
ON THE 1D STOCHASTIC SCHRÖDINGER PRODUCT

AURÉLIEN DEYA

Abstract. We exhibit various restrictions about the wellposedness of the Schrödinger product

L : z ÞÝÑ �ı

» t
0

eısB
2
x
�
zs � Ψs

�
ds

where Ψ refers to the so-called linear solution of the stochastic Schrödinger problem. We focus more
specifically on the case where Ψ satisfies

pıBt � B2
xqΨ � 9B, Ψ0 � 0, t P R, x P T, (0.1)

where 9B is a white noise in space with fractional time covariance of index H ¡ 1
2 .

As an consequence of our analysis, we obtain that if H is close to 1
2 (that is 9B is close to a space-time

white noise), then it is essentially impossible to treat the stochastic NLS problem

pıBt � B2
xqu � |u|2 � 9B, u0 � 0, t P R, x P T,

using only a first-order expansion of the solution (“u � Ψ � z”).

1. Presentation of the problem

In this paper, we propose to point out some limitations in the analysis of (local) wellposedness for the
stochastic quadratic Schrödinger equation

pıBt � B2
xqu � |u|2 � 9B, up0, .q � 0, t P R, x P T, (1.1)

where 9B is a stochastic noise in a family to be specified.
This model in fact belongs to the broader class of nonlinear stochastic Schrödinger equations

pıBt � B2
xqu � λupuq � 9B, up0, .q � 0, t P R, x P T, (1.2)

where p, q ¥ 0 are two fixe integers and λ is a real parameter.
The study of noise influence on NLS models is a recurring topic in the SPDE literature. The most

widely covered situation - by far - is that of a white noise in time with suitably colored spatial covariance.
Provided such a noise is regular enough, the solution of (1.1) is expected to take values in a space of
functions (almost surely); the powerful Itô integration tools then become available, which even opens
the possibility to treat multiplicative perturbations (see e.g. [3, 8, 21, 22] for additive-noise models, and
[1, 2, 6, 16] for a multiplicative noise).

In contrast with this “functional” case, we are here interested in rougher “distributional” situations -
for which literature turns out to be much more scarce. Namely, in the continuation of [13], we will focus
on examples for which the equation can only be handled in a space of negative-order distributions, and
for which renormalization procedures are also required.

In order to implement these ideas, let us consider, throughout the analysis, the case of a white-in-
space fractional-in-time noise. Thus, for some (fixed) index H P p 1

2 , 1q, 9B is here defined as the centered
Gaussian noise with covariance given by the formula

E
�

9Bps, xq 9Bpt, yq
�
� |t� s|2H�2δtx�yu (1.3)

or otherwise stated: for all test-functions ϕ,ψ on R� T,

E
�
x 9B,ϕyx 9B,ψy

�
�

»
T
dx

»
R2

dsdt

|t� s|2�2H ϕps, xqψpt, xq. (1.4)
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Such a noise can be equivalently described through the expansion
9Bpt, xq �

¸
kPZ

9β
pkq
t e�ıkx, (1.5)

where the 9βpkq’s are independent (real-valued) fractional noises on R, with common Hurst index H ¡ 1
2 .

Now, it is a classical fact that the expected regularity of the solution u in (1.1) is prescribed by that
of the associated linear problem

pıBt � B2
xqΨ � 9B, Ψp0, .q � 0, t P R, x P T. (1.6)

We will thus rely on the following preliminary lemma to identify the distributional cases of interest.

Lemma 1.1. In the above setting, the following assertions hold true.
piq If H ¡ 3

4 , then for every T ¡ 0, one has Ψ P L2pr0, T s � Tq almost surely.

piiq If H ¤ 3
4 , then for every T ¡ 0, one has E

���Ψ��2
L2pr0,T s�Tq

�
� 8.

The statement of item piiq corresponds to a slightly extended version of [13, Proposition 2.1, item (ii)]
(take H0 � H and H1 � 1

2 therein), and it can be proved with the same arguments. As for item piq, we
have included a sketch of its proof in Section A, for the sake of clarity.

Based on the result of Lemma 1.1, we henceforth focus on the case where H P p 1
2 ,

3
4 s, that is on

situations where the solution Ψ of (1.6), and accordingly the solution u of (1.1), cannot be defined as
functions.

Before we describe the so-called first-order strategy at the core of our investigations, let us introduce
a few notations and spaces that will be used throughout the paper.

Notation 1.2. From now on and for the rest of the paper:

 We use the classical convention 1r0,as :� �1ra,0s if a   0.

 We fix a smooth symmetric function χ : RÑ r0, 1s such that χ � 1 on r�1, 1s and supppχq � r� 3

2 ,
3
2 s.


 For every function f : RÑ R and every λ P R, we denote the Fourier transform (in time) as

Fpfqpλq :�
»
R
dt e�ıλtfptq.


 We denote by Iχ the local integration operator, that is for all f : RÑ R and t P R,

Iχfptq :� �ıχptq
» t

0
dsχpsqfpsq. (1.7)

We also denote by Iχp., .q the Fourier kernel associated with this operator, given by

Iχpλ, λ1q :�
»
R
dt e�ıλtχptq

»
R
ds eıλ

1sχpsq1r0,tspsq (1.8)

and such that
F
�
Iχf

�pλq � »
R
dλ1 Iχpλ, λ1qFpfqpλ1q. (1.9)


 For every function ϕ : TÑ R and every k P Z, we set

ϕk :�
»
T
dx e�ıkxϕpxq � 1

2π

» 2π

0
dx e�ıkxϕpxq. (1.10)


 We consider the scale of Bourgain spaces

tZc,b, c P r0, 1q, b P p1
2 , 1qu (1.11)

defined through the norm ��z��2
Zc,b :�

¸
kPZ

xky2c
»
R
dλ xλy2b��Fpzkqpλq��2, (1.12)
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where the notation x.y refers to xλy :� p1�|λ|2q 1
2 (see Remark 1.4 for further details about the Bourgain-

space terminology).
We will also be led to consider the spacesrZc,b :� Zc,0 X Z0,b, (1.13)

naturally associated with the norm��z��2
rZc,b :�

¸
kPZ

»
R
dλ

 xky2c � xλy2b(��Fpzkqpλq��2, (1.14)

noting that Zc,b � rZc,b for all c P r0, 1q, b P p 1
2 , 1q.


 We denote by pΩ,F,Pq the complete probability space which accommodates the fractional noise 9B under
consideration (or equivalently the one-parameter fractional noises p 9βpkqq in (1.5)).

 For any Banach space E, we define

L8,�pΩ;Eq :�
£
p¥1

LppΩ;Eq.


 Last but not least, we denote by 9Bpnq the (spatial) regularization of 9B derived from (1.5) through the
formula

9Bpnqpt, xq �
¸

k: xky¤2n

9β
pkq
t e�ıkx. (1.15)

1.1. The first-order strategy and related questions.
Recall that we concentrate here on situations where the solution u of (1.1) is not expected to be a

function, so that there is no a priori interpretation of the product term |u|2.
To overcome this issue, a natural idea is to consider a first-order expansion of the solution. This

strategy has become classical in the context of stochastic parabolic equations (it is often referred to as
the “Da Prato–Debussche trick”, following its introduction in [10]), as well as in the dispersive setting
with random initial data (see, for instance, [5, 20]). The reader may also consult [13, 14] for some early
applications to stochastic NLS models of the form (1.2).

We propose to explain the details behind this approach at the level of the approximated equation first.
For 9Bpnq defined as in (1.15), let upnq be the (well-defined) solution of the approximated equation

pıBt � B2
xqupnq � |upnq|2 � 9Bpnq, upnqp0, .q � 0, t P R, x P T. (1.16)

With the notation in (1.7), and setting
pnq :� Iχ

�
eı.B

2
x 9Bpnq

�
, vpnqptq :� eıtB

2
xupnqptq, (1.17)

it is easy to check that we can (locally) recast (1.16) under the mild formulation

vpnqptq � pnqptq � IχM
�
vpnq, vpnq

�ptq, (1.18)
where the product operator M is defined in Fourier coordinates by the formula

Mpv, wqkptq :�
¸
k1

eıtΩk,k1�kvk1ptqwk1�kptq (1.19)

with “resonant function” Ωk,k1�k given by

Ωk,k1�k :� �k2 � k2
1 � pk � k1q2 � 2kpk1 � kq.

Remark 1.3. Independently of the presence of noise, the topology most commonly used to study equation
(1.16) is that of the Bourgain spaces Xc,b, defined via the norm

}u}2Xc,b :�
¸
k

xky2c
»
dλ xλ� |k|2y2b��Fpukqpλq��2. (1.20)
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We adopt the same convention here, expressed this time at the level of the transformed process v (see
(1.17)). Indeed, the norm

��.��
Zc,b introduced in (1.12) - and used throughout what follows - can also be

written as
}v}2Zc,b � }e�ıt∆v}2Xc,b .

Recall also that the fundamental embedding

Xc,b � CpR;HcpTqq
which ensures in particular continuity of the solution at time 0, is only guaranteed if b ¡ 1

2 (see [24,
Corollary 2.10]). This justifies our restriction to b ¡ 1

2 in (1.11).

In light of (1.18), a natural first-order transformation of the problem simply consists in the consider-
ation of the difference process

zpnq :� vpnq � pnq
,

which now satisfies the equation

zpnq � IχM
�
zpnq � pnq

, zpnq � pnq�
� IχM

�
zpnq, zpnq

�� IχM
� pnq

,
pnq�� IχM

�
zpnq,

pnq�� IχM
� pnq

, zpnq
�
. (1.21)

The whole point of this change of perspective can be roughly summed up as follows: taking the action
of the operator IχM into account, we hope the difference-process zpnq to be sufficiently regular (and at
least more regular than pnq or vpnq) so that the product terms in (1.21) can now make sense as nÑ8.

The so-called first-order strategy is now based on the implementation of a fixed-point argument for
equation (1.21), by establishing control over each term within a yet-to-be-specified space in the scale
tZc,bu (see (1.12)).

Remark 1.4. Independently of the presence of noise, the topology most commonly used to study equation
(1.16) is that of the Bourgain spaces Xc,b, defined via the norm

}u}2Xc,b :�
¸
k

xky2c
»
dλ xλ� |k|2y2b��Fpukqpλq��2. (1.22)

We adopt the same convention here, expressed this time at the level of the transformed process v (see
(1.17)). Indeed, the norm

��.��
Zc,b introduced in (1.12) - and used throughout what follows - can also be

written as
}v}2Zc,b � }e�ıt∆v}2Xc,b .

Recall also that the fundamental embedding

Xc,b � CpR;HcpTqq
which ensures in particular continuity of the solution at time 0, is only guaranteed if b ¡ 1

2 (see e.g. [24,
Corollary 2.10]). This justifies our restriction to b ¡ 1

2 in (1.11).

Returning to equation (1.21), let us now observe that the continuity of the (purely deterministic)
mapping

Zc,b Ñ Zc,b, z ÞÑ IχM
�
z, z

�
is ensured by the sole condition b ¡ 1

2 . This can be seen as a consequence of Bourgain’s fundamental
estimates in [4] (see the proof of [13, Proposition 3.5] for details). We may therefore focus our attention
on the analysis of the three stochastic components in (1.21), namely the (Schrödinger) products involving
the linear solution pnq. In this context, the following important observation immediately comes to mind.

Observation. In order to guarantee the convergence of equation (1.21), one should at least be able to
address the following two problems:
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pP1q Does the sequence of - explicit - stochastic processes

IχM
� pnq

,
pnq� (1.23)

converge in L8,�pΩ;Zc,bq as nÑ8 (for b, c to be determined) ?
pP2q Does the stochastic Schrödinger product operation

Lpnq : z ÞÝÑ IχM
�
z,

pnq� (1.24)

converge as a random operator from Zc,b to Zc,b as nÑ8 (for b, c to be determined) ?

The two above problems pP1q and pP2q will be our guidelines in the subsequent study. However, for
a proper examination of these questions in the rough stochastic framework, the above formulations both
need to be refined, which is the purpose of the two next sections.

1.1.1. About renormalization. Owing to the pathwise irregularity of 9B (especially as H gets close to
1
2 ), the convergence of the process in (1.23) can only be achieved through a renormalization trick, as
developed in Section 2.1 below. Consequently, equation (1.21) can only be handled in a renormalized
sense.

Nevertheless, in order not to deviate from the existing SPDE literature (especially the known results
in the heat or wave settings), we shall impose this renormalization procedure to be explicit. In other
words, the transformation should only give rise to explicit renormalizing constants at the level of the
approximated equation.

In order to achieve this objective, our strategy will obey the following two rules:
pC1q We do allow the use of (natural) renormalization procedures for the explicit process

IχM
� pnq

,
pnq�

.

pC2q We do not allow any renormalization (and so any deformation) for the general product operation

Lpnq : z ÞÝÑ IχM
�
z,

pnq�
.

Remark 1.5. Observe that the condition pC2q immediately rules out any “a priori deformation of the
product”, such as a Skorohod-type interpretation of the problem (see e.g. [7]), or the renormalization
trick implemented in [14] for the stochastic cubic model, namely:

pıBt � B2
xqu �

�
|u|2 �

»
T
|u|2



u� 9B, up0, .q � Φ, t P R, x P T.

It is clear indeed that the correction term
³
T |u|2 derived from the latter transformation is not explicit,

i.e. it is not explicitly defined in terms of 9B (this observation also applies to the renormalization used in
[5] for a deterministic dynamics with random initial data).

With these considerations in mind, and following the condition pC1q, we can refine the formulation of
the problem pP1q as follows:
pP11q Can the sequence of stochastic processes

IχM
� pnq

,
pnq�

be suitably renormalized so as to converge in L8,�pΩ;Zc,bq (for b, c to be determined) ?
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1.1.2. Stochastic Schrödinger product as a random operator.
Let us now go back to the formulation of the problem pP2q, related to the control of the (Schrödinger)

product operation Lpnq in (1.24). Following the above condition pC2q, we intend to tackle this product
operation directly, that is without any renormalization trick.

Recall that by (1.19), one has

Lpnqpzqk � Iχ
�
t ÞÑ

¸
k1

eıtΩk,k1�kzk1ptq pnq
k1�k

ptq
	
, with Ωk,k1�k � 2kpk1 � kq. (1.25)

Based on this expression, one can morally expect the desired regularization effect (in space) to stem
from the integration (in time) of the exponential factor eıtΩk,k1�k in (1.25). Since Ωk,k1�k vanishes for
k � 0 and k � k1 only, we are naturally led to the decomposition of Lpnq as a sum of the “resonant”
(Schrödinger) product operator

L�,pnqpzqk �
¸
k1

1tk�0uYtk1�kuIχ
�
t ÞÑ zk1ptq pnq

k1�k
ptq

	
, (1.26)

and the “non-resonant” (Schrödinger) product

L7,pnqpzqk � 1tk�0uIχ
�
t ÞÑ

¸
k1�k

eıtΩk,k1�kzk1ptq pnq
k1�k

ptq


. (1.27)

Let us now particularize the formulation of the problem pP2q to each of these two components.
As far as L�,pnq is concerned, observe that the strong degeneracy condition 1tk�0uYtk1�ku morally

reduces the operator to two (time-dependent) vectors. in this setting, one can legitimately hope for a
direct analysis of the operator and a direct treatment of the central question:

pP21q Does the operator norm
��L�,pnq

��
Zc,bÑZc,b converge (in L8,�pΩq) as nÑ8 (for suitable b, c) ?

Unfortunately, due to the much higher sophistication of the non-resonant component L7,pnq, the eval-
uation of the random - implicitly defined - norm

��L7,pnq
��
Zc,bÑZc,b turns out to be a much more difficult

task. In fact, capturing the value of an operator norm in LpZc,b, Zc,bq (or in any other distributions scale)
is known to be a rarely attainable objective in general, and this observation is all the more true in our
random setting. For this reason, we shall instead focus on the analysis of a more tractable estimate of��L7,pnq

��
Zc,bÑZc,b .

In order to introduce the latter quantity, observe that L7,pnq can be written in Fourier coordinates as

F
�
L7,pnqpzqk

�pλq �¸
k1

»
dλ1

�
Kpnq
χ

�
kk1

pλ, λ1qFpzk1qpλ1q, (1.28)

where the kernel Kpnq
χ is explicitly given by�

Kpnq
χ

�
kk1

pλ, λ1q :� 1tk�0u1tk1�ku

»
R
dλ2 F

� pnq
k1�k

�pλ2qIχpλ,Ωk,k1�k � λ1 � λ2q. (1.29)

Now, based on this kernel formulation, it is easily checked (see Section C.1 for details) that for every
z P Zc,b, ��L7,pnqpzq��

Zc,b ¤
��z��

Zc,b � Ppnq
c,b , (1.30)

where Ppnq
c,b is given by

Ppnq
c,b :�

¸
k1,k11

»
R2

dλ1

xk1y2cxλ1y2b
dλ11

xk11y2cxλ11y2b
����¸
k

»
dλ txky2cxλy2bu �Kpnq

χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk11

pλ, λ11q
����2.
(1.31)
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With bound (1.30) in mind, the - explicit - estimate Ppnq
c,b is thus the quantity that will serve us as a

landmark in the analysis of L7,pnq. Along this idea, let us particularize the previous control issue pP2q to
L7,pnq through the following simplified version of the problem.

pP22q Does the quantity Ppnq
c,b converge in L8,�pΩq (or even in L1pΩq) as nÑ8 (for suitable b, c) ?

Remark 1.6. In accordance with the developments in [13], we consider the approximation of
��L7,pnq

��
Zc,bÑZc,b

by Ppnq
c,b as a full part of the first-order strategy here described. Note that similar kernel-based estimates

of operator norms are also extensively used in the so-called theory of random tensors developed by Deng,
Nahmod and Yue (see e.g. item (5) of Proposition 5.1 or the proof of Proposition 6.1 in [12]).

We have included a short discussion about the sharpness of this approximation in Sections C.1 and
C.2 below. In particular, it is therein shown that in the Young integration setting, the consideration of
the corresponding quantity Ppnq allows us to recover the well-known threshold value H � 1

2 for the Hurst
index.

To conclude this (partial) heuristic analysis of problem (1.1), let us observe that, although the spaces
Zc,b naturally constitute the reference topology in this context, the questions raised above could just as
well have been formulated using other norms. For instance, by adopting the norm introduced in (1.14),
problem pP22q immediately becomes:

pP23q Does the quantity rPpnq
c,b defined by

rPpnq
c,b :�

¸
k1,k11

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk11y2c � xλ11y2b
����¸
k

»
dλ txky2c � xλy2bu �Kpnq

χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk11

pλ, λ11q
����2

converge in L1pΩq as nÑ8 (for suitable b, c) ?

1.2. Objective of the study.
The above-described first-order approach to (1.1) is precisely the method that was implemented - with

success - in [13], for a fractional noise of index H ¡ 5
8 . In particular, the three questions pP11q, pP21q

and pP22q all received positive answers in the latter situation.

Our aim in the present study is to show that this first-order approach is however not sufficient to cover
the whole range 1

2   H   1, thus advocating for more sophisticated developments in rougher situations
than those treated in [13]. This conclusion will be derived from a close examination of the challenging
convergence issues pP11q, pP21q and pP22q-pP23q.

2. Main results

With the above presentation of the problem in mind, we are in a position to state our main results
related to the three central questions pP11q, pP21q and pP22q-pP23q.

2.1. Problem (P1’): control of the renormalized Schrödinger product tree.

Let us start with the examination of the tree process
pnq

:� IχM
� pnq

,
pnq�, which we shall refer to

as the (Schrödinger) product tree in the sequel.
As we evoked it earlier, this quantity needs to be renormalized before we can study its convergence.

To this end, we will successively rely on three classical rescaling steps:
pRq A first partial space averaging

Mp pnq
,
pnqq ÝÑ Mp pnq

,
pnqq � pnq

»
pnq
,
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in the spirit of Bourgain’s renormalization method for the cubic NLS model (see e.g. [5, 9]). This
transformation allows us to eliminate a first set of resonant terms (that is, terms for which the resonant
function vanishes): indeed, in Fourier mode, it can be checked from (1.19) that�

Mp pnq
,
pnqq � pnq

»
pnq

	
k
�

¸
k1�0

eıtΩk,k1
pnq
k�k1

ptq pnq
k1
ptq.

pR1q Then a more standard space averaging:

Mp
pnq
,

pnq
q�

pnq
»

pnq
ÝÑ �Mp

pnq
,

pnq
q :�

�
Mp

pnq
,

pnq
q�

pnq
»

pnq
�
�

» �
Mp

pnq
,

pnq
q�

pnq
»

pnq
�
, (2.1)

which achieves the removal of the resonant terms: namely, in Fourier coordinates,

�Mp pnq
,
pnqqkptq :� 1tk�0u

¸
k1�0

eıtΩk,k1
pnq
k�k1

ptq pnq
k1
ptq, with Ωk,k1 :� 2kk1. (2.2)

pR2q Finally, a stochastic Wick renormalization trick:

�Mp pnq
,
pnqq ÝÑ �Mp pnq

,
pnqq � E

� �Mp pnq
,
pnqq�.

Remark 2.1. Observe that the rescaling terms in Steps pR1q and pR2q only involve reduced quantities,
i.e. quantities depending on at most two of the three parameters pt, x, ωq, which can indeed be expected
from any reasonable renormalization trick.

On the other hand, the rescaling term in pRq still appeals to the “fully-dependent” quantity pnq.
However, the latter can easily be turned into a linear correction drift at the level of the approximated
equation, making it acceptable in the procedure (see [13, Section 1.2] for details).

As a result of the three steps above, we derive the following renormalized version of the product tree:

�pnq

k ptq :� Iχ
��Mp pnq

,
pnqqkp.q � E

� �Mp pnq
,
pnqqkp.q

�	ptq, (2.3)

where the renormalized product �Mp pnq
,
pnqq is defined by (2.1).

Our main result about this (renormalized) product tree can now be stated as follows.

Proposition 2.2. Assume that H P p 1
2 ,

3
4 q. Then the following picture holds true.

piq For every 0 ¤ c   1
2 , one has

sup
n¥1

E
�����pnq���2

Zc,0

�
  8.

piiq For every 1
2   b   2H � 1

2 , one has

sup
n¥1

E
�����pnq���2

Z0,b

�
  8.

piiiq If b � 2H � 1
2 , then

E
�����pnq���2

Z0,b

�
nÑ8ÝÑ 8.

More generally, if 0 ¤ c   1 and 1
2   b   1 are such that b� c

2 ¥ 2H � 1
2 , then

E
�����pnq���2

Zc,b

�
nÑ8ÝÑ 8.
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The above properties thus provide us with the exact time regularity of
�

(namely p2H� 1
2 q�), which,

given the central role of the process in the dynamics of (1.1), can be seen as an important result of
independent interest.

In view of our present objective, the condition b � c
2   2H � 1

2 will be our first restriction in the
application of the first-order strategy described in Section 1.1.

2.2. Problem (P2’): about the Schrödinger product operator L�,pnq.
Let us now turn to the issues related to the Schrödinger product operator Lpnq, starting from its

resonant - and relatively simple - component L�,pnq (see (1.26)).
Our main result about L�,pnq will actually be derived from a careful examination of the action of the

operator on suitable (Gaussian) processes. The property can be summed as follows.

Proposition 2.3. Assume that H P p 1
2 ,

3
4 q and fix b P p 1

2 , 1q.
If 0 ¤ c   3

2 � 2H, then there exists a sequence pY pnqqn¥1 of random functions such that

sup
n¥1

E
���Y pnq

��q
Zc,b

�
  8 for every q ¥ 2, and E

���L�,pnqY pnq
��2
L2pT�Rq

�
nÑ8ÝÑ 8. (2.4)

In particular, if 0 ¤ c   3
2 � 2H, then for every p ¡ 2, one has

E
���L�,pnq

��p
Zc,bÑZc,b

�
nÑ8ÝÑ 8, (2.5)

as well as
E
���L�,pnq

��p
rZc,bÑ rZc,b

�
nÑ8ÝÑ 8, (2.6)

where the space rZc,b has been introduced in (1.13).

Proposition 2.6 therefore offers a partial answer to the guideline question pP21q. In particular here,
the result gives birth to our second restriction on the spaces Zc,b (or rZc,b) involved in the first-order
analysis: namely, one must have c ¥ 3

2 � 2H.

Remark 2.4. As we shall see in the course of the proof (see Section 4, and in particular inequality (4.4)),
the blow-up observed in (2.4) is primarily due to the divergence of the term corresponding to k � 0 in the
definition (1.26) of L�,pnq. This observation partially echoes the result established in [19, Proposition 3.2]
for an analogous product on the two-dimensional torus (with a noisy input of slightly different nature).

The combination of the restriction in Proposition 2.4 with the constraints arising from Proposition 2.2
already rules out the possibility of covering the interval H P p 1

2 , 1q through a first-order analysis based
on the spaces tZc,b : c P r0, 1q, b P p 1

2 , 1qu.
Corollary 2.5. If 1

2   H ¤ 7
12 , then for any pair pc, bq P r0, 1q � p 1

2 , 1q, one has either

���pnq��
Zc,b

nÑ8ÝÑ 8, or
��L�,pnq

��
Zc,bÑZc,b

nÑ8ÝÑ 8. (2.7)

In particular, for 1
2   H ¤ 7

12 , the stochastic Schrödinger problem (1.1) cannot be treated in the scale
tZc,bu with the first-order strategy described in Section 1.1.

Proof. For none of the two explosions in (2.7) to happen, it is necessary that b� c
2   2H� 1

2 (Proposition
2.2) and c ¥ 3

2 � 2H (Proposition 2.3), which can be summed up as

3
2 � 2H ¤ c   4H � 1� 2b   4H � 2,

and hence one must have H ¡ 7
12 . �
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In light of the above observation, we now turn to the broader spaces rZc,b. Indeed, the results of

Proposition 2.2 show that
� P rZc,b for all 0 ¤ c   1

2 and 1
2   b   2H � 1

2 . As a result, the additional
constraint c ¥ 3

2 � 2H arising from Proposition 2.3 does not, at this stage, prevent the possibility of
covering the interval H P p 1

2 , 1q by working within these spaces.
The continuity of the deterministic multiplication z ÞÝÑ IχM

�
z, z

�
from rZc,b to rZc,b is guaranteed

by the result of Proposition B.1, under the general condition b ¡ 1
2 and 0 ¤ c ¤ b. Our next step is to

address the non-resonant component L7,pnq of the multiplication operator with pnq.

2.3. Problem pP23q: about the Schrödinger product operator L7,pnq.
As explained in the above Section 1.1.2, we focus here on the convergence issue for the approximationrPpnq
c,b of

��L7,pnq
��
rZc,bÑ rZc,b given by the expression

rPpnq
c,b :�¸
k1,k11

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk11y2c � xλ11y2b
����¸
k

»
dλ txky2c � xλy2bu �Kpnq

χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk11

pλ, λ11q
����2,
(2.8)

where the Fourier kernel Kpnq
χ has been introduced in (1.29).

Proposition 2.6. Let H P p 1
2 ,

3
4 q, b P p 1

2 , 1q and c P p0, 1q.
If c ¥ b� 1

4 , then one has

E
��� rPpnq

c,b

��� nÑ8ÝÑ 8.

Proposition 2.6 therefore points out our third (and last) restriction on the class of spaces rZc,b suitable
for a first-order strategy: one must impose that c   b� 1

4 .

By gathering the constraints exhibited in Propositions 2.2, 2.3 and 2.6, we can conclude our investi-
gations about the limits of the first-order strategy for the stochastic Schrödinger problem (1.1).

Corollary 2.7. If 1
2   H ¤ 9

16 , then for any pair pb, cq P p 1
2 , 1q � r0, 1q, one has either

���pnq��
rZc,b

nÑ8ÝÑ 8, ��L�,pnq
��
rZc,bÑ rZc,b

nÑ8ÝÑ 8, or rPpnq
c,b

nÑ8ÝÑ 8 in L8,�pΩq. (2.9)

In particular, for 1
2   H ¤ 9

16 , the stochastic Schrödinger problem (1.1) cannot be treated in the scale
t rZc,bu with the first-order strategy described in Section 1.1.

Proof. For none of the three explosions in (2.9) to happen, it is necessary that b   2H � 1
2 (Proposition

2.2), c ¥ 3
2 � 2H (Proposition 2.3) and c   b� 1

4 (Proposition 2.6), which can be summed up as
3
2 � 2H ¤ c   b� 1

4   2H � 3
4 ,

and hence one must have H ¡ 9
16 . �

These results thus call for the development of more sophisticated methods, such as paracontrolled or
random-tensor-type strategies, in order to cover the whole range H ¡ 1

2 for 9B. To be more specific,
we do not expect any possible improvement regarding the constraints on the Schrödinger product tree
(Proposition 2.2), and we only advocate for a more sophisticated treatment of the product operation
z ÞÑ IχMpz, pnqq. These further developments could for instance be derived from a suitable “ansatz”
formulation of the problem (see [12, Section 5.2]), which we plan to investigate in a future study.
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Finally, it is worth noting that there is no hope to reach the case of a space-time white noise 9B through
the present renormalization method, as it can be seen from the following explosion result (see Section
3.4).

Proposition 2.8. Assume that H � 1
2 , that is 9B is a space-time white noise on R� T. Then, with the

notation of Section 2.1 and for every b ¡ 1
2 , it holds that

E
�����pnq���2

Z0,b

�
nÑ8ÝÑ 8.

Remark 2.9. The heuristic considerations developed in Section 1.1 could of course have been expressed
in the same manner for the general nonlinear model (1.2). Thus, if upnq denotes the solution to the
approximate equation

pıBt � B2
xqupnq � λ pupnqqppupnqqq � 9Bpnq, upnqp0, .q � 0, t P R, x P T. (2.10)

and if we similarly define
pnq :� Iχ

�
eı.B

2
x 9Bpnq

�
, vpnqptq :� eıtB

2
xupnqptq, (2.11)

then the problem (1.18) naturally generalizes into the form

vpnqptq � pnqptq � IχMpp,qq
�
vpnq, . . . , vpnq

�ptq, (2.12)

where the product operator Mpp,qq is defined in Fourier coordinates by the formula

Mpp,qqpvp1q, . . . , vppq, wp1q, . . . , wpqqqkptq
�

¸
m

¸
k1,...,kp

k1�...�kp�m

¸
`1,...,`p

`1�...�`p�m�k

eıtΩk,k,`v
p1q
k1
ptq � � � vppqkp

ptqwp1q`1 ptq � � �w
pqq
`q
ptq, (2.13)

with

k :� pk1, . . . , kpq, ` :� p`1, . . . , `qq and Ωk,k,` � Ωpp,qq
k,k,` :� �k2�pk2

1� . . .�k2
pq�p`21� . . .� `2qq. (2.14)

This leads naturally to the two questions pP1q and pP2q, about the control of the stochastic process

IχMpp,qq
� pnq

, . . . ,
pnq�

on the one hand, and of the random linear operator

Lpnq : z ÞÝÑ IχMpp,qq
�
z,

pnq
, . . . ,

pnq�
.

It turns out, however, that the answers to these two questions depend significantly on the form of the
nonlinearity, in other words, on the values of the integers p, q ¥ 0. This is readily seen by examining
the behavior of the resonance function Ωk,k,` at the core of expression (2.13). For example, if p � 0 and
q � 2, we have

Ωk,k,` � �k2 � `21 � `22.

This expression vanishes only in the very specific case where k � `1 � `2 � 0, which, in the context of
the operator IχMpp,qq, suggests a more pronounced regularizing effect than in the case p � q � 1, and
thereby leads to conclusions that differ from those of Propositions 2.2, 2.3, and 2.6 (see [18, 23] for a
comparison of the regularizing effects in these two situations).

Remark 2.10. Let us recall that the first-order approach considered here was successfully implemented
in [13] in the case H ¡ 5

8 . On the other hand, Corollaries 2.5 and (2.7) rule out its applicability for
H   9

16 within the scales tZc,bu or t rZc,bu. At this stage, it remains unclear whether a refinement of the
arguments in [13] would allow one to address the remaining interval 9

16   H   5
8 by means of a first-order

expansion of the same kind.
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The rest of the paper is organized as follows. In Section 3, we focus on the analysis of the Schrödinger
product tree and on the proof of Proposition 2.2 (as well as Proposition 2.8). Sections 4 and 5 are then
devoted to the study of the (stochastic) Schrödinger product operator Lpnq: Section 4 contains the proof
of Proposition 2.3, while Section 5 contains the proof of Proposition 2.6. Finally, the appendix is divided
into three parts: Section A contains a (partial) proof of Lemma 1.1, Section B is devoted to the proof
of the continuity of the map z ÞÑ IχMpz, zq in the rZc,b-topology, and Section C consists in a discussion
about the relevance of the approximation rPpnq

c,b .

In accordance with the above-described setting and results, we fix the Hurst parameter H P p 1
2 ,

3
4 q for

the whole study, except in Section 3.4 - where H � 1
2 .

3. Convergence of the Schrödinger product tree

We start with the study of the convergence issue for the renormalized Schrödinger product tree

�pnq

k ptq :� Iχ
��Mp pnq

,
pnqqkp.q � E

� �Mp pnq
,
pnqqkp.q

�	ptq, (3.1)

introduced in Section 2.1. We recall in particular that the (rescaled) linear solution pnq has been intro-
duced in (1.17), while the renormalized product operator �M is defined in Fourier coordinates by

�Mpv, wqkptq :� 1tk�0u
¸
k1�0

eıtΩk,k1 vk�k1wk1 , with Ωk,k1 :� |k � k1|2 � |k1|2 � |k|2 � 2kk1. (3.2)

As a preliminary step, let us point out some useful expressions and estimates for the covariance of the
process pnq, at the core of expression (3.1).

3.1. Covariance of the linear solution.
One has by definition

Fp pnq
k qpλq � 1txky¤2nuF

�
Iχ

�
e�ı.k

2
9βpkq

��pλq
and we can use the integration kernel Iχp., .q (see (1.9)) to express this quantity as

Fp pnq
k qpλq � 1txky¤2nu

»
dλ1 Iχpλ, λ1qF

�
e�ı.k

2
9βpkq

�pλ1q

� 1txky¤2nu

»
dλ1 Iχpλ, λ1q

»
dt e�ıpλ1�k

2qt
9β
pkq
t .

Based on this expression, and since (recall that 1
2   H   3

4 )

E
�

9β
pkq
t

9β
pk1q
t1

�
� 1tk�k1u|t� t1|2H�2� c1tk�k1u

»
R

dξ

|ξ|2H�1 e
�ıξpt�t1q,

we get

E
�
Fp pnq

k qpλqFp pnq
k1 qpλ1q

�
� 1txky¤2nu1txk1y¤2nu

»
dλ1dλ

1
1 Iχpλ, λ1qIχpλ1, λ11q

»
dtdt1 e�ıpλ1�|k|

2qteıpλ
1
1�|k

1|2qt1E
�

9β
pkq
t

9β
pk1q
t1

�
� c1tk�k1u1txky¤2nu

»
R

dξ

|ξ|2H�1

»
dλ1dλ

1
1 Iχpλ, λ1qIχpλ1, λ11q

»
dtdt1 e�ıpλ1�|k|

2�ξqteıpλ
1
1�|k|

2�ξqt1

� c1tk�k1u1txky¤2nu

»
R

dξ

|ξ|2H�1 Iχpλ,�ξ � k2qIχpλ1,�ξ � k2q. (3.3)

For a more detailed expression of this quantity, let us introduce the following notation.
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Notation 3.1. For all s, t, λ P R, we set

Ξtpλq :�
»
R
dr eıλrχprq1r0,tsprq �

» t
0
dr eıλrχprq,

Ξtpλq :�
»
R
dr eıλrχprq1r0,rsptq � 1tt¥0u

» 8

t

dr eıλrχprq � 1tt 0u

» t
�8

dr eıλrχprq. (3.4)

With this notation, recall that

Iχpλ, λ1q �
»
R
dt e�ıλtχptq

»
R
ds eıλ

1sχpsq1r0,tspsq �
»
R
dt e�ıλtχptqΞtpλ1q, (3.5)

and so we can rephrase (3.3) as

E
�
Fp pnq

k qpλqFp pnq
k1 qpλ1q

�
� c1tk�k1u1txky¤2nu

»
dtdt1 χptqχpt1qe�ıλteıλ1t1

»
R

dξ

|ξ|2H�1 Ξtp�ξ � k2qΞt1p�ξ � k2q. (3.6)

Besides, based on (3.5), it is readily checked (see e.g. [12, Lemma 4.1]) that��Iχpλ, λ1q�� À 1
xλyxλ� λ1y , (3.7)

and therefore the expression in (3.3) leads us to the following uniform estimate (with respect to n): for
all k, k1 P Z and λ, λ1 P R,����E�Fp pnq

k qpλqFp pnq
k1 qpλ1q

����� À 1tk�k1u
1

xλyxλ1y
»
R

dξ

|ξ|2H�1
1

xξ � λ� k2y
1

xξ � λ1 � k2y
À 1tk�k1u

1
xλyxλ1y

1
xλ� λ1y1�ε

�
1

xλ� k2y2H�1 �
1

xλ1 � k2y2H�1

�
, (3.8)

where the second inequality follows from Lemma 3.3 below.

With similar arguments, we obtain that

E
�
Fp pnq

k qpλqFp pnq
k1 qpλ1q

�
� c1tk�k1u1txky¤2nu

»
R

dξ

|ξ|2H�1 Iχpλ,�ξ � k2qIχpλ1, ξ � k2q, (3.9)

and then, for all k, k1 P Z and λ, λ1 P R,����E�Fp pnq
k qpλqFp pnq

k1 qpλ1q
����� À 1tk�k1u

1
xλyxλ1y

»
R

dξ

|ξ|2H�1
1

xξ � λ� k2y
1

xξ � λ1 � k2y
À 1tk�k1u

1
xλyxλ1y

1
xλ� λ1 � 2k2y1�ε

�
1

xλ� k2y2H�1 �
1

xλ1 � k2y2H�1

�
,

(3.10)
where we have used again Lemma 3.3 to derive the second inequality.

We are now in a position to tackle the proof of our main asymptotic result.

3.2. Proof of Proposition 2.2.
First, using the integration kernel Iχp., .q (see (1.9)) and the Fourier expression of �M (see (3.2)), we

can write the Fourier transform of the process under consideration as

F
�
Iχ �Mp pnq

,
pnqqk

�pλq � »
R
dλ1 Iχpλ, λ1qF

� �Mp pnq
,
pnqqk

�pλ1q
� 1tk�0u

¸
k1�0

»
R
dλ1 Iχpλ, λ1q

»
dt e�ıλ

1teıtΩk,k1
pnq
k�k1

ptq pnq
k1
ptq

� 1tk�0u
¸
k1�0

»
dλ1 Fp pnq

k1
qpλ1q

»
dλ2 Fp pnq

k�k1
qpλ2q

»
R
dλ1 Iχpλ, λ1q

»
dt e�ıλ

1teıtΩk,k1 eıtλ2e�ıtλ1 ,
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and thus

F
�
Iχ

� �Mp pnq
,
pnqqk

��pλq � 1tk�0u
¸
k1�0

»
dλ1dλ2 Iχpλ,Ωk,k1 � λ2 � λ1qFp pnq

k1
qpλ1qFp pnq

k�k1
qpλ2q.

Based on this expression, and by applying Wick’s formula, we can compute

E
���F�

Iχ
� �Mp pnq

,
pnqqk

�pλq��2�
� 1tk�0u

¸
k1�0

»
dλ1dλ2

¸
k11�0

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k11 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k�k1
qpλ2qFp pnq

k11
qpλ11qFp pnq

k�k11
qpλ12q

�
�

���E�F�
Iχ

� �Mp pnq
,
pnqqk

�pλq����2
� 1tk�0u

¸
k1�0

»
dλ1dλ2

¸
k11�0

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k11 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k11
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k11
qpλ12q

�
� 1tk�0u

¸
k1�0

»
dλ1dλ2

¸
k11�0

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k11 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k�k11
qpλ12q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k11
qpλ11q

�
. (3.11)

As far as the last term of this expansion is concerned, observe that according to (3.9), one has

1tk�0uE
�
Fp pnq

k1
qpλ1qFp pnq

k�k11
qpλ12q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k11
qpλ11q

�
� 1tk�0u1tk1�k�k11u

1tk�k1�k11u
E
�
Fp pnq

k1
qpλ1qFp pnq

k�k11
qpλ12q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k11
qpλ11q

�
� 1tk�0u1tk1�k�k11u

1t2k�k11�k11uE
�
Fp pnq

k1
qpλ1qFp pnq

k�k11
qpλ12q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k11
qpλ11q

�
� 0.

For the same reason,

E
�
Fp pnq

k1
qpλ1qFp pnq

k11
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k11
qpλ12q

�
� 1tk1�k11u

E
�
Fp pnq

k1
qpλ1qFp pnq

k1
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k1
qpλ12q

�
.

Thus, going back to (3.11) and recalling the definition (3.1) of
�pnq

, we deduce that

E
���F��pnq

k

�pλq��2� � E
���F�

Iχ
� �Mp pnq

,
pnqqk

�pλq��2�� ���E�F�
Iχ

� �Mp pnq
,
pnqqk

�pλq����2
� 1tk�0u

¸
k1�0

»
dλ1dλ2

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k1 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k1
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k1
qpλ12q

�
. (3.12)

3.2.1. Proof of Proposition 2.2, item piq.
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Using the estimates (3.7) and (3.8), we get that for all 0 ¤ c   1
2 and ε ¡ 0 small enough,

E
����pnq��2

Zc,0

�
À

¸
k�0

¸
k1�0

xky2c
»

dλ

xλy2
»
dλ1

xλ1y
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
»
dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ12 � λ11y

À
¸
k�0

¸
k1�0

xky2c
»

dλ

xλy2
����
»
dλ1

xλ1y
»
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
����2.

By applying Lemma 3.2 below, we deduce

E
����pnq��2

Zc,0

�
À

¸
k�0

¸
k1�0

xky2c
»

dλ

xλy2
����
»
dλ1

xλ1y
1

xλ� Ωk,k1 � λ1y1� ε
2

����2

À
¸
k�0

¸
k1�0

xky2c
»

dλ

xλy2
1

xλ� Ωk,k1y2�2ε À
¸
k�0

xky2c
¸
k1�0

1
xΩk,k1y2�2ε À

¸
k

1
xky2�2c�2ε

¸
k1

1
xk1y2�2ε   8,

which already proves item piq.

Let us now focus on the norm in Z0,b, which, thanks to (3.12), can be expanded as

E
����pnq��2

Z0,b

�
�

¸
k�0

»
dλ xλy2b

¸
k1�0

»
dλ1dλ2

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k1 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k1
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k1
qpλ12q

�
.

3.2.2. Proof of Proposition 2.2, item piiq. Assume here that 1
2   b   2H � 1

2 .
Using the estimates (3.7) and (3.8), we get that

E
����pnq��2

Z0,b

�
À

¸
k�0

»
dλ

xλy2�2b

¸
k1�0

»
dλ1

xλ1y
dλ2

xλ2y
»
dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ2 � λ1y

1
xλ� Ωk,k1 � λ12 � λ11y�

1
xλ1 � k2

1y2H�1 �
1

xλ11 � k2
1y2H�1

��
1

xλ2 � pk � k1q2y2H�1 �
1

xλ12 � pk � k1q2y2H�1

�
À Ab � Bb,

with

Ab :�
¸
k�0

¸
k1�0

»
dλ

xλy2�2b

»
dλ1

xλ1y
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ1 � k2
1y2H�1

1
xλ2 � pk � k1q2y2H�1»

dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ12 � λ11y

and

Bb :�
¸
k�0

¸
k1�0

»
dλ

xλy2�2b

»
dλ1

xλ1y
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ1 � k2
1y2H�1»

dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ12 � λ11y

1
xλ12 � pk � k1q2y2H�1 .

Since Ab and Bb no longer depend on n, we only need to prove that these two quantities are finite.
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For Ab, note first that by Lemma 3.2,»
dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ12 � λ11y

À
»
dλ11
xλ11y

1
xλ� Ωk,k1 � λ11y1�

ε
2
À 1
xλ� Ωk,k1y1�ε

.

On the other hand,»
dλ1

xλ1y
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ1 � k2
1y2H�1

1
xλ2 � pk � k1q2y2H�1

À
»
dλ1

xλ1y
1

xλ1 � k2
1y2H�1

»
dλ2

xλ2y
1

xλ2 � pk � k1q2y2H�1 À 1
xk1y4H�2�ε

1
xk � k1y4H�2�ε ,

where we have used again Lemma 3.2 to derive the last inequality. Thus, going back to the definition of
Ab, we obtain that for ε ¡ 0 small enough,

Ab À
¸
k1�0

1
xk1y4H�2�ε

¸
k�0

1
xk � k1y4H�2�ε

»
dλ

xλy2�2b
1

xλ� Ωk,k1y1�ε
(3.13)

À
¸
k1�0

1
xk1y4H�2b�2ε

¸
k�0

1
xk � k1y4H�2�ε

1
xky2�2b�ε ,

due to Lemma 3.2 and the fact that b ¡ 1
2 . Since b   2H � 1

2 , one has 4H � 2b ¡ 1, and so by Lemma
3.2 again,

Ab À
¸
k1�0

1
xk1y8H�4b�1�4ε   8,

for ε ¡ 0 small enough.

As far as Bb is concerned, one has by repeated applications of Lemma 3.2,»
dλ1

xλ1y
dλ2

xλ2y
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ1 � k2
1y2H�1

À
»
dλ1

xλ1y
1

xλ1 � k2
1y2H�1

1
xλ� Ωk,k1 � λ1y1�ε

À
�»

dλ1

xλ1y
1

xλ1 � k2
1y4H�2


 1
2
�»

dλ1

xλ1y
1

xλ� Ωk,k1 � λ1y2�2ε


 1
2

À 1
xk1y4H�2�ε

1
xλ� Ωk,k1y

1
2

and in the same way»
dλ11
xλ11y

dλ12
xλ12y

1
xλ� Ωk,k1 � λ12 � λ11y

1
xλ12 � pk � k1q2y2H�1 À 1

xk � k1y4H�2�ε
1

xλ� Ωk,k1y
1
2
,

which gives

Bb À
¸
k1�0

1
xk1y4H�2�ε

¸
k�0

1
xk � k1y4H�2�ε

»
dλ

xλy2�2b
1

xλ� Ωk,k1y
.

Thus, we are in the same position as in (3.13), and we can use the same arguments to assert that Bb   8.
This achieves to prove that for every b such that 1

2   b   2H � 1
2 , one has

sup
n¥1

E
�����pnq���2

Z0,b

�
  8,

as desired.
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3.2.3. Proof of Proposition 2.2, item piiiq. Assume now that b� c
2 � 2H � 1

2 .
Using the expression in (3.6), we can write

E
�
Fp pnq

k1
qpλ1qFp pnq

k1
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k1
qpλ12q

�
� 1txk1y¤2nu

»
R

dξ

|ξ|2H�1

»
dtdt1 χptqχpt1qeıλ1te�ıλ

1
1t
1
Ξtp�ξ � k2

1qΞt1p�ξ � k2
1q

1txk�k1y¤2nu

»
R

dη

|η|2H�1

»
dsds1 χpsqχps1qe�ıλ2seıλ

1
2s
1
Ξsp�η � pk � k1q2qΞs1p�η � pk � k1q2q. (3.14)

Then observe that by (3.5),»
dλ1dλ2 Iχpλ,Ωk,k1 � λ2 � λ1qeıλ1te�ıλ2s

�
»
R
dv e�ıλvχpvq

»
dr 1r0,vsprqχprq

»
dλ1dλ2 e

ırpΩk,k1�λ2�λ1qeıλ1te�ıλ2s

�
»
R
dv e�ıλvχpvq

»
dr 1r0,vsprqχprqeırΩk,k1

�»
dλ1 e

�ırλ1eıλ1t


�»
dλ2 e

ırλ2e�ıλ2s




� δts�tuχptqeıtΩk,k1

»
R
dv e�ıλvχpvq1r0,vsptq, (3.15)

and in a similar way»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ12 � λ11qe�ıλ

1
1t
1
eıλ

1
2s
1 � δts1�t1uχpt1qe�ıt

1Ωk,k1

»
R
dw eıλwχpwq1r0,wspt1q. (3.16)

Combining (3.14), (3.15) and (3.16), we obtain that»
dλ1dλ2

»
dλ11dλ

1
2 Iχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k1 � λ12 � λ11q

E
�
Fp pnq

k1
qpλ1qFp pnq

k1
qpλ11q

�
E
�
Fp pnq

k�k1
qpλ2qFp pnq

k�k1
qpλ12q

�
� 1txk1y¤2nu1txk�k1y¤2nu

»
R

dξ

|ξ|2H�1

»
R

dη

|η|2H�1�»
R
dv e�ıλvχpvq

»
dt1r0,vsptqeıtΩk,k1χptq3Ξtp�ξ � k2

1qΞtp�η � pk � k1q2q



�»
R
dw eıλwχpwq

»
dt1 1r0,wspt1qe�ıt

1Ωk,k1χpt1q3Ξt1p�ξ � k2
1qΞt1p�η � pk � k1q2q



and so, going back to (3.12), we get the expression

E
����pnq��2

Zc,b

�
�

¸
k�0

xky2c
¸
k1�0

1txk1y¤2nu1txk�k1y¤2nu

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ xλy2b��QΩk,k1

ξ�k2
1,η�pk�k1q2

pλq��2,
(3.17)

where we have set

QLβ,β1pλq :�
»
dt e�ıλtχptq

» t
0
ds eısLχpsq3Ξsp�βqΞsp�β1q. (3.18)

In particular,

E
����pnq��2

Zc,b

�
¥

¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��QΩk,k1

ξ�k2
1,η�pk�k1q2

pλq��2
¥

¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |1�2b
»

dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��QΩk,k1

ξ�k2
1,η�pk�k1q2

pλΩk,k1q
��2.
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For all L ¥ 1, we can use an integration-by-parts argument to decompose QLβ,β1pλLq as

QLβ,β1pλLq �
»
dt e�ıλLtχptq

» t
0
ds eısLχpsq3Ξsp�βqΞsp�β1q �ML

β,β1pλq �RLβ,β1pλq, (3.19)

where

ML
β,β1pλq :� 1

ıλL

»
dt e�ıLtpλ�1qχptq4 Ξtp�βqΞtp�β1q (3.20)

and

RLβ,β1pλq :� 1
ıλL

»
dt e�ıλLtχ1ptq

» t
0
ds eısLχpsq3Ξsp�βqΞsp�β1q. (3.21)

Using this decomposition, we can write

E
����pnq��2

Zc,b

�
¥

¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |
1�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��MΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��2
�

¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |
1�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��RΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��2
� 2

¸
k¥1

xky2c
¸
k1¥1

|Ωk,k1 |
1�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��MΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

����RΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��
¥

¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |
1�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��MΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��2
� 2

¸
k¥1

xky2c
¸
k1¥1

|Ωk,k1 |
1�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��MΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

����RΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��.
By applying Lemma 3.5 below, we get that for all Ω ¥ 1, k, ` ¥ 1 and ε ¡ 0 small enough,»

dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b

��MΩ
ξ�k,η�`pλq

����RΩ
ξ�k,η�`pλq

��
À

1
Ω4�ε

� »
|λ|¥2

dλ

|λ|4�2b

»
dξ

|ξ|2H�1

»
dη

|η|2H�1
1

xξ � ky

1
xη � `y

�

»
|λ|¤2

dλ

|λ|2�2b|λ� 1|1�ε

»
dξ

|ξ|2H�1

»
dη

|η|2H�1�
1

xξ � kyxη � `y
�

1
xξ � pk � Ωqyxη � `y

�
1

xξ � pk � Ωqyxη � p`� Ω� ξ � kqy

�
1

xη � p`� Ωqyxξ � ky



�

1
xη � p`� Ωqyxξ � pk � Ω� η � `qy


�
.

By using the three controls contained in Lemma 3.4 below (as well as the fact that 2H � 1   1
2 ), we

easily deduce the bound: for all k ¥ 1, Ω ¥ 1, ` ¥ Ω� 1 and ε ¡ 0 small enough,»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��MΩ

ξ�k,η�`pλq
����RΩ

ξ�k,η�`pλq
�� À 1

Ω4�ε

�
1

`2H�1�ε �
1

p`� Ωq2H�1�ε

�
.

Therefore, for ε ¡ 0 small enough,¸
k¥1

¸
k1¥1

xky2c|Ωk,k1 |
1�2b

»
dξdη

|ξ|2H�1|η|2H�1

»
dλ |λ|2b

��MΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

����RΩk,k1
ξ�k2

1,η�pk�k1q2
pλq

��
À

¸
k¥1

xky2c
¸
k1¥1

1
|Ωk,k1 |

3�2b�ε

�
1

pk � k1q4H�2�2ε �
1

pk2 � k2
1q

2H�1�ε

�

À
¸
k¥1

1
xky1�4H�2b�2c�3ε

¸
k1¥1

1
xk1y3�2b�ε   8,

due to b   1 and 2b� 2c � p2b� cq � c � 4H � 1� c   4H.
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We are thus left with the analysis of

Mpnq :�
¸
k¥1

xky2c
¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |1�2b
»

dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��MΩk,k1

ξ�k2
1,η�pk�k1q2

pλq��2.
(3.22)

To this end, write for all Ω ¥ 1,»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��MΩ

ξ�k2
1,η�pk�k1q2

pλq��2
� 1
|Ω|2

»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ

|λ|2�2b

����
»
dt e�ıΩpλ�1qtχptq4 Ξtp�ξ � k2

1qΞtp�η � pk � k1q2q
����2

� 1
|Ω|2

»
dtdt1 χptq4χpt1q4

�»
dλ

|λ|2�2b e
�ıλΩpt�t1q



eıΩpt�t

1qJk1pt, t1qJk�k1pt, t1q,

where we have set

J`pt, t1q :�
»

dξ

|ξ|2H�1 Ξtp�ξ � `2qΞt1p�ξ � `2q.

Then, by elementary transformations,

1
|Ω|2

»
dtdt1 χptq4χpt1q4

�»
dλ

|λ|2�2b e
�ıλΩpt�t1q



eıΩpt�t

1qJk1pt, t1qJk�k1pt, t1q

� 1
|Ω|1�2b

»
dtdt1

|t� t1|2b�1 χptq4χpt1q4 eıΩpt�t
1qJk1pt, t1qJk�k1pt, t1q

� 1
|Ω|1�2b

»
dtds

|s|2b�1 χptq4χpt� sq4 eıΩsJk1pt, t� sqJk�k1pt, t� sq

� 1
|Ω|3

»
dtds

|s|2b�1 χptq4χ
�
t� s

Ω

	4
eısJk1

�
t, t� s

Ω

	
Jk�k1

�
t, t� s

Ω

	
. (3.23)

Let us now expand the two quantities Jk1

�
t, t� s

Ω
�
and Jk�k1

�
t, t� s

Ω
�
. On the one hand,

Jk1

�
t, t� s

Ω

	
�

»
dξ

|ξ|2H�1 Ξtp�ξ � k2
1qΞt� s

Ω
p�ξ � k2

1q

�
»

dξ

|ξ|2H�1

�» t
0
dr χprqeıpξ�k2

1qr


�» t� s
Ω

0
dr1 χpr1qe�ıpξ�k2

1qr
1



�
»

dξ

|ξ|2H�1

»
dr1 1r0,t� s

Ω s
pr1qχpr1q

»
dr 1r0,tsprqχprqeıpξ�k

2
1qpr�r

1q

�
»

dξ

|ξ|2H�1

»
dr1 1r0,t� s

Ω s
pr1qχpr1q

»
dr 1r0,tspr1 � rqχpr1 � rqeıpξ�k2

1qr

� 1
k4H�4

1

»
dξ1

|ξ1|2H�1

»
dr eırk

2
1pξ

1�1q
»
dr1 1r0,t� s

Ω s
pr1q1r0,tspr1 � rqχpr1qχpr1 � rq

� 1
k4H�2

1

»
dξ1

|ξ1|2H�1

»
dr eırpξ

1�1q
»
dr1 1r0,t� s

Ω s
pr1q1r0,ts

�
r1 � r

k2
1

	
χpr1qχ

�
r1 � r

k2
1

	

� 1
k4H�2

1

»
dr

|r|2�2H eır
»
dr1 1r0,t� s

Ω s
pr1q1r0,ts

�
r1 � r

k2
1

	
χpr1qχ

�
r1 � r

k2
1

	
,

and similarly

Jk�k1

�
t, t� s

Ω

	
� 1
pk � k1q4H�2

»
du

|u|2�2H e�ıu
»
du1 1r0,t� s

Ω s
pu1q1r0,ts

�
u1 � u

pk � k1q2
	
χpu1qχ

�
u1 � u

pk � k1q2
	
.
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By injecting these two expansions into (3.23), we deduce the expression»
dξ

|ξ|2H�1

»
dη

|η|2H�1

»
dλ |λ|2b��MΩ

ξ�k2
1,η�pk�k1q2

pλq��2
� 1
|Ω|3

1
k4H�2

1

1
pk � k1q4H�2

»
dt χptq4

»
ds

|s|2b�1 e
ısχ

�
t� s

Ω

	4

�»
dr

|r|2�2H eır
»
dr1 1r0,t� s

Ω s
pr1q1r0,ts

�
r1 � r

k2
1

	
χpr1qχ

�
r1 � r

k2
1

	

�»

du

|u|2�2H e�ıu
»
du1 1r0,t� s

Ω s
pu1q1r0,ts

�
u1 � u

pk � k1q2
	
χpu1qχ

�
u1 � u

pk � k1q2
	


� 1
|Ω|3

1
k4H�2

1

1
pk � k1q4H�2Qb,HpΩ, k, k1q, (3.24)

where we have set

Qb,HpΩ, k, k1q :�
»
dt

»
dr1

»
du1 χptq4χpr1qχpu1q�»

ds

|s|2b�1 e
ıs1r0,t� s

Ω s
pr1q1r0,t� s

Ω s
pu1qχ

�
t� s

Ω

	4

�»

dr

|r|2�2H eır1r0,ts
�
r1 � r

k2
1

	
χ
�
r1 � r

k2
1

	

�»

du

|u|2�2H e�ıu1r0,ts
�
u1 � u

pk � k1q2
	
χ
�
u1 � u

pk � k1q2
	


.

Using the subsequent Lemma 3.6, we can easily check that
Qb,HpΩk,k1 , k, k1q Ñ qb,H as k, k1 Ñ8,

where

qb,H :�
�»

ds

|s|2b�1 e
ıs


����
»

dr

|r|2�2H eır
����2
�»

dt χptq8
» t

0
dr1 χpr1q2

» t
0
du1 χpu1q2



.

Since qb,H ¡ 0, there exists K ¥ 1 large enough such that for all k1 ¥ k ¥ K, one has

Qb,HpΩk,k1 , k, k1q ¥ qb,H
2 .

Therefore, going back to (3.22) and (3.24), we get that

Mpnq Á
¸
k¥K

1
|k|2�2b�2c

¸
k1¥k

1txk1y¤2nu1txk�k1y¤2nu
1

|k1|4H�2b
1

|k � k1|4H�2 .

and since K does not depend on n, we deduce that

lim inf
nÑ8

Mpnq Á
¸
k¥K

1
|k|2�2b�2c

¸
k1¥k

1
|k1|4H�2b

1
|k � k1|4H�2

Á
¸
k¥K

1
|k|8H�4b�2c�1

�
1
k

¸
k1¥k

1
|k1
k |4H�2b

1
|1� k1

k |4H�2




Á
¸
k¥K

1
|k|8H�4b�2c�1

» 8

1

dx

|x|4H�2b|1� x|4H�2

Á
¸
k¥K

1
|k|8H�4b�2c�1

» 8

1

dx

|x|8H�2b�2 .

At this point, recall that b� c
2 � 2H � 1

2 , and so the latter bound reduces in fact to¸
k¥K

1
|k|8H�4b�2c�1

» 8

1

dx

|x|8H�2b�2 �
� ¸
k¥K

1
|k|


�» 8

1

dx

|x|8H�2b�2



� 8,

which leads us to the desired conclusion
lim
nÑ8

Mpnq � 8.
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3.3. Auxiliary lemmas.
The few technical results below have been used in the proof of Proposition 2.2. The first, resp. second,

one is borrowed from [15, Lemma 4.2], resp. [13, Lemma 3.4].

Lemma 3.2 ([15]). Let α ¥ β ¡ 0 such that α� β ¡ 1. Then for all A,B P R, one has

max
�»

R

dx

xx�Ayαxx�Byβ ,
¸
k

1
xk �Ayαxk �Byβ



À 1
xA�Byγ

where α is given by

γ :�

$'&
'%
α� β � 1 if α   1
β � ε if α � 1
β if α ¡ 1,

for every ε ¡ 0 small enough.

Lemma 3.3 ([13]). Consider parameters µ, ν P r0, 1q. Then for all pA,Bq P R2 such that |A| ¤ |B|, and
for every 0   ε   1, it holds that»

R

dξ

|ξ|ν
1

xξ �Ay
1

xξ �By À
1

xAyν
1

xB �Ay1�ε . (3.25)

Lemma 3.4. Let α ¡ ε ¡ 0. Then one has

sup
APR

»
R

dξ

|ξ|α
1

xξ �Ay   8 and
»
R

dξ

|ξ|α
1

xξ �By À
1

|B|α�ε for every B P R.

As a result, for all A,B P R and 0   ε   α, β   1
2 , it holds that»

R

dξ

|ξ|α|ξ �A|β
1

xξ �By À
1

|B �A|β�ε . (3.26)

Proof. It suffices to observe that for all A P R and ε ¡ 0 small enough,»
R

dξ

|ξ|α
1

xξ �Ay À 1t|A|¤1u

� »
t|ξ|¤2u

dξ

|ξ|α �
»
t|ξ|¡2u

dξ

|ξ|α
1

||ξ| � 1|
�
� 1t|A|¡1u

»
R

dξ

|ξ|α
1

|ξ �A|1�ε

À 1t|A|¤1u

� »
t|ξ|¤2u

dξ

|ξ|α �
»
t|ξ|¡2u

dξ

|ξ|1�α
�
� 1t|A|¡1u

1
|A|α�ε

»
R

dξ

|ξ|α
1

|ξ � 1|1�ε À 1.

In the same way, »
R

dξ

|ξ|α
1

xξ �By À
»
R

dξ

|ξ|α
1

|ξ �B|1�ε À
1

|B|α�ε .
The estimate (3.26) then follows from an application of Cauchy-Schwarz inequality. �

Lemma 3.5. For all L ¥ 1 and β, β1 P R, let ML
β,β1 and RLβ,β1 be the functions on R defined by (3.20)

and (3.21), respectively. Then the following estimates hold true:
piq For all |λ| ¥ 2, one has��ML

β,β1pλq
�� À max

�
1

L|λ|
1

xβyxβ1y ,
1

L2|λ|2



and
��RLβ,β1pλq�� À 1

L2|λ|2
1

xβyxβ1y .

piiq For all |λ| ¤ 2, one has��ML
β,β1pλq

�� À max
�

1
L|λ|

1
xβyxβ1y ,

1
L2�ε

1
|λ||λ� 1|1�ε
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and��RLβ,β1pλq��
À 1
L2|λ|

�
1

xβyxβ1y �
1

xL� βyxβ1y �
1

xL� βyxL� β � β1y �
1

xL� β1yxβy �
1

xL� β1yxL� β � β1y
�
.

(3.27)

Proof. Note first thgat the bound ��ML
β,β1pλq

�� À 1
L|λ|

1
xβyxβ1y

in both piq and piiq is a straightforward consequence of the fact that

|Ξtp�βq| À 1
xβy . (3.28)

piq If |λ| ¥ 2, then by an elementary integration-by-parts argument, we get that��ML
β,β1pλq

�� À 1
L2|λ|2

»
dt
���Btpχp.q4qptq����Ξtp�βq����Ξtp�β1q��

� ��χptq��4��BtpΞ.p�βqqptq����Ξtp�β1q��� ��χptq��4��Ξtp�βq����BtpΞ.p�β1qqptq��� À 1
L2|λ|2 ,

where we have used the uniform bound
|Ξtp�βq| � |Bt

�
Ξtp�βqq| À 1. (3.29)

In the same way,��RLβ,β1pλq�� À 1
L2|λ|2

� »
dt |χ2ptq|

» t
0
ds |χpsq|3|Ξsp�βq||Ξsp�β1q|

�
»
dt |χ1ptq||χptq|3|Ξtp�βq||Ξtp�β1q|

�
À 1
L2|λ|2

1
xβyxβ1y ,

where we have used (3.28) to derive the last inequality.

piiq For ML
β,β1pλq, we can use again (3.29) and an integration-by-parts argument to write, for |λ| ¤ 2,

��ML
β,β1pλq

�� À 1
L|λ|

����
»
dt e�ıLtpλ�1qχptq4 Ξtp�βqΞtp�β1q

����1�ε À 1
L2�ε|λ||λ� 1|1�ε .

As for RLβ,β1pλq, observe first that» t
0
ds eısLχpsq3Ξsp�βqΞsp�β1q �

1
ıL
eıtLχptq3Ξtp�βqΞtp�β1q

�
1
ıL

» t
0
ds eısLBspχ

3qpsqΞsp�βqΞsp�β1q �
1
ıL

» t
0
ds eıspL�βqχpsq4Ξsp�β1q �

1
ıL

» t
0
ds eıspL�β

1qχpsq4Ξsp�βq,

and so, by (3.28), we get that

|RLβ,β1pλq| �
1

L|λ|
����
»
dt e�ıλLtχ1ptq

» t
0
ds eısLχpsq3Ξsp�βqΞsp�β1q

����
À 1
L2|λ|

�
1

xβyxβ1y �
»
dt |χ1ptq|

����
» t

0
ds eıspL�βqχpsq4Ξsp�β1q

�����
»
dt |χ1ptq|

����
» t

0
ds eıspL�β

1qχpsq4Ξsp�βq
����
�
.

Then, using similar integration-by-parts arguments as before, we obtain that����
» t

0
ds eıspL�βqχpsq4Ξsp�β1q

���� À 1
xL� βy

�
1
xβ1y �

1
xL� β � β1y

�
,

as well as ����
» t

0
ds eıspL�β

1qχpsq4Ξsp�βq
���� À 1

xL� β1y
�

1
xβy �

1
xL� β � β1y

�
,

which yields the desired bound (3.27).
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�

Lemma 3.6. Fix α P p0, 1q.

piq It holds that

sup
L¥1

t,r1,u1Pr�2,2s

����
»
R

ds

|s|α e
ıs1r0,t� s

L s
pr1q1r0,t� s

L s
pu1qχ

�
t� s

L

	���� À 1 (3.30)

and

sup
L¥1

r1Pr�2,2s

����
»
R

dr

|r|α e
ır1r0,ts

�
r1 � r

L

	
χ
�
r1 � r

L

	���� À 1. (3.31)

piiq For all L ¥ 1 and t, r1, u1 P r�2, 2s, one has����
»
R

ds

|s|α
eıs

"
1r0,t� s

L
spr

1q1r0,t� s
L
spu

1qχ
�
t�

s

L

	
� 1r0,tspr1q1r0,tspu1qχ

�
t
�*���� À 1

Lα

"
1

|t� r1|α
�

1
|t� u1|α

*
(3.32)

and ����
»
R

dr

|r|α e
ır

"
1r0,ts

�
r1 � r

L

	
χ
�
r1 � r

L

	
� 1r0,tspr1qχ

�
r1
�*���� À 1

Lα

"
1
|t|α �

1
|t� r1|α �

1
|r1|α

*
. (3.33)

Proof.
piq Let L ¥ 1 and t, r1, u1 P r�2, 2s. One has, for almost every s P R,

1r0,t� s
L s
pr1q � 1tr1¥0u1ts¤Lpt�r1qu � 1tr1 0u1ts¥Lpt�r1qu,

and so we can write
1r0,t� s

L s
pr1q1r0,t� s

L s
pu1q

�
�

1tr1¥0u1ts¤Lpt�r1qu � 1tr1 0u1ts¥Lpt�r1qu
	�

1tu1¥0u1ts¤Lpt�u1qu � 1tu1 0u1ts¥Lpt�u1qu
	

� 1tr1,u1¥0u1ts¤Lrpt�r1q^pt�u1qsu � 1tr1,u1 0u1ts¥Lrpt�r1q_pt�u1qsu.
Therefore»

R

ds

|s|α e
ıs1r0,t� s

L s
pr1q1r0,t� s

L s
pu1qχ

�
t� s

L

	

� 1tr1,u1¥0u

» Lrpt�r1q^pt�u1qs
�8

ds

|s|α e
ısχ

�
t� s

L

	
� 1tr1,u1 0u

» 8

Lrpt�r1q_pt�u1qs

ds

|s|α e
ısχ

�
t� s

L

	
,

and we can apply the estimate (3.36) in Lemma 3.7 below to deduce (3.30).

We can then use the same arguments to prove (3.31), by noting that

1r0,ts
�
r1 � r

L

	
� 1tt¥0u1t�r1L¤r¤�r1L�Ltu � 1tt 0u1t�r1L�Lt¤r¤�r1Lu.

piiq Regarding (3.32), we naturally start with the bound����
»
R

ds

|s|α e
ıs

"
1r0,t� s

L s
pr1q1r0,t� s

L s
pu1qχ

�
t� s

L

	
� 1r0,tspr1q1r0,tspu1qχ

�
t
�*����

¤
����
»
R

ds

|s|α e
ıs
 
1r0,t� s

L s
pr1q � 1r0,tspr1q

(
1r0,t� s

L s
pu1qχ

�
t� s

L

	����
� 1r0,tspr1q

����
»
R

ds

|s|α e
ıs
 
1r0,t� s

L s
pu1q � 1r0,tspu1q

(
χ
�
t� s

L

	����
� 1r0,tspr1q1r0,tspu1q

����
»
R

ds

|s|α e
ıs

"
χ
�
t� s

L

	
� χ

�
t
�*���� . (3.34)
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For the first integral in (3.34), observe for instance that for almost every s ¥ 0,
1r0,t� s

L
spr

1q � 1r0,tspr1q � 1tr1¥0u
 
1tt¥r1� s

L
u � 1tt¥r1u

(
� 1tr1 0u

 
1tt¤r1� s

L
u � 1tt¤r1u

(
� �

 
1tr1¥0u � 1tr1 0u

(
1tr1¤t¤r1� s

L
u � �1tr1¤tu1ts¥Lpt�r1qu, (3.35)

which, combined with the previous decomposition

1r0,t� s
L s
pu1q � 1tu1¥0u1ts¤Lpt�u1qu � 1tu1 0u1ts¥Lpt�u1qu,

yields  
1r0,t� s

L s
pr1q � 1r0,tspr1q

(
1r0,t� s

L s
pu1q

� � 1t0¤u1¤r1¤tu1tLpt�r1q¤s¤Lpt�u1qu � 1tr1¤tu1tu1 0u1ts¥Lpt�u1qu1ts¥Lpt�r1qu
(
.

As a result,» 8

0

ds

sα
eıs

 
1r0,t� s

L s
pr1q � 1r0,tspr1q

(
1r0,t� s

L s
pu1qχ

�
t� s

L

	

� �1t0¤u1¤r1¤tu
» L|t�u1|
L|t�r1|

ds

sα
eısχ

�
t� s

L

	
� 1tr1¤tu1tu1 0u

» 8

maxpL|t�r1|,Lpt�u1qq

ds

sα
eısχ

�
t� s

L

	
,

and we can use the estimate (3.37) in Lemma 3.7 to assert that����
» 8

0

ds

sα
eıs

 
1r0,t� s

L s
pr1q � 1r0,tspr1q

(
1r0,t� s

L s
pu1qχ

�
t� s

L

	���� À 1
Lα

max
�

1
|t� r1|α ,

1
|t� u1|α



,

which corresponds to the desired bound.

The bound for the second integral in (3.34) immediately follows from the same arguments, that is from
the combination of (3.35) with (3.37): we get here that����

»
R

ds

|s|α e
ıs
 
1r0,t� s

L s
pu1q � 1r0,tspu1q

(
χ
�
t� s

L

	���� À 1
Lα|t� u1|α .

As for the third integral in (3.34), we can write����
» 8

0

ds

sα
eıs

!
χ
�
t� s

L

�� χptq
)���� �

����αı
» 8

0

ds

sα�1 e
ıs
!
χ
�
t� s

L

	
� χptq

)
� 1
ıL

» 8

0

ds

sα
eısχ1

�
t� s

L

	����
À 1
Lα

» 8

0

ds

sα�1

��χpt� sq � χptq��� 1
L

» 4L

0

ds

sα
À 1
Lα

,

which completes the proof of (3.32).

The proof of (3.33) stems from a similar strategy: observe for instance the decomposition, valid for
almost all t, r ¡ 0,

1r0,ts
�
r1 �

r

L

	
� 1r0,tspr1q � 1t� r

L
¤r1¤t� r

L
u � 1t0¤r1¤tu

� 1t0¤t¤ r
L
u

 
1t� r

L
¤r1¤t� r

L
u � 1t0¤r1¤tu

(
� 1tt¡ r

L
u

 
1t� r

L
¤r1¤0u � 1tt� r

L
¤r1¤tu

(
� 1tr¥L|t|u1tr¥�Lr1u1tr¤Lpt�r1qu � 1tr¥L|t|u1t0¤r1¤tu � 1tr¥L|r1|u1tr Ltu1tr1¤0u � 1tr¥L|t�r1|u1tr Ltu1tr1¤tu,

which paves the way toward the application of (3.37), just as above. �

Lemma 3.7. Fix α P p0, 1q. For all test-function ϕ : R Ñ R with support in r�K,Ks (K ¥ 1) and all
λ P t�1, 1u, it holds that

sup
A1,A2Pr�8,8s

L¥1

����
» A2

A1

dr

|r|α e
ıλrϕ

� r
L

	���� À }ϕ}8 � }ϕ1}8K1�α, (3.36)
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and for all 0   B1 ¤ B2 ¤ 8, L ¥ 1,����
» B2

B1

dr

rα
eıλrϕ

� r
L

	���� À 1
Bα1

��ϕ��
8
� K1�α

Lα
��ϕ1��

8
. (3.37)

Proof. For (3.37), let us write, with an elementary integration by parts,» B2

B1

dr

rα
eıλrϕ

� r
L

	

� 1
ıλ

1
Bα2

eıλB2ϕ
�B2

L

	
� 1
ıλ

1
Bα1

eıλB1ϕ
�B1

L

	
� α

ıλ

» B2

B1

dr

rα�1 e
ıλrϕ

� r
L

	
� 1
ıλL

» B2

B1

dr

rα
eıλrϕ1

� r
L

	
,

which, since suppϕ1 � r�K,Ks, gives����
» B2

B1

dr

rα
eıλrϕ

� r
L

	���� À 1
Bα1

��ϕ��
8
� ��ϕ��

8

» 8

B1

dr

rα�1 �
1
L

» KL
0

dr

rα

���ϕ1� r
L

	��� À 1
Bα1

��ϕ��
8
� K1�α

Lα
��ϕ1��

8
.

As for (3.36), it suffices to observe that for every A P r0,8s, one has����
» A

0

dr

rα
eıλrϕ

� r
L

	���� ¤ 1t0¤A¤1u}ϕ}8
» 1

0

dr

rα
� 1tA¥1u

�
}ϕ}8

» 1

0

dr

rα
�
����
» A

1

dr

rα
eıλrϕ

� r
L

	����
�

À }ϕ}8 � 1tA¥1u

����
» A

1

dr

rα
eıλrϕ

� r
L

	����.
We can then use (3.37) to (uniformly) bound the latter integral and derive (3.36).

�

3.4. Proof of Proposition 2.8. We assume in this section (and in this section only) that H � 1
2 . Recall

that in this case
E
�

9β
pkq
t

9β
pk1q
t1

�
� 1tk�k1uδtt�t1u,

and so

E
�
Fp pnq

k qpλqFp pnq
k1 qpλ1q

�
� 1txky¤2nu1txk1y¤2nu

»
dξdξ1 Iχpλ, ξqIχpλ1, ξ1q

»
dtdt1 e�ıpξ�|k|

2qteıpξ
1�|k1|2qt1E

�
9β
pkq
t

9β
pk1q
t1

�
� 1tk�k1u1txky¤2nu

»
dξdξ1 Iχpλ, ξqIχpλ1, ξ1q

»
dt e�ıpξ�|k|

2qteıpξ
1�|k|2qt

� 1tk�k1u1txky¤2nu

»
dξ Iχpλ, ξqIχpλ1, ξq

� c1tk�k1u1txky¤2nu

»
dtdt1 χptqχpt1qe�ıλteıλ1t1

»
R
dξ Ξtp�ξqΞt1p�ξq,

which immediately extends (3.6). As a result, we can follow the arguments leading to (3.17) and conclude
that for every b ¡ 1

2 ,

E
����pnq��2

Z0,b

�
�

¸
k�0

¸
k1�0

1txk1y¤2nu1txk�k1y¤2nu

»
dξdη

»
dλ xλy2b��QΩk,k1

ξ,η pλq��2,
where QLξ,ηpλq is the quantity introduced in (3.18). In particular,

E
����pnq��2

Z0,b

�
¥

¸
k¥1

¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |2
»
dξdη

»
dλ |λ|2b��QΩk,k1

ξ,η pλΩk,k1q
��2,
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and we can use the decomposition QLξ,ηpλLq �ML
ξ,ηpλq �RLξ,ηpλq exhibited in (3.19) to derive that

E
����pnq��2

Z0,b

�
¥

¸
k¥1

¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |2
»
dξdη

»
dλ |λ|2b��MΩk,k1

ξ,η pλq��2
� 2

¸
k¥1

¸
k1¥1

|Ωk,k1 |2
»
dξdη

»
dλ |λ|2b��MΩk,k1

ξ,η pλq����RΩk,k1
ξ,η pλq��.

By applying Lemma 3.5, we get that for all Ω ¥ 1, k, ` ¥ 1, 1
2   b   1 and ε ¡ 0 small enough,»

dξdη

»
dλ |λ|2b��MΩ

ξ,ηpλq
����RΩ

ξ,ηpλq
��

À
»
dξdη

�
1

xξy 3
2 xηy 3

2

1
Ω 7

2

»
t|λ|¥2u

dλ

|λ| 72�2b �
1

xξy 1
2 xηy 1

2

1
Ω 7

2�ε

�»
t|λ|¤2u

dλ

|λ|2�2b|λ� 1| 12�ε



�
1

xξyxηy �
1

xΩ� ξyxηy �
1

xΩ� ξyxΩ� ξ � ηy �
1

xΩ� ηyxξy �
1

xΩ� ηyxΩ� ξ � ηy

�

À 1
Ω 7

2�ε
,

where the last estimate can be easily deduced from Lemma 3.2.
Therefore, for 1

2   b   1 and ε ¡ 0 small enough,

¸
k¥1

¸
k1¥1

|Ωk,k1 |2
»
dξdη

»
dλ |λ|2b��MΩk,k1

ξ,η pλq����RΩk,k1
ξ,η pλq�� À ¸

k¥1

¸
k1¥1

1
|Ωk,k1 |

3
2�ε

À
�¸

k

1
xky 3

2�ε


2
,

and we are thus left with the analysis of

Mpnq :�
¸
k¥1

¸
k1¥1

1txk1y¤2nu1txk�k1y¤2nu|Ωk,k1 |2
»
dξ

»
dη

»
dλ |λ|2b��MΩk,k1

ξ,η pλq��2.
To this end, write, for 1

2   b   1,»
dξ

»
dη

»
dλ |λ|2b��MΩk,k1

ξ,η pλq��2
� 1
|Ωk,k1 |2

»
dξ

»
dη

»
dλ

|λ|2�2b

����
»
dt e�ıΩk,k1 tpλ�1qχptq4 Ξtp�ξqΞtp�ηq

����2

� 1
|Ωk,k1 |3

»
dξ

»
dη

»
dλ

|1� λ
Ωk,k1

|2�2b

����
»
dt e�ıtλχptq4 Ξtp�ξqΞtp�ηq

����2 k,k1Ñ8� C

|Ωk,k1 |3
,

where

C :�
»
dξ

»
dη

»
dλ

����
»
dt e�ıtλχptq4 Ξtp�ξqΞtp�ηq

����2.
It is easy to check that C is finite and strictly positive, and accordingly by picking K ¥ 1 large enough,
one has

Mpnq Á
¸
k¥K

¸
k1¥K

1txk1y¤2nu1txk�k1y¤2nu
1

|Ωk,k1 |
,

which, by letting n tends to infinity, achieves the proof of our statement.

4. Proof of Proposition 2.3

4.1. Proof of Proposition 2.3.
Fix b P p 1

2 , 1q and c P r0, 3
2 � 2Hq. For every n ¥ 1, define Y pnq through the formula

F
�
Y
pnq
k

�pλq :� 1tk�0u
1

xky3�4H
1

xλy2 F
� pnq
k

�pλq. (4.1)
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For every q ¥ 1, one has

E
���Y pnq

��2q
Zc,b

�
À E

��¸
k

xky2c
»
dλ xλy2b��F�

Y
pnq
k

�pλq��2
q�

À
¸

k1,...,kq

1
xk1y6�8H�2c � � �

1
xkqy6�8H�2c

»
dλ1

xλ1y4�2b � � �
dλq

xλqy4�2b E
���F� pnq

k1

�pλ1q
��2 � � � ��F� pnq

kq

�pλqq��2�

À
�¸

k

1
xky6�8H�2c

»
dλ

xλy4�2b E
���F� pnq

k

�pλq��2q� 1
q


q
À

�¸
k

1
xky6�8H�2c

»
dλ

xλy4�2b E
���F� pnq

k

�pλq��2�
q,
where we have used the fact that F

� pnq
k

�pλq is a Gaussian variable to derive the last inequality.
Now we can use the basic covariance estimate (3.8) to assert that

¸
k

1
xky6�8H�2c

»
dλ

xλy4�2b E
���F� pnq

k

�pλq��2� À¸
k

1
xky6�8H�2c

»
dλ

xλy6�2b
1

xλ� k2y2H�1 ,

which, thanks to Lemma 3.2, yields
¸
k

1
xky6�8H�2c

»
dλ

xλy4�2b E
���F� pnq

k

�pλq��2� À¸
k

1
xky4�4H�2c   8,

due to c   3
2 � 2H. We have thus checked the first part of (2.4): namely, for every q ¥ 2,

sup
n¥0

E
���Y pnq

��q
Zc,b

�
  8. (4.2)

We now intend to show that the second part of (2.4), that is

E
���L�,pnqY pnq

��2
Z0,0

�
nÑ8ÝÑ 8. (4.3)

Let us start the analysis by writing, along (1.26), and with expression (4.1) of F
�
Y
pnq
k

�pλq in mind,

F
�
L�,pnqpY pnqqk

�pλq
�

¸
k1�0

1tk�0uYtk1�ku
1

xk1y3�4H

»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 F
� pnq
k1�k

�pλ2 � λ1qF
� pnq
k1

�pλ2q,

and so

E
���L�,pnqY pnq

��2
Z0,0

�
�

¸
k

»
dλE

���F�
L�,pnqpY pnqqk

�pλq��2�

¥
»
dλE

���F�
L�,pnqpY pnqq0

�pλq��2� (4.4)

¥
»
dλE

����� ¸
k1�0

1
xk1y3�4H

»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 F
� pnq
k1

�pλ2 � λ1qF
� pnq
k1

�pλ2q
����2
�

¥
»
dλ

���� ¸
k1�0

1
xk1y3�4H

»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 E
�
F
� pnq
k1

�pλ2 � λ1qF
� pnq
k1

�pλ2q
�����2 �: Ipnq,

where we have used Jensen’s inequality to derive the last inequality.
It remains us to prove that

Ipnq nÑ8ÝÑ 8. (4.5)
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To this end, we can use the notation of the subsequent Lemma 4.1 to write

Ipnq �
»
dλ

���� ¸
k1�0

1txk1y¤2nu
1

xk1y3�4H

»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2

�
1

|k1|4H�2Mpλ2 � λ1, λ2q �Rk1pλ2 � λ1, λ2q

�����2

�

»
dλ

����
� ¸
k1�0

1txk1y¤2nu
1

xk1y3�4H
1

|k1|4H�2


�»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2
Mpλ2 � λ1, λ2q




�
¸
k1�0

1txk1y¤2nu
1

xk1y3�4H

»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2
Rk1pλ2 � λ1, λ2q

����2.
Using the inequalities |a� b|2 ¥ |a|2 � 2|a||b| and 1txk1y¤2nu

1
xk1y3�4H ¤ 1 (recall that H   3

4 ), we obtain

Ipnq ¥ |Spnq|2
»
dλ

����
»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 Mpλ2 � λ1, λ2q
����2

� 2 |Spnq| �
»
dλ

� »
dλ1

��Iχpλ, λ1q
�� » dλ2

xλ2y2
��Mpλ2 � λ1, λ2q

���
� ¸
k1�0

»
dλ11

��Iχpλ, λ11q��
»

dλ12
xλ12y2

��Rk1pλ12 � λ11, λ
1
2q
���. (4.6)

where we have set

Spnq :�
¸
k1�0

1txk1y¤2nu
1

xk1y3�4H
1

|k1|4H�2 .

By combining the definition (4.9) and the estimate (4.10) below, it is easy to check that the integral»
dλ

� »
dλ1

��Iχpλ, λ1q
�� » dλ2

xλ2y2
��Mpλ2 � λ1, λ2q

���� ¸
k1�0

»
dλ11

��Iχpλ, λ11q��
»

dλ12
xλ12y2

��Rk1pλ12 � λ11, λ
1
2q
���

is finite. Indeed, on the one hand, it holds that»
dλ1

��Iχpλ, λ1q
�� » dλ2

xλ2y2
��Mpλ2 � λ1, λ2q

�� À 1
xλy

»
dλ1

xλ� λ1y
»

dλ2

xλ2y3
1

xλ2 � λ1y
À 1
xλy

»
dλ1

xλ� λ1yxλ1y À
1

xλy2�ε ,

where we have used Lemma 3.2 to derive the last two estimates. On the other hand,
¸
k1�0

»
dλ11

��Iχpλ, λ11q��
»

dλ12
xλ12y2

��Rk1pλ12 � λ11, λ
1
2q
��

À
¸
k1�0

»
dλ11

»
dλ12
xλ12y2

��Rk1pλ12 � λ11, λ
1
2q
�� À ¸

k1�0

»
dλ11

»
dλ12
xλ12y2

��Rk1pλ11, λ12q
�� À ¸

k1�0

1
|k1|4H�2ε À 1,

where we have used (4.10).
We can thus rephrase (4.6) as

Ipnq ¥ c0 |Spnq|2 � c1 |Spnq| � |Spnq|2
�
c0 � c1

|Spnq|
�
, (4.7)

where c1 ¥ 0 is a finite constant and

c0 :�
»
dλ

����
»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 Mpλ2 � λ1, λ2q
����2.

Observe that Spnq nÑ8ÝÑ 8, and therefore, based on (4.7), it only remains us to guarantee that c0 ¡ 0.
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To this end, write

c0 �
»
dλ

����
»
dλ1 Iχpλ, λ1q

»
dλ2

xλ2y2 Mpλ2 � λ1, λ2q
����2

� c

»
dλ

����
»
dt e�ıλtχptq

»
dλ1 Ξtpλ1q

»
dλ2

xλ2y2
»
dsχpsq2Ξspλ2 � λ1qΞspλ2q

����2

� c

»
dt χptq2

����
»
dsχpsq2

»
dλ2

xλ2y2
�»

dλ1 Ξtpλ1qΞspλ2 � λ1q



Ξspλ2q
����2,

where we have used the classical Fourier isometry in L2pRq to derive the last equality. Then»
dλ1 Ξtpλ1qΞspλ2 � λ1q �

»
dr χprq1r0,tsprq

»
dv χpvq1r0,vspsq

»
dλ1 e

ırλ1eıvpλ2�λ1q

�
»
dv χpvq21r0,tspvq1r0,vspsqeıvλ2 ,

which yields

c0 � c

»
dt χptq2

����
»
dsχpsq2

»
dr χprq1r0,rspsq

»
dv χpvq21r0,tspvq1r0,vspsq

»
dλ2

xλ2y2 e
�ıλ2pr�vq

����2

� c

»
dt χptq2

����
»
dsχpsq2

»
dr χprq1r0,rspsq

»
dv χpvq21r0,tspvq1r0,vspsqe�|r�v|

����2,
where we have used the classical identity »

dλ

xλy2 e
�ıλt � c e�|t|.

Finally, since χ ¥ 0 and χ � 1 on r�1, 1s, we obtain that

c0 ¥ c

» 1

0
dt χptq2

����
» t

0
dsχpsq2

» t
s

dr χprq1r0,rspsq
» t
s

dv χpvq21r0,tspvq1r0,vspsqe�|r�v|
����2

¥ c

» 1

0
dt

����
» t

0
ds

» t
s

dr

» t
s

dv e�|r�v|
����2 ¡ 0,

as desired.

Once endowed with the properties of Y pnq in (2.4), we can write for p ¡ 1 and q :� p
p�1 ,

E
���L�,pnqY pnq

��2
L2pT�Rq

�
À E

���L�,pnqY pnq
��2
Zc,b

�
À E

���L�,pnq
��2
Zc,bÑZc,b

��Y pnq
��2
Zc,b

�
À E

���L�,pnq
��2p
Zc,bÑZc,b

� 1
2p E

���Y pnq
��2q
Zc,b

� 1
2q À E

���L�,pnq
��2p
Zc,bÑZc,b

� 1
2p

,

due to (4.2). Since E
���L�,pnqY pnq

��2
L2pT�Rq

�
Ñ8 as nÑ8, we obtain the desired explosion in (2.5). The

assertion (2.6) then naturally follows from the same arguments, noting that��L�,pnqY pnq
��
L2pT�Rq À

��L�,pnqY pnq
��
rZc,b and

��Y pnq
��
rZc,b À

��Y pnq
��
Zc,b .

4.2. Auxiliary lemma.
The following decomposition result has been used in the proof of Proposition 2.3.

Lemma 4.1. In the setting of Proposition 2.3, one has for every pk1, k
1
1q � p0, 0q,

E
�
F
� pnq
k1

�pλqF� pnq
k11

�pλ1q� � 1tk1�k11u
1txk1y¤2nu

�
1

|k1|4H�2Mpλ, λ1q �Rk1pλ, λ1q
�
, (4.8)
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where, using the notation introduced in (3.4), we have set

Mpλ, λ1q :� c

»
R
dsχpsq2 ΞspλqΞspλ1q (4.9)

for some constant c ¡ 0, and the function R is such that for all k1 � 0 and ε ¡ 0,»
dλ1

»
dλ2

xλ2y2
��Rk1pλ1, λ2q

�� À 1
|k1|4H�2ε . (4.10)

Proof. Recall that by (3.3), one has

E
�
F
� pnq
k1

�pλqF� pnq
k11

�pλ1q� � c1tk1�k11u
1txk1y¤2nu

»
R

dξ

|ξ|2H�1 Iχpλ,�ξ � k2
1qIχpλ1,�ξ � k2

1q,
and thus

E
�
F
� pnq
k1

�pλqF� pnq
k11

�pλ1q� � c1tk1�k11u
1txk1y¤2nu»

R

dξ

|ξ|2H�1

»
R
dt eıλtχptq

»
R
ds eıpξ�k

2
1qsχpsq1r0,tspsq

»
R
dt1 e�ıλ

1t1χpt1q
»
R
ds1 e�ıpξ�k

2
1qs

1
χps1q1r0,t1sps1q

� c1tk1�k11u
1txk1y¤2nu

»
R

dξ

|ξ|2H�1

»
R
ds

»
R
ds1 e�ıpξ�k

2
1qps

1�sq

�
χpsqχps1q

»
R
dt eıλtχptq1r0,tspsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1sps1q
�

� c1tk1�k11u
1txk1y¤2nu

»
R

dξ

|ξ|2H�1

»
R
dr e�ıpξ�k

2
1qr

� »
R
ds χpsqχps� rq

»
R
dt eıλtχptq1r0,tspsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1sps� rq
�

� c1tk1�k11u
1txk1y¤2nu

»
R

dξ

|ξ|2H�1 F
�
Aλ,λ1

�pξ � k2
1q

� c1tk1�k11u
1txk1y¤2nu

»
R

dξ

|ξ � k2
1|2H�1 F

�
Aλ,λ1

�pξq, (4.11)

where we have set

Aλ,λ1prq :�
»
R
ds χpsqχps� rq

»
R
dt eıλtχptq1r0,tspsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1sps� rq.
With this notation, let us define

Mpλ, λ1q :� c

»
R
dξF

�
Aλ,λ1

�pξq � cAλ,λ1p0q
and

Rk1pλ, λ1q :� c

»
R
dξ

�
1

|ξ � k2
1|2H�1 �

1
|k2

1|2H�1

�
F
�
Aλ,λ1

�pξq,
which, going back to (4.11), yields the decomposition (4.8).

In order to check (4.10), let us write
��Rk1pλ, λ1q

�� À » 1
2k

2
1

�8

dξ

���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

������F�
Aλ,λ1

�pξq��
�
» 8

1
2k

2
1

dξ

���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

������F�
Aλ,λ1

�pξq��. (4.12)

On the one hand, for every ξ P p�8, 1
2k

2
1q, one has |ξ � k2

1| ¥ 1
2k

2
1, and so���� 1

|ξ � k2
1|2H�1 �

1
|k2

1|2H�1

���� À
���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

����ε
���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

����1�ε

À 1
|k2

1|p2H�1qε
1

|k2
1|2Hp1�εq

|ξ|1�ε À |ξ|1�ε
|k1|4H�2ε ,



ON THE 1D STOCHASTIC SCHRÖDINGER PRODUCT 31

which entails» 1
2k

2
1

�8

dξ

���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

������F�
Aλ,λ1

�pξq�� À 1
|k1|4H�2ε

»
R
dξ |ξ|1�ε��F�

Aλ,λ1
�pξq��. (4.13)

On the other hand,» 8

1
2k

2
1

dξ

���� 1
|ξ � k2

1|2H�1 �
1

|k2
1|2H�1

������F�
Aλ,λ1

�pξ��� � |k1|4�4H
» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

������F�
Aλ,λ1

�pk2
1ξq

��.
(4.14)

By injecting (4.13) and (4.14) into (4.12), we obtain that
��Rk1pλ, λ1q

�� À 1
|k1|4H�2ε

»
R
dξ |ξ|1�ε��F�

Aλ,λ1
�pξq��� |k1|4�4H

» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

������F�
Aλ,λ1

�pk2
1ξq

��.
(4.15)

In order to estimate F
�
Aλ,λ1

�
in the above integrals, observe that

Aλ,λ1prq �
»
R
ds χpsqχps� rq

»
R
dt eıλtχptq1r0,tspsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1sps� rq

�
»
R
ds

�
χpr � sq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1spr � sq
��
χp�sq

»
R
dt eıλtχptq1r0,tsp�sq

�
� �

fλ1 � gλ
�prq,

with
fλ1psq :� χpsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1spsq and gλpsq :� χp�sq
»
R
dt eıλtχptq1r0,tsp�sq.

As a result, ��F�
Aλ,λ1

�pξq�� À ��F�
fλ1

�pξq����F�
gλ
�pξq��.

Then ��F�
fλ1

�pξq�� � ����
»
R
ds e�ıξsχpsq

»
R
dt1 e�ıλ

1t1χpt1q1r0,t1spsq
����

�
����
»
R
dt1 e�ıλ

1t1χpt1q
» t1

0
ds e�ıξsχpsq

���� À 1
xλ1y

1
xξ � λ1y ,

where the last estimate can be easily derived from integration-by-parts arguments. In the same way,��F�
gλ
�pξq�� À 1

xλy
1

xξ � λy ,

which yields ��F�
Aλ,λ1

�pξq�� À 1
xλy

1
xλ1y

1
xξ � λy

1
xξ � λ1y .

Therefore »
R
dξ |ξ|1�ε��F�

Aλ,λ1
�pξq�� À 1

xλyxλ1y
»
R
dξ

|ξ|1�ε
xξ � λ1yxξ � λy ,

while» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

������F�
Aλ,λ1

�pk2
1ξq

�� À 1
xλy

1
xλ1y

» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

���� 1
xλ� k2

1ξy
1

xλ1 � k2
1ξy

.

Going back to (4.15), we obtain the estimate��Rk1pλ, λ1q
��

À 1
xλy

1
xλ1y

�
1

|k1|4H�2ε

»
R
dξ

|ξ|1�ε
xξ � λ1yxξ � λy � |k1|4�4H

» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

���� 1
xλ� k2

1ξy
1

xλ1 � k2
1ξy

�
.
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Once endowed with this bound, the derivation of (4.10) easily follows. Namely, for k1 � 0,»
dλ1

»
dλ2

xλ2y2
��Rk1pλ1, λ2q

�� À 1
|k1|4H�2ε

»
R
dξ |ξ|1�ε

»
dλ1

xλ1y
1

xλ1 � ξy
»

dλ2

xλ2y3
1

xλ2 � ξy
� 1
|k1|4H�4

» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

����
»
dλ1

xλ1y
1

xλ1 � k2
1ξy

»
dλ2

xλ2y3
1

xλ2 � k2
1ξy

,

and by applying Lemma 3.2, we deduce, for k1 � 0,»
dλ1

»
dλ2

xλ2y2
��Rk1pλ1, λ2q

�� À 1
|k1|4H�2ε

»
R
dξ

|ξ|1�ε
xξy2� ε

2
� 1
|k1|4H�4

» 8

1
2

dξ

���� 1
|ξ � 1|2H�1 � 1

���� 1
xk2

1ξy2�ε

À 1
|k1|4H�2ε

� »
R
dξ

|ξ|1�ε
xξy2� ε

2
�
» 8

1
2

dξ

|ξ|2�ε
���� 1
|ξ � 1|2H�1 � 1

����
�
À 1
|k1|4H�2ε .

�

5. Proof of Proposition 2.6

5.1. Notation.
As a preliminary observation, note that due to (3.3), the covariance of the kernel Kpnq satisfies

E
��

Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
k1k11

pλ1, λ11q
�

� 1tk,k1�0u1tk1�ku1tk11�k1u»
dλ2dλ

1
2 Iχpλ,Ωk,k1�k � λ1 � λ2qIχpλ1,Ωk1,k11�k1 � λ11 � λ12qE

�
Fp pnq

k1�k
qpλ2qFp pnq

k11�k
1qpλ12q

�
� 1tk1�k�k11�k

1uE
��

Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
k1k11

pλ1, λ11q
�
. (5.1)

For future reference, let us also rephrase the above expression (when k � k1, k1 � k11) using (3.3),
which gives

E
��

Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk1

pλ1, λ11q
�

� 1tk�0u1tk1�ku»
dλ2dλ

1
2 Iχpλ,Ωk,k1�k � λ1 � λ2qIχpλ1,Ωk,k1�k � λ11 � λ12qE

�
Fp pnq

k1�k
qpλ2qFp pnq

k1�k
qpλ12q

�
� 1tk�0u1tk1�ku1txk1�ky¤2nu

»
R

dξ

|ξ|2H�1 A
ξ
pk,λqpk1, λ1qAξpk,λ1qpk1, λ11q, (5.2)

where we have set

Aξpk,λqpk1, λ1q :�
»
dλ2 Iχpλ,Ωk,k1�k � λ1 � λ2qIχpλ2,�ξ � pk1 � kq2q.

5.2. Proof of Proposition 2.6.
We fix b, c P p0, 1q such that b� c ¤ 1

4 and consider the related quantity rPpnq
c,b in (2.8). Using Jensen’s

inequality, we immediately obtain that

E
� rPpnq

c,b

�
�

¸
k1,k11PZ

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk11y2c � xλ11y2b
E
����� ¸
kPZ

»
R
dλ txky2c � xλy2bu �Kpnq

χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk11

pλ, λ11q
����2
�

¥
¸

k1,k11PZ

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk11y2c � xλ11y2b
���� ¸
kPZ

»
R
dλ txky2c � xλy2buE

��
Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk11

pλ, λ11q
�����2

�: Ppnq
c,b .



ON THE 1D STOCHASTIC SCHRÖDINGER PRODUCT 33

Then, thanks to (5.1), we can assert that

P
pnq
c,b �

¸
k1PZ

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk1y2c � xλ11y2b
���� ¸
kPZ

»
R
dλ txky2c � xλy2buE

��
Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk1

pλ, λ11q
�����2

�
¸
k1PZ

»
R2

dλ1

xk1y2c � xλ1y2b
dλ11

xk1y2c � xλ11y2b
¸

k,k1PZ

»
R2
dλdλ1 txky2c � xλy2butxk1y2c � xλ1y2bu

E
��

Kpnq
χ

�
kk1

pλ, λ1q
�
Kpnq
χ

�
kk1

pλ, λ11q
�
E
��

Kpnq
χ

�
k1k1

pλ1, λ1q
�
Kpnq
χ

�
k1k1

pλ1, λ11q
�
,

which, combined with (5.2), yields that

P
pnq
c,b �

¸
k,k1�0

»
R2
dλdλ1 txky2c � xλy2butxk1y2c � xλ1y2bu

¸
k1Rtk,k1u

1txk1�ky¤2nu1txk1�k1y¤2nu

»
R

dλ1

xk1y2c � xλ1y2b
»
R

dλ11
xk1y2c � xλ11y2b

»
R

dξ

|ξ|2H�1 A
ξ
pk,λqpk1, λ1qAξpk,λqpk1, λ11q»

R

dξ1

|ξ1|2H�1 A
ξ1

pk1,λ1qpk1, λ1qAξ
1

pk1,λ1qpk1, λ
1
1q

�
¸

k,k1�0

»
R2
dλdλ1 txky2c � xλy2butxk1y2c � xλ1y2bu

¸
k1Rtk,k1u

1txk1�ky¤2nu1txk1�k1y¤2nu

»
R

dξ

|ξ|2H�1

»
R

dξ1

|ξ1|2H�1

����
»
R

dλ1

xk1y2c � xλ1y2bA
ξ
pk,λqpk1, λ1qAξ1pk1,λ1qpk1, λ1q

����2.
As a result,

P
pnq
c,b ¥

¸
k�0

xky4c
¸
k1�k

1txk1�ky¤2nu

»
R2
dλdλ1

»
R

dξ

|ξ|2H�1

»
R

dξ1

|ξ1|2H�1

����
»
R

dλ1

xk1y2c � xλ1y2bA
ξ
pk,λqpk1, λ1qAξ1pk,λ1qpk1, λ1q

����2

¥
¸
k�0

xky4c
¸
k1�k
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»
R

dλ1

xk1y2c � xλ1y2b
»
R

dλ11
xk1y2c � xλ11y2b� »

R

dξ

|ξ|2H�1

»
R
dλAξpk,λqpk1, λ1qAξpk,λqpk1, λ11q

�� »
R

dξ1

|ξ1|2H�1

»
R
dλ1Aξ

1

pk,λ1qpk1, λ1qAξ
1

pk,λ1qpk1, λ
1
1q
�

¥
¸
k�0

xky4c
¸
k1�k

1txk1�ky¤2nu

»
R

dλ1
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»
R

dλ11
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»
R
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|ξ|2H�1

»
R
dλAξpk,λqpk1, λ1qAξpk,λqpk1, λ11q

����2.
In turn, this entails that

P
pnq
c,b ¥

¸
2¤k¤2n

xky4c
» 2k� 1

2

2k� 1
2

dλ1

xk � 1y2c � xλ1y2b
» 2k� 1

2

2k� 1
2

dλ11
xk � 1y2c � xλ11y2b����

»
R

dξ

|ξ|2H�1

»
R
dλAξpk,λqpk � 1, λ1qAξpk,λqpk � 1, λ11q

����2

Á
¸

2¤k¤2n

xky4c
xky4c � xky4b

» 2k� 1
2

2k� 1
2

dλ1

» 2k� 1
2

2k� 1
2

dλ11

����
»
R

dξ

|ξ|2H�1

»
R
dλAξpk,λqpk � 1, λ1qAξpk,λqpk � 1, λ11q

����2

Á
¸

2¤k¤2n

xky4c
xky4c � xky4b

» 1
2

� 1
2

dλ1

» 1
2

� 1
2

dλ11

����
»
R

dξ

|ξ|2H�1

»
R
dλAξpk,λqpk � 1, λ1�2kqAξpk,λqpk � 1, λ11�2kq

����2.
(5.3)
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At this point, observe that due to Ωk,�1 � �2k, one has in fact

Aξpk,λqpk � 1, λ1�2kq �
»
dλ2 Iχpλ,Ωk,�1 � λ1�2k � λ2qIχpλ2,�ξ � 1q

�
»
dλ2 Iχpλ, λ1 � λ2qIχpλ2,�ξ � 1q �: Bpξ, λ, λ1q,

and therefore, going back to (5.3), we deduce that

P
pnq
c,b Á

� ¸
2¤k¤2n

xky4c
xky4c � xky4b


�» 1
2

� 1
2

dλ1

» 1
2

� 1
2

dλ11

����
»
R

dξ

|ξ|2H�1

»
R
dλBpξ, λ, λ1qBpξ, λ, λ11q

����2


.

Recall now that b� c ¤ 1
4 . Thus, in order to ensure that Ppnq

c,b
nÑ8ÝÑ 8, we only need to guarantee that

» 1
2

� 1
2

dλ1

» 1
2

� 1
2

dλ11

����
»
R

dξ

|ξ|2H�1

»
R
dλBpξ, λ, λ1qBpξ, λ, λ11q

����2 ¡ 0. (5.4)

To this end, observe for instance that for pλ1, λ
1
1q � p0, 0q,»

R

dξ

|ξ|2H�1

»
R
dλBpξ, λ, 0qBpξ, λ, 0q �

»
R

dξ

|ξ|2H�1

»
R
dλ

��Bpξ, λ, 0q��2,
and then, for pξ, λq � p�1, 0q,

Bp�1, 0, 0q �
»
dλ2 Iχp0,�λ2qIχpλ2, 0q

�
»
dλ2

�»
R
dt χptq

» t
0
ds e�ıλ2sχpsq


�»
R
dt1 eıλ2t

1
χpt1q

» t1
0
ds1 χps1q




�
»
R
dt χptq

» t
0
dsχpsq

»
R
dt1 χpt1q

» t1
0
ds1 χps1q

�»
dλ2 e

�ıλ2ps�t
1q




�
»
R
dt χptq

» t
0
dsχpsq2

» s
0
ds1 χps1q ¡ 0.

For obvious continuity reasons, we deduce that (5.4) is satisfied, and accordingly one has

P
pnq
c,b

nÑ8ÝÑ 8,
as desired.

Appendix A. Proof of Lemma 1.1, item piq
We know that the linear solution Ψ is explicitly given by the convolution formula

Ψptq �
» t

0
e�ıB

2
xpt�sq 9Bpsq,

and hence, using the notation introduced in (1.10),

E
���Ψ��2

L2pr0,T s�Tq

�
�

¸
k

» T
0

E
���Ψkptq

��2� dt
�

¸
k

» T
0

E
�����
» t

0
e�ık

2s
9β
pkq
t�s ds

����2
�
dt �

¸
k

» T
0
dt

» t
0
ds

» t
0
ds1e�ık

2ps�s1qE
�

9β
pkq
t�s

9β
pkq
t�s1

�
.
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Recall that the fractional covariance is given by E
�

9β
pkq
s

9β
pkq
s1

� � |s� s1|2H�2, which gives

E
���Ψ��2

L2pr0,T s�Tq

�
�

¸
k

» T
0
dt

» t
0
ds

» t
0
ds1

e�ık
2ps�s1q

|s� s1|2�2H �
¸
k

» T
0
dt

» t
0
ds

» t�s
�s

dr
eık

2r

|r|2�2H

�
¸
k

» T
0
dt

» t
0
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» 0

�s

dr
eık

2r

|r|2�2H �
¸
k

» T
0
dt

» t
0
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» t�s
0

dr
eık

2r

|r|2�2H

�
¸
k

» T
0
dt

» t
0
ds

» s
0
dr

e�ık
2r

|r|2�2H �
¸
k

» T
0
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» t
0
ds

» s
0
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eık
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|r|2�2H

� 2
¸
k

» T
0
dt

» t
0
ds

» s
0
dr

cospk2rq
r2�2H

� 2
» T

0
dt

» t
0
ds

» s
0

dr
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¸
k�0

1
|k|4H�2

» T
0
dt
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0
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0
dr

cosprq
r2�2H

À 1� 2
���� ¸
k�0

1
|k|4H�2

» T
0
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» t
0
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0
dr

cosprq
r2�2H

����. (A.1)

Now observe that���� ¸
k�0

1
|k|4H�2

» T
0
dt

» t
0
ds

» k2s

0
dr

cosprq
r2�2H

����
À

¸
k�0:|k|¤ 1?

T

1
|k|4H�2

» T
0
dt

» t
0
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0

dr
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¸
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T

1
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0
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����
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0
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����
À

¸
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1
|k|4H�2 �

¸
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T

1
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0
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����
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0
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����. (A.2)

Then
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T

1
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0
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0
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����
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0
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¸
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1
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0
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1
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À
¸
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1
|k|4H�2 �

¸
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T

1
|k|4H�2
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0
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» T
1
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����
» k2s
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r2�2H

���� (A.3)

and for every s ¡ 1
k2 , we can use an integration-by-parts argument to derive that

����
» k2s

1
dr

cosprq
r2�2H

���� À 1�
» k2s

1
dr

| sinprq|
r3�2H À 1�

» 8

1

dr

r3�2H À 1. (A.4)

Injecting (A.2), (A.3) and (A.4) into (A.1), we can conclude that

E
���Ψ��2

L2pr0,T s�Tq

�
À 1�

¸
k�0

1
|k|4H�2   8,

due to the assumption H ¡ 3
4 .
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Appendix B. Control of IχMpz, zq
Proposition B.1. For all 1

2   b   3
4 and 0   c ¤ b, one has

��IχMpz, wq��
rZc,b À }z}

rZc,b}w} rZc,b . (B.1)

For the sake of clarity, we will treat the controls in rZ0,b and rZc,0 separately.

B.1. Control in rZ0,b.

Proposition B.2. For all 1
2   b   3

4 , one has
��IχMpz, wq��

rZ0,b À }z}
rZ0,b}w} rZ0,b . (B.2)

Proof. With the notation in (1.9) and (1.19), we can first write

F
�
IχMpz, wqk

�pλq � »
R
dλ1 Iχpλ, λ1qFpMpz, wqkqpλ1q

�
¸
k1

»
R
dλ1 Iχpλ, λ1q

»
dt e�ıλ

1teıtΩk,k1 zk�k1ptqwk1ptq

�
¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk�k1qpλ2q

»
R
dλ1 Iχpλ, λ1q

»
dt e�ıλ

1teıtΩk,k1 eıtλ2e�ıtλ1

and so

F
�
IχMpz, wqk

�pλq �¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk�k1qpλ2qIχpλ,Ωk,k1 � λ2 � λ1q. (B.3)

Based on this expression, one has
��IχMpz, wq��2

rZ0,b

�
¸
k

»
dλ xλy2b

����¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk�k1qpλ2qIχpλ,Ωk,k1 � λ2 � λ1q

����2

�
¸
k�0

»
dλ xλy2b

����¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk�k1qpλ2qIχpλ,Ωk,k1 � λ2 � λ1q

����2

�
»
dλ xλy2b

����¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk1qpλ2qIχpλ, λ2 � λ1q

����2 �: I � II.

Estimate for I. One has

I �
¸
k�0

»
dλ xλy2b

����¸
k1

»
dλ1

»
dλ2 Fpwk1qpλ1qFpzk�k1qpλ2qIχpλ,Ωk,k1 � λ2 � λ1q

����2

�
¸
k�0

� ¸
k1,k11

»
dλ1dλ

1
1

»
dλ2dλ

1
2

��xλ1ybFpwk1qpλ1q
��xλ2ybFpzk�k1qpλ2q

��xλ11ybFpwk11qpλ11q��xλ12ybFpzk�k11qpλ12q�	�
1

xλ1yb
1

xλ11yb
1

xλ2yb
1

xλ12yb
»
dλ xλy2bIχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k11 � λ12 � λ11q


�
,
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and so, using the Cauchy-Schwarz inequality with respect to pk1, k
1
1, λ1, λ

1
1, λ2, λ

1
2q, we get

I ¤
¸
k�0

� ¸
k1,k11

»
dλ1dλ

1
1

»
dλ2dλ

1
2

����xλ1ybFpwk1qpλ1q
��xλ2ybFpzk�k1qpλ2q

�
�xλ11ybFpwk11qpλ11q��xλ12ybFpzk�k11qpλ12q����2


 1
2

� ¸
k1,k11

»
dλ1

xλ1y2b
dλ11
xλ11y2b

»
dλ2

xλ2y2b
dλ12
xλ12y2b

����
»
dλ xλy2bIχpλ,Ωk,k1 � λ2 � λ1qIχpλ,Ωk,k11 � λ12 � λ11q

����2

 1

2

.

Setting

C :� sup
k�0

sup
λ1,λ2PR

sup
λ11,λ

1
2PR

¸
k1,k11

�»
dλ xλy2b|Iχpλ,Ωk,k1 � λ2 � λ1q||Iχpλ,Ωk,k11 � λ12 � λ11q|


2

and using the fact that b ¡ 1
2 , we obtain that

I ¤ C 1
2 �

¸
k

�¸
k1

»
dλ1 xλ1y2b

��Fpwk1qpλ1q
��2 » dλ2 xλ2y2b

��Fpzk�k1qpλ2q
��2
 ¤ C 1

2 }z}2
rZ0,b}w}2rZ0,b .

Therefore it remains us to prove that C   8.
To this end, let us first use (3.7) to write, for all k � 0 and λ1, λ2 P R,¸

k1,k11

�»
dλ xλy2b|Iχpλ,Ωk,k1 � λ2 � λ1q||Iχpλ,Ωk,k11 � λ12 � λ11q|


2

À
¸
k1,k11

�»
dλ

xλy2�2b
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ� Ωk,k11 � λ12 � λ11y

2

À
»

dλ

xλy2�2b

»
dλ1

xλ1y2�2b

�¸
k1

1
xλ� Ωk,k1 � λ2 � λ1y

1
xλ1 � Ωk,k1 � λ2 � λ1y

�
�¸
k11

1
xλ� Ωk,k11 � λ12 � λ11y

1
xλ1 � Ωk,k11 � λ12 � λ11y

�
. (B.4)

Then recall that Ωk,k1 � 2kk1, and so¸
k1

1
xλ� Ωk,k1 � λ2 � λ1y

1
xλ1 � Ωk,k1 � λ2 � λ1y

�
¸
k1

1
xλ� 2kk1 � λ2 � λ1y

1
xλ1 � 2kk1 � λ2 � λ1y ¤

¸
k1

1
xλ� k1 � λ2 � λ1y

1
xλ1 � k1 � λ2 � λ1y ,

where we have used the fact that k � 0 to derive the last inequality. We are here in a position to apply
Lemma 3.2 and assert that for every 0   ε   1,¸

k1

1
xλ� Ωk,k1 � λ2 � λ1y

1
xλ1 � Ωk,k1 � λ2 � λ1y À

1
xλ� λ1y1�ε ,

where the proportional constant does not depend on k, λ1 or λ2. Injecting this uniform bound into (B.4)
now yields¸
k1,k11

�»
dλ xλy2b|Iχpλ,Ωk,k1 � λ2 � λ1q||Iχpλ,Ωk,k11 � λ12 � λ11q|


2
À

»
dλ

xλy2�2b

»
dλ1

xλ1y2�2b
1

xλ� λ1y2�2ε ,

uniformly over k � 0 and λ1, λ2, λ
1
1, λ

1
2 P R.

Finally, we can again rely on Lemma 3.2 to deduce that

C À
»

dλ

xλy4�4b ,
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and since b   3
4 , this achieves to prove that C   8.

Estimate for II. Using (3.7), we can write

II �
»
dλ xλy2b

����¸
k1

»
dλ1 Fpwk1qpλ1q

»
dλ2 Fpzk1qpλ2qIχpλ, λ2 � λ1q
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�
� 1
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1
xλ2yb

1
xλ� pλ1 � λ2qy


�2
,

and then, by the Cauchy-Schwarz inequality (with respect to pλ1, λ2q), we obtain
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dλ12
xλ12y2b
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xλ� pλ11 � λ12qy2
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2
�»
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2
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}z}2

rZ0,b}w}2rZ0,b .

Applying Lemma 3.2 twice gives us successively (recall that 1   2b   3
2 )»

dλ

xλy2�2b
dλ11
xλ11y2b

dλ12
xλ12y2b

1
xλ� pλ11 � λ12qy2

À
»

dλ

xλy2�2b
dλ11
xλ11y2b

1
xλ� λ11y2b

À
»

dλ

xλy2   8,

which achieves to prove that C   8. �

B.2. Control in rZc,0.
Proposition B.3. For all 1

2   b   1 and 0 ¤ c ¤ b, one has��IχMpz, wq��
rZc,0 À }z}

rZc,b}w} rZc,b . (B.5)

Proof. Using the expression in (B.3), one has��IχMpz, wq��2
rZc,0

¤
¸
k

xky2c
¸
k1,k11

»
dλ1dλ

1
1

»
dλ2dλ

1
2 |F

�
wk1

�pλ1q||F
�
zk�k1

�pλ2q||F
�
wk11

�pλ11q||F�
zk�k11

�pλ12q|
»
dλ

��Iχpλ,Ωk,k1 � λ2 � λ1q
����Iχpλ,Ωk,k11 � λ12 � λ11q

��. (B.6)

Then, by (3.7),»
dλ

��Iχpλ,Ωk,k1 � λ2 � λ1q
����Iχpλ,Ωk,k11 � λ12 � λ11q

��
À

»
dλ

xλy2
1

xλ� Ωk,k1 � λ2 � λ1y
1

xλ� Ωk,k11 � λ12 � λ11y

À
�»

dλ

xλy2
1

xλ� Ωk,k1 � λ2 � λ1y2

 1

2
�»

dλ1

xλ1y2
1

xλ1 � Ωk,k11 � λ12 � λ11y2

 1

2

À 1
xΩk,k1 � λ2 � λ1y

1
xΩk,k11 � λ12 � λ11y

,

due to Lemma 3.2. Injecting this estimate into (B.6), we obtain that

��IχMpz, wq��2
rZc,0 À

¸
k

xky2c
�¸
k1

»
dλ1

»
dλ2 |F

�
wk1

�pλ1q||F
�
zk�k1

�pλ2q| 1
xΩk,k1 � λ2 � λ1y

�2
. (B.7)
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Let us bound the latter sum as follows:

¸
k

xky2c
�¸
k1

»
dλ1

»
dλ2 |F

�
wk1

�pλ1q||F
�
zk�k1

�pλ2q| 1
xΩk,k1 � λ2 � λ1y

�2
À I � II � III,

with

I :�
¸
k�0

xky2c
� ¸
k1�0

»
dλ1

»
dλ2 |F

�
wk1

�pλ1q||F
�
zk�k1

�pλ2q| 1
xΩk,k1 � λ2 � λ1y

�2
,

II :�
¸
k�0

xky2c
� »

dλ1

»
dλ2 |F

�
w0

�pλ1q||F
�
zk
�pλ2q| 1

xλ2 � λ1y
�2
,

and

III :�
�¸
k1

»
dλ1

»
dλ2 |F

�
wk1

�pλ1q||F
�
zk1

�pλ2q| 1
xλ2 � λ1y

�2
.

Control of I. For this term, using Lemma 3.2 twice, we have

I �
¸
k�0

xky2c
� ¸
k1�0

»
dλ1dλ2

�
xλ1ybxλ2yb|F

�
wk1

�pλ1q||F
�
zk�k1

�pλ2q|
�� 1
xλ1ybxλ2yb

1
xΩk,k1 � λ2 � λ1y

��2

À
¸
k�0

xky2c
�¸
k1

»
dλ1dλ2 xλ1y2bxλ2y2b|F

�
wk1

�pλ1q|2|F
�
zk�k1

�pλ2q|2



� ¸
k11�0

»
dλ1dλ2

xλ1y2bxλ2y2b
1

xΩk,k11 � λ2 � λ1y2



À
¸
k�0

xky2c
�¸
k1

»
dλ1dλ2 xλ1y2bxλ2y2b|F

�
wk1

�pλ1q|2|F
�
zk�k1

�pλ2q|2

� ¸

k11�0

1
xΩk,k11y2b




À
¸
k�0

xky2pc�bq
¸
k1

»
dλ1dλ2 xλ1y2bxλ2y2b|F

�
wk1

�pλ1q|2|F
�
zk�k1

�pλ2q|2

À
¸
k

¸
k1

»
dλ1dλ2 xλ1y2bxλ2y2b|F

�
wk1

�pλ1q|2|F
�
zk�k1

�pλ2q|2 À ��z��2
rZ0,b

��w��2
rZ0,b ,

where we have used the assumption c� b ¤ 0.

Control of II. One has in this case

II �
¸
k�0

xky2c
� »

dλ2 |F
�
zk
�pλ2q|

�»
dλ1 |F

�
w0

�pλ1q| 1
xλ2 � λ1y


�2

À
¸
k�0

xky2c
�»

dλ12 |F
�
zk
�pλ12q|2


�»
dλ2

�»
dλ1 |F

�
w0

�pλ1q| 1
xλ2 � λ1y


2


À ��z��2
rZc,0

� »
dλ2

�»
dλ1

�xλ1yb|F
�
w0

�pλ1q|
�� 1
xλ1ybxλ2 � λ1y

�
2�

À ��z��2
rZc,0

��w��2
rZ0,b

»
dλ2dλ1

xλ1y2bxλ2 � λ1y2 À ��z��2
rZc,0

��w��2
rZ0,b .
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Control of III. Finally, for this term, we have

III �
� »

dλ1dλ2

�¸
k1

xλ1yb|F
�
wk1

�pλ1q| � xλ2yb|F
�
zk1

�pλ2q|

�

1
xλ1ybxλ2ybxλ2 � λ1y


�2

¤
� »

dλ1dλ2

�¸
k1

xλ1yb|F
�
wk1

�pλ1q| � xλ2yb|F
�
zk1

�pλ2q|

2�� »

dλ1dλ2

xλ1y2bxλ2y2bxλ2 � λ1y2
�

À
� »

dλ1dλ2

�¸
k1

xλ1y2b|F
�
wk1

�pλ1q|2

�¸

k11

xλ2y2b|F
�
zk11

�pλ2q|2

�

À ��z��2
rZ0,b

��w��2
rZ0,b .

�

Appendix C. Estimate of the product-operator norm

We gather here a few elements to justify our consideration of the quantity rPpnq
c,b in (2.8) as an estimate

of the operator norm
��L7,pnq

��
rZc,bÑ rZc,b .

C.1. General operator estimates in Besov spaces. Given a general kernel K P L2pRd �Rdq, define
the operator LK : L2pRdq Ñ L2pRdq by

FpLKfqpλq �
»
Rd

dλ1Kpλ, λ1qpFfqpλ1q, λ P Rd. (C.1)

For each b � pb1, . . . , bdq, consider the anisotropic Besov space Hb on Rd related to the Fourier multiplier

xλyb :�
� ḑ

i�1
|λi|2bi


 1
2

.

If K has no specific a priori structure, then we are essentially confined to very general transformations
toward the operator norm of LK (from Hb to Hb1): namely,

��LKf��2
Hb1 �

»
dλ xλy2b1

����
»
dλ1Kpλ, λ1qpFfqpλ1q

����2

�
»
dλ xλy2b1

����
»
dλ1

1
xλ1ybKpλ, λ1q

�xλ1ybpFfqpλ1q
�����2 (C.2)

�
»
dλ1dλ

1
1

�
1

xλ1yb
1

xλ11yb

»
dλ xλy2b1 Kpλ, λ1qKpλ, λ11q

���xλ1ybpFfqpλ1q
��xλ11ybpFfqpλ11q��

¤
�»

dλ1

xλ1y2b
dλ11
xλ11y2b

����
»
dλ xλy2b1 Kpλ, λ1qKpλ, λ11q

����2

 1

2 ��f��2
Hb ,

which provides us with the general bound��LK��HbÑHb1 ¤ P
1
4
b,b1 , where Pb,b1 :�

»
dλ1

xλ1y2b
dλ11
xλ11y2b

����
»
dλ xλy2b1 Kpλ, λ1qKpλ, λ11q

����2. (C.3)

Remark C.1. The operator norm
��LK��HbÑHb1 can be more basically - but less sharply - bounded by the

Hilbert-Schmidt norm of LK , that is the quantity

Q
1
2
b,b1 :�

�»
dλ xλy2b1

»
dλ1

xλ1y2b
��Kpλ, λ1q

��2
 1
2

,

as it can be seen from a straightforward application of Cauchy-Schwarz inequality in (C.2).

A classical example where the three quantities
��LK��HbÑHb1 , P

1
4
b,b1 and Q

1
2
b,b1 can be compared is given

by the elementary kernel Kpt, sq :� 1t0¤s¤t¤1u in L2pRq, or more exactly by the integration operator

Lfptq :� 1r0,1sptq
» t

0
fpsq ds.
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In this case, it can be checked that��L��
L2ÑL2 �

2
π
� 0.637, P

1
4
0,0 �

�1
6

	 1
4 � 0.639, and Q

1
2
0,0 �

1?
2
� 0.707.

C.2. Example: Young integration as random operator. As an additional justification of our focus
on rPpnq

c,b , let us consider the (well-known) case of the fractional integration operator.

Thus, consider a fractional noise 9B on R with index H P p0, 1q, as well as a smooth approximation
9Bpnq given for instance by

9Bpnqptq :�
»
t|ξ|¤2nu

ξ

|ξ|H� 1
2
e�ıtξ xW pdξq, (C.4)

where xW stands for the Fourier transform of a Wiener process W on R.
Then define the (local) fractional integration operator in a standard way: for any regular z : R Ñ R

and t P R, �
Lpnqz

�ptq :� χptq
» t

0
dsχpsqzpsq 9Bpnqpsq, (C.5)

where χ : RÑ R stands for localizing cut-off function, that is smooth, positive and compactly-supported.
In Fourier mode, the operator Lpnq can easily be written along the pattern of (C.1), that is as

F
�
Lpnqz

�pλq � »
dλ1K

pnqpλ, λ1q pFzqpλ1q,

with Kpnq explicitly given by

Kpnqpλ, λ1q :�
»
R
dt e�ıλtχptq

» t
0
dsχpsqeıλ1s

9Bpnqpsq. (C.6)

Setting ��z��2
Xb :�

»
dλ xλy2b��Fpzq��2

and applying (C.3), we deduce that

��Lpnq
��
XbÑXb À

�
Ppnq
b q 1

4 , with Ppnq
b :�

»
dλ1

xλ1y2b
dλ11
xλ11y2b

����
»
dλ xλy2bKpnqpλ, λ1qKpnqpλ, λ11q

����2. (C.7)

Focusing exclusively on this explicit quantity Ppnq
b allows us to recover the classical “Young” dichotomy

of fractional integration theory.

Proposition C.2. In the above setting, the following picture holds true:
piq If H ¡ 1

2 , then for every b P p 1
2 , Hq, one has

sup
n

E
�
Ppnq
b

�
  8.

piiq If H � 1
2 , then for every b P R, one has

E
�
Ppnq
b

�
nÑ8ÝÑ 8.

Proof. We only give an account of the phenomenon occurring at the Brownian threshold - that is, con-
cerning the proof of item piiq. Thus, we fix H � 1

2 .
Suppose, aiming for a contradiction, that there exists b P R such that

sup
n¥0

E
�
Ppnq
b

�
  8. (C.8)
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Let us first prove that one has necessarily b   1. Indeed, for z :� χ P �bPRX
b,

E
�
Ppnq

1

�
Á E

���Lpnqpχq��2
X1

�
¥ E

���Bt�Lpnqpχq���2
L2

�
¥

»
R
dtE

����χptq3 9Bpnqptq � χ1ptq
» t

0
dsχpsq2 9Bpnqpsq

���2�

¥
»
R
dt χptq6E

��� 9Bpnqptq��2�� 2Re
�»

R
dt χptq3χ1ptq

» t
0
dsχpsq2E

�
9Bpnqptq 9Bpnqpsq

�

.

Using the expression

E
�

9Bpnqpsq 9Bpnqps1q
�
� E

�
9Bpnqpsq 9Bpnqps1q

�
� c

»
t|ξ|¤2nu

dξ e�ıξps�s
1q, (C.9)

we can then decompose the second term as

2Re
�»

R
dt χptq3χ1ptq

» t
0
dsχpsq2E

�
9Bpnqptq 9Bpnqpsq

�


� 2Re
�»

t|ξ|¤2nu

dξ

»
R
dt e�ıξtχptq3χ1ptq

» t
0
ds eıξsχpsq2




� 2
»
t|ξ|¤1u

dξ

»
R
dt e�ıξtχptq3χ1ptq

» t
0
ds eıξsχpsq2 � 2ı

»
t1¤|ξ|¤2nu

dξ

ξ

»
R
dt e�ıξtBtpχ

3χ1qptq

» t
0
ds eıξsχpsq2,

which allows us to assert that

sup
n¥1

����2Re
�»

R
dt χptq3χ1ptq

» t
0
dsχpsq2E

�
9Bpnqptq 9Bpnqpsq

�
���� À 1�
» 8

1

dξ

ξ2   8.

On the other hand, one has of course»
R
dt χptq6E

��� 9Bpnqptq��2� � �»
R
dt χptq6


�»
t|ξ|¤2nu

dξ



nÑ8ÝÑ 8,

which achieves to prove that
E
�
Ppnq

1

�
nÑ8ÝÑ 8,

and accordingly, if (C.8) holds true, one must have b   1.

Assume now that 1
2 ¤ b   1. Still focusing on the test-function z :� χ, we can write using (C.9)

E
�
Ppnq
b

�
Á E

���Lpnqpχq��2
Xb

�
¥

» 8

1
dλ |λ|2bE

���F�
Lpnqpχq�pλq��2�

¥
» 8

1
dλ |λ|2b

»
dtdt1 e�ıλpt�t

1qχptqχpt1q
» t

0
ds

» t1
0
ds1 χpsq2χps1q2E

�
9Bpnqpsq 9Bpnqps1q

�

¥
» 8

1
dλ |λ|2b

»
t|ξ|¤2nu

dξ

�»
dt e�ıλtχptq

» t
0
dsχpsq2e�ısξ


�»
dt1 eıλt

1
χpt1q

» t1
0
ds1 χps1q2eıs1ξ



,

which, by elementary integrations by parts, entails

E
���Lpnqpχq��2

Xb

�
ÁM

pnq
b �

» 8

1

dλ

|λ|2�2b

»
t|ξ|¤2nu

dξ Rpλ, ξq,

where

M
pnq
b :�

» 8

1

dλ

|λ|2�2b

»
t|ξ|¤2nu

dξ

�»
dt e�ıpλ�ξqtχptq3


�»
dt1 eıpλ�ξqt

1
χpt1q3




and R satisfies (thanks to (3.7))

|Rpλ, ξq| À 1
xλyxλ� ξy2 .
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Based on the latter estimate, it is clear that

sup
n¥1

����
» 8

1

dλ

|λ|2�2b

»
t|ξ|¤2nu

dξ Rpλ, ξq
���� À

» 8

1

dλ

|λ|3�2b

»
R

dξ

xξy2   8,

due to 1
2 ¤ b   1. The contradiction now comes from the fact that

M
pnq
b

nÑ8ÝÑ
» 8

1

dλ

|λ|2�2b

�»
dt χptq6



,

which can only be finite if b   1
2 .

Next, to rule out the case b   1
4 , let us start from the inequality

Ppnq
b Á

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

����
» 2

1
dλ |λ|2bKpnqpλ, λ1qKpnqpλ, λ11q

����2
which yields

E
�
Ppnq
b

�
Á

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

����
» 2

1
dλ |λ|2b E

�
Kpnqpλ, λ1qKpnqpλ, λ11q

�����2. (C.10)

Combining (C.6) and (C.9), we obtain that for all λ, λ1, λ1, λ
1
1 P R,

E
�
Kpnqpλ, λ1qKpnqpλ1, λ11q

�
� c

»
t|ξ|¤2nu

dξ

�»
dt e�ıλtχptq

» t
0
ds eıpλ1�ξqsχpsq


�»
dt1 eıλ

1t1χpt1q
» t1

0
ds1 e�ıpλ

1
1�ξqs

1
χps1q



. (C.11)

From this expression, we can see in particular that

E
�
Kpnqpλ, λ1qKpnqpλ1, λ11q

�
nÑ8ÝÑ F pλ, λ1, λ11 � λ1q, (C.12)

where

F pλ, λ1, βq :� c

»
dt e�ıλtχptq

»
dt1 eıλ

1t1χpt1q
» t

0
ds e�ıβsχpsq21r0,t1spsq.

Going back to (C.10), we deduce that

sup
n¥1

E
�
Ppnq
b

�
Á

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

��Gbpλ11 � λ1q
��2, with Gbpβq :�

» 2

1
dλ |λ|2b F pλ, λ, βq.

Therefore

sup
n¥1

E
�
Ppnq
b

�
Á

» 8

1

dλ1

|λ1|2b
» λ1�2

λ1�1

dλ11
|λ11|2b

��Gbpλ11 � λ1q
��2

Á
» 2

1
dρ

��Gbpρq��2 » 8

1

dλ1

|λ1|2b|λ1 � ρ|2b Á
» 2

1
dρ

��Gbpρq��2 » 8

1

dλ1

|λ1|2b|λ1 � 2|2b ,

and in light of the hypothesis (C.8), we can conclude that b ¡ 1
4 .

It only remains us to exclude the possibility that 1
4   b   1

2 . To this end, we start from

Ppnq
b Á �Pbpnq :�

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

����
» 8

1
dλ |λ|2bKpnqpλ, λ1qKpnqpλ, λ11q

����2.
By applying Wick’s formula, we obtain the decomposition

E
��Pbpnq� � » 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

» 8

1
dλ |λ|2b

» 8

1
dλ1 |λ1|2b E

�
Kpnqpλ, λ1qKpnqpλ, λ11qKpnqpλ1, λ1qKpnqpλ1, λ11q

�
� I

pnq
b � II

pnq
b � III

pnq
b ,
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with

I
pnq
b :�

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

����
» 8

1
dλ |λ|2b E

�
Kpnqpλ, λ1qKpnqpλ, λ11q

�����2,
II

pnq
b :�

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

» 8

1
dλ |λ|2b

» 8

1
dλ1 |λ1|2b E

�
Kpnqpλ, λ1qKpnqpλ1, λ1q

�
E
�
Kpnqpλ, λ11qKpnqpλ1, λ11q

�
,

III
pnq
b :�

» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b

» 8

1
dλ |λ|2b

» 8

1
dλ1 |λ1|2b E

�
Kpnqpλ, λ1qKpnqpλ1, λ11q

�
E
�
Kpnqpλ, λ11qKpnqpλ1, λ1q

�
.

Note in particular that Ipnqb ¥ 0, and so

E
��Pbpnq� ¥ II

pnq
b � III

pnq
b . (C.13)

Similarly to (C.11), one has

E
�
Kpnqpλ, λ1qKpnqpλ1, λ11q

�
� c

»
t|ξ|¤2nu

dξ

�»
dt e�ıλtχptq

» t
0
ds eıpλ1�ξqsχpsq


�»
dt1 e�ıλ

1t1χpt1q
» t1

0
ds1 eıpλ

1
1�ξqs

1
χps1q



,

from which we easily deduce, using (3.7) and Lemma (3.2),���E�Kpnqpλ, λ1qKpnqpλ1, λ11q
����

À
»
R
dξ

����
»
dt e�ıλtχptq

» t
0
ds eıpλ1�ξqsχpsq

����
����
»
dt1 e�ıλ

1t1χpt1q
» t1

0
ds1 eıpλ

1
1�ξqs

1
χps1q

����
À 1
xλyxλ1y

»
R
dξ

1
xξ � λ� λ1y

1
xξ � λ1 � λ11y

À 1
xλyxλ1y

1
xpλ1 � λ11q � pλ� λ1qy1�ε ,

for any ε ¡ 0. Injecting this bound into IIIpnqb , we obtain the uniform estimate

sup
n¥1

��IIIpnqb

�� À »
R

dλ

xλy2�2b

»
R

dλ1

xλ1y2�2b

»
R

dλ1

xλ1y2b
»
R

dλ11
xλ11y2b

1
xpλ1 � λ11q � pλ� λ1qy2�2ε ,

and by applying Lemma 3.2 twice, we get

sup
n¥1

��IIIpnqb

�� À »
R

dλ

xλy2�2b

»
R

dλ1

xλ1y2�2b

»
R

dλ1

xλ1y2b
1

xλ1 � pλ� λ1qy2b

À
»
R

dλ

xλy2�2b

»
R

dλ1

xλ1y2�2b
1

xλ� λ1y4b�1   8,

where we have used the fact that 1
4   b   1

2 .

Finally, to handle the quantity IIpnqb , we can use (C.12) and assert that

lim inf
nÑ8

II
pnq
b ¥

�» 8

1

dλ1

|λ1|2b
» 8

1

dλ11
|λ11|2b


�» 8

1
dλ |λ|2b

» 8

1
dλ1 |λ1|2b ��F pλ, λ1, 0q��2
.

Of course the latter limit is positive and can only be finite for b ¡ 1
2 , which, going back to (C.13), achieves

to prove the contradiction. In other words, we cannot find any b P R such that (C.8) holds true.
�
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