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Introduction. The assignment between two sets of points is a recurring problem, for example in
satellite image processing. There, matching corresponding points in two different satellite images is
needed for georeferencing an image using a reference image or for 3D reconstruction through stereo-
photogrammetry. To do this, most approaches use local descriptors [4] that are based on the similarity of
the corresponding areas from one image to another. However, while robust to noise and perturbations,
these approaches encounter limitations when dealing with repetitive patterns (e.g., rows of vineyards
or trees) or when matching objects between different modalities (e.g., an optical image and a Synthetic
Aperture Radar image (SAR)). In these cases, for example, for matching the points corresponding to
the same trees in two SAR images, the problem boils down to a random assignment problem preceded
by a co-registration.
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Figure 1: Left: . Right: portrait a solution on M = [0,1]*> with p = 1 and n = 512 blue and red points.

Model. Given a coordinate reference system, we wish to match the observation corresponding to of
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n > 1 indistinguishable objects in two different satellite images. The n points are modeled in the first
image [; by a family of blue points, B = {b;} ;. The same n objects seen in the second image I, are
modeled by red points R = {r;}_,. B and R are two independent Binom(v, n) point processes, where
v is a given intensity measure defined over a Polish metric space (M, D). The assignment of b; to r; is
mapped by the following cost function:

S MxM—=R
€ (bz, 7”]‘) —> Cij = C(bi, Tj).

A configuration of the whole system can then be encoded by a permutation 7 € S,,, with the associated
permutation matrix P,. The energy of that configuration is then denoted by

H(m) =) iy = Tr(Pre).
=1

An optimal assignment 7,,; minimizes the energy Hopn := H(mopt) = mgn H (), which is a random
TESK

variable which we call ground state energy. When p > 1, the ground state energy H,,: is proportional
to the p—th power of the p-Wasserstein distance between the empirical measures of B and R. This
random combinatorial minimization problem is called an Euclidean Random Assignment Problem

(ERAP) [5].

Possible research directions. Depending on the candidate background and/or preferences, we have
identified five possible research directions:

e One dimensional toy-model: In a previous internship on this topic [17]|, a one dimensional toy-
model has been introduced aimed at providing an efficient criterion for quasi-one dimensional
motion of identical particles depending on the satellite speed and the density of points. In the
limit n — oo, this model displays a phase transition and a Poissonian description at the critical
scale. We wish to provide an in-depth description of this Poissonian description at the critical
scale depending on both the assumptions on the law of the points and of the perturbations. This
limit result would provide a statistical estimator which could be useful in applications to satellite
data analysis.

e One dimensional ERAPs in the conver regime: In one spatial dimension, as a consequence of the
classical Hardy-Littlewood-Poélya rearrangement inequality, exact formulas for E[H,,| for any
value of n > 1 are well-known when M = [0,1] and ¢(z,y) = |z — y|?, for p > 1. It would be
interesting to investigate whether further exact formulas can be obtained for other choices of ¢,
thus adressing the open question in |6, Exercise 4, Session 3].

e Theoretical aspects on first and second moments: It is established in [1] that E[Hoy] ~ 5-logn
n—oo

in dimension d = 2. We would like here to investigate further this asymptotic expansion, for
example by comparing two domains €2 and ', via E[?—[?pt — H?;;t]- Also, very little is known for
the asymptotic behavior of the second moment of H,,. A possibility would be to prove upper
and lower bounds on the variance of the ground state energy, Var[H,,]. This would be useful to
settle the open problem of concentration of H,, in dimension 2, which has been recently settled

for d > 3 when p € [1, %[ in [7].



e Discrete Fourier analysis in 2D: Considering now that B are nodes of a 2D grid, R still being a
binomial process, we would like to use tools from discrete Fourier analysis to study the different
contributions to E[H,,]. This research direction, which has been partly started in [5, Chapter
3.3], can then be linked directly to the last point.

e Applications to satellite data acquisition and to particle suspensions in 2D: The Hungarian method
solves the ERAP in time complexity O(n?) in the worst case [15]. The goal is to investigate
this algorithm, along with variants (e.g. primal-dual algorithms), apply them to the ERAP on
satellite data, and to exploit the connections with other related matching problems to implement
alternative algorithms, such as: Optimization algorithms for stochastic matching problems, as
defined in [12] (see e.g. [14]), or the classical online matching problem of [10], see e.g. [16], which
could incorporate a temporal variable into the problem. The previous theoretical results will also
be tested numerically on CNES data. Also, Ici un paragraphe concernant le probléme avec bleus,
rouges et verts, et les données issus de la collaboration avec le Wisconsin.

Keywords: ERAPs, Monge-Kantorovich problem, Hungarian method, discrete Fourier analysis.

Candidate profile: You are a motivated Master 2 student in Mathematics with a solid background in
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