ON THE 1D STOCHASTIC SCHRODINGER PRODUCT

AURELIEN DEYA

ABSTRACT. We exhibit various restrictions about the wellposedness of the Schrédinger product
t .2
L:z+— 711 ez (zS . \Ils)ds
0
where W refers to the so-called linear solution of the stochastic Schrédinger problem. We focus more
specifically on the case where ¥ satisfies

(10— )W =B, Vy=0, teR, zeT, (0.1)

1
5
As an consequence of our analysis, we obtain that if H is close to % (that is B is close to a space-time

where B is a white noise in space with fractional time covariance of index H >

white noise), then it is essentially impossible to treat the stochastic NLS problem
0y — 02)u = Jul> + B, wo =0, teR, 2 €T,

using only a first-order expansion of the solution (“u = ¥ + 27).

1. PRESENTATION OF THE PROBLEM

In this paper, we propose to point out some limitations in the analysis of (local) wellposedness for the
stochastic quadratic Schrodinger equation

10y —*)u = [ul> + B, u(0,)=0, teR, z€T, (1.1)
where B is a stochastic noise in a family to be specified.
This model in fact belongs to the broader class of nonlinear stochastic Schrédinger equations

(10, — 2)u = AP + B, u(0,.)=0, teR, zeT, (1.2)
where p,q > 0 are two fixe integers and )\ is a real parameter.

The study of noise influence on NLS models is a recurring topic in the SPDE literature. The most
widely covered situation - by far - is that of a white noise in time with suitably colored spatial covariance.
Provided such a noise is regular enough, the solution of is expected to take values in a space of
functions (almost surely); the powerful Itd integration tools then become available, which even opens
the possibility to treat multiplicative perturbations (see e.g. [3| [8, 21], 22] for additive-noise models, and
[1, 2, [6, [16] for a multiplicative noise).

In contrast with this “functional” case, we are here interested in rougher “distributional” situations -
for which literature turns out to be much more scarce. Namely, in the continuation of [I3], we will focus
on examples for which the equation can only be handled in a space of negative-order distributions, and
for which renormalization procedures are also required.

In order to implement these ideas, let us consider, throughout the analysis, the case of a white-in-
space fractional-in-time noise. Thus, for some (fixed) index H € (,1), B is here defined as the centered
Gaussian noise with covariance given by the formula

E[B(s,0)B(t,y)] = It = s 250myy (13)
or otherwise stated: for all test-functions ¢, on R x T,

B[ oXB0)] = [ o || oy (sl (14)
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Such a noise can be equivalently described through the expansion
> F(k) —ikx
B(t,z) = > pMe e, (1.5)
keZ

where the 3()’s are independent (real-valued) fractional noises on R, with common Hurst index H > %

Now, it is a classical fact that the expected regularity of the solution w in (|1.1)) is prescribed by that
of the associated linear problem
(10 — 20 =B, U(0,)=0, teR, zeT. (1.6)
We will thus rely on the following preliminary lemma to identify the distributional cases of interest.

Lemma 1.1. In the above setting, the following assertions hold true.
(i) If H > 3, then for every T > 0, one has ¥ € L*([0,T] x T) almost surely.

(ii) If H < 3, then for every T > 0, one has E[H\Il = 0.

2
y—

The statement of item (i¢) corresponds to a slightly extended version of [I3 Proposition 2.1, item (ii)]
(take Hy = H and H; = % therein), and it can be proved with the same arguments. As for item (i), we
have included a sketch of its proof in Section [A] for the sake of clarity.

Based on the result of Lemma we henceforth focus on the case where H € (%, %], that is on

situations where the solution ¥ of (1.6)), and accordingly the solution u of (|l.1)), cannot be defined as
functions.

Before we describe the so-called first-order strategy at the core of our investigations, let us introduce
a few notations and spaces that will be used throughout the paper.

Notation 1.2. From now on and for the rest of the paper:

o We use the classical convention 1[g q] := —1[4,0] if a <O0.

o We fiz a smooth symmetric function x : R — [0,1] such that x =1 on [—1, 1] and supp(x) < [—%, %]
e For every function f : R — R and every A € R, we denote the Fourier transform (in time) as

F(HN) := fR dte "M f(t).

o We denote by I, the local integration operator, that is for all f : R — R and t € R,

t
L0 = —x(0) | dsx(5)5). 17)
0
We also denote by I, (.,.) the Fourier kernel associated with this operator, given by
(A N) = f dt e*“\tx(t)f ds e”‘lsx(s)l[o)t](s) (1.8)
R R
and such that
FEHO = [ T 0AFD) (19)
e For every function ¢ : T — R and every k € Z, we set
1 27
Y 1= J dx e " p(z) = —J dz e™"* p(x). (1.10)
T 21 Jo

e We consider the scale of Bourgain spaces
1
(70, ce [0,1), be (5,1) (1.11)
defined through the norm

|

= Z(k)QCJ AP F () (V)] (1.12)

keZ R
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where the notation {.) refers to (X := (14 |A\[2)2 (see Remarkfor further details about the Bourgain-
space terminology,).

We will also be led to consider the spaces
700 = 70 ~ 700, (1.13)

naturally associated with the norm

2. =3 fR AN {CRY2 + OV F () (V)

keZ

2] % (1.14)

noting that Z¢° c Zob for allce[0,1),be (%, 1).
o We denote by (2,5, P) the complete probability space which accommodates the fractional noise B under
consideration (or equivalently the one-parameter fractional noises (™)) in (L.5) ).
e For any Banach space E, we define
L (% E) = (| L"(% E).
pzl

e Last but not least, we denote by B™ the (spatial) regularization of B derived from (L.5) through the
formula

BW(ta)= Y pMemhe, (1.15)
k:(ky<2n

1.1. The first-order strategy and related questions.

Recall that we concentrate here on situations where the solution u of is not expected to be a
function, so that there is no a priori interpretation of the product term |ul?.

To overcome this issue, a natural idea is to consider a first-order expansion of the solution. This
strategy has become classical in the context of stochastic parabolic equations (it is often referred to as
the “Da Prato-Debussche trick”, following its introduction in [I0]), as well as in the dispersive setting
with random initial data (see, for instance, [, [20]). The reader may also consult [13| [14] for some early
applications to stochastic NLS models of the form .

We propose to explain the details behind this approach at the level of the approximated equation first.
For B™ defined as in [T.15), let u(™ be the (well-defined) solution of the approximated equation

(10 — 2)u™ = [u™ 2+ BM™  4M(0,)=0, teR, zeT. (1.16)
With the notation in (1.7)), and setting
9 = T (v BM), p™M(t) 1= e (1), (1.17)
it is easy to check that we can (locally) recast under the mild formulation
o™ () = 9" () + TM (0™, 0™ (1), (1.18)
where the product operator M is defined in Fourier coordinates by the formula
M(v,w)i(t) = D et bk (Hwy, k(t) (1.19)
k1

with “resonant function” € x, 1 given by

Qogy k= —k>+ k2 — (k—k1)? = 2k(ky — k).

Remark 1.3. Independently of the presence of noise, the topology most commonly used to study equation
(1.16) is that of the Bourgain spaces X &b defined via the norm

ulFees = D<) fdA O = 2 F () V) (1.20)
k
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We adopt the same convention here, expressed this time at the level of the transformed process v (see
(1.17)). Indeed, the norm ||| e introduced in (1.12) - and used throughout what follows - can also be

written as

—1tA

[0 Zer = le™ 0] %e.-

Recall also that the fundamental embedding
Xb < C(R; HY(T))

which ensures in particular continuity of the solution at time 0, is only guaranteed if b > 1 (see [24]
Corollary 2.10]). This justifies our restriction to b > % in (1.11)).

In light of (1.18)), a natural first-order transformation of the problem simply consists in the consider-
ation of the difference process
Z(n) = ,U(n) _ ?(”)

which now satisfies the equation
2 =T M (™ + o) L) 4 ?(n))
=T Mz, 2™) + M (?(n), ?(n)) + T M (2, ?(n)) + I, M (?("), 2. (1.21)

The whole point of this change of perspective can be roughly summed up as follows: taking the action
of the operator Z, M into account, we hope the difference-process 2(") to be sufficiently regular (and at

least more regular than ?(n) or v(™) so that the product terms in (T.21]) can now make sense as n — 0.

The so-called first-order strategy is now based on the implementation of a fixed-point argument for
equation (|1.21)), by establishing control over each term within a yet-to-be-specified space in the scale
{Zb) (see (1.12)).

Remark 1.4. Independently of the presence of noise, the topology most commonly used to study equation
(1.16) is that of the Bourgain spaces X &b defined via the norm

c 2
ulfen == D<K Jd)\ =D F () V)] (1.22)
k
We adopt the same convention here, expressed this time at the level of the transformed process v (see

(1.17)). Indeed, the norm ||| e introduced in (1.12) - and used throughout what follows - can also be
written as

—itA

[0 Zer = le™ 0] %e.r-

Recall also that the fundamental embedding
Xb < C(R; HE(T))

which ensures in particular continuity of the solution at time 0, is only guaranteed if b > % (see e.g. [24]
Corollary 2.10]). This justifies our restriction to b > 3 in (L.11).

Returning to equation (|1.21), let us now observe that the continuity of the (purely deterministic)
mapping
zob = zob o M (z,z)

is ensured by the sole condition b > % This can be seen as a consequence of Bourgain’s fundamental
estimates in [4] (see the proof of [I3] Proposition 3.5] for details). We may therefore focus our attention

on the analysis of the three stochastic components in ((1.21]), namely the (Schrédinger) products involving
the linear solution ?(n). In this context, the following important observation immediately comes to mind.

Observation. In order to guarantee the convergence of equation ([1.21)), one should at least be able to
address the following two problems:
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(P1) Does the sequence of - explicit - stochastic processes
(n) o(n)
ZME™,9) (1.23)

converge in L*~(Q; Z¢%) as n — o (for b, ¢ to be determined) ?

(P2) Does the stochastic Schrodinger product operation
L0 I, M (z,?(n)) (1.24)
converge as a random operator from Z%° to Z¢* as n — oo (for b, ¢ to be determined) ?

The two above problems (P1) and (P2) will be our guidelines in the subsequent study. However, for
a proper examination of these questions in the rough stochastic framework, the above formulations both
need to be refined, which is the purpose of the two next sections.

1.1.1. About renormalization. Owing to the pathwise irregularity of B (especially as H gets close to
%), the convergence of the process in (|1.23) can only be achieved through a renormalization trick, as

developed in Section below. Consequently, equation (1.21)) can only be handled in a renormalized
sense.

Nevertheless, in order not to deviate from the existing SPDE literature (especially the known results
in the heat or wave settings), we shall impose this renormalization procedure to be explicit. In other
words, the transformation should only give rise to explicit renormalizing constants at the level of the
approximated equation.

In order to achieve this objective, our strategy will obey the following two rules:

(C1) We do allow the use of (natural) renormalization procedures for the explicit process
M (?(") ’ ?(n)).
(C2) We do not allow any renormalization (and so any deformation) for the general product operation

Remark 1.5. Observe that the condition (C2) immediately rules out any “a priori deformation of the
product”, such as a Skorohod-type interpretation of the problem (see e.g. [7]), or the renormalization
trick implemented in [I4] for the stochastic cubic model, namely:

(10; — ?)u = <|u|2 —f |u|2>u+B, w(0,)=®, teR, zeT.
T

It is clear indeed that the correction term . u[* derived from the latter transformation is not explicit,

i.e. it is not explicitly defined in terms of B (this observation also applies to the renormalization used in
[5] for a deterministic dynamics with random initial data).

With these considerations in mind, and following the condition (C1), we can refine the formulation of
the problem (P1) as follows:

(P1’) Can the sequence of stochastic processes
M (?(n) 7 ?(n))

be suitably renormalized so as to converge in L%~ (§; Z¢?) (for b, ¢ to be determined) ?
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1.1.2. Stochastic Schridinger product as a random operator.

Let us now go back to the formulation of the problem (P2), related to the control of the (Schrédinger)
product operation £(™ in (T.24)). Following the above condition (C2), we intend to tackle this product
operation directly, that is without any renormalization trick.

Recall that by (1.19)), one has

LW(G) =T (t o S etk (8 (1 )), with Qg p = 2k(ky — k). (1.25)
k1

Based on this expression, one can morally expect the desired regularization effect (in space) to stem
from the integration (in time) of the exponential factor e**++1-+ in (L.25). Since Qj,  vanishes for
k =0 and k = k; only, we are naturally led to the decomposition of £{™) as a sum of the “resonant”
(Schrodinger) product operator

L2 () = D Lg—ojo k-1 Iy (t = 2k (t)?,(jf)_k(t)), (1.26)
k1
and the “non-resonant” (Schrodinger) product

LM (2)), = Lgepoy Iy (t - D ety (t)?,(;‘)_k(t)) (1.27)
k1#k

Let us now particularize the formulation of the problem (P2) to each of these two components.

As far as £ is concerned, observe that the strong degeneracy condition 1k—0yu{k, =) morally
reduces the operator to two (time-dependent) vectors. in this setting, one can legitimately hope for a
direct analysis of the operator and a direct treatment of the central question:

(P2') Does the operator norm HEO’(”)|

ey zen converge (in L7 (£2)) as n — oo (for suitable b, c) 7

Unfortunately, due to the much higher sophistication of the non-resonant component £#(™ the eval-
uation of the random - implicitly defined - norm H,Cu’(")} turns out to be a much more difficult

Zc,b_yzeb
task. In fact, capturing the value of an operator norm in L(Z?, Z¢%) (or in any other distributions scale)
is known to be a rarely attainable objective in general, and this observation is all the more true in our
random setting. For this reason, we shall instead focus on the analysis of a more tractable estimate of

)

In order to introduce the latter quantity, observe that £#(") can be written in Fourier coordinates as

F (b Z f A (L) 1 M) F(2) ), (1.28)

Zeb_yzebt

where the kernel IC;") is explicitly given by
(K)o, s A1) 1= Loy Lk k) JR Ao F(O 1) AT, Qe + A — Ao). (1.29)

Now, based on this kernel formulation, it is easily checked (see Section for details) that for every
ze 7o,

et (2)] ) pc%), (1.30)

Zeb S HZ| Zewb
where PC(Z) is given by

2

P = Y | <k/>iA<1x>2b Zf MO (), s A) (KX g (A X0)

k1 k’
(1.31)
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With bound (1.30) in mind, the - explicit - estimate 7757;]) is thus the quantity that will serve us as a

landmark in the analysis of £#("). Along this idea, let us particularize the previous control issue (P2) to
L5 through the following simplified version of the problem.

(P2") Does the quantity 73 b converge in L”~(Q) (or even in L*()) as n — oo (for suitable b, ¢) ?

Remark 1.6. In accordance with the developments in [I3], we consider the approximation of HEM") || ey geb

by PC(Z) as a full part of the first-order strategy here described. Note that similar kernel-based estimates
of opérator norms are also extensively used in the so-called theory of random tensors developed by Deng,
Nahmod and Yue (see e.g. item (5) of Proposition 5.1 or the proof of Proposition 6.1 in [I2]).

We have included a short discussion about the sharpness of this approximation in Sections and
[C2 below. In particular, it is therein shown that in the Young integration setting, the consideration of
the corresponding quantity P(™ allows us to recover the well-known threshold value H = % for the Hurst
index.

To conclude this (partial) heuristic analysis of problem , let us observe that, although the spaces
Z? naturally constitute the reference topology in this context, the questions raised above could just as
well have been formulated using other norms. For instance, by adopting the norm introduced in ,
problem (P2”) immediately becomes:

(P2") Does the quantity 756(’72) defined by

X, 2

Z J 5 <k1>2c + </\ >2b <k/ >2c + <>\/ >2b

k1,k]

3N + 00 (K0) 0, O ATy O )

converge in L'(Q) as n — oo (for suitable b,c) ?

1.2. Objective of the study.

The above-described first-order approach to (|1.1)) is precisely the method that was implemented - with
success - in [I3], for a fractional noise of index H > 2. In particular, the three questions (P1’), (P2’)
and (P2”) all received positive answers in the latter situation.

Our aim in the present study is to show that this first-order approach is however not sufficient to cover
the whole range % < H < 1, thus advocating for more sophisticated developments in rougher situations
than those treated in [I3]. This conclusion will be derived from a close examination of the challenging
convergence issues (P1’), (P2’) and (P2")-(P2").

2. MAIN RESULTS

With the above presentation of the problem in mind, we are in a position to state our main results
related to the three central questions (P1'), (P2’) and (P2")-(P2").

2.1. Problem (P1’): control of the renormalized Schrédinger product tree.

(n) n) ofn
Let us start with the examination of the tree process CY’ =I,M (‘f( ),?( )), which we shall refer to
as the (Schrédinger) product tree in the sequel.

As we evoked it earlier, this quantity needs to be renormalized before we can study its convergence.
To this end, we will successively rely on three classical rescaling steps:

(R) A first partial space averaging

MEE) @90 - g (40
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in the spirit of Bourgain’s renormalization method for the cubic NLS model (see e.g. [5, []). This
transformation allows us to eliminate a first set of resonant terms (that is, terms for which the resonant
function vanishes): indeed, in Fourier mode, it can be checked from (1.19)) that

( ME™ . gm)y _ g J ?(T))k = 1w (70 (1),

k1#£0
(R') Then a more standard space averaging:
ME™E) =2 [F7 — FE 1) = [aag 8- 50 [, )5 [, )
which achieves the removal of the resonant terms: namely, in Fourier coordinates,

ME™ N(t) o= Loy Y. ™m0 U (),  with Qp, o= 2Kkki. (2.2)
k1 #0

(R”) Finally, a stochastic Wick renormalization trick:

MEM Sy — ME™ ) - E[ME™, 1),

Remark 2.1. Observe that the rescaling terms in Steps (R') and (R”) only involve reduced quantities,
i.e. quantities depending on at most two of the three parameters (¢, z,w), which can indeed be expected
from any reasonable renormalization trick.

On the other hand, the rescaling term in (R) still appeals to the “fully-dependent” quantity ?(n).
However, the latter can easily be turned into a linear correction drift at the level of the approximated
equation, making it acceptable in the procedure (see [I3 Section 1.2] for details).

As a result of the three steps above, we derive the following renormalized version of the product tree:

~(n) N o~
Vi ()= T (ME™, 1)) = ELME™, 5" (0)]) 0), (2.3)
where the renormalized product M (?(n),?(n)) is defined by .

Our main result about this (renormalized) product tree can now be stated as follows.

Proposition 2.2. Assume that H € (L, 3).

5>5)- Then the following picture holds true.

(i) For every 0 < c < L, one has

27

~(n) 2
sup]E[HCY3 H ] < 00.
n>1 Zc‘O
(ii) For every 3 <b <2H — %, one has
~(n) 2
wi[[Y ], ] <
it gon) =%
1
(i1i) If b= 2H — 3, then
~(n) 2
Z0.b

More generally, if 0 < c <1 and % <b<1 are such that b+ 5 = 2H — %, then

~(n)
B[Y ]

—> 0.

2 n—o
Zc,b
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The above properties thus provide us with the exact time regularity of Ckfo (namely (2H — 1)—), which,
given the central role of the process in the dynamics of (1.1)), can be seen as an important result of
independent interest.

In view of our present objective, the condition b + § < 2H — % will be our first restriction in the
application of the first-order strategy described in Section [I.1

2.2. Problem (P2’): about the Schrodinger product operator £,

Let us now turn to the issues related to the Schrédinger product operator £ starting from its
resonant - and relatively simple - component £°() (see (T.26))).

Our main result about £>(™ will actually be derived from a careful examination of the action of the

operator on suitable (Gaussian) processes. The property can be summed as follows.

Proposition 2.3. Assume that H € (3,2) and fizbe (3,1).

Ifo0<c< % — 2H, then there exists a sequence (Y("))n;1 of random functions such that

? ] <o foreveryq=2, and ]E[”EO’(”)Y(”) “iz(’]I‘xR)] 25 0. (2.4)

(n)
fg;E[HY | Ze.

In particular, if 0 < c < % — 2H, then for every p > 2, one has

E[Jo 2 o] =5 o0, (2.5)
as well as
B[J ] 5 o, 26

where the space Z¢* has been introduced in (L.13).

Proposition therefore offers a partial answer to the guideline question (P2’). In particular here,
the result gives birth to our second restriction on the spaces Z%? (or Z%%) involved in the first-order
analysis: namely, one must have ¢ > % —2H.

Remark 2.4. As we shall see in the course of the proof (see Section 4} and in particular inequality ),
the blow-up observed in is primarily due to the divergence of the term corresponding to k = 0 in the
definition of £(™) This observation partially echoes the result established in [19, Proposition 3.2]
for an analogous product on the two-dimensional torus (with a noisy input of slightly different nature).

The combination of the restriction in Proposition [2.4] with the constraints arising from Proposition [2.2
already rules out the possibility of covering the interval H € (%, 1) through a first-order analysis based
on the spaces {Z%: c€ [0,1), be (3,1)}.

Corollary 2.5. If 3 < H < %, then for any pair (c,b) € [0,1) x (3,1), one has either

~(n)
1Y |

In particular, for % < H < 1—72, the stochastic Schrodinger problem (1.1)) cannot be treated in the scale

{ZY) with the first-order strategy described in Section .

=5 . (2.7)

=% w0, or ||£°"(”)|

Ze.b Zeb_ygeb

Proof. For none of the two explosions in (2.7) to happen, it is necessary that b+ § < 2H — % (Proposition
2.2) and ¢ > 2 — 2H (Proposition [2.3), which can be summed up as

%—2H$c<4H—1—2b<4H—2,

and hence one must have H > 1—72 O
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In light of the above observation, we now turn to the broader spaces Zc’b. Indeed, the results of

Proposition show that O\P €Zforall0 <c< i and = <b< 2H — . As a result, the additional
% — 2H arising from Proposition does not, at this stage, prevent the possibility of

covering the interval H € (3,1) by working within these spaces.

constraint ¢ >

The continuity of the deterministic multiplication z — Z, M (z, z) from Z¢b to Z¢Y is guaranteed
by the result of Proposition under the general condition b > % and 0 < ¢ < b. Our next step is to

address the non-resonant component £ of the multiplication operator with ?(").

2.3. Problem (P2"”): about the Schrédinger product operator L")

As explained in the above Section [I.1.2] we focus here on the convergence issue for the approximation

Pc(f;) of |£#() |5e0_, 7o given by the expression

-
dX} 2¢ 2b WZ
kaf G £ G + Zf P+ OO, A AD ) XD

(2.8)
where the Fourier kernel IC(n) has been introduced in (1.29).

Pr0p0s1t10n 2.6. Let H € ( be(3,1) and ce (0,1).

Ifczb— 17 then one has

2’4)
E[|ﬁ§j;>|] "%

Proposition therefore points out our third (and last) restriction on the class of spaces Z%Y suitable
for a first-order strategy: one must impose that ¢ < b — i.

By gathering the constraints exhibited in Propositions 2.2] 2.3 and [2:6] we can conclude our investi-
gations about the limits of the first-order strategy for the stochastic Schrédinger problem (1.1)).

Corollary 2.7. If% < H< then for any pair (b,c) € (; 1) x [0,1), one has either

16’

3™ n—ox o,(n) n—ox ~(n) n—>x . o0, —

IV 500 25 w00 L9 en g =F 0, or P2 00 in L77(Q) (2.9)
In particular, for % < H < 16, the stochastic Schrodinger problem cannot be treated in the scale

{Zc’b} with the first-order strategy described in Section .

Proof. For none of the three explosions in (2.9)) to happen, it is necessary that b < 2H — % (Proposition
, cz= % — 2H (Proposition and ¢ < b — i (Proposition , which can be summed up as

3 1 3

——2H<c<b—-<2H — -,

2 ¢ 1 4

and hence one must have H > 1—96. O

These results thus call for the development of more sophisticated methods, such as paracontrolled or
random-tensor-type strategies, in order to cover the whole range H > % for B. To be more specific,
we do not expect any possible improvement regarding the constraints on the Schrodinger product tree
(Proposition , and we only advocate for a more sophisticated treatment of the product operation

z = I,M(2,9"). These further developments could for instance be derived from a suitable “ansatz”
formulation of the problem (see [12, Section 5.2]), which we plan to investigate in a future study.
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Finally, it is worth noting that there is no hope to reach the case of a space-time white noise B through
the present renormalization method, as it can be seen from the following explosion result (see Section

39).

Proposition 2.8. Assume that H = %, that is B is a space-time white noise on R x T. Then, with the
notation of Section and for every b > %, it holds that
~(n) o
[T ]
70,b

Remark 2.9. The heuristic considerations developed in Section [I.I] could of course have been expressed
in the same manner for the general nonlinear model (T.2). Thus, if u(®) denotes the solution to the
approximate equation

10y — 02)u™ = X (u™)P(um)? + B™, (™ (0,)=0, teR, zeT. (2.10)
and if we similarly define
o) = Z, (e”ﬁB("))7 oM (1) = e”aﬁu(")(v,‘)7 (2.11)
then the problem naturally generalizes into the form
V™ (1) = 2 (1) + TMPO (0 M) (8), (2.12)

where the product operator M9 is defined in Fourier coordinates by the formula
M P (U(l)7 RTINS 7w(Q))k(t)
= N 3 ey (1) 0P (OwD (1) - wl (1), (2.13)

m ki, ,kp L,y
ki+...+kp=mli+..+p,=m—k

with
ko= (koo k), L= (0, 0y and Qupg = QF7) o= —k2+ (K3 +. .+ k) — (B +.. +2). (2.14)
This leads naturally to the two questions (P1) and (P2), about the control of the stochastic process
IXM(p,q) (?(n), o ,?("))
on the one hand, and of the random linear operator
rn . IXM(p,q) (27?(”)’ o 7?(n))_

It turns out, however, that the answers to these two questions depend significantly on the form of the
nonlinearity, in other words, on the values of the integers p,q = 0. This is readily seen by examining
the behavior of the resonance function € 1 ¢ at the core of expression . For example, if p = 0 and
q = 2, we have

Qi e = —k% =02 — 02

This expression vanishes only in the very specific case where k = ¢; = £5 = 0, which, in the context of
the operator IXM(p’q), suggests a more pronounced regularizing effect than in the case p = ¢ = 1, and
thereby leads to conclusions that differ from those of Propositions and (see I8 23] for a
comparison of the regularizing effects in these two situations).

Remark 2.10. Let us recall that the first-order approach considered here was successfully implemented
in [I3] in the case H > 2. On the gther hand, Corollaries and (2.7) rule out its applicability for
H < 2 within the scales {Z%"} or {Z*"}. At this stage, it remains unclear whether a refinement of the
arguments in [I3] would allow one to address the remaining interval % < H < 2 by means of a first-order
expansion of the same kind.
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The rest of the paper is organized as follows. In Section [3] we focus on the analysis of the Schrodinger
product tree and on the proof of Proposition (as well as Proposition . Sections 4] and |5 are then
devoted to the study of the (stochastic) Schrodinger product operator L) Section 4| contains the proof
of Proposition [2.3] while Section [5] contains the proof of Proposition [2.6] Finally, the appendix is divided
into three parts: Section [A| contains a (partial) proof of Lemma Section [B| is devoted to the proof

of the continuity of the map z — Z, M(z, z) in the A @b_topology, and Section |C| consists in a discussion

about the relevance of the approximation 736(?

In accordance with the above-described setting and results, we fix the Hurst parameter H € (%, %) for
the whole study, except in Section - where H = %

3. CONVERGENCE OF THE SCHRODINGER PRODUCT TREE

We start with the study of the convergence issue for the renormalized Schrédinger product tree

~(n) — ~
Vo (0) = T (ME™, 20 — EIME™, 8] ), (3.1)

introduced in Section We recall in particular that the (rescaled) linear solution ?(n) has been intro-
duced in (1.17)), while the renormalized product operator M is defined in Fourier coordinates by

M(v,w)k(t) = 1{k¢0} Z 62“2’“"“1 Vit by Wy with Qk,kl = |/<J + k‘1|2 — |k1|2 — |/€|2 = 2kk;. (32)
k1#0

As a preliminary step, let us point out some useful expressions and estimates for the covariance of the
process ?(n), at the core of expression (3.1)).

3.1. Covariance of the linear solution.

One has by definition
FEMO) = Ligyean F (T 5®)) (N

and we can use the integration kernel Z, (.,.) (see (L.9)) to express this quantity as
FEMA) = Liryeany Jd/\lIX(A,/\1)]-"(6""“25(’“))(/\1)

= 1(gy<an) fdxlzx(x,xl) f dt etk (k).

Based on this expression, and since (recall that % < H< %)
. . 7 _ d ., .
E[Bt(’“)ﬁt(,’“)] = L lt — 1?7 2=cl{k:k,}J, %e £(t=t)
r [€]

we get

E[FENFE)]

= Liay<ony Liary<any fd/\ld)\’l Ix(/\v)‘l)mfdtdt’ 6710\1+|k|2)tez()\’1+\k’|2)t’]E[IB'§k)ﬁ't(Ik’)]

= ¢ pp=py Ligy<ony JR |£|§l§1 JdAlXm T, (A, Al)MJdtdt’ o= O HIP €)1 o (N K248

d -
= c1gpopy Ligky<any JR |£|2fj;_lzx(/\, —&—KHI, (N, =€ — k2). (3.3)

For a more detailed expression of this quantity, let us introduce the following notation.
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Notation 3.1. For all s,t, A € R, we set

t
Ee(N) = J}R dr el)‘"x(r)l[oyt] (r) = J dr e”"'x(r),
0
t

f dr e”‘r 1p0.1(t) = 1{t>0}f dr e" x(r) — 1{t<0} dr e”"”x(r). (3.4)

With this notation, recall that
T (0 X) =J dt e_“\tx(t)J ds e x(5)1p0.q (5) =J dt e~y (6) V), (3.5)
and so we can rephrase Ras ) )
E| FE)FEH )|

:c1{k:k,}1{<k>§2n}fdtdt’x() —eAL A f |£|2H By (€ — k2B (€ — K2). (3.6)

Besides, based on (3.5)), it is readily checked (see e.g. [12, Lemma 4.1]) that
1
O S
OIS =y
and therefore the expression in (3.3) leads us to the following uniform estimate (with respect to n): for
all k,k' € Z and A\, N € R,

(3.7)

n n 1 1
‘E[]:(?l(@ ))()\)f(?l(c'))()‘/)]‘ Lik= k’}<>\><>\/>J IEPETE+ N+ E2)E+ N +k2)
<1 1 1 1 1 3.8
~ {k=k’}<>\></\/> = NHl=< [<)\ + k2)2H-1 + (N + k2)2H-1 ) (3.8)

where the second inequality follows from Lemma below.

With similar arguments, we obtain that
n n dg
E|FE)NFEE N | = e gy Liyeon f T €T €= 1), (39)

and then, for all k, k" € Z and X\, M € R,

s[Fe0FE )] < 1 1

= ’“’}<A><N>J EPAT &+ A+ K2 (& — N — 2

<1 1 1 1 L 1
~ {k=k’}<>\><)\/> AN+ 2821 [N+ k22H-1 7 (N 4 [2)2H-1 )
(3.10)

where we have used again Lemma to derive the second inequality.

We are now in a position to tackle the proof of our main asymptotic result.

3.2. Proof of Proposition

First, using the integration kernel Z, (.,.) (see (1.9))) and the Fourier expression of M (see (3.2))), we
can write the Fourier transform of the process under consideration as

f(IXM(?(n)’?(n))k)(A) :f d/\’IX(/\,A’)f(ﬂ(?("),?(”))k)(/\’)
= L(isoy D f AN T, (A, ) f dte= Nt g (el (1)

k170

= 1z0) ), f d\ FE) (M) f dho F(OU),) Ag)fRdXIX(A,X) f dt eV bt gth2 gt
k1#0
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and thus

FEFE SN0 = Loy 3, [ dhadaZh e, + 32 = W) FED ADF G, )0

k1#0
Based on this expression, and by applying Wick’s formula, we can compute
~ oln n 2
E[|F (@ (ME™, 5" ]

= Liezo) D, Jd)\ld)\g D Jd)\'d/\' O Qieey + A2 — AT (N, Qe + Ay — M)
k1#0 k’;éO

E[FE O0)F @) O FEE ODFE,) (00)
_ ‘E[}-(IX(M(?(") ?(n)) )()\)]‘2

+ 1gsoy D, Jd)\ld)\z D de ANy Ty (A Qg + A2 = M) T (N, Qe + Ay — N
k1#0 k’ #0

E[FEO)FEE) 00 |E[F L) ) F O 00)]

gy D fdAldAQ 3 jdX ANy T Qi + Ao = M) Ty (% Qg + Ay — W)
k1#0 k’ #0

E| FE0) ) F @) 00) |E[ FOEL) ) FEED (0 . (3.11)

As far as the last term of this expansion is concerned, observe that according to (3.9)), one has

Loy B[ F (O O F ) 00) [E[FE ) 02) FEEH ()|
=1{k¢0}1{k1=k+kg}1{k+k1=k;}E[f(?k7f)( DFE ) () ]]E FE) () (?(Z))(Xl)]

= Lgesoy Lok o) Liaks sy ok E| F L O F ) 09) [E[ FETL) ) FEEH ()| = 0.

For the same reason,

E[FE)O0)FEE )00 [E[F O 02 F @) 00)]
- 1{k1:k;}E[f(?;’;’)<A1)f(?i?)(%)]@[f(?w)(&)f(?,i’?kl)@g)].

Thus, going back to (3.11]) and recalling the deﬁnltlon 1 1)) of Ckfo , we deduce that

E[ |7 ( &l ] = E[|F @ e 50 P - [BIF @ M6 8 o]

= Lgz0) Z J’d)\ld)\g Jd)\’ ANy T (N, Qi ey + A2 — M) (A, Qg + Ay — N))
k170

E[FEDO)FE )00 [E|[FETL) 0 F @) 00| (312)

3.2.1. Proof of Proposition item (7).
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Using the estimates (3.7) and (3.8)), we get that for all 0 < ¢ < % and € > 0 small enough,
[||“Y’ oo

% dA1 d)s 1 ANy dN, 1
,;0k2¢0<k> J<A>2 O Q)= Qe —Aa + A1) QD OB = Qpgy, — Ny + D

d\ dXs 1
S k2c
2 2 ® el kel kenrem o rem

By applying Lemma [3:2] below, we deduce

17
~ 2 Z <k>2c </\>2

k#0 k1 #0

2

dM 1
</\1><)\ — Qo + A1) E

2c 2c 1 L 1
~ Z Z <k> J<)\>2 <>\ Q >2 2e ™~ Z<k> Z <Qk,k1>2725 s ; <k>272c725 %: <k1>2725 <

k0 k1 #0 k#0 k170

which already proves item (7).

Let us now focus on the norm in Z%° which, thanks to (3.12)), can be expanded as

TR - 5 oo 3

Jd/\ld)\zfd)\' ANy Ty (N Qs + A2 — AT N, Qs + Xy — M)
k#0

k1740

E|FE) O FE ) [E| FE) (o) FELL) 08 |

3.2.2. Proof of Proposition item (ii). Assume here that % <b<2H — %
Using the estimates (3.7) and (3.8), we get that

~(n)
E[IY 150.]

A A\ dXo [ AN dN, 1 1
s ZJQY Qb Z J<A1><Az> QD ) = Qg — A2+ A1) O = Qe — Ay + A

1 1 1 1
o+ o [ e R g
<Ay + By,
with

B dA; ) 1 1 1
A=, ), J V2 | D0y Doy O = Qr = Aa + Ary O + K202 O + (k + hy )22 A

k0 k1 #£0
dX) dX, 1
D OGN = Qe ey — A+ A

and

dM\1 d\s 1 1
By =), ), f@z 2 ) ) Qo) = Qiky — A2 + Ay O + kH2H-T

k#0 k1#0
ANy d)N, 1 1
D YN = Qe ey — Ay + N, + (k4 k)22 -1

Since A and By, no longer depend on n, we only need to prove that these two quantities are finite.

15

)
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For Ay, note first that by Lemma [3:2]
ANy dN 1 < ANy 1 < 1
QD QAD A= Qe =My +AD T ) D= Qg +ADT2 T = Qg )t
On the other hand,

d\1 d)\a 1 1 1
<)\1> </\2> <)\ — Qk,kl — X+ )\1> <)\1 + k%>2H71 <)\2 + (k + ]{71)2>2H71

J‘d/\l 1 J‘d/\g 1 < 1 1
SO Oq + KD | O (g + (k + kp)2)2H-1 ™ (ke YAH=2=¢ (| 4 ky yiH—2—¢"

where we have used again Lemma [3.2] to derive the last inequality. Thus, going back to the definition of
Ay, we obtain that for € > 0 small enough,

1 1 1
Ay < 3.13
b kgo <k1>4H7275 ];0 <k + k1>4H7275 J, <)\>272b <)\ — Qk,k1>17€ ( )
2 2 ; 1
S “ (ky >4H 2b—2e <k+k1>4H 2—e (k)2-2b-¢’

due to Lemma and the fact that b > % Since b < 2H — %, one has 4H — 2b > 1, and so by Lemma
[3-2] again,

Ap Z <k1>8H Hoimae <%

k1#0

for € > 0 small enough.

As far as By, is concerned, one has by repeated applications of Lemma [3.2]

dA1 d)Xo 1 1
<>\1> <)\2> <)\ — Qk,kl — o+ >\1> <)\1 + k%>2H71

f d\ 1 1
T O HEDH LN = Qg g, + ADE

( dX\ 1 ) ( d\y 1 )2 < 1 1
TS Qup O RS2 Q= Qg + A2 ) T k=272 (N — Q)2
and in the same way

dX) dX, 1 1 < 1 1
QDD = Dy = Ay + A QG+ (B + k1)2D2HE ™ (b k=272 (N — Oy 02

which gives

A 1
LIS Z (ky >4H 2— Z L (i + >4H 2-¢ J<)\>272b D=y

k1#0

Thus, we are in the same position as in (3.13]), and we can use the same arguments to assert that B, < co.

This achieves to prove that for every b such that % <b<2H - %, one has

el P7L, ) <

n=1

as desired.
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3.2.3. Proof of Proposition item (74i). Assume now that b+ § = 2H — %
Using the expression in (3.6)), we can write

E[FEO)FE) O B[ FEL) Q) F O 00) ]
d 1y
= Hawner) JR W% fdtdt’ XOX(E )M e E (=€ = k) Ep (=€ — k)

d —X2s wA\hs =
Lihrry<any JR W% stds’ x(s)x(s)e 25?2 2 (= — (k + k1)?) =g (—n — (k + k1)2). (3.14)
Then observe that by (3.5]),

J‘d)\ld)\g IX()‘ﬂ Qk,kl + )\2 — A1)61A1t6—1)\23

_ J dv e—z)\vx(,v) Jdr 1[0,1)] (T)X(T) Jd)\ld)\Z el""(Qk,kl +)\2—>\1)ez)\1te—z)\zs
R

= f dve "y (v) Jdr Ljo,07 (r)x(r)e” Pk <Jd/\1 e”’\le’)‘lt) (fd)\g e””’\zemgs>
R
_ 1t K —1\v
= 0=y X (t)e" hk fR dve xX(v)1[o,0(1), (3.15)

and in a similar way

f AN AN, T (N, Qigy + Ay — N )™M 2% = 5y x ()™ P JR dw e x(w) 1. (t).  (3.16)

Combining (3.14]), (3.15) and (3.16|), we obtain that

fd)\ld)\g fd)\'ld)\; oA, Qi + A2 = M)A, Qe iy, + A5 — A))

[ FEIH( ) (?2?)@3)]1&&(?2%)(&)f(?&’ﬁkl)ug)]

= Lk y<om} LGt kry<any f GEE J |n|2H 1
( f dve " x(v) fdt Ljo,o) (B PE51 X (8)P By (=€ — k) Ei(—n — (k + kl)z))
R
( [[dwerex) [ 1pu@re e @yz f<—a—k%>aﬂ<—n—<k+k1)2>>
R

and so, going back to (3.12)), we get the expression

c dn Q 2
[HCYO Zfb] = Z {ky? Z Licky<onp LGk rriy<any f|§|2H 1 f| |2H-1 fd)‘<)‘>2b|Q§i:fn+ k+k1)2(/\)| )

k#0 k1#0
(3.17)

where we have set
t

Qk () = jdtefwx(w f ds e (s (= B)Zs(~8'). (3.18)

0

In particular,

. d€ Qg 2
[‘ﬁp Zcb] > Z 08 Z Licky<emy Lch+kay<any f|§|2H 1 f [n]2H-1 fd/\|)‘|2b|Q5i;§,n+(k+k1)2(>‘)|

k=1 k121
2¢ 1+2b 261 2k, k1 2
= Z k) Z Ltk y<omy Lk d<2ny Qg 1y | B J|£|2H 1 f| |2H 1 fd)\|)\| |Q§ikk§m+(k+k1)2O‘Qk’kl” :
k=1 k1=1
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For all L > 1, we can use an integration-by-parts argument to decompose Qé B’()‘L) as

Qha L) = [t | s () B —) = MES )+ RE, (), (319)
where
MEy () = 7 [dte B DO BRI () (3.20)
and
) t
REp )= 7 [ate (0 | dseta (P SRR ). (321)

Using this decomposition, we can write

[n%“’

d¢ Q 2
1+2b 2b kk
ze, b:| Z kY™ Z Licky<emy Lichtrny<any Qb e | i f |§|2H 1 f [n[2H-1 fd)‘ Al |M§+kf1n+(k+k1)2 ()\)|

k>1 k1>1
2¢ 1+2b 2b| Sk, k 2
+ Z k) Z Lickry<emy Lichrhny<any Qi | J’ HESE J' [n[2H 1 Jd)‘ Al |R£+kfl,n+(k+k1)2()‘)|
k=1 k11 n

2¢ 14+2b 26 2 2k, k Qe ke
—2 Z <k Z |25, | J e |,'7|2H 1 fd/\ Y |M§+k21n+(k+k1)2 )|‘R§+k§1,n+(k+k1)2 V|

k=1 k=1
2 142b 2b| 2 7k, k 2
;§1<k> CkZ>11{<k1><2"}1{<k+k1><2"}|Qk o | J'|§|2H 1J|77|2H T Jd>\l>\| |M§+k2l,,+(k+k1)z(>‘)|
12
d¢ Q Q
2c 1+2b 2b k,k k., k
-2 3% X (0] | i | e [ IS s RS, e O
1

By applying Lemma [3.5) m below, we get that for all Q > 1, k,¢ > 1 and € > 0 small enough,

b
J'|£|2H 1 |77|2H 1 Jd)‘|>‘|2 |M§+k nH HR§+k n+l(>‘)‘

s QU A2 |A|4 f €= f 2= 1<€+k><’7+’3>

+
LKQ A2~ 22’IA 1= sJI&I”’ 1Jlnlw !

1 1
<<§+k><n+e>+<£+<k:+sz>><n+e> Erhtnt@—Q—¢—h)y
1 1
+<n+(€—9)><£+k>) *<n+<e—ﬂ>><§+<k+sz—n—é)>)]'

By using the three controls contained in Lemma below (as well as the fact that 2H — 1 < %)7 we
easily deduce the bound: forall k> 1, Q2> 1, ¢ > Q+ 1 and £ > 0 small enough,

1 1 1
2b| A s Q
f |€|2H 1 J |n|2H 1 J‘D‘ |)‘| |M£+k,n+é()‘)||R£+k,n+£(>‘)| N ()4d—e |:€2H—1—a + (g _ Q)QH—1—E]'

Therefore, for € > 0 small enough,

dédn Q1 Qo ks
2c 1+2b 2b s
33 R e, | J|g|2H P dem MEEE e OIREES e O]

k=1k1>1
1 1 1
< k 2c
kz>:1< > ;1 |Q Ky |3 2b—e [(k+k1)4H 2—2¢ + (k2+k%)2H_1_5:|
1
~ Z <k>1+4H 2b—2c—3¢ Z <k1>3 2b—¢ < o,

k=1 k1>1

duetob<land 2b+2c=(2b+¢c)+c=4H —1+c < 4H.
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We are thus left with the analysis of

n) .__ c b b Q2 2
M 1= D1 D Loy Lick ke Qe [ jléle 1 J| |2 JdMMZ M i ez V]

k=1 ki=1
(3.22)
To this end, write for all 2 > 1
df 21, 2
f |€|2H 1 f |,,7|2H 1 Jd>‘ A | E+k2, n+(k+k1)2(>‘)|
2
(A1)t AT (e )= —(k 2
|Q|2f|§|2H 1J|77|2H 1J|A|2 2b Jdt X(1)" Ee(=€ = k{)ZEi(=n — (k + k1)7)
where we have set
f R Tt et(—€ = B)Eu (=6 = 7).
Then, by elementary transformations,
L i v (DA (1) AN o)\ 20—t 7 (4 VT ()
W x(8) x(t) |)\|27_2b6 e Tior (6 8) Ty (8, )
dtdt o -
|Q|1+2bj|t t’|2b 1 X )4X(t/)4 ezQ(t t)jkl(tatl)jk+k1(tatl)
1 dtds Qs _
- |Q|1+2b = X x(t — ) "B Tn, (t,t — 8) Tiorr, (£, — 5)
dtds Py s\% . s\ . /., S\
= OF J’| a7 X (=) e T (bt = 5) Twns (11 = 5)- (3.23)

Let us now expand the two quantities Ji, (¢, — &) and Jyp+k, (t,t — &). On the one hand,
d¢ T =4 2y
€21 (J dr x(r)e' ¢+ )(j dr’ x(r')e M) )
0 0
_ s Ny [ d WE+k2) (r—1")
- |£|2H—1 T 1[0,t—%] (T )X(T ) r 1[O,t] (T)X(T)e
d 2
= J |£|2§“ Jdr’ 1[07t,%](r')x(r’) J'dr 10,4 (r' +r)x(r' + r)el(&kl)r
1 dg’ wk?(&'+1) ’ ’ ’ ’ ’
= T | T dr e 1 dr 1[0’t,%](r Lo, 4+ 7)x(r")x(r" +7)
1
1 dfl ZT’(EI+1) T T

1 dr . T
- R J R e Jdr’1[07t_%](r')1[0,t] (r' + k—%)x(r )X(r + k2)

and similarly

Teena (4= 5)

_ U —u / ) / / 1 ’ u
T (kA ey 2 f u[2—2H © fd“ Lot 51(0) Lo (“ T k1)2)X(“ )X<“ T k1)2)'




20 AURELIEN DEYA

By injecting these two expansions into (3.23]), we deduce the expression

2b 2
f|€I2H 1flnl2H 1 fd)\|>\| IME, sz (2 V]
S 4
lS _ =
|Q|3/€4H 2(k—i-/c 4H— QJ’th J| 21 ° X(t Q)
dr r r ,
( We J‘drll[o’t*%](rl)l[&t] (7'/+]€%)X(7")X<7"+k%))

([ = [ ronemon (v + e + ')

11 1
= [ TR (s ) Qu.rr (K, k), (3.24)

where we have set

Q@) = [t [ dr' [ au x®*xnw)

<f| 261 681[0>t*%](7",)1[0,t*%]( I) )(J| 2~ 2m © Ot]( kz) (T + k2)>
(J om0 *ﬁ)x(“ )

Using the subsequent Lemma [3.6] we can easily check that
Qb (e ys ki k1) = @ as k,ky — oo,

q”’”( FE=k )Umzw <J‘“’< Jd’"x fd” >

Since gy, > 0, there exists K > 1 large enough such that for all £&; > k > K, one has
Qo (s b k) > L
Therefore, going back to (3.22) and (3.24)), we get that

where

1 1
oy [FH-20 || + fy [AH-2

Z |k|2 2b—2¢ Z Ligriy<ony Lch+kiy<ony
k=K ki=k

and since K does not depend on n, we deduce that

1
ipt 2 2, s 2Tk R
1 1 1
. ( )
=~ b— k
kZ:K |k|8H 4b—2c—1 kk§k| L|4H=2b |1 4 KL |4H -2
- Z ff dz
~k>K |k.|8H W=2e=1 | |p[HH=2b[1 4 g[4H-2
* dx
R Z |k|8H 4b—2c— 1J | [8H—20=2"
k=K !

At this point, recall that b + § = 2H — %, and so the latter bound reduces in fact to

e 0
ey |k|8H 4b—2c—1 1 |x|8H72b72 |k| 1 |x|8H72b72 ’

k=K

which leads us to the desired conclusion

lim 9™ =
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3.3. Auxiliary lemmas.

The few technical results below have been used in the proof of Proposition[2.:2} The first, resp. second,
one is borrowed from [I5, Lemma 4.2], resp. [13, Lemma 3.4].

Lemma 3.2 ([15]). Let a = 8 > 0 such that a + 8 > 1. Then for all A, B € R, one has

e (f dx Z 1 ) < 1
r (x— Aw—BY 4k — Ak —B)P ]~ (A- By
where « is given by
a+6-1 ifa<l
vyi=<pB—¢ ifa=1
B ifa>1,
for every € > 0 small enough.

Lemma 3.3 ([I3]). Consider parameters p,v € [0,1). Then for all (A, B) € R? such that |A| < |B|, and
for every 0 < e < 1, it holds that
e 1 1 1 1

r ]V <€ — A& —B) s (AW (B — Ayl—¢" (3.25)

Lemma 3.4. Let « > ¢ > 0. Then one has
N I N B i
Aer Jr [§]* €+ 4) r []*<E+ By~ |B|*®

As a result, for all AABER and 0 <e <, 8 < %, it holds that
J d¢ 1 < 1
g €+ AP+ B) ™ |B- AP

Proof. 1t suffices to observe that for all A € R and € > 0 small enough,
R |g|i<§+1A> < 1{A|§1}[J{|£<2} |?|i * L§|>2} |‘?|£a||§|1—1|] T4y R |2Z|i 1€ + il|1*€
a1 _ [ & 1 o1

v €0 €+ B) ~ S [€[* €+ BI'== T |BloE
The estimate (3.26]) then follows from an application of Cauchy-Schwarz inequality. ]

for every B € R.

(3.26)

In the same way,

Lemma 3.5. For all L > 1 and 3,5 € R, let MﬁLﬁ, and Réﬁ, be the functions on R defined by (3.20))
and (3.21)), respectively. Then the following estimates hold true:

(i) For all |\| = 2, one has
11 1 . 1 1
DN ) ™ RIS i gy

|Mﬁl’:ﬁ/(>\)| s max <
(#3) For all |\| < 2, one has

. 11 1 1
(M (M| < max (Lw BXFy T2 A = 1|16)
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and
L
[R5 5 (V)]

1 1

1

1 1
S TN BBy T T BXEy T T XL A= B L—BXB) LKL+ B !
Proof. Note first thgat the bound

1

1 1
Mg gV S ++
| 8.8 ( )| ~ LA
in both (¢) and (i¢) is a straightforward consequence of the fact that

(3.27)
(BXB"
E(-6) (329)
BSCRRCY '
(7) If |A\| = 2, then by an elementary integration-by-parts argument, we get that
1 — -
M| 5z [ e[l O E=B) 2]

where we have used the uniform bound

+ XO[10:(E.(=B8) )] [E(=8)| + [x(D]*[Z:(=8)||ox(

In the same way,

= =)0 S zE
[Z:(=B)| + 10:(2:(=))| < 1. (3.29)
R0 5 g | [ @O [ ashPIE ol

where we have used (3.28) to derive the last inequality.

+ [ @ oIk ECIE 6’)I]

1 1
<
L2AI? (BXB"
(i) For Mé:ﬁ,()\), we can use again (3.29)) and an integration-by-parts argument to write, for [A| < 2,
ML N < 1 d —Lt(A—1) 4= — ! e 1
| ﬁ,ﬁ’( )| ~ m te X(t) —‘t(_ﬁ)‘—‘t(_ﬁ) ~ L276|)\||A—1|17€.
As for Rj 5()), observe first that
t
18 —_ — ’ 1 2 - 7 o\— /
| ase xS =R (-5) = e A BRI
1 t 1sL 3 == ’ 1s(L+8) . , 1 t vs(L—B") 4=
— 1 | e o R [ s ) R = o [ dse () B,
and so, by (3.28]), we get that
1 - ‘ = =
RS O] = | [0 [ ase a7 =m0 ()
1 1
< |55 + Jdt X (t J
EnikercoRd KA

0

t
ds e x () By (=5')

Then, using similar integration-by-parts arguments as before, we obtain that
J~t
as well as

t
- dtlx'(t)l‘ [ sty
0
ds e ETIX(s) B (=)

=7
55t @
[

+ )
(L+B- ﬁ’>]
_— 1 1 1
Zs(=0)| S 5—5x
== 7=
which yields the desired bound (3.27)).

<@+<L+ﬁ—ﬁ’>]’

<1
TLL+B)
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Lemma 3.6. Fiz o€ (0,1).

(1) It holds that

sup
L=1
t,r' u'e[—2,2]
and
a7+ (e p) s
su — ' r r+ =] <1
e O\ T L
r'e[—2,2]

(#3) For oll L =1 and t,r",u' € [—2,2], one has

23

(3.30)

(3.31)

ds s s / , 1 1
LWG {1[(”,,]( )0 21X (t = 7 ) = Loa ()L (u )X(t)}‘ < ﬁ{ T
and
dr r r 1 1 1
e {ma( + DG 1) = toao ) | < 2o + g ¢
Proof.

(i) Let L > 1 and t,r',u’ € [—2,2]. One has, for almost every s € R,
110,t-21(r") = 1z iscr—rmyy — Lpr<oyLs= L=}

and so we can write

L10,—21(r") 10,4 21(u)

; _1u,|a } (3.32)

}. (3.33)

|7“/|O‘

= (1{r’20}1{s$L(t7T’)} - 1{T’<0}1{32L(t7r’)}> (1{u’>0}1{s§L(t7u’)} - 1{u’<0}1{s>L(t7u’)})

= 1o wzoy Ls<i(t—r)att—un]} T 1w <0y sz Lit—r) v (t—un)]}-

Therefore

ds g , S
RWG Lo, 210" 1o, 21 (u )X(t—z)

P gy s x ds
= 1gwz0) » WG X(t - Z) + Ly w <o} o

Ll(t—r) v (t—ury] [81°

and we can apply the estimate (3.36) in Lemma below to deduce (3.30)).

We can then use the same arguments to prove (3.31]), by noting that

T
10,4 (T' + Z) =1gz01 ri<r<s ooty — Lg<oy 1 vy Lt<r< L)

(79) Regarding (3.32), we naturally start with the bound
ds

o s s (') — / . / _5
SUR |S|a€ {1[0,t—f](7“) 1[0,t](7”)}1[0,t—f](u )X(t L)‘

ds s
+ 14 (r/) Tt 1[0,t—%](ul) —1pg (U/)}X(t a L)‘

+ Lo, (") 1p0,4(

e - 1) x|

(2 S
(- 1)

T s{1[0 210" L0, 2] (U')X(t - %) — 110,41 (r") 10,9 (U')X(t)}‘

(3.34)
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For the first integral in (3.34]), observe for instance that for almost every s > 0,
Lio,e-21(7") = 11,0 (") = Lwsop{ Lpemrt 23 — Lizey ) — Lr<op{ Lppsr 4 23 — Lissry
= _{1{7,.120} + 1{7"'<0}}1{7”'St$'r’+%} = _l{r’St}l{szL(t—r’)}7 (335)
which, combined with the previous decomposition
1o, 21(4) = Lywz0yLis<rew)y — Liw<oyLs=Li—u)}s

yields

{100 2107) = 1o, (r) 104 21 (w)

= —{Ljocwer<tylrp—ry<s<ii—u)} — Ly Lw<oy LssLit—u)} Ls=L(t—r)} }-

As a result,
* ds s
J;) STXGZS 1[0,t7%](7‘l) —1p0,4(r") }1p0, 2 (u )X(t - f)

. let u'| ds (t ) o ) J‘”fv‘ ds ,q (t S)
- T H{ogu'sr'st 76 X - 7 r'<t u' <0 X L)
{ <u' <r'< } L‘t Tll S L { < } { < } max(thf’l"l,L(t*U')) s« L

and we can use the estimate in Lemma to assert that

{1 00— %] _]_[015 }1[0t77( )X(t—L)‘ LO‘ maX(|t_r/|a7 |t_u/|a>v

which corresponds to the desired bound.

The bound for the second integral in (3.34)) immediately follows from the same arguments, that is from
the combination of (3.35|) with (3.37): we get here that

[ et 0~ t0a (- 2)| € g

As for the third integral in (3.34), we can write

[ e R e e Y e RGN |

1 (>~ 1 [ 1
ﬂ _ t)+7J §<

which completes the proof of ([3.32]).

The proof of (3.33)) stems from a similar strategy: observe for instance the decomposition, valid for
almost all t,r > 0,

.
Lot (7" + Z) ~1pa() = L-gar<i-£3 — Losrsy
= Ljosec g {l-2<rsi- 23 — Liosr<n ) + Lis 23{l- 2 <mco) — Lp- 2 <msny )
=1gpenn e rry Lirsnt—ryy — Yoz Liosr<ty T 1z nirpylir<ney Vir<oy — s rje—r )y Lir<nty Lirr<eys
which paves the way toward the application of (3.37)), just as above. O

Lemma 3.7. Fiz a € (0,1). For all test-function ¢ : R — R with support in [-K, K| (K > 1) and all
A€ {—1,1}, it holds that

sup
A, Aze[—00,0]
L=1

=

Az g r
[ o ()| ebe + 1ok (3.30)
A Il
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and for all0 < By < Bo <o, L>1
JB2 dr . (r) 1 Il LK
Te - —
s oot P\L)| ¥ Bl T e
Proof. For (3.37)), let us write, with an elementary integration by parts,
Bz qr r
S Ar o
JBI Tae SO(L)
11 B, (Bg) 1 1 B (Bl)—"_aJBQ dr (T) 1 B2 gp D ,(7“)
=——c¢ — ) - ——=€ — — —e e —e —
“ast NL) Tt N Ty, et P\L) T L )y, e P\L)
which, since supp ¢’ ¢ [—K, K], gives

JBzdrem (5) < Ligl + o] J/ dr +1JKLdT
B ro 80 L ~ Bix 80 L SD *x B: T'a+1 L 0 T
As for (3.36)), it suffices to observe that for every A € [0, 0], one has
[ &rerro(3)] < toencnlibe [ & + 1o [iohs [ & +| [ Eer
o @ ¥ 7 {0gA<1}HIPllwo {Az1} | 1Pl
A
dr . (T
L o€ ‘P(L)"

We can then use (3.37) to (uniformly) bound the latter integral and derive (3.36)).

(3.37)

2V e, + 5
L)1~ BalWle ™ "L

< el + 1iazyy

3.4. Proof of Proposition We assume in this section (and in this section only) that H = % Recall
that in this case

B30 507] = Lomindiemrn,

and so
E[FENFE )]
= L=<z Liwy<any f déde' T (A, O (N, €) J dtdt’ e CHE ] 40 00
= Lik=ry Licky<any J’dﬁdﬁ’ Zy (A, é)mjdte"'@*"“'z)tel@’ﬂk\z)t
= Lge—iy Ligmy<any Jdﬂx(A,ﬁ)m
= 1 py Lgry<an) f dtdt’ x(t)x(t')e e fR ¢ =4 (—€) 2y (=€),

which immediately extends (3.6]). As a result, we can follow the arguments leading to (3.17)) and conclude
that for every b > l

[||C§fo ”Zob] > Z1{<k1><2"}1{<k+k1><2"}dednJdA<A>2”|QQ’““ )7

k#0 kq1#0

where QgL (\) is the quantity introduced in (3.18). In particular,

[”Rfo ”zo b] Z Z Lk, y<2my Lichrhny<ony |k, k1|2fd§dnfd>\|/\|2b|QQk - )\Qk,kl)|2,

kz21ki>1
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and we can use the decomposition QgLn()\L) = MgLn()\) + an()\) exhibited in (3.19) to derive that

[||%fo ”Zob] 20 2 Liceyeen LGeriy<an)

kz1ki=1

-2 3, 3 i [ acan [P VG5

k>21k>1

% k1|2 Jdgdnjd)\ |)\|2b|MQk k1 )\)|2

By applying Lemma we get that for all Q > 1, k, £ > 1,

fdgdnfd)\|)\|2”|M§?n(>\)||Rgn()\)|
1 1 1 1
S Jdgdn[ss7j dl)\_Qb + 1,1 I_¢ (J 52D “* 1_5)
(2 Q2 Jynz2y A2 (7 Q2 (al<2) [APT2PA =12

( L 1 N 1 N 1 N 1 >]< 1
EXm  Q+E  Q+EXQ+E—m Q=X Q-nXQ+E-n /]|~ i~

where the last estimate can be easily deduced from Lemma [3.2]

% < b < 1 and ¢ > 0 small enough,

Therefore, for £ < b <1 and € > 0 small enough,

2
3OS I, k1|2J’d§dan)\|)\|2b|Mg;"” MRS ] < D) Z -3 <Z 1) :
k=1k =1 |Q/€ /’€1|2 k <k>2

k=z1ky=1

and we are thus left with the analysis of

iy ()12
M 1= > 20 Lwnsen Liakskn<ey 1, ’Cl'QJngdnJ,dMA'Q”M eV

k=1ki>1

To this end, write, for 1 <b<l,

Jdifdnfd)\|>\|2b|MQ" [
|Qkk1|2f 5J d"f A2 fdf Sty (1) E(=O)E(-)

)|
¢:= [ae[an dx\jdte-mxw‘*a(—s)&(—n)

It is easy to check that C is finite and strictly positive, and accordingly by picking K > 1 large enough,
one has

2
» - kkiom  C
J dte th(t)‘*:t(—s):t(—n)‘ S

|k |3

where
2

) 1
mn > Z Z 1{<k1>s2"}1{<k+’ﬂ>$2"}m’
kzK k12K o

which, by letting n tends to infinity, achieves the proof of our statement.

4. PROOF OF PROPOSITION 2.3

4.1. Proof of Proposition
Fixbe (%, 1) and c € [0, % —2H). For every n > 1, define Y™ through the formula

1 1

1{k¢0}<k>37—4HW‘7:(?§€n))()‘)' (4.1)

FO) 0 =
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For every ¢ > 1, one has

By TJ<EKZ@WJ0@WV< )»ﬁj

1 dAq n n
i (ky Yo—8H=2¢ "~ <k.q>6—8H—2c <)\1>4—2b Q=2 [|}—(?( )) )| "'|]:(?I(cq))()‘q)|2]

< (2 gy [ e Bl @0P]) < (2 g [ agem ElF@00f )

where we have used the fact that F (‘fén)) (M) is a Gaussian variable to derive the last inequality.

Now we can use the basic covariance estimate (3.8)) to assert that

1
Z <k->6 8H—2c J<A>4 2b ] Z <k>6 8H—2c J<)\>6 2b <)\+ k2>2H 1’

which, thanks to Lemma [3.2] yields

1 d\ n
Zk: (ky6—8H-2¢ | (\yi-2b [|]:( ( ) ] Z <k>4 2. < %

due to ¢ < % — 2H. We have thus checked the first part of (2.4]): namely, for every ¢ > 2,

bupIE[HY

nz=0

‘. ] < . (4.2)

We now intend to show that the second part of (2.4]), that is

E[Hco,m)y(n) H2Zo,o] Y o, (4.3)

Let us start the analysis by writing, along (1.26]), and with expression (4.1f) of F (Yk(")) (\) in mind,

F(L M) ()
= Z Li—orofh, =k LJCUWI (A, A1) a2 (? ) (X2 )\1)]:(?(”))(/\2)
= {k=0}u{ki= }<k1>374H X\ )2 ki—k Ky )
and so
E[|co @y -3 | ixe[|lF (e ) oF |
> J d)\IE[|]—‘(£°’(”)(Y(”))0)(/\)| ] (4.4)
1 A —om (o]
Jd)\IE[ kgo R J,d)\lIX()\,)\l) Do FO) e = A)F(0) (A2) ]
de Jd)\ T A [ 222 E[FED) 00— M)FED) 0] L
k20 <’f1>3 [CY N e ROV h SR A ke TR ’

where we have used Jensen’s inequality to derive the last inequality.

It remains us to prove that

1" 225 oo, (4.5)
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To this end, we can use the notation of the subsequent Lemma [£.1] to write

™ = J d\

fdA‘( > Licky<en) 7 ; v |k1|jH 2) <JdAlIX(/\,/\1)J%M(/\Q —)\1,)\2))

k1#0

da 2

1
> Lo 75— Jd)\lf (A A1) [ﬁM()Q — A1, A2) + Ry (A2 — /\1,)\2)]
o (ka >3 4 A2)? [ [k [HH =2

dx 2
+ ] 1{<k1><2n}deAlz (A A1) O ; Riy (M2 — A1, A2)|
k1#0

Using the inequalities |a + b]* = |a]? — 2|a]|b] and 1{<k1>$2n}<kl>ﬁ < 1 (recall that H < 2), we obtain

d)o 2

Qo)
—2[s™)| . Jd)\ UdAl 7 (X, A1) |J<iA§2 M (X —Al,Az)l]

| 3 [ monl [ g oe -0l o

1™ > |S(”)|2fd)\Ud)\12X()\, A1) M(Xa — A1, A2)

where we have set

1 1
S(n) = 1 n .
k;i:() {Ck1y=2 }<k1>3—4H |y [+ 2

By combining the definition (4.9) and the estimate (4.10) below, it is easy to check that the integral

d\ dX
fdAUdAl Z (X A1) |f<A ; |M (g — A1, A2) H > de 1T (A, ) |J<A,§2 | Riey (X — N1, 20|

k1#0
is finite. Indeed, on the one hand, it holds that

o X X
J ool | 5 o - a5 | 555 [ o e

1 d\ o1
S e = v

where we have used Lemma to derive the last two estimates. On the other hand,

dx
> fdx IZ (A AY) |J<X§2 | R, (X5 — AL, M)

k1#0
dA, dAs
< dX |Ri, (N — AL AD)| < fd)\’ 2 | Riy (M, AD)| < <1,
< 3 J o) e I, 8] G 01 < 3, e
where we have used (4.10)).
We can thus rephrase (4.6) as
1™ > ¢ |S(n)|2 — |S(")| = |S(")|2 [Co _ Lg(éjm]’ (4.7)
where ¢; = 0 is a finite constant and
c -—fdA Jd)\I(A)\) ﬂM(A —A )\)2
0= A Bowe 2 1, A2

Observe that S "25 oo, and therefore, based on , it only remains us to guarantee that cq > 0.
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To this end, write

2

dA
co = JdA‘JdAlIX(A,Al)JO\&M(AQ — A1, A2)

2

—| dAUdte—’“x(t) LY {Q; | dsx(=2 00 - 2T
=cfdtx(t)2 fdsx(s)Q g\)‘;z<J’dAlEt(A1)ES(/\2—)\1))ES(/\2)2,

where we have used the classical Fourier isometry in L?(R) to derive the last equality. Then

JdM E(M)E (A2 — A1) = fdr x(r) L4 (r Jdv X(v)1[0.0(5) J-d)\l oA (A2 = A1)

jdm 12110, (1) 10,07 (5)62
which yields

cp=c J dt x(t)*

—CJ’th J’dsx Jdrx [0,r](5 Jdvx 110, (v) 1o (s)e "

where we have used the classical identity

2

ds X(s)? J dr x(r)10.1(5) J 00 () 1.1 (0) 1001 () <§2§2€_M2(T_U)

2

d\ —
ot

Finally, since x = 0 and x =1 on [—1, 1], we obtain that

1
CJ dt x(t)
0
1
CJ dt
0

Once endowed with the properties of Y () in (2.4)), we can write for p > 1 and q := 1%,

= cefltl.

2

dSX( )? J dr x(r )1[07T](8)J d“>((U)21[(),t](U)l[o,v](S)ff_‘r_v|

ds

er’ dve ™ ”l > 0,

as desired.

B[ g | < B[
< IE[H[:O 2 e |y(")| e b]
SB[ | T[] < B[l ]

due to (4.2). Since E[”EO’(”)Y(”) Hiz(’]l‘x]R):I — 00 as n — 00, we obtain the desired explosion in (2.5)). The
assertion (2.6)) then naturally follows from the same arguments, noting that

ooy S|, and YO, < [y

v ||L2(’J1‘><R) Zeb:

4.2. Auxiliary lemma.

The following decomposition result has been used in the proof of Proposition [2.3}
Lemma 4.1. In the setting of Proposition one has for every (k1,k7) # (0,0),

E[FE)OFEE) V)] = Loy Ligkryeery W%M(A,XHR;“(A,X), (48)
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where, using the notation introduced in (3.4), we have set

ML N) = CJR ds x(s)2 2 (N E (V)

for some constant ¢ > 0, and the function R is such that for all k1 # 0 and € > 0,

dAsg 1
Jan [ 251 ) < e

Proof. Recall that by (3.3]), one has

= ro(n)\ /vy n ’ d T N ¢ L2V ’
E|FE)NFEE) V)| = e 1y Ligr<an j Wf,lzm, —E— KDL (N, =€ — k),

and thus
E|F( <">><A>f<?,it;>>m] = Tty mtgy Ly

2 2 7
f |5|2H ;| deevini fRdse““’ﬁ”x(s)lm,ﬂ(s) fRdt'eﬂ“x( )fRds D () 10.00(s)

= ¢l =ity Ly y<omy J, |£|2H - J dsf ds' et (E+kD) (s =s)
[ [t O [ e e @)
de e
= Cl{k1=k3}1{<lc1><2"}f |€[2H1 J dr e "¢
R R
[JR ds x(s)x(s + 1) JR dt e’”\tx(t)l[07t] (s) JR dt’ e_’Altlx(t')l[O,t/] (s + T)]
3 2
= ¢ L, =k 3 L dy<2my N |€|2ﬁ]:(A)\,/\’) (€ + k1)

dg
= cL=iy L=y | popamt” () (©),
R 1

where we have set

Ay (r) = fR ds x(s)x(s + 1) JR dt el)‘tx(t)l[()’t] (s) JR dt’ e_l)‘/tlx(t’)l[Qﬂ] (s+7).

With this notation, let us define

M\ N) = ch A F(Ax ) (€) = c Ay (0)

and

, 1 1
Ry, (A X)) = J’ d¢ [|§ ElzZe |k%|2H1]]:(A’\”\')(§)’

which, going back to (4.11)), yields the decomposition (4 .

In order to check (4.10)), let us write

PN e - RPET T [R3RE

|7 (Ax) (©)

‘ 1
df‘ —
N = e

+ |7 (Axx) (€)]-

On the one hand, for every & € (—o0, k%), one has | — k7| > 2£7, and so

1 1 1 1 F 1 TR
€ — BF[PH-L [RFPH-L] T E — RZPH-L [RPHL]J]E — RPPH-L RE[PHAL
1 ]' |1 I3 |€|17€

S k2| RH-1)= |2|2H (1—<) € |/<; |4H—2¢”

(4.11)

(4.12)
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which entails

1
d _
f‘m—kﬂwl G

|7 (Ax ) ()] < Wﬁ JR de €' F (Aan) (©))- (4.13)

On the other hand,

1
df‘ —
N = e e

. 1
)@= I L d ‘|§_1|2H—1 - 1‘|}—(A>\,>\’)(k%£)|.
2 (4.14)

By injecting (4.13) and (4.14) into (4.12), we obtain that

1 o 1
|Ri, (X, N)] < Ve 22 J}R d& €] 5|F (Aan) ()] + 13 L dg ‘K_”QHl - 1‘|f(14,\,x)(k%f)|~
’ (4.15)

In order to estimate F (A A )\/) in the above integrals, observe that

Analr) = [ s x(oxs+0) |

R

~ [ as [w =) [t O - s>] [x<—s> | a e“txa)l[o,t](—s)]
= (fa #gx)(r),

dt e“\tx(t)l[o,t] (s) fR dt’ efzxftfx(t/)l[o,y] (s+7)

with
fa(s) = X(S)J dt'ef“\ltlx(t')l[o,t/](s) and gy(s) := X(—s)f dt e“\tx(t)l[w](—s).
R R
As a result,

|7 (Ax ) (O] < |F () ©)]|F (92) (©))-
Then

lF(f)(©)] = ‘ JR ds e x(s) fR dt’ e X (') 110,01 (s)

< L1
TANLEF N

where the last estimate can be easily derived from integration-by-parts arguments. In the same way,

1 1
FACNIGIES BETS

tl
= JRdt'e_M’tlx(t')J dse "% x(s)

0

which yields

1 1 1
PR Sy ey
Therefore
. 1 |£|175
Jo eI RO = s | e
while

1
4ol < <A><A'>J 5‘Iﬁ LRt ‘<A+k2£><x + k)
Going back to , we obtain the estimate
|Rk1 (/\7>‘I)|
1 ]t o | 1
< a5 oL | e e d5‘|§ s s overs |

1
. d§‘|§_1|zz“— ‘|f A )(
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Once endowed with this bound, the derivation of (4.10) easily follows. Namely, for ki # 0,

d 1 N VI de 1
J“1<M¥WMM“MSM&E%E%K' Dot E ) Daf et 6

4 1 df‘ 1 _ 1‘J d\1 1 dXa 1
L N S A+ k2 ) (2)? o + kT8

and by applying Lemma [3.2] we deduce, for ky # 0,
dXg |E|te 1 ff 1 1
dA R, (A1, 2)| S 75— = d -1
f 1J<)\ >2| k(A1 Az | [fey [FH— 2ef €<€>2—§ + [fey [ =4 1 3 |¢ — 1|2H-1 (k2e)?r—¢

€ (7 de
SM#H%[L%@%E+J €

5. PROOF OF PROPOSITION [2.6]

1 < 1
|¢—1)2H-1 L= |ky|[1H 22

5.1. Notation.

As a preliminary observation, note that due to (3.3), the covariance of the kernel K™ satisfies
E] (K{7) gy (A1) (K5 o (N X0
= Lk 2oy Liny k) Lk, 200y

Jd)\zd/\é TN Qb ey =k + A= X)L (N, Qi gy + A — /\'Q)E[]:(?l(ﬁ)_k)( 2)F (?k, L) (A )]

= 1{k1—k=k'l—k’}]EI:(Icgcn))kk.l (>\a )\1)(’C§( )k’k’ ()\/ Al )] (51)

For future reference, let us also rephrase the above expression (when k = k', k; = k) using (3.3),
which gives

E[ (K07, A (L) ., (V2D

= Loy Lk, 243
[ 02, T 0 a4 M = X TV B+ = 0B FEL) Q) P00
dg TRV
= 1{k:;éO}1{k1¢k}1{<k17k>§2”} & Wﬁ A(k X)(kl’ )\1)A(k )\,)(kl, )\Il), (52)

where we have set

Af (0 i= [ DAa Ty sy M = MO € — (ot = R,

5.2. Proof of Proposition

We fix b, c € (0,1) such that b — ¢ < % and consider the related quantity ﬁc(? in (2.8). Using Jensen’s
inequality, we immediately obtain that

]

2

3 [ I+ ) 00 4, M) 7))

keZ

J AR + OV E (K("))kk (A, /\1)(ICX )kk, (\, /\’)]

dX\; d\
zzz.&wW+mW@mw@Wb[

ki k| €7
ANy
Z J (ky y2e +<)\1>2b (RN 4 (N2

k1,k\€Z

keZ
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Then, thanks to (5.1)), we can assert that

d\]
-3 | -

k1€Z

2

> f dA{<k>26+<A>2”}E[( ) i A (KX )kklw’ﬂ]

keZ

dA1 Xy / 2¢ L ()\\2 n2c 2
=,§EZJR2 T+ G O, 5, o N (4 O+ 00

B 067) 4,00 0) ) 1, 060 [ ()5, 0 20 (), 00,0 |

which, combined with m, yields that

UEEY j AN {BY* + OVPPHAE Y+ O DT Ty —ry<omy L —ky<an)

k, k!0 kig{k,k'}
dA d\ d§ 13 A (V)
Jo = o |, e v s A G 208 30

d¢’ )
L JEPET (k’ A (/f17/\1)z4(k, (k1 A7)

j AN (Y% + QWP HAD + ) ) Tgge _yeony Ligtn —ivear)
k,k'#0 ki¢{k,k'}

d€ d¢’ dM\1 YN
J]R |£|2H—1 JR |€/|2H—1 JR k A (kh)‘l)A(kl ,\/)(klv)\l)
As a result,

<k1>2c + <)\1>2b
B = DD L iy

k#0 k1#k
de de’ A e
JRZ d)\d)\’JR o fR o J]R e e (s A)AG, (et M)

e ax,

= Z<k>4c Z Lick—ky<any J]R (1 )2 + A2 Jp iy d2e + )2

k#0 klik
dfl 1 A& ¢ 1
U e f ANAS, 3 (ks M) AS, (1, M) ]U T f AN AS (k1 M)A, L (ke A

. d)\ dX\}
= Z<k>4 2 Ly —ky<any J]R (k)2 + ()2 fR (kp)2e + N2

2

2

k+#0 k1#k
2
|2H 1 f X A} (k, ,\)(klv)\l)A(k NIGERSYI
In turn, this entails that
> oape [ [
a<k=an 2h—y (B =12+ Q0 Jymy (b= 1%+ )
12

£
Rreis lfd)\AH)( 1,/\1)A(kﬁk)(k—1,/\’1)‘

<I€>4C 2k+1 2k+1 . : 2
! /
2<k2<2n G5t + Lk dX\ Lkv dx: f |§|2H - d)\A = LA)AG (k= 1,)
il _dA d)\’ d)\ AS — 1, M +2k) A%, | (k—1, N, +2k i
Z <k>4c+<k>4b e |§|2H 1 (kA)( » A1+2k) (k,A)( — LA+ )‘
2<k<2m )

(5.3)
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At this point, observe that due to Q1 = —2k, one has in fact
Afm)(k — 1, M +2k) = fdAQ T\ Qo1 + M+2k — Ao)Z (Mg, —€ — 1)
= JdAQIX(A,)\l —A)Zy (A2, =€ — 1) =: B(§, A\ M),

and therefore, going back to (5.3)), we deduce that

. < <k>4f’“i42k>4b> (J M fé e )

Recall now that b —c < i Thus, in order to ensure that ‘}3 "5 o0, we only need to guarantee that

b

f A f X,
_1 1
2 2

To this end, observe for instance that for (Ag, A}) = (0,0),

f |§|2H 1 dAB(Ea)H)\l)B(g,)\,)\/l)

: > 0. (5.4)

d _
fR |§|21§—1 I[R dAB(&, M\, A1) B(E, M, \))

f |€|2H 1 d/\B(f X, 0)B(¢,X,0) ,[ |£|2H - d)\|B(§,/\,0)|2’
and then, for (£, A) = (—1,0),

B(~1,0,0) = degzx(o, )0 0)

- f o ( fR dt x(t) f: dse’)‘2sx(s)’> < fR dt' e2¥ x(t') fo s X(s'))
- | arxo jo dsx() | av ) | t ds'x<s'>( [ e—w—w)
= J dt x(t) Jt dsx(s)? Js ds' x(s') > 0.

R 0 0

For obvious continuity reasons, we deduce that (5.4]) is satisfied, and accordingly one has

)

(n) n—>%x
S:Bc,b 0

as desired.

APPENDIX A. PROOF OF LEMMA [1.1], ITEM ()

We know that the linear solution W is explicitly given by the convolution formula

() =f e 1025 B(g),

)

and hence, using the notation introduced in ([1.10)),

E[H‘I’Hi?([omxm] = Z fTEU‘Pk(t) ’

I}

—zk th SdS

]dt —Z f dt J dsj ds'e = = IE[FM A ],
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Recall that the fractional covariance is given by ]E[ﬂgk)ﬂ‘(f)] = |s— &[22

e—lkz s—s') T t t—s e’LkQT
[”\P”LZ [OT]X’]I' ZJ dtf dSJ dsl — P2 ZJ dtJ, dsj_s dr |r[2—2H
t—s zk T
_ZJ dtfdsf dr |22H+ZJ dtjdsf T
7zk r zk r
_ZJ dtfdsfdr |22H+Zf dtjdsfdr =
cos( k2
:2ZJ dtf J Tr2—2H
dr ks cos
=2 o dt dS m-f— P |]€|4H B dt dS 7‘2 2H

, which gives

k2s
cos(r
o] 5 s [ [ [ 2 o
Now observe that
k2s
cos(r
dtf dsf
= |k|4H zf (i 2H
ks
cos(r)
Ik [AH 2J dtJ dsj 220 Ik [AH 2[ dtj ds J dr 5 —sm
k0 |k\<% 0 k£0: |k\> L
1 - cos(r)
s |k|4H72 |k|4H 2J dtj ds J " e—2H | (A.2)
k#£0 k+#£0: |k\>
Then
k%s
cos(r)
|| 4H 2J’ dt_[ ds f sy
k#0: \k|> I=
d?" K cos(r)
|k [4H - QJ dtl[ dsJ. || 4H - 21[ dtf [1[ y2—2H +‘lf dTT2—2H]
k#£0: |k\>¢ k#0: \k|> = 1
T
& cos(r)
~ Z |k|4H 2 e[ AH = 2J dtf ey (A.3)
k#0 k#£0: |k\> o
and for every s > k%, we can use an integration-by-parts argument to derive that
k2s k2s . e
d
L dr 7;;)?(2’2 <1 +L dr |83n(273| <1 +L o S L. (A.4)

Injecting (A.2), (A.3) and (A.4)) into , we can conclude that

2 1
EI:H\IIHLQ([QT]XT)] S1+ Z k|12 <,
k+£0

due to the assumption H > %.
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APPENDIX B. CONTROL OF Z, M(z,2)

Proposition B.1. For all % <b< % and 0 < ¢ < b, one has

”IXM(Z, w)

Geo S 2l zes[w] zes-

For the sake of clarity, we will treat the controls in 200 and Z¢0 separately.

B.1. Control in Z%°,

3

Proposition B.2. For all % <b< 3, one has

|Z Mz, w)] 30 < 120 700 Il 50.0-

Proof. With the notation in ((1.9) and (1.19), we can first write

F(ZM(z,w))(N) = f dN I, (A N ) F(M(z,w) ) (N)

R

= f dN' T, (A, X) fdt e N 2y (), (7)
ky VR
=2 Jd)\l F(wry ) (A1) Jd)\z F(2ktk1)(A2) J AN I (A, X) Jdt e~V ek gitAz 1N
ki R
and so

f(IXM(Z, w)k) ()\) = Z f d)\l ]:(wkl)()\l) J-d/\Q f(Zk+k1)(>\2)IX(/\, Qk,lﬂ + )\2 - /\1).
k1

Based on this expression, one has
2
[ZM (2 w)] 0.0

D f A
k
) J AA )

k#0

2

ZJdAl }'(wkl)()\l)fd)\g F(2har ) A2) Ty (N Qi + A2 — A1)
k1

2

> Jd)\l F(wiy) (A1) Jd/\z F(zhrkr ) A2) Ly (X, Qg + A2 — A1)
k)

2

+ f dA () = I+II

> JdAl F(wry) (A1) dez F(2,) A2) Ly (A A2 — A1)
k1

Estimate for I. One has
I=> J dA (N
k#0
= [ > Jd)\ld/\’ljdAngz
k1,k}

k#0
([ F ) AT [ F i) O2) | [ODF (i )X [ F i) (A5)] )

2

[ | dne F@E T F ) QDTN iy + 32 = )
k1

1 1 1 1
( fd)\ VP (N Qe + A2 — M) TN, Qior + Ny — A/l)) ]

QP DY (AP {Ap)P

(B.3)
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and so, using the Cauchy-Schwarz inequality with respect to (ki1, k7, A1, A}, A2, \5), we get

1< 3 (8 [anax, [ a0 F ) 00l0w F e 00)

k#0 Nki,k)

2

[0 F )04 [00 Ferai )09 )

Nl

( A\ AN, [ dhy dN,
k1 k’

12
2b
D52 ST | Togy Oy Jd)\ DT (A Qe iey + A2 = AT (A, Qs + A5 — ) )

Setting

2
Cimsup swp swp 3 ([ IVILO R+ A = MR ey +3 = 1))
k#0 Al,/\QGR)\l,X E]Rk k'

and using the fact that b > 5, we obtain that
1 2 2
r<c:.y (Zfd)\1<)\1>2b|f(wkl)()\1)| fd)\z Q)| F (2, ) (X)) ) < C2 2l %0, w0,
kN

Therefore it remains us to prove that C < oo.
To this end, let us first use (3.7) to write, for all k # 0 and A1, A2 € R,

2
v (fdA OV Ty Qs + Ao — AT Qg + N — w)

k1K,

1 1 2
k1 k:’ <J<)\>2 2b<)\ Qkk1_>\2+>\1><A Qkk’ _)\I +)\ >>

J dxN 2 1 1
<)\>2 2b <)\/>272b o <)\ — Qk,kl — X+ >\1> <)\' — Qk,kl — X+ >\1>

1
B.4
[ZQ Qkk/—)\’+/\><)\' Qkk/—)\'+/\>] (B-4)
Then recall that Q , = 2kk;, and so
Z 1 1
™ </\ — QkJﬂl — Ao + )\1> <)\I — Qk,kl — Ao + )\1>
1 1 1 1

= < ,
§<)\—2k‘k1—/\2+)\1></\/—2k‘/{11—)\2+)\1> %:</\+k1—/\2+)\1><)\/+k‘1—/\2+)\1>

where we have used the fact that k& # 0 to derive the last inequality. We are here in a position to apply
Lemma [3.2] and assert that for every 0 < e < 1,

1 1 1
<
; <)\ — Qk,h — X+ >\1> </\/ — Qk,h — X+ >\1> ~ <)\ — )\/>175,

where the proportional constant does not depend on k, A1 or A2. Injecting this uniform bound into (B.4))
now yields

aN 1
<)\>2 20 | (226 (N = VH22e

D ( [Pt + 22 = AT R + 25 = ) )

k1 k)
uniformly over k # 0 and Ay, Az, A}, \; € R.
Finally, we can again rely on Lemma [3.2] to deduce that
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and since b < %, this achieves to prove that C < 0.

Estimate for I1. Using (3.7), we can write
2

II = J dA Y

o [ ) Jan (100170010 ) ( 55 75 T AQ»)]Qv

and then, by the Cauchy-Schwarz inequality (with respect to (A1, A2)), we obtain

Z f d\1 F(wr,) (M) jd/\g F(2r) M) T (M A — A1)

d AN, dN 1
IT < ( o 2 N, >2b O, Mo\ — (N >\/2)>2>

[Z Ud& <A1>2b|f(wkl)(k1)|2> % (J% <Az>2b|f(zkl)u2)|2> T

k1
< (| aemanm orm o—or =) e ol
<)\>2 2b <>\ >2b </\ >2b <)\ ( )\/2)>2 0,b ARE

Applying Lemma twice gives us successively (recall that 1 < 2b < %)

f ANy dN 1 J dN) 1 < d\ -
220 ONN26 NN O — (X — Ap)Y2 ™ 0226 (26 (= M0~ | (02 )
which achieves to prove that C < co. O

B.2. Control in Z¢0.

Proposition B.3. For all % <b<1land0<c<b, one has

HIXM(Z,IU) Zeo X HZ”zc b”w| Zebe (B~5)
Proof. Using the expression in , one has
||I M(z w)|2ZC0
< 3 [ aniax [ anaddy 17w (0 IF (o) QI i) ODIF (i) 05)
K1,k
Jd)\ |IX(/\, Qk,kl + Ao — /\1)||ZX()\, Qk7k’1 + /\12 — )\11)| (BG)

Then, by ,
Jd)\ |IX(>\,Q]€’]€1 4+ Ay — )\1)||ZX()\, Qk,k’l + )\12 - )\/1)|

dA 1 1
2=y — A2 + A A= Qe pr — Ay + A7)

dA 1 d\ 1 2
~ < 2PN = Qg — A2+ )\1>2> < 2N =y, K= AL+ N >2>
< 1 1
T gy A2 = A Qe + Ay = A

due to Lemma Injecting this estimate into , we obtain that

2 2c 1 ?
Wi < S| S [ [ o) Q7 errs) Ol 5 =] 8

||IX./\/l(z, w




ON THE 1D STOCHASTIC SCHRODINGER PRODUCT 39

Let us bound the latter sum as follows:

C 1 ?
Zk:<k>2 [%}thfd)a |~F(wk1)()‘1)||f(zk+k1)()‘2)|<Qk7k1 V- >\1>] SI+IT+111,

with
2c ! 2
I:= ];)@ leﬂf(ml fdxg |.77(wkl)(>\1)||-7:(2'k+k1)()‘2)|<Qk,kl S A1>] )
L 2c w z 2 # 2
II:= §O<k> delfdxz 17 (wo) ADIIF (21) o)l 73 —A1>] :
and

IIT := [%}jdxlﬁmg |f(wk1)(A1)||f(zkl)(A2)|<AQiAl>]2.

Control of I. For this term, using Lemma [3.2] twice, we have

_ 2c b b ” 2 ) 1 1 2
I= 1§0<k> [kéofd/\ul)a [</\1> e |]:( k1)()\1)||-7:( k+k1)()\ )|] [<)\1>b<)\2>b Qs + A2 — )\1>”

< ZWC(; f dArdAs <A1>2b<A2>2b|f(wk1)(A1)|2|f(zk+kl)<xz>|2>

k%0
( Z f dN\1d)o 1 )
Q2% (Q g + A2 — A1)?

ki #0
2c 2b 2b w 2 2 9 2 1
< S (kz [ hara 017 (w1 ) OOPIF (e, ) O )(MZ#O@W%)
< DD S [ dudra QP OF () 0PI (o) )
k#0 k1
SZZJd)\ld)\z<>\1>2b<)\2>2b|]’(wk1)()\1)|2|]—'(zk+k1)()\2)|2 < el o] 5oss
k ky

where we have used the assumption ¢ — b < 0.

Control of II. One has in this case

11 = 2<k>26UdA2 | (21) (M) (fdh If(wo)“l)'@rlm)r

k#0
< ]§0<k>20<fd>\'2 |J"(Zk)(>\'2)|2> <Jd/\2 (Jd/\l |]:(w°)()\1)|<)\2i)\1>>2>
< ||z||}c,0UdA2 <Jd)\1 [<A1>”|f(wo)(A1)l][MDQ]

2 2 d\adA 2 2
< Elealullor [ s S lefalolon
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Control of I11. Finally, for this term, we have

IIT = jd/\ld)\g <Z<x\1>b|]:(’wk1)(/\1)| <Az>b|f(Zk1)(Az)l> (Q >b<)\2>117<)\2 — >\1>>]2

k1

<[ fomans (Sovrrwaoor-oonrenon) || [ mmasss—s
<[ Jone (el )(2<Az>2b|f(zk1)w>| )| = Elualut3o.

APPENDIX C. ESTIMATE OF THE PRODUCT-OPERATOR NORM

We gather here a few elements to justify our consideration of the quantity 7557;) in (2.8)) as an estimate
of the operator norm || £#(")

Zc,bHZc,b M

C.1. General operator estimates in Besov spaces. Given a general kernel K € L?(R? x R?), define
the operator Lx : L2(R?) — L2(R?) by

F(Lxf)(N\) = JRd dAi KON (FF) (M), AeR4, (C.1)

For each b = (by, ..., bg), consider the anisotropic Besov space H2 on R? related to the Fourier multiplier

Oy = (Zm)

If K has no specific a priori structure, then we are essentially confined to very general transformations
toward the operator norm of L (from H% to HY'): namely,
2

Ik = fdA oy f dh KOWA)(FH )

2

_ fdmi, f dn %K(A,Ao(@og(fml)) (C2)

:fdAldX —<>\11>b<)\ JdA<A>bI KO MK, A')][(<>\1>b(ff)()\1))(</\ WEND) |
< ([ g [ oot koA ) e

which provides us with the general bound

d\; dN, 2

R N (©3)

H‘CKH’HE*)’HEI < Péé" where Pévb, =

j IO KO AR A

Remark C.1. The operator norm |L |, . can be more basically - but less sharply - bounded by the
Hilbert-Schmidt norm of L, that is the quantity

5 (fd/\@?, &W(A,Al)f)%,

as it can be seen from a straightforward application of Cauchy-Schwarz inequality in (C.2]).

Q

1S ol

1 1
A classical example where the three quantities HE KHHE Pﬁ v and ng,g' can be compared is given

SHED
by the elementary kernel K(t,s) := 1gg<s<i<1y in L?(R), or more exactly by the integration operator

LFE) = 1.1 f £(s)ds
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In this case, it can be checked that

72 0.637 P% = (1>i 0.639 d Q% = 71 0.707
~ 0. =(=) =~0. an = ~ 0.707.
T ’ 0,0 6 ’ 0,0 2

102202 =

C.2. Example: Young integration as random operator. As an additional justification of our focus
on PSZ), let us consider the (well-known) case of the fractional integration operator.

Thus, consider a fractional noise B on R with index H € (0,1), as well as a smooth approximation
B given for instance by

2(n) () .— § et
BM(t) LEQH} |€IH*%6 W (de), (C.4)

where T stands for the Fourier transform of a Wiener process W on R.

Then define the (local) fractional integration operator in a standard way: for any regular z : R - R
and t € R,

(L£M2)(t) := x(t) L ds x(s)z(s)B™(s), (C.5)

where x : R — R stands for localizing cut-off function, that is smooth, positive and compactly-supported.
In Fourier mode, the operator £(™ can easily be written along the pattern of (C.1J), that is as

F(LM2)(N) = Jd)\l KM (X)) (F2)(A1),
with K (") explicitly given by

KM\ \) = J dt e~ (1) J t ds x(s)e™* B (s). (C.6)
R 0

Setting

[+ = [ ir w7

and applying (C.3|), we deduce that
2

f AV KM K@\ N)| . (C.7)

n n)y\ 1 . n d/\l d)\l
[0y S (P)E, with P 2= <A1>2b<xl>12b

Focusing exclusively on this explicit quantity 7315") allows us to recover the classical “Young” dichotomy
of fractional integration theory.

Proposition C.2. In the above setting, the following picture holds true:
(i) If H > %, then for every b e (%,H), one has

sup E[”Pé")] < 00.

(i4) If H = %, then for every b € R, one has

Proof. We only give an account of the phenomenon occurring at the Brownian threshold - that is, con-
cerning the proof of item (iz). Thus, we fix H = %

Suppose, aiming for a contradiction, that there exists b € R such that

supE[Pé")] < 0. (C.8)

n=0
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Let us first prove that one has necessarily b < 1. Indeed, for z := x € (), X0,
E[P"] 2 B[|£7 00 | = E[|a (£ 00)7. |

> fR th[‘x(t)gB(")(t) +X'(t) f: dsx(s)zB(”)(s)H

t
> f dtx(t)6E[|B(") (t)|2] + QReU dtx()*y' () | ds X(s)2E[B<n> (t) B(n)(S)D.
R R 0
Using the expression
E|B(5) B0 () | = B[ B0 () B(s)] = f dg e =), (C.9)
{lél<2m}
we can then decompose the second term as

2 Re < fR dt ()Y (1) f: ds x()°E[ B () B (s) )

¢
= 2Re(f d{f dt eﬂgtx(t)sxl(t)f ds elgsx(s)Q)
{lél<2m} R 0

t t
=2 J dﬁf dt e x ()X (t) J dse**x(s)* — 2ZJ @ J dt e o, (x*x) (1) J’ dse*x(s)?,
{1€1<1} R 0 { R 0

1<jei<any €

which allows us to assert that

2re( [ annorvo [ asxor[pooEae)]) <+ [

On the other hand, one has of course

L arxore15owP] = ( [Laor) (| o i) = e,

which achieves to prove that

dg
e

sup < 0.

n=1

E[Pl(n)] 25 oo,
and accordingly, if (C.8) holds true, one must have b < 1.

< b < 1. Still focusing on the test-function z := x, we can write using (C.9)

Assume now that %

5[Pi] 2 B[1e 0] > [ [l o))

5 t t’ _
> f dX A f dtdt’e”’\(t’t’)x(t)x(t’)f ds f ds’ X(s)zx(s')2E[B<”>(s)B<n>(s')]
1 0 0

o 17 4
> J dA A J dg (Jdt e Mx(t) J ds X(S)26”5> (,[dt/ M x(t') J ds' X(sl)26”15> 7
! (lel<2) 0 .

which, by elementary integrations by parts, entails

W [T dA
E[|£7 005 ] 2 M ’+L WL£|<2n}d§R(A7§),

n “Cda . . ,
MIS ) = J |)\|272b J df <Jdte (>\+£)tX(t)3> <Jdt/€ (A+&)t X(t/)3>
1 {l¢]<2m}

and R satisfies (thanks to (3.7))

where

1
RN | < W
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Based on the latter estimate, it is clear that

“dA “dA d¢
_— dé R()\ <
] N Jﬂwn}g (’5)‘~£ P JR<5>2 ,

due to % < b < 1. The contradiction now comes from the fact that

(n) no>x > dX 6
= [ ([aoxer)

Next, to rule out the case b < %, let us start from the inequality

v 8] T !
(n) d)qf X,
GRS
’ S YR

] > *d\ o d)\'l
E[P) ]NL w%ﬁ e

Combining (C.6) and (C.9), we obtain that for all A, A, A1, \] € R,

sup
n=1

which can only be finite if b < %

2

J AN AP KM (A MKMW (A, M)

which yields
2

2 e —
J X A2 ]E[K(”)(/\, AD)E® (), A’l)] (C.10)
1

E[K(") A E@ OV, )\’1)]

!

t t
= —1\t (A1 —=¢)s 1 ANt ;=N =&)s Ny C.
C£|£<2"}d£ <jdte X(t)L dse s )> <Jdt X(t)L ds'e x(s )> (C.11)

From this expression, we can see in particular that
E[K(")(/\,)\l)K(n)()\',)\’l)] 2L RGN, N — A, (C.12)
where
F\L N, B) ;=chte*W ()fdt' eNUx(t )J dse " x(s)* 10,11 (5)-
0

Going back to (C.10|), we deduce that

o0 *©L 12 2
supE[Pl@] ZL dh L Ay Gy(N, = )|, with Go(B) ::J1 ANAZ E(O\ N, B).

n=1 |)‘1|2b |)‘I1|2b
Therefore
Lodh (M2 oaN,
su E[P(")] zj J Gy(N, — A
i M Lo e Y |2b| ol 1)|

d)\l f QJ’I d)\1
> | dplG 2 | dp|G T o
fl 4 ”(””L P o 2 J, #1000 ) s

and in light of the hypothesis (C.§]), we can conclude that b > i.

It only remains us to exclude the possibility that 1 7 < b < 5. To this end, we start from

© 2
J AN IAPE KM (A EK® (A N)] .
1

n) 50 *dA AN
Pé)zpb()::f 712};[ e
PSRV RYY

By applying Wick’s formula, we obtain the decomposition

~(n oL dA A dAl lve] 0
B[P, )]:f ébf ,ébf dmlm’f AN NP E[K A K DKMV AE ™ (VA
1 |)‘1| 1 |)\1| 1 1

=1 11 1,
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with
2

e [ [
N A PR Y

“odA “odNy [ n
w“=ﬁ|hﬁﬁW@f«ﬂw%ﬁdﬁﬂ%[<NNMKWWAJEMW@AmﬂNMMﬁ
1

€L I
f d>\|)\|2bE[K(")(>\,Al)K(”)(/\,)\’l)]
1

1™ = S OV AN A2 ’ d)\'|)\’|2b]E[K(”)(/\ A)E™ (X, )]E[K(">(>\ XK M (NN )]
b s |20 A\ |20 » AL » M1 » N1 y A1) |-
P NP 1

(n)

Note in particular that I, > 0, and so

E[wa(")] > 11 4 111", (C.13)

Similarly to (C.11)), one has

t
— —1At (A1 —&)s 1Nt ! 1 AN +E)s
CLfISQ"}dg <Jdte X(t)L dse x(s )) (Jdt X(t)fo ds' e (s ))7

from which we easily deduce, using (3.7) and Lemma ,
\H DOAEDNN)|

d§ ‘ ,[dt e M (t) Jo ds e?M1 785y (s)
J s 1 1 1
s </\><)\’> EFA—dE N+ <)\><N> A+ A7) = (A+ X))’

for any € > 0. Injecting this bound into I7 I (n) , we obtain the uniform estimate

t’
dt' esz't'X(t/) f ds’ ez()\'1+§)s'x(sl)
0

d\ d\; 1
ililﬂﬂf | N J}R O ZbJ <>\/>2 26 fR <)\1>12b JR N + M) — (A + V)22’

and by applying Lemma [3.2] twice, we get

sup |[111{"| < J J a2 :
w1 <»2% @v2bk@wwm—u+XWb

d\ dN 1
S (y2=2b (VY220 O\ \YAb—1 < o,
R R
where we have used the fact that % <b< %

Finally, to handle the quantity T IZE"), we can use (C.12)) and assert that

lim inf 77" > T odh (7 dX o [ av v PO 0)[?
1,,1121}1 |/\ |2b |)\/|2b | | | | | ( ’ ’ )| .
1 1 1 1 1 1

Of course the latter limit is positive and can only be finite for b > %, which, going back to (C.13)), achieves
to prove the contradiction. In other words, we cannot find any b € R such that (C.8) holds true.
O
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