3.1. Situation (i)-(a).

Proposition 3.2. In the setting of Theorem 2.5, assume that Hy+ H, > d — % and set cp(t,x) :=0 in
the definitions introduced in (15)-(16).

Then for every 0 <~y < Ho + Hy — (d — 3), there ezists k > 0 such that for all T >0 and t € [0,T7],
2 K
Sin]E[”OY)t ”H},J”(Rd)] < ”w”Ll(Rd)t2Jr4 ) (21)

where the proportional constant only depends on T'.

Proof. Fix 0 <y < Ho+ Hy —(d— %) The moment under consideration can be readily expanded as
2
E[quot “HLH(R«!)]
1+y t 2
= J dxw(x)IEH}'1<{1 2 f ds Fu(Gr" ) Fa (qu))(x) ]
R4 0
¢
=J dxw(x)]EH J AN ¢ |A|2}%+VJ ds Fo (G7 ) (V) J dy e OVagn(y)
R R 0

R4

]

5 " e, [T t
=j dxw(x)J XX XTIV A2 4 |A|2}%f dsj A5 Fu (G ) NF2 (G15) (V)
R4 (R)2 0 0

| dvdgeOneGoE[an@im@). (22
(R4)2
Now let us recall formula (20), which in this case becomes
ey n o 2 n el NS
E|a"(s,9)377(5,9) | = E|?"(s,)|E[T'G.0) | +2(E[?" (50T Go)]) -

Injecting this decomposition into (22), we deduce that

12 n n
E[”OYOt HH}UH(Rd)] =1+ 21, (23)
with
I = dx w(x)f dMd\ ez@’)‘*b{l + |/\|2}1+TW{1 + |5\|2},1+Tw
Rd (Rd)z
t t ) . ,
[ [ as mGe )P (GO [ dudgem 00 Gom[ s, 7 E[075,5)')
0 0 (R4)2
and
no._ 3wz A=N) 2y 1ty 12y Ly
= dx w(z) dAdXe A+ Mz {1+ |\} 2
Rd (Rd)2
t t ) . o
f de 3 Fo (Gi-s) N Fe (Q?_g)(A)f dydjj e O OB (E[?g(y)?g(g)]) . (24)
0 0 (R4)2

Step 1: Estimation of I}'.
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Observe that I]* can actually be recast as
2

t
[ avesd e ppy = [Casm g )0 [ dge O0s[e .07
R4 0 Rd

' = J dz w(zx)
R4

By applying the covariance formula (18), we immediately obtain the expression

2

B[ (s1)?] - ijRd ude, dn)

J dr e Fu(G1) (1)

Note that the latter quantity does not depend on the space variable y, and so, using the (formal) identity

fRd dye "M = 5y,

where § stands for the Dirac distribution, we get that

t
[ aveed e ppy = [(asmgr)o [ dge O0s[e 02
Rd 0 Rd
2

)

J dre € (G0

0

t
[ wpean [ aste—s)
RxRd 0

which enables us to write I}* as

212

I = |w| L1 (gay

f dr e FL (G ()

0

t
[ e an | astes)
RxR4 0

At this point, observe that Fp,(=¢,—n) = Fp(—a; 1€, —a;1n), and thus, since p is a mollifier, one

n

has |Fpnllre < | Fpll= < |lp|rr = 1, which immediately entails

YN de, dn) < pup (dé, dn). (25)
Consequently,

t 2

Jo it an [ as =] [ ar e

0 0

dn; Lo d¢
S f ( [ . |m|2HH> f da(t=2) f €201

i=1,...,

2

)

fos dr e F,(G1) (1)

and we can now use the estimate of Lemma 3.1 to derive that for all k,e > 0 small enough,

dn; ) 1 f )
ds (t — s)s™"
fRd < H S PEET ) T [pfieHo—2e=2e )

i=1,...,

R d |ni|2H¢—1 1+ |77|1+2H0—211—2E

i=1,...

2

I < w1 gray

2
t4+4n

< Hw”Ll(Rd)

Since 2H; — 1 < 1, we are here allowed to implement a spherical change of coordinates and assert that
for some finite proportional constant,
2

THIS \\w\\Ll(Rd)t4+4“

o
dr
J;) p1=2(d=H4){] 4 pl+2Ho—2r—2¢}
Thanks to the assumption Hy + Hy > d — %, it is easy to check that the integral in the latter bound is

finite for all k,e > 0 small enough, and thus we have shown that

t4+4n , (26)

sup I} < |lw| g1 (ra)
n=1
where the proportional constant only depends on T'.

Step 2: Estimation of II}*.
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By using the covariance formula (18), we can write

(e[nwT@)])’
- ( [ . estemseons [Caresrp gy | " er*mg;L)(n)) 2
RxR4 0 0

= f ug‘)(dg,dn)J HONE, dif) €= HE5=3) g u=D) 1 y—)
RxR4 Rx R4

w

[[arememign [ aresE@Hm [ averm@m [ a0t E G,
0 0 0

0
Injecting this expression into the definition of II}* and then using the (formal) identity

J(Rdy dydg e AW XD X+ 9) o =KL T) SO+ 7} R}

we get this time

I = ] 11 ga) fR o M?(d&dmf HSPAE, di) {1+ [ + 2}
X

RxR4

t s s ~ 2

| asm@r e [areem@nm | wetr@n@ . e
0 0 0
Let us recall the uniform bound (25). Besides, given the definition (14) of G", it is clear that
1+T

FolGf )+ 1) S ———=, 28
| (t )( )| 1+|77+77| ( )

where the proportional constant does not depend on n. By injecting these estimates into (27), we deduce

1 el [, o) || nGE ) 1+ o+ PP
i s -
tJ ds J dv e F (G™) (7))
0 0

t s 242
<ol [ as] [ ntagcan @by [ areememo| | o9

where the proportional constant only depends on T, and where we have used the trivial inequality

{14 n+72} S {1+ 2} {1 +|7|*}". Just as for I}', we can now rely on the estimate of Lemma 3.1 to
assert that for k,e > 0 small enough,

2 2

J dr e FL (G (0)

0

2

f it (d€, din) {1 + o2}
RxR4

f dre " F (G (n)

Yy [
= 1+ v . —
o (I s 1t 1 s

2

f dre™**" F,(G') (n)

i=1,...

< Ssz ( H dn; ) 1

< o\ oL i PH—1 ) 1+ [p[i-2Ho—27—2r—22
< 2% J% dr _

~ o r—2(@=2H (] 4 pl+2Ho—2y—2r—2¢}

Due to the assumption 0 < v < Ho + Hy — (d — §), we can guarantee that the latter integral is finite for
all k,e > 0 small enough. Going back to (29), we have proved that

t2+4l€ , (30)

sup I} < [w| g1 (ra)
n=l1
where the proportional constant only depend on T

Injecting (26) and (30) into (23) finally yields the desired uniform estimate (21).
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3.2. Situation (7)-(b).

Proposition 3.3. In the setting of Theorem 2.5, assume that % — % <Hy+H,<d- % and define the
renormalizing sequence (c,) in (10) as cn(t, ) := E[¢" (¢, z)?].
Then for every a. > 0 satisfying condition (17), there exists k > 0 such that for all T > 0 and t € [0,T1],

SUp B[} 5 20 gy | < Nl ayt™+2, (31)
nz=1

where the proportional constant only depends on T'.

Proof. Note first that due to the assumption Hy + H, > 3¢ — %, we can in fact reinforce condition (17)
and assume without loss of generality that
1 d — d

With this condition in hand, we can start with expanding the considered moment as in the proof of
Proposition 3.2, that is

B[} 2o e |

5 1 ~ 1 t t
_ dmw(w)J dAdxefw—»{H|A|2}ra{1+|A|2}a—aJ dsf 45 Fo (G2 ) ONFa (G2 5) (V)
Rd (R)2 0 0

| dvdgem e G i s )apr )
(R)2
Now observe that formula (20) here reduces to
_ \2
E[ar" (s, )37 G, 9) | = 2(E[?" (5, 0)T"G.9)]) -
We can thus mimic the arguments ensuring the transition from (24) to (27), and conclude that

[ R |

ude, dmj WSOE i) {1+ [ + Y%
RxR4

RxR4
2

t ~ S S -
\ f ds o (G- (1 + ) (640 f dr =€ F,(G™) (1) f dve € F,(G7)(#)
0 0 0

Then, using both (25) and (28), we deduce

2 dndmn 1
E[”Oft ||H}[2“(Rd)] S lwlzr ray tf Mm}m( H i |2H —1|73;|2H —1>

t df
Jods[ e ]“ |§|2Ho i

and we can apply the result of Lemma 3.1 to obtain, for all k,e > 0 small enough,

12 2K+2 dndn -
EI:”OIPt ”H}U_M(Rd)] St J;]Rd {1+ [n— 77|2}2a Ku(m)Ku (),

where the proportional constant only depends on T, and where we have set, for every n € R?,

1 1
KH(T]) = KH,H,E(T]) = 1+ |77|1+2H0,2,€,2€ H Wﬁ . (33)
i=1,...,d "'

1

f dv e F, (G (7)

f dre " F, (G)(

The desired estimate (31) is now a straightforward consequence of the subsequent technical Lemma 3.4,
which achieves the proof of Proposition 3.3. O



14 ON ILL-POSEDNESS OF NONLINEAR STOCHASTIC WAVE EQUATIONS DRIVEN BY ROUGH NOISE

Lemma 3.4. For all H € (0,1)*!, k,e > 0 and n e RY, let Ky(n) = Ku..(n) be the quantity defined
n (33).

If % — % <Hy+H,<d- %, then for every a > 0 satisfying (32), there exists k,e > 0 small enough
such that

dndij _
——Ku()Ku() < o.
k%mﬂwwwH &

Proof of Lemma 3.4. Combining the identity Ky (+n1,...,+n4) = Kg(n) (for every n € RY) with the

elementary inequality |n; —7;| = ||n;] — |7:]| (for each i = 1,...,d), we can first write
dndn _
T amea K () Ku (i)
LWRJ1+M—MQM

1
< 4dJ dmdiy - - J dngdils ——————55=-Ku(n)Ku (1)
Ry xRy Ry xRy {1+ |n— 7?2

1
<4 f_mmmf_mm————— () K3 (7) (34)
R 2 o0 1 T

where we have set

N 1 - 3
QTN={mﬂh>0:§msUh<§m} and Q) := Ry x Ry)\QY.

In fact, for readily-checked symmetry reasons, we only need to focus on the generic situation where
j1=..=Jr=0and jy41 = ... = jqg = 1 in (34), for some k € {0,...,d}. In other words, from now on,
we fix k € {0,...,d} and try to show that the following integral is finite:

1

W a(n)Knu(7).

jk5:f dnldﬁl"‘f dﬁkdﬁkf d77k+1d7~7k+1“‘f dnqdijq
o oy o ol

First case: k = 0. For (n;,7;) € Q(j), one has |n; — 7;| = 3 max(|n;|, |7:]), which leads us to

1

- dn 2
T < | st

= dndnq - - - d
Jo ‘[20) n1di J;+ Nadnq . TP

+

Then, going back to the expression (33) of Ky, we get that

dn dn 1
e Kun) € J‘ TEaT
JRi {1+ g2} R 1 + |p|2a+1+2Ho—2r—2¢ H | [2Hi—1

i=1,...,d

< o dr
<), FmREHO 1 1 2y

where p := o + % + Hy — k — €. Since we have assumed a > d — % — (Hop + Hy), we can pick k,e > 0
small enough so that 1 —2(d — H;) + 2p > 1, which achieves to prove that Jp is finite.

Second case: k€ {1,...,d}. For the sake of clarity, let us rely on the following standard convention.

Notation 3.5. Given n € R? and 1 < i < j < d, we set 1;..; == (0;,...,n;) € RI7+1 Besides, for
v,0 € R¥, we denote the componentwise product by v # o := (v101,...,v0;) € R¥.

With this convention in hand, observe first that for all n,7 € R‘i and B € [%, %]k7 one has

KH(nl::k * ﬁa ﬁ(k+1)::d) S KH(TII:ZIC) ﬁ(kJrl)::d) .
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Therefore, by performing the elementary change of variables By = 2 for ¢ =1

., k, we deduce that

Tk < J dny -+ dm {m - "nk}J A+ 1dMg41 -+ J dnadija K (n) K (011, M(k+1)::d)
r o o

) g
[

1ape AL+ e 5 (L= B)2 + [0(ks1):a — Dprnyal P2

Now, just as in the first situation, recall that |r;

— ;| = L max(|nil, |7:]) when (i, 75;) € @17, so that
T < f . dny - dn {m -} fgm dn+1dig41 - - JQ(U dnadija K i () K i (M1:2k, k+1)::d)
RE T

¢
1 1
d
f[ T e =5

% )|2 + |77(k+1)::d|2}a {1 + |771::k: *, (1 - B)|2 + |ﬁ(k+1)::d|2}a

J dny -+ - dng {m---nk}f dﬂk+1"'d77dj difk+1 A K (ks Deer 1)::a) K i (et Tk r1)::a)
& d—k d—k

R RY R

<

~

:
J‘ 1 1
s D T e (1

1 B + e 1yzal {1+ Innaw = (1= B + [Ager1)zal 3

where the second inequality only consists of an extension of the integration domain for n;,7;, j

>k+1
Applying the Cauchy-Schwarz inequality (with respect to 8), we obtain
N

Jdm ~dng {1 - nk}f A1 - dndf

(o dﬂ )

%’%] {]' + |771::k *, (1 - 5)|2 + |77(k+1)::d|2}2a

SJ dny -+~ d {m1 -+ e}
=t

et -

.

dﬁd KH(nl::ka n(k+l)::d)KH(771::ka fl(k+1)::d)

(s g )

1k {1 + |771::k: * (]- - B)|2 + |ﬁ(k+1)::d|2}2a

(NI +

W=

Nl=

dp
[ JRd_k A1 dna K (Mg, Mkt 1)5:d) (,[

: sy O+ e s A= AP + ren d|2}2a>

]2
d
dn {nl"'nk}KH(n)Q JRdfk dAJ; 31k .

T s A-AF TP (35)

S
R4

+

where we have used again Cauchy-Schwarz inequality (with respect to 7(x1::q) to get the third estimate

Thanks to condition (32), and since k € {1 d}, we can assert that for any e > 0 small enough

d—k ¢ k
0<2a— ———=-< —.

“ 2~ 2

Therefore, setting ay :

= %(204 — % — %), one has 0 < a, < % With these observations and notation in
mind, let us go back to (35) and write first

d\ dp
Jﬁf dn{n---m}K n2f —_f =
g RY - e} K REE {14 A2V 8 13,80 {14 [+ (1= B)2)20 50 3
ag
SJ dnKH(n)QJrJ d77|771"'77k|KH(77)QJ - (36)
{Inl<1y {Inl=1} [3.815 {1+ [k +. (1= B)]2}22~ 72 3
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Since we have assumed 0 < H; < %, it is readily checked that Ky € LIQOC(Rd), and so the first integral in

(36) is indeed finite. As for the second integral, one has, with the above-introduced parameter a;, € (0, %),

dp
d77|771"'77k|KH(77)2f ——
Lmzl} 1,30 {1+ [k +, (1= B[220 5

< d e QU )
Llnzl} 77{Iml2‘“v1 |77k|2ak1} P i T

1,
1 1
S d Ko ()2
Lln?l} n{|771|2°”f1 |77k|2“k1} (1)

- dn 1 _ 1 1 1

~ £|n>1} || 2+4Ho —4r—4z {|n1|4H1—3+2ak v |7pe|FH k=3 +2ax }{ |71 |42 |nd|4Hd—2}'

Recall again that 0 < H; < % and 0 < 2ay < 1, which ensures that 4H; —3+42a, < 1lforj=1,...,k and
4H; —2 <1for j =k+1,...,d. We are therefore in a position to apply a spherical change of variables
and assert that, for some finite proportional constant,

dn 1 1 1 1 “ dr
(1) |2 +4Ho—4k—4s | |y [AHL—3+2ax |yge [ £F =3+ 2ax [t | 412 g Ha—2 [ ~ ], el

(37)
where
k d
pi=(1—d)+(2+4Hy — 4k —4e) + > (4H; =3 +2ax) + >, (4H; —2)
j=1 j=k+1

=3 —d+4(Ho+ H.) — 3k — 2(d — k) + 2kay — 4k — 4e
—3—3d+4(Ho+ H,) —k + [4a — (d— k) — ] — 4 — 4e
=3+4[a—d+(Ho + Hy)| — 4k —5e.

Since o > d — % — (Ho + Hy), we can pick k,e > 0 small enough so that p > 1. Going back to (36), this

achieves to show that Jj is finite for k € {1,...,d}, and thus the proof of Lemma 3.4 is now complete.
|

4. BELOW THE THRESHOLD: PROOF OF THEOREM 2.5, PART (i)
We now turn to the proof of part (ii) of Theorem 2.5, and to this end, fix H € (0,1)%"! such that
Hoy+ H, < 34—d — % for the whole section.

The set & € D(Ry x R?) of test-functions ® that will serve us to establish the claimed divergence
property can be immediately introduced as follows.

Definition 4.1. We define £ ¢ D(R, x R%) as the set of test-functions ®(t,x) = p(t)(x), where
0 € D(R,) and 1 € D(RY) satisfy:

(1) ¢ =20, supp ¢ < (0,1) and S% dt p(t) > 0.
(2) Fu()(n) = Fu(¥)(=n) for every n € R?, and infjg <y [Fu(4)(0)]* > 0.

It is clear that £ # ¢f. With this set in hand, our main technical result toward the part-(ii) statement
of Theorem 2.5 reads as follows.

Proposition 4.2. Given any ® € &£, there exists a constant cg > 0 such that for every sequence c, :
13
R, x RY — R in the definition (16) oqu) and for every n = 1 large enough, one has

‘E[|<°~f’”,q>>|2” > cq . (38)
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Proof. We fix a test-function ® = p @ € £, as well as an arbitrary sequence ¢, : Ry x R¢ — R in the
definition (16) of O\pn

For every n > 1, the moment under consideration in (38) can be expanded as

E[|CY". )| = f( e f( o, Q0T 2(0) 2 g)E[‘*ﬁ”(t,ny’”(ﬂ 0|

= J dtdfj dydy ®(t,y)P
(0,00)2 (Re)2
which, owing to formula (20), yields
n 2
E[[¢Y", )7

= J(o,oo)2 dtde(Rd) dydy ®(t,y)® t J duJ du JRd dzdz Gy (y — z)gtliﬂ(g —2)
2 Dy —
(e[ 27 A]) + (B[ 2] - et 0} (BT @ D] -2 7))

= QLOT) dtde’(Rd)z dydjj O (t, y)® J du fdu J(ﬂw dzdz G, (y — 2)GP (5 — %) (E[?”(t,y)?”(a,g)]f

+ ‘ LO,X) dt fRd dy (t,y) L du fRd dzG;",(y — z){]E[?”(u, z)2] — cnlu, Z)}

du

du dzdzZ Gy (y — 2)G; (7 — Z)E[OWZ(Z)W}

(R)?

As a result, it holds that

E[|<‘Y’",¢>>|2] >97,, (39)

j(w dtdi j( o TR0 ) j du j di j o G 967, - 2 (B[ )T @ D))

Note in particular that Z,, no longer depends on the sequence (¢, ), and accordingly the subsequent lower
bounds will not depend on it either.

Let us apply the covariance formula (18) to expand Z,, as

7, = f dtdff dydg ®(t,y)P J duf duf dzdz G ,(y — 2)G7 (7 — Z)
(0,50)2 (Rd)2 0 0 R)2

[ s anese vz [“aseer@nm [ aseE@mm)
RxR? 0 0
|| b amy esemeas [ areé g | dr e EGHE)
RxR4 0 0
= f i?(df,dn)f iy (€, di)
RxR2 RxR4

o] t ~ i w
f dt f du f dydz ®(t,y)Gp,(y — z)e )&t f
0 0 (R9)2

2

dse S E@ [ dre RG]

0 0
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In this expression, we can rewrite the integral over t as

o] t - B u u ~
j dt (1) f du €+ f dywy)j d=2G (y — 2D j ds €16 Fo(G7) (1) j —ér
0 0 Rd Rd

dre
0
o8] t B )
= 4[ dt o(t) f du (&) j dy i (y) ey
0 Rd

0
0
dz gf_u<z)eﬂ<z’"+ﬁ>f dse%wgsxn)f dr e~ F, (G1) ()
R4 0 0
=J-'z(w)(77+ﬁ)ﬁ

t _ U u .
dt (1) f du e SO F, (G ) (0 + 7) f ds 5 F, (G () f dr e (G (i)
0 0 0

0

Fx(9,)(7)

Therefore, recalling also the definition (19) of ,u;?), we get

T, = J e, dn) f S (—d€, —dif) |Fo () (n — )|
RxR4 R x R4

” ' uezu(§7§~) n = “ 567165 n “ T,ezér ny(s ?
L dtw(t)fod Fo(GI ) — ) f ds 65 F, (G (n) f dr €7 F, () ()

0

d'rh > J‘Q’Ol dﬁl JQTM dﬁd .
Z T = — .,7.7%(’(1))(17—7’)
J;l,”/;)dmcd (ig.,d | |2Hi—1 |77 21 g | |

m o [l

2|n| d 217 d*‘ -
fm |5|2f§071 J |g|zzfol|fﬂn(—f’ —n)|*|Fpn (€. 7)[*

ul
o8] t u u 5 2
|| e [ dwerc0zigr g0 | dse e m@nm [ aretEgn@m| @
where the set Cy is defined through the spherical-coordinates expression
=l 7T 37T d—1
Cq = {(r cos(61), rsin(01) cos(8a), v sin(0) sin(0z) cos(0), .., [ | sin(&i)); r>0, 0 e }
i=1
(41)
At this point, observe that due to Hy+ H, < BI %, we can find a new set parameters Hy, ..., H} € (0,1)
such that
! - 14 3d 1 ! ¢ !
H/>H; (i=0,...,d) and Hy+ H’, =7 "3 WhereH+:=2Hi. (42)
Once endowed with these parameters, and going back to the above estimate (40), we easily see that
Iy = Jn s (43)
with
dn; 2m dijy 214 diig 2
jnizf ( />,[ #J‘ a1 = () —17)
(1,7)4NCq Z‘:l:[“,d |77¢|2Hi’ ! m |771|2H1 ! N4 |77d|2Hd 1| |
Al g JQIﬁ dé 5 S
— a1 1 Pn(—E =) | Fon(&, 1)
Jlnl |§|2H0 1 Il |§|2H(J 1 | | | |
o's] t _ U U _ 2
| e | due Oz igr o) | dse e ri@nm [ areTE @@
The rest of the proof is devoted to showing that |7,,| = cg n* for every n > 1 large enough, and to this
end, we shall lean on the following decomposition of the integral over ¢

Lemma 4.3. For all f,é >0 and n,7 € R?, one has

[ ot [ aver Or gy [ dse s rignom [ aresrignm
0 0 0 0

= Lggienn Lo [ ME(E 0, €M) + BA(Em, G|, (44)
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with
M”((€ n), (€
t ~ U U _—
t)J’ duew(f—ﬁ)]:x(g?_u)(n_mj dse—w(ﬁ—ln\)J’ dr err(&=lib (45)
4|77||77| 0 0 0
and where, for every k€ [0, 1],
~ 1 1 1 1
sup [RA((€. . G| < o | S S | o
n>1| v | Al LIE = nll=lg +1all 1€+ nlllg +1all 1€+ nlllE = lall

Proof of Lemma 4.3. By writing

n 1 18 —18
F(GS)(n) = m{e Il — e ‘n|}1{|n|<bn}7

the integral under consideration can indeed be decomposed as a sum MJ + R7, with M7 given by (45)
and

. 1 » b u(e—E n _
RL((&m), (€,1)) := _1{\n|$bn}1{\ﬁ|Sbn}7~j dtw(t)f du e = F (G, )(n — 1)
4nllal Jo 0

u u 5
J dSJ dr e—zsfezrﬁ{ezs\mezr\m _ e—zs\?ﬂezr\m + e—zs\n|e—zr|n\}
0 0

1 1 t u 7" n ~
= _1{|nsbn}l{wsbn}4|n||ﬁ|f0 dtsﬁ(t)L due™ O F (G, (n — 1)

U U

{J ds e=15(E=In) Ju dr e (E+ D _F dse—zs(&\nl)f dr e (E+ D +J“ dse—zs(&HnI)J drezr(é—ﬁl)}7
0 0 0 0 0 0

where we have used the assumption supp ¢ < (0,1). Based on the latter expansion, and since

sup |F(9;)(n =)l <1,

0<t<1
we get
|RE(Em). (€M) € T lelff du{U ds e~ *s(€E=1nl) J dr eV (E+lil)
|17
+ J dse‘zs(fﬂnbj dr e €+ 4 J dSe_’S(é-*-lTl\)J dr evr(E=lal) }
0 0 0 0
The bound (46) immediately follows. 0

Let us go back to (43), and with expansion (44) in hand, decompose J,, into

jn IZJJ\Z'FJI’%-FJJ@’R, (47)
with
dn; o g M4 gy
Tii ::f ( )f 7—[ = 2a 1 Hinl<oa )y Llil<ea
(1,2)7nC4 i:H.,d alPH) Dy AP (et !

, 20 2Aal  gé
7o ()0 — ) d j &

€T ) |£~|2H(’)71|]:pn(_€a_77)|2|]:pn(€~777)|2|Mg((€’77)7(£7ﬁ))|2’

\ du (2" __din e dia
T = | ( [1 W)J ] e e )
(1,%‘)dﬁcd | ° |

i=1,. d|771 mo M e |7al?

2[n| 27| & N -
Fa ) =) fl |§|2H ﬁl |5~|2d§6_1 Fpul=€, —) P Fpa DI RL(E m), E M (49)
7
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and

dn; 2m dm 214 i
I = J < — > J L J —— = Lyinl<bny Lilii|<bn}
(1,x)nCq \; H d |ma |27t m |71 |21 na |7]d|2Hd 1l 7l

i=1,...,
2[n| d¢ f2|ﬁ dg 9 R
— =711 Pn(=& —n)|" | Fpn(& )
) |§|2H0 1 17 |£|2H0 1| n | | n |

{M2((E ). (Em)RE(E ), (€7) + ME((E, ), (€ M)RE((Em), (7))} -

|Fo () (= )|

We will now prove that |73;| = csn®, and show on the other hand that both Jg and Jy}  are
uniformly bounded over n.

4.1. Analysis of J},. One has Fp,(&,n) = Fp(a, '€, a,'n) and, following Definition 2.2, we know that
n?

Fp(0) = 1. Besides, recall that a,, = 27" and b, = 2%, so that a;tb, — 0 as n — oo. Therefore, for

every n large enough and for all (£,7), (§,7) such that 1 < |n| < by, 1 < ] < by, In] < € < 2[n[ and

|77] < & < 27|, one has

FpulEi)] >~

DN =

|Fpn(=€,—n)| =

[\V]

Based on this uniform lower bound, we get that for all n,7 with 1 < |n| < b, and 1 < |7| < by,

2l g A0l gé i
f| Ifl%ilj |£|256_1|fpn(—€a—n>|2lfﬂn(f WMz m. €’

ul 7|
R S G . -
16 Jyy [€2H Lﬂ |§|2H5—1|Meo((€m),(£,n))|2, (50)

and then, using only elementary changes of variables,

20 ge 200 g¢ . - 2
| _j eprT MEE . (6 7)

nl €T g

1 2d§fd§|

= |77|2H6_2|77|2H"’_2 1 |£|2H(’)—1 1 |€|2H6—1

c 2 2
> o |, €|
C
ZM”MWJ%J
¢ Il In\
> i |, %,
C
> |77|2HI+1|77|2H"’+1J dﬁf
By injecting (50) and (51) into (48), we obtain

dn; e dijy 2a iy 5
gy ZCJ’ ( Ty )j T J e | Fa () (1 — )| Ly <oy L1 <bm}
(1o0)4Ca z:H i A A 1Y e S PP /¥ e ! !

1 1
|7]|2H6+1|77|2H6+1 L de

M (€l ), Elal )

2

t 5 u u i
t)J, duezu(s\m—smuﬂ(gt@u)(n_ﬁ)J dsewln‘@—ﬂj dr e—rIlE=D)

Jduew(f\nl &b eullnl=17D £, (Gr_ Y — 7 J dse“\n\éj g

J du e €= =l £ (G Y(n — i J ds er5€ J dre—"f

J’due“‘(‘”l ) x, (G )(n—1) dse’sg dref"5

u u

(51)

2u 2u 2

¢ ~
t) J, du e’“(‘”lf‘ﬁl)fw(gf_u)(n ) ds e"¢ dre "¢
0

u u
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Let us now proceed with the change of variable 8; = L, § = 1,.

i )
Notation 3.5, one has clearly |8 = 7| < 2[n| and Lyjsx yj<p,} = 1y, <2ay for every S € [1,2]%, which gives

dr); 1 )
Jn>cf ( 7 ) —51 " J dB | Fu()(n . (1 -7
M e H I3 ) e <y o [P (@) (n = (1= 8))|

[l

and then, since F,(v)(n) = F.(¥)(—n),
I

,d. Using the convention introduced in

2

t 2u 2u _
dtcp )f du e In=n=BDF (gr y(n = (1-5))[ dselsff dre "¢
0

u

Y
u

2u 2u

dni 1 2

ZCJ ( 7 ) 7 bn J’ dﬁ ]:I(w)(n* ﬁ)
(1,00)4nCq izg_,d |7h'|”j[i_3 |77|4H°+2 {‘"|< [0,1]¢ | |

1 1 t -

f ng' t)f du -l @-0DE gn Ynw gy [ dsess [ drere

0 0 u u

dn ,
> ( )i [Fatne [ a0
(1,50)9Ca H o[22 <) | |

i=1,...,d
1 1
Jol
0 0

d’f]i ) 1
> CJ ( ; 5 1 bny
(1,0)4nCa \ ; H L mlth? |77|4HO+2 tnl<-

i=1,.
[J(ﬂslde P | J dgj

Let us recall the assumptions contained in Definition 4.1, namely ¢ > 0, supp ¢ < (0,1), as well as

2

2u 2u 2
t) J du e M=10=1D F_(Gn )(6y,...,0q) ds e'*¢ dre™"¢
0

u u

©L t 2u 21 -
dt<p )J du e’“<‘"|—|"—9‘>fx(gt”,u)(e)f ds e’sgf dre s
0

u u

1
Cy _|é]|ﬂ<fl|f( ¥)(0)] >0 and ¢, := L; dtp(t) >0

For every n € Rd, we get, using the above constants cy, ¢,

Jesldem o J dfj
zcifelqdef dgf u
cif gegéd()fo“ dff; ) dt<p(t) Lt du sin ((t — u)|]) Lzu ds fu dr cos (u(|n| — [n — 0]) + s€ — )
> cicoip( )f d@[ﬁ dtgo(t)fé Ju sin ((t—u)|0|)u2]2

2

t 2u 2u N
dtgp )J due’““"'—‘"—@‘)fw(gt",u)(e)J dse“EJ dre™"¢

u

u

2u 2u 2
dw( )J due (\nlflan\)sin((t—u)|9|)f dselsgj RS

u

2

WV

Going back to (52), we have thus shown the existence of a constant ¢y = co(¥) > 0 such that

dn; 1
j” ZCOJ‘ ( 7 ) 7 1 by -
520 ) une \ L e ) e e




22 ON ILL-POSEDNESS OF NONLINEAR STOCHASTIC WAVE EQUATIONS DRIVEN BY ROUGH NOISE

By recalling the definition (41) of C4, we can use a spherical change of coordinates and obtain that for
some constant ¢; = ¢1(P) > 0,

by
n z dr
jM = L W .
Following (42), one has precisely 4(Hj + H',) — 3d + 3 = 1, which, since b,, = 2%, entails that
T = con’ (53)

for some strictly positive constants cg > 0.

4.2. Analysis of J%. Observe again that Fp,(£,n) = Fp(a; '€, a;'n), and so, just as in Section 3, one
can write | Fpn|r> < |Fplo= < |lpllzr = 1, which gives

2| Al gé , o, S
j dt j B (=) P F o E PR ). (E)]

o JERHOY S |€)2He—1
27| dg 2|7 dé ) )

) | corg 1Eel(E k(& 54
jn |€|2H0—1 fﬁl |§|2H0—1 | Lp((é- 77) (5 77))| ( )

Using now the uniform estimate (46), we can assert that for all 1,7 € R? with |n| > 1 and || > 1, and
for every k € [0, %),

2|n] d¢ 2| dé § .

JIn |¢[2Ho—1 Jm G |R2((6. ), (€, 7))
2 dé- 2 dg . o

|2H3‘28|ﬁ|2H6—2 f f e (€l @l i)

B In R
2
- 1 1 1

s_,jdfjdf‘ RE— 4 -

Pl Jo ™ e nlsle = <711+ 11 Jnlle + 1IFIE+ 1] Inlle + 1I7l=I€ — 117

1 f ~ 1 1 1

S —sEroeET d{f df[ —5 T —5 + 12k F ]

[n[*Ho|n?o Jy = Jy T LinlPelE = 1PF[al  InlPlal® o nl2la)2e e — 1)<
B 1 . 1 (55)
~ | p|2Ho 2R G2 o2 T | 2Ho 2 |2 Ho 2k |

Injecting successively (54) and (55) into the expression (49) of JJ, we obtain that for every x € [0, 1),

dn; e dijy 2 dijy 2
Rl < | | —i— PR A s [Fe () (1 — 1))
|75 f(ly)d c ( |2HY—1)J i [P J- = |2Hd—1| x
) MCg L

i=1,..., |77 ‘ M |771 Md |77d

1 1
|77|2H +2m| |2H’+2 |77|2H’+2| |2H’+2n (56)

and with Notation (3.5), this yields

dni
Nl <J ( THT—
1,00)¢nCq 1,....d |77 |

1=

|4H F2+2k [1 2 dg |]-'w(z/))(n # (1— B))|2

dn;

|4H 3) |,'7|4H’+2+2/< [0,1]4

d?’]z re )
$ J‘(l f mCd < |4H -2 |7]|4HI+2+25 f dal L dod |f1(¢)(9)|

s \I‘
1 E)dﬁcd

dB|Fu(@)(n = B[

dn;

|4H—2 (57)

|771 |,’7|4HI+2+2K
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Keeping in mind the definition (41) of C4, we can then perform a spherical change of coordinates and get

" * rd=1 “dr
NAES L dr JACHG T HY ) —2d+2+2k S L SRR
where we have used the relation 4(H) 4+ H’.) —3d + 3 = 1. Picking x € (0, %), this finally proves that

sup |Tg| < . (58)

n=1

4.3. Analysis of JJ; p. As above, we can use the fact that | Fpn[r= <1 to obtain

N
e (T e [ ot [ ettt af
J|| |s|ii—1 Ll |g|2§31 M (&), (€ mIRG (€ m), (€.m)]
s me (Hd |n|d?f ) f 2 mlfll_ - f de m"ﬁ’?jé_lmw)(n —)?
(Ll s fll Db € ﬁ))l2>é< fl' A= fll I, € ﬁ>>|2() i,
59

where the second estimate is naturally derived from Cauchy-Schwarz inequality. As far as the integral of
M is concerned, let us write this time

20| 2 ge VK
f d¢ f| e M), )]

o P Dy TR
1 2 de g . S g2
- |77|2H62|77|2H62J;_ |£|2H61J; |£|2H6_1|Mtp((§|n|777)7(£|77|)77))|

]2

1 2 2 B 0 t . ~ u s B u Al
Slnl"’Hlnlef dgfl dg“o dtgo(t)Ldu|]-}(gt_u)(7]—77)|‘f0 ds e*I(& 1>f dr e~ ¥InlE=1)

1 0
1 1 1 1 o t u e u " 2
S s dff d€ [f dtw(t)j du f dse*®!n f dr e "1 ]
|77|2H°|77|2H° 4[) 0 0 0 0 0
,[ ds e**¢ J dre™"€
0 0

1 In| lal 1 > t
< -
< e |, o], €] [, oo [[an
and since supp ¢ < (0,1), this entails
2[n| d¢ leﬁ dé 5 5
— s | M (&), (€,7))]
fnl |§|2H0 1 Il |£|2H0 1 ®

$fodfjwdéuldt J’tdu rdse”f
7Lt 7] i 0 0 0 0 0
ol 7ode N 1

< .
~ |77|2H{)+1|ﬁ|2H(’,+1 <J,0 1+ |§|2> ~ |77|2H6+1|77|2H6+1

On the other hand, we have shown in (55) that for every « € [0, ),

|

T

u ~
J dre™""¢
0

2[n| d¢ 27| dé B 9 1 1
_ n = < .
Jnl €[2Ho—1 Jlﬁ IE[2Ho1 |R¢((£,n),(§,n))| N |:|,'7|2H6+2,&€|7‘7|2H6+2 + |n|2H;)+2|ﬁ|2H5+2n] (61)
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Injecting (60) and (61) into (59), we obtain that for every « € [0, 3),

dn; 2 diy a iy 2
T Slf ( ; )J — f g [Fe(¥)(n — 1)
| M,R| (1,5)4nC, H |m|2Hi—l |n1|2H1—1 " |77d|2Hd_1| |

i=1,....d m a

1 2 1 1 B
(|77|2H6+1|ﬁ|2H6+1> <|n|2H6+2n|ﬁ|2H(’]+2 + |77|2H(’)+2|7~’|2H6+2m>

dn; e iy ey 2
sj ( , )j _dm f Y7 () - 7)
(1,%‘)dmcd ) H J |ni|2Hi71 m |7]1|2H171 a |77d|2Hd71 | |

i=1,...,

1 1
[|n|2H[g+;+m|ﬁ|2H(g+g+ |2H'+3 |2H(J+§+n]

n |7
SJ, ( H Ci%’ 2) 4H'1 2 ’
(1,00)8nCa \; PR e /]

1=1,...,

where, to derive the last estimate, we have used the same successive arguments as in the transition from
(56) to (57). Performing the same change of variables as in the previous situations, and also using the
assumption 4(H) + H.) — 3d + 3 = 1, we deduce that for every x € [0, 3),

© pd—1 < dr
n < <
MRS L dr AT )—2d+2+n ~ L PR ET

By picking k > 0, this shows that

bup|JM r| <. (62)

n>

4.4. Conclusion. By gathering (39), (43) and (47), we get first that
i 2 n n n
E[KYD , ®)| ] > 2{T% + Tk + Tirr} -

Then, by (53), (58) and (62), we know that | 73y| > cen* and sup,>, [Th + jj\’ff’R| < o0, which yields
that for every ® € £ (where & is the set introduced in Definition 4.1) and for every n > 1 large enough,

{177 > o

This achieves the proof of Proposition 4.2.
O

Proof of Theorem 2.5, part (ii). Consider any test-function ® in the set £ introduced in Definition 4.1.
Thanks to Proposition 4.2, we know that there exists a constant cg > 0 such that for every sequence

: R, x RY — R in the definition (16) of R{O and for every n > 1 large enough, one has

‘E[K‘Y’ <1>>|” con’. (63)

At this point, let us recall the following classical estimate (see e.g. [12, Theorem 6.7]) for random
variables living in the sum Py of the first two chaoses generated by ~ a Gaussian field (here B) . Namely,
there exists a constant ¢ > 0 such that for every such variable X € Ps and every ¢t > 2,

]P)(|X| > t||X||L2(Q)) < e ¢t

By applying this inequality to X := <q{0n, ®) and ¢ := ” Xﬁi(m , we deduce that

P(IF" )| < Vi) = 1= P(I&7" @] > vi) < 1—¢ T,

and we can now use (63), that is | X[ 2(q) = /¢ n?, to obtain

P(IKY" ®)] < vin) <1-e ! < Cant,
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for some constant C'g > 0. This finally puts us in a position to apply Borel-Cantelli lemma and obtain
the desired conclusion, namely

|<Ofm, ‘1>>| "3 o0 almost surely.

APPENDIX A. EXPLOSION OF THE FRACTIONAL LEVY AREA

We propose here to review the arguments behind Proposition 1.1, as a possible comparison with the
estimates in the wave setting. _ _ )

Let us recall first that a two-dimensional fractional noise B = (B™"), B{?) on R, with index H € (0, 1),
is characterized by the covariance formula: for 1 < 4,5 < 2, and for all smooth compactly-supported
functions ¥, o : R —» R,

BB, B9 9] = Ly || et FUOTED

Based on this expression, and following the proof of Lemma 2.9, it is then easy to check that the covariance
formula for the mollified noise introduced in (4) reads as follows: for alln > 1, 1 <4,57 <2 and s,t € R,

CoN e d - _
E[BO" B = 1{i:j}f |§|2§1 |Fp(—277¢) Pt (64)
R
where Fp(€) := § dowe " p(x). We are now in a position to prove the statement.

Proof of Proposition 1.1. As we mentioned it in the introduction, part (i) of the proposition is actually
a well-known result of rough paths theory (see for instance [6, Theorem 15.33]).

Let us therefore concentrate on the proof of the divergence property, that is Part (i) of the proposition.
To this end, we fix H € (0, 1], as well as a non-zero smooth function ¢ : R, — R with support in [0, 1].
Also, for the sake of clarity, we introduce the notation

t S
B2 = j ds j dr BOn BOn 50,
0 0

Step 1: A lower bound in L*(Q). Our first objective is to prove the existence of a constant ¢, > 0 such
that for every n > 1 large enough,

E|[<B2", o)[*] > e . (65)
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To this end, we can first use the covariance formula (64) to expand the expectation in (65) as
n 2
[[(82, o)
e t s . . 2
:E[ f it (1) j ds j dr B @ ]
0
=J dtdi p(t) J dsf drf dsf drE pMnp@nphnp <>”]
(0,20)2
=J dtdi (1) J dsf ds]E (2n g2 f drf &7 E B<1> n b ]
(0,00)2
_ay_llf QJ _ fp _a’r—llg 2
- || g VFoaoR | |£|2,j,_1| (—a;1d)]
J dtdt p(t) J dsJ dsets=s J drj di e €(r=")
(0,%0)°
dg _1g2 f dé 12
= | == |Fp(—a, = Fp(—ay,
| g Foator | g o)
t t _ _
f dtdfg@(t)ga(f)f dsj ds 615(575){6155 —1}He " -1}
(0,0)2 0 0
- [ o [ o Facazr| [Caew [ ases et -y
|§|2H*1 " R [P " 0 0

dé . s
f |§|2H 1 §)|2 " |é:|2§”1 |Fp(_a7:1€)|2|Mtp(£a€) +qu(§)|27

2

where we have set

Mw(f,g) = L)dt@(t)‘l’o ds et*(E+0) . Ry(§) = —J;)dtcp(t)fo ds e's*

As a result, it holds that
E[ B2, 0)*] > T, (66)

where

* d§ —1¢(2 2kl dé —15\2 s 2
Toi= | g A OF | e P OPIMAE 6 + R
The integral J;, can be further decomposed as J,, = J}; + JJCLR, with

no._ o dg =142 2l dé —14y(2 A2
j]V[ _L |§|2H71 |'Fp( Qp, )| J’§| |§~|2H+1 |Fp(a7L £)| |M<,D(§7 £)|
and

jATZ,R =

o 3 & - - —_——
| g ot L |€|j,§+1pr(anlf)lz{Mw(f,—£)R¢(£)+Mw(£,—£)R<p(€)+|R<p(€)|2}~
(67)

Step 1.1: Treatment of Ty r- Since || Fplc < [pl|pi(r) = 1, one has, uniformly over n,

o e 20¢| = o*“ 2| dé
+
il < | i s 191, |§|2H+1| ) i e |, e

L |£|4H 1| S" |J |B|2H+1 50(5’_5|§|)|+£ |€|4H 1| 9" | J |ﬂ|2H+1'
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Now, it is clear that |R¢(£ | § and |M (&, ﬁ|§|)| W for every € € (0,1), which yields

n 20 df 2 dﬂ e df
|‘-7M,R| sJ; |£|4H+1—5 l[ |B_1|1—a +J |§|4H+1'

1 1
By picking ¢ € (0,4H), this shows that

sup |7F| < oo (68)

nz=0

Step 1.2: Treatment of Jy;. Let us write, for every & > 1,

2¢| dé 122 -9 ) ,
Ll |§~|27H+1|fp(aﬁ O [Ma (6, -0 = I£I2Hf 43| Fpla; L B6) | M (€, - BE)|
f g | Fp(a,' BE)| U dt o(t) fdse 15£(8-1)

o ¢
dt (t) J ds e 1P
0 0

2

G
|£|2Hf 4B | Fpla; (3¢ + )

2

1 2

t
|§|2H+1J de | Fp( (a;1(0+)) |U dt o( )Jodse_zsg

and since we have assumed that supp ¢ < (0, 1), we get
20 gé e . 1 1 B S| ¢
fl i Pl O MO > e | a0l Fotar @+ OF| [ dte(v | ds cos(on)
1 I 2 1 ) )
= Wcos(l) [J dtcp(t)t] J d | Fpa,* (0 + )|
0 0

¢ |ERHH
Injecting the latter bound into the expression of JM, we obtain

)

2

r ol 12 poc 1
TN > cos(1)? f dt (1)t f ® o\ Fp(—ay'o)P f 46 | Fp(a (6 + &)

0 €1

2‘ 1 12 o0 dé— ) 9 a;1§+an 9
> cos(1) Jdtgo(t)t anL €[ |Fp(—a, &) Jlg do | Fp(9)|

0 a,

—1

rorl 12 %w £+a,’
> cos(1)? Jdtcp(t)t ai—‘lHJ |§|4H| o(— g)|2f§ a8 | F (o).

L JO

Recall that Fp is assumed to be continuous and that Fp(0) = 1. Thus we can fix § > 0 such that for
every |£] < 0, one has |f p | . For every n > 1 large enough so that a,! < g, we get that

2 $ €+ay’
TN > cos(1)2U0 dtgo(t)t] a?;“ff |§|4H | Fp(— )|2f£ do |pr(9)|2

cos(1)? ! 2 1_aH % d¢
= 0 [Jo dtcp(t)t] a,, Lnl e[

Based on this inequality, it is now clear that for every H < i and every n > 1,

TIM > é,log(ay) = e, n*. (69)

The lower bound (65) now easily follows from the combination of (66), (68) and (69).

Step 2: Conclusion.
Let us recall (see e.g. [12, Theorem 6.7]) that for every random variable X living in the sum Py of the
first two chaoses generated by the Gaussian field B, one has, for every ¢ > 2,

]P(|X| > t”X”Lz(Q)) <e ¢t



28

ON ILL-POSEDNESS OF NONLINEAR STOCHASTIC WAVE EQUATIONS DRIVEN BY ROUGH NOISE

where ¢ > 0 is a universal constant independent from X and ¢.

.. . L 2,n L \/ﬁ . .
Let us apply this inequality to X := <IB ,g0> and t := Koo which yields

(e o)l < Vi) = 1-R(B2 )] > i) <1 exp (o).

By injecting the lower bound (65), that is | X 12(q) > \/¢e n?, into the above estimate, we obtain

-3 3
< C¢'n 2,

P([(B2", )] < /) <1—eCon

for some constant Cg > 0. We can finally appeal to the Borel-Cantelli lemma to derive the claimed
property, that is

(1]

2]

3]

(4]

[5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

14]

(15]

|<B2’", (p>| "* w0 almost surely.
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